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SUMMARY

Stochastic modelling of biological processes seems complex and mathematically in-

tractable at first. However, previous research has shown that uncertainty and random-

ness often simplify the assumptions for theoretical models, and various fields in mathe-

matics provide useful tools to analyse and extract information that is otherwise hidden

in deterministic mean-field approaches. In this thesis we describe population dynamics

in ecosystems and evolutionary processes through the lens of stochastic mathematical

biology and develop methods to analyse phenomena that emerge from fluctuations and

uncertainty.

First, we model the dynamics of large random ecosystems in terms of randomly dis-

tributed interaction parameters and stochastic differential equations. We then compute

the power spectral density for this process, where we utilise the random nature of the

underlying interaction network and derive solutions in dependence of statistical prop-

erties of the system, rather than biological presumptions. The scaling laws we obtain

for the fluctuation spectra reveal information about the dominant interaction types

within the ecological network and open questions with regards to temporal stability of

ecosystems as opposed to local stability in deterministic models. Furthermore, we dis-

cuss the effects of ecosystem fluctuations on the equilibrium dynamics of an embedded

focal species.

In the second part we combine ecological dynamics at the population level with random

mutations, and show how macroscopic structure emerges in the resulting evolutionary

process. Here we consider an isogamous species, where the number of compatible

mating types for sexual reproduction is not necessarily limited to two. Unlike in a

model with neutral mutations, we find that fitness differences damp the growth of the

average number of mating types and derive predictions independent of the underlying

fitness distribution. Finally, we further discuss potential models for the evolution of

sexual reproduction in the context of ecosystem dynamics by combining the modelling

approaches we present throughout this thesis.
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Chapter 1

Introduction

The complexity of the natural world has fascinated humans probably long before mod-

ern science took root. Scaling from small units to large networks of interacting indi-

viduals, we find complexity at all levels and in a wide range of forms [1]. For instance,

atoms and molecules form the building blocks of organic cells and regulate the dynam-

ical mechanism within each cell, and consequently their interactions with each other.

When groups of cells work together as a cohesive organism, we find another level of

interaction dynamics between individuals of a single species or multiple species entan-

gled in a larger network with boundaries that are often difficult to define. Yet all this

striking complexity also comes along with a high degree of uncertainty. If we were to

predict the survival rate of a single species in its environment, for example, we would

need to take into account not only the dynamics of the surrounding ecosystem, but also

consider physical phenomena such as weather, the outcome of epidemiological mecha-

nisms, or behavioural psychology in the case of humans and other social animals. The

list of influencing factors is seemingly endless, and yet we strive to understand these

highly complex processes and formulate compact answers to big questions with many

unknown parameters.

Disciplines such as physics and chemistry aim to reduce noise and uncertainty through

laboratory setups in order to explore the fundamental mechanisms of nature. Biol-

ogists, however, often face the challenge of finding a balanced approach to empirical

research that provides precise data, but does not disrupt the natural setup of the sys-

tem under study. For instance, when studying the growth of a single species, we may

measure birth rates in a controlled environment on a Petri dish, yet remain unaware

of hidden mechanisms that only emerge in the presence of other interacting species in
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the surrounding ecosystem. In order to counteract this difficulty and to complement

empirical data, we need theoretical models that reflect observations in nature, provide

explanations for complex phenomena and help to mediate possible dangers.

Mathematical biologists use methods and tools borrowed from various fields of mathe-

matics that aid the analysis and understanding of natural processes. Often the aim is

to reduce and tame the complexity of nature with more simple models that describe

fundamental mechanisms behind observed phenomena. In accordance with Occam’s

razor, we seek to construct a theoretical model that requires the least number of as-

sumptions and use it as a base to build from by adding more and more complicated

features if necessary [2]. This modelling approach helps in understanding processes that

may apply to more general situations and usually simplifies the mathematical analysis.

As an example, we model the average dynamics of a complex process in terms of a

deterministic differential equation and predict expected quantities with well-studied

tools at hand.

