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INTRODUCTION 1In problems of interactions between inviscid irrotational flow and submerged
bodies, obtaining a solution requires solving Laplace’s equation within the
fluid domain while satisfying kinematic boundary conditions on all fluid and
solid surfaces, and lastly the dynamic (Bernoulli) boundary condition applied
to the unknown free surface. Numerical methods for solving these classes
of problems are well documented [see e.g. Vanden-BroeckVanden-Broeck (20102010)] however
the simulation of such problems, especially in three-dimensions, can prove
computationally expensive. Moreover, it can be difficult through numerics
alone to gain understanding and intuition behind observed phenomena.
For these reasons analytical approaches remain useful and often practiced.
However, the nonlinearity of the dynamic boundary condition renders such
problems largely analytically intractible. In order to mitigate this difficulty,
a standard and well-studied approach is to linearise the equation around a
uniform flow by assuming the obstacle is negligibly small in one or more of
its dimensions; then the bluntness of the geometry may be ignored to leading
order [see e.g Wehausen and LaitoneWehausen and Laitone (19601960)]. However, such approximations
often fail to capture vital phenomena of interest, and in particular, those
effects connected with the finite-sized nature of a solid body. Thus in order
to capture these elusive nonlinear effects, practitioners may resort to an
alternative approximation: instead of an assumption of the body geometry,
the flow is studied in the low-speed limit. This is realised by taking the limit
of the characteristic Froude number, F → 0; the Froude number is defined
by

F =
U√
gL

. (1.1)

[see e.g. Vanden-BroeckVanden-Broeck (20102010)]. The parameter provides a measure of the
relative balance between inertial forces, governed by the velocity and length
scales, U and L, and gravitational forces, governed by the acceleration due
to gravity, g. Importantly, this technique can preserve many of the nonlinear
aspects of the problem (e.g. the underlying geometry) which may have evaded
more traditional approximations.

The focus of this thesis, therefore, is to follow this approach for analysing
wave-structure interactions in the low-Froude limit F → 0. This limit can
be understood either as a system where gravity is overwhelmingly strong or
alternatively as one where the velocity scale is extremely small. Note that in
addition to the low-Froude limit, the limit ofF → ∞ is also of interest, but is
moreso relevant for the case high-speed flows and is of less central importance
in the study of blunt-bodied objects [see OgilvieOgilvie (19701970)].

Just as there is no such thing as a free lunch, the use of this method
introduces new challenges of its own. It turns out that a fundamental difficulty
in the analysis of flows in this limit [first shown by OgilvieOgilvie (19681968)] is that the
limit is a singular one, and traditional asymptotic methods reveal a surface
which is wave-free to all algebraic orders in F . As remarked by Ogilvie:
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“It appears paradoxical that it should be necessary to include higher-
order approximations at very low speeds, for the total disturbance
becomes smaller and smaller as speed is reduced more andmore toward
zero. One should expect that the assumptions required for lineariz-
ing ought to become steadily more nearly valid as the free-surface
deflection decreases. Instead, the problem appears to become more
nonlinear!” [OgilvieOgilvie (19681968), p.2]

As it turns out, the resolution to this paradox requires the realisation that
as F → 0, the surface ripples are in fact exponentially small in the Froude
number, i.e. of order e−const./F 2 ; such a contribution is beyond-all-orders of
the algebraic expansion and eludes traditional asymptotic techniques. As we
show in §2.1.22.1.2, these contributions may be captured by a theory known as
exponential asymptotics. The implementation of this approach involves the
Stokes phenomenon [so-named due to its discovery and examination in
StokesStokes (18471847, 18641864)].

The Stokes phenomenon

In the study of asymptotic limits, say ϵ → 0, the Stokes phenomenon refers
to an effect in which exponentially small terms in ϵ may switch-on in a
seemingly spontaneous fashion; this phenomenon occurs as one traverses
through certain critical curves or regions of the domain known as Stokes
lines—we shall demonstrate this phenomenon for the simple case of the
exponential integral in §2.1.22.1.2. The phenomenon presents itself in a wide
variety of mathematical areas on account of its generic nature; in essence any
singularly perturbed problem contains the Stokes phenomenon in the analytic
continuation† of its domain [see e.g. BerryBerry (19891989); BoydBoyd (19991999)]. Note that†Analytic Continuation: Let f be an ana-

lytic function defined on a non-empty open
U ⊂ C. Then F is an analytic continuation
of f if:

1. F is analytic on some open V
such that U ⊂ V ⊂ C, and

2. F = f on U .
Note that for each f , its analytic continu-
ation F is unique by the Identity Theorem
applied to condition 2.

in many cases, the exponentially small terms switched on by the Stokes
phenomenon are not present in physical space (or are switched-off by the time
the solution is analytically continued back to the real domain); however, in
certain subclasses of problems, these terms are of crucial importance. For our
purposes, it is known [see e.g. Chapman and Vanden-BroeckChapman and Vanden-Broeck (20022002, 20062006)]
that the Stokes phenomenon is also intimately connected with the generation
of free-surface waves by interactions with solid bodies submerged in the fluid.

In this thesis we address two key challenges in problems of low-Froude
flow:

1. At present, the techniques described above and in the following chapter
have only been applied to the case of two-dimensional piecewise-linear
bodies (i.e. bodies with linear segments and corners) or isolated point
sources. It is unclear how to extend such methods to the case of smooth
bodies.

2. There have been only a handful of preliminary studies extending the
original theories by Chapman and Vanden-BroeckChapman and Vanden-Broeck (20022002, 20062006) to
three-dimensional flows, notably initiated in Lustri and ChapmanLustri and Chapman
(20132013). These studies have been limited (e.g. flows only past negligible
point sources). In the case of flows past fully nonlinear geometries,
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many of the analytical approaches are unavailable, and therefore the
development of applicable numerical schemes will be key to seeking
extensions.

Thus, the main goal of this thesis is to develop a framework for studying
smooth and bluff-bodied (i.e nonlinear) wave-structure interactions in three
dimensions. This will be quite challenging, so we shall investigate a number
of sub-problems involving submerged obstacles in both two and three dimen-
sions.

Following an introduction to mathematical techniques, the thesis is
essentially divided into two parts, each with their own introductions. The
structure is as follows.

• Chap. 22 provides an introductory guide to the requisite theories of
exponential asymptotics and complex rays.

• Part I of the thesis focuses on the problem of determining low-Froude †We will introduce the concept of pseudo-
smooth in Chap. 33. Essentially, it is a ge-
ometry which retains the key features of
a smooth body but allows for an easier
formulation.

gravity waves in two-dimensional flows past a model ‘pseudo-smooth’†
body that exhibits several peculiar aspects beyond the standard
Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) theory.

– Chap. 33 provides an introduction to the existing exponential-
asymptotics theory (following Chapman and Vanden-BroeckChapman and Vanden-Broeck
(20062006) and others) through the example of two-dimensional flow
over an angled step. The main mathematical formulation will
centre on boundary-integral methods for surface waves.

– Chap. 44 introduces a simple pseudo-smooth body that seems
to contradict the prior exponential asymptotics theory of
Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) (which predicts zero
surface waves). We will use a reduced integral model via the
work of TrinhTrinh (20162016, 2017b2017b) and explain the emergence of waves
using steepest descent methods. This relatively simple problem
will nevertheless demonstrate the unusual complexity of studying
much more general classes of bodies.

• Part II of the thesis focuses on the study of low-Froude gravity surface
waves past a body in three-dimensional flows.Themain tool is complex-
ray theory.

– Chap. 55 develops a preliminary exponential-asymptotics theory
by attempting to adapt the prior analysis in Chap. 33, but now
ignoring the availability of boundary-integral methods. Instead,
the governing Laplace equation is attacked directly, and the result
is a problem in complex ray theory. This chapter introduces many
of the analytical and numerical methods to follow.

– Chap. 66 studies the situation of three-dimensional flow past a sub-
merged linearised point source [similar to the well-known Kelvin
wave problem (KelvinKelvin, 18871887)]. The main goal of this chapter is
to extend the work of Lustri and ChapmanLustri and Chapman (20132013) in two ways.
First, we produce a numerical complex-ray methodology that
does not require the availability of analytical solutions. Second,
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we go beyond the treatment of Lustri and ChapmanLustri and Chapman (20132013) to
develop the so-called three-dimensional Stokes surface within the
fluid itself.

– Chap. 77 extends the work of the previous chapter, but now to
three-dimensional flows over non-linearisable obstructions by
considering the strength of the point source to be of unitary
magnitude. This results in nonlinear equations which require spe-
cialised numerical procedures using complex-rays. The numerical
ray space is extremely challenging to disentangle. We provide
additional asymptotic theories as the small-point-strength limit
is taken. We demonstrate that for nonlinear geometries, the free-
surface Stokes lines are curves which extend downstream of the
obstruction.

• The thesis concludes with Chap. 88 which contains a summary of the
key takeaways of the thesis and a discussion of future work.

1.1 General summary of new material

From the above summary, we highlight the main results of this thesis. In
particular,

• Our work in Chap. 44 is the first to demonstrate and examine the Stokes
phenomenon in the context of two-dimensional flow over a pseudo-
smooth geometry. This is an key extension to the two-dimensional
theory of Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) which covers more
classical geometries containing corners.

• Chap. 66 deals with the problem of three-dimensional linearised flow
over a submerged point source and produces the Stokes surface which
sits in three-dimensional physical space within the fluid domain. It is
an extension to the work of Lustri and ChapmanLustri and Chapman (20132013) who studied
the same problem and whose results were confined to the free-surface
of the fluid. We believe our work is the first visualisation of a Stokes
surface in the context of a wave-structure problem.

• Chap. 77 deals with the same problem as above where we no longer as-
sume linearisation about the point source. We numerically recover the
Stokes line on the free-surface. Moreover, we perform an asymptotic
analysis of the ray equations and recover analytical Stokes lines correct
to first order in δ (which quantifies the point-source strength). This is
an extension to the work of Lustri and ChapmanLustri and Chapman (20132013) who studied
the same problem in the linearised regime, and FitzgeraldFitzgerald (20182018) who
initiated the study in the nonlinear regime. We believe our work is the
first which provides a rigorous analysis of Stokes switching for three-
dimensional flow around a bluff body, and the first to provide a unifying
analytical theory between the linear and nonlinear problems.
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PRELIMINARY THEORY 2In this chapter we introduce the main ideas underpinning this work, namely
the theories of exponential asymptotics and complex rays. The examples
chosen are intended as simple heuristics which demonstrate the key features
of each theory. We start with an example to show how even a benign
looking ODE can evade traditional asymptotic approaches, and require the
specialised technique of exponential asymptotics.

2.1 Introduction to exponential asymptotics

It was noted briefly in the introductory remarks that the behaviour of certain
problems in the limit of some governing parameter, say ϵ → 0, will involve
exponentially small terms which elude traditional techniques and require the
specialised treatment of exponential asymptotics. Further, we remarked that
such terms are prone to an effect known as the Stokes phenomenon. We
therefore start our journey with an introductory heuristic example through
which we shall demonstrate how even seemingly simple singular problems
may cause the breakdown of traditional asymptotic theory. We outline the
resolution of these shortcomings through use of the specialised technique
of exponential asymptotics, and analyse the mysterious Stokes phenomenon
associated with this technique. The methodology outlined below follows
Chapman et al.Chapman et al. (19981998) & Chapman and MortimerChapman and Mortimer (20052005). Further examples
of the Stokes phenomenon and similar behaviour can be found in the
comprehensive reviews by Berry and HowlsBerry and Howls (19911991) & BoydBoyd (19991999).

Let us start by considering the following ordinary differential equation
characterised by the small parameter ϵ,

ϵ
df
dz + f =

ϵ

z
, (2.1a)

with the boundary condition,

f(z) → 0 as z → −∞− bi, (2.1b)

where z ∈ C and b > 0. By use of the integrating factor e−z/ϵ we may readily
obtain an integral solution,

f(z) = e−z/ϵ

ˆ z/ϵ

−bi−∞

et
t

dt. (2.2)

Alternatively, we may seek the solution as a regular series expansion in ϵ,

f(z) =

∞∑
n=0

ϵnfn(z). (2.3)
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This gives

f0(z) = 0, (2.4)

f1(z) =
1

z
, (2.5)

fn(z) = −f ′n−1(z), n > 2. (2.6)

which is solved at each order yielding

f(z) = 0 +
ϵ

z
+
ϵ2

z
+ · · · =

∞∑
n=1

ϵn
(n− 1)!

zn
. (2.7)

This may equivalently be written in terms of the Gamma function,

f(z) =

∞∑
n=1

ϵn
Γ(n)

zn
. (2.8)

Importantly, this defines a divergent series i.e. there comes a point in the series
at which the prior assumption that ϵn−1fn−1 � ϵnfn breaks down, which
we discuss shortly.

As we shall demonstrate in the remainder of this chapter, these three
representations: differential (2.12.1), integral (2.22.2), and asymptotic (2.82.8), provide
an equivalent and full description of the underlying function, f(z), so long
as care is taken to properly interpret their meaning.

Notwithstanding the emphasis placed on convergent series in any under-† For evaluating the exact value of f(z), we
use Mathematica’s inbuilt solver DSolve and
apply the boundary conditions, giving

f(z) = e−z/ϵ
(Ei(z/ϵ) + iπ),

Where Ei denotes the exponential integral.

graduate mathematics course, in many physical problems crucial insights can
be gleaned through the examination of divergent series such as (2.82.8). Plotting
the logarithm of the error between the exact value† of f(z) and theN th partial
sum of (2.82.8) reveals that at the moment before successive terms begin to
diverge, a minimum error may be obtained from the partial sum. This point

0 5 10 15 20 25 30 35 40 45 50

-10

0

10

20

30

Figure 2.1: The logarithm error of the
N th partial sum of (2.82.8) with ϵ = 0.1

at z = 1. The error is minimised at the
optimal truncation point, which occurs
when successive terms are of equal mag-
nitude. Here it is when N = z/ϵ = 10.

is known as the optimal truncation point. Intuitively, the location of such a
point may be found by examining where successive terms are of similar size,∣∣∣∣fn+1

fn

∣∣∣∣ ∼ 1, (2.9)

6 CHAPTER 2 · PRELIMINARY THEORY



which in this case occurs for
N ∼ |z|

ϵ
. (2.10)

We may interpret this as meaning that divergence of the series is a function
of proximity to the singular point and the smallness of the parameter causing
the singular behaviour. We will return to the ideas of optimal truncation
shortly in §2.1.22.1.2. For now, we provide a simple demonstration of the Stokes
phenomenon which we wish to study. Consider the following numerical
experiment in which we compare the asymptotic solution (2.82.8) to the ex-
act solution obtained by numerically solving (2.12.1) along the contour ABC
illustrated in Fig. 2.22.2. Since we choose A to lie at a finite point rather than
−bi − ∞, we accordingly choose the initial condition f(A) = ϵ/A so as to
match with the leading-order asymptotic approximation in (2.82.8). The result

A
B

C

Re z

Im z

Figure 2.2: We study the solution f(z)
to (2.12.1) as it is analytically continued
from A to B to C. The full numerical so-
lution is compared to the leading-order
analytic solution in Fig. 2.32.3.

of this procedure for ϵ = 0.3 along the contour defined by A = −5− i, B =

1 − i, C = 1 + 10i is presented in Fig. 2.32.3. We see strong agreement
between the numerical solution and y ∼ ϵ/z along the path segment AB.
However when the solution is analytically continued along the segment BC,
the numerical solution suddenly develops oscillations. Since no term of the
asymptotic series (2.82.8) contains an oscillatory component, the approximation
will always fail to capture the true nature of the solution. Further examination
of the oscillations shows that the amplitude scales like econst./ϵ as ϵ→ 0.

The failure of algebraic series to capture exponentially-sized oscillatory
phenomenon is the key motivation behind the theory of exponential asymp-
totics and the seemingly instantaneous switching-on of such waves is indica-
tive of the Stokes phenomenon. Perhaps the most intuitive interpretation of the
Stokes phenomenon is seen through the method of steepest descents. To this
end, we now examine the integral solution (2.22.2) using this technique.

2.1.1 Steepest descents approach

The method of steepest descents is a procedure for approximating integrals
of the form, ˆ

C
g(τ)eχ(τ)/ϵ dτ, (2.11)

§2.1 · INTRODUCTION TO EXPONENTIAL ASYMPTOTICS 7
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C

Figure 2.3: Comparison between
the leading-order asymptotic
approximation f(z) ∼ ϵ/z and the
full numerical solution to (2.12.1) along
the path ABC illustrated in Fig. 2.22.2.
We see excellent agreement along
the path segment AB, followed by
a sudden appearance of oscillations
in the numerical solution along path
segment BC.

in the limit ϵ → 0, where C is a contour in the complex τ-plane. It is so
called because the underpinning idea is to consider the integral along paths
on which the magnitude of the integrand descends most steeply. A detailed
introduction to the technique can be found in Bleistein and HandelsmanBleistein and Handelsman
(19861986) and Bender and OrszagBender and Orszag (19991999). The key idea may be explained as
follows. Firstly, notice that in general the complex nature of χ(τ) will
induce rapidly oscillatory behaviour in the integrand as ϵ → 0 except along
paths of constant phase, Imχ = const. When the integral is evaluated
along these paths, the exponentially-dominant contributions of the integral
may be determined about certain critical points using Laplace’s method, [as
demonstrated by Bleistein and HandelsmanBleistein and Handelsman (19861986)]. We recall that the real
and imaginary level sets of a holomorphic function are orthogonal. Thus
the level sets of Imχ are those along which Reχ descends (or ascends)
most steeply—and with it the magnitude of the integrand. In the method of
steepest descents therefore, the strategy is to deform the original integration
contour C to these paths ‘of steepest descent’. We note the level sets of Imχ are
often referred to as ‘constant-phase curves’. Returning to our problem (2.22.2),

0
4
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5
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f
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te
g
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n
d

15

Re !Im !

20

-2

25

0
-4

 

z

z0

z

Integration path
Steepest descent paths

Figure 2.4: A visualisation of the method
of steepest descents used evaluate the in-
tegral

´ z
z0

eτ/ϵ/τ dτ . Plotted is the mag-
nitude of the integrand in the τ -plane.
Overlaid is the integral path [z0, z] (in-
dicated by a single arrow) as well as the
paths of steepest descent (indicated by
a double arrow) emanating from each
of the end points, z0 and z. We see
that these follow the direction along
which the surface (i.e. the magnitude
of the integrand) descents most steeply.
According to the method of steepest de-
scents, the integration path is replaced
with the respective paths of steepest de-
scent, along which the asymptotically
dominant contributions to the integral
may be readily obtained.
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let us perform the variable change τ = ϵt so that our integral is transformed
into a more recognisable form:

† We note that the integrand here is a spe-
cial case where the simple pole contained
within g(τ) at the origin will determine
paths of steepest descent. In more general
classes of problems, the paths will also
be determined by so-called saddle points,
where χ′(τ) = 0.

f(z) = e−z/ϵϵ

ˆ z

−bi−∞

eτ/ϵ
τ

dτ. (2.12)

where in the context of the model integral (2.112.11) this corresponds to g = 1/τ

and χ = τ .† For simplicity, let us split the integration contour so that it




























 Integration path
Steepest Descent path

Endpoint
Saddle point

EPC

SPC

Endpoint contribution
Saddle point contribution

(a) (d)

z0

z

(b) (e)

z0

z

(c) (f )

Im τ

Re τ

Im τ

Re τ

Im τ

Re τ

Im τ

Re τ

Im τ

Re τ

Im τ

Re τ

EPC

EPC

EPC

SPC

EPC

Figure 2.5: The method of steepest de-
scents visualised in the integration plane.
Here the integral

´ z
z0

eτ/ϵ/τ dτ is eval-
uated by deforming the integration path
such that it travels along paths of steep-
est descent. If Im z < 0 [Fig.2.52.5a], then
it is straightforward to deform the path
such that it lies along the two respective
steepest descent paths. The deformation
and final path is shown in Figs. 2.52.5a &
Figs. 2.52.5b. This results in the two end-
point contributions (EPC). However,
if Im z < 0 [Fig.2.52.5d], then the path
must deform in such a way to avoid the
pole at the origin. This results in the
two endpoint contributions associated
with z0 and z, as well as a saddle point
contribution (SPC) associated with the
contour integral which must be taken
around the origin.

follows the path illustrated in Fig. 2.22.2 with A = −bi −∞, B = z0, C = z.
Then we shall demonstrate the Stokes phenomenon by examination of path
segment BC. In the case of the integral (2.122.12), equal-phase curves are
defined by Im z = const. and thus run horizontally in the plane. We first
consider the case in which the endpoint of integration is such that Im z < 0.
The integration path is illustrated in Fig.2.52.5a. According to the method of
steepest descents, we deform the integration contour to align with the paths
of steepest descent associated with each of the endpoints. The dominant
contributions from each path is then evaluated using Laplace’s method [cf.
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Bleistein and HandelsmanBleistein and Handelsman (19861986)]. It may be shown that in the limit ϵ→ 0,
the contributions from the endpoints z0 and z are exponentially dominant,
this may loosely be written as

f(z) ∼ Iendpt.. (2.13)

The deformation and the final steepest descent integration path are illustrated
in Figs. 2.52.5b & 2.52.5c respectively. Now let us imagine moving our endpoint
z vertically upwards across the positive real axis so that Im z > 0. This is†We note that freedom to choose the direc-

tion of the branch cut does not imply ambi-
guity in the Stokes line. So long as the orig-
inal integration path intersects the positive
real axis, any deformation into the steepest
descents contours must necessarily involve
encircling the singularity. This would not be
the case if, for example, the integration path
intersected only the negative real axis.

illustrated in Fig. 2.52.5d. In this case, it turns out that we require contributions
from both the endpoints and from the singular point at τ = 0. The reason
for this may not be immediately obvious. First we note that the singular point
τ = 0 induces a branch cut in the plane. Let us take the branch cut to run
along the positive real axis Im τ > 0. Thus since the endpoints lie either side
of the branch cut†, the cut must be circumnavigated in order to remain on
the same sheet—this has the effect of encircling the singularity and picking
up a residue contribution of

e−z/ϵϵ

ffi
τ=0

eτ/ϵ
τ

dτ = 2πie−z/ϵ. (2.14)

The deformation and the final steepest descent integration path are illustrated
in Figs.2.52.5e& 2.52.5f respectively.Wemay loosely write the resultant asymptotic
approximation as

f(z) ∼ Iendpt. + Iexp. (2.15)

Thus the positive real axis may be interpreted as a Stokes line across which
the exponentially-sized term (2.142.14) is switched-on. We may write the full
asymptotic approximation as

f(z) ∼



∞∑
n=1

ϵn
Γ(n)

zn
before the Stokes line,

∞∑
n=1

ϵn
Γ(n)

zn
+ 2πie−z/ϵ after the Stokes line.

(2.16)

The comparison of (2.162.16) with the full numerical solution is seen in Fig. 2.62.6.
We note that there is now excellent agreement with the numerical solution
(contrast with Fig. 2.32.3) along the entire path ABC. And crucially, the
asymptotic approximation now correctly predicts the oscillatory nature of the
solution.

The reader may notice that along the segment BC, there is a non-smooth
jump in the asymptotic approximation. This corresponds to our sudden
inclusion of the exponential term (2.142.14) when the path crosses the Stokes
line. In the following section, we shall demonstrate that the switching-on of
this term in fact occurs in a continuous manner across the Stokes line.

2.1.2 Optimal truncation approach

Notwithstanding the mysteriously discontinuous nature of the Stokes phe-
nomenon in the limit ϵ → 0, it has been shown that for a given fixed value
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Figure 2.6: Comparison between the
new asymptotic approximation (2.152.15)
and the full numerical solution to (2.12.1)
along the path ABC illustrated in Fig. 2.22.2.
Results are generated for ϵ = 0.3. In
contrast to the pure polynomial approxi-
mation in Fig. 2.32.3, we now see excellent
agreement along the entire path segment
ABC, and the asymptotic approximation
now captures the sudden appearance
of oscillations in the numerical solution
along path segment BC.

of ϵ, this change in fact occurs smoothly, as we shall now demonstrate. We
note that our method of demonstration follows that of Olde Daalhuis et al.Olde Daalhuis et al.
(19951995), rather than the original demonstration contained in BerryBerry (19891989).

 

Re z

Im z

θ → ∞

θ → −∞

STOKES LINE

Figure 2.7: A schematic of the inner
analysis as the Stokes line Re z > 0

is crossed. Shaded grey is the region
accessed by the scaling θ = ϵ1/2θ̄,
where the angular variable is defined by
z = reiθ .

Let us begin by truncating the asymptotic solution (2.72.7) and examining
the remainder, RN , given by

f(z) =

N−1∑
n=0

ϵnfn(z) +RN (z) (2.17)

Upon substituting for the expansion (2.172.17), a first-order differential equation
for RN is obtained, with a forcing term that relies on the base asymptotic
series in (2.172.17). However, by definition, each order of this forcing term is
identically zero up to and including ϵN−1. The first non-zero order of the
forcing term is at ϵN . Furthermore, since we are considering the limit ofN →
∞, only the leading order of this forcing term need be retained, yielding

ϵ
dRN

dz +RN = ϵN
N !

zN
. (2.18)

We showed in §2.12.1 that a minimal error can by obtained by truncating at the
point at which adjacent terms are of similar size. To examine this minimal
error, we choose to truncate when N = |χ|/ϵ + α, α ∈ (0, 1] is added to
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ensure N takes an integer value. Following Abramowitz and StegunAbramowitz and Stegun (19641964),
the factorial may be approximated using Stirling’s formula

n! ∼
√
2πnn+1/2e−n, (2.19)

which upon substitution into (2.182.18) produces

eN (N − 1)!

zN
∼

√
2πϵ1/2r1/2

e−r/ϵ

eiθ(r/ϵ+α)
as ϵ→ 0, (2.20)

where we have written z = re−iθ. Thus optimal truncation in fact produces
an exponentially small forcing term. Now we note that the homogeneous
solution of (2.182.18) is

RN = e−z/ϵ. (2.21)

In order to find the particular solution associated with the exponentially small
forcing term (2.202.20), we employ a variation of parameters and multiply the
homogeneous solution (2.212.21) by an unknown function S, the Stokes multiplier,
which will quantify the jump across the Stokes line

RN (z) = S(z)e−z/ϵ. (2.22)

SinceN is independent of θ, we rewrite the problem in terms of θ-derivatives
using

d
dz =

dθ
dz

d
dθ = − ie−iθ

r

d
dθ , (2.23)

where we have recalled the definition z = reiθ. Together with the ansatz
(2.222.22), this produces

dS
dθ ∼ ie−iθ√2πr1/2

ϵ1/2
e−r/ϵereiθ/ϵ

eiθ(r/ϵ+α)
. (2.24)

The right hand side suggests that S varies on an exponentially small scale
except on the line θ = 0, where the change is O(ϵ−1/2). This larger localised
change is precisely what we observe as the Stokes phenomenon. Around this
Stokes line let us examine the boundary layer by using the scaling θ = δθ.
Through use of the Taylor expansion

ereiθ/ϵ ∼ er/ϵ+iθr/ϵ−θ2r/2ϵ+···, (2.25)

it is seen that
dS
dθ

∼ i
√
2πδr1/2

ϵ1/2
e−δ2θ

2
r/2. (2.26)

Thus a balance in the exponent tells us that the correct scaling is δ = ϵ1/2,
giving

dS
dθ

∼ i
√
2πr1/2e−iθ2

r/2. (2.27)

We integrate this equation across the Stokes line in the direction of increasing
θ (to represent crossing from below) giving
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S → i
√
2π

ˆ ∞

−∞
e−t2/2 dt = 2πi. (2.28)

A matching with the outer solution produces the jump across the Stokes line

[S]θ=0+

θ=0− = 2πi. (2.29)

Thus we see the switch-on of an exponential term ∼ 2πie−z/ϵ as we cross
the Stokes line. In fact, for fixed ϵ partial integration across the Stokes line
reveals a smooth transition in the form of an error function,

S = i
√
2π

ˆ r1/2θ

−∞
e−t2/2 dt. (2.30)

0

BEFORE STOKES LINE AFTER STOKES LINE

|RN |

θ

Figure 2.8: Illustration of the smooth
switching-on of the exponentially small
term across the Stokes line for ϵ = 0.3.
The smooth transition is realised by the
integral (2.302.30) where S is the Stokes
multiplier given in (2.222.22). The solution is
obtained by solving the inner problem
(2.272.27) for a fixed value of ϵ.

This transition illustrated in Fig. 2.92.9. The boundary layer shrinks as ϵ→ 0 and
the transition closer resembles a Heaviside step function, better approximat-
ing the limiting discontinuity which characterises in the Stokes phenomenon.

A summary of the exponential asymptotic procedure

Now that we have some intuition as to how the phenomenon manifests itself,
we summarise the general exponential asymptotic procedure which we shall
use throughout this work. As was demonstrated in the preceding sections,
the exponential terms we are interested in arise as a consequence of the
breakdown and divergence of a traditional asymptotic approximation upon
taking the low-Froude limit, F → 0. Here we shall describe the central
components to the methodology.

When studying singularly perturbed differential equations in which the
highest derivative is multiplied by a small parameter, evaluation at a generic
power of the small parameter typically reveals that higher-order terms are
typically obtained from the derivatives of the lower-order terms. For example
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in our introductory case, (2.12.1), evaluation atO(ϵn) produced the relationship

fn(x) = −f ′n−1(x).

Thus we can say that in general a singularity (or branch point) existing in early
terms is transmitted and amplified in power through higher-order terms. We
therefore expect late-order terms to diverge in a factorial over power fashion.

This suggests an ansatz of the form

fn(x) ∼
F (x)Γ(n+ γ)

[χ(x)]n+γ , as n→ ∞, (2.31)

where Γ is the gamma function, and F , χ, and γ are independent of n. F
and χ are functions of x, and we assume γ to be constant. The rigorous
justification for the ansatz relies upon Darboux’s theorem [see e.g. DingleDingle
(19731973)]. We note that by taking this ansatz, there is an implicit assumption
that the singularities are isolated in the asymptotic limit being considered.
Problems involving coalescing singularities require an adapted ansatz [see
e.g. Trinh and ChapmanTrinh and Chapman (20152015)] but are beyond the scope of this thesis.

Following Chapman et al.Chapman et al. (19981998), there is a point at which the divergent
asymptotic series may be truncated to produce a minimal error. This point,
N , is known as the optimal truncation point, and is where consecutive terms
are of equal magnitude, that is∣∣∣∣ ϵNfN

ϵN−1fN−1

∣∣∣∣ = O(1). (2.32)

The ansatz (2.312.31) then gives that N ∼ |χ|/ϵ. We note that at any fixed
non-singular point (i.e. with χ(x) 6= 0), we have that N → ∞ as ϵ → 0.
Consequently, in this limit the Stokes switching is indeed determined by the
late-order terms for which (2.312.31) is valid.

As it was shown in §2.1.22.1.2, optimal truncation of the asymptotic series
produces a remainder, RN , which may be obtained through use of the ansatz

RN (x) ∼ A(x) exp
(
−χ(x)

ϵ

)
. (2.33)

As first observed by DingleDingle (19731973), Stokes switching typically requires
that we have:

1. two exponentials of the same phase, and
2. one exponential reaching maximal or exponential dominance over the

other.
We note that Dingle’s rules are necessary, but not sufficient. There is also a
requirement that the singularities equivalent to the exponents in the Borel
plane must have the subdominant exponential on the same Riemann sheet
as the dominant one, and be visible to it. In the case where χ1, χ2 are
exponents of terms of the form (2.332.33), then the above criteria implies that
Stokes switching occurs when:

Im(χ2) = Im(χ1), and Re(χ2) ≥ Re(χ1). (2.34)
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In the case that only algebraic terms are active, χ1 = 0 in the above criterion
requires that the exponent of the term switching-on must be real and positive.
We refer to the switching-on between exponentials, given by (2.342.34) as the
second-generation Stokes phenomenon, while we refer to the switching induced
by the base series as simply the Stokes phenomenon. In this thesis, we often
refer to (2.342.34) as the Dingle criterion.

Finally, we note that while there may be many singularities or branch
points in the analytic continuation of a problem, the series divergence will be
dominated by that with the smallest value of |Re(χ)| in the domain of interest.
Typically (though not always), the singularities closest to the real axis yield
the smallest value of |Re(χ)| [see e.g. Trinh et al.Trinh et al. (20112011)]. Accordingly, we
only consider the closest singularity.

Finally, we note that an alternative collection of methods exist to resolve
the Stokes phenomenon which are collectively referred to as global hyper-
asympotics. These methods derive from extensions to the classical theory of
DingleDingle (19731973) initially by Berry and HowlsBerry and Howls (19901990, 19911991) (leveraging Ecalle’s
theory of resurgence) and subsequently by Olde DaalhuisOlde Daalhuis (19981998) (leveraging
Borel-Laplace transforms).

Why do Stokes lines occur?

It is important to note that the behaviour above describes a discontinuity in
form (i.e. in the asymptotic representation of f ), rather than in sum (i.e. in
the value of f itself ). Indeed, the discontinuity exists in order that f itself
may remain continuous across the Stokes line. The existance of seemingly
inexplicable discontinuities in form is addressed by DingleDingle (19731973) who writes:

Why do Stokes [lines] occur? The short answer is that they simply
have to if the asymptotic expansion is to comply with the variation
of the continuous function represented. For such a function is already
expansible as a convergent series of unchanging form, with an outer
factor describing the behaviour at branch point or pole. A second
expansion, in different powers of the variable and with a different
outer factor, cannot indefinitely keep pace in magnitude and phase
with the first save by periodic breaks in form. In fact an asymptotic
expansion does keep pace in the most efficient and least disruptive
manner imaginable: by undergoing increments in form which are
[appropriately] out of phase with the continuing portion, located
where this continuing portion is at a peak relative to the increment.

Notwithstanding the discontinuous nature of the switching in the ϵ → 0

limit, as demonstrated by BerryBerry (19891989) and reviewed in §2.1.22.1.2 the switch-on
of exponentially small terms is smooth for finite values of ϵ.

2.2 Real- and complex-ray theory

In this section we introduce the concepts of real- and complex-ray theory.
These techniques will provide the methodological underpinning of Part II of
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this thesis.
For centuries the method of characteristics, otherwise known as Charpit’s

method† has been the canonical technique for solving nonlinear first-order† Charpit’s method is so-named
due to its first recorded use by Paul
Charpit de Villecourt in 1784 [see
Grattan-Guinness and EngelsmanGrattan-Guinness and Engelsman (19821982)].
A comprehensive guide to Charpit’s
method may be found in §7.4 of HowisonHowison
(20052005).

PDEs. This method provides the framework for modern day ray-theory. In
the following section, we shall briefly outline the ideas underlying this theory,
and provide an introduction to the more specialised technique of complex-
ray theory. This work follows that seen in LawryLawry (19961996) and Chapman et al.Chapman et al.
(19991999), where a more comprehensive guide to the theory can be found.

2.2.1 Generic ray-theory formulation

Consider a first-order nonlinear partial differential equation for u(x, y),
which we write as

F (x, y, u, p, q) = 0, (2.35)

where p = ∂u
∂x , q = ∂u

∂y . This PDE may be solved via Charpit’s method,
which essentially reformulates the problem as a system of ODEs in terms of
a parametric variable τ ,

dx
dτ =

∂F

∂p , (2.36a)

dp
dτ =

∂F

∂x , (2.36b)

du
dτ =

∂F

∂p · p, (2.36c)

where x = (x, y), p = (p, q). To identify a solution, we must also provide
boundary conditions in the form of initial data along some initial curve
parametrised by s such that (x, y) = (x0(s), y0(s)). Initial data for p and
q is then found by using the equation (2.352.35) and calculating the derivative
along the initial curve by the chain rule,

F (x0, y0, u0, p0, q0) = 0, (2.37)
dx0
ds p0 +

dy0
ds q0 =

du0
ds . (2.38)

Because of the dependence of the solutions on the ray parameter τ and the
initial condition parameter s, we often write solutions in the form

x(τ ; s), p(τ ; s), u(τ ; s).

While this solution is obtained from the ray equations, we often refer to
simply the projection, x(τ ; s), as a ray. We shall now put this methodology
into practice by examining the example of the circular caustic problem.

2.2.2 The circular caustic problem

The examination of this problem will demonstrate the shortcomings of real-
ray theory (classical Charpit’s method) and outline how these limitations are
addressed by the more generalised method of complex-ray theory.
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Figure 2.9: Real rays (black) emanating
from the initial curve x2+y2 = 1 (blue)
and spanning the exterior of the unit disk.
Rays are defined in (2.442.44). We see that by
using real rays alone (i.e. s, τ ∈ R), it is
not possible to obtain a solution inside
the unit disk.

Consider the specific first-order PDE

F (x, y, u, p, q) ≡ |∇u|2 − 1 = 0, (2.39)

With initial data on the unit circle parametrised by s,

x0(s) = cos s, y0(s) = sin s, u0(s) = s. (2.40)

Initial data for p = ux and q = uy is defined by the equations

p20 + q20 = 1, (2.41)
−p0 sin s+ q0 cos s = 1, (2.42)

which produce

p0(s) = − sin s and q0(s) = cos s. (2.43)

Integration of Charpit’s equations (2.362.36) and use of the initial data produces
the parametric form of solution,

x(τ ; s) = cos s− t sin s, (2.44a)
y(τ ; s) = sin s+ t cos s, (2.44b)
u(τ ; s) = s+ t. (2.44c)

These may be interpreted as rays along which solution data may propagate
from the initial curve (2.402.40). Thus the solution domain is precisely that
spanned by (2.44a2.44a)-(2.44b2.44b) for s, t ∈ R, and we refer to these as real rays.
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This family of rays is illustrated in Fig. 2.92.9. Notice that only the exterior of the
unit disk is spanned by the rays. To see this more clearly, we can invert (2.442.44)
and introduce polar coordinates x = r cos θ, y = r sin θ, which produces

s = θ ± arccos
(
1

r

)
, (2.45a)

t = ∓
√
r2 − 1, (2.45b)

u ≡ u± = θ ± arccos
(
1

r

)
∓
√
r2 − 1. (2.45c)

On examination, we see that only r > 1 corresponds to real values of s and
t. However, as demonstrated by Chapman et al.Chapman et al. (19991999), a boundary layer
analysis reveals that a solutions exists for r < 1. Moreover examination of
the equations (2.452.45) show that rays with complex parameter values may enter
this region. This gives a first indication of the shortcomings of real-ray theory
and the necessity of complex rays.

2.2.3 Introducing complex rays

  

Rex

Re y

Im y

Figure 2.10: Complex rays (shown
dashed) emanating from the complexi-
fied initial manifold (red), given by x2 +

y2 = 1, x, y ∈ C, intersect with real-
(x, y) space (magenta). Here we can
see the ability to obtain a solution in
x2 + y2 < 1 via use of complex rays.

It is clear that for s, t ∈ R each real ray is a curve—in this case a straight
line—in (x, y) ∈ R2 space paramatrised by the arclength t and emanating
from a particular point on the initial curve given by fixing an s = s0. This
may be readily visualised in Fig 2.92.9. The equations (2.452.45) suggest that solution
data may be obtained inside the unit disk r < 1 if the parameters s, t in (2.442.44)
are permitted to be complex.

Let us therefore permit t ≡ tr+ itc ∈ C. The equations for x(t; s), y(t; s)
given by (2.442.44) now represent complex rays. These are two-dimensional
surfaces (in this case planes) lying in (x, y) ∈ C2 space. We note that each
real ray is the restriction of the corresponding complex ray to tc = 0 (see
Fig. 2.112.11).
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Figure 2.11: Complex rays are formed by
complexifying the ray parameter, t ≡
tr + itc ∈ C [cf. (2.442.44)]. Each real
ray (black) may be interpreted as the
restriction of the corresponding complex
ray (red) to tc = 0.