These dynamical system models find a wide range of applications in physics and chem-

istry, as well as various fields in biology, most prominently in theoretical ecology and

evolution. For instance, the famous Lotka-Volterra equations describe the interaction

between a predator and prey species, and this simple model often serves as an example

to understand and teach the fundamental principles of phenomena that emerge from

interactions between single agents [3, 4, 5]. We then use analytic tools and computa-

tional methods in order to study dynamical patterns and equilibrium states in those

mathematical models. Ultimately, the results we derive aim to predict the stability

and resilience of single species or entire ecosystems and furthermore advance our un-

derstanding of ecological and evolutionary processes.

However, models such as the Lotka-Volterra equations quickly reach their limits with re-

gards to explanatory power and accuracy. These deterministic dynamics fail to capture

the uncertainty that is contained in the underlying mechanisms of complex biological

processes mentioned above. As we explore in this thesis, stochastic noise and random-

ness give rise to phenomena and structure at a higher level that is otherwise hidden in

a coarse-grained model of average dynamics and neutral conditions. Intuitively, models

that include stochasticity appear far more complicated and mathematically intractable.

Yet often mathematical biologists are forced to make parameter choices based on obser-

vations that naturally come along with uncertainty. Therefore, stochastic modelling ac-

tually allows us to reduce assumptions and instead build a model around the statistical

properties of empirical data, while also maintaining a more realistic description of the

system under study. For instance, a deterministic predator-prey model as mentioned

8



above requires additional mechanisms (e.g. satiating predation) in order to reproduce

the cyclic dynamics observed in nature, whereas the stochastic counter part relies on

demographic noise only and thus opens more biologically relevant possibilities [6]. Sim-

ilarly, we often require precise assumptions when focusing on low-dimensional systems,

yet we may study ensembles of systems with randomly distributed parameters instead,

and open a new range of questions. Some biological processes, such as mutations in

evolution for example, are inherently random and unpredictable, and we are actually

forced to consider stochasticity for our modelling approach. While the analysis of such

models may seem unnecessarily tedious and complicated, stochasticity can in fact drive

interesting new dynamics, and there exist many useful mathematical tools that we can

apply and develop in order to advance the understanding of the natural world.

For this reason, we now revisit well-studied models in ecology and evolution through

the lens of stochastic modelling and analysis, and expand existing theories and methods

for tackling them. We introduce mathematical tools for the study of low-dimensional

interaction dynamics and combine them with modelling approaches for large complex

systems that represent ecological networks. This way, we further our understanding of

ecosystem dynamics from two perspectives. For one, simple low-dimensional systems

may be easier to understand, yet they often model at best rigid experimental setups

in a laboratory where species interactions are reduced to a small subset of complex

ecological dynamics. Our research bridges this gap by extending the stochastic analysis

to larger systems that reflect a natural setup more realistically. Secondly, it is often

difficult to extract analytic results from said models of large random dynamical systems,

that are furthermore considered computationally expensive, and we usually revert to

deterministic approaches for a simplified analysis. With this research we provide a

method that helps us derive analytic predictions for large ecological networks, while

maintaining realistic dynamics in a stochastic setup. Similarly, we demonstrate the

explanatory power of randomness with an evolutionary model. Here we keep the basic

mechanisms simple with as few assumptions as possible, while the structured dynamics

emerge purely from randomly distributed parameters. The overall goal of this research

is to introduce and develop stochastic methods in the practice of mathematical biology

and inspire further research in this field. For this we provide several case studies and

explore ways to combine them as we lay out in the following.

1.1 Thesis Layout

Each of the following chapters presents a published research paper. We begin with

an article in Chapter 2 that provides an overview of stochastic mathematical biology
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and current challenges in this field. The paper is built around various mathematical

disciplines and methods that have proven to be useful in advancing our understanding of

stochastic processes in biological systems. Following that, we provide further details on

the theoretical background and introduce tools that we apply and develop throughout

the rest of the thesis.

In Chapter 3 we present a paper where we investigate the fluctuations in large random

dynamical systems, and discuss the implications on ecosystem dynamics and stability.

Here we combine mathematical tools from stochastic dynamical systems and random

matrix theory and develop a method that allows us to characterise fluctuation patterns

that emerge from the underlying interaction network of the modelled ecosystem. We

demonstrate a wide range of applications and modifications of this method and discuss

options for further research.

We then move from ecosystem models to evolutionary dynamics of single species. In

particular, the paper presented in Chapter 4 introduces a model that describes the

evolution of the number of mating types, i.e. ancestral analogues of the sexes. Here

the key features are the fitness differences between the resident mating types in a stable

population and new mutants entering. Since the fitness values are randomly distributed,

the population ensemble fluctuates as we record the number of mating types evolving

in time. We derive analytic predictions for the expected number of mating types and

show how this stochastic model aligns with empirical data.

Finally, we close this thesis with an outlook on future research where we combine the

methods and approaches introduced in each chapter. Previous research suggests that

the fluctuations we analysed for large random dynamical systems could be a driving

force for the evolution of recombination as opposed to asexual reproduction. Thus we

discuss a model of a focal species embedded in a larger ecosystem as introduced in

Chapter 3 and the impact of randomness and demographic noise on the evolutionary

dynamics of recombination and mating types similar to the research in Chapter 4.
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Chapter 2

Stochastic Mathematical Biology

and Population Dynamics

Stochasticity has great prevalence in biology that comes in the form of randomness

and noise. When we describe biological processes and mechanisms with mathematical

models, we naturally turn to methods and tools that capture the uncertainty that we

seek to understand. The paper presented in this chapter surveys the vast variety of

mathematics that pave the theoretical ground for the broad field of stochastic mathe-

matical biology. We identify three important motivations, why stochasticity needs to

be addressed when modelling biological systems. First, one may include uncertainty

in a model as a more realistic feature. Second, stochastic methods and tools allow

us to ask and answer a variety of questions that further improve our understanding

of the biological system we interrogate. And third, previous research has shown that

stochastic models can exhibit and explain new – sometimes unexpected – phenomena

that stay hidden within their deterministic counterparts.

Following the paper, we go into the deeper mathematical detail that is required for

the rest of this thesis, where we expand, combine and develop these methods and

explore their application in mathematical models for stochastic processes in ecology

and evolution. First, we cover stochastic dynamical systems and analysis tools in the

context of population dynamics. For demonstration, we discuss an example model

of interactions between two species that we extend to a more general case for high-

dimensional systems in Chapter 3. In relation to that, we summarise previous research

on large complex ecosystems and state relevant results from random matrix theory. The

last section of this chapter contains more details on neutral models and their usage in

11



evolutionary modelling as we study later in Chapter 4.
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An Invitation to Stochastic

Mathematical Biology

G. W. A. Constable1, Y. Krumbeck2, T. Rogers2

1Department of Mathematics, University of York, Heslington, York, YO10 5DD, UK
2Department of Mathematical Sciences, University of Bath, Bath, BA2 7AY, UK

Abstract

Mathematical Biology is unusual as a discipline in being defined by its application area,

rather than by the type of mathematics involved. We are now in the era of mass data

gathering and cheap computation, revealing the messy details of biological systems

with unprecedented clarity. Mathematical biologists are increasingly required to con-

front the essential randomness and uncertainty of the natural world; a challenge that

brings with it the opportunities to ask and answer new relevant questions, sometimes

providing surprisingly simple explanations for complex natural phenomena. In this

article we survey the growing field of Stochastic Mathematical Biology, revealing the

surprising explanatory power of randomness in biology, and highlighting developments

and challenges across a spectrum of mathematical areas.
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2.1.1 Three good reasons

Modelling biological systems can be tricky. Feedback loops operating across hugely

disparate spatial and temporal scales give rise to the huge richness and complexity of

the living world. The process of abstracting from reality to a model involves removing

much of this intricate detail. The more detail that has been discarded, the more the

model is said to be ‘simple’. The more simple a model is, the better chance we have

of analysing it with mathematics to make predictions, gain deep understanding and

derive general principles. Mathematical biologists face the challenge of constructing

models that are simple enough to be amenable to analysis, but that still retain the

essential features of the biological system under study.