However, complexifying t alone is not sufficient to recover real solution
data inside the disk. For this, we must also consider the analytic continuation
of the initial curve (2.402.40) by permitting s ∈ C. Now by complexifing both s
and twe have unlocked the full solution space and consequently solution data
inside the unit disk may be found as the real-space intersection of a complex
ray from an appropriate point on the complex initial manifold. This process
is visualised in Fig. 2.102.10.

To be precise, in order to yield solution data at a desired point in (x, y)

real-space, the correct point on the initial manifold is given by (2.45a2.45a), and
the corresponding complex ray intersects with the desired point in real-space
at t given by (2.45b2.45b).

The caustic problem examined here is one of many scenarios in which
complex-ray theory may be leveraged to obtain solutions unavailable using
real rays alone. In fact, in our work of Chap. 77, we will attempt to solve
for particular sets of complex rays (those satisfying additional constraints),
and for problems where the ray shooting must be done numerically. For
such problems, the simple analytical solutions, as for the circular caustic, will
be unavailable. One of the core challenges will be numerical complex ray
shooting, and we will discuss some of the interesting work by StoneStone (20162016);
Stone et al.Stone et al. (20172017, 20182018) on this problem.

2.3 Summary

This chapter has served as a brief overview of the requisite theory for the
remainder of this thesis. Though the guided example of the exponential
integral, this chapter has provided an introduction to exponential asymptotics
and the Stokes phenomenon. Subsequently, we learned the importance of
complex-ray theory and how it addresses the shortcomings of Charpit’s
method in its traditional form (so-called real-ray theory). Now that we are
equipped with an understanding of the framework and intuition behind
these techniques, we proceed to the main body of the thesis. The techniques
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of exponential asymptotics will be drawn on heavily in all chapters of the
thesis. The method of steepest descents will feature most prominently when
examining the two-dimensional problems in Part I of the thesis (Chap. 33 &
44), while complex-ray theory will underpin the work contained in Part II of
the thesis (Chap. 55, 66, & 77).
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Part I: boundary-integral
approaches to
two-dimensional flows

The study of water waves produced by flows past wave-generating bodies
is extensive and we refer readers to the literature reviews found in StokerStoker
(19571957); Wehausen and LaitoneWehausen and Laitone (19601960); WehausenWehausen (19731973); TulinTulin (20052005). The
key distinction of our work is in the analysis of low-speed or low-Froude
flows over submerged bodies. The exponentially small amplitude of the waves
in this regime distinguishes the problem from the many other linear water-
wave problems of the past.

The examination of two-dimensional surface flows by reduction to a one-
dimensional boundary-integral formulation has been the subject of much
study recently [see e.g. Vanden-BroeckVanden-Broeck (20102010)]. In Part I of this thesis, we
review such techniques, and extend the theory to new classes of problems,
proceeding as follows:

Chap. 33 reviews the boundary-integral and exponential asymptotic tech-
niques used by Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) and others to reveal
exponentially small waves on the free surface of the form

waves ∼ Ae−χ/ϵ + c.c.

where ϵ is the square of the Froude number and c.c. denotes complex
conjugate. These waves may be attributed to certain critical points in the
leading-order velocity potential. Typically these are corners in the fluid
geometry (e.g. the sharp corner of a submerged step). We demonstrate that
in the low-Froude limit, these waves switch-on seemingly instantaneously
across so-called Stokes lines which emanate from certain critical points in the
flow. Importantly, we shall demonstrate that such corners generate Stokes
lines if and only if

α > 2/3,

whereαπ is the internal fluid angle around the corner.This is a crucial concept †Stokes corner: A corner in the fluid ge-
ometry which admits an internal fluid an-
gle greater than 2π/3. As demonstrated by
Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006), this
is a necessary condition for a corner to
induce Stokes switching in the flow.

and we shall refer to such a point as a Stokes corner†. We conclude the chapter
by providing a numerical scheme which may be used to solve the governing
boundary-integral equations, and confirm the exponentially small amplitude
of the waves by comparison with full boundary-integral numerical solutions.
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Chap. 44 addresses a key open problem in the study of Stokes phenomenon
in two-dimensional flows, namely ‘Can exponentially small surface waves be
switched-on by fluid-structure interaction with geometries not containing Stokes
corners?’

To address this question, we study the problem of low-Froude potential
flow over a ‘pseudo-smooth’ bump protruding from a flat fluid bottom. We
analyse the problem by utilising a reduced model of the boundary-integral
equations first derived in TrinhTrinh (2017b2017b). The reduced model admits an
integral solution which we may asympotically approximate using using the
method of steepest descents. As we shall demonstrate, exponentially small
waves are indeed switched-on downstream of the bump, and we may infer
the location of the Stokes line by studying topology of the steepest descent
contours. In contrast to flows over bodies containing Stokes corners, in this
problem the Stokes line does not emanate from any critical point in the
geometry, and instead appears to emanate from an infinite point in the
analytic continuation of the leading order solution terms.

22 CHAPTER 2 · PRELIMINARY THEORY



BOUNDARY-INTEGRAL APPROACHES TO
TWO-DIMENSIONAL FLOWS 33.1 Introduction

The purpose of this chapter is to review the classical exponential asymptotics
methodology that was developed by Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006)
for the study of the gravity waves produced by flow over a step in a chan-
nel. This theory was in fact derived earlier for the case of capillary waves
(Chapman and Vanden-BroeckChapman and Vanden-Broeck, 20022002), and following these developments,
has been extended to many other situations of wave-structure interactions.

For our purposes, the key idea is that when studying two-dimensional
flows, it is possible to reformulate the potential flow equations into a
boundary-integral form. Thus, a problem of solving the two-dimensional
Laplace equation with a free-boundary condition is reduced to solving only a
nonlinear integro-differential equation along a one-dimensional axis. Many
of the theories of the later chapters will depend on a good understanding of
this core material.

3.2 Mathematical formulation

In the following section, we will outline the generic two-dimensional
boundary-integral derivation for low-Froude gravity flow problems as
presented in Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) before applying the
exponential asymptotics procedure to the specific problem of potential flow
over a step. For further details on boundary-integral methods, the reader may
refer the works of Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006); Vanden-BroeckVanden-Broeck
(20102010); LustriLustri (20122012); TrinhTrinh (20162016, 2017b2017b).
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ψ = −π
1

ψ = 0

A

BC

D E

F

ABC DEFϑ0 = πσ ξ

µ

Figure 3.1: Two-dimensional potential
flow over an angled step in the (x, y)-
plane (left). Flow is mapped to the upper-
half ζ-plane (right) through the trans-
forming to the complex potential w =

ϕ+ iψ and then applying the conformal
map e−w .

Consider an irrotational inviscid potential free-surface flow, such as that
over an angled step as illustrated in Fig. 3.13.1. For now, we consider only the
effects of gravity. As we shall see in the governing equations, such flows are
governed by the non-dimensional Froude number, F , which is defined by

F =
U√
gL

, (3.1)

where U and L are the typical velocity-scale and length-scale, and g is
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acceleration due to gravity. We are particularly interested in low-Froude flows,
where F → 0.

We introduce the physical variables in complex form, z = x+ iy, and the
complex potential w = ϕ + iψ, where ψ is the streamfunction. The velocity
potential satisfies Laplace’s equation in the flow region

∇2ϕ = 0 in the flow region, (3.2a)

with kinematic conditions on both the fluid and solid boundaries,

∇ϕ · n = 0 on all solid/fluid boundaries, (3.2b)

where n is the boundary normal. On the free surface y = η(x), Bernoulli’s
equation requires,

ϵ

2

(
|∇ϕ|2 − 1

)
+ y = 0 on the free surface, (3.2c)

where ϵ = F 2 is the square of the Froude number, defined by (3.13.1). Finally,
we impose a radiation condition of a uniform flow upstream,

q → 1, θ → 0 as ϕ→ −∞. (3.2d)

The complex velocity, u+ iv, is related to the velocity potential by

dw
dz = u− iv = qe−iθ, (3.3)

where q is fluid speed and θ is the streamline angle from the horizontal. We
seek solutions in terms of the logarithmic hodograph variable,

Ω(w) = log q(w)− iθ(w) (3.4)

as a function of the complex potential. Letting s denote arclength, we have

dx
ds = cos θ and dy

ds = sin θ.

Differentiation of Bernoulli’s equation, (3.2c3.2c), gives

ϵq
dq
ds = − sin θ,

which, using the chain rule dq
ds = dq

dϕ
dϕ
ds = q dq

dϕ , may be written as

ϵq2
dq
dϕ = − sin θ. (3.5)

We note that we have used the typical trick in complex potential theory
of inverting the independent and dependent variables, so here solutions are
studied in the potential plane. The advantage of this approach is that the flow
region lies in the fixed domain 0 ≤ ψ ≤ π.

Following Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006), we now outline the re-
formulation of the above the above equations in terms of a boundary integral.
This formulation is applicable to more general two-dimensional flows around
solid bodies, however the reader may wish to keep in mind the step geometry
presented in this section. For applications to other geometries, see e.g. TrinhTrinh
(2017b2017b) for an examination of flow past a ship.
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3.2.1 Boundary-integral formulation

In order to obtain a concise boundary-integral formulation, it is useful to
simplify the geometry by means of a conformal map w → ζ such that the
fluid domain in the potential w-plane is mapped to the upper-half ζ-plane.
The particular transformation will depend on the geometry in question. For
free-surface flow over a step (or indeed any flow which is defined over −π <
ψ < 0) the required conformal map is

ζ = e−w. (3.6)

Under this transformation, the free surface and fluid bottom are mapped
to the positive and negative real-axes respectively. For illustration of this
mapping, see Fig. 3.13.1. The conformal map implies analyticity in ζ, hence
by applying Cauchy’s theorem to Ω in (3.43.4) over a positively oriented semi-
circular contour closed upwards in the ζ-plane, we have

Ω(ζ) =
1

2πi

ˆ ∞

−∞

Ω(ξ′)

ξ′ − ζ
dξ′,

where the integration along the arc in the upper-half plane is zero on account
of the radiation condition, which imposes a flat free surface and uniform flow
upstream (q → 1 and θ → 0). Upon taking Im ζ = µ→ 0+ we obtain

Ω(ξ) =
1

2πi−
ˆ ∞

−∞

Ω(ξ′)

ξ′ − ξ
dξ′ + 1

2
Ω(ξ)

where the dashed integral denotes the Cauchy principal value. Rearrange-
ment and extraction of the real part yields

log q(ξ) = − 1

π
−
ˆ ∞

−∞

θ(ξ′)

ξ′ − ξ
dξ′. (3.7)

We now extend the above equation’s domain of validity from the real axis to
the complex plane by a process called analytic continuation or complexification.

3.2.2 Analytically continued governing equations

Note that on the free surface µ = 0 and ξ > 0, the hodograph variables q(ξ),
and θ(ξ) are real valued analytic functions of the real variable ξ ∈ R+. For
the purposes of analytical continuation, we set ξ = ξr + iξi ∈ C. So that the
analytically continued functions qc, θc : C → C are such that for ξr > 0

qc(ξr ± i0) = q(ξ), θc(ξr ± i0) = θ(ξ). (3.8)

Henceforth we relabel ξ 7→ ζ and ϕ 7→ w ∈ C. By taking ζ to the real-axis
from below and above, we may verify that

1

π

ˆ ∞

−∞

θ(ξ′)

ξ′ − ζ
dξ′ 7→ 1

π
−
ˆ ∞

−∞

θ(ξ′)

ξ′ − ζ
dξ′ + ikθc(ζ), (3.9)
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where k = ±1 if Im(ζ) ≷ 0. Note also the presence of the real-valued θ in
the integral terms, since the range of integration occurs over the free surface
and topography. Analytic continuation of (3.73.7) is therefore

log(qc(ζ))− ikθc(ζ) = − 1

π

ˆ ∞

−∞

θ(ξ′)

ξ′ − ζ
dξ′, (3.10)

For Bernoulli’s equation we substitute

y = Im
ˆ w

w0

dz
dw dw′ =

ˆ w

w0

q−1 sin θ dw′,

into (3.53.5) and differentiate, producing

ϵq2c
dqc
dw + sin θc = 0, (3.11)

which is to be solved along with (3.103.10). It is important to stress that we have
been able to informally label ξ 7→ ζ and ϕ 7→ w in the above due to the
well-established association between the complexification of ξ and ζ = ξ +

iµ, and between that of ϕ and w = ϕ + iψ in two-dimensional problems.
Moreover, the relationship between potential and hodographic variables is
retained, namely

dw
dz = qce−iθc .

A visualisation of the potential plane, free surface, and complexified free
surface is provided in Fig.3.23.2. In three-dimensional problems, the association
between complexified spaces does not exist and therefore we must take more
care, as we shall explore later in Chaps. 66 and 77.

 

Reϕ

Imϕ

ψFluid region
w = ϕ+ iψ

ϕ ∈ R

ϕ ∈ C
Analytically continued space

Natural association
w ↔ ϕ ∈ C

Figure 3.2: The complexification of
potential variables in two-dimensional
space. Complex-potential (ϕ, ψ)-space
is illustrated vertically with complexified
ϕ-space represented by an orthogonal
plane intersecting at the free surface
ψ = 0. Critical points are denoted
by open circles. The complexification of
other variables may be thought of in an
analogous manner.

Henceforth, we shall drop the subscripts from analytically continued func-
tions, fix k = 1 in (3.103.10) since our focus is on analytic continuation into the
upper half ζ-plane (i.e. the fluid domain). Thus the governing equations are:

GOVERNING BOUNDARY-INTEGRAL EQUATIONS FOR TWO-DIMENSIONAL FLOW

log(q)− iθ = − 1

π

ˆ ∞

−∞

θ(ξ′)

ξ′ − ζ
dξ′, (3.12a)

ϵq2
dq
dw = − sin θ, (3.12b)

q → 1, θ →0 as ζ → 0. (3.12c)
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We now examine the late-order divergence of the asymptotic series solutions
for q and θ by the method of exponential asymptotics.

3.3 Exponential asymptotics for the boundary-integral formulation

We seek solutions for q, θ as asymptotic series in powers of ϵ, of the form

θ =

∞∑
n=0

ϵnθn and q =

∞∑
n=0

ϵnqn. (3.13)

At leading order, Bernoulli’s equation (3.12b3.12b) and the boundary-integral
equation (3.12a3.12a) produce

θ0 = 0, (3.14a)

log q0 − iθ0 = − 1

π

ˆ ∞

−∞

θ0(ξ
′)

ξ′ − ζ
dξ′. (3.14b)

As mentioned, in general the domain of integration, ζ ∈ R corresponds to a
combination of free and solid boundaries. On solid boundaries, the value of
θ0 is specified by the geometry, while θ0 on the free surface vanishes according
to (3.14a3.14a). For flow over a step, the negative real-axis, ζ ∈ R−, is the solid
boundary while ζ ∈ R+ is the free surface. However, to preserve generality
we refrain from making this assumption until our examination of flow over
a step in the following section. Evaluation of the governing equations (3.123.12)
at first order yields

q20
dq0
dw = θ1, (3.15a)

q1
q0

− iθ1 = − 1

π

ˆ ∞

−∞

θ1(ξ
′)

ξ′ − ζ
dξ′. (3.15b)

While a general evaluation at O(ϵn) produces

qn
q0

− qn−1q1
q20

+ · · · − iθn = − 1

π

ˆ ∞

−∞

θn(ξ
′)

ξ′ − ζ
dξ′, (n ≥ 2), (3.16a)

and

q20
dqn−1

dw + 2q0q1
dqn−2

dw + · · ·

+ 2q0qn−1
dq0
dw = −θn cos θ0 + θ1θn−1 sin θ0 + · · · , (n ≥ 3), (3.16b)

where terms have been arrived at through simple series expansions of terms in
(3.103.10) and (3.113.11). By linearity, no singularities in the solutions arise from the
nature of the above equations. However, the leading order functions q0 and θ0
typically have singularities corresponding to certain corners in the geometry
(e.g. the edges of a step). As outlined in §2.12.1 the dependency of higher order
terms on derivatives of preceding terms implies that these singularities are
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amplified in power through successive terms. This produces a factorial-over-
power divergence, and suggests ansatz of the form

θn(w) ∼
Θ(w)Γ(n+ γ)

χn+γ
and qn(w) ∼

Q(w)Γ(n+ γ)

χn+γ
, (3.17)

as n → ∞. Following Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006), the terms on
the left-hand side of (3.16a3.16a) are exponentially dominant over those those on
the right, implying that

θn ∼ −iqn
q0

+ iq1qn−1

q20
+ · · · , as n→ ∞, (3.18)

which may be also written as

qn ∼ iq0θn + iθn−1q1 + · · · , as n→ ∞. (3.19)

Using this, along with the ansatz (3.173.17), a dominant balance in (3.16b3.16b) as
n→ ∞ gives

iq30
dχ
dw = 1, (3.20)

from which the singulant function, χ, may be obtained through integration,
yielding

χ = −i
ˆ w

w0

dw′

q30
. (3.21)

The matching criteria χ(w0) = 0 requires the starting point of integration
in (3.213.21) to be at w0, a critical point in the leading-order terms of the series
(3.133.13). The next order in n of equations (3.163.16) may be used to obtain the
prefactor functions (often called amplitude functions) Q and Θ. Firstly, we see
that

q20Q
′ − 2q0q1Qχ

′ + 2q0q
′
0Q =

iq1Q
q20

, (3.22)

which, upon use of (3.203.20), may be integrated to give

Q =
Λ

q20
exp
(
−3i
ˆ w

w⋆

q1
q40

dw
)
. (3.23)

Again, the integration may start from any point which produces a convergent
integral. Changing the start point merely shifts the value of the arbitrary
constant Λ. By (3.183.18), the amplitude function for θ is then given by

Θ =
Λi
q30

exp
(
−3i
ˆ w

w⋆

q1
q40

dw
)
. (3.24)

Therefore the late order behaviour of qn and θn, given in (3.173.17) is now
determined up to the value of constants γ and Λ.
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3.3.1 Determination of the constants γ and Λ

We briefly explain the procedure for determining the constants γ and Λ.
Generally, both constants are determined by examining the behaviour of the
asymptotic solutions near singularities in the complex plane. For instance, γ
is determined by ensuring that late-order terms, written in (3.173.17), exhibit
a consistent power behaviour as w → w0 when matched with the early
asymptotic orders, e.g. q0. We will demonstrate this for the particular case
of the step flow in §3.53.5, where γ is given in (3.533.53).

The determination of the constant Λ is much more involved, and re-
quires a re-scaling of the governing equations near w = w0 and then a
subsequent series analysis of the leading order inner solution. For nonlinear
problems, this typically involves the numerical computation of a nonlinear
recurrence relation, and we refer readers to the details to Appendix B of
Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006). Generally, in this thesis, it will be
sufficient to know that Λ 6= 0.

3.4 Stokes smoothing

Following Chapman et al.Chapman et al. (19981998) and as outlined in §2.12.1 [for a comprehen-
sive exposition, also see LustriLustri (20122012)], the optimal truncation point, N , of
a divergent series is typically where successive terms are approximately equal,
i.e. where ∣∣∣∣ ϵNqN

ϵN−1qN−1

∣∣∣∣ ∼ 1.

By substitution of the late-term ansatz, we see that N ∼ |χ|/ϵ, and so for
any fixed point with χ 6= 0, we have that N → ∞ as ϵ → 0. As a result, it
is precisely the behaviour of these late-order terms that governs the Stokes
switching which we wish to determine. Upon truncation, the asymptotic
series (3.133.13) become

θ =

N−1∑
n=0

ϵnθn +RN and q =

N−1∑
n=0

ϵnqn + SN , (3.25)

where N is sought so as to minimise the remainders RN and SN . We
note that following LustriLustri (20122012), choosing N according to the above rule
suffices for the purposes of this analysis. For a more detailed examination
see Chapman et al.Chapman et al. (19981998); TrinhTrinh (20112011). Upon substitution of the truncated
forms into (3.103.10) and (3.113.11) the series terms are eliminated at each order up
to and including ϵN−1, and we are left with

SN
q0

− ϵq1SN
q20

− ϵNq1qN−1

q20
+ · · · = iRN , (3.26)

ϵq20S
′
N + 2ϵq0q

′
0SN + 2ϵ2q0q

′
1SN + ϵ2q1q

′
0SN+

ϵNθN + · · · = RN + · · · . (3.27)
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Since we are considering the limit of N → ∞ and ϵ → 0, we retain only
leading orders. The above equations define a coupled linear system for the
remainders, RN and SN . In fact, in the limit ϵ → 0 the homogeneous
equations are satisfied by the WKB-like ansatz

RN ∼ Θ(w)e−χ(w)/ϵ and SN ∼ Q(w)e−χ(w)/ϵ, (3.28)

where χ(w) is the singulant obtained from (3.213.21). This establishes a con-
nection between the exponentially small remainder and the late-order ansatz
(3.173.17).

As we have previously introduced, the core idea of exponential asymp-
totics is that terms of the form (3.283.28) will switch-on or switch-off across
certain critical curves in the solution space. As outlined in §2.12.1, the criterion
observed in DingleDingle (19731973) states that an exponential term of the form (3.283.28)
(with χ = χ1, say) switches-on a further exponential term (with χ = χ2, say)
when they lie on the same Riemann sheet, and we have

Im(χ1) = Im(χ2), and Re(χ2) ≥ Re(χ1). (3.29)

The first may be interpreted as an equal phase requirement, and the second a
condition of subdominance.

Within the context of our water-wave model, the base series, i.e. q =

q0+ ϵq1+ . . . and θ = θ0+ ϵθ1+ . . . corresponds to an asymptotic expansion
without an exponentially dependent factor, hence χ1 = 0. Making use of the
Dingle criterion above, with χ1 = 0 and χ2 = χ, we have that exponentially
small ripples of the form (3.283.28) first emerge when

Im(χ) = 0, and Re(χ) ≥ 0. (3.30)

Thus Stokes lines in this problem will correspond to those locations in w-
space or ζ-space where condition (3.303.30) holds.

Before we demonstrate the switching procedure, note that there is, in
general, an exponential of the form (3.283.28) for each singularity in the analytic
continuation of the leading-order solutions, q0 and θ0, and the total contribu-
tion can be derived by summation and linearity. However, in our works, are
are typically only interested in the largest exponentially small contribution,
and hence we focus on the exponentials, e−χ/ϵ, with the smallest value of
Reχ on the physical domain (the real axis). This typically corresponds to
choosing w = w0 to be the nearest singularity to the real w-axis.

We now demonstrate that the terms (3.283.28) are smoothly switched on as
we cross a Stokes line. We define a Stokes multiplier A(w), by

SN = A(w)Q(w)e−χ/ϵ. (3.31)

We use (3.263.26) in (3.273.27) and note the equations for χ and dχ/ dw [(3.203.20),
(3.213.21)]. This ansatz gives us

ϵq30
dA
dwQe

−χ/ϵ ∼ iϵNqN , (3.32)
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as N → ∞ and ϵ→ 0. Considering A as a function of χ rather than w, and
using the later-order-ansatz for qn gives

dA
dχ =

ϵN−1eχ/ϵΓ(N + γ)

χN+γ
. (3.33)

Observe that the right hand side of (3.333.33) is smallest for N ∼ |χ|/ϵ,
corresponding to the optimal truncation point. Thus we writeN = |χ|/ϵ+α
where α ∈ [0, 1) is chosen so thatN takes an integer value. SinceN depends
only on |χ|, following Chapman et al.Chapman et al. (19981998) we write χ = reiϑ. By the chain
rule,

d
dχ = − ie−iϑ

r

d
dϑ. (3.34)

We now demonstrate that as expected from (3.303.30) we see Stokes switching
when χ is real and positive, i.e. around ϑ = 0. Using Sterling’s approximation
for the gamma function, under the variable change above, (3.333.33) becomes

dA
dϑ ∼ i

√
2πr exp(iϑ)ϵN+γ exp(r exp(iϑ)/ϵ) exp(−N − γ)(N + γ)N+γ−1/2

ϵ1+γrN+γ exp(i(N + γ)ϑ)
,

∼ i
√
2πr1/2 exp(iϑ) exp(r exp(iϑ)/ϵ) exp(−r/ϵ− α− γ)

ϵ1/2+γ exp(i(r/ϵ+ α+ γ)ϑ)

(
1 +

ϵ(α+ γ)

r

)r

,

∼ i
√
2πr

1/2 exp(iϑ) exp(r exp(iϑ)/ϵ) exp(−r/ϵ)
ϵ1/2+γ exp(iϑ(r/ϵ+ α+ γ))

.

The right-hand side is exponentially small, except near ϑ = 0. Therefore the
dominant change in A occurs across ϑ = 0 (i.e. the Stokes line) as expected.
To see this, let us scale ϑ = δϑ, giving

dA
dϑ

∼ i
√
2πr1/2δ exp(−rδ2ϑ2/(2ϵ)

ϵ1/2+γ
. (3.35)

We see the correct scaling is δ = ϵ1/2, and the above equation becomes

dA
dϑ

∼ i
√
2πr1/2 exp(−rϑ2/(2ϵ)

ϵ1/2+γ
. (3.36)

Thus

A = A0 +

√
2πi
ϵγ

ˆ ϑ
√
r

−∞
exp(−t2/2) dt. (3.37)

Matching with the outer solution away from the Stokes line reveals a jump
in A given by

A(ϑ = 0−)−A(ϑ = 0+) =
2πi
ϵγ
. (3.38)

Thus it has been demonstrated that across Stokes lines, where χ is real
and positive, exponentially small correction terms to the optimally truncated
series (3.253.25) are switched on. These terms are given by

qexp =
2πi
ϵγ
Q exp(−χ/ϵ) and θexp =

2πi
ϵγ

Θ exp(−χ/ϵ), (3.39)
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where for the second term we have used Rn ∼ −iSn/q0.
In this section, we have outlined the general methodology for studying

Stokes switching in two-dimensional flows via a boundary-integral method
as presented in Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006). Moreover, we have
demonstrated a smooth switching on of exponentially small terms across
Stokes lines and have established a connection between the behaviour of late
order terms [given by (3.173.17)] and exponentially small remainder terms [given
by (3.393.39)] via the quantitiesχ,Q,Θ, γ, andΛ.We now apply the above theory
to specific problem, of low-Froude potential flow over an angled step.

3.5 Boundary-integral implementation for flow over a step

In the derivation of boundary-integral equations, it was mentioned that the
problem geometry is specified through the choice of the conformal map
w → ζ, as well as the behaviour of the streamline angle, θ, on the solid
boundaries. Let us now consider two-dimensional irrotational incompressible
inviscid flow over an angled step. The geometry and formulation has already
been outlined in §3.23.2, and a schematic is presented in Fig.3.13.1. As indicated
in the schematic, the fluid domain in the potential w-plane is given by
−π < ψ < 0, and thus the required mapping to the upper-half ζ-plane
is

ζ = e−w. (3.40)

Under this conformal map, the solid bottom and free surface are mapped to
the negative and positive real-axes respectively. The streamline angle on the
fluid bottom is given by

θstep(ξ) =

{
0 if ξ ∈ (−∞,−b) ∪ (−a,∞),

πσ if ξ ∈ [−b,−a],
(3.41)

and is illustrated in Fig.3.33.3.

θstep

πσ

ζ

−b −a

Figure 3.3: The streamline angle func-
tion associated with the step problem.
Discontinuous jumps in the streamline
angle occur at the two corners of the step
ζ = −b, and ζ = −a. The bold dotted
line denotes the unknown streamline on
the free surface.

Discussing the specification of the geometry in this way, TrinhTrinh (2017b2017b)
notes that

‘It is somewhat misleading to describe θ(ξ) as ‘known’ for ξ < 0 since
in practice, we would specify θ as a function of physical coordinates
(x, y). However, specifying different forms of θ as a function of ξ
(or the potential ϕ) is typically sufficient to obtain the qualitatively
desired geometry shape. Once the values of q and θ are known on the
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free surface, their values everywhere within the fluid can be computer
using Cauchy’s theorem. Consequently, the flow in the physical (x, y)-
plane can be retrieved by integrating [(3.33.3)]’

As outlined in the previous section, we split the integral on the right-hand
side of (3.73.7) into its evaluation on the free surface, and the fluid bottom,

log (q(ξ)) = − 1

π

ˆ 0

−∞

θstep(ξ
′)

ξ′ − ξ
dξ′ −H[θ](ξ),

= σ log
(
ξ + b

ξ + a

)
−H[θ](ξ),

(3.42)

where we have used (3.413.41), and where H is the Hilbert transform, given by

H[θ](ξ) =
1

π
−
ˆ ∞

0

θ(ξ′)

ξ′ − ξ
dξ′. (3.43)

The function, qs obtained by integrating along the solid boundary and is often
referred to as the ‘shape function’ of the problem. It is given by

qs =

(
ξ + b

ξ + a

)σ

. (3.44)

The shape function is a concept we will also use in the next chapter to study
problems involving different geometries. For channel flow, the analytically
continued governing equations may therefore be written as follows [cf. the
generic form of this system (3.123.12)].

GOVERNING EQUATIONS FOR TWO-DIMENSIONAL CHANNEL FLOW

log(q)− iθ = log qs − Ĥ[θ], (3.45a)

ϵq2
dq
dw = − sin θ on the free surface, (3.45b)

where Ĥ denotes the analytic continuation of the Hilbert transform, given by

Ĥ[θ](ζ) =
1

π

ˆ ∞

0

θ(ξ′)

ξ′ − ζ
dξ′. (3.46)

3.5.1 The singulant function and Stokes lines for the angled step

The singulant function, which determines the location of Stokes switching, is
defined in terms of the leading-order solutions through (3.213.21). From (3.14a3.14a)
and (3.14b3.14b), the leading-order solution on the free surface is

θ0 = 0 and q0 = qs, (3.47)

where the shape function, qs, is given in (3.443.44). Now that we have the leading-
order solutions, from (3.213.21) we may calculate the singulant,

χ = −i
ˆ w

w=w0

dw′

q0(w′)
= i
ˆ ζ

−a

(
ζ ′ + a

ζ ′ + b

)3σ dζ ′
ζ ′
. (3.48)
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This integral will produce an explicit closed form only for special parameter
values. For example, the case of the step angle parameter σ = 1/6, with a = 1

and b = 2, we can explicitly integrate to obtain

χ(ζ) = 2i sinh−1
√

1 + ζ

−
√
2i
[
tanh−1

√
1 + ζ + tanh−1(

√
1 + ζ +

√
2
√

2 + ζ)
]
. (3.49)

Note that in general, we find it easier to compute χ through direct numerical
quadrature rather than development of the explicit formula. This is partly to
do with the fact that explicit formulae can be derived only for special values
of σ, a, and b, and also to do with the fact that the branch structure of the
resultant formulae can often be quite complicated.

We recall that Stokes lines typically occur when χ is real and positive.
However there is an important local argument that can be made to examine
the connection between the angle parameter σ and the emergence of a Stokes
line. Let us assume that as w → w0, the leading order velocity potential has
the behaviour

q0 ∼ c(w − w0)
α, (3.50)

for c ∈ C and α ∈ R. Then from (3.483.48), it follows that χ has the behaviour,

χ ∼ − i(w − w0)
1−3α

c3(1− 3α)
. (3.51)

Thus, in order for any Stokes line associated with the pointw = w0 to interact
with the fluid (and thereby influence the physical solution), we require χ→ 0

as w → w0 and thus
1− 3α > 0. (3.52)

Note that for the case of the stagnation point, where |q0| → 0, in the angled
step, we have α = σ and hence it seems to require 1 − 3σ > 0, which is
satisfied for sufficiently shallow angled steps, 0 < σ < 1/3. Similarly, at the
top corner point, where |q0| → ∞, we have that α = −σ and 1 + 3σ > 0

which is also true for shallow angles in this range.
As the angle becomes steeper and exceeds the critical σ = 1/3 case, the

Stokes line from the stagnation point disappears onto an adjacent Riemann
sheet in the analytical continuation, leaving only the Stokes line from the
upper corner, B. Further discussion of these different configurations can be
found in the work of Lustri et al.Lustri et al. (20122012).

Finally, let us now calculate the value of the constant, γ. As outlined in
§3.3.13.3.1, γ is sought by matching the power divergence between the ansatz for
qn, given in (3.173.17) and lower order terms in the asymptotic series. In this
case we will match with q0 as we approach the corner point. Using (3.173.17) and
(3.513.51) with α = −σ, this requires that

(w − w0)
γ(3σ+1) ∼ (w − w0)

σ.

From this we obtain the value of γ, given by

γ =
σ

3σ + 1
. (3.53)
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The exponential ripples are then algebraically described by (3.393.39). The expo-
nential amplitude will later be verified against the numerical results, for which
we now describe the numerical procedure.

3.6 Numerical method and sample solutions

Figure 3.4: Low-Froude flow over step
angled at ϑ = 3π/8 to the x-axis.
Leading order streamlines (dashed lines),
ψ = const., are obtained by integrating
the leading order velocity potential ac-
cording to dz/dw = 1/q ∼ 1/q0 =

1/qs, where qs is the shape function
given by (3.443.44). Overlaid in blue is
the numerical free-surface solution com-
puted according to the numerical proce-
dure described in § 3.63.6. The solution is
calculated for for a = 1, b = 2, ϵ =

0.4, on a domain of ϕL = −30, ϕR =

40, with n = 1000 mesh points. Solid
red lines are Stokes lines emanating from
the top corner of the step. Stokes lines
occur where χ, given by (3.213.21), is real
and positive, and indicate a switching-
on of oscillatory terms in the solu-
tion. (cf. Chapman and Vanden-BroeckChapman and Vanden-Broeck
(20062006) Fig.4).

The task is to solve Bernoulli’s equation, (3.45b3.45b), and the boundary-
integral equation, (3.45a3.45a), for q and θ on on the free surface ϕ > 0.
Numerically, we descretise the system over a truncated domain, [ϕL, ϕR]with
the mesh

ϕ = ϕi, for i = 1, . . . , n− 1.

In order to avoid the singular properties of the integral, we introduce the
midpoints,

ϕmi =
1

2
(ϕi + ϕi+1).

Theboundary-integral equation, (3.45a3.45a) is used to obtain themidpoint values,
τmi = log qmi . The Cauchy principal value on the right hand side is obtained
by means of the trapezoidal rule applied over the mesh points ϕi. Since the
singularity is a simple pole, the integrand in (3.45a3.45a) is approximately odd-
symmetric in this locality, and thus the use of equally spaced points should
produce cancellation around the singularity and allow us to approximate the
principal value without any special treatment. Bernoulli’s equation evaluated
at midpoints ϕm provides a system of n − 1 equations for the n unknowns
θi, i = 1, . . . , n. Each equation is given by

Fi := ϵe2τm
i

dτ
dϕ + e−τm

i sin θm = 0,

where second order differences are used to compute the derivatives dτ
dϕ . The

system is closed using the far field radiation condition (5.2d5.2d), i.e.

Fn := θ1 = 0.
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To solve this system, we use MALTAB’s in built nonlinear solver, fsolve. In
Fig.3.43.4, we present the numerical free surface calculated using the above
procedure with n = 1000 mesh points, on a domain betweenϕL = −20

and ϕR = 30. The solution is calculated for a step of angle πσ = 3π/8 and
with corners at ζ = A = −1 and ζ = B = −2.
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Figure 3.5: Amplitude of numerical free-
surface ripples for potential flow over a
step plotted against the value of −1/ϵ,
where ϵ = F 2 is the square of the
Froude number, defined in (3.13.1). Solu-
tions are computed according to the
numerical procedure described in §3.63.6,
using a = 1, b = 2, σ = 1/6, on a
domain of ϕL = −10, ϕR = 30, with
n = 1000mesh points. It is seen that as
ϵ → 0, the numerical solutions better
fit the asymptotic approximation where
the slope is given by Reχ ≈ 2.22144

[obtained from (3.493.49)].

We now verify the numerical results against the asymptotic predictions by
comparing the amplitudes. According to the exponential asymptotic predic-
tion, as ϵ → 0 the wave amplitude behaves like ϵγ exp(Reχ/ϵ). In Fig. 3.53.5,
we plot the logarithm of the numerical wave amplitude against−1/ϵ, and see
that the asymptotic prediction matches as ϵ → 0. Here we have calculated† Note that since q0 is real valued on the

free surface, ζ > 0, this implies that Re(χ)
is constant. Thus to obtain the correct value
of Reχ, it is sufficient to integrate to any
convenient point on the free surface.

Reχ by numerical integration of (3.213.21) from the step corner to the free
surface†. This gives a value of Reχ ≈ −2.22144 which is confirmed by the
boundary-integral numerical solutions.

3.7 Summary

This chapter has served as a review of the existing boundary-integral expo-
nential asymptotic theory applied to two-dimensional flows. We have closely
followed the approach taken in Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) and
others. We began by formulating the boundary-integral governing equations
for two-dimensional flow (3.123.12), and in particular two dimensional chan-
nel flow (3.453.45). Then we reviewed the important Dingle criterion for the
switching-on of exponentially small terms [see (3.293.29)] and demonstrated
the smooth switching-on of these terms across Stokes lines. Importantly,
we demonstrated the condition for corners to produce Stokes lines which
influence the physical solution; namely that the internal fluid angle must
exceed 2π/3. As noted previously, we refer so such points as Stokes corners.
Next, we outlined the numerical implementation of the boundary-integral
method and computed free-surface ripples produced by flow over an angled
step. Finally, the amplitude of the numerical solution waves was used to verify
the prediction of the singulant function, χ.

We now have a comprehensive understanding of themechanism by which
Stokes switching is induced by Stokes corners in the geometry. We shall
now adapt and expand on these ideas in order to demonstrate that Stokes
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switching can occur even when there are no Stokes corners present in the
geometry.
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GRAVITY WAVES FROM FLOWS OVER
PSEUDO-SMOOTH BODIES 44.1 Introduction

The previous chapter reviewed the work of Chapman and Vanden-BroeckChapman and Vanden-Broeck
(20062006) in applying the technique of exponential asymptotics and boundary-
integral numerics to study low-Froude two-dimensional potential flow over
an angled step.

We note that there are a number of subtle but key limitations of the
Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) theory presented in the last chapter.
First, study of the divergent series requires knowledge of the analytic contin-
uation of the leading-order fluid speed. For the case of the angled step, for
example, this yields the so-called ‘shape function’ in (3.443.44), which was derived
through knowledge of the streamline angle, θ, along the bottom topography.
However, given an arbitrary prescription of the fluid bottom in the physical
domain, (x, y), it is not clear what singularities the shape function possesses
and their effects on the resultant analysis.

The second difficulty concerns the local Stokes line analysis presented in
§3.5.13.5.1. There, it was assumed that the leading-order speed exhibits a power-
law relationship of

q0 ∼ c(w − w0)
α, (4.1)

and we reviewed the Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) theory that, in or-
der for a Stokes line to emerge on the principal Riemann sheet (corresponding
to the physical fluid), it seems we need

1− 3α > 0. (4.2)

In the context of a corner in the fluid geometry, this corresponds to the corner
admitting an internal fluid angle which exceeds 2π/3, and we refer to such
points as Stokes corners.

This chapter extends the Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) theory,
demonstrating that the presence of a Stokes corner is not necessary for the
existence of Stokes lines that will produce surface waves. Later in the chapter,
we demonstrate and study Stokes switching in such a problem. Before this,
we begin with a brief discussion of the conceptual motivation behind this
study.

4.1.1 A thought experiment

Let us consider the following thought experiment. Say we have a geometry
containing a sharp corner which we know to exhibit the Stokes phenomenon
and where we expect the prior exponential asymptotics theory to apply. We
illustrate such a geometry in Fig. 4.14.1. In this example, a Stokes line emanates
from the apex of the bump and induces Stokes switching which produces
physical waves in the solution.
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Figure 4.1: Streamlines for potential flow
over a sharp bump in the (x, y)-plane.
A Stokes line (shown red) emerges from
the apex of the bump. Exponentially
small surface waves are expected to fol-
low downstream from the Stokes line.