There is one particularly powerful abstraction that is performed routinely and often

subconsciously: we replace quantities with our expectation of those quantities, often

without regard for the error. This has entered the public consciousness recently with

attention on the basic reproductive number of Covid-19. Any single transmission of

the coronavirus is governed by a sequence of events across vastly different scales (sub-

cellular to intercontinental) which is so complicated as to be completely unpredictable.

Yet these personal stories are aggregated at a population level to produce a single

number quantifying the rate of new infections and thus the exponential growth of the

disease. When mathematical models are used to inform decision-making affecting lives

and livelihoods, we face a challenging task to publicly justify the chosen models and to

explain the uncertainties in our predictions.

By relaxing the assumption of perfect predictability and embracing stochastic thinking,

mathematical biology can better model biological systems, can expand the breadth

and sophistication of predictions made, and can expose the counterintuitive ways that

randomness brings emergent order to the natural world. These are three good reasons

to study stochastic mathematical biology which we explore here.

First, all biological systems are inherently stochastic1. Plant and animal cells are

complicated and crowded environments, with myriad competing and complementary

processes and events taking place, where precise measurements are difficult to make.

Births and deaths of organisms, which ultimately drive the dynamics of whole pop-

ulations and the evolution of species, are unpredictable in their timing, causes, and

consequences. Interactions between species determine the fate of entire ecosystems,

but they are both notoriously difficult to quantify and contingent on unpredictable

1From the Greek stokhastikos meaning “guessable”, we use the word stochastic to encompass ran-
domness in parameter values, unknown initial data, the timing of and outcome of events, the predictions
made by models, and any other element of uncertainty.
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environmental factors. Empirical scientists deal with these uncertainties using statis-

tics. For mathematical modellers, the correct proxy is the use of random variables to

replace unknowns. In this way uncertainty can be carried forward through the model

in a quantifiable way.

Second, stochastic models offer the possibility of interrogating a rich set of questions

including: (i) What is the distribution of possible outcomes or future states? ; (ii) What

is the probability of transitioning between two distant states? ; and (iii) How long must

we wait for a certain event to occur?. In a biological context, the answers can have

particular significance, such as: (i) How many species will be supported in an ecosys-

tem? ; (ii) What is the probability that cancerous epithelial cells become migratory? ; or

(iii) Over what time frame do we expect a mutation to occur in a particular gene? A

great deal of the power of stochastic mathematical biology comes from the ability to

formulate and answer such questions.

Third, we note that the inclusion of stochastic effects in simple models can often en-

hance their explanatory power. In what follows, we showcase several examples from

a range of different biological applications. We will take care to explore the different

forms of stochasticity that may appear in a model. One important example is demo-

graphic noise: randomness in the timing of individual events that can play out at the

population level to dramatically affect system behaviour. Another is randomness in

model parameters, in which incomplete information about the environment or interac-

tions within a system give rise to an ensemble of potential realisations whose statistics

must be calculated.

Many different areas of mathematics have important contributions to make in this

growing field; the remainder of this paper is organised by mathematical discipline to

emphasise this point, and we highlight a variety of open questions in each. A few

key recent references are highlighted throughout; a more comprehensive reading list

for interested researchers is available online [1]. We conclude by discussing further

exciting directions for study, including developments that may come with the synthesis

of different forms of stochasticity within the same model.

2.1.2 Probability

The construction and analysis of probabilistic models of populations was pioneered

around the turn of the 20th century by early proponents of theoretical population ge-
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netics, who were keen to understand the factors driving changes in gene-frequencies2.