Now let us choose a streamline of this flow and consider it the fluid
bottom of a new smooth geometry. This is shown in Fig. 4.24.2. By the properties
of potential flow, we expect that the free surface and fluid interior are identical
to that of the original problem. However, if we forgot about the original
problem it would appear as though Stokes switching had been induced by
a completely smooth geometry. The Stokes line must then be interpreted
as having been generated from some ‘imaginary corner’ located beneath the
physical bottom surface.

Figure 4.2: The problem of potential flow
over ‘sharp bump’ in the (x, y)-plane is
used to derive an equivalent problem in
which a streamline is treated as a new
fluid bottom. Despite the fluid bottom
now being completely smooth, a Stokes
line is nonetheless generated as if from a
singular point beneath the fluid bottom.

This thought experiment firstly illustrates that the prior Chapman and
Vanden-Broeck (20062006) theory is not limited to obstructions with corners.
Indeed, for every cornered obstruction that produces surface waves, we can
use the interchangeble property of the streamlines to find families of fully
smooth obstructions which produce those same surface waves and are thus
explained by the same Stokes Phenomenon. This is the forwards procedure.

However, the following question arises about the inverse procedure: if we
had no knowledge of the original problem, how would we have been able to predict
Stokes switching? Thus, we need to develop a theory which will be able to
predict Stokes switching in problems where a smooth body is given without
knowledge of the underlying analytic continuation.

4.1.2 The mystery of the smoothed bump

Let us manufacture a simple example that seems to produce waves which the
Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) theory does not capture.

Consider the two geometries illustrated in Fig. 4.34.3. In Fig. 4.34.3a is the
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original geometry (henceforth referred to as the ‘sharp bump’) which moti-
vated our thought experiment above. This consists of a triangular obstruction
protruding from the bottom of the channel with the first stagnation point
associated with an angle of ϑ = πσ. In Fig. 4.34.3b, we consider a so-called † We note that for analytical convenience,

we have retained the corners at A and
B in the pseudo-smooth bump. However,
choose σ such that these are not Stokes cor-
ners, and consequently will not be involved
in Stokes switching.

‘pseudo-smooth bump’, where the apex of the bump is now rounded. More
precisely, the sharp bump is produced by specifying that the angle of the
topography is piecewise constant and discontinuous at the corners, A, B,
and C, while the pseudo-smooth bump is produced by specifying continuous
angles except at A and B†. We shall explain the precise specification of the
geometry in further detail in §4.2.14.2.1.

(a)

y
x

A
B

C

ϑ = πσ

(b)

y
x

A

B
ϑ = πσ

Figure 4.3: Schematics of two-
dimensional potential flow over (a) a
sharp bump, and (b) a pseudo-smooth
bump in the physical (x, y)-plane. Both
bumps separate from the horizontal
fluid bottom at internal angles of
ϑ = πσ.

We present example numerical solutions in Fig. 4.44.4 which confirm the
presence of a upstream flat surface with oscillatory ripples downstream of
the obstructions. These solutions are computed for ϵ = 0.8 and geometrical
parameter σ = 3/8 according to the boundary-integral numerical procedure
outlined in §3.63.6 of the previous chapter.

y

x x

y

(a) (b)

Figure 4.4: Numerical free-surface solu-
tions for flow over a sharp bump (a) and
pseudo-smooth bump (b). Solutions are
computed using the boundary-integral
numerical procedure described in §3.63.6.
The solutions are calculated for ϵ =

0.8, σ = 3/8, a = 1, b = 3 using
n = 1000 mesh points an a domain of
ϕL = −20, ϕR = 30.

The key summary of the surface ripples is shown in Fig. 4.54.5 which plots
the logarithm of the numerical wave amplitude versus 1/ϵ. In the limit that
ϵ→ 0, it is observed that the numerical results approach a straight line, hence
for both the sharp bump (Fig 4.54.5a) and pseudo-smooth bump (Fig 4.54.5b),
the ripples are exponentially small in the low-Froude limit. We therefore
conjecture that both cases are governed by the Stokes phenomenon discussed
previously.

A key criterion outlined in the previous chapter (see §3.5.13.5.1) indicated
that in order for a Stokes line to extend from a critical point in the geometry
into the fluid, the local in-fluid angle must exceed 2π/3. Thus, for the case of
the sharp bump, so long as σ > 1/3, no Stokes switching is expected from
the points A and B. The Stokes switching over the sharp bump can therefore
be wholly attributed to the sharp corner on the apex of the bump, C, where
the in-fluid angle is greater than 2π/3.

In the case of the pseudo-smooth bump, both local in-fluid angles at A
and B are 5π/8, and consequently are not expected to generate Stokes lines on
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(a) (b)

Figure 4.5: Wave amplitudes of full
boundary-integral numerical solutions
(open circles) are compared with those
predicted by exponential asymptotic ap-
proximation (solid line) for flow over a
sharp bump (a) and a pseudo-smooth
bump (b). Numerical waves are com-
puted with σ = 3/8, a = 1, and b = 2

according to the numerical procedure
presented in §3.63.6.

the physical Riemann sheet. Despite there being no further obvious critical
points in the geometry, exponentially small waves are nonetheless present
downstream. In this case, to what can we attribute the Stokes switching, and
is there some ‘location’ or a particular feature of the geometry which induces
the Stokes line?

It turns out that the adaption of the Chapman and Vanden-BroeckChapman and Vanden-Broeck
(20062006) theory is entirely non-trivial (and in fact, even by the end of this
thesis is left somewhat as an open challenge). In this chapter we shall explore
both problems in parallel using themethod of steepest descents. Firstly we require
a simpler framework to study the above problem. In this chapter, we also
explain that it is possible to re-formulate the exponential asymptotics of the
full nonlinear boundary-integral problem and approximate the exponentially
small waves using an explicit integral (TrinhTrinh, 20162016, 2017b2017b). Through
examination of the integral solution, we will demonstrate Stokes switching
and the location of the Stokes line. Moreover, we shall the quantitative
findings of the analysis using the boundary-integral numerical results.

We begin by reviewing the key boundary-integral equations and specify-
ing the precise geometry of the sharp bump and pseudo-smooth bump.

4.2 Mathematical formulation

The governing equations for potential free-surface flow in a channel were
derived in the previous chapter and were given in (3.53.5) and (3.73.7). Recall that
solutions are specified in terms of the streamline speed, q, and angle, θ. In
non-dimensional form, the governing equations, applied on the free surface,
are

ϵq2
dq
dϕ = − sin θ, (4.3a)

log q(ξ) = − 1

π
−
ˆ ∞

−∞

θ(ξ′)

ξ′ − ξ
dξ′. (4.3b)

Recall that in the above, w = ϕ+ iψ is the complex potential, related to the
physical coordinates z = x+ iy by

dw
dz = qe−iθ. (4.4)
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(a) (b) (c)

y
x

A
B

C

AB C

ψ = 0

ψ = −π

AB C ξ

µ
Figure 4.6: Flow over a bump repre-
sented in the physical (a), potential (b),
and ζ-planes (c). The physical region is
mapped to potential plane through the
a-priori unknown map w′(z) = qe−iθ ,
and then to the upper half ζ-plane using
the conformal map ζ = e−w .

The free surface and channel bottom are horizontal axes in potential space,
defined by fixed values of the streamfunction,ψ = 0 andψ = −π respectively.
In addition, the flow in the complex potential w-plane is transformed to the
upper half-ζ-plane plane via the map

ζ = e−w, (4.5)

where ζ = ξ + iµ. Under this transformation, the set of equations (4.34.3) are
applied on ψ = 0 and −∞ < ϕ < 0 or equivalently µ = 0 and 0 < ξ <∞.

The schematic of the sharp bump is shown in Fig. 4.34.3a while that of the
pseudo-smooth bump in Fig. 4.34.3b. A visualisation of the various mappings
described above is seen in Fig. 4.64.6.

As outlined in the previous chapter, the problem geometry is typically
defined by specification of the streamline angle on the fluid bottom, which
corresponds to the negative real-ζ axis. As noted previously we reiterate the
assumption that the geometry is specified in terms of the quasi-potential
variable, ζ, rather than physical variables. More precisely we will have

θ(ζ) = θs(ζ) for ζ < 0,

Notwithstanding these caveats, this definition is typically sufficient to capture
the desired qualitative shape in physical (x, y)-space. The precise physical
geometry, as well as the streamlines in physical space must be obtained
through integration of (4.44.4), giving

x =

ˆ w

w0

q−1 cos θ dw′ and y =

ˆ w

w0

q−1 sin θ dw′. (4.6)

The start point of integration, w = w0 is taken to be a reference point in
potential space.

4.2.1 The shape functions

We recall from the previous chapter that we define the shape function, qs, for
a particular geometry as the portion of the integral on the RHS of (4.3b4.3b)
evaluated along the fluid bottom,

log q(ξ) = − 1

π

ˆ 0

−∞

θ(ξ′)

ξ′ − ξ
dξ′︸ ︷︷ ︸

log qs

− 1

π
−
ˆ ∞

0

θ(ξ′)

ξ′ − ξ
dξ′. (4.7)

Under this definition, when q is sought as the asymptotic expansion,

q = q0 + ϵq1 + · · · , (4.8)
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then we have q0 = qs. The shape function then gives the leading-order speed
for the low-Froude solution (otherwise known as the rigid-body or double-
body flow), and understanding qs is essential in exploring the eventual Stokes-
line structure. We now define the two geometries in Fig. 4.34.3 by specification
of the streamline angle and derive the respective shape functions.

Flow over a sharp bump

Thegeometry of the sharp bump is specified using two constant streamline an-
gles between the three critical points on the fluid bottom, ζ = {−b,−c,−a}
where 0 < a < c < b. These three points correspond to the respective
points B, C, and A shown in Fig. 4.34.3a. We note that we have the freedom
to choose the origin of the potential plane, and hence we select the point
(ϕ, ψ) = (0,−π) to correspond to the first stagnation point, A. Consequently,
a = 1 and the first stagnation point is located at ζ = −1. If we define the
initial slope of the bump by the streamline angle ϑ = σπ, then then we may
write the streamline angle on the fluid bottom as

θs = θsharp(ξ) =


0 if ξ ∈ (−∞,−b) ∪ (−1, 0),

πσ if ξ ∈ [−b,−c],
−πσ if ξ ∈ [−c,−b],

(4.9)

with 0 < 1 < c < b. The function is illustrated in Fig. 4.74.7.

θ = θs

θ = πσ

θ = −πσ

ξ

θ

ACB

Figure 4.7: The fluid bottom streamline
function θs = θsharp which specifies
the geometry of the sharp bump. The
function contains discontinuities at ζ =

−b (point B), ζ = −c (point C), and
ζ = −a (point A). This is used to obtain
the shape function, qs through equation
(4.104.10).

Using this, we compute the shape function, qs, according to the above
definition,

log[qs(ξ)] = − 1

π

(ˆ −c

−b

πσ

ξ′ − ξ
dξ′ −

ˆ −1

−c

πσ

ξ′ − ξ
dξ′
)

= σ log
∣∣∣∣(ξ + 1)(ξ + b)

(ξ + c)2

∣∣∣∣ . (4.10)

Since we are considering the free surface, ξ > 0, we may remove the modulus
signs. This produces the final shape function as

qs(ξ) =

[
(ξ + 1)(ξ + b)

(ξ + c)2

]σ
. (4.11)

We reiterate that solutions are specified in terms of streamline speed, q,

SHAPE FUNCTION FOR THE
SHARP BUMP

and angle, θ, in addition to the geometrical and physical parameters of the
problem. Thus we may write each solution as

q = q(ξ; ϵ, σ, b, c) and θ = θ(ξ; ϵ, σ, b, c).
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In the numerical results presented throughout this chapter, we also choose

c =
a+ b

2
, (4.12)

in order to reduce the parameter space.
Finally, note that the mean downstream height of the free surface must

be determined as functions of the triplet (ϵ, b, c) using

π +

ˆ ξ′=−1

ξ′=−b

sin θ(ξ′)
ξ′q(ξ′)

dξ′, (4.13)

where the integration is performed between the bottom corners of the bump
B to A according to (4.64.6). We shall focus on the case of σ = 3/8. This is
chosen as a convenient value such that 1/3 < σ < 1/2. The lower limit
ensures that the bottom cornersB andA do not admit an internal fluid angle
greater than 2π/3 and therefore do not generate Stokes lines in the fluid,
while the upper limit is a geometrical requirement of the sharp bump.

Flow over a pseudo-smooth bump

The formulation for the geometry of the pseudo-smooth bump is proposed
in an analogous manner, and the angles are illustrated in Fig. 4.84.8.

θ = θs

θ = πσ

θ = −πσ

ξ

θ

AB

Figure 4.8: The fluid bottom streamline
function θs = θsmooth which speci-
fies the geometry of the pseudo-smooth
bump. The function contains discontinu-
ities at ζ = −b (point B) and ζ = −a
(point A). This is used to obtain the shape
function, qs through equation (4.154.15).

In this case, we model the geometry with two points, ζ = {−b,−a}
corresponding to the physical stagnation points B and A shown in Fig. 4.34.3,
and assume that the first stagnation point at B is characterised by streamline
angle θ = σπ. Again without loss of generality we choose to fix the point A
at ζ = −a = −1. In this case, the functional form of θs is

θs = θsmooth(ξ) =

{
0 if ξ ∈ (−∞,−b) ∪ (−1, 0),

σπ − 2σπ
b−1(ξ + b) if ξ ∈ [−b,−1].

(4.14)

Using this, we compute the shape function, qs, as follows

log(qs(ξ)) = − 1

π

ˆ −1

−b

σπ − 2σπ
b−1(ξ

′ + b)

ξ′ − ξ
dξ′,

= − 1

π

ˆ −1

−b

(
σπ

ξ′ − ξ
+ πB + πB

b+ ξ′

ξ′ − ξ

)
dξ′,

= [B(b+ ξ)− σ] log
(
ξ + 1

ξ + b

)
+B(b− 1),

(4.15)
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where B = 2σ
(b−1) . This produces

qs(ξ) = A

(
ξ + 1

ξ + b

)B(ξ+c)

, (4.16)

where A = e2σ and B = 2σ
(b−1) .

SHAPE FUNCTION FOR THE
PSEUDO-SMOOTH BUMP

As mentioned in §3.53.5, specification in terms of potential functions means
the geometry will not be perfectly semi-circular, however it characterises the
qualitative features we are interested in, namely a smooth bump separating
and returning to the flat bottom with a streamline angle of σπ. We choose
the same value of σ = 3/8 as used in the sharp bump to allow for direct
comparison between the two problems.

Since the shape functions for both geometries contain critical points,
in general we will expect asymptotic series of the solutions to blow up as
the divergence amplifies through successive terms. This indicates the need
for an exponential asymptotic approach which we briefly recapitulate in the
following section.

4.3 A review of the known exponential asymptotics

Recall the analytic continuation of the governing equations, (4.34.3), into to the
upper-half ζ-plane was performed in §3.53.5 of the previous chapter and given
in (3.453.45) in terms of the analytically continued streamline speed and angle qc
and θc. The governing equations are as follows.

GOVERNING EQUATIONS FOR TWO-DIMENSIONAL CHANNEL FLOW

log(qc)− iθ = log qs − Ĥ[θ], (4.17a)

ϵq2c
dqc
dw = − sin θc, (4.17b)

where Ĥ denotes the analytic continuation of the Hilbert transform, given by

Ĥ[θ](ζ) =
1

π

ˆ ∞

0

θ(ξ′)

ξ′ − ζ
dξ′. (4.18)

As in the previous chapter, the independent variables have been complexified
and relabeled, ξ 7→ ξr + iξi 7→ ζ ∈ C and ϕ 7→ w ∈ C. The analytically
continued streamline speed and angle qc, θc : C → C are analytic functions
such that for ξ > 0

qc(ξr ± i0) = q(ξ) and θc(ξr ± i0) = θ(ξ). (4.19)

A full discussion on analytic continuation may be found in §3.2.23.2.2. The key
idea to remember is that in two dimensions, there is a natural association
between the complexified free surface and the physical fluid region. For
simplicity we drop the subscripts from qc and θc in the following analysis.
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In §3.33.3 of the previous chapter it was demonstrated that when solutions
are sought in terms of the asymptotic series

q = q0 + ϵq1 + · · · and θ = θ0 + ϵθ1 + · · · , (4.20)

singularities in the leading-order terms are amplified through successive
terms leading to late-order factorial-over-power divergence of the form

qn ∼ QΓ(n+ γ)

χn+γ
and θn ∼ ΘΓ(n+ γ)

χn+γ
. (4.21)

In §3.43.4 of the previous chapter, it was shown that this induces the switch-on
of exponentially small terms of the form

qexp =
2πi
ϵγ
Q exp(−χ/ϵ) and θexp =

2πi
ϵγ

Θ exp(−χ/ϵ), (4.22)

Moreover, it was shown that Stokes switching occurs when the singulant
function, χ is real and positive. It turns out that the functional form of the
shape function in the case of the pseudo-smooth bump, (4.164.16), renders an
analysis of the full boundary-integral system (4.174.17) exceedingly complicated.
However, since we are primarily interested in understanding the mechanism
for Stokes switching, it is sufficient to study the singulant χ only. Following
TrinhTrinh (2017b2017b), we will simplify the full boundary-integral system (4.174.17) to
a reduced model which allows χ to be obtained more easily. Before a full
derivation of the model, we briefly provide an intuition behind the technique.

4.4 Intuition behind the simplified models

As noted in §3.33.3 and below equation (3.173.17), in the limit n→ ∞ the complex
Hilbert transform, Ĥ, in (4.17a4.17a) is exponentially subdominant to the terms
on the left hand-side. Consequently, the functional forms of the crucial terms
in the ansatz (4.214.21) and exponential remainders (4.224.22), namely χ, Q, and Θ,
can be derived independently of theHilbert term.What this suggests is that it
may be possible to develop a simpler toymodel of the exponential asymptotics
by ignoring the Hilbert term, Ĥ, in (4.17a4.17a) and using

log(q)− iθ ∼ log qs. (4.23)

Taking the above as an equality, we substitute iθ = log(q/qs) into Bernoulli’s
equation (4.17b4.17b) to obtain,

ϵqsq
3 dq
dw +

1

2i(q
2 − q2s) = 0. (4.24a)

We then complement (4.24a4.24a) with the uniform speed condition upstream,
applied along the real axis, which requires

q → 1 as w → −∞. (4.24b)

Thus together the above first-order nonlinear differential equation (4.24a4.24a) and
initial condition (4.24b4.24b) forms a toy exponential asymptotics model that we
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hope preserves much of the analytical results of the full nonlinear boundary-
integral problem. In essence, such ideas led to the work of TrinhTrinh (2017b2017b) in
developing simplified truncated models, which forms our discussion in the
next section. There, we shall follow the above procedure more formally and
rigorously.

It is important to stress that the approximation (4.234.23) will, in general,
inaccurately predict the individual terms of the asymptotic series (4.204.20). This
is due to their dependence upon Ĥ[θ] [see (3.16a3.16a)]. An important exception
is the leading order term q0, due to its mere dependence on Ĥ[θ0], which
vanishes since θ0 = 0 on the free surface. The crucial upshot of this is
that the singulant function χ is accurately obtained despite ignoring the
Hilbert transform entirely. As well as the analytic convenience of being able
to simplify in this manner, there are numerical advantages in avoiding the
global properties of the Hilbert transform about which the reader may find a
detailed discussion in Jamshidi and TrinhJamshidi and Trinh (20202020).

We now have an intuition that the Stokes phenomenon may be investi-
gated by studying a simplified toy model. In the following section, we outline
the derivation of such a model as studied in TrinhTrinh (2017b2017b).

4.5 Development of a truncated model

Following TrinhTrinh (2017b2017b), we illustrate the derivation of several truncation
models through a combined integro-differential equation. The first step is to
write the sin θ term of (4.17b4.17b) in terms of exponentials using (4.17a4.17a), which
produces

sin θc =
1

2i

{(
qc
qs

)
e−Ĥ[θ] −

(
qs
qc

)
eĤ[θ]

}
. (4.25)

Using this in (4.17b4.17b) leads to the governing equation,

ϵ
dqc
dw − i

2

1

q30qs

{
q2ce

−Ĥ[θ] − q2se
Ĥ[θ]
}
= 0, (4.26)

where Ĥ is the Hilbert transform defined in (4.184.18).
In the ϵ → 0 limit, we expect the solution to split into a base term,

representing the wave-free solution, and a remainder term representing
exponentially small gravity waves. The base series is the standard asymptotic
series truncated at order ϵN−1, while the remainders are O(ϵN ),

q =

N−1∑
n=0

ϵnqn︸ ︷︷ ︸
qr

+q and θ =

N−1∑
n=0

ϵnθn︸ ︷︷ ︸
θr

+θ. (4.27)

We wish to obtain an integral representation of the remainder terms, q and θ.
Substituting the truncated forms (4.274.27) into the governing equations (4.174.17)
produces

ϵ
(
q2rq

′
r + 2qrq

′
r q̄ + q2r q̄

′)+ sin θr + θ̄ cos θr = O
(
q̄2, θ̄2

)
, (4.28a)
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log qr − log qs +
q̄

qr
+ Ĥ[θr] + Ĥ[θ̄]− i

(
θr + θ̄

)
= O

(
q̄2
)
, (4.28b)

where primes (′) correspond to derivatives in w. These are combined to give
the integro-differential equation,

ϵ

(
q′r + 2

q′r q̄

qr
+ q̄

)
+

sin θr
q2r

−cos θr
q2r

(
i log qr

qs
+ i q̄

qr
+ θr + iĤ[θr] + iĤ[θ̄]

)
= 0.

(4.29)

If we expand in powers of ϵ using

qr = qs + ϵq1 + · · · and θr = 0 + ϵθ1 + · · · , (4.30)

then we arrive at an ODE for q with a forcing term dependent on θ,

ϵq̄′ +

[
− i
q3s

+ ϵ

(
2
q′s
qs

+ 3iq1
q4s

)
+O

(
ϵ2
)]
q̄ = R(w; Ĥ[θ̄]) +O

(
θ̄2, q̄2

)
.

(4.31)
In the above, the forcing term R is given by

R(w; Ĥ[θ̄]) = −Ebern + Eint
cos θr
qr

. (4.32)

Here the error from Bernoulli’s equation is

Ebern = ϵq′r +
sin θr
q2r

, (4.33)

while the error from the boundary-integral equation is

Eint = log qr − iθr − (log q0 − Ĥ[θr]). (4.34)

Following Jamshidi and TrinhJamshidi and Trinh (20202020), the ODE (4.314.31) may be solved by
means of an integrating factor to give

q(w) = Q(w)I(w)e−χ/ϵ, (4.35)

where

χ(w) = −i
ˆ w

w0

dw′

q3s(t)
, (4.36a)

Q(w) =
Λ

qs(w)2
exp
{
−3i
ˆ w

w⋆

q1(w
′)

q4s(t)
dw′
}
, (4.36b)

I(w) =

ˆ w

−∞
R(w′; Ĥ[θ])

(
1

Q(t)
+O(ϵ)

)
eχ(w

′)/ϵ dw′. (4.36c)

As previously discussed in §3.2.13.2.1, the starting point of integration in (4.36a4.36a),
w0, is a singular point of q0, while in (4.36b4.36b) w⋆ is an arbitrary starting point
of integration†. We note that (4.354.35) is not a closed form solution since Q(w) † We note that a different value of w⋆

changes the value of Λ. It is often conve-
nient to take w⋆ = w0, but the integral is
not always defined at this point.

and I(w) depend on the Hilbert transform of the unknown θ (the former due
to the presence of q1). Despite this, the integrals (4.364.36) show that a crucial
part of the solution, namely the singulant function, χ, can be resolved without
dependence on the Hilbert transform.
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4.5.1 Choosing the truncation point N

So far in this section we have outlined the general reduced model for
truncation at N terms. From (4.364.36) we see that truncation at N = 1 is
sufficient to obtain the singulant function (i.e. correctly predict the phase
and switching-on of exponential terms), while truncation at N = 2 also
obtains the prefactor functionQ. From the presence ofO(ϵ) corrections in the
evaluation I(w) in (4.36c4.36c), we infer that truncation atN = 2 is not sufficient
to obtain full information on the remainder (4.354.35). In fact, if we expect the
remainder in general to be of the form

q ∼ F(w)e−χ/ϵ, (4.37)

then F may only be obtained by truncating the base series at the optimal
truncation point N = N (ϵ). As explained in §2.1.22.1.2 it is known that the
optimal truncation point N (ϵ) → ∞ as ϵ → 0. The full procedure for
truncating in this manner is outlined in §3.43.4 of the previous chapter. The
reduced models in this section will involve truncation before the optimal
point. A table of the different truncation models, and the corresponding
quantities which they correctly recover, is provided in TrinhTrinh (2017b2017b) and
reproduced here in Table 4.14.1. We note that the N = 2∗ model is that which
we derived in §4.44.4 and is equivalent to simply ignoring the Hilbert term in
the governing equations (4.174.17).

TRUNCATION EQUATION χ PREFACTOR
none ϵq′ − i/(2qsq3)(q2eĤ[θ] − q2se

−Ĥ[θ]) = 0 yes yes
N = 1 ϵq′ + χ′q = O(ϵ) yes no
N = 2 ϵq′ + (χ′ + ϵP ′

1)q = O(ϵ2) yes no
N = 2⋆ ϵq′ − i/(2qsq3)(q2 − q2s) = 0 yes no

Table 4.1: Reduced models derived in
TrinhTrinh (2017b2017b). Each model is obtained
through truncation of the series (4.274.27)
for q and θ after N terms. The final
two columns indicate whether the cor-
responding model correctly determines
the singulant function or the prefactor
function.

The key point is that different truncation models will change the func-
tional form of F in (4.374.37), but much of the analysis ‘spirit’—notably the sin-
gulant analysis—is preserved. Our focus will be on the model corresponding
to truncation at N = 1, which we now outline.

4.5.2 TheN = 1 truncation model

As noted, for the purposes of studying Stokes switching, it is sufficient to
study the singulant function, χ, which may be obtained from the most coarse
model, equivalent to truncation of (4.314.31) at N = 1. This is the ODE

ϵ
dq
dζ +

i
ζq30

q ∼ −ϵdq0dζ , (4.38)

where we have rewritten the differential equation in terms of the variable
ζ = e−w, and where q0(ζ) = qs is defined by the fluid geometry in question.
For the two bump geometries studied in this chapter, the respective shape
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functions qs will be (4.114.11) and (4.164.16). The ODE (4.384.38) may be solved by
means of an integrating factor to give (cf. TrinhTrinh (2017b2017b), eqn 9.3)

q(ζ) ∼ −
[ˆ ζ

S

dq0
dζ e

χ(ζ̃)/ϵ dζ̃
]
e−χ(ζ)/ϵ, (4.39)

where
dχ
dζ =

i
ζq30

, and hence χ(ζ) =

ˆ ζ

ζ⋆

i
ξ̃q3s(ξ̃)

dξ̃. (4.40)

As per usual, the start point of the integral defining χ will generally be a
critical point in the geometry (at least in the case of the sharp bump, where
it is known).

The goal for the remainder of this chapter is obtain an asymptotic
approximation to the integral solution (4.394.39) in the limit ϵ → 0 which
accurately captures the presence (or absence) of oscillatory terms. As outlined
in §2.1.12.1.1 of the preliminary chapter to this thesis, the method of steepest
descents is a common technique for asymptotically approximating integrals
of this form. Accordingly, we employ this method heavily in the remainder
of this chapter. In regards to the above integral, we keep the following
considerations in mind.

1. In both integrals (4.394.39) and (4.404.40), the dummy variables ζ̃ and ξ̃

correspond to integration in the ζ-plane. As outlined in the previous
chapter, we begin integrating for χ from a singular point of q0 (usually
a corner in the geometry, for example the apex, C, of the sharp bump).

2. The initial point, S, of the integral solution (4.394.39) is chosen to be some
finite non-degenerate point on the free surface (ζ̃ ≥ 0). Later in the
analysis, we impose the uniform flow condition in the upstream far-
field by taking S → ∞.

3. We note that on the free surface the fluid speed q0 is purely real.
This implies that Reχ = const. on the free surface. Consequently
integration from the singularity to any point on the free surface should
predict the amplitude dependence of the waves on ϵ. This will provide
a verification of χ later.

4. In the situation of flow over the pseudo-smooth bump, the absence of
a Stokes corner in the geometry makes the choice of a where to start
the integral (4.404.40) more complicated. As shall be discussed further in
§4.2.14.2.1, the start point should be chosen as an essential singularity at
infinity since it will turn out that this is where the Stokes line originates
from.

We now outline the process of asymptotically approximating the integral
solution (4.394.39) using the method of steepest descents in the context of the
bump problems which were presented in Fig.4.34.3.

4.6 Steepest descent analysis of theN = 1 truncation model

In the solution (4.394.39) to the N = 1 truncation model, we may think of the
integral in square brackets as corresponding the pre-factor function in (4.374.37).
Thus to address the question:
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at what locations on the free surface does the pre-factor of (4.374.37)
‘switch-on’?

we may equivalently ask the question:
for what values of the integration end point, ζ, does the integral in
(4.394.39) produce oscillatory behaviour in the solution?

We will answer this question by asymptotically approximating the integral
using the method of steepest descents. As discussed in §2.1.12.1.1, the key idea
behind the technique is that in the limit ϵ → 0 integrals of the form
(4.394.39) are dominated by certain contributions associated with the endpoints
of integration and critical points in the integrand. Such contributions may
switch-on or switch-off depending on the limits of integration, in our case
the value of ζ. Using the method of steepest to understand the mechanism
of Stokes switching through a visual framework follows the work of TrinhTrinh
(20162016).

In the following section, we demonstrate that there are certain critical val-
ues of ζ across which the dominant contributions to the solution qualitatively
change. In the first instance, which we refer to as Case I, we demonstrate
that when ζ is chosen sufficiently far upstream in the flow (as illustrated in
Fig. 4.94.9), the integral only has dominant contributions from the endpoints of
the integration. This produces the base wave-free solution.

S E

SE Re ζ

Im ζ
Figure 4.9: Case I: the endpoint, E of
integration is upstream of the red dash
line (which we will later show to be
the Stokes line). The integration (blue)
from S to E results in a non-oscillatory
solution.

In contrast, in the second instance which we refer to as Case II, if ζ is cho-
sen sufficiently downstream in the flow (as illustrated in Fig. 4.104.10), then the
integral has additional saddle-type contributions (producing oscillatory terms).
These saddle-type contributions are ultimately induced by singularities in the
leading-order velocity ϕ0 and correspond to picking up exponentially small
waves in the solution (4.394.39).

S E

SE Re ζ

Im ζ
Figure 4.10: Case II: the endpoint, E
of integration is downstream of the red
dash line (which we will later show to
be the Stokes line). The integration (blue)
from S to E results in an oscillatory
solution.

The Stokes line may then be interpreted as the line which partitions the
plane into Case I and Case II endpoints. In the problem of the sharp bump,
this line is a homoclinic† which emanates from the sharp corner at the apex,† In this chapter, we refer to the dashed

equal-phase lines in Fig. 4.114.11 as homoclin-
ics. The curves start and end at the same
point in the ζ plane.We note that the image
is mirrored for the lower-half ζ-plane.

C, of the sharp bump and intersects with the free surface (shown in red dash
in Figs. 4.94.9 & 4.104.10). In contrast, in the problem of the pseudo-smooth bump
we will demonstrate that this is a line which appears to emanate from an
essential singularity lying at infinity.
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We note that in the classes of free-surface problems we study, there is a
close link between the integration plane of (4.394.39), ζ̃, and the domain of the
unknowns, ζ. † A counter-example that Stokes lines in ζ

correspond to equal-phase lines in ζ̃ can
be found easily. Consider the Airy integral
defined by

Ai(ζ) =
1

2πi

ˆ
C

exp
(
ζ̃3

3
− ζζ̃

)
dζ̃,

where the path C starts at infinity with
argument −π/3 and ends at infinity with
argument π/3. In this example, there is a
Stokes line atArg(ζ) = 2π/3, but this does
not have any geometrical similarity to the
equal-phase lines.

Based on the theory of DingleDingle (19731973), recall that, we generically expect
Stokes lines along the curves defined by

Imχ = 0 and Reχ > 0,

which lies in the ζ-plane. However, for the integral (4.394.39), the condition
of Imχ(ζ̃) = 0 coincides with equal-phase lines of the integration plane.
This similarity is strengthened due to the fact that ζ appears as the upper
limit of integration in (4.394.39). In a minor abuse of notation, we will then
sometimes refer to Stokes lines (technically lying in ζ-space) when referring
to the integration ζ̃-plane.†

The following two sections address the problems of flow over the sharp
bump (§4.74.7) and flow over the pseudo-smooth bump (§4.84.8). Each section is
structured as follows.

1. An overview of the Riemann structure of the singulant χ in the ζ-
plane (in this context sometimes referred to as ‘integration space’). It is
crucially important to understand the Riemann surface structure (and
associated singularity structure) ofχ, since the constant-phase contours
of the integrand in (4.394.39) (i.e. paths for which Imχ(ζ) = const.) define
curves of steepest descent. The contour plots of Imχ(ζ) are generated
numerically according to the method outlined in Appendix A.2.2A.2.2.

2. A brief analysis of the critical points of χ. As it will turn out, these may
produce saddle type contributions to the integral which are associated
with oscillatory terms in the solution.

3. A steepest descent analysis of the Case I scanario: where the end point
of integration lies at a downstream point of the flow. In this case we will
demonstrate that the asymptotic approximation to the solution (4.394.39)
is of the form

q ∼ base solution.
4. A steepest descent analysis of the Case II scanario: where the end point

of integration lies at an upstream point of the flow. In this case we will
demonstrate that the asymptotic approximation to the solution (4.394.39)
is of the form

q ∼ base solution + exponentially small ripples.

Finally, we verify the asymptotic predictions obtained through the steepest
descent analysis by using numerical results for the full boundary-integral sys-
tem (4.174.17). These numerical results are computed according to the numerical
procedure presented in §3.63.6.

4.7 Steepest descents for the sharp bump

In this section, we asymptotically approximate the integral solution (4.394.39)
using the method of steepest descents for the case of flow over a sharp bump.
The goal is to asymptotically approximate the solution
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q(ζ) ∼ −
[ˆ ζ

S

dq0
dζ e

χ(ζ̃)/ϵ dζ̃
]
e−χ(ζ)/ϵ, (4.41)

in the limit ϵ→ 0. Where

q0(ζ) =

[
(ζ + 1)(ζ + b)

(ζ + c)2

]σ
and χ(ζ̃) =

ˆ ζ

ζ⋆

i
ζ̃q30(ζ̃)

dζ̃. (4.42)

We will focus on the case in which b = 2 and σ = 3/8. A sample of the
level sets of Imχ is shown in Fig. 4.114.11. Contours generally form closed loops
with the Riemann structure induced by the critical points atB,C,A, and the
origin. Points A and B correspond to the bottom corners of the sharp bump,
while the point C corresponds to the bump apex. The logarithmic singularity
at the origin is an artifact of the mapping ζ = e−w from the potential plane
to the ζ-plane and is of little consequence in the following analysis. We now
examine the critical points B,C, and A, which play an important role in the
steepest descents analysis.

-2 -1 0 1 2
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Figure 4.11: A contour plot of Imχ in
the case of the sharp bump angled at
ϑ = 3π/8 to the horizontal. The bump
corners are located at A = 1, B =

2, C = 1.5. Here χ is given by (4.424.42).
The free surface and fluid bottom lie
on the positive- and negative-real-axes
respectively, while upper-half-plane is
associated with the inner-fluid region.
This is further illustrated in in Fig. 4.64.6.
Three homoclinics (red dash) emanate
from the critical point C, correspond-
ing to the apex of the bump. Most im-
portantly, the central homoclinic inter-
sects the free surface and plays a crucial
role in Stokes switching. As we demon-
strate later, this is the Stokes line asso-
ciated the switching-on of downstream
ripples. A selection of constant-phase
paths, Imχ = const. is indicated by
grey homoclinics. These represent steep-
est descent contours.

On the singularities

We choose branch cuts from the point A leftwards and from the point B
rightwards, and choose the logarithmic branch cut from the origin to extend
diagonally into the fourth quadrant. Let us introduce the index notation to
denote the individual Riemann sheets, χ(k1,k2,k3,k4). According to this nota-
tion the primary sheet χ(0,0,0,0) is taken as that which contains the physical
fluid, and the indexing numbers ki ∈ Z indicate the number of anticlockwise
rotations around the branch points ζ = Zi = {−b,−c,−a, 0} needed to
access the particular sheet from χ(0,0,0,0). There are three homoclinics which
emanate from ζ = −c and are indicated with red dashed lines in Fig. 4.124.12.
These partition the plane into four regions. The local angle of emergence of
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these contours can be determined by setting Z = ζ+c in (4.424.42) and studying
Z → 0. As shown in Appendix A.1A.1 the local angles of emergence turn out
to be

(n+ 3σ)π

6σ + 1
, n = 0, . . . , 5, (4.43)

where in this case we have σ = 3/8.

On the constant-phase contours

The level sets of Imχ are classified by their position relative to the three
homoclinics from point C. First, within the interiors of the rightmost and
leftmost homoclinics (emanating from C at local angles 3π/13 and 11π/13

respectively), constant-phase contours are closed loops around A and B

respectively. Additionally, there are constant-phase contours located in be-
tween the leftmost and central homoclinic, and these form closed paths
around the pole at the origin.

Outside the homoclinics, constant-phase paths form closed contours
which encirlcle all four critical points. We note that the points A and B,
which correspond to stagnation points, are not saddle-points of the integrand
since χ′ is nonzero here. We now examine two distinct cases in which
the integration end point is upstream (Case I ) and downstream (Case II )
of the central homoclinic from C. We demonstrate that the inclusion of
oscillatory terms in the asymptotic approximation to the solution depends on
the proximity of the end point of integration to this curve. From this we may
infer that the central homoclinic is a Stokes line which induces oscillatory
behaviour in the solution. Moreover, we can verify this by checking that
Imχ = 0,Reχ > 0 here.

(i) Case I: Only endpoint contributions

We first consider the case where the start and end points, ζ̃ = S and ζ̃ = ζ =

E, are chosen sufficiently far upstream so as to lie outside the homoclinics of
C. This is illustrated in Fig. 4.124.12a. The contour begins from S, encircling all
four branch points in closed loops, with each full rotation accessing a new
Riemann sheet with ever decreasing values of Reχ. Once in the valley where
Reχ → −∞, a jump is made on the sheet† χ(∞,∞,∞,∞) and the contour † While χ(∞,∞,∞,∞) is not strictly a

Riemann sheet, we use this loose shorthand
to denote the effect of encircling the respec-
tive branch cuts indefinitely. More formally,
we can think about making the jump on the
sheet χ(k,k,k,k) and subsequently taking
k → ∞.

re-ascends in a clockwise manner following the constant-phase contour of E.
By the theory of steepest descents, the contributions from points S and E
exponentially dominate those from elsewhere on the path. We note also that
since the connection between the two paths made in a valley where Reχ →
−∞, any error introduced from the jump between constant-phase contours
is exponentially subdominant to (4.444.44). Thus to leading order, we may loosely
write

I(ϕ) ∼ Iendpt., (4.44)
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Steepest descent paths
follow closed loops of
Imχ = const.

Stokes line appears to
emanate from a
singularity at ζ = −c.

Branch cut.

Crossing the Stokes
line causes a dramatic
change in the topology
of Steepest descent
paths.

Local contrubution
from the singularity
switches on an
exponential term in the
solution.