It is perhaps no surprise many of these researchers were in fact statisticians, including

Ronald Fisher and Sewall Wright, although other mathematicians such as the self-

affirmed number theorist G. H. Hardy were also influential [1]. As a result, the im-

portance of demographic stochasticity (though not named in these terms at the time)

was appreciated in theoretical population genetics from its inception. It took decidedly

longer for these ideas to filter out into the realms of ecology and biochemistry.

The most simple probabilistic population models are branching processes, which keep

track of the family tree of a growing population. In the famous Galton-Watson process,

the number of individuals in generation n + 1 is given by a sum of independent and

identically distributed random variables, one for each member of generation n. Nearly

150 years from its inception, probabilists are still finding interesting things to say about

this model, which is a cornerstone of applied probability theory. The analysis of more

complex branching processes (for example involving multiple types, or changing envi-

ronments) gives important insights into the behaviour of biological growth of various

kinds, including the early development of disease outbreaks [2], or metastatic cancer

[3].

The main strategy in the analysis of branching processes is to exploit the indepen-

dence of different branches of the tree. This is also the main limitation, as the the-

ories developed diverge from reality at the point that interaction between branches

becomes important. Possible examples of such interactions include competition for

limited resources in the growth of populations, or self-reinforcement leading to choice-

based swarming behaviour (e.g. foraging methods in ant colonies based on branching

pheromone trails and crowding on neighbouring paths).

Challenge: Develop tools to compute the long-time behaviour of locally and non-

locally interacting branching processes.

2.1.3 Statistical Mechanics

When populations are naturally limited to a known size, a different probabilistic con-

struction is preferred. Suppose one is interested in a population of discrete “individ-

uals” of one or more types, represented by a “state vector” of integers n, encoding

the number of individuals of each type at a given moment. These “types” could be

2Sadly, some of this early work is linked to the racist and ableist eugenics movement. Institutions
(arguably including mathematics as a whole) whose reputations have long benefitted by association
with the groundbreaking theoretical contributions made at the time now face an awkward reckoning
with the ugly historical context.
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Figure 2-1: Top: Kimura’s neutral theory of evolution predicts that neutral mu-
tations (see Eq. (2.2)) should accumulate at a fixed rate (see theoretical blue and orange
dashed lines and corresponding blue and orange markers from stochastic simulations).
This linear pattern has been compared to observed data across scales from animal
haemoglobin to influenza viruses (although the latter are subject to negative frequency
dependent selection due to population immunity and unlikely to evolve neutrally on
a global scale). In red, we show how this predictability can be used to construct a
“molecular clock”: if the number of substitutions for two species (red disks) is known,
along with the time since their divergence (e.g. from the fossil record), then an inferred
substitution rate (red dashed line) can be used to estimate the divergence time for a
third related species with known genetics (red circle). Such methods have recently been
used to estimate the divergence time of human coronavirus SARS-CoV-2 from animal
viruses. Bottom: Hubbell’s neutral theory of biodiversity predicts the distribu-
tion of species abundances (see theoretical green lines and corresponding markers from
stochastic simulations). Multiple studies have used such models to understand the
mechanisms underlying ecological diversity, from marine phytoplankton to Amazonian
tree communities, to the human gut microbiome.
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species abundances [4] (e.g. the number of foxes and rabbits), genotypes [5] (i.e. the

number of individuals carrying a specific genetic variant), protein molecules in a cell [6]

(which can exist at very low numbers), or any number of other biological populations

of interest. We could then consider the time-evolution of the probability Pn(t) of being

in some state n at time t;

dPn(t)

dt
=
∑
n′ 6=n

[
T (n|n′)Pn′(t)− T (n′|n)Pn(t)

]
, (2.1)

where T (n′|n) are probability transition rates that govern the probability per unit

time of transitioning from a state n′ to a state n. Although Eq. (2.1) (known as

Kolmogorov’s forward equation, or the master equation) describes a continuous time

process on a discrete state space, discrete time and continuous state space descriptions

can be set up analogously. Models of this type are often referred to as Individual Based

Models (IBMs) as they take account of the interactions between discrete individuals.