Figure 4.12: Illustration of steepest de-
scent paths between endpoints of the
integral solution for flow over a sharp
bump given in (4.414.41). The streepest de-
scent paths are defined by level sets
Imχ = const. where the singulant,
χ, is given in (4.424.42). Endpoints of the
integration are indicated with black dots,
with the integral running from S to E
along paths of steepest descent (solid
black curves) in the direction indicated
by arrows. Open circles denote criti-
cal points, while wavy lines indicate
branch cuts. The integration path con-
tinues to deform onto further Riemann
sheets upon encircling critical points—
this is indicated with a double bar. The
Stokes line (red dash) emanates the crit-
ical point ζ = −c and connects with
the free surface. Crucially, the nature
of the steepest descent path taken by
the integral chances radically when the
endpoints of integration are separated by
the Stokes line. When the endpoint E is
upstream of the Stokes line (a) the pro-
cess results in only contributions from
the integration endpoints. In contrast,
when the endpoint E is upstream of
the Stokes line (b,c) the steepest descent
paths loop around the critical point C,
causing an oscillatory contribution to
the asymptotic approximation of the in-
tegral solution.
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where the right hand side may be evaluated using integration by parts.
ˆ ζ

S
q′0(ζ̃)e

χ(ζ̃)/ϵ dζ̃ = ϵ
q0(ζ̃)

χ′(ζ̃)
eχ(ζ̃)/ϵ

∣∣∣ζ
S
−
ˆ ζ

S

d
dζ̃

(
q0(ζ̃)

χ′(ζ̃)

)
eχ(ζ̃)/ϵ dζ̃,

(4.45)
where the dashes indicate differentiation with respect to ζ. Care should be
taken not to confuse this with the notation of §4.54.5 in which it denotes
differentiation with respect to w. It is now straightforward to take the start
point of integration to be upstream infinity,S → ∞.We impose the radiation
condition (5.2d5.2d) of uniform unform upstream flow and consequently the
contribution from S vanishes since q′(S) → 0. Thus we may determine that
the dominant contribution to the integral solution (4.414.41) is from an expansion
about the point E.

q(ζ) ∼ −iϵζq30(ζ)
dq0
dζ +O(ϵ2) (4.46)

where we have used (4.424.42) to eliminate the χ′ term. Thus we conclude that
for points sufficiently far upstream of the step, there are no free-surface waves
present.

(ii) Case II: Endpoint and saddle-point contributions

We now demonstrate that the homoclinic from C which encloses the origin
is a Stokes line. Let us choose start and end points, ζ̃ = S and ζ̃ = ζ =

E, which are upstream and downstream of this line respectively. Moreover,
we introduce two intermediate points M1 and M2 which are infinitesimally
upstream and downstream of the homoclinic respectively.The four pointsmay
be seen in Fig. 4.124.12b. Following TrinhTrinh (20162016), we split the integration using
the intermediate points, and write the procedure in shorthand as follows,

I(E) =

ˆ E

S
=

ˆ M1

S
+

ˆ E

M2

(4.47)

For brevity and clarity, we will continue to use the above shorthand through-
out this chapter, often omitting the integrand quantities.

For the first integration above, both endpoints S and M1 are upstream
of the homoclinic and therefore the integral is evaluated as in Case I above.
For the second integral, the steepest descent contour from M2 repeatedly
encircles the origin in an anticlockwise manner before making a jump on
sheet χ(0,0,0,∞) and re-ascending in a clockwise manner along the constant-
phase contour ofE. Finally, the sections of the adjacent constant-phase paths
ofM1 andM2 which lie on the primary Riemann sheet χ(0,0,0,0) sum to zero,
and we take S → ∞ leaving us with

I(E) = Iendpt. + Iexp = Iendpt. +↶
ˆ
C
. (4.48)

The steepest descent paths are seen in Figs. 4.124.12b & 4.124.12b. We note that
the second term, Iexp, which is symbolically referenced by ↶́

C represents

§4.7 · STEEPEST DESCENTS FOR THE SHARP BUMP 57



integration in the ζ-plane around point C, and between the local angles of
emergence of the left and right homoclinics, ν = 7π/13 and ν = 15π/13

respectively. It is this contribution which will result in exponentially small
waves in the solution (4.414.41). Specifically, the integral is given by

Iexp = ↶
ˆ
C

dq0
dζ̃

eχ(ζ̃)/ϵ dζ̃. (4.49)

We note that indeed ζ = −c corresponds to a saddle point of the integral,
with χ′(−c) = 0. Using (4.424.42) we have that as ζ → −c, q0 and χ behave like

q0 ∼ Λ1(ζ + c)−2σ and χ ∼ Λ2(ζ + c)6σ+1, (4.50)

where Λ1 = (a− c)(b− c) and Λ2 = −ic−1(6σ+1)−1Λ−3
1 . To simplify the

exponential, we make the transformation

u =
χ

ϵ
∼ Λ2

ϵ
(ζ + c)6σ+1. (4.51)

Recall that in the ζ plane, the integral ↶́
C , corresponds to local integration

around the point ζ = −c in the shape of an arc. Under the transformation
u = χ/ϵ, the steepest-descent integration in the u-plane then corresponds to
a local Hankel contour around u = 0. This contour originates from −∞−0i,
encircles the origin, and tends to u = −∞+ 0i.

The integral (4.494.49) therefore becomesˆ
exp

[
dq0
dζ e

χ(ζ̃)/ϵ

]
dζ̃ ∼ 2σcΛ2

1Λ
8σ+1

6σ+1

2 ϵ1−
8σ+1

6σ+1

ˆ
H
u−

8σ+1

6σ+1 eu du. (4.52)

To evaluate the integral term, we use the definition of the Gamma function
(Abramowitz and StegunAbramowitz and Stegun, 19641964). The asymptotic approximation to the solu-
tion (4.414.41) may therefore be written

q ∼

[ˆ
end

+

ˆ
exp

]
e−χ(ζ)/ϵ (4.53)

=

[
−iϵζq30(ζ)

dq0
dζ +O(ϵ2)

]
+ Λϵ1−

8σ+1

6σ+1 e−χ(ζ)/ϵ, (4.54)

where the constant Λ is given by

Λ =
4πiσcΛ2

1Λ
8σ+1

6σ+1

2

Γ
(
8σ+1
6σ+1

) . (4.55)

The specific value of the constants that appear in the above value of Λ are
not important for our purposes, particularly since we are studying theN = 1

truncation model, which does not predict the correct pre-factor.
The important takeaway is that the endpoint E crossing the dashed

homoclinic results in a switching-on of an exponentially small oscillatory
term. Therefore we may conclude that for points sufficiently far downstream
from the sharp bump, the free-surface waves arise from switching-on the
saddle–point contribution corresponding to the sharp corner at the apex
of the bump. We therefore conclude that the problem exhibits the Stokes
phenomenon across the central homoclinic in Fig. 4.114.11 and this is therefore
a Stokes line.
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4.7.1 Comparisons with numerical simulations

In this section, we verify the asymptotic predictions above using numerical re-
sults for the full boundary-integral governing equations which are computed
according to the procedure outlined in §3.63.6 of the previous chapter.

The asymptotic approximation (4.544.54) implies that the surface waves have
an amplitude of∣∣∣Λϵ1− 8σ+1

6σ+1 e−χ(ζ)/ϵ
∣∣∣ = |Λ|ϵ1−

8σ+1

6σ+1 e−Reχ(ζ)/ϵ, (4.56)

Since the N = 1 truncation model is not expected to accurately predict the
prefactor, we are not concerned with verifying the value of Λ.

The first step is to calculate the singulant, χ which is defined by the
integral (4.404.40). As mentioned in §4.24.2 it is convenient to start the integral
from the bump apex ζ = −c, where χ is defined to be zero. Since the leading
order velocity q0 is purely real on the free surface, then from (4.424.42), we have
that Reχ = const. on the free surface. Thus it is sufficient to calculate the
integral (4.404.40) to any convenient point on the free surface,

Re(χfree-surface) = Re
ˆ free-surface

−c

dχ
dζ dζ ′. (4.57)

A convenient integral path is the upper half of the central homoclinic
(indicated red dash in Fig. 4.114.11) which emanates from the bump apex, C
and connects with the free surface. The integral is performed employing a
trapeziodal rule following paths of steepest descent close to the Stokes line.
For σ = 3/8, a = 1, and b = 2, this produces Reχ ≈ 2.7253. It is important
to note that this process introduces a slight numerical error owing to the
difficulty of evaluating the integral so close to the critical point C, but the
error is not thought to be significant.

In Fig. 4.134.13, we compare the magnitude of the waves predicted by
the theory of exponential asymptotics, (4.564.56), with the amplitude of the
numerical solution to the boundary-integral problem (4.174.17). We see that as
ϵ → 0, the amplitude of the numerical amplitude better matches that of the
asymptotic prediction.

4.8 Steepest descents for the pseudo-smooth bump

In this section, we asymptotically approximate the integral solution (4.394.39)
using the method of steepest descents for the case of flow over a pseudo-
smooth bump. The goal is to asymptotically approximate the solution

q(ζ) ∼ −
[ˆ ζ

S

dq0
dζ e

χ(ζ̃)/ϵ dζ̃
]
e−χ(ζ)/ϵ, (4.58)

in the limit ϵ→ 0, with

q0(ζ) = A

(
ζ + 1

ζ + b

)B(ζ+c)

and χ(ζ̃) =

ˆ ζ

ζ⋆

i
ζ̃q30(ζ̃)

dζ̃, (4.59)
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Figure 4.13: Comparison between nu-
merical wave amplitudes and analytic
predictions from (4.564.56) for the sharp
bump. Open circles denote the ampli-
tude of numerical solutions to the full
boundary-integral equations, while the
solid denotes the asymptotic prediction.
We see that indeed the wave amplitude
is closer approximated by the asymp-
totic prediction as ϵ → 0. Numer-
ical waves are computed with σ =

3/8, a = 1, and b = 2 according to the
numerical procedure presented in §3.63.6.

where A = e2σ and B = 2σ
(b−1) . We will focus on the case in which b = 2

and σ = 3/8. We note that σ > 1/3 is such that the bump endpoints do not
generate and Stokes lines into the fluid and therefore any present waves are
associated solely with the pseudo-smooth bump.

A selection of level sets of Imχ is shown in Fig. 4.144.14. These contours
form closed loops, according to a Riemann structure topography which is
induced by the three critical points at B,A, and the origin. Points A and
B correspond to the bottom corners of the pseudo-smooth bump, while the
logarithmic singularity at the origin is an artifact of the mapping ζ = e−w

from the potential plane to the ζ-plane. The logarithmic singularity is of little
consequence in the following analysis. In contrast to the sharp bump structure
seen in Fig. 4.114.11, there is no critical point between B and A, however, there
appears to be singular behaviour as Im ζ → −∞ with−b < Im ζ < −1. This
will play an important role in the steepest descents analysis.

We follow the approach of the previous section and consider two distinct
cases in which the endpoint of the integral solution (4.584.58) lies upstream
(Case I ) and downstream (Case II ) of the red dash line in Fig. 4.144.14. We will
demonstrate that in an analogous manner to the problem of the sharp bump
(see §4.74.7), a transition from Case I to Case II causes a switching on of an
exponentially small oscillatory term in the asymptotic approximation to the
integral solution (4.584.58). From this we will conclude that the red dash line
in Fig.4.144.14 is a Stokes line. Curiously, in contrast to the sharp bump, the
Stokes line in this case does not seem to emanate from any critical point in
the geometry, rather is generated by an essential singularity lying at infinity.

On the singularities

First, we take note of the critical points of the singulant, χ. As with the
sharp bump, there are branch points atA andB corresponding to the bottom
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Figure 4.14: A contour plot of Imχ in
the case of the pseudo-smooth bump
problem. The bump has corners located
at A = 1, B = 2 and emerges
at an angle ϑ = 3π/8 to the hor-
izontal (see Fig. 4.34.3). Here χ and is
obtained according to (4.594.59). The free
surface and fluid bottom are represented
by the positive- and negative-real axes
respectively, while upper-half-plane is
associated with the inner-fluid region.
In contrast to the three homoclinics in
Fig.4.114.11, there is a curve (red curve)
which appears to emanate from ζ =

−b− i∞, travel through the fluid region,
and intersect the free surface. As we
demonstrate later, this is the Stokes line
associated the switching-on of down-
stream ripples. A selection of constant-
phase paths, Imχ = const. is indicated
by grey homoclinics. As we demonstrate
later, steepest descent paths lie along
these curves.

corners of the bump. We choose branch cuts vertically downwards from these
points, and choose the logarithmic branch cut from the origin to extend
diagonally into the fourth quadrant. In contrast to the sharp bump there is
no singular point which is associated with a bump apex. We reuse the index
notation of the previous section to denote the individual Riemann sheets,
χ(k1,k2,k3), with the primary sheet χ(0,0,0) taken as that which contains the
physical fluid, and where the indexing numbers ki ∈ Z indicate the number
of anticlockwise rotations around the branch points ζ = {−b,−a, 0} needed
to access the sheet from χ(0,0,0). The primary Riemann sheet is shown in
Fig. 4.114.11.

There is unbounded behaviour exhibited at infinity which is seen if and
only if we take Im ζ → −∞ in a certain manner. To see this, let us set ζ =

ζr + iζc, where −b < ζr < −1, and specify the choice of branch by setting

Arg(ζ + 1) ∼ 3π/2 and Arg(ζ + b) ∼ −π/2.

This is equivalent to starting in the upper-half-plane of the primary sheet
between A and B and traveling vertically downwards to ζ = ζr − i∞. The
behaviour of qs in this limit is given by

qs ∼ Ae−2πBζce−2πiB(ζr+c) exp
[
B(ζ + c) log

∣∣∣∣ζ + 1

ζ + b

∣∣∣∣] .
Consequently we see that |q0| → ∞ as ζc → −∞. Moreover, there is a series
of peaks and troughs depending on the oscillatory factor, i.e. the value of ζr.
If we let k̃ = 2πB then we may write

q0 ∼ Aeik̃ζ as ζ → −c+ i∞. (4.60)

Fig. 4.144.14 illustrates that in this far field limit, the constant-phase paths are
roughly vertical. We can infer the presence of a partitioning line which joins
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the fluid bottom with the free surface, which is indicated red dash in Fig.4.144.14.
This is reminiscent of the Stokes line in the previous problem (cf. the central
homoclinic in Fig. 4.114.11). However there is a key distinction that this curve is
not a homoclinic, and appears to extend vertically downwards from ζ = −c,
presumably to the singularity at ζ = −c− i∞, which we denote as C∞.

In the same manner of the analysis in §4.74.7, we now examine the two
distinct cases Case I and Case II and demonstrate this curve is a Stokes line.

Case I: Only endpoint contributions

When the endpoints ζ̃ = S and ζ̃ = ζ = E both lie upstream of the
dashed line, we may asymptotically approximate the integral solution (4.584.58)
evaluating the integral along paths of steepest descent as follows. We start at
point S, and follow the level set

Imχ(ζ) = Imχ(S).

This path encircles all three branch points ζ = (−b,−a, 0) in closed loops,
with each full rotation accessing a new Riemann sheet with ever decreasing
values of Reχ. Once in the valley χ(∞,∞,∞) where Reχ → −∞, a jump
is made and the contour re-ascends from the valley in a clockwise manner
following the level set

Imχ(ζ) = Imχ(E),

finally arriving at the endpoint, E. Thus, the solution (4.584.58) is approximated
by the two endpoint contributions, corresponding to the traditional asymp-
totic expansion—free of oscillatory terms. This is highly analogous to Case
I for the sharp bump problem (cf. §4.74.7). We may take the start point of
integration to be upstream infinity, S → ∞ whereby the contribution from
S vanishes due to uniform flow in the upstream far field (5.2d5.2d). Thus the only
contribution to the integral at leading order is from an expansion about the
point E,

q(ζ) ∼ −iϵζq30(ζ)
dq′0
dζ +O(ϵ2), (4.61)

We write this loosely as
I(ϕ) ∼ Iendpt.. (4.62)

We conclude that in this case, the free surface is wave-free sufficiently far
upstream.

Case II: Endpoint and saddle-point contributions

We now demonstrate that the red dash line in Fig. 4.144.14 connecting ζ = C∞
to the free surface is a Stokes line for this flow. We choose the endpoints
of integration, ζ̃ = S and ζ̃ = ζ = E, on the free surface, upstream
and downstream respectively of this line. We split the integration using two
intermediate pointsM1 andM2 which are on the free surface infinitesimally
upstream and downstream of the dashed line respectively,

I(E) =

ˆ E

S
=

ˆ M1

S
+

ˆ E

M2

. (4.63)
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singularity at
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Figure 4.15: Illustration of steepest de-
scent deformations for the integral so-
lution given in (4.584.58) for flow over
a pseudo-smooth bump shown in the
(Re ζ, Im ζ)-plane. Endpoints of the in-
tegration are indicated with black dots,
with the integral running from S to E
along paths of steepest descent (indi-
cated in black) in the direction of the
black arrows. Open circles denote crit-
ical points, while wavy lines indicate
branch cuts. The Stokes line (red dash)
appears to emanate from a point ζ =

−c − i∞. When the endpoint E is up-
stream of the Stokes line (a) the process
results in only contributions from the in-
tegration endpoints. However, when the
endpoint E lies upstream of the Stokes
line (b,c) the steepest descent paths inter-
act with the essential singularity at infin-
ity, causing an oscillatory contribution
to the asymptotic approximation of the
integral solution.
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The first integral from S to M1 may be evaluated as in Case I since both
endpoints are upstream of the red dash line.

The path of steepest descent for the integral fromM2 toE is illustrated in
Fig. 4.154.15b and behaves as follows. We start fromM2 and follow the steepest
descent contour, i.e. the level set

Imχ(ζ) = Imχ(M2).

This runs alongside the Stokes line, descending to C∞ before re-ascending
and winding clockwise around ζ = −a. From here, it repeatedly encircles the
origin in an anticlockwise manner, descending into a valley of Reχ before
making the jump to the level set

Imχ(ζ) = Imχ(E).

This connection is made on sheet χ(0,0,∞). Finally, the path unwinds around
the origin in a clockwise direction and joins with the endpointE. Analogously
to the technique used in the sharp bump analysis, the section of the paths
fromM1 andM2 which lie on the primary sheet sum to zero. This produces
the final contour sketched in Fig. 4.154.15c, and admits contributions of the form

I(E) = Iendpt. + Iexp = Iendpt. +

ˆ
C∞

, (4.64)

where the final term denotes a contribution associated the singularity at
infinity, C∞. We briefly outline the difficulties in explicitly evaluating this
contribution. Firstly, the integral may be written

Iexp =

ˆ
C∞

dq0
dζ̃

eχ(ζ̃)/ϵ dζ̃, (4.65)

Typically asymptotically approximation involves capturing the divergence of
q0 near the singular point with some power scaling [cf. equation (4.504.50)].
However, in this problem we are dealing with an essential singularity with
exponential blow-up,

q0 ∼ Aeik̃ζ as ζ → −c+ i∞. (4.66)

where k̃ = 2πσ/(b − a) is a positive real number. This implies that the
singulant, χ, scales as

χ ∼ Ei(−3ik̃ζ) ∼ ie−3ik̃ζ

k̃ζ
as ζ → −c+ i∞, (4.67)

where Ei denotes the exponential integral.
In a more regular problem such as the sharp bump, the integration

path in (4.654.65) is typically transformed to a Hankel contour by means of a
transformation asymptotically consistent to u ∼ χ(ζ̃)/ϵ. In this problem we
may therefore expect to be able to use the transformation

u =
ie−3ik̃ζ

k̃ζ
. (4.68)
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However this does not provide a viable means to simplify the integral due to
the non-invertibility of the transformation.

Notwithstanding the inability to evaluate the integral contribution ex-
plicitly, there is strong numerical evidence that the contribution produces
exponentially small oscillatory term in the solution (4.584.58). This will allow us
to conclude that the form of (4.654.65) should indeed be an exponential.

4.8.1 Comparisons with numerical simulations

We begin with a conjecturing that as ϵ → 0, the term (4.654.65) (corresponding
to the local contribution from C∞) has a magnitude which scales with

Ae−Reχ/ϵ, (4.69)

where χ is the singulant calculated from (4.594.59). In this section, we will
verify this conjecture using numerical results for the full boundary-integral
governing equations.

As outlined previously, we know that Reχ = const. on the free surface,
hence it is sufficient to calculate the integral (4.404.40) to any convenient point
on the free surface. As mentioned in §4.24.2, we typically start the integration
from the point where χ = 0. This suggests we should start our integration
from the essential singularity C∞ at infinity,

Re(χfree-surface) = Re
ˆ free-surface

−c−i∞

dχ
dζ dζ ′. (4.70)

A convenient integral path connecting these points is the Stokes line (in-
dicated with red dash in Fig. 4.144.14). In practice however, it is difficult to
numerically evaluate along the vertical contours below B and A, so instead
we approximate this integral with

Re(χfree-surface) ≈ Re
ˆ free-surface

−c−0i

dχ
dζ dζ ′. (4.71)

The integral path corresponds to the section of the Stokes line in the upper
half-ζ-plane of Fig.4.144.14. The integral is then performed using a trapeziodal
rule, following the equal-phase path (i.e. the Stokes line) according to the
numerical method outlined inAppendix A.2.2A.2.2.This produces Reχ ≈ 2.7252.

In Fig. 4.164.16, we confirm our conjecture (4.694.69) by comparing with the
wave amplitudes of the numerical solution to the boundary-integral problem
(4.174.17) as ϵ → 0. There is excellent agreement between the numerical
wave amplitudes and the aymptotic prediction, (4.694.69), where it appears we
require Reχ ≈ 3. The slight discrepancy between this value and the value
obtained from (4.714.71) is thought to be accounted for by the remaining section,
[−c,−c− i∞), of the integral path in (4.704.70).

Despite being unable to evaluate the exact value of χ, the evidence is
conclusive that an exponentially small term has indeed been switched on as
we cross the red dash line in Fig.4.144.14. Thus we may conclude that this curve
is a Stokes line.
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Figure 4.16: Comparison between nu-
merical wave amplitudes and analytic
predictions for the sharp bump. Open
circles denote the amplitude of nu-
merical solutions to the full boundary-
integral equations, while the solid line
denotes the asymptotic prediction (4.694.69)
with Reχ ≈ 3. We see excellent agree-
ment between the two, confirming the
that the switched-on waves are exponen-
tially small in ϵ. Numerical waves are
computed with σ = 3/8, a = 1,

and b = 2 according to the numerical
procedure presented in §3.63.6.

4.9 Summary

In this chapter we have extended the existing theory of exponential asymp-
totics for two-dimensional flows to problems involving geometries outside
the scope of the Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) theory. To do this,
we formulated two contrasting problems of potential flow over a sharp bump
and a pseudo-smooth bump (see Fig. 4.34.3). As demonstrated in TrinhTrinh (2017b2017b),
studying a reduced model (4.384.38) is sufficient to demonstrate Stokes switching.
We therefore sought to asymptotically approximate the integral solution for
this model, (4.394.39), using the method of steepest descents. We demonstrated
that in the case of the sharp bump, there is a Stokes line which emanates from
the apex of the bump (red dash line in Fig. 4.144.14) and is associated with the
switching-on of an exponentially small oscillatory term. This term arose from
a local integration around the bump apex which we were able to explicitly
calculate [see (4.544.54)]. Moreover this was verified against the full boundary-
integral numerical solution. In the case of the pseudo-smooth bump, we
demonstrated the presence of a Stokes line which mysteriously emanates
from an essential singularity at infinity. Comparing with numerical solutions,
were able to confirm that the term associated with the far-field singularity is
of exponentially small amplitude. Thus we were able to deduce the location of
the Stokes line (red dash line in Fig. 4.144.14). In contrast to the sharp problem
however, the exact evaluation of the oscillatory term remained elusive, since
the behaviour of the steepest descents contour around the far-field singularity
was unclear. This remains an open problem and an avenue for future research.
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Part II: Complex-ray
techniques for two- and
three-dimensional flows

The reduction of two-dimensional surface flows to a one-dimensional
boundary-integral formulation for the free boundary, y = η(x), is a powerful
tool in complex-variable theory which we leveraged in Part I of this thesis.
However, the application of these methods to three-dimensional problems
is problematic because in such higher-dimensional settings, reductions via
elegant single complex variables is no longer possible. Instead, a direct
treatment of Laplace’s equation for the velocity potential ∇2ϕ = 0 must
usually be performed. It is this problem which motivates Part II of the thesis.
We shall see that when posing the usual WKB or factorial-over-power ansatz,
the singulant, χ, is now dependent on more than one variable; solving for χ
is a problem in complex-ray theory. Hence we shall attempt to address the
following open questions, principally related to the singulant function χ.

(i) In two-dimensional problems, we shall demonstrate that Stokes lines
may be obtained from the study of a singulant function, χ(x, y). In
three dimensions, What is the nature of the singulant, χ(x, y, z),
and the associated Stokes surface (the three-dimensional analogue of
a Stokes line)?

(ii) In general three-dimensional problems where a linearisation is not
used for the geometry, say flow past an obstruction of size δ = O(1),
we are unable to obtain the singulant function analytically. What
methods would be appropriate to use when such analytical solutions
are unavailable?

(iii) In those situations where we are unable to obtain the singulant
analytically, is there a way to validate the numerical results by
analysing the ray formulation of the nonlinear problem in the δ → 0

limit?
Part II of this thesis will proceed in the following manner.

Chap. 55 outlines an alternative approach to the two-dimensional step
problem using complex-ray theory. In particular, we provide a worked ex-
ample of complex-ray theory applied to low-Froude flow over a step of small
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height, δ � 1. We demonstrate how to locate the Stokes line within the fluid
region. As in Part I of this thesis, the problem geometry is provided through
specification of the leading-order velocity potential. This time, as posed in
the physical z-plane it is given approximately by

ϕ0(z) ∼ z + δ
log[2(1 + ez)]

2
.

In addition to discussing the exponential asymtotics and complex-ray theory,
we shall also demonstrate analytically that in the δ → 0 limit, the Stokes
line collapses towards the vertical axis. This has an important analogue in
the three-dimensional case where we show the Stokes lines are curved for a
nonlinear body and straight for a linearised body.

Chap. 66 uses complex-ray theory to study linearised three-dimensional
low-Froude gravity flow over a submerged point source. In this case, the
point source is represented by the leading-order velocity potential,

ϕ0(x, y, z) = x− δ

4π

{
1√

x2 + y2 + (z − h)2
+

1√
x2 + y2 + (z + h)2

}
,

in the 0 < δ � ϵ regime. This situation was studied in the work of
Lustri and ChapmanLustri and Chapman (20132013) who demonstrated the presence of Stokes
lines on the free surface. Their approach linearised about the small point-
source strength δ, reduced the three-dimensional in-fluid problem to a
two-dimensional system evaluated on the free surface. The problem was then
analytically continued and considered over the so-called complexified free
surface. Their approach depended upon analytical solutions for the singulant
function, χ(x, y), which could be determined using complex-ray theory.
However, the singulant function obtained by Lustri and ChapmanLustri and Chapman (20132013)
is a particular level set, on z = 0, of a more general three-dimensional
singulant, χ(x, y, z). Consequently the Stokes lines discovered are the in fact
intersections of three-dimensional Stokes surfaces with the free surface.

In this chapter, our goal is to develop a numerical method that allows
for χ to be solved without using the analytical (implicit) solution—this will
be important for fully nonlinear problems. In addition, we shall produce a
method for determining the three-dimensional Stokes surface within the
fluid.

Chap. 77 examines the problem above in the case where the point source
is no longer assumed to be of small strength δ � 1. Instead, we consider the
nonlinear case where the source strength is appreciable, δ = O(1). In this
case, the governing equations for the singulant are not analytically soluble.
Thus, we leverage a specialised numerical scheme to solve the problem
using complex-ray theory and obtain the Stokes lines for this problem.
Interestingly, we find that in contrast to the linearised problem, the Stokes
lines on the free surface curve downstream of the flow, and collapse towards
the linear results of Chap. 66 upon taking δ → 0. Like the case of two-
dimensional flow, our results seem to demonstrate that nonlinear geometries
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produce curved Stokes lines/surfaces. In addition, we develop a framework
of three-dimensional complex-ray asymptotics, valid as δ → 0 and analogous
to that presented in Chap. 55 which confirms this behaviour analytically.
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A RAY-THEORETICAL APPROACH TO
EXPONENTIAL ASYMPTOTICS AND
TWO-DIMENSIONAL FLOWS 5The utility of ray theory as a technique for obtaining solutions to partial
differential equations is well established [see e.g. Keller and LewisKeller and Lewis (19951995)]
and may be thought of as a generalisation of the WKB procedure to PDEs. In
§2.22.2 of the preliminary chapter to this thesis, we demonstrated the power of
ray theory (and in particular complex-ray theory) through the simple example
of the circular caustic problem. In this chapter, we apply the theory to the
problem of two-dimensional flow over a step of small height, δ � 1.

We have discussed in detail the importance of the singulant function
χ in determining the switching on of exponentially small waves in the
solution. In this chapter, we shall demonstrate that through complex-ray
theory it is possible to both numerically solve for the singulant, as well as
asymptotically derive its value at each order in the small parameter δ. The
use of these two methods provides a verification of the solution behaviour
in the limit δ → 0. We begin this chapter by deriving the ray equations
and applying the method of exponential asymptotics as outlined in Chap. 22.
The derivations and ideas in this chapter follow from Chapman et al.Chapman et al. (19991999),
and then LustriLustri (20122012) and Lustri and ChapmanLustri and Chapman (20132013). The latter of these
works had applied exponential asymptotics and complex-ray theory in a
three-dimensional context. In this chapter we apply these techniques in
a two-dimensional context to lay the conceptual grounding for the three-
dimensional studies contained later in this thesis. The origins of our two-
dimensional approach also appears in a technical report by TrinhTrinh (2017a2017a) and
in the work of FitzgeraldFitzgerald (20182018).

We start with a generic derivation of the two-dimensional ray equations,
without making reference to a specific geometry. However the reader may
wish to imagine the derivation in the context of flow over a step. We note that
in accordance with complex-ray theory [as seen in Chapman et al.Chapman et al. (19991999) and
outlined in §2.22.2], we are treating the ray parameter, τ as complex throughout.
As mentioned in the previous chapters, in two-dimensional problems the
uniqueness of analytic continuation implies that within this framework there
is a natural association that can bemade between the complexified free surface
and the physical plane.

5.1 Ray formulation

As in the previous two chapters, we consider an irrotational inviscid potential
free-surface gravity flow, such as the case of flow over an angled step as
illustrated in Fig. 5.15.1.

Such flows are typically governed by the non-dimensional Froude num-
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y = η(x)

∇ϕ(x, y) = 0

ϑ0 = πσ

Figure 5.1: Two-dimensional potential
flow over an angled step in the (x, y)-
plane (left). Flow is mapped to the com-
plex potential w-plane and then to the
upper ζ-plane (right) through the confor-
mal map e−w .

ber, F , defined by
F =

U√
gL

, (5.1)

where U and L are the typical velocity- and length-scales, while g is acceler-
ation due to gravity. We shall study the flow in the low-Froude limit, where
F → 0.

We introduce the physical variables in complex form, z = x + iy, and
the complex potential w = ϕ + iψ. The unknown free surface is denoted by
y = η(x). The flow is governed by the following set of equations,

∇2ϕ = 0 in the flow region, (5.2a)
∇ϕ · n = 0 on all solid/fluid boundaries, (5.2b)

ϵ

2

(
|∇ϕ|2 − 1

)
+ y = 0 on y = η(x), (5.2c)

where ϵ = F 2 is the square of the Froude number, defined by (5.15.1), and n
is the boundary normal. Additionally, we impose a radiation condition of a
uniform flow upstream,

w → x+ iy, as x→ −∞. (5.2d)

We now work in a frame in which the free-surface equations may be studied
on a fixed axis. Thus we transform the coordinates according to

Y = y − η(x) and φ(x, Y ) = ϕ(x, y). (5.3)

Under this variable change, the system (5.25.2) becomes

φxx + φY Y + η′
2
φY Y − η′′φY − 2η′φxY = 0 in the fluid, (5.4a)

η′φx −
(
1 + η′

2
)
φY = 0 at Y = 0, (5.4b)

ϵ

2

(
φ2
x + (1 + η′

2
)φ2

Y − 2η′
2
ϕxϕY − 1)

)
+ η = 0 at Y = 0, (5.4c)

where primes (′) denote total derivatives in x, and subscripts denote partial
derivatives. We note that (5.4b5.4b) is also applied on the fluid bottom, however
for our purposes it turns out we need only consider it on the free surface. We
seek solutions in the form of asymptotic series,

φ =

∞∑
n=0

ϵnφn and η =

∞∑
n=0

ϵnηn. (5.5)
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We note that Bernoulli’s equation (5.4c5.4c) implies that η0 = 0. Consequently
it follows from the kinematic condition (5.4b5.4b) that φ0Y = 0 on Y = 0. As
outlined in §2.1.22.1.2, since we expect leading order terms to have singularities,
the presence of the small parameter ϵ in (5.2c5.2c) causes these singularities to
amplify in power in successive terms of the asymptotic solution. This creates
a divergence in the series (5.55.5) and suggests the ansatz,

φn(x) ∼
A(x, Y )Γ(n+ γ)

[χ(x, Y )]n+γ and ηn(x) ∼
B(x)Γ(n+ γ)

[χ(x, 0)]n+γ . (5.6)

We now determine the relative dominance of terms in (5.45.4) in the limit n→
∞. We first observe from (5.65.6) that

φn+1

φn
∼ Γ(n+ γ + 1)

χΓ(n+ γ)
∼ n

χ
. (5.7)

Thus subsequent terms gain on order of magntude due to the presence of the
facorial. Moreover, we observe that

(φn)x
φn

∼ nχx

χ
, (5.8)

where subscripts denote partial derivatives. Thus derivatives of (5.65.6) are an or-
der of magnitude higher in n (due to the power denominator). Consequently
the following terms are of the same order in of magnitude in n:

φn, φ(n−1)x
, φ(n−1)Y

, φ(n−2)xx
, · · · . (5.9)

Evaluating (5.45.4) at O(ϵn), we see that in limit n → ∞ the leading-order
terms in n will come from,

φnxx − φnY Y = 0, (5.10a)
φnY + η′nφ0x = 0 on Y = 0, (5.10b)

φ0xφ(n−1)x
+ ηn = 0 on Y = 0. (5.10c)

On substitution of the ansatz (5.65.6), these produce a system of equations
governing χ,

χ2
x + χ2

Y = 0, (5.11a)
AχY −Bχxφ0x = 0 on Y = 0, (5.11b)
−Aχxφ0x +B = 0 on Y = 0. (5.11c)

From the latter two equations, we see that a non-trivial solution requires that

χY = (χxφ0x)
2, (5.12)

on the free surface Y = 0. This may be utilised to transform the partial
differential equation, (5.11a5.11a), to an ordinary differential equation on the free
surface,

χ2
x + (χxφ0x)

4 = 0. (5.13)
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The problem remains that evaluation of φ0x relies on the as-yet unknown
function η(x). However, by applying the chain rule to (5.35.3) we see that

ϕ0x(x, y) = φ0x(x, Y )− η′φ0Y (x, Y ), (5.14)
= φ0x(x, Y ) on Y = 0, (5.15)

where we have used that φ0Y = 0 on the free surface, which follows from η0
in (5.4b5.4b) evaluated at leading order. Now a Taylor expansion of ϕ0x yields

φ0x(x, Y = 0) = ϕ0x(x, y = η), (5.16)
= ϕ0x(x, y = 0) + ηϕ0xy(x, y = 0), (5.17)

Since η0 = 0, then to leading order we may swap ϕ0x(x, 0) in place of
φ0x(x, 0) in (5.135.13). This leads to an ordinary differential equation which
governs χ on the free surface,

χ2
x + (χxϕ0x)

4 = 0. (5.18)

As outlined in §2.22.2, we can use Charpit’s method to solve (5.185.18) in terms of
the parameter τ . Writing p = χx, the ray equations are

COMPLEX-RAY EQUATIONS FOR TWO-DIMENSIONAL FLOW
dx
dτ = 2p+ 4p3ϕ40x, (5.19a)

dp
dτ = −4p4ϕ30xϕ0xx, (5.19b)

dχ
dτ = 2p2 + 4p4ϕ40x = −2p2. (5.19c)

In the above we have used (5.185.18) to simplify the final equation. We reiterate
that we permit τ ∈ C, and the problem is considered on the so-called
complexified free surface (cf. the horizontal plane in Fig.3.23.2). We have now
derived the complex-ray equations for generic low-Froude free-surface flows
in two dimensions. The only thing that remains is to turn this into a well
posed initial value problem with the addition of initial conditions.

x(τ = 0) = x0, p(τ = 0) = p0, χ(τ = 0) = χ0. (5.20)

The only known information about singulant, χ, is that it vanishes at singular
or branch points in the early orders of the asymptotic expansion (5.55.5) for ϕ
due to its role in the late-order ansatz (5.65.6). Typically, we use that

χ(x0) = 0, (5.21)

where x0 is a singularity or branch cut in the early order expansion terms.
This requires specification of the leading order velocity potential, ϕ0, which
encodes the fluid geometry. We will now consider a specific geometry of the
step angled at σπ = π/2 to the horizontal (illustrated in Fig.5.15.1). Since it
will be necessary to make some adaptations to study this geometry, we refer
to the geometry as the pseudo-step.
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5.2 The pseudo-step problem

In Chap. 33, the two-dimensional step problem was studied inversely, by
seeking solutions for the streamline speed and angle, q and θ, as functions
of the potential variable, w. However, the ray formulation in this chapter
requires knowledge of ϕ0 in terms of real variables. We demonstrate the
difficulty of obtaining this as follows. It follows from (3.33.3) that

dw
dz = qe−iθ = (q0 + ϵq1 + · · · )ei(θ0+ϵθ1+··· ), (5.22)

= q0 +O(ϵ) =

(
e−w + b

e−w + a

)σ

+O(ϵ), (5.23)

where we have used the shape function qs for the step geometry, given in (3.443.44)
of Chap. 33 and θ0 = 0 from (3.14a3.14a). From this we integrate the reciprocal,
producing

z(w) =

ˆ dz
dw dw =

ˆ (
e−w + a

e−w + b

)σ

+O(ϵ). (5.24)

In general, this is not explicitly integrable for arbitrary values of a, b, and σ.
For even the most benign choice of constants, say a = 1, b = 2, and σ = 1/2,
the leading order produces a non-invertible expression,

z(w) = −
2
√

ew+1
2ew+1

√
2ew + 1 log

(
2
√
ew + 1

√
2ew + 1 + 3ew + 2

)
2
√
ew + 1

+

√
ew+1
2ew+1

√
2ew + 1

(
2w +

√
2 cosh−1(4ew + 3)

)
2
√
ew + 1

+O(ϵ).

From this we are unable to invert the variables and obtain w(z). A partial
resolution to this problem lies in considering a small step by choosing a =

1 and b = 1 + δ, where δ � 1. This problem was previously studied in
Trinh and ChapmanTrinh and Chapman (20132013) using boundary integral techniques.

Let us set the corners of the step at a = 1 and b = 1 + δ, where δ � 1.
In this regime, we have

q0 =

(
e−w + 1 + δ

e−w + 1

)σ

∼ 1 +
δ

2(1 + e−w)
. (5.25)

From this we can write
dw
dz = q0 +O(ϵ) = 1 +

δ

2(1 + e−w)
+O(δ2, ϵ). (5.26)

Since the above implies that w = z +O(δ, ϵ), it follows that
dw
dz = 1 +

δ

2(1 + e−z)
+O(δ2, ϵ), (5.27)

which may be integrated to give

w = z +
δ

2
log[2(1 + ez)] +O(δ2, ϵ). (5.28)

This gives the complex potential in terms of physical variables and allows us
to derive appropriate initial conditions for the ray equations (5.195.19).
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5.2.1 Derivation of the initial conditions for complex rays

Evaluation of the complex potential (5.285.28) on the leading-order free surface,
z = x, produces the leading-order velocity potential,

ϕ0(x) = x+
δ

2
log[2(1 + ex)]. (5.29)

Recalling that χ vanishes when ϕ0 is singular, principally† when x = ±iπ,† The leading order velocity potential (5.295.29)
is singular when x = (2n+1)πi, however
as per our discussion in (2.12.1), we focus only
on the singularities closest to the real axis.

gives us initial conditions for the complex-ray equations (5.195.19),

χ(τ = 0) = χ0 = 0 and x(τ = 0) = x0 = iπ. (5.30)

However, the singular nature of ϕ0 (and hence its derivatives) renders the ray
equation system (5.195.19) non-invertible at this point due to their dependence
on ϕ0x. Thus we must start slightly away from the singularity and hope
that solutions are sufficiently well-behaved that we may apply χ ≈ 0. More
formally, we will require that

x
(ρ,ν)
0 = x0 + ρeiν , χ0 = δ̃, (5.31)

with δ̃ → 0 as ρ → 0 for all ν ∈ [0, 2π). Assuming this to be the case, we
apply (5.315.31) as initial condition with ρ � 1 and δ̃ = 0. We note that our
choice of δ̃ does not change the dynamics since the complex-ray equations
(5.195.19) have no dependence on χ. To obtain the initial condition for p, we use
(5.115.11) to produce

p20 + (p0ϕ0x)
4 = 0. (5.32)

This admits three possible solutions, one of which being the trivial branch
p0 = 0. Discounting this gives us two nontrivial initial condition branches,

p
(ρ,ν)
0 = ± i

ϕ20x(x
(ρ,ν)
0 )

. (5.33)

We now have a well defined problem, namely the ODE system (5.195.19) with
the initial conditions (5.305.30) and (5.335.33). Since we are principally interested
in studying the switching on of expontially-small waves across Stokes lines,
we now present a method to find solutions to this problem directly along the
Stokes lines.

5.3 The two-dimensional Stokes-ray method

Here we briefly outline a method which allows us to solve the ray equations
(5.195.19) in such a manner that the solutions approximate the Stokes lines of
the flow. In the previous chapter, we utilised a method to solve a system of
ODEs for χ along constant-phase contours, defined by

Imχ = const. (5.34)

This procedure is outlined in Appendix A.2A.2. We now repurpose the method
for use in this problem. We shall refer to the procedure in this context as the
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Stokes-ray method. The name derives from the key property that each Stokes
ray is a particular subset of a regular complex ray which travels along the
constant-phase contour (5.345.34). In theory, if we have started close enough to
the singular point, x0 in (5.305.30) [i.e. if ρ is chosen small enough in (5.315.31)], then
each Stokes ray will tend towards the nearest equal-phase contour, Imχ = 0.
Moreover, if we also have Reχ > 0 along this curve, then by the Dingle
criterion (3.303.30) the Stokes ray tends towards a Stokes line of the flow.

Full details of the theory underlying the method may be found in Ap-
pendix A.2.2A.2.2. Essentially, we modify the complex-ray equations (5.195.19) by
considering the complex-ray parameter τ as a dependent variable and solve
in terms of an auxiliary parameter t, defined by

dτ
dt = −p2

/
|p2|, (5.35)

where the bar denotes complex conjugation. We then obtain solutions,

x̃(t) = x(τ(t)), p̃(t) = p(τ(t)), χ̃(t) = χ(τ(t)),

by solving a system of so-called Stokes-ray equations. Typically we refer to the
projection x̃(t) of these solutions as a Stokes ray. The Stokes-ray equations are
obtained by using (5.355.35) and the chain rule to reformulate the complex-ray
equations (5.195.19) in terms of the auxiliary variable t. Abusing notation slightly
by dropping tildes, the Stokes-ray equations may be written,

STOKES-RAY EQUATIONS FOR TWO-DIMENSIONAL FLOW

dτ
dt = −p2

/
|p2|, (5.36a)

dx
dt = −

(
2p+ 4p3ϕ40x

)
× p2

/
|p2|, (5.36b)

dp
dt =

(
4p4ϕ30xϕ0xx

)
× p2

/
|p2|, (5.36c)

dχ
dt =

(
2p2
)
× p2

/
|p2|. (5.36d)

We emphasise that the only physically relevant Stokes lines are those on the
primary Riemann sheet. Therefore in order to ensure the solutions are on this
sheet, we will verify that Imϕ0 = 0when the solution intersects with the free
surface. To this end, we supplement system (5.365.36) with an equation for ϕ0,
given by

dϕ0
dt =

dϕ0
dx

dx
dτ

dτ
dt . (5.37)

The initial condition is ϕ0
(
x
(ρ,ν)
0

)
calculated from (5.295.29). This system is

solved with initial conditions as discussed in §5.2.15.2.1 at τ0 = 0.We now outline
numerical implementation of this method.
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5.4 Numerical procedure

The problem is to numerically obtain Stokes rays which successfully intersect
the free surface Imx = 0. As briefly mentioned in §5.2.15.2.1, the dependence on
ϕ0x renders the ray equations non-invertible at singular points in ϕ0. There-
fore the numerical solver must start slightly away from the singular point,
using the initial conditions (5.315.31) and (5.335.33), along with ϕ0 = ϕ0(x

(ρ,ν)
0 ).

Together these define an initial value problem which may be solved using
a standard numerical solver (e.g. MATLAB’S inbuilt ode45 or ode113 solvers).
Below we enumerate the full numerical procedure for obtaining the desired
Stokes-lines of the flow:

1. Identify the singular points xj ∈ C of the leading-order velocity
potential, and choose the particular singularity, x0, which is nearest
to the real axis (following our discussion in §2.1.22.1.2).

2. Set initial conditions in accordance with §5.2.15.2.1, choosing ρ and ν along
with the sign of p0. As mentioned in §5.35.3, we expect the Stokes-ray
trajectory to converge to the nearest equal-phase line for a sufficiently
small choice of ρ. Given the existence of multiple equal-phase lines,
it is likely that the Stokes ray will tend to converge to the equal-phase
line which is nearest (cf. Fig.5.35.3). Thus to ensure the full family of equal-
phase line—and consequently the physical Stokes line—are picked up,
we choose a selection of n points on the discretised circle of radius
ρ� 1 around the singular point x0,

x
(ρ,ν)
0 = x0 + ρeiν , where ν =

π

n
,
2π

n
, . . . ,

(2n− 1)π

n
,

for a chosen n ∈ N.
3. Using the chosen initial conditions, numerically solve the Stokes-ray

system (5.365.36) using MATLAB’S inbuilt ode113 solver, and solve in t

up to a given maximum value. We require that the solver stop if
either Im(x) = 0 (i.e. the ray hits real-space) or the solution exceeds
prescribed bounds on |x| and |p| (i.e. the ray exits the domain of
interest).

4. For each ray which has intersected the free surface Im(x) = 0, verify
that Im(ϕ0) = 0 at the intersection point. If these conditions are
met, the ray has successfully intersected the free surface on the primary
Riemann sheet. Thus we have located a Stokes line of the flow.

Numerical results obtained by implementation of the above procedure are
presented in Figs. 5.25.2 & 5.35.3 of the following section.

5.5 Numerical results

In this section we present some numerical results computed according to the
numerical procedure in the previous section. In Fig. 5.25.2, we see numerical
Stokes rays for δ = 1 on the complexified free surface x ∈ C.

The set of initial conditions and behaviour in the vicinity of the singularity
are seen Fig. 5.35.3. The initial conditions (black points) are lie a distance δ =
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Stokes line

Figure 5.2: Numerical Stokes rays com-
puted according to the procedure out-
lined in §5.45.4. These solutions are calcu-
lated for δ = 1, ρ = 0.01, and n =

21. By integrating from a set of initial
points around the singularity x0 = iπ,
we have obtained all the six equal-phase
contours emanating from the singularity.
Of these, three are Stokes lines with
Reχ > 0 and of these, only one (bold
black) is a physically relevant Stokes line
which intersects the free surface. As can
be seen from Fig. 5.35.3, numerical Stokes
rays converge to the nearest equal-phase
contour as we integrate further from
the singulrity. Moreover, the lower right-
most contour (black bold) intersects with
the free surface with Reχ > 0. Thus,
this is the Stokes line associated with
the switching-on of exponentially small
waves in the flow.

0.01 from the singularity (open circle) at angles given by

ν =
π

n
,
2π

n
, . . . ,

41π

21
.

We see that as we integrate away from the singularity, the Stokes rays
converge to the nearest Stokes line (black dash). Convergence is fast enough
that when viewed from the distance in Fig. 5.25.2, it would appear as though we
had integrated along the Stokes lines directly.

Figure 5.3: Numerical Stokes rays in
the vicinity of the singularity x0 =

iπ (open circle). Stokes rays (black
and grey curves) are computed from
2n − 1 = 41 initial points which
lie equidistantly on a circle of ra-
dius ρ = 0.01 around the singular-
ity. Stokes rays are calculated for the
branches (y0-sign, p0-sign) = (+,+)

(black curves) and (y0-sign, p0-sign) =

(+,−) (grey curves) both forwards and
backwards in t. We see that as we in-
tegrate away from the singularity, the
Stokes rays converge to the nearest
equal-phase contours (black dash lines).
We highlight in black bold those Stokes
rays which tend towards the physically
relevant Stokes line.

Now that we have demonstrated an implementation of the numerical
scheme outlined in the previous chapter, we will investigate the behaviour of
the Stokes lines as δ → 0. In the following section, we perform an asymptotic
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analysis of the ray-equations in this limit and present both asymptotic and
numerical Stokes lines.

5.6 Asymptotic Stokes lines in the small δ limit

In this section, we obtain an asymptotic approximation of the singulant χ in
the limit δ → 0, and show the behaviour of the Stokes line in this limit. Since
it is possible to write χ as a direct integral, we start by briefly discussion the
asymptotic procedure on the integral. Following this, we present a framework
for studying the ray equations in the limit δ → 0. We will show that through
the asymptotic analysis of the system (5.195.19) it is possible to obtain an explicit
functional form for the singulant at leading order and first order in δ. While
the latter approach is somewhat unnecessary for this problem, it serves as
a good conceptual grounding for the three-dimensional analogous method
used later in this thesis, where intuition is difficult and exact solutions are
lacking.

5.6.1 Solution via integration

The governing equation on the free surface (5.185.18) yields

∂χ

∂x
= 0 and ∂χ

∂x
± i
ϕ0x(x)

. (5.38)

The nontrivial branches may be expressed as integral solutions,

χ(x) = ±i
ˆ x

x0

1

ϕ0x(t)2
dt, (5.39)

where are required to start the integration from a singular point of the leading
order velocity potential ϕ0(x).

For the pseudo-step geometry, ϕ0 is given in (5.295.29) and contains principal
singularities at±iπ. For convenience, we shift coordinates x 7→ x̃− iπ which
shifts the singularity at x = iπ to the origin.

For this geometry, we are able to evaluate the integral (5.395.39) in closed
form, giving

χ(x) = ±i
(

2δ(−1 + ex)
(2 + δ)(−2 + (2− δ)ex) + x

+
δ(4 + δ) log(−δ)

(2 + δ)2
− δ(4 + δ) log(2− (2 + δ)ex)

(2 + δ)2

) (5.40)

To demonstrate the existence of a boundary layer around the origin, let us
first expand χ as a series in δ assuming x = O(1),

χout(x) = χout0 + δχout1 + · · · , (5.41)

where

χout0 = ±ix, χout1 = ±i
(
1

2
+ log(−δ)− log(2− 2ex)

)
. (5.42)
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Using the fact that boundary layers occur when the series reorders due to
successive terms being of comparable order, we find the neccessary rescaling
is x = δX , where we write χ(x/δ) = χin(X). Expanding χ(x/δ) in powers
of δ gives the inner solution,

χin(x) = δχin0 + · · · , (5.43)

where

χin0 = ±i
(
X +

X

1 + 2X
− log(1 + 2X)

)
. (5.44)

We now demonstrate the equivalence of this boundary layer analysis using
complex-ray theory.

5.6.2 Ray approach

In the following, we solve the governing PDE (5.185.18) using complex-ray
theory, seeking solutions as asymptotic series. We expand with

x(t) =

∞∑
n=0

δnxn(t), p(t) =

∞∑
n=0

δnpn(t), w(t) =

∞∑
n=0

δnwn(t). (5.45)

For clarity, we distinguish the solutions found by complex-ray theory with
those obtained by direct integration. For the singulant, we have written

w(t) = χ(x(t)). (5.46)

We do this because care should be taken as to the correspondence expected
between these two functions, for if we expand χ(x(t)) in δ, we obtain

χ(x(t)) = χ(x0 + δx1 + · · · ) ,
= χ0(x0 + δx1 + · · · ) + χ1(x0 + δx1 + · · · ) + · · · ,
= χ0(x0) + δ

[
x1χ

′
0(x0) + χ1(x0)

]
+ · · · .

(5.47)

This implies the following correspondence:

w0(t) = χ0(x0(t)), (5.48)
w1(t) = x1(t)χ

′
0(x0(t)) + χ1(x0(t)) . (5.49)

Keeping this in mind, we begin start the analysis by writing Charpit’s
equations for the governing PDE (5.185.18). These are

dx
dτ = 2p+ 4p3

(
1− δex

2(1− ex)

)4

, (5.50a)

dp
dτ =

δex(−2 + (2 + δ)ex)3p4
4(1− ex)5 , (5.50b)

dw
dτ = −2p2. (5.50c)
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Next, we expand these equations in powers of δ. At leading order, this
produces

dx0
dτ = 2p0 + 4p30, (5.51a)

dp0
dτ = 0, (5.51b)

dw0

dτ = −2p20. (5.51c)

This system may be directly integrated to give

x0(τ) = (±2i ∓ 4i)t, p0 = ±i, w0 = 2t. (5.52)

At the next order in δ, Charpit’s equations give

dx1
dτ =

8ex0p30
ex0 − 1

+ 2p1 + 12p20p1, (5.53a)

dp1
dτ =

2ex0p40δ

(ex0 − 1)2
, (5.53b)

dw1

dτ = −4p0p1. (5.53c)

Using the leading order solutions (5.525.52), these equations are also directly
integrable, giving

x1(t) = k2 + (−3i − 10k1)t− log(1− e2it), (5.54a)

p1(t) =
cot(t)
2

+ k1, (5.54b)

w1(t) = k3 + 2(1− 6ik1)t− 2i log(1− e2it), (5.54c)

where k1, k2 and k3 are constants to be determined. We shall do this by
matching with the inner solution. We analyse the inner region by rescaling
x = δX ,w = δW , p = P , t = δT , and then seeking inner solutions through
the asymptotic series

X = X0 + δX1 + · · · , P = P0 + δP1 + · · · , W =W0 + δW1 + · · ·
(5.55)

At leading order the inner ray equations are

dX0

dT = 2P0 + 4P 3
0

(
1 +

1

2X0

)4

, (5.56)

dP0

dT =
P 4
0 (1 + 2X0)

4x50
, (5.57)

dW0

dT = −2P 2
0 . (5.58)

This is a coupled system which not analytically solvable. Thus we seek to
numerically solve it along with appropriate initial conditions. As mentioned,
the non-invertability of Charpit’s equations at the initial conditions require
that we start slightly away from the origin, at X0init = ε. Here ε is a small
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perturbation away from the origin. The corresponding approximate value for
Pinit may be obtained through the governing equation

P 2
init + (Pinitϕ0x(X))4 = 0

by finding nontrivial solutions for P0init, namely

Pinit = ± 4i(eδX − 1)2

((2 + δ)eδX − 2)
2 . (5.59)

The appropriate initial condition is the leading order term in δ of the series
of Pinit. Thus the initial conditions are

X0init = ε, P0init = ± 4iε2
(1 + 2ε)2

, χ0init = 0. (5.60)

Analysis of the numerical solution reveals leading order behaviour of

X(T ) ∼ c1 − 2iT − log(−2iT ), (5.61)
W (T ) ∼ c2 + 2T − 2i log(−2iT ), (5.62)

where c1 ≈ 0.97 + 2.43i and c2 ≈ −2.43 + 0.77i.
To finish the matching, we write the inner solutions (5.525.52) and (5.545.54) in

terms of outer variables, t = δT and expand in powers of δ to find the outer
limit, of

xout→in(T ) ∼ [k2 − log δ − 2iT − log(−2iT )] δ +O(δ2 log δ), (5.63)
Wout→in(T ) ∼ [k3 − 2i log δ + 2T − 2i log(−2iT )] δ +O(δ2 log δ). (5.64)

Through comparison with the inner solution we obtain the values of the
constants in (5.545.54),

k2 = c1 + log δ ≈ 0.97 + 2.43i + log δ, (5.65)
k3 = c2 + 2i log δ ≈ −2.43 + 0.77i + log δ. (5.66)

Let us now derive the relationship between χ and x in the outer region.
For simplicity, we shall take the positive branch in the ray solutions above,
and write

x⋆ = x(t) = −2it+ δ
[
k2 + (−3i − 10k1)t− log(1− e2it)

]
+O(δ2 log δ). (5.67)

We t = t0 + t1δ log δ + δt2, giving

x⋆ = −2it0 + (1− 2it1) δ log δ
+ δ
(
c1 − 3it0 − 2it2 − log(1− e2it0)

)
+O(δ2 log δ). (5.68)

Evaluation at successive orders in δ gives

t0 =
ix⋆
2
, t1 = − i

2
, t2 =

1

2

[
−3t0 + i

(
−c1 + log(1− e2it0)

)]
. (5.69)
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Upon substitution of these solutions into χ(t), we obtain

χ(x) = χ̃(x; δ) +O(δ2 log δ), (5.70)

where the function χ̃(x) is given by

χ̃(x) = ix+ iδ log δ + δ

(
c2 − ic1 −

ix
2

− i log(1− e−x)

)
. (5.71)

Contour plots of this function for decreasing values of δ shows an increasingly
good asymptotic approximation of the Stokes line for small δ.This can be seen
in Fig. 5.45.4. Therefore our approximation in (5.715.71) seems to be an excellent
gauge on the true qualitative and quantitative properties, at least for small δ.
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 = 0.9: exact

 = 0.9: asymptotic
 = 0.5: exact

 = 0.5: asymptotic
 = 0.1: exact

 = 0.1: asymptotic

 
δ = 0.9: numeric
δ = 0.9: asymptotic
δ = 0.5: numeric
δ = 0.5: asymptotic
δ = 0.1: numeric
δ = 0.1: asymptotic

Figure 5.4: Comparisons of the equal-
phase contours, Imχ = 0, between
the numerical and asymptotic solutions
for δ = −0.1, 0.5, 0.9. Curves for
the asymptotic solution are obtained by
imposing Im χ̃ = 0, where χ̃ is defined
in (5.715.71). As noted previously, the physi-
cally relevant Stokes line is that which
intersects the free-surface (cf. Fig. 5.25.2).
As δ → 0, we see an increasing cor-
respondence between the Stokes line
obtained by direct integration and that
obtained through the asymptotic proce-
dure outlined in this section.

5.7 Discussion

The goal of this chapter was to develop complex-ray theory in the context of
a two-dimensional flow, for which we already possess the overall solution via
the boundary-integral method of Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006). The
ideas in this chapter will provide a conceptual grounding for the analogous
three-dimensional techniques used in the subsequent two chapters of this
thesis.

We studied the example of a so-called pseudo-step, where the geometry
was specified through the leading-order velocity potential (5.295.29). Considering
this in the regime δ = O(1), we recovered the Stokes lines using the numer-
ical method outlined in §5.45.4. Moreover, we developed a novel asymptotic
procedure to study the behaviour of the complex-ray solutions in the limit
δ → 0, and validated these results against our numerical solutions for small
δ.

As previously noted, the two-dimensional association between the phys-
ical fluid region and the analytically continued free surface means that
the solution in complex space can be naturally identified with the physical

84 CHAPTER 5 · A RAY-THEORETICAL APPROACH TO EXPONENTIAL ASYMPTOTICS AND TWO-DIMENSIONAL FLOWS



inner fluid. Thus the full span of ray solutions to Charpit’s equations (5.195.19)
can be thought of as equally valid in the fluid region. The Stokes line,
defined by Imχ = 0 and Reχ > 0, can then be extracted from this
solution. From this perspective, the Stokes-ray scheme which allowed us to
directly obtain the Stokes line may seem a little unnecessary in this context.
However, as we shall see in the following chapters, for three-dimensional
problems the relationship between physical and analytically continued spaces
are much more sophisticated. Consequently in Chap. 77 we rely heavily on a
three-dimensional formulation of the Stokes-ray method (outlined in §7.37.3)
to directly obtain the Stokes line. The methods employed in this chapter
therefore also serve as a conceptual grounding for the work in later chapters.

Now that we have an understanding about how two-dimensional fluid-
structure problems are solved using boundary integral methods (Chaps. 33
& 44) and complex-ray theory (this chapter), we proceed to study more
challenging problems involving three-dimensional flows.
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THE LINEARISED THREE-DIMENSIONAL
SUBMERGED POINT-SOURCE PROBLEM

6As we have demonstrated in earlier chapters, it is well known [see
e.g. Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006); Trinh and ChapmanTrinh and Chapman (20132013);
Lustri and ChapmanLustri and Chapman (20132013)] that the Stokes phenomenon is intimately
connected with the generation of free-surface waves by interactions with
solid bodies submerged in the fluid. In two dimensions, recent exponential
asymptotic analysis has shown that the associated Stokes lines emanate from
certain points on solid boundaries (often corners of the object, or from
singularities in its analytic continuation). The existence and location of an
analogous so-called Stokes surface in three dimensions is unknown. Also
unknown is how the Stokes surface might be modified for flows around more
general obstructions. In Fig. 6.16.1, we illustrate what such a surface may look
like.

The reduction of two-dimensional surface flows to a one-dimensional
boundary integral has been the subject of much study recently [see e.g.
Vanden-BroeckVanden-Broeck (20102010) for boundary-integral numerics, and Crew and TrinhCrew and Trinh
(20162016) boundary-integral analytic continuation]. However, the reliance of
the approach on complex variable techniques renders it problematic when
applied to the three-dimensional problem. Instead, a direct treatment of
Laplace’s equation for the velocity potential, ∇2ϕ = 0, involving exponential
asymptotics and complex-ray theory has been leveraged in recent papers to
great success. Indeed in recent years progress has been made in studying the
Stokes phenomenon for a point-source problem. Lustri and ChapmanLustri and Chapman (20132013)
considered a linearisation of the problem around a small source strength and
located the free-surface Stokes line for this case. The ability of more general
solid-bodies to be modeled in terms of a compositions of point sources [as
demonstrated e.g. in HavelockHavelock (19321932); Liu and TaoLiu and Tao (20012001)] indicates the
importance of this model in relation to study of more generic problems of
flow past a solid obstruction.

 

Stokes surface

Flat surface exponentially small ripples

Submerged body

Figure 6.1: Visualisation of a Stokes sur-
face (shown red) for three-dimensional
flow around an obstacle. This is the
surface across which the Stokes phe-
nomenon occurs, separating the wave-
less region from the downstream region
of exponentially small ripples. Arrows
indicate direction of flow.

To this end, this chapter addresses the second goal listed in the outline
of this thesis (Chap. 11), namely to develop a technique for resolving three-
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dimensional solutions to linearised fluid structure interactions. In particular,
the chapter is structured as follows:

1. In §6.16.1-6.46.4 we provide background and formulate the point-source
problem on the free surface.

2. Next in §6.56.5 we review the two-dimensional complex-ray technique
of Lustri and ChapmanLustri and Chapman (20132013) and in §6.66.6 provide a preliminary
asymptotic analysis of the free surface.

3. In §6.76.7 we outline a technique to numerically replicate the results of
Lustri and ChapmanLustri and Chapman (20132013), and in §6.86.8 we adapt this method using
three-dimensional complex-ray theory. Numerical three-dimensional
results are provided (Fig.6.76.7).

4. Finally, in §6.96.9 we provide an alternative derivation of these results
using the method of steepest descents.

At the end of this study we will have developed methods to derive Stokes
surfaces for linear flow. Moreover, the work of this chapter will be extended
in the subsequent Chap. 77, where we shall study the same problem for a point
source of unitary magnitude.

6.1 Introduction

In the classic Kelvin wave problem, one considers the production of waves
in a uniform stream as flow passes a ship modeled as a point source at
the origin. As shown by Kelvin [cf. DarrigolDarrigol (20052005)], the mathematical
model can be posed in terms of Fourier integrals, after which an asymptotic
analysis in the downstream limit predicts the well-known V-shaped wave
pattern [see e.g. EggersEggers (19921992), Pethiyagoda et al.Pethiyagoda et al. (20142014)]. In situations
where the point source is submerged, the analysis is rendered more difficult
(Lustri and ChapmanLustri and Chapman, 20132013), and this is a scenario we shall discuss in this
chapter.

The Kelvin point-source model provides a geometrical linearisation of
more complicated wave-generating bodies; however, where it is important to
analyse flows around blunt-bodied obstructions with nonlinear geometries,
it can be advantageous to develop asymptotics in the low-Froude or low-
speed limit (OgilvieOgilvie, 19681968). This is characterised by small values of the Froude
number, F , defined via

ϵ ≡ F 2 =
U2

gL
, (6.1)

which provides a measure of the relative balance between inertial forces,
governed by the velocity and length scales, U and L, and gravitational forces,
governed by the acceleration due to gravity, g.

Unfortunately, the study of the low-Froude limit, ϵ→ 0, presents notable
challenges first remarked by OgilvieOgilvie (19681968), and now referred to as the
‘low-speed paradox’ (TulinTulin, 20052005). Specifically, suppose we write the velocity
potential, ϕ, as a series expansion in ϵ:

ϕ(x, y, z) = ϕ0(x, y, z) + ϵϕ1(x, y, z) + ϵ2ϕ2(x, y, z) + · · · . (6.2)
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(a) (b)

y

x

Longitudinal waves

Transverse waves

Kelvin wedge angle

z = η(x, y)

Point source

Downstream wavetrain

z
x

y

Figure 6.2: Fluid configuration: (a) A
numerical surface wave calculated for
ϵ = 0.15. The underlying steady flow
is in the positive x-direction. A point
source (indicated by a bold circle) is
placed below the free surface (indicated
by shaded light grey). The interaction
of this flow with the point source in-
duces a downstream wavetrain. (b) The
schematic of the wavetrain. Longitudinal
and transverse waves form a wavetrain
similar to—but distinct from—that seen
in the classic Kelvin-ship problem.

The leading-order term, ϕ0, corresponds to the so-called double-body flow
where the free surface is flat. This term then encodes the information of the
problem geometry; in our case this consists of uniform flow over a submerged
point source at (0, 0,−h):

ϕ0 = Ux︸︷︷︸
Uniform flow

− δ

4π

{
1√

x2 + y2 + (z − h)2
+

1√
x2 + y2 + (z + h)2

}
︸ ︷︷ ︸

point source terms

.

(6.3)
The leading-order approximation, ϕ0, is wave-free, and as remarked by
OgilvieOgilvie (19681968), the subsequent terms, ϕ1, ϕ2, etc. will also fail to capture
wave phenomena. The waves are in fact exponentially small and beyond all
orders of the algebraic expansion in ϵ.

In fact, as consequence of the singularly perturbed nature of ϵ → 0,
the base series in (6.26.2) diverges. The divergent expansion can be optimally
truncated, and the exponentially small remainder sought. This yields

ϕ(x, y, z) =

N∑
n=0

ϵnϕn(x, y, z) +
[
A(x, y, z)e−χ(x,y,z)/ϵ + c.c.

]
. (6.4)

Above, χ(x, y, z) is an important function known as the singulant. We
will typically write the real-valued waves in complex exponential form (c.c.
for complex conjugate). Thus, Reχ provides a measure of the exponential
dependence of the waves and this is shown in Fig. 6.26.2.Exponential asymptotics
provides those tools for derivation of the exponentially small contributions
(BoydBoyd, 19991999).

There is a subtle aspect involving the exponentially small waves in (6.46.4).
These waves do not exist at all points in R3, but rather, they may switch-on
across certain critical manifolds known as Stokes surfaces. That is, in certain
regions of the physical flow, A in (6.46.4) is identically zero, but A becomes
non-zero upon crossing a Stokes surface; this is illustrated in Fig. 6.36.3. This
peculiar transition is known as the Stokes Phenomenon, and is generic to
many singularly perturbed problems. In two-dimensional free-surface flows,
the Stokes Phenomenon governs the generation of surfaces waves across
Stokes lines (Chapman and Vanden-BroeckChapman and Vanden-Broeck, 20062006). In standard differential
equations theory, the simple analogue that will be familiar to most readers
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φ ∼ φ0

φ ∼ φ0 +Ae−χ/ε + c.c.

Stokes surface

Figure 6.3: The Stokes surface: traversing
a Stokes surface induces a switch-on of
an exponential term in the solution.

is the transition from exponential decay to oscillatory in the Airy equation
(Berry and HowlsBerry and Howls, 20152015) that occurs across the origin.

For a given three-dimensional fluid-structure interaction problem in the
ϵ→ 0 limit, the question is whether the Stokes surface(s) can be established.
In this chapter, we shall demonstrate a numerical methodology that allows
Stokes surfaces to be derived for linear geometrical problems (such as the
submerged point-source problem), but that can be generalised to nonlinear
geometries.

6.2 Background and open questions

The study of water waves produced by flows past wave-generating bodies
is extensive and we refer readers to the literature reviews found in StokerStoker
(19571957); Wehausen and LaitoneWehausen and Laitone (19601960); WehausenWehausen (19731973); TulinTulin (20052005). The
key distinction of our work is in the analysis of low-speed or low-Froude flows
past submerged point sources. The unique exponential smallness of the waves
in this regime distinguish the problem from themany other linear water-wave
problems (e.g. the classic Kelvin problem) of the past.

Classically, KellerKeller (19791979) studied the Kelvin wave problem of a moving
source on the free surface, and showed the solution of the eikonal equa-
tion is obtained by the method of characteristics, establishing the study of
ray theory [see Chapman et al.Chapman et al. (19981998) and others]. In the case of KellerKeller
(19791979), the source lies on the physical free surface, and waves are asso-
ciated with real-valued rays which emanate from the source point. Two
natural questions arise: namely how these techniques relate to problems of
a submerged body, and how they relate to bodies possessing non-negligible
size: so-called bluff-bodied objects. The first of these questions was stud-
ied by Lustri and ChapmanLustri and Chapman (20132013), who demonstrated that in the case of
a submerged body the analysis is beyond the scope of traditional real-ray
methods as used by KellerKeller (19791979). Instead the specialised technique of
complex-ray theory is required.This study also highlighted the close association
between the Stokes phenomenon and the generation of free-surface waves
by interactions with submerged solid bodies. Using complex-ray theory,
Lustri and ChapmanLustri and Chapman (20132013) showed that the linearised point-source problem
admits explicit solutions on the free surface.
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The family of solutions found for the singulant govern the location of
the Stokes lines on the free surface. In essence, the singulant we see on
the free surface is the restriction of a more general singulant function of
three variables: x, y, and z. In the same manner, the Stokes lines discovered
by Lustri and ChapmanLustri and Chapman (20132013) are the free-surface intersections of Stokes
surfaces, which can be visualised as sitting within the three-dimensional
fluid domain. In two-dimensional problems, recent exponential asymptotic
analysis [e.g. Trinh and ChapmanTrinh and Chapman (20132013)] has shown that the Stokes lines
associated with this phenomenon emanate from certain points on solid
boundaries (often corners of the object). In this chapter we shall address the
following questions:
(i) What is the nature of the singulant and the associated Stokes sur-

face (the so-called Stokes structure), and its projection in three-
dimensional space?

(ii) In many wave-structure problems of this type which do not use
a linear reduction, we are unable to obtain the singulant in exact
form. What methods would be appropriate to use when such exact
solutions are not available?

(iii) Would these methods be suitable for investigating the corresponding
nonlinear point-source problem?

Finally, we reiterate that the classical boundary-integral techniques used
for two-dimensional problems are unavailable in the three-dimensional con-
text. Instead, a direct treatment of Laplace’s equation for the velocity poten-
tial, ∇2ϕ = 0 must be performed. To this end, the work in this chapter will
draw heavily upon ray-theory (in particular complex-ray theory). We now
briefly discuss why is it necessary to use this technique.

6.3 The necessity of complex-ray theory

As we have discussed, the primary focus of the study shall be the so-called
‘singulant’ function, χ(x), which characterises exponential terms of the form
A(x) exp(−χ(x)/ϵ). A significant part of this work relies on working in
higher-dimensional complex space (notably x ∈ C3), so here we shall clarify
why the theory must be developed in this space. For clarity, let us introduce
the spaces:

real fluid volume: V = {x = (x, y, z) ∈ R3 : 0 ≤ z ≤ η(x, y)}, (6.5)
real free surface: F = {(x, y) ∈ R2, z = η(x, y)}. (6.6)

In §6.46.4, we shall see that the singulant is governed by the boundary-value
problem involving the eikonal equation,

χ2
x + χ2

y + χ2
z = 0 in the fluid, x ∈ V , (6.7a)

χz = χ2
x on the free surface, x ∈ F , (6.7b)

χ = 0 on x2 + y2 + (z ± h)2 = 0, (6.7c)

where subscripts denote partial differentiation. Important to note is that the
condition (6.7b6.7b) is produced by a linearisation about a uniform flow [i.e.
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δ � 0 in (6.36.3)]. As will be outlined in §6.46.4, the final condition is required
for consistency between leading-order and late-order terms of the velocity
potential, ϕ. Notice that χ is zero at a location related to the two physical
source points at z = ±h.

More specifically, we face the following problems:
(i) We might attempt to solve (6.7a6.7a) and (6.7c6.7c), imposing some be-

havioural condition near the two source points (0, 0,±h) and tracing
out rays. However, there is no guarantee that such rays would reach
z = 0, or that if they were to reach, that they would satisfy (6.7b6.7b).

(ii) Thus we would attempt to substitute (6.7b6.7b) into (6.7a6.7a) and solve the
limited problem of χ2

x+χ
2
y+χ

4
x = 0 on z = 0. However, the source

condition (6.7c6.7c) is now x2 + y2 + h2 = 0, which is not satisfied at
any real values of x and y. Instead, the problem can be solved as a
complex-ray problem with rays originating from x2 + y2 + h2 = 0

for complex x, y ∈ C.
In this chapter we therefore leverage complex-ray theory in a non-standard
manner. Our method is comprised of two parts. The first considers a sub-
problem on the complexified free surface (four dimensions, of which the
physical free surface is a two-dimensional subspace), while the second part
extends the complexified free-surface solution into the complexified fluid
domain (six dimensions, of which the physical fluid-domain is a three-
dimensional subspace). By the method of complex rays, a solution in real
space, say χ, is typically recovered as a real-space restriction of its analytic
continuation χ̃ in complex space, i.e. χ = χ̃

∣∣
R3 . Complex-ray methods

therefore often rely on understanding the relationship between real and
complex domains. A visualisation of these spaces is presented in Fig. 6.66.6.
Finally, we note the solubility of the problem (6.76.7) via Fourier analysis and
the method of steepest descents (for details, see Appendix 6.96.9). However,
in utilising complex-ray theory we develop a generalisable framework by
which we may study fully nonlinear problems. For discussion, see §6.106.10. In
summary, we shall:
(i) Present a numerical scheme to recover exponentially small waves via

complex-ray theory.
(ii) Use this scheme to reproduce the results of Lustri and ChapmanLustri and Chapman

(20132013), and extend the results into the inner-fluid domain, revealing
the associated three-dimensional Stokes structure.

(iii) Leverage algebraic solutions of the linearised problem to perform
far-field asymptotics of the solutions. In particular, we shall confirm
certain conjectures about the connection between the submerged
source problem and the famous Kelvin problem [see KelvinKelvin (18871887)]
in both far-field, and shallow-source limits.

6.4 Mathematical formulation

We consider a steady, irrotational, incompressible, free-surface gravity flow
with surface tension neglected. After suitable nondimensionalisation, the
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governing equations are formulated in terms of the velocity potential, ϕ,

∇2ϕ = δ(x, y, z + h) in the fluid, (6.8a)

with the kinematic and dynamic (Bernoulli) conditions on the free surface,
z = η(x, y),

∇ϕ · n = 0 on z = η(x, y), (6.8b)
ϵ

2
(|∇ϕ|2 − 1) + z = 0 on z = η(x, y), (6.8c)

where n is the unit outward-pointing normal to the free surface. The nondi-
mensional parameter, ϵ, denotes the square of the Froude number, and
measures the relative balance between inertial and gravitational forces (which
are assumed to act in the negative z direction),

ϵ =
U2

gL
. (6.9)

As such, the low-Froude limit corresponds to ϵ→ 0. We consider the regime
in which 0 < δ � ϵ, where δ quantifies a small perturbation to the uniform
flow,

ϕ = x+ δϕ̃.

A balance in (6.8c6.8c) requires η = δη̃. Under these conditions, our governing
equations become

∇2ϕ̃ = 0 for −∞ < z < 0, (6.10a)(
η̃x − ϕ̃z

)
+ δ
(
ϕ̃xη̃x + ϕ̃yη̃y

)
= 0 on z = 0, (6.10b)(

ϵϕ̃x + η̃
)
+ δ

ϵ

2
|∇ϕ̃|2 = 0 on z = 0. (6.10c)

Neglecting terms of O(δ) and dropping hats, the velocity potential, ϕ, and
the free surface, η, are sought via the asymptotic series

ϕ =

∞∑
n=0

ϵnϕn and η =

∞∑
n=0

ϵnηn. (6.11)

Evaluation at O(ϵn) yields

∇2ϕn = 0 for −∞ < z < 0, (6.12a)
ηnx − ϕnz = 0 on z = 0, (6.12b)

ϕ(n−1)x + ηn = 0 on z = 0. (6.12c)

In the limit ϵ → 0 Bernoulli’s equation (6.8c6.8c) implies that η0 = 0. This can
be understood as gravity dominance forcing a flat free surface at leading order.
Thus for the point-source problem, we may use the method of images to infer
the leading-order velocity potential,

ϕ0(x, y, z) = − 1

4π

{
1√

x2 + y2 + (z − h)2
+

1√
x2 + y2 + (z + h)2

}
.

(6.13)
The key to capturing the exponentially small terms is to study the behaviour
of the dominant terms in the limit n → ∞ in order to deduce the nature of
the singulant, χ.
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6.4.1 Divergence of the asymptotic expansion

The estimation of divergent series is studied extensively in Chapman et al.Chapman et al.
(19981998) & Chapman and MortimerChapman and Mortimer (20052005). We note that in (6.8c6.8c) the asymp-
totic parameter, ϵ, multiplies the highest derivative. Consequently higher-
order series terms are obtained using derivatives of lower-order terms. Thus a
singularity present in the lower-order terms in the series will be transmitted
and amplified in the power through subsequent terms and cause a factorial-
over-power divergence in the late terms. This suggests the ansatz,

ϕn ∼ A(x, y, z)Γ(n+ γ)

χ(x, y, z)n+γ
and ηn ∼ B(x, y, z)Γ(n+ γ)

χ(x, y, z)n+γ
, (6.14)

as n → ∞, where Γ denotes the Gamma function, and A, B, and χ are
functions that are independent of n. We emphasise that the function χ

is the same singulant appearing in the exponent of (6.46.4). Its presence as
the denominator in the late-order ansatz provides an interpretation for the
condition (6.7c6.7c), namely that χ = 0 at singularities of the leading-order
solution. It is important to note that when using this ansatz is that we assume
that singularities are isolated and do not coalesce. Making use of this ansatz
in the system (6.126.12), we may derive from the governing equations for the
velocity potential those for the singulant,

χ2
x + χ2

y + χ2
z = 0 for −∞ < z < 0, (6.15a)

−Aχx +B = 0 on z = 0, (6.15b)
Bχx −Aχz = 0 on z = 0. (6.15c)

For a non-trivial χ, the latter two equations demand that

χz = χ2
x on z = 0. (6.16)

Using this condition, the elimination of χz in the eikonal equation (6.15a6.15a)
yields the governing equation for the singulant, χ, on the free surface,

χ2
x + χ2

y + χ4
x = 0 on z = 0. (6.17)

We note that obtaining free-surface solutions for χ is critical for the recovery
of the singulant away from the free surface as we shall outline in §6.86.8.

6.5 Complex-ray theory for the singulant

We have derived above that the singulant, χ, is governed by (6.176.17) on the
free surface, and moreover it is known that the singulant vanishes at singular
points, specifically those given by (6.7c6.7c). On the free surface, this corresponds
to the condition that

χ = 0 on x2 + y2 + h2 = 0. (6.18)

Following Ockendon et al.Ockendon et al. (20032003) and others, we proceed to seek a solution
by use of Charpit’s method. To this end, we introduce

p = χx and q = χy. (6.19)
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Rays are defined as parametrised solutions to Charpit’s equations, in the
variable τ . This yields,

LINEARISED COMPLEX-RAY EQUATIONS FOR THREE-DIMENSIONAL FLOW

dx
dτ = 2p+ 4p3,

dy
dτ = 2q,

dχ
dτ = 2p4,

dp
dτ = 0,

dq
dτ = 0.

(6.20)

The initial data, at τ = 0, given by (6.186.18) closes the system. In order for the
initial conditions to be in the desired form, given by

(x, y, p, q, χ) = (x0, y0, p0, q0, 0) at τ = 0, (6.21)

we introduce the parametrisation variable, s, such that

x0(s) = s, y0(s) = ±i
√
s2 + h2, χ0(s) = 0. (6.22)

We emphasise that s ∈ C in general (cf. discussions in §6.36.3). The initial
conditions p = p0(s) and q = q0(s) may be determined by using the eikonal
equation (6.176.17) and applying the chain rule to dχ/ds. This gives

p20 + q20 + p40 = 0, (6.23)

p0 +
dy0
ds q0 = 0. (6.24)

Assuming we are away from critical points of y′0 (s = 0, and s = ±ih), then
elimination of q0 produces,

p20

(
1 +

1

y′0
2

)
+ p40 = 0. (6.25)

Following our assumption of y′0 6= 0, we see from (6.246.24) that p0 = 0 leads to
the trivial solution for χ. Thus excluding this trivial branch, we obtain initial
conditions for p and q, given by

q0(s) = −p0
y′0

and p0(s) = ±i
(
1 +

1

y′0
2

)1/2

. (6.26)

Substitution of (6.226.22) then produces

p0 = ±h
s

and q0 = ip0
√
h2 + s2

s
. (6.27)

We note that there are two branches contained here, and we shall clarify later
which branch choices should be considered.
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6.5.1 Analytic solutions

In the case of Charpit’s equations (6.206.20), solutions may be obtained by direct
integration; this gives rays of the form

x = x0 + (2p0 + 4p30)τ, (6.28a)
y = y0 + 2q0τ, (6.28b)
χ = 2p40τ. (6.28c)

From (6.28c6.28c), both solutions for p0 yield

χ =
2h4τ

s4
. (6.29a)

Moreover, rearrangement for τ in (6.28a6.28a) produces

τ = ∓ s3(s− x)

2h(2h2 + s2)
, (6.29b)

where the sign choice is written so as to produce branches consistent with
(6.276.27). Using the solutions (6.276.27) for p0 and q0 along with (6.29b6.29b) in (6.28b6.28b)
produces a quartic equation for s,

(x2+y2)s4+4xh2s3+(h2x2+4h2y2+4h4)s2+4h4xs+(4y2h4+4h6) = 0.

(6.29c)
This equation admits four solutions for s which, along with the choice of
sign in (6.29b6.29b) generate eight distinct branches of the singulant, χ. We
adopt the naming convention of Lustri and ChapmanLustri and Chapman (20132013), labeling the
four branches associated with longitudinal waves χL1, . . . , χL4, while those
associated with transverse waves are labeled χT1, . . . , χT4. For brevity, we
present free surface contour plots of only two branches; one of longitudinal
type and one of transverse type, which we label χL1 and χT1 respectively; see
Fig. 6.46.4. As may be readily seen from symmetries in the above terms, further
branches are given by

χL2 = χL1, χT2 = χT1,

χL3 = −χL1, χT3 = −χT1,

χL4 = −χL1, χT4 = −χT1,

(6.30)

where the bar denotes complex conjugation.

6.5.2 Physical validity of free-surface solutions

The radiation condition of §6.46.4 implies the presence of only the wave-free
base solution upstream of the point source. The branches χL1, χL2, χT3, and
χT4 satisfy the Dingle criterion [cf. (3.303.30)] on the line x = 0. However we
note that

Re(χT3), Re(χT4) → −∞ when y = 0, x→ ∞, (6.31)
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Figure 6.4: Contour plots of the singulant
branches of χL1 and χT1.

and therefore if waves of the form e−χ/ϵ exist in this limit, they violate the
condition of a bounded far field. These branches are therefore precluded from †We note there is a lack of consensus re-

garding the nomenclature of the second-
generation Stokes phenomenon. Conse-
quently what we refer to as a second-
generation Stokes line others may simply
refer to as a ‘Stokes line’ between expo-
nentials. In either case, these refer to lines
across which the Stokes phenomenon oc-
curs between exponentials according to the
criterion of DingleDingle (19731973), outlined around
equation (2.342.34).

being switched-on across x = 0. Thus we conclude that the line x = 0 is a
Stokes line across which only the branches χL1 and χL2 are switched-on by
the base solution. We note the conjugacy of these branches implies real waves
on the surface. In addition to the switching of the longitudinal waves by the
base series via (3.303.30), in this problem we also have the occurrence of a second-
generation Stokes line† where switching is caused by active exponential terms
in the solution. As outlined in DingleDingle (19731973) this is given by

Im(χL1,2) = Im(χT1,2) and Re(χT1,2) ≥ Re(χL1,2). (6.32)

along the curve in Fig. 6.76.7b. It is across this line that transverse branches χT1

and χT2 are switched-on by χL1 and χL2 respectively. We note that branches
χL3, χL4, χT3, and χT4 remain dormant throughout. The solution schematic
is presented in Fig. 6.76.7b: the solution is waveless in region A, composed of
longitudinal waves (represented by branches χL1 and χL2) in region B, and
both longitudinal and transverse waves (represented by χL1, χL2, χT1, and
χT2) in regions C.

6.6 Asymptotics for far field and shallow point source

We now examine the behaviour of the singulant, χ, in both the far-field limit
and the limiting case in which the point source approaches the free surface.
In both cases, we demonstrate an intimate connection between this problem
and the classical Kelvin problem [see KelvinKelvin (18871887)]. First, we show that
in the far-field limit, x → ∞, the second-generation Stokes line (shown in
Fig.6.76.7b) coincides with the Kelvin angle of arctan(1/

√
8) ≈ 19.47◦. Second,
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in the case of the point source approaching the surface, h → 0, and for any
fixed x > 0, we show that the second-generation Stokes line coincides with
the Kelvin angle.

6.6.1 Far-field limit

We now show that the second-generation Stokes line tends to the Kelvin
angle in the far field. Specifically, let us examine the far-field behaviour
restricted to y = αxwithα ∈ R.We seek the solution to the quartic equation,
(6.29c6.29c), in asymptotic form

s = s0 +
s1
x

+ · · · . (6.33)

At leading order, O(x2), the quartic equation becomes

(1 + α2)s40 + h2(1 + 4α2)s20 + 4h4α2 = 0, (6.34)

and this admits four distinct solutions, given by

s01±(α) = ±ih
√

1 + 4α2 +
√
1− 8α2

√
2 + 2α2

,

s02±(α) = ±ih
√

1 + 4α2 −
√
1− 8α2

√
2 + 2α2

.

(6.35)

It may be shown that solutions s01±(x, y) recover the far-field behaviour of
longitudinal branches, while s02±(x, y) recover the behaviour of transverse
branches. Thus when combined with the choice of sign for τ in (6.29b6.29b), the
far-field behaviours of all eight branches are captured by the series (6.366.36). Let
us denote the critical value as

α⋆ ≡ 1√
8
,

corresponding to the Kelvin angle. We see that at this value the branches
degenerate to form only two distinct solutions for s0,

s01±(α
⋆) = ±ih

√
2

3
and s02±(α

⋆) = ±ih
√

2

3
.

Thus at the Kelvin angle we have that longitudinal and tranverse branches are
of equal phase. Further, for |α| < α⋆, the real components of the singulant
are,

Re[χ(s01±)] =
2h(1 + α2)

5 + 8α2 +
√
1− 8α2

,

Re[χ(s02±)] =
2h(1 + α2)

5 + 8α2 −
√
1− 8α2

.

It may be readily seen that for 0 < α < α⋆, we have Re[χ(s01±)] <
Re[χ(s02±)], so it follows that the Dingle criterion is satisfied in the limit
|α| ↗ α⋆. Thus we conclude that in the far field, x → ∞, the second-
generation Stokes line approaches the Kelvin angle, and moreover the second-
generation Stokes line is confined to the inside of the Kelvin wedge (cf.
Fig. 6.76.7).
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6.6.2 Shallow point-source limit

We now show that the second-generation Stokes line coincides with the
Kelvin wedge in the limiting case of a shallow point source, h→ 0. Following
the same approach as above, we consider behaviour on the line y = αx. We
pose an asympotitic series for s in ascending powers of the point-source depth
parameter, h,

s = s0 + hs1 + · · · . (6.36)

At leading order, O(1), the quartic equation (6.29c6.29c) evaluates to

s40x
2(1 + α) = 0. (6.37)

This produces the trivial leading-order solution, s0(x, y) = 0. The three
subsequent orders [O(h),O(h2), and O(h3)] all vanish upon substitution
of s0 = 0. The first nontrivial evaluation is at O(h4), where we obtain the
four solutions

s41±(α) = ±i
√

1 + 4α2 +
√
1− 8α2

√
2 + 2α2

,

s42±(α) = ±i
√

1 + 4α2 −
√
1− 8α2

√
2 + 2α2

.

(6.38)

By comparison of these terms with those in (6.356.35), we see that we may apply
precisely the same arguments seen in the previous section. It follows that we
may conclude that the second-generation Stokes-line approaches the Kelvin
angle as h→ 0.

6.7 Numerical computation of singulant branches

The key idea is that there is a link between s-space and (x, y)-space, this
is a difficult to explore as the partitioning of s-space is highly dependent on
the choice of parametrisation [cf. (6.226.22)]. In order to handle this we design
an algorithm which is explained as follows
(i) Start with a parameter value s = s0, and a particular choice of

(y0-sign, p0-sign) [determining a branch of y and p via (6.226.22)].These
three choices determine a particular complex ray.

(ii) Generate data for x, y, . . . , χ on the finely meshed rectangular re-
gion in τ-space by integrating Charpit’s equations (6.206.20) using any
standard ODE solver (in our case ode113 in Matlab).

(iii) Record the intersection of the zero-contours of Im(x) and Im(y), at † The leading order velocity potential (5.295.29)
is singular when x = (2n+1)πi, however
as per our discussion in (2.12.1), we focus only
on the singularities closest to the real axis.

τ = τ⋆.†

(iv) Calculate the values of x⋆, y⋆, . . . , χ⋆ at the intersection point τ⋆ via
interpolation. This gives the value of χ at (x⋆, y⋆) ∈ R2.

Upon repetition for many choices of s = s0, the landscape of χ(x, y)
emerges. We shall see shortly that different regions in s-space, along with
different choices of (y0-sign, p0-sign) generate the eight different solution
branches. For further insight into the inversion relationship s ↔ (x, y), see
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Appendix B.1B.1 wherein we identify the natural partition of s-space according
to this relationship (see Fig. 6.56.5). We note that while this analysis is helpful,
it is not necessary for the numerical schemes of this section, and indeed
for many problems such an analysis is not possible. With this in mind,
we proceed as though the relationship is not known in advance. We now
outline a continuation-like scheme by which we obtain solution data at
sequential values of s = s0. We refer to these collectively as a ‘walk’ and
each such evaluation as a ‘step’ of the walk. With sufficient steps, each walk
will comprehensively span one region in the s-space. For a visualisation of
the relationship see Fig. 6.56.5. The numerical procedure is as follows:
(i) Select a value of (y0-sign, p0-sign)which shall remain fixed through-

out, and pick an initial point in s-space, s = s0. Choose some large
value L ∈ R+ which will bound the walk by max(|x|, |y|) = L.

(ii) Pick an initial step distance and direction and determine the values
of x⋆, y⋆, χ⋆ for this new point.

(iii) A change of sign in x⋆, y⋆, or a very large value of max(|x⋆|, |y⋆|)will
inform us that have strayed outside of our desired region. In this case,
interatively halve the step distance and repeat step (ii) until either the
new point falls within the desired region, or we exceed some specified
iteration limit.

(iv) If the iteration limit is exceeded we choose a new step direction.
(v) Proceed to walk in this new direction with original step distance.
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s-plane

(+,−)

(−,+)

Reconstructed singulant branches

χL1 χL2 χT1 χT2

Figure 6.5: Recovery of the eight singulant branches by numerical complex rays. Solid arrows denote
mappings from the s-plane to (x, y) ∈ R2 with the labeled choice of (y0-sign, p0-sign). Dotted
arrows represent the combination of quadrants to recover each particular branch of the singulant χ
(cf. Fig. 6.46.4)

.

For a given value of s and a particular choice of
(y0-sign, p0-sign) [cf. (6.226.22), and (6.276.27)], there is a com-
plex ray which intersects real space at some critical value
of its parameter τ = τ⋆(s). Thus substitution of τ⋆(s)

into the ray equations (6.286.28) defines a map in which
s 7→ (x, y, χ). By the method outlined in § 6.76.7, we may
associate regions in s-space with their images in (x, y)-
space under this mapping. In Fig. 6.56.5, this is visualised
in step 1 . We find that in this manner, s-space is
partitioned into eight regions, each corresponding to a
quadrant in (x, y)-space. In this way, the correspon-
dences between s-regions and (x, y) quadrants are
indicated with matching patterns in Fig. 6.56.5. For a single
choice of (y0-sign, p0-sign), this process provides only
partial information for a particular singulant branch. We
must therefore repeat this process for more choices of
(y0-sign, p0-sign) to produce the remaining data and
stitch together the results. This process is visualised in
step 2 . For instance, data for the branch χL1 in the
second and fourth quadrants is obtained via rays cor-
responding to (y0-sign, p0-sign) = (+,−) (step 1 ),
while we obtain data in the first and fourth quadrants via
rays corresponding to (y0-sign, p0-sign) = (−,+). The
four quadrants are then combined appropriately (step
2 ).
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Re(z)
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Im(x)
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Im(y)
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Im(x)

1 : data is known on the initial curve, x2+y2+h2 = 0, indicated
by bold line. A two-dimensional complex ray propagates through
(x, y) ∈ C2 space (cf. §6.56.5).

2 : The value of χ(x, y, 0) is recovered at the
R2-space intersection.

3 : In order to recover the singulant value in (x, y, z) ∈ R3 space,
initial data is harvested from the dotted curve given in (6.446.44).

4 : Complex rays propagate through (x, y, z) ∈ C3 space (cf.
§6.86.8).

5 : From each complex ray, a singu-
lant value at a point in the physical
fluid is recovered at the R3-space in-
tersection.

Figure 6.6: A visualisation of the complex-ray procedures presented in §6.56.5 and §6.86.8. The physical free surface is indicated by the horizontal plane with grey shading. When the solution at a given point is analytically continued
we visualise this as an embedded plane (R2) or volume (R3) unfurling from the relevant point.

.
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Using this procedure we are able to develop an understanding of the asso-
ciation between s- and (x, y)-spaces, and the results of this procedure are
illustrated in Fig. 6.56.5. In particular, this visualises the process by which we
may construct each of the singulant branches.

6.8 Three-dimensional Stokes structure using complex rays

In this section, we outline the crucial ideas for how the main result of this
work—the three-dimensional Stokes structure presented in Fig. 6.76.7—may be
generated. Later in §6.106.10 we shall discuss how these ideas may be extended
to nonlinear problems. In this section, we extend the complex-ray method
may of §6.56.5 so that we may recover the singulant in three dimensions, i.e.
away from the free surface and within the physical fluid. Recall from §6.46.4
that within the fluid domain, −∞ < z ≤ 0, the singulant χ is governed by
the eikonal equation (6.15a6.15a). The motivation for solving on the free surface
was the lack of freely available initial data (see § 6.36.3). However, we now
demonstrate how suitable initial data for an analogous three-dimensional
method is obtained.

Now let us introduce

p̂ = χx̂, q̂ = χŷ, r̂ = χẑ, (6.39)

where, we introduce hats for the purpose of distinguishing the notation from
free-surface data obtained by the method of §6.56.5 [however, we note these
represent the same spacial variables, in particular that χ̂(x̂, ŷ, 0) = χ(x, y)].
Analogously to the previous section we permit our independent variables so
be complex: x, y, z ∈ C, and in accordance with complex-ray theory, the
physical fluid domain is a real subspace. For brevity, we shall omit repetition
of the details similar to those of §6.46.4. Charpit’s equations may be integrated
directly, producing rays of the form

x̂ = 2p̂0t+ x̂0, ŷ = 2q̂0t+ ŷ0, ẑ = 2p̂20t+ ẑ0, χ̂ = χ̂0, (6.40)

where we have used (6.166.16) to eliminate r0. We note that the parametric
variable, t is distinct from the parameter τ in §6.56.5. We choose the in initial
curve at t = 0 to correspond to z = 0, the complexified free surface. We
write this in the form

x̂0 = x(τ, s), ŷ0 = y(τ, s), ẑ0 = 0, χ̂0 = χ(τ, s), (6.41)

where the right hand sides are given by rays (6.286.28), and p̂0 and q̂0 are given by
(6.276.27).We emphasise at this point the complex nature of the two-dimensional
ray method of §6.56.5, in particular that the complex rays allow us to obtain
solution data for the entire complexified free surface. Thus, initial data of the
form (6.416.41) is available to us. In order to recover singulant in physical space,
we now look for intersections of the three-dimensional complex rays, (6.406.40),
with real space. This occurs when

Im x̂ = Im ŷ = Im ẑ = 0. (6.42)
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Figure 6.7: (a): Longitudinal branches are switched-on across the Stokes surface defined by x = 0 separating regions A and B, and switch-on transverse branches across the second-generation Stokes surface (meshed), separating
regions B and C. (b): The solution is composed of regions in which the solution has no waves (A), longitudinal waves (B), and both longitudinal and transverse waves (C). (c): Solution schematic imposed over the numerical free
surface.
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For given initial conditions (i.e. fixed τ and s), the conditions (6.426.42)
represent an overdetermined system of three equations for two unknowns,
Re(t) and Im(t). Thus, in general only rays originating from special points
will intersect real space. The first two real-space conditions, Im(x) = 0 and
Im(y) = 0, are satisfied by

t⋆(x0, y0, p0, q0) = − q01x02 − p01y02
2(p02q01 − p01q02)

+ i q02x02 − p02y02
2(p02q01 − p01q02)

, (6.43)

where we use notation of the form x0 = x01 + ix02. To address the
overdetermined nature of the system, we impose a requirement that the initial
conditions be chosen in a particular manner. Substituting t⋆(x0, y0, p0, q0)
into the final real-space condition, Im(z) = 0, yields the requirement on the
initial data,

Im
{
p20 t

⋆[x̂(τ), ŷ(τ), p0, q0]
}
= 0. (6.44)

This defines a contour in τ-space. Each three-dimensional complex ray
originating from this contour will intersect real-(x, y, z) space at t = t⋆. Thus
each s value produces a family of real-(x, y, z) intersections. A visualisation
of this process is presented in Fig. 6.66.6.

6.9 Examination by Fourier analysis and steepest descent paths

We now provide a brief overview of an alternative derivation of the singulant
using Fourier analysis, and show how the Stokes phenomenon may be
realised by studying the steepest descent approximations of the respective
Fourier integrals. In the context of steepest descents, the Stokes phenomenon
corresponds to a sudden change in saddle contributions to the steepest
descent path; it is in this context that the Dingle criterion (3.293.29) can be
most readily intuited. Our Fourier analysis follows the methods found in
NoblesseNoblesse (19811981), HermansHermans (20112011), and others. We study higher-order terms,
collectively ψ, in the velocity potential expansion seen in §6.46.4,

ϕ = − 1

4π
√
x2 + y2 + (z − h)2

− 1

4π
√
x2 + y2 + (z + h)2

+ ψ. (6.45)

Following Lustri and ChapmanLustri and Chapman (20132013) we re-formulate the problem in terms
of Fourier variables k and l, leading to an integral form for the velocity
potential,

ψ(x) = ϵ

4π2

ˆ ∞

−∞

ˆ ∞

−∞

k2eρ(z−h)

ρ(ρ− ϵk2)
eikx+ily dk dl, (6.46)
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where ρ =
√
k2 + l2. We note the presence of integrand singularities on the

real-k axis; the difficulty in handling inverse Fourier transforms with singular
integrands in a well defined manner is addressed in NoblesseNoblesse (19811981); EggersEggers
(19921992); HermansHermans (20112011), and others. In particular, NoblesseNoblesse (19811981) outlines
how a variety of equivalent analyses which may be performed using different
but equivalant forms of the above integral expression, and compares their
relative merits. One such representation is obtained by transforming to polar
coordinates and setting ρ = u/cos2(φ), producing the expression

ψ(x) = 1

4π2

ˆ 2π

0

ˆ ∞

0

ϵu

(1− ϵu) cos2(φ)e
K(φ;x)u du dφ, (6.47)

with the exponent given by

K(φ; x) = sec2(φ)[ir cos(φ− θ) + (z − h)] .

In this form, the singular behaviour of the integrand is consolidated into
a single simple pole at u = ϵ−1 on the real u-axis. Following NoblesseNoblesse
(19811981), HermansHermans (20112011), and others, the radiation condition may be satisfied
by appropriate consideration of the integral contribution from this pole. If
cos(φ − θ) > 0, to ensure convergence we close the inner integral in the
first quadrant, indenting so as to enclose the pole if x > 0, and exclude the
pole if x < 0. Conversely if cos(φ − θ) < 0 we close the integral in the
fourth quadrant and apply the opposite indentation procedure [cf. HermansHermans
(20112011) p.37]. Accordingly, there is a natural decomposition of the velocity
potential into what NoblesseNoblesse (19811981) refers to as near-field disturbance, and
wave disturbance,

ψ(x) ∼ N(x) +W (x).

The near-field disturbance is given by

N(x) = 1

4π

(ˆ 2π

0
−
ˆ ∞

0
−
ˆ
C1

ˆ +∞i

0

+

ˆ
C2

ˆ 0

−∞i

)
sec2(φ) ϵu

(1− ϵu)
eKu du dφ,

(6.48)

while so-calledwave disturbance oscillatory contributions are contained in the
term

W (x) = iH(x)

2ϵ

(ˆ
C1

−
ˆ
C2

)
sec2(φ)eK/ϵ dφ. (6.49)

The contours of integration are given by

C1 = {φ | 0 ≤ φ < 2π, cos(φ− θ) > 0} ,

C2 = {φ | 0 ≤ φ < 2π, cos(φ− θ) < 0} ,

while H(x) denotes the Heaviside unit-step function.
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6.9.1 Approximating the oscillatory integral by steepest descents

In the asymptotic limit ϵ→ 0 the exponentially small terms seen in §6.46.4 may
be obtained via the method of steepest descents. For a comprehensive review
of the steepest descents method, see e.g. Bleistein and HandelsmanBleistein and Handelsman (19861986).
In essence, it is an asymptotic technique which enables the approximation of
certain integrals by the evaluating only their contributions at certain critical
points; in particular branch singularities and so-called saddle points. As ap-
plied to the oscillatory term,W (x), we may expect saddle point contributions
from stationary values of the integrand exponent of (6.496.49), i.e. at the zero
locations, φs, of

K ′(φ) =
ir[sin(2φ− θ) + 3 sin(θ)] + 4 sin(φ)(z − h)

2 cos3(φ) . (6.50)

Each critical point has an associated steepest descent contour, following
Im(K) = const. and such that Re(K) is maximised at φs. The goal of the
method is to replace the original integration contour with a path composed
of one or more contours of steepest descent according to Cauchy’s theorem.
Thus, a saddle point contributes to the final integral approximation if and
only if it is both possible and necessary for the steepest descent path to
contain the contour of that particular saddle; we note that integration end
points always contribute. For each such critical point, it may be shown
[see Bleistein and HandelsmanBleistein and Handelsman (19861986)] that the integral contributions are
proportional to

A(x, y, z) exp
[
K(φs(x, y, z))

ϵ

]
. (6.51)

By comparing this with the exponentially small terms (6.46.4), we note the
natural association between the saddle point exponents,K(φs(x, y, z)), and
the singulant, χ(x, y, z). Although the exact locations of the saddles are not
explicitly soluble, we may leverage conjugate symmetries in the exponent,
K(φ(x, y, z)), to show that a saddle located at φ = φs implies the location
of a further saddle point at φs + π. To see this, we note the relation

K ′(φ+ π) =
−ir[sin(2φ− θ) + 3 sin(θ)] + 4 sin(φ)(z − h)

2 cos3(φ) = K ′(φ).

Furthermore, K satisfies the relationship K(φ + π) = K(φ), and so the
branches corresponding to the saddles φs(x, y, z) and φs(x, y, z) + π are
conjugate pairs. Indeed we see the same conjugacy relations between saddle
contributions as those between singulant branches (cf. §6.5.16.5.1).

6.9.2 The second-generation Stokes phenomenon

As emphasised in Bleistein and HandelsmanBleistein and Handelsman (19861986), a crucial step in the
method of steepest descents is a justification for the replacement of the
integration contour with the final steepest descents path. In practice, this
is satisfied if we can perform a continuous deformation between the paths.
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Figure 6.8: A continuous deformation of
the integration contour [0, 2π] into the
path of steepest descent for a point in
region C, (x, y, z) ≈ (8.29, 1.11, 0)

[cf. Fig 6.76.7].
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Figure 6.9: Equal-phase contours (paths
of steepest descent/ascent) for locations
slightly left of, on, and slightly right of
the second-generation Stokes line. Note
that for simplicity, we have not drawn
the residue integral contours around
the singular points (white circles). The
asymptotic contributions due to those
points follow the calculations near poles
and shown in §6.96.9.

For the integral evaluated at (x, y, z) ≈ (8.29, 1.11, 0), indicated by ⊗ in
Fig. 6.76.7, a sketch of such a deformation is presented in Fig. 6.86.8. We note that
this point is inside region C, thus we expect saddle point contributions of
both longitudinal and transverse type. Indeed, the final steepest descent path
passes through both of these saddle types. By comparing the steepest descent
contours in this case with those in which the integration is performed at a lo-
cation in region B, it may be verified that it is unnecessary to proceed through
transverse saddle points and thus waves of this type remain inactive here. In
Fig 6.96.9, we compare the equal-phase contours, Im(K(φ)) = Im(K(φs)), as
we traverse the second-generation Stokes line transition from region B into
region C, and note the transition of these contours as the second-generation
Stokes line is crossed.

Local analysis of branch singularities

We note the presence of critical points of the integrand when cos(ψ) = 0 i.e.

φ0n = (n+ 1/2)π. (6.52)

To study the local behaviour of the exponent function,K, we introduce

Meim = ir cos(π/2− θ) + z − h, (6.53)
ρeiσ = φ− π/2. (6.54)

In the vicinity of these singular points, we have that

K ∼ M

ρ2
ei(m−2σ), (6.55)

=
M

ρ2
sin(m− 2σ) + iM

ρ2
cos(m− 2σ). (6.56)

From this we see that constant-phase contours Im(K) = C [i.e. paths of
steepest descent/ascent in Re(K)] are given by

ρ =

√
M

C
sin(m− 2σ). (6.57)

Thus the equal-phase paths connect to the singular points (6.526.52) with separa-
tion angles given by

σ − m

2
→ nπ

2
, as ρ→ 0. (6.58)
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Moreover, as ρ→ 0 we have that

Re(K) → −∞ if − 3π

4
< σ − m

2
< −π

4
, (6.59)

Re(K) → ∞ if − 3π

4
< σ − m

2
< −π

4
. (6.60)

Thus the equal-phase contours connect to the singular points at intervals of
π/2 and are located alternatingly in the centre of the hills and valleys of Re(K)

(see Fig. 6.86.8). For every choice of θ, the integration path [0, 2π] enters the
singular points in a valley of Re(K) (and thus the integral is well defined).
For a given valley, deformation that complies with Cauchy’s theorem must
preserve for each valley the number of paths entering minus those exiting
throughout the deformation. In region B (see Fig. 6.76.7) it is not possible to
deform in such a way that also produce a steepest descent path which passes
through transverse type saddles.

6.10 Discussion

This chapter was driven by two principal motivations. First was to extend
to the work of Lustri and ChapmanLustri and Chapman (20132013) who had studied linearised flow
past a submerged source in the low-Froude limit and uncovered the Stokes
structure—that is, the family of Stokes lines across which exponentially small
waves switch-on—on the free surface. Additionally, we wished to develop
a method which would be applicable to a wider class of problems than
linearised gravity flow. The work of Lustri and ChapmanLustri and Chapman (20132013) relied on
a complex-ray approach in which the linear PDEs governing the problem
were solved analytically, with the respective solution branches revealing the
nature of the Stokes structure. These results naturally provoke the question
of the existence of Stokes surfaces, the three-dimensional analogue of Stokes
lines, within the fluid. The nature of such structures was not addressed
by Lustri and ChapmanLustri and Chapman (20132013), and indeed the two-variable complex-ray
approach utilised by the authors for the free-surface problem is not sufficient
to reveal Stokes phenomena within the fluid. Our aim, therefore, was to
develop a method which both replicates the results of Lustri and ChapmanLustri and Chapman
(20132013) on the fluid free surface and reveals the three-dimensional Stokes
structure. In this chapter, we have reproduced these findings numerically, and
have developed a numerical method which confirms what physical intuition
would suggest; that there exists a similarly sophisticated Stokes structure
within the fluid itself. We believe Fig. 6.76.7 is the first determination of such
three-dimensional structures.

Is it necessary to resort to complex-ray theory? In essence, the singulant is
governed by a first-order boundary-value problem (with boundary constraints
given by (6.7c6.7c) along with (6.7b6.7b) on z = 0). Crucially these curves are
themselves partially intersecting. In order to ensure both conditions are
satisfied, we intitialise our method at the intersection of these two boundaries
in complex space; meaning that any ray scheme will necessarily require
complex rays. We note also the importance in understanding the relation-
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ship between solutions in complex space and those in real space. For two-
dimensional problems, the utility of complex rays is well documented [see e.g.
Chapman et al.Chapman et al. (19991999)]. In such contexts, a single complexified independent
variable may be readily associated with real space by the natural mappingC →
R2 [see e.g. Crew and TrinhCrew and Trinh (20162016)]. In higher dimensions, the ambiguous
relationship between C2 and R3 makes the complexification of two or more
variables considerably more complicated.

What other problems can be studied using this complex-ray approach? Our
method may in principle be applied to any generic problem governed by
a first-order PDE with sufficient known data along a curve. In particular,
the method is well suited to problems requiring the solution of a singulant
function as we know it must vanish on the curve along which the velocity
potential is singular. Thus, a natural extension to this work is to the prob-
lem of linearised gravity-capillary flow over a submerged source, where the
governing equation in place of (6.176.17) is

β2χ4
x + (χ2

x + χ2
y)[βτ(χ

2
x + χ2

y)− 1]2 = 0,

where β and τ are associated with the Froude andWeber numbers respectively
[see Lustri et al.Lustri et al. (20192019)].

Despite the method making no assumption of linearity in the underlying
equations, the recovery of the singulant for the nonlinear problem is non-
trivially more complicated, with the corresponding analysis generating the
free-surface solvability condition

χz = (χxϕ0x + χyϕ0y)
2

in place of (7.127.12). This produces the governing equation for χ,

χ2
x + χ2

y + (χxϕ0x + χyϕ0y)
4 = 0,

leading to a considerably more complicated problem due to the govern-
ing equations containing derivatives of a singular ϕ0. This problem is not
amenable to analytical solution, however, the numerical complex-ray meth-
ods developed in this work may in principle be applied to this more general
problem. In particular, the three-dimensional portion of the complex-ray
scheme of §6.86.8 relies only on the eikonal equation (6.15a6.15a), a linear PDE. This
crucial part of the method remains largely unchanged even when studying
the problem without linearisation assumptions. In all cases, the logistical
difficulty of the stitching procedure outlined in §6.76.7 depends upon the
simplicity of correspondence between physical space and parameter space. In
linear problems, this may be established analytically. However, for nonlinear
problems, such a-priori information is not available, thus an application of
the numerical method of §6.76.7 to such problems will likely necessitate a
fine meshing of the parameter space. The nonlinear submerged point-source
problem is Chap. 77 of this thesis. In Fig. 6.106.10 we present one numerical result
from this study, namely the Stokes line on the free surface, i.e. the intersection
of the Stokes surface with the free surface. A detailed presentation of the
numerical results can be found in §7.57.5 of the following chapter.
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Figure 6.10: The intersection of the
Stokes surface with the free surface for
the problem of nonlinear flow over a
point source ofO(1) strength. This prob-
lem is studied in Chap. 77, where a de-
tailed presentation of the numerical re-
sults can be found in §7.57.5.

May the Fourier analysis method be applied to nonlinear problems? The
efficacy of the Fourier approach of §6.96.9 relies on the linearity of the un-
derlying governing equations. For the nonlinear problem described above,
reformulation of corresponding governing equations in terms of Fourier
variables requires the use of convolutions, greatly exacerbating the process
of obtaining Fourier solutions.

May the methods developed in this chapter be used to model flow around three-
dimensional bluff bodies? It is known [see Liu and TaoLiu and Tao (20012001)] that more
general bodies may be modeled using a composition of point sources. A firm
understanding of the nonlinear point-source problem, underpinned by the
methods of this work may extended to a theory for more general nonlinear
obstructions.
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THE NONLINEAR THREE-DIMENSIONAL
SUBMERGED POINT-SOURCE PROBLEM 7In this chapter we consider a complex-ray theoretical approach to the problem
of flow over a submerged point source of strength δ. In Lustri and ChapmanLustri and Chapman
(20132013) and Chap. 66, this problem was studied by linearising about a point
source of vanishingly small strength, δ � 1. In contrast, this chapter makes
no such assumption and we develop a model which is valid for δ = O(1), i.e.
a point source of unitary magnitude. The chapter is structured as follows,

1. First, we formulate the problem and derive the governing equation for
the singulant, χ, on the free surface using exponential asymptotics. We
will show that χ is governed by an equation which is dependent on the
derivatives of the leading-order velocity potential ϕ0 [cf. the linearised
governing equation (6.176.17) of the previous chapter].

2. Next, we define the point-source geometry through specification of the
leading-order velocity potential, ϕ0. We discuss the problems which
arise as a consequence of the singularities in ϕ0, principally that the
governing system for χ becomes non-invertible at these points. This
requires us to utilise a more sophisticated numerical procedure.

3. We outline a specialised numerical scheme which solves the governing
equations via complex-ray theory by solving for so-called Stokes rays
(which travel along level sets of Imχ). This scheme is the three-
dimsional analogue of the procedure outlined in §5.35.3 of Chap. 55. We
present numerical results from this procedure, notably the Stokes line
on the free surface.

4. Finally, we perform an asymptotic analysis of the ray equations and
recover analytical Stokes lines correct to first order in δ. We use
these asymptotic solutions and to further understand the nature of the
solutions upon δ → 0 and provide a unifying analytic link between
this problem and the linearised model studied by Lustri and ChapmanLustri and Chapman
(20132013).

Thework in this chapter uses the theory of complex rays [as in Chapman et al.Chapman et al.
(19991999)], and relies upon the theory of functions of several complex variables.
For an introductory guide to this theory, we recommend KrantzKrantz (19871987),
ChakrabartiChakrabarti (20112011), and Korevaar and WiegerinckKorevaar and Wiegerinck (20172017). Many of the
preliminary ideas of numerical complex ray shooting that we use here follow
from the previous two chapters, and also in the work of FitzgeraldFitzgerald (20182018),
who discusses the complexity of solving for Stokes rays when the ray space is
so complicated. Our work in this chapter improves upon the basic numerical
schemes and results of this latter work.

Prior work on numerical complex ray shooting

Interestingly, we have not been able to find much existing literature on
the problem of numerically solving (nonlinear) equations for complex rays
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in C3 or six-dimensional real space. It is important to note here that our
problem seems to be quite different from standard treatments, such as the
ones discussed in Egorchenkov and KravtsovEgorchenkov and Kravtsov (20012001). In our problem, the
ray equations must be solved from near singular or branched points; and
moreover, they must be solved subject to free-surface boundary conditions,
which complicate the usual eikonal equation.

Nevertheless, there are a series of works by StoneStone (20162016); Stone et al.Stone et al.
(20172017, 20182018) that essentially develop numerical-ray techniques for the time-
harmonic linearised Euler equations. These works concern the propagation of
acoustics due to interactions between point sources and jet flows.The problem
is governed by an eikonal equation from which ray equations may be derived.

In this problem, rays initiate from a point in real space and are defined by
a set of parameters s = (µ, λ, τe). The first two elements, µ and λ are angles
define the ‘initial firing direction’ of the ray, while the final element defines
the integration time τ = τe of the ray. This is shown in Fig. 7.17.1.

 

x′

y′

z′

x(s)
xR

xS
µ

λ

Figure 7.1: Image adapted from
Stone et al.Stone et al. (20182018) showing the initial
and propagating ray geometry. Rays
initiate from xs with an ‘initial firing
direction’ defined by polar µ and
azimuthal λ angles (with cartesian
directions denoted by x′, y′, and
z′). The ray is integrated until a time
τ = τe, and terminates at a point x(s).
A boundary-value problem is posed for
the difference between the ray endpoint
x(s) and a desired ‘receiver location’,
xR.

The key approach of Stone et al.Stone et al. (20182018) was to perform an inversion
and consider a boundary-value problem for the difference between the ray
endpoints, x(s), and a desired receiver location, xR. For a given receiver
location xR, the goal was to solve for the set of parameters, s = (µ, λ, τe)

which produce rays terminating at xR; in other words obtain s such that

F(s; xR) ≡ x(s)− xR = 0, (7.1)

The numerical scheme to tackle this problem is presented in Stone et al.Stone et al.
(20182018). A selection of their results is shown in Fig. 7.27.2, showing successful
rays connecting point source and the receiver point. As shown in the figure,
in order connect source and receiver, there may be either two complex rays,
two real rays, or a real and complex ray.

As we shall outline later, our problem is reminiscent of their work, with
some crucial differences.

Firstly, in the acoustics problem the only criterion on the rays is that they
initiate from a fixed location and hit the desired receiver location xR in real
space. Interestingly, it turns out that for most choices of xR, it is possible
to obtain real rays which satisfy this. Moreover, it was largely impractical to
use complex rays due to the difficulty of obtaining initial seeding values in
complex space.

114 CHAPTER 7 · THE NONLINEAR THREE-DIMENSIONAL SUBMERGED POINT-SOURCE PROBLEM



Figure 7.2: Image from Stone et al.Stone et al.
(20182018). This image shows various real
(blue) and complex rays (red/grey) that
connect a source point, xs, and differ-
ent receiver points, xR, that are moved
along an arc parameterised by θ. For
such configurations, there are either two
real rays, two complex rays, or a real and
complex ray.

In contrast to this, our problem will require fully complex rays which
intersect the free surface, while additionally satisfying kinematic and dynamic
boundary conditions when they do so. This was discussed in further detail in
§6.36.3 of Chap. 66. A consequence of this is that—in contrast to the mentioned
works—the solution space is entirely inaccessible using real-rays alone.

There are additional complexities. In the acoustics problem of Stone et al.Stone et al.
(20182018), rays are shot from a location in real space, with the ‘initial firing
direction’ (defined by µ and λ) and ray ‘length’ (defined by τe) sought
as a solution to the boundary-value problem. In our case, the family of
complex rays are shot from various locations along a complex manifold (the
complexification of the point source). If we characterise the location on this
manifold by the parameter s ∈ C, then the goal is to obtain s as a solution to
the boundary-value problem,

F (s) ≡ | Im(x(s)) | = 0. (7.2)

Moreover, it turns out that the complex-ray equations are non-invertible on
the initial manifold. Together, these issues involving the ray equations and
associated constraints, along with the complexity of the behaviour near the
ray origin, seem to complicate the solution space significantly.

We begin with a mathematical formulation of the problem. Since the
physical scenario is identical to that of the previous chapter, this section is
mainly an abridged review of the problem formulation found there. For full
details the reader may see §6.46.4 of the previous chapter.

7.1 Mathematical formulation

We consider a steady, irrotational, incompressible, free-surface gravity flow
with surface tension neglected. After suitable nondimensionalisation, the
governing equations are formulated in terms of the velocity potential, ϕ,

∇2ϕ = δ(x, y, z + h) in the fluid, (7.3a)
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with the kinematic and dynamic (Bernoulli) conditions on the free surface,
z = η(x, y),

∇ϕ · n = 0 on z = η(x, y), (7.3b)
ϵ

2
(|∇ϕ|2 − 1) + z = 0 on z = η(x, y), (7.3c)

where n is the unit outward-pointing normal to the free surface. The nondi-
mensional parameter, ϵ, denotes the square of the Froude number, and
measures the relative balance between inertial and gravitational forces (which
are assumed to act in the negative z direction),

ϵ =
U2

gL
. (7.4)

We study the problem in the low-Froude limit of ϵ→ 0.

7.1.1 Obtaining a governing equation for the singulant

We now apply the exponential asymptotics procedure to the problem in order
to derive the ray equations. Analogously to the two-dimensional technique
in §5.15.1 of Chap. 55, we map the free-surface to a fixed axis using

Z = z − η(x, y) and Φ(x, y, Z) = ϕ(x, y, z). (7.5)

This leads to the system

∇2Φ+ (∇η · ∇η)ΦZZ − 2∇η · ∇(ΦZ)− ΦZ∇2η =0, (7.6a)
∇η · ∇Φ− (1 + (∇η · ∇η))ΦZ =0, (7.6b)

ϵ

2

(
(∇Φ · ∇Φ) + (∇η · ∇η)Φ2

Z − 2ΦZ∇η · ∇Φ)
)
+ η =0, (7.6c)

where now ∇ = (∂x, ∂y, ∂Z) and the latter two equations apply on the free
surface Z = 0. We seek Φ and η as asymptotic series in ϵ,

Φ =

∞∑
n=0

ϵnΦn and η =

∞∑
n=0

ϵnηn. (7.7)

As in the two-dimensional case, (7.6c7.6c) reveals a flat free-surface to leading
order, η0 = 0. As outlined throughout this thesis, singularities present in
leading-order terms amplify through successive terms leading to a factorial-
over-power divergence. This motivates the following ansatz for the late-order
terms,

Φn ∼ A(x, y, Z)Γ(n+ γ)

χ(x, y, Z)n+γ
and ηn ∼ B(x, y, Z)Γ(n+ γ)

χ(x, y, Z)n+γ
. (7.8)

By the same argument as seen below equation (5.65.6) of Chap. 55 it may be
shown that each successive term and derivative term of (7.87.8) grows by an
order of magnitude in n, thus

Φn+1

Φn
∼ ηn+1

ηn
∼ ηnx

ηn
∼ Φnx

Φn
∼ · · · = O(n). (7.9)
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Thus upon evaluation of (7.67.6) at O(ϵn), the leading-order terms in n in the
limit n→ ∞ come from,

Φnxx +Φnyy +ΦnZZ = 0, (7.10a)
ηnxΦ0x + ηnyΦ0y − ΦnZ = 0 on Z = 0, (7.10b)

Φ0xΦ(n−1)x +Φ0yΦ(n−1)y + ηn = 0 on Z = 0. (7.10c)

Use of the ansatz (7.87.8) in these equations produces,

χ2
x + χ2

y + χ2
z = 0, (7.11a)

B(χxΦ0x + χyΦ0y)−AχZ = 0 on Z = 0, (7.11b)
−A(χxΦ0x + χyΦ0y) +B = 0 on Z = 0. (7.11c)

For a non-trivial solution χ, the latter two equations require that on Z = 0

we have
χZ = (χxΦ0x + χyΦ0y)

2. (7.12)

Consequently χ is governed by the partial differential equation on the free-
surface,

χ2
x + χ2

y + (χxΦ0x + χyΦ0y)
4 = 0, (7.13)

on the free surface Z = 0. The problem remains that the evaluation of Φ
relies on the as-yet unknown function η(x, y). However an application of the
chain rule to (7.57.5) leads to

Φ0x = ϕ0x + η0xϕ0z = ϕ0x, (7.14)
Φ0y = ϕ0y + η0yϕ0z = ϕ0y, (7.15)

on the free surfaceZ = 0. Here we have used that ϕ0z = 0 on the free surface
[this follows from η0 = 0 in the kinematic condition (7.3b7.3b)]. Moreover a
Taylor expansion in ϕ on the free surface yields

Φ0x(x, y, 0) = ϕ0x(x, y, η) = ϕ0x(x, y, 0) + ηϕ0xz(x, y, 0), (7.16)
Φ0y(x, y, 0) = ϕ0y(x, y, η) = ϕ0y(x, y, 0) + ηϕ0yz(x, y, 0). (7.17)

Since η0 = 0, then to leading order we may interchange derivatives of
Φ0(x, y, 0) and ϕ0(x, y, 0) in (7.137.13), which leads to a well-defined partial
differential equation governing χ on the free surface,

χ2
x + χ2

y + (χxϕ0x + χyϕ0y)
4 = 0. (7.18)

On comparison with the corresponding equation for the linearised problem,
(6.106.10), we see a crucial distinction in the dependence of equation (7.187.18) on
derivatives of the leading-order velocity potential. As we shall see below, the
main consequence of this is that (7.187.18) does not admit algebraic solutions
and requires special treatment to avoid the singularities of the leading-
order velocity potential. We now outline this approach using the method of
complex-ray theory.
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7.2 Complex-ray theory for the singulant

As seen throughout Part 2 of this thesis, the governing PDE (7.187.18) may be
solved via Charpit’s method. Letting

p = χx, q = χy, (7.19)
∆ = pϕ0x + qϕ0y, F = p2 + q2 +∆4. (7.20)

Charpit’s equations are,

NONLINEAR COMPLEX-RAY EQUATIONS FOR THREE-DIMENSIONAL FLOW
dx
dτ = 2p+ 4ϕ0x∆

3,
dp
dτ = −4∆3(pϕ0xx + qϕ0xy),

dy
dτ = 2q + 4ϕ0y∆

3,
dq
dτ = −4∆3(pϕ0xy + qϕ0yy),

dχ
dτ = 2(p2 + q2 + 2∆2) = −(p2 + q2).

(7.21)

In the above we have simplified the final equation using F = 0 from (7.187.18).
Again we permit τ ∈ C and consider the problem on the complexified free
surface.

7.2.1 Fluid geometry and initial conditions

As this is a gravity dominated system (i.e. ϵ → 0), we may use the method
of images [see e.g. Milne-ThomsonMilne-Thomson (19961996)] to obtain a leading-order velocity
potential of the form

ϕ0(x, y, z) = x+
δ

4π

{
1√

x2 + y2 + (z − h)2
+

1√
x2 + y2 + (z + h)2

}
,

(7.22)
which on the free surface z = η evaluates to

ϕ0(x, y, η) = x+
δ

2π

{
1√

x2 + y2 + h2

}
+O(δϵ2), (7.23)

since η = O(ϵ). We may neglect the O(δϵ2) terms, and simply use

ϕ0(x, y, 0) = x+
δ

2π

{
1√

x2 + y2 + h2

}
. (7.24)

We observe that ϕ0(x, y, 0) is singular (i.e. χ = 0) when x2 + y2 + h2 =

0. Since this is the only known data for χ, it is necessary to start the rays
from this curve. Accordingly, we parameterise the initial conditions with the
variable s as follows,

x = s, y = ±i
√
s2 + h2, χ0(s) = 0. (7.25)

where we shall require s ∈ C. Note that we are considering an analytic
continuation of χ in which rays are propagating through x, y ∈ C. As such,
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we have that s, t ∈ C in accordance with complex-ray theory as outlined §2.22.2
of Chap. 22 [and more extensively in Chapman et al.Chapman et al. (19991999)]. As outlined in
the mentioned section, intitial conditions for p = p0 and q = q0 are obtained
from F = 0 and the chain rule on dχ

ds . This gives

p20 + q20 + (p0ϕ0x + q0ϕ0y)
4 = 0, (7.26a)

p0 +
dy0
ds q0 = 0. (7.26b)

Assuming we are away from critical points of y′0 (s = 0, and s = ±ih), then
elimination of q0 produces

p20

(
1 +

1

y′0
2

)
+ p40

(
ϕ0x −

ϕ0y
y′0

)4

= 0 (7.27)

Ignoring the branch p0 = 0 which leads to trivial χ, we find two nontrivial
solutions for p0,

p0 = ±i

(
1 + 1

y′
0
2

)1/2
(
ϕ0x −

ϕ0y

y′
0

)2 . (7.28)

The dependence of the ray equations on derivatives of the singular ϕ0 renders
the ray-equations (7.217.21) non-invertibile at the initial conditions. Accordingly,
we will choose to initiate our numerical solver near to this singular surface and
rely on approximate initial conditions. In this case, we use

x
(ρ,ν)
0 = s+ ρeiν , y

(ρ,ϑ)
0 = ±i

√
s2 + h2 + ρeiϑ, χ0 = δ̃, (7.29)

where we require δ̃ → 0 as ρ → 0 for any ν, ϑ ∈ [0, 2π). For numerical
implimentation, we shall take 0 < ρ � 1, and δ̃ = 0. To obtain an
approximant for y′0, we note that

dy0
ds = ± is√

s2 + h2
= −x0

y0
(7.30)

and accordingly approximate this using

dy(ρ,ν,ϑ)0

ds = −x
(ρ,ν)
0

y
(ρ,ϑ)
0

. (7.31)

This approximant may then by used to calculate p0 and q0 via (7.287.28) and
(7.26b7.26b). Now that we have derived the governing equations and appropri-
ate initial conditions, in principle we may numerically solve to obtain the
Complex-rays in order to recover the solution, χ. In practice however, the
high dimensionality of the space means that reliable finding the points at
which complex rays intersect real space if difficult. Thus it is convenient to
use an adapted procedure which we call the Stokes-ray method.
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7.3 The three-dimensional Stokes-ray method

Here we briefly outline the three-dimensional version of the so-called Stokes-† Stokes rays are so called because they
are subsets of complex rays which fol-
low the Stokes surface. Thus, in con-
trast to classical rays contained in phys-
ical space, they are vector functions
(x(t), y(t), p(t), q(t), χ(t)) of a single
variable which lie in complex space. More-
over we shall sometimes use the term
Stokes ray to refer simply to its projec-
tion in terms of only spatial variables,
(x(t), y(t)).

ray method†. This is analogous to the two-dimensional version of the scheme
used in Chap. 55. As with the presentation in that chapter, this section
will be an overview of the method, with the underlying theory found in
Appendix A.2A.2. The Stokes-ray method relies on modifying the ray equations
(7.207.20) such that the solution follows,

Imχ = const.

This is achieved by introducing the auxiliary parameter t and considering the
complex-ray parameter, τ , as a dependent variable defined by the relationship

dτ
dt = −(p · p)/|p · p|, (7.32)

The complex-ray equations are then modified by applying the chain rule,
resulting in the so-called Stokes-ray equations,

STOKES-RAY EQUATIONS FOR THREE-DIMENSIONAL FLOW

dτ
dt = −(p · p)/|p · p|, (7.33a)

dx
dt =

(
2p + 4(p · ∇ϕ0)3∇ϕ0

) dτ
dt , (7.33b)

dp
dt = −

(
4(p · ∇ϕ0)3Hp

) dτ
dt , (7.33c)

dχ
dt = −(2(p · p)) dτ

dt , (7.33d)

where we have x = (x, y)⊤, p = (p, q)⊤, and H is the Hessian matrix of
second-order partial derivatives for ϕ0.

This system is solved with initial conditions as discussed in § 7.2.17.2.1 at
τ(t = 0) = τ0 = 0. Additionally we supplement the system (7.337.33) with an
equation for ϕ0, given by

dϕ0
dt = ∇ϕ0

dx
dτ

dτ
dt . (7.34)

with the initial condition obtained from x = x(ρ,ν,ϑ)0 in (7.247.24). To ensure that
the Stokes ray lies on the primary Riemann sheet, it is important to ensure
that Imϕ0 = 0 at the intersection point between the Stokes ray and the free
surface.

7.4 Numerical procedure for the Stokes-ray method

Each Stokes ray is defined as the solution to the initial value problem
consisting the system of equations (7.337.33) and (7.347.34) along with a particular
choice of initial conditions in (7.287.28), (7.297.29) and ϕ0

(
x(ρ,ν,ϑ)0

)
. This is solved
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using ode113 in MATLAB. The singular nature of ϕ0 induces branch cuts in the
plane. Consequently in order to shoot rays continuously across branch cuts,
we should convert to a combination of auxiliary functions according to the
method described in Chap. 55 (and outlined in full detail in Appendix. A.2A.2).

Due to the increase in dimensionality, Stokes rays in this problem demon-
strate a much higher sensitivity to initial conditions than those seen in the
two-dimensional version studied Chap. 55. Consequently we require a more
sophisticated procedure than the scheme used in §5.45.4. Below, we set out the
numerical methodology.

1. As outlined in §7.2.17.2.1, we perturb the initial conditions so as to start
slightly away from the singular surface (7.257.25). The perturbed initial
condition is given by (7.297.29) with the perturbation characterised by a
hypersphere of radius ρ and parametrised by the angular variables, ν
and ϑ.

2. In Chap. 55 we demonstrated that for the two-dimensional analogue
of this problem, the particular choice of angular variable determines
which equal-phase curve the solver converges towards (see Fig. 5.35.3).
In the same manner, we expect a similar dependence here. And conse-
quently we do not expect every choice of ν and ϑ to produce a Stokes
ray which intersects the free surface. However, we find that choosing
ν, ϑ ∈ {0, π} turns out to produce enough Stokes rays which intersect
the free surface.

3. Given the restrictive requirement for rays to follow paths such that
Imχ = const., we only expect a small subset of points s ∈ C to
generate successful rays. To overcome this, we formulate the procedure
as a shooting-type method†. This involves choosing an initial guess † For an example of this type of scheme, see

Press et al.Press et al. (20072007)in s0 ∈ C, and designing a scheme which converges to a nearby
s′ ∈ C which produces a successful ray. To do this, we firstly define
the measure of distance from real space,

µ(x) = |Im(x)|+ |Im(y)| , (7.35)

and introduce a stopping condition so that the integration of the
Stokes-ray equations (7.687.68) is terminated when Imx = 0 or Im y = 0.
We denote the value of the spatial variables at this point using xend, and
define the function, F (s) as

F (s) ≡ µ(xend; s), (7.36)

i.e. the imaginary residual for a Stokes ray emanating from a given
s. We then solve F (s) = 0 using a numerical nonlinear solver
(e.g. MATLAB’s in-built function fsolve) using initial points s from
large course mesh S0 ⊂ C. Since we are only initially interested in
identifying the approximate regions in which successful s points lie, the
solver tolerances are chosen to be relatively high (e.g. tol = 5×10e-1)
so as to maximise speed of computation.
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4. Around each s ∈ C for which the solver has converged we search for
nearby successful points using a continuation scheme whereby the next
initial point sinitj+1 is chosen by using the previous two points sj , and
sj−1 according to the following algorithm:

a) Pick the new initial point in s-space according to

sinitj+1 = sj +∆stepsize
sj − sj−1

|sj − sj−1|
,

where ∆stepsize is a specified stepping distance.
b) Using this new point as the initial condition, solve F (s) = 0

using a numerical solver (e.g. fsolve in MATLAB). The solver
tolerances are chosen to be relatively low (e.g. tol = 10e-9) so
as to minimise numerical error.

• If the solver converges, then repeat step 5a) to find a new
starting point, sinitj+2.

• If the solver does not converge, repeat step 5a) with
∆stepsize 7→ ∆stepsize/2. Repeat this process until either
the solver converges or a maximum number of iterations are
reached.

This procedure is illustrated in Fig. 7.37.3 for (y0−sign, p0−sign) = (+,+), θ =

0, ν = π. Here the notation (y0 − sign, p0 − sign) refers to the branch
determined by choice of sign in the initial conditions (7.297.29) and (7.287.28) for
and y0 and p0.

Since the continuation scheme is able to finely resolve successful points
s ∈ C, it is only necessary for the initial mesh to identify the approximate
location of these points in s-space. For this purpose we find that a coarse
initial mesh of 4 points per unit area is sufficient.
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(b)

(a)

Figure 7.3: Illustration of the numerical
procedure described in §7.47.4.

1 A course initial meshS0 (black open
circles) is chosen to sweep for solutions
(green open circes) over a large area in
s-space. We choose an initial 30 × 8

mesh S0 to cover 70 square units of the
s-plane centred around the origin.
2 The solutions are further resolved
using continuation scheme described
above. The scheme continues until
nearby points are unable to be found.
We conjecture this occurs due an parti-
tioning of s-space induced by the choice
of parametrisation (7.257.25). The analogous
partition structure for the linearised ver-
sion of this problem is seen in Fig. 6.56.5).
3 & 4 The Stokes-ray equations

(7.687.68) are solved numerically using a
standard nonlinear solver (e.g. ode113 in
matlab) using the successful points from
step 2 (green) as initial conditions.
5 The integration terminates once the
Stokes rays hit the free surface. The inter-
section points form the Stokes line (see
Fig. 7.47.4)
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7.5 Numerical results

In this section we present and discuss the results of the numerical procedure
outlined in the previous section.Themain result is shown in Fig. 7.47.4, namely a
Stokes line which curves downstream of the point source.This is in contrast to
the vertically straight Stokes line obtained from the linearised model of this
problem obtained by Lustri and ChapmanLustri and Chapman (20132013) (indicated by the dashed
line in Fig. 7.47.4).
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Figure 7.4: Points of intersection for h =

0.5, δ = −0.2, ρ = 0.015. Initial
conditions for the intersections are de-
noted in the form (ν, y0 − sign, p0 −
sign). Blue open circles indicate points
generated using (y0−sign, p0−sign) =

(+,+), while magenta crosses denote
those generated using (y0 − sign, p0 −
sign) = (−,−). A dashed black line
denotes the Stokes line predicted by the
linear scheme of Lustri and ChapmanLustri and Chapman
(20132013).

Numerical Stokes-line results are presented in Fig. 7.47.4. These are calcu-
lated for the parameter values h = 0.5, δ = −0.2, ρ = 0.015. Blue open
circles represent the results generated from (y0 − sign, p0 − sign) = (+,+)

with the upper and lower portions of the line generated by conjugate s points
and θ = 0, π respectively. Magenta crosses denote the results generated from
(y0 − sign, p0 − sign) = (−,−) with the lower and upper portions of the
line generated by conjugate s points and θ = 0, π respectively. While both
branches describe the same qualitative shape, there is a slight discrepancy
especially further away from the origin. This is thought to be due to the small
perturbation in initial conditions (7.297.29).

The most immediate questions are:
• What is effect of varying δ on the Stokes line? In particular, does δ → 0

match with linear results?
• What can be said about the branch structure of the solutions? In the

previous chapter it was shown there was a sophisticated association
between the solution branches in physical space and the initial points in
s-space (cf. Fig. 6.56.5). Is there a similar correspondence in this problem?

In the following sections we address these questions using the numerical
results and perform an asymptotic analysis of the governing equations.
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7.5.1 Surveying the s-plane

In this section we outline the correspondence between the numerical Stokes
lines and the initial condition parameter s. This is analogous to the study
seen in Appendix B.1B.1 for the linearised version of this problem. Firstly, from
the initial data we see the same conjugacy relations upon s 7→ s as for the
linear problem of the previous chapter, with the caveat that we must also
change ν and θ appropriately. The conjugacy relations are summarized in
Tables 7.17.1 & 7.27.2.

S (y0-sign, p0-sign) (ν, θ) (x, y)

s (+,+) (ν, θ) (x, y)

s 7→ s (+,+) (ν, θ) 7→ (−ν, θ + π) (x, y) 7→ (x,−y)
s 7→ s (−,−) (ν, θ) 7→ (−ν,−θ) (x, y) 7→ (x, y)

s 7→ s (−,−) (ν, θ) 7→ (ν, θ + π) (x, y) 7→ (x,−y)

Table 7.1: Conjugacy relations of the
initial conditions (7.297.29) in the case that
y0-sign = p0-sign.

S (y0-sign, p0-sign) (ν, θ) (x, y)

s (+,−) (ν, θ) (x, y)

s 7→ s (+,−) (ν, θ) 7→ (−ν, θ + π) (x, y) 7→ (x,−y)
s 7→ s (−,+) (ν, θ) 7→ (−ν,−θ) (x, y) 7→ (x, y)

s 7→ s (−,+) (ν, θ) 7→ (ν, θ + π) (x, y) 7→ (x,−y)

Table 7.2: Conjugacy relations of the
initial conditions (7.297.29) in the case that
y0-sign 6= p0-sign.

These conjugacy relations may be verified numerically and two conjugate
rays are shown in Fig. 7.37.3b. In this, corresponding portion of the Stokes line
reflected in the x axis was obtained through conjugate rays emanating from
initial conditions s 7→ s. The conjugacy relations in the tables above imply
there are only two distinct cases in the problem: (i) y0-sign = p0-sign, and
(ii) y0 − sign 6= p0 − sign, each with four seperate branches obtained via
appropriate conjugation. We conclude that as with the linear problem, we
expect a total of eight solution branches.

As outlined in the previous section, a continuation scheme is used to finely
resolve the successful points in s-space (see step 5 of the numerical procedure).
The advantage of using a continuation scheme is that the procedure is not lim-
ited by the choice of mesh S0. Instead, we can progress until the continuation
scheme fails to find a next suitable point in s-space. We conjecture that when
the scheme does terminate, it is because we have encountered a critical line
in s-space which partitions the plane (analogous to the partition of s-space
in the linear problem, presented in Fig.6.56.5 of Chap. 66). This would suggest
the existance of a similarly sophisticated structure for the nonlinear problem.
Full analysis of this structure remains an avenue for future work.

7.5.2 Presence of further wings in numerical results

In §7.47.4, we demonstrated that by shooting Stokes rays from s-space with
(y0-sign, p0-sign) = (+,+) and (y0-sign, p0-sign) = (−,−) we obtain
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a Stokes line on the free surface which curves downstream of the point
source (see Fig. 7.47.4). Repeating this procedure for different choices of
(y0-sign, p0-sign) produces two further classes of ray intersections on the
free surface which we present in Fig. 7.57.5. Fristly, we see a set of ‘spikes’ which

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4

Re(x)

-3

-2

-1

0

1

2

3

R
e(
y
)

(0,+,+)

(0,−,−)

(0,+,−)

(0,−,+)

(π,+,+)

(π,−,−)

Figure 7.5: The full set of free-surface
intersection points for h = 0.5, δ =

−0.2, ρ = 0.015. Initial conditions are
denoted in the form (ν, y0 − sign, p0 −
sign) = (+,+). Additionally to the pri-
mary wings presented in Fig.7.47.4, we ob-
serve the presence of upstream ‘spikes’
and a downstream narrow ‘wedge’.

extend upstream of the point source, and secondly a narrow ‘wedge’ close
to the downstream horizontal axes. These lines have no obvious analogue in
the linear problem. Thus we conjecture that they either vanish upon δ → 0,
or are the result of numerical error. Upon decreasing the numerical solver
tolerances, the wings remain present. This suggests they may not simply be
the result of numerical error. In the next section, we will study the behaviour
of these wings as we decrease the magnitude of δ.

7.5.3 The effect of varying δ on numerical results

In Fig 7.67.6 we present the Stokes lines obtained by the numerical procedure
of §7.47.4 for varing values of δ, namely δ = −0.3,−0.2,−0.1,−0.05,−0.01,
and h = 0.5. Each line is obtained using the same number of maximum
iterations in the numerical scheme of §7.47.4. Firstly, we observe that as the
magnitude of δ decreases, the slope ofthe Stokes lines become more vertical
and the Stokes line themselves move closer to vertical axis. This suggests that
the numerical solutions are consistent with those of the linearised model of
Chap. 66 as δ → 0. Secondly, we note that for a specified number of maximum
iterations, the length of the Stokes-line segment which is recovered reduces.
This suggests that as δ → 0, the area of s-space required to recovered a given
length of Stokes line increases. Plots of the upstream spikes for the same
range of delta values are presented in Fig. 7.77.7. A similar trend is observed here.
Namely the length of line reduces, and the line itself approaches the Re y axis
as |δ| decreases. For the downstream wedge, we note that if |δ| < 0.2 finding
successful rays which produce the wedge is difficult. However the trend as we
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Figure 7.6: Numerical Stokes lines gen-
erated for δ = −0.3,−0.2,−0.1,

−0.05,−0.01 and h = 0.5. As the
magnitude of δ is decreased, the length
of Stokes line which is recovered be-
comes shorter and the lines themselves
move closer to the Re y axis.

increase δ from −0.3 to −0.2 is that the wings move closer to the Rex axis.
If the spikes and wings do indeed coincide with the Re y and Rex axes upon
δ → 0, this would be consistent with the results of the linearised model. Thus
the question of whether the spikes and wings are truly present or simply an
artifact of numerical error remains inconclusive and is an avenue for future
work.
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Figure 7.7: Numerical upstream ‘spikes’
generated for δ = −0.3,−0.2,−0.1,

−0.05,−0.01 and h = 0.5. As the
magnitude of δ is decreased, the length
of spike recovered becomes shorter and
the Spikes themselves move closer to the
Re y axis.

The key observation of this section is that for δ → 0, the numerical results
of the nonlinear model appear to approach those of the linearised model.
In the following section, we will confirm this behaviour by developing an
asymptotic model of the problem in the δ → 0 limit. This will then be used
for comparison with the numerical results (see Fig 7.87.8). We now outline how
the asymptotic model is derived.

7.6 Asymptotic analysis via ray theory in the small δ limit.

In §5.6.25.6.2 of Chap. 55 we developed a methodology to obtain the singulant, χ
correct to O(δ) via two-dimensional ray-theory asymptotics. In this section
we adapt the scheme for three-dimensional ray theory and apply it to the
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point-source problem studied this chapter.
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Figure 7.8: Comparison of numerical
(open circles) and asymptotic Stokes
lines (solid curves) for δ = −0.3,−0.2,

−0.1,−0.05,−0.01. For the asymp-
totic Stokes lines, the functional form
is given in (7.647.64), where the constants
αx, αy, αp, αq have been fitted ac-
cording to the method in §7.6.17.6.1 using
N = 3 data points for each curve of
given δ.

In the following, we solve the governing partial differential equation
(7.207.20) using complex-ray theory, seeking solutions as the asymptotic series.

x(t) =
∑

δnxn(t), y(t) =
∑

δnyn(t), p(t) =
∑

δnpn(t), (7.37)

q(t) =
∑

δnqn(t), w(t) =
∑

δnwn(t). (7.38)

Where we have distinguished the notation for the asymptotic solutions with
those obtained earlier in the chapter. For example, we have written

w(t) = χ(x(t), y(t)). (7.39)

We do this because care should be taken as to the correspondence expected
between these two functions (see the discussion in §5.65.6 of the analogous two-
dimensional analysis).

We now begin the complex-ray procedure. We introduce the following
notation

ϕ0(x, y) = x+ δϕ0,1(x, y), (7.40)

where

ϕ0,1(x, y) =
1

2π

{
1√

x2 + y2 + h2

}
. (7.41)

If we expand Charpit’s equations (7.217.21) in powers of δ, at leading order this
produces

dx0
dτ = 2p0 + 4p30,

dp0
dτ = 0,

dy0
dτ = 2q0,

dq0
dτ = 0,

dw0

dτ = −2(p20 + q20),

(7.42)
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from which the following complex-ray solutions are obtained,

x0(τ ; s) = (p00(s) + 4p00(s)
3)τ + x00(s), (7.43)

y0(τ ; s) = q00(s)τ + y00(s), (7.44)
p0(τ ; s) = p00(s), (7.45)
q0(τ ; s) = q00(s), (7.46)
w0(τ ; s) = w0(τ ; s) = −2(p200 + q200)τ, (7.47)

where we denote the initial conditions, x00, y00, p00, and q00, are as in the
linear problem of the previous chapter, given in (6.226.22) and (6.276.27). At next
order charpit’s equations give

dx1
dτ = 2(1 + 6p20)p1 −

p20π(4p0x0 + 3q0y0)

(1 + x20 + y20)
3/2

, (7.48)

dy1
dτ = 2q1 −

p30πy0

(1 + x20 + y20)
3/2

, (7.49)

dp1
dτ =

p30π(−3q0x0y0 + p0(1− 2x20 + y20))

(1 + x20 + y20)
5/2

, (7.50)

dq1
dτ =

p30π(−3p0x0y0 + q0(1 + x20 − y20))

(1 + x20 + y20)
5/2

, (7.51)

dw1

dτ = −4p0p1 − 4q0q1. (7.52)

Fortunately these equations are directly integrable however their functional
form is very unwieldy. For that reason we omit them to the appendix, instead
keeping

p1 = p1(t; s, αp), (7.53)
q1 = q1(t; s, αq), (7.54)
x1 = x1(t; s, αx, αp), (7.55)
y1 = y1(t; s, αy, αq), (7.56)
w1 = w1(t; s, αp, αq), (7.57)

where αx, . . . , αq are unknown constants of integration for x, . . . , q respec-
tively. Now we shall calculate χ correctO(δ) at a given point in physical space
(x, y) = (x⋆, y⋆). To do this, first let us expand t = t0 + δt1, giving

x⋆ = F0(s0, t0) + F1(s1, t1, s0, t0;αx, αp)δ +O(δ2), (7.58)
y⋆ = G0(s0, t0) +G1(s1, t1, s0, t0;αy, αq)δ +O(δ2). (7.59)

The precise functional forms of F1 and G1 are complicated, so for the sake
of clarity in the below analysis, we omit their full form. We obtain the terms
s0, s1, t0, t1 as follows. Equation (7.587.58) at leading order gives x⋆ = F0(s0, t0)

from which we may eliminate t0 on substitution into (7.597.59) and evaluation
at leading order. It follows that s0 is governed by

(x⋆2 + y⋆2)s40 + 4x⋆h2s30 + (h2x⋆2 + 4h2y⋆2 + 4h4)s20

+ 4h4x⋆s0 + (4y⋆2h4 + 4h6) = 0. (7.60)
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This is the same quartic equation which governed s in the linear problem (cf.
equation (6.29c6.29c) in Chap. 66). Evaluation of equation (7.587.58) at O(δ) gives

0 = F1(s1, t1, s0, t0;αx, αp),

from which we may obtain

t1 = t1(s1, s0, t0;αx, αp). (7.61)

By substituting this into result into (7.587.58) and evaluating at O(δ) we may
obtain s1 in terms of

s1 = s1(s0, t0, αx, αy, αp, αq). (7.62)

Now that we have solved s0, s1, t0, t1, we may substitute this into the
expression for χ, to obtain

χ(x, y) = χ̃(x, y) +O(δ2), (7.63)

where

χ̃(x⋆, y⋆) = χ̃0(s0(x
⋆, y⋆) , t0(x

⋆, y⋆))+

δχ̃1(s0(x
⋆, y⋆), t0(x

⋆, y⋆);αx, αy, αp, αq) . (7.64)

All that remains is to evaluate the unknown constants αx, αy, αp, αq. The
reader may recall that when studying a similar two-dimensional problem in
Chap. 55, the analogous constants were found by matching with an inner
solution near a singularity of ϕ0 (see §5.6.25.6.2). In this problem, it may be
demonstrated that there is a boundary layer by scaling

x = x00 + δ2/3X, y = y00 + δ2/3Y, p = p00 + P, (7.65)
q = q00 +Q, w = δ2/3W, t = δ2/3T. (7.66)

The inner problem is considerably more complicated and a brief overview
may be found in Appendix C.1C.1. Thankfully, it is sufficient to bypass the inner
analysis and instead approximate the constants, αx, αy, αp, and αq, by a least
squares fitting method using the numerical results of §7.47.4. We now outline
the method and apply it to our problem.

7.6.1 Least squares fitting to approximate the unknown constants

The goal is to find values of the constants αx, αy, αp, and αq which minimise
the distance between the curve

Im χ̃(x, y;αx, αy, αp, αq) = 0, (7.67)

and the numerical Stokes line obtained in §7.47.4, i.e.

Imχ(x, y) = 0. (7.68)
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We now outline the procedure to achieve this. Firstly, we choose a series of
values δ = δ1, δ2, . . . and for each value, we numerically obtain points on the
curve (7.687.68) using the method outlined in §7.47.4. Let us call these points

Pnum
1,1 ,Pnum

1,2 , . . . ,Pnum
1,N for δ = δ1, (7.69)

Pnum
2,1 ,Pnum

2,1 , . . . ,Pnum
2,N for δ = δ2, (7.70)

and so on. Now for each point Pnum
i,j , we draw a horizontal line and find

the corresponding point of intersection on the curve (7.677.67), i.e. the point
which shares the same y value. We denote this point Pasy

δi,j
. We then calculate

the residual horizontal distance between the two points. Repeating this for
numerical points, we obtain the residual measure

res =
∑
i

N∑
j=1

|Pnum
i,j − Pasy

i,j |. (7.71)

We then use perform a least squares fitting according to this metric using
MATLAB’s inbuilt nonlinear least squares minimizer function, lsqnonlin.

A visualisation of the procedure is seen in Fig.7.97.9

0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24
0

1

2

3

4

5

6

7

 

δ
=

−
0
.3 Numerical Stokes line point

Im(χ̃0 − 0.3χ̃1) = 0
Asymptotic contour point δ

=
−
0
.2 Numerical Stokes line point

Im(χ̃0 − 0.2χ̃1) = 0
Asymptotic contour point

∣∣Pnum
2,1 − Pasy

2,1

∣∣
Pasy

2,1

Pasy
2,2

Pasy
2,N

Pasy
1,1

Pasy
1,2

Pnum
2,1

Pnum
2,2

· · ·

Pasy
1,1

Pasy
1,2

Pasy
1,N

∣∣Pnum
1,1 − Pasy

1,1

∣∣

· · ·

Figure 7.9: A visualisation of the least
squares fitting method. For each numer-
ical point Pnum

δi,j
(open circles), a hori-

zontal co-linear point Pasy
δi,j

is obtained
from the asymptotic solution (closed cir-
cles). From this the residual distance
|Pnum

i,j − Pasy
i,j | is calculated. The con-

stants αx, αy, αp, αq are then fitted
so as to minimise the sum of these
distances. This is done numerically by
utilising matlab’s inbuilt nonlinear least
squares minimizer function, lsqnonlin.

The results of this procedure for δ = −0.3,−0.2,−0.1,−0.05,−0.01

using N = 3 data points for each curve of given δ is shown in Fig.7.87.8.

7.7 Discussion

The aim of this chapter was develop a framework to study Stokes lines
and Stokes surfaces related to Low-Froude flows past generic nonlinear (i.e.
appreciably sized) obstructions in three dimensions. As a proof-of-concept
example, we chose to model the obstruction as a point source of strength
δ where we permitted δ = O(1). This study is an extension of the work
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contained in Lustri and ChapmanLustri and Chapman (20132013) and Chap. 66 in which the Stokes
line and surface had been derived for linearised equations of flow over a point
source of vanishing strength δ � 1.

In contrast to this work, our removal of the linearisation assumptions
produced a nonlinear system was not analytically soluble, and it was therefore
necessary to develop and use a specialised numerical procedure which we
called the Stokes-ray method (see §7.47.4). Notwithstanding this, the asymptotic
analysis performed in §7.67.6 provides a unifying analytic connection between
this problem and the approach taken in Lustri and ChapmanLustri and Chapman (20132013).

The main result of this chapter is the conformation of a Stokes line
which curves downstream of the submerged point source. This is perhaps
not surprising when compared to the analogous nonlinear Stokes lines in
two-dimensional problems (cf. Chaps. 33 & 44). The result stands in contrast
to the vertically straight Stokes line obtained by Lustri and ChapmanLustri and Chapman (20132013)
(numerically reproduced in Chap. 66 of this thesis and shown dash in Fig.7.47.4).

Moreover, we found that as δ → 0, the Stokes lines straighten and
approach the vertical axis. This confirms their consistency with the linear
results of Lustri and ChapmanLustri and Chapman (20132013). Finally, we derived an asymptotic
model of the problem in §7.67.6 and compared the Stokes-line predictions with
those obtained numerically.

The main unresolved problems are as follows:

1. Full resolution of the three-dimensional Stokes surface within the fluid
remains unresolved. In the previous chapter, we located the Stokes
surface for the linearised version of this problem using a complex-
ray procedure. This scheme, outlined in §6.86.8, leveraged an association
between points in three-dimensional phyical space and points on the
complexified free surface. In the nonlinear problem of this chapter, the
underlying concept is similar, but would require a tailored numerical
procedure. We sketch an outline of such a technique in §8.2.28.2.2 of the
concluding chapter of this thesis.

2. In Lustri and ChapmanLustri and Chapman (20132013) and Chap. 66, it was shown that the
linearisedmodel produces eight solution branches of the singulant func-
tion χ. The recovery of these branches by numerical complex rays relied
upon carefully combining regions of the real-(x, y) plane, according to
a sophisticated underlying structure in s-space (where s parametrises
the initial surface). This structure was illustrated in Fig.6.56.5. In the
nonlinear problem studied in this chapter, the numerical continuation
procedure described in §7.47.4 would terminate upon reaching certain
points in s-space (see step 2 in Fig.7.37.3). We conjectured that this was
due to the algorithm encountering partitioning lines in s-space. This
would suggest the existance of a similarly sophisticated structure in s-
space for the nonlinear problem.

3. Numerical results show that the location of intersection points on
the free surface is affected by our choice of parameters ν and ϑ

(characterising the perturbation from the singular manifold used in
the initial conditions). This is thought to be due to the convergence
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of each Stokes ray to the nearest Stokes line (or Stokes ssurface).
In two dimensions, the analogous dynamics near to the singularity
are well understood (see Fig. 5.35.3), with the emergent Stokes lines
partitioning the space into distinct regions. However determination of
whether similar dynamics apply to this problem will require further
investigation.

4. The explanation of the presence of the upstream ‘spikes’ and down-
stream ‘wedge’ discussed in §7.5.27.5.2 (see Fig. 7.57.5) remains unclear. We
demonstrated that as |δ| is reduced, the spikes and wedges approach
the horizontal and vertical axes respectively, and hence not necessarily
inconsistent with the linear results. However, for a finite δ 6= 0, there is
no obvious physical interpretation for their presence. This is connected
to the resolution of problem 2 listed above—since they are the result of
Stokes rays converging to different manifolds. Further work is required
to determine the nature of these solutions.

5. The numerical Stokes line presented in Fig.7.47.4 is the nonlinear ana-
logue of the linear Stokes line found in Lustri and ChapmanLustri and Chapman (20132013)
(shown dash in this figure). It is known that for the linearised problem,
there are second-generation Stokes lines whereby exponential terms in
the solution cause switching among themselves according to Dingle’s
criterion (3.293.29). The nature of the second-generation Stokes lines for
the nonlinear problem remains an open question.

This chapter concludes the main research body of the thesis. In the
following chapter, we summarise the outcomes of the PhD project, and
discuss avenues for future work.
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DISCUSSION AND FUTURE WORK

8This thesis forms part of a broader goal to develop more general asymptotic
theories for the study of wave-structure interactions. In the low-Froude
limit, surface gravity waves are exponentially small, and their study requires
exponential asymptotics. This thesis concentrated on two situations where
the current theory remains limited, namely flows around two-dimensional
‘smooth’ bodies, and for three-dimensional flows around bluff bodies. To this
end, we have developed and applied techniques from a wide range of areas,
including (exponential) asymptotics, boundary-integral methods, integral
approximation methods, and complex-ray theory. This thesis contains two
important steps towards the larger goal above. We describe our main findings
below.

• Part I of the thesis focused on boundary-integral approaches to two-
dimensional flows.

– In Chap. 33 we reviewed the existing theory [following
Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006)] through the example
of two-dimensional flow over an angled step. We discussed the
concept of analytical continuation of the boundary-integral
equations, and outlined the standard numerical procedure
for obtaining free-surface solutions. The classical exponential
asymptotics theory of Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006)
demonstrates the connection between the generation of free-
surface waves and certain critical points in the geometry. Such
critical points require an inner-fluid angle exceeding 2π/3. This
theory demonstrates that switching occurs across Stokes lines
which emanate from these critical points in the geometry.

– In Chap. 44 we addressed the open problem of Stokes
switching in geometries which are beyond the scope of the
Chapman and Vanden-BroeckChapman and Vanden-Broeck (20062006) theory. We demonstrated
that Stokes switching can be induced by a submerged body that
is free of critical points. Our approach leveraged techniques
developed in TrinhTrinh (20162016, 2017b2017b), and utilised the method of
steepest descents to provide a visual framework with which
to understand the Stokes switching. We studied this through
analysis of two similar but distinct problems: flows over ‘sharp’
and ‘pseudo-smooth’ bump geometries.

• Part II of the thesis focused on complex-ray approaches to two- and
three-dimensional flows.

– In Chap. 55, we re-interpreted the former boundary-integral
theory for two-dimensional problems using complex-ray theory.
This essentially allows Laplace’s equation to be attacked directly.
We demonstrated some difficulties which may arise in the use of
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this theory in this context, namely that the underlying equations
become non-invertible at the initial conditions. We outlined a
specialised numerical procedure to overcome these difficulties.
Using this, we derived the numerical Stokes lines for flow over a
step, and asymptotic solutions correct to first order in δ (the step-
height parameter). We verified the match between asymptotic
and numerical solutions in the limit δ → 0.

– Chap. 66 studied the problem of linearised three-dimensional
flow over a submerged point source of small strength, δ � 1.
This problem was previously studied by Lustri and ChapmanLustri and Chapman
(20132013) who found analytical solutions to the linearised governing
equations on the free surface. Our interest was to extend the prior
methodology so that the Stokes surface could be computedwithin
the physical fluid. In addition, we focused on techniques that
could be generalised to problems that could not be computed in
closed form.

– Chap. 77 further extended the work of Lustri and ChapmanLustri and Chapman
(20132013) to a theory for three-dimensional flows over non-
linearisable obstructions. In particular, we study the same
problem where now the strength of the point source is assumed
to be of unitary magnitude, δ = O(1). This resulted in nonlinear
equations which required the use of specialised numerical
procedures. Analogous to the two-dimensional technique in
Chap. 55, we derived an asymptotic model to study in the limit
δ → 0. We used this model to obtain an analytical solution
correct to O(δ).

There are several open questions and avenues for future work arising from
this thesis, which we have outlined in the conclusions of each respective
chapter. In the following two sections we summarise the key unresolved
problems from Part I and Part II of the thesis respectively.

8.1 Smooth geometries and beyond: Part I open questions

From Part I of this thesis, we highlight one central issue from our study
of the pseudo-smooth bump problem in Chap. 44. In this problem, we
studied the integral solution (4.584.58) using the method of steepest descents
and demonstrated the presence of a Stokes line across which an exponentially
small term switches on in the approximation to the integral. We showed
that the Stokes line seems to emanate from a singularity at infinity and that
the exponentially small term was related to a saddle-like contribution to the
integral associated with this point. However we were unable to evaluate the
exact form of the exponential term from the integral solution.

In part, the difficulty seems to stem from the non-invertability of the
transformation (4.684.68) required to evaluate the integral contribution.

Notwithstanding the particulars of the this problem, it is important to
note that the singularities of a smooth geometry need not lie at infinity.
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For example, in Fig.8.18.1 we can see the integration plane for the thought
experiment geometry at the start of the Chap. 44 (illustrated in Fig.4.24.2).

Re ζ

Im
ζ

A

C

B

O

Fluid bottom Free surface

Figure 8.1: The integration plane for the
thought experiment geometry at the start
of the Chap. 44 (illustrated in Fig.4.24.2).
In contrast to the integration plane for
the original sharp bump (Fig.4.114.11), the
critical points now lie outside the fluid
domain on the negative-imaginary axis.
Notwithstanding this, we expect the me-
chanics of Stokes switching to work in
a very similar way, with the Stokes line
(red dash) emanating from the critical
point C into the fluid and connecting
with the free surface (blue).

Since we have obtained the fluid bottom by selecting a streamline, say
ψ = −2π/3, of the sharp bump problem, we may obtain the corresponding
topography in ζ space by applying the transform ζ = e−3w/2 (compare this
with the standard transform ζ = e−w used in such problems). We see that in
this case, the fluid domain (upper-half-ζ plane) is singularity free, while the
critical points lie along the negative imaginary axis.

If we were to perform a steepest descent analysis of this integration space,
we would find the dynamics of Stokes switching almost identical to that
illustrated in Fig.4.124.12 (after all, the change in geometries has the effect of
simply raising to original space to the 3/2 power).Moreover, the evaluation of
the integral contrubition associatedwith this point would be straightforward,
obtained in the same manner as in §4.74.7.

A natural question is whether the mysterious Stokes line we have discov-
ered in our pseudo-smooth bump problem, and the pathological behaviour in
the far field, is typical of smooth geometries or simply a result of our particular
geometry specification.

To investigate this, one approach is to define a geometry in terms of a
small parameter ε which approximates the pseudo-smooth bump studied in
Chap. 44, and study the singularity structure as ε → 0. One such geometry
can be defined in terms of the streamline angle θsmooth, written as

θsmooth(ξ; ε) = Θ(ξ; ε) + Θ(0; ε) tanh
(
1

x

)
, (8.1)

where

Θ(ξ; ε) =
θ0
2

[
tanh

(
ξ + a

ε

)
− 2 tanh

(
5(ξ + c)

b− a

)
+ tanh

(
ξ + b

ε

)]
.

§8.1 · SMOOTH GEOMETRIES AND BEYOND: PART I OPEN QUESTIONS 137



We note that the inclusion of the second term in (8.18.1) is necessary for hori-
zontal flow in the far field. The streamline angle function (8.28.2) is illustrated in
Fig.8.28.2. We see that for smaller ε, the function (8.18.1) smoothly approximates
the pseudo-smooth bump studied inChap. 44 [defined in (4.144.14) and illustrated
in Fig.4.84.8].

B
A A

B

ξ ξ

θ θ

Figure 8.2: The fluid bottom streamline
angle function θ = θsmooth with (a) ε =

10−1 and (b) ε = 10−2 which specifies
the fully smooth geometry. For small
values of ε, the streamline function (8.18.1)
provides a smooth approximation that of
the pseudo-smooth bump streamline an-
gle, (4.144.14) studied in Chap. 44 (cf. Fig.4.84.8).
This function is is used to obtain the
shape function qtanh through equation
(8.28.2).

Since this function is not directly integrable, the shape function must be
calculated by numerical integration according to

qsmooth(ζ) = exp{−3H[θtanh](ζ)} , (8.2)

where H is the Hilbert transform defined in (3.433.43).
Once the shape function is numerically calculated, its properties in the

analytically continued domain can be investigated (using a combination of
numerics and analysis), and the steepest descent or exponential asymptotic
analysis could then be undertaken. Another possible approach we shall raise
is that it may be possible to remap the domain to a domain where the analysis
is simpler. Often, this is the approach via the Borel-plane methodologies of,
for example, Howls et al.Howls et al. (20042004). We have not seen significant advantage of
these remapping procedures for our particular case, as the special-function
properties remain complicated in other reformulations as well.

It is crucial to note that the limiting behaviour of this geometry may not
match with that of the bump in Chap. 44. We emphasise that this is a generic
problem in the definition of fluid geometries in this way. Namely that a small
perturbation of the geometry can lead to a radical change in the singularity
structure of the analytic continuation. We do not know of any theory which
currently addresses this issue.

Clearly there is a need to develop theory for smoothed three-dimensional
bodies, but our work here has laid out some of the challenges of addressing
the two-dimensional case first. We envision the resolution of these open
questions will be crucial for further advances to more complex geometries.

8.2 Stokes surfaces and beyond: Part II open questions

In the closing section of Chap. 77, we outlined the unresolved issues from the
study of the three-dimensional point-source problem. Of these, we highlight
two key issues for priority in further study.
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8.2.1 Second-generation Stokes lines for the nonlinear point-source problem

The first issue we raise concerns the computation of so-called second-
generation Stokes lines i.e. the lines across which Stokes switching is induced
between the exponential terms themselves. The criterion in DingleDingle (19731973)
requires that the switching occurs when

Im(χ2) = Im(χ1) and Re(χ2) ≥ Re(χ1), (8.3)

where χ1 and χ2 are distinct branches of the singulant, χ. For the
linearised point-source problem, the determination of this curve in
Lustri and ChapmanLustri and Chapman (20132013) and Chap. 66 was possible through the complete
determination of eight distinct solution branches of the singulant on the
free-surface. As seen in Chap. 77, the determination of the entire solution set
for the nonlinear problem is less straightforward because analytical solutions
are no longer possible.

It is for this reason we utilised the Stokes-ray method (see §7.37.3) to obtain
the Stokes lines directly by shooting rays along level sets of Imχ. In order
to determine second-generation Stokes lines, we would need many more
extensive complex-ray numerics performed, since we require the generation of
χ for multiple branches, possibly over much wider ranges of the domain. The
implementation of this would require additional care due to the nonlinearity
of the underlying equations, and the resultant complexity of the ray space.

8.2.2 The nonlinear Stokes surface

The next major unresolved problem is in the determination of the Stokes
surface within the fluid for the nonlinear point-source problem studied in
Chap. 77. For the linearised model in Chap. 66, we developed a complex-
ray scheme whereby rays were shot from carefully chosen points on the
complexified free surface (defined by §6.86.8). A detailed outline of this scheme
is seen in §6.86.8.

It is key to note that the distinction between the linear and nonlinear
problems is in the governing equations on the complexified free-surface
[given in (6.176.17) for the linear problem and (7.187.18) for the nonlinear problem].
Importantly the governing equation in (x, y, z) ∈ C, namely

|∇χ(x, y, z)|2 = 0, (8.4)

remains unchanged between the two problems. Thus the complex-ray scheme
which we developed in §6.86.8 of Chap. 66 to produce the linear Stokes surface
is equally valid for the nonlinear problem in Chap. 77. Full details are found
in §6.86.8. Essentially, we showed that complex rays connect points in three-
dimensional physical space to certain points on the complexified free surface
for which

Im(p2t⋆) = 0, (8.5)

where t⋆ is given by (6.436.43) and p ≡ χx.
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A consequence of this is that locating the Stokes surface in three dimen-
sions is reduced to finding points on the plane (8.58.5) such that Imχ = 0. A
natural next step is to use a modification of the numerical scheme used in
Chap. 66 to produce Stokes rays which intersect the plane (8.58.5).

We finally note that there is a significant need for further analytical theory
of this topic, because the ray space is so complex. Our analysis of the small
δ limit was a step in this direction, but many open challenges remain in
providing suitable analysis to complement the numerics.

8.3 Additional physical effects and beyond

One further important note is that throughout this thesis, we have neglected
the effects of surface tension. Classically Chapman and Vanden-BroeckChapman and Vanden-Broeck
(20022002) outlines the standard exponential asymptotic procedure in the context
of two-dimensional capillary flows. More recently Lustri et al.Lustri et al. (20192019) studied
the problem of linearised three-dimensional low-Froude capillary flow over
a submerged point source. In this case, it was shown that the singulant is
governed by

χ4
x +

(
χ2
x + χ2

y

)3
= 0 (8.6)

on the complexified free-surface [cf. equation (6.176.17) in the case of gravity
flow]. Again, this problem was analytically soluble. A natural extension of
this is to study the capillary flow over a point source of unitary magnitude.
We envision this study would be analogous to that in Chap. 77 of this thesis.

Finally, it has been shown in Liu and TaoLiu and Tao (20012001) that more general bodies
may be modeled using a composition of point sources. Therefore the study of
the nonlinear point source problem in Chap. 77 may form a foundation for an
extended theory for more general nonlinear obstructions.

As we have emphasised, the study of this thesis—and the works cited
within—exist as part of a larger goal to study generic three-dimensional
wave-structure interactions. This thesis has provided piecewise steps towards
addressing this, firstly in the development of a technique to study two-
dimensional flows around generically shaped bodies, and secondly in the
study of three-dimensional flows around non-negligible (though still ide-
alised) obstructions. We envision that a unifying theory capable of tackling
generic three-dimensional flows, with both gravity, surface tension, and other
effects, would encompass many of the ideas we have presented here.
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APPENDICES FOR CHAP. 44

A.1 Local singularity analysis for the sharp bump singulant function

Here we briefly perform a local analysis of the singulant function χ in the
case of two-dimsional flow over the sharp bump geometry (Fig.4.34.3a). Here χ
is defined by the integral (4.424.42) and we shall study behaviour in the vacinity
of the critical point, ζ = −c. The local angle of emergence of these contours
can be determined by setting Z = ζ + c in (4.424.42) and studying Z → 0. We
see that in this limit,

χZ =
i

Z − c

[
Z2

(Z + a− c)(Z + b− c)

]3σ
, (A.1)

∼ − i
c
(a− c)−3σ(b− c)−3σZ6σ. (A.2)

Thus χ behaves like

χ ∼ − i
(6σ + 1)c

(a− c)−3σ(b− c)−3σZ(6σ+1) as Z → 0. (A.3)

Setting Z = ρeiα and imposing Imχ = 0, we require

sin(−3πσ + (6σ + 1)α) = 0. (A.4)

where we have set Arg(a− c) = π according to the choice of vertical branch
cuts. This allows us to find the local angles of emergence,

α =
(n+ 3σ)π

6σ + 1
, n = 0, . . . , 5. (A.5)

We note the additional criterion for a Stokes line requiring Reχ > 0, which
corresponds to odd values of n.

A.2 Computational methodology for the steepest descent calculations

A.2.1 Generating the contour plot

Here we outline how to generate the contour plots of χ seen throughout
this chapter. For this, we numerically calculate χ on a meshed rectangular
domain in the ζ-plane using meshpoints ζi,j . First, we obtain χ horizontally
along the top of the domain, i.e. at points ζ1,j , where j = 1, . . . , N2, by
trapeziodal integration, where at each point, we have calculated the value
of the derivative, dχ

dζ , using (4.404.40). We choose an arbitrary point as initial
condition for the integration, say χ1,1 = 0. Next, we use each χ1,j as initial
condition for trapezoidal integration along the vertical strips

{ζi,j |i = 1, . . . , N1} , j = 1, . . . , N2. (A.6)

This guarantees that any branch cuts are taken vertically downwards. Now
that we know the values of χi,j on the meshgrid, we approximate the value
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of χ(−c) by locating the nearest mesh point, and deduct this value from
each entry of the matrix [χi,j ]. This ensures that χ vanishes at the singular
point. We now produce contour plots of Imχ (cf. Figs. 4.114.11 and 4.144.14) using
a modification of MATLAB’s inbuilt contour function.

A.2.2 Numerically shooting along constant-phase contours

Following the work of TrinhTrinh (20142014), we outline a scheme which allows us to
follow constant-phase paths, i.e. solve an ordinary differential equation which
follows a path ζ(t) in the ζ-plane such that Imχ(ζ(t)) = const.. We wish to
determine the level sets of the differentiable function V , where

V (ζ) = Im[χ(ζ)] = const.. (A.7)

Let us say that the level set is given by some curve parametrised by t,

ζ(t) = ζ1(t) + iζ2(t). (A.8)

We know ∇V is perpendicular to the level sets of V , therefore

ζ̇(t) ∝ (∇V )⊥ =

(
−∂V
∂ζ2

,
∂V

∂ζ1

)
, (A.9)

where ⊥ denotes the orthogonal complement, and the dot denotes differenti-
ation with respect to t. We may combine this to find

ζ̇(t) = ζ̇1(t) + iζ̇2(t) = −∂V
∂ζ2

+ i∂V
∂ζ1

. (A.10)

Now as a consequence of the Cauchy-Riemann equations we have that

∂V

∂ζ2
=
∂(Imχ)

∂ζ2
=
∂(Reχ)
∂ζ1

= Reχ′(ζ), (A.11a)

∂V

∂ζ1
=
∂(Imχ)

∂ζ1
= Im

(
∂χ

∂ζ1

)
= Imχ′(ζ). (A.11b)

Combining this with (A.10A.10) produces a differential equation for ζ(t),

ζ̇(t) = −Re(χ′(ζ)) + i Im(χ′(ζ)) = −χ′(ζ), (A.12)

where the bar denotes complex conjugation. Since we are only interested in
direction, we impose a normalisation,

dζ
dt = − χ′(ζ)

|χ′(ζ)|
. (A.13)

Additionally, the initial condition, t(0) = t0, is chosen according the context
of the problem.

So long as χ′(ζ) is known and its real and imaginary parts are smooth
(except as isolated points), then (A.13A.13) may be integrated numerically using
standard methods (e.g. trapeziodal rule using MATLAB).
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Re ζ

Im
ζ

Re ζ

Im ζ

R
eχ

χ(0,0,0)

χ(1,0,0)
χ(1,1,0)

χ(1,1,1)

Figure A.1: Red and blue paths denote
steepest descent contours which origi-
nate from a point slightly upstream and
slightly downstream of the Stokes line
respectively. The same paths are shown
on a three-dimensional plot (right), with
Riemann sheets labelled according to
the notation of §4.84.8. Paths originate on
the base sheet containing the free sur-
face, and travel along various Riemann
sheets accessed by encircling the branch
points A,B, and 0 respectively.

We now outline a scheme which guarantees that χ′ in the above is single
valued, i.e. without the branch cuts of χ resulting in a discontinuous solution.
The first step is to write χ as a combination of auxiliary functions g1, . . . , gN ,
For example, in the case of the sharp bump defined in (4.424.42), we have

χ(ζ) =

ˆ ζ

ζ0

i
ζ

(ζ + c)6σ

(ζ + 1)3σ(ζ + b)3σ
. (A.14)

This may be defined in terms of the auxillary functions g1, . . . , g5, where

g1(ζ) = log(ζ + a), g2(ζ) = log(ζ + b),

g3(ζ) = log(ζ + c), g4(ζ) = exp{σ(g1 + g2 − 2g3)} ,

g5(ζ) = − i
ζ

1

g34
, g6(ζ) =

ˆ ζ

ζ0

g5 dζ̃.
(A.15)

The key to choosing the auxillary functions is that they should be such that
their derivatives may be written in an unambiguous (i.e. branch-free) manner.
The auxillary functions may be solved as part of a set of differential equations,

g′1(ζ) =
1

z + a
, g′2(ζ) =

1

z + b
,

g′3(ζ) =
1

z + c
, g′4(ζ) = σ

(
g′1 + g′2 − 2g′3g3

)
,

g′5(ζ) = − i
ζ2

(
1

g34
+

3ζg′4
g44

)
, g′6(ζ) = g5.

(A.16)

The above system may be solved using any standard numerical solver (e.g.
ode45 or ode113 in MATLAB), initial conditions specifing the initial Riemann
sheet. When solved in this manner, the solution for g6(ζ) = χ(ζ) is obtained
along a continuous trajectory. A visualisation of this is provided in Fig.A.1A.1
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APPENDICES FOR CHAP. 66

B.1 Analysis of the parameter space

Recalling that Charpit’s equations (6.206.20) imply that p ≡ p0 and q ≡ q0, let
us define

X(s) :=
dx
dτ = 2p0(s) + 4p30(s) and Y (s) :=

dy
dτ = 2q0(s). (B.1)

In this linear problem, Charpit’s equations (6.206.20) may be solved explicitly,
giving rays

x(τ ; s) = x0(s) +X(s)τ and y(τ ; s) = y0(s) + Y (s)τ. (B.2)

We see that these rays intersect real-(x, y) space when

τ = τ⋆(s) =
1

D
(X1 Im y0 − Y1 Imx0 + i(Y2 Imx0 −X2 Im y0)) ,

where X = X1 + iX2, Y = Y1 + iY2, and D(s) := X2Y1 − X1Y2.
Thus the intersection points of the complex ray in real-(x, y) space are
(x⋆(s), y⋆(s)) = (x(τ⋆; s), y(τ⋆; s)). At this point, we note there is a natural
partitioning of s-space by the curves along which |x⋆(s)|+|y⋆(s)| → ∞.This
partition produces eight sub-regions of s-space, labeled as in the centroid
of Fig. 6.56.5. As it transpires, these regions recover distinct branches of the
singulant, χ, when we construct their images in (x, y)-space in the manner
illustrated in Fig. 6.56.5.

B.1.1 Observations on the inversion relationship s↔ (x, y)

(i) The s-plane is partitioned into eight distinct regions of interest
seperated by the zero contours of 1/x⋆(s) and 1/y⋆(s). we label these
regions I1, . . . , I4, O1, . . . , O4 (as given in Fig. 6.56.5).

(ii) Regions I1, . . . , I4 produce branches of the singulant of a longitudi-
nal type (χL), while regionsO1, . . . , O4 produce those of a transverse
type (χL and χT respectively, Fig. 6.46.4).

(iii) For each branch of the singulant, χ, the quadrants in (x, y)-space
are composed as follows
a) Vertically adjacent quadrants correspond to the same region in

s-space via complex rays with opposing choices of (y0-sign, p0-
sign).

b) Diagonally opposite quadrants correspond to vertically adja-
cent region sin s-space via complex rays with matching choices
of (y0-sign, p0-sign).
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APPENDICES FOR CHAP. 77

C.1 Boundary layer and inner solution analysis

Here be briefly demonstrate the presence of a boundary layer around the
surface x2 + y2 = h2. Looking at the leading-order velocity potential, we
see that |ϕ0| → ∞ as x2 + y2 → −h2. More precisely, if x = x00 + δ̃X, y =

y00 + δ̃Y , then
ϕ0 ∼

δ

δ̃3/2
as X,Y → 0.

This implies the existence of a boundary layer ofO(δ2/3). We verify the inner
scaling in the parametric variable, t = δ2/3T , by expanding the outer solution
(7.487.48) in terms of inner variables, producing

xout→in(T ) ∼

[
−2(2 + s2)T

s3
−

(3 + 2s2)
√

−T/s2
2πT

]
δ2/3 + x10δ +O(δ4/3)),

(C.1)

yout→in(T ) ∼

[
−2i

√
1 + s2T

s2

]
δ2/3 + y10δ +O(δ4/3), (C.2)

pout→in(T ) ∼ p00 +
(−s2/T )3/2

16πs2
+ p10δ +O(δ4/3), (C.3)

qout→in(T ) ∼ q00 +
is
√
1 + s2

√
−T/s2

16πT 2
+ q10δ +O(δ4/3), (C.4)

Wout→in(T ) ∼

[
2T

s4
+

1

2πsT

√
− T

s2

]
δ2/3 +O(δ4/3). (C.5)

Thus we see that the required transformation to inner variables is

x = x00 + δ2/3X, y = y00 + δ2/3Y, p = p00 + P, (C.6)
q = q00 +Q, w = δ2/3W, t = δ2/3T. (C.7)

Scaling in this manner, we analyse the inner region, seeking inner solutions
through the asymptotic series

X = X0 + δ1/3X1 + . . . , Y = Y0 + δ1/3Y1 + . . . , (C.8)
P = P0 + δ1/3P1 + . . . , Q = Q0 + δ1/3Q1, (C.9)
W =W0 + δ1/3W1 + . . . (C.10)

At leading order the inner ray equations are

dX0

dT = 2P0 + 4P 3
0

(
1 +

1

2X0

)4

(C.11)

dP0

dT =
P 4
0 (1 + 2X0)

4x50
, (C.12)

dW0

dT = −2P 2
0 , (C.13)
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C.2 First-order solutions to the complex-ray equations

Below we list the full forms of the ray solutions x1, y1, p1, q1, and w1 written
in (7.537.53). We note that since there are several solution branches at first order,
there are several different functional forms of the first-order solutions listed
below—each corresponding to a particular choice of (y0− sign, p0− sign) at
first order. Below we list the first order solutions for (y0 − sign, p0 − sign) =
(+,+). Other solutions may be obtained by changing (y0−sign, p0−sign) =
(+,+).

p1(t; s, αp) = αp + h3
[
s12 + 2hs8

(
6h2 + 7s2

)
t

− 24h2s4
(
h2 + s2

) (
8h2 + 7s2

)
t2

+ 16h3
(
h2 + s2

) (
4h2 + 3s2

) (
8h2 + 7s2

)
t3
]

/

16πs14

(
h3t
(
−s4 + 4h3t+ 3hs2t

)
s6

)3/2
 , (C.14)

where αp is the constant of integration.

q1(t; s, αq) = ih3
√
h2 + s2

[
s12 + 2hs8

(
12h2 + 7s2

)
t

− 24h2s4
(
2h2 + s2

) (
8h2 + 7s2

)
t2

+ 16h3
(
2h2 + s2

) (
4h2 + 3s2

) (
8h2 + 7s2

)
t3
]

/

16πs15

(
h3t
(
−s4 + 4h3t+ 3hs2t

)
s6

)3/2
+ αq, (C.15)

where αq is the constant of integration.

x1(t; s, αx, αp) =

[
2s10 + 3hs8(h− 8t)

+ 384h8t2 + 784h6s2t2

+ 8h2s6t(−15h+ 7t) + 24h4s4t(−4h+ 19t)

+ 48h2αpπs
8t

√
h3t(−s4 + 4h3t+ 3hs2t)

s6

+ 8αpπs
10t

√
h3t(−s4 + 4h3t+ 3hs2t)

s6

]

/

(
4πs10

√
h3t(−s4 + 4h3t+ 3hs2t)

s6

)
+ αx, (C.16)

where αx is the constant of integration.
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y1(t; s, αy, αq) =

[
is8
√
h2 + s2 − 12ihs6

√
h2 + s2t

− 4ih2s4
√
h2 + s2(5h− 7t)t

+ 64ih6
√
h2 + s2t2 + 88ih4s2

√
h2 + s2t2

+ 4παqs
9t

√
h3t(−s4 + 4h3t+ 3hs2t)

s6

]

/

(
2πs9

√
h3t(−s4 + 4h3t+ 3hs2t)

s6

)
+ αy, (C.17)

where αy is the constant of integration.

w1(t; s, αp, αq) = h

[
− h2s8 + 32h5s4t+ 32h3s6t− 128h8t2

− 240h6s2t2 − 112h4s4t2

+ 8πs9
(
αpsiαq

√
h2 + s2

)
t

√
h3t(−s4 + 4h3t+ 3hs2t)

s6

]

/

(
2πs11

√
h3t(−s4 + 4h3t+ 3hs2t)

s6

)
. (C.18)
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All data is generated by standard MATLAB routines; they can be re-generated
by the code provided in the GitHub repository (github.com/yyanis/thesis.git)
and via data held by the Data Steward, Dr. Phil Trinh.

150 CHAPTER C · APPENDICES FOR CHAP. 77



REFERENCES

Abramowitz,M. and Stegun, I. A. (1964). Handbook of mathematical functions
with formulas, graphs, and mathematical tables, volume 55. US Government
printing office.

Bender, C. M. and Orszag, S. A. (1999). Advanced mathematical methods
for scientists and engineers I: Asymptotic methods and perturbation theory,
volume 1. Springer Science & Business Media.

Berry, M. V. (1989). Uniform asymptotic smoothing of Stokes’s discontinu-
ities. Proc. R. Soc. A, 422(1862):7–21.

Berry, M. V. and Howls, C. J. (1990). Hyperasymptotics. Proc. R. Soc. Lond.
A, 430:653–668.

Berry, M. V. and Howls, C. J. (1991). Hyperasymptotics for integrals with
saddles. Proc. R. Soc. Lond. A, 434(1892):657–675.

Berry, M. V. and Howls, C. J. (2015). Divergent series: Taming the tails. In
ThePrinceton Companion to AppliedMathematics, pages 634–640. Princeton
University Press.

Bleistein, N. andHandelsman, R. A. (1986). Asymptotic expansions of integrals.
Dover Publications.

Boyd, J. P. (1999). The Devil’s invention: Asymptotic, superasymptotic and
hyperasymptotic series. Acta. Appl. Math., 56(1):1–98.

Chakrabarti, D. (2011). Several complex variables are better than just one.
Resonance, 16(8):754.

Chapman, S. J., King, J. R., and Adams, K. L. (1998). Exponential
asymptotics and stokes lines in nonlinear ordinary differential equations.
Proc. R. Soc. A, 454(1978):2733–2755.

Chapman, S. J., Lawry, J. M. H., Ockendon, J. R., and Tew, R. H. (1999).
On the theory of complex rays. SIAM Review, 41(3):417–509.

Chapman, S. J. and Mortimer, D. B. (2005). Exponential asymptotics
and Stokes lines in a partial differential equation. Proc. R. Soc. A,
461(2060):2385–2421.

Chapman, S. J. and Vanden-Broeck, J.-M. (2002). Exponential asymptotics
and capillary waves. SIAM J. Appl. Math., 62(6):1872–1898.

Chapman, S. J. and Vanden-Broeck, J.-M. (2006). Exponential asymptotics
and gravity waves. J. Fluid Mech., 567:299–326.

Crew, S. C. and Trinh, P. H. (2016). New singularities for Stokes waves. J.
Fluid Mech., 798:256–283.

151



Darrigol, O. (2005). Worlds of Flow: A History of Hydrodynamics from the
Bernoullis to Prandtl. Oxford University Press.

Dingle, R. (1973). Asymptotic expansions: their derivation and interpretation.
Academic Press London.

Eggers, K. (1992). On far-field approximations to the wave pattern around a
ship travelling at constant velocity. In Wave asymptotics, number 136-1159,
chapter 8. Cambridge University Press.

Egorchenkov, R. and Kravtsov, Y. (2001). Complex ray-tracing algorithms
with application to optical problems. J. Opt. Soc. Am. A: Opt. Image Sci. Vis.,
18.

Fitzgerald, J. (2018). Exponential asymptotics and Stokes surfaces in
nonlinear three-dimensional flows. Technical report, University of Oxford.

Grattan-Guinness, I. and Engelsman, S. (1982). The manuscript of Paul
Charpit. In Historia Mathematica Toronto, volume 9, pages 65–75.

Havelock, T. H. (1932). The theory of wave resistance. Proc. R. Soc. A,
138(835):339–348.

Hermans, A. J. (2011). Water waves and ship hydrodynamics: An introduction.
Springer.

Howison, S. (2005). Practical applied mathematics: modelling, analysis, approx-
imation. Cambridge University Press.

Howls, C., Langman, P., andOldeDaalhuis, A. (2004). On the higher–order
stokes phenomenon. Proc. R. Soc. Lond. A, 460(2048):2285–2303.

Jamshidi, S. and Trinh, P. (2020). Gravity-capillary waves in reduced models
for wave-structure interactions. J. Fluid Mech., 890.

Keller, J. B. (1979). The ray theory of ship waves and the class of streamlined
ships. J. Fluid Mech., 91(3):465–488.

Keller, J. B. and Lewis, R.M. (1995). Asymptotic methods for partial differential
equations: the reduced wave equation and Maxwell ’s equations, pages 1–82.
Springer US, Boston, MA.

Kelvin, L. (1887). On ship waves. Proc. Inst. Mech. Engrs, 3:409–434.

Korevaar, J. and Wiegerinck, J. (2017). What is several complex variables?
Technical report, University of Amsterdam.

Krantz, S. G. (1987). What is several complex variables? Am. Math. Mon.,
94(3):236–256.

Lawry, J.M.H. (1996). Complex ray theory. PhD thesis, University of Oxford.

152 REFERENCES



Liu, M. and Tao, M. (2001). Transient ship waves on an incompressible fluid
of infinite depth. Phys. Fluids, 13(12):3610–3623.

Lustri, C. J. (2012). Exponential asymptotics in unsteady and three-dimensional
flows. PhD thesis, University of Oxford.

Lustri, C. J. and Chapman, S. J. (2013). Steady gravity waves due to a
submerged source. J. Fluid Mech., 732:660–686.

Lustri, C. J., McCue, S. W., and Binder, B. J. (2012). Free surface flow past
topography: a beyond-all-orders approach. Eur. J. Appl. Math., 23(4):441–
467.

Lustri, C. J., Pethiyagoda, R., and Chapman, S. J. (2019). Three-dimensional
capillary waves due to a submerged source with small surface tension. J.
Fluid Mech., 863:670–701.

Milne-Thomson, L. M. (1996). Theoretical Hydrodynamics. Dover Books on
Physics Series. Dover Publications.

Noblesse, F. (1981). Alternative integral representations for the green
function of the theory of ship wave resistance. J. Eng. Math., 15(4):241–
265.

Ockendon, J., Howison, S., Lacey, A., and Movchan, A. (2003). Applied
partial differential equations. Oxford University Press.

Ogilvie, T. F. (1968). Wave resistance: the low speed limit. Technical report,
Michigan University.

Ogilvie, T. F. (1970). Singular perturbation problems in ship hydrodynamics.
Technical report, Michigan University.

Olde Daalhuis, A. B. (1998). Hyperasymptotic solutions of higher order
linear differential equations with a singularity of rank one. Proc. Math.
Phys. Eng., 454(1968):1–29.

Olde Daalhuis, A. B., Chapman, S. J., King, J. R., Ockendon, J. R., and Tew,
R. H. (1995). Stokes phenomenon and matched asymptotic expansions.
SIAM J. Appl. Math., 55:1469–1483.

Pethiyagoda, R., McCue, S. W., and Moroney, T. J. (2014). What is the
apparent angle of a Kelvin ship wave pattern? J. FluidMech., 758:468–485.

Press, W. H., Teukolsky, S. A., Vetterling, W. T., and Flannery, B. P. (2007).
Numerical Recipes 3rd Edition: The Art of Scientific Computing. Cambridge
University Press, 3 edition.

Stoker, J. J. (1957). Water Waves. Interscience Publishers Inc.

Stokes, G. G. (1847). On the numerical calculation of a class of definite
integrals and infinite series. T. Camb. Philos. Soc., 9(1):166–189.

REFERENCES 153



Stokes, G. G. (1864). On the discontinuity of arbitrary constants which
appear in divergent developments. T. Camb. Philos. Soc., 10(1):105–128.

Stone, J. T. (2016). Cones of Silence, Complex Rays, & Catastrophies:
Novel Sources of High-Frequency Noise in Jets. PhD thesis, University of
Southampton.

Stone, J. T., Self, R. H., and Howls, C. J. (2017). Aeroacoustic catas-
trophes: upstream cusp beaming in Lilley’s equation. Proc. R. Soc. A,
473(2201):20160880.

Stone, J. T., Self, R. H., and Howls, C. J. (2018). Cones of silence, complex
rays and catastrophes: high-frequency flow–acoustic interaction effects. J.
Fluid Mech., 853:37–71.

Trinh, P. H. (2011). Exponential asymptotics and Stokes line smoothing for
generalized solitary waves. Asymptotic methods in fluid mechanics: survey and
recent advances, pages 121–126.

Trinh, P. H. (2014). String method for the study of complex-valued steepest
descent contours with branch points. Technical report, University of
Oxford.

Trinh, P. H. (2016). A topological study of gravity free-surface waves
generated by bluff bodies using the method of steepest descents. Proc. R.
Soc. A, 472(2191):20150833.

Trinh, P. H. (2017a). Linear and nonlinear step problem using ray theory.
Technical report, University of Oxford.

Trinh, P. H. (2017b). On reduced models for gravity waves generated by
moving bodies. J. Fluid Mech., 813:824–859.

Trinh, P. H. and Chapman, S. J. (2013). New gravity-capillary waves at low
speeds. part 1: Linear geometries. J. Fluid Mech., 724:367–391.

Trinh, P. H. and Chapman, S. J. (2015). Exponential asymptotics with
coalescing singularities. Nonlinearity, 28(5):1229.

Trinh, P. H., Chapman, S. J., and Vanden-Broeck, J.-M. (2011). Do waveless
ships exist? Results for single-cornered hulls. J. Fluid Mech., 685:413–439.

Tulin, M. P. (2005). Reminiscences and reflections: ship waves, 1950–2000.
J. Ship Res., 49(04):238–246.

Vanden-Broeck, J.-M. (2010). Gravity-capillary free-surface flows. Cam-
bridge University Press.

Wehausen, J. V. (1973). The wave resistance of ships. volume 13 of Adv. Appl.
Mech., pages 93–245. Elsevier.

Wehausen, J, V. and Laitone, E. V. (1960). Surface waves. In Fluid
Dynamics/Strömungsmechanik, pages 749–757. Springer.


	Title page
	Acknowledgements
	Short contents
	Contents
	Introduction
	General summary of new material

	Preliminary theory
	Introduction to exponential asymptotics
	Real- and complex-ray theory
	Summary

	Part I: Boundary-integral approaches to two-dimensional flows
	Boundary-integral approaches to two-dimensional flows
	Introduction
	Mathematical formulation
	Exponential asymptotics for the boundary-integral formulation
	Stokes smoothing
	Boundary-integral implementation for flow over a step
	Numerical method and sample solutions
	Summary

	Gravity waves from flows over pseudo-smooth bodies
	Introduction
	Mathematical formulation
	A review of the known exponential asymptotics
	Intuition behind the simplified models
	Development of a truncated model
	Steepest descent analysis of the N=1 truncation model
	Steepest descents for the sharp bump
	Steepest descents for the pseudo-smooth bump
	Summary


	Part II: Complex-ray approaches to two- and three-dimensional flows
	A ray-theoretical approach to exponential asymptotics and two-dimensional flows
	Ray formulation
	The pseudo-step problem
	The two-dimensional Stokes-ray method
	Numerical procedure
	Numerical results
	Asymptotic Stokes lines in the small  limit
	Discussion

	The linearised three-dimensional submerged point-source problem
	Introduction
	Background and open questions
	The necessity of complex-ray theory
	Mathematical formulation
	Complex-ray theory for the singulant
	Asymptotics for far field and shallow point source
	Numerical computation of singulant branches
	Three-dimensional Stokes structure using complex rays
	Examination by Fourier analysis and steepest descent paths
	Discussion

	The nonlinear three-dimensional submerged point-source problem
	Mathematical formulation
	Complex-ray theory for the singulant
	The three-dimensional Stokes-ray method
	Numerical procedure for the Stokes-ray method
	Numerical results
	Asymptotic analysis via ray theory in the small  limit.
	Discussion

	Discussion and future work
	Smooth geometries and beyond: Part I open questions
	Stokes surfaces and beyond: Part II open questions
	Additional physical effects and beyond


	Appendices
	Appendices for Chap. 4
	Local singularity analysis for the sharp bump singulant function
	Computational methodology for the steepest descent calculations 

	Appendices for Chap. 6
	Analysis of the parameter space

	Appendices for Chap. 7
	Boundary layer and inner solution analysis
	First-order solutions to the complex-ray equations

	References