They are also called stochastic compartmental models when considering populations

divided into compartments (e.g. representing the stages of infection in an epidemic)

with random movements between them.

Solutions to the above problems often come down to solving a large set of simultaneous

equations across the different values of n. For instance, the stationary probability

distribution can be obtained from taking the limit t → ∞ in Eq. (2.1), and tells us

about the equilibrium distribution that the system would reach at long times (e.g. the

probability of observing a given number of species on an island once migrations to and

from a mainland have been allowed to equilibrate). Analogous (although more involved)

expressions exist for hitting probabilities and hitting times, which respectively tell us

about the probability of reaching some threshold state (e.g. passing a critical number

of infections in an epidemic model) or the time taken to get there (e.g. for a resistant

strain of bacteria to displace its ancestors). As a consequence, for general systems

the best that may be hoped for is a set of recurrence relations that can be evaluated

numerically. However in one-dimensional systems (in which the vector n is replaced by

a single abundance n) closed-form solutions are often more forthcoming. This has led

to a particular focus on models consisting of two classes of individuals (e.g. cooperators

and defectors in a model of social conflict) within a population of fixed size, N (i.e.

where the number of individuals of the two classes is given by n and N − n).

While closed form solutions for these quantities of interest are difficult to obtain for

general multivariate systems, a particular class of these systems, neutral models, are

often more amenable to analysis. These neutral models assume that all the classes
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in the population behave in an equivalent manner under exchange. For instance, in

a neutral model of population genetics, the probability transition rate from a state

n′ = (. . . , ni, . . . nj , . . .) to a state n′ = (. . . , ni + 1, . . . nj − 1, . . .) (i.e. the probability

of a birth-death event that increases the number of a gene variant i and decreases that

of variant j) is given simply by the product of their frequencies:

T (n|n′) =
ni
N

nj
N

(2.2)

where N =
∑

k nk is a constant. This enforced symmetry increases the ease with which

such multivariate problems can be handled.

Far from being simply a concession to analytic tractability, such neutral models have

been instrumental in advancing our understanding of emergent biological patterns in

the natural world. In the late 1960’s Motto Kimura, building on the early work of

Fisher and Wright, demonstrated that just such a model as that illustrated in Eq. (2.2)

was capable of explaining the “molecular clock” in evolution, whereby mutational dif-

ferences between distinct lineages accumulate linearly with time (see Figure 2-1). Three

decades later, Stephen Hubbell took a very similar approach to explain the log-normal

distribution of species abundances recurrent in ecological data (see Figure 2-1). While

debate still rages about the appropriate messages to take home from neutral models,

whether they are indicative of a true underlying absence of structure or simply serve

as null hypotheses for more complex theories, they have continued to provide insights

in a broad range of fields, including the evolution of language, ancestral “sexes”, and

even internet memes [1].

Challenge: Stepping up significantly in complexity are so-called Agent Based

Models, composed of interacting agents with complicated internal logic and indi-

vidual behaviour (as opposed to IBMs that treat individuals of the same type as

interchangeable). Work on these models is almost entirely simulation-driven, leav-

ing open important questions about underlying reasons for observed behaviour.

To what extent can statistical mechanics methods be applied here?

2.1.4 Stochastic Dynamical Systems

While probabilistic modelling flourished in the early population genetics community,

contemporary ecological, epidemiological and physiological theory is rooted in the anal-

ysis of differential equations. Amongst some of the most famous successes of this work

involve the emergence of patterns in time, as well as in space (see in the section on

partial differential equations, PDEs). Such results can loosely be thought of as mod-
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ern stochastic analogues of results such as deterministic Lotka-Volterra predator-prey

cycling (which was thought to explain empirically observed temporal oscillations in

predator-prey abundances 3). Recently, researchers in a field broadly described as ap-

plied stochastic analysis have been revisiting the foundational assumptions of these

models, and finding that a proper treatment of demographic noise reveals surprising

new behaviours.

From a Kolmogorov’s Forward Equation of the form of Eq. (2.1), various techniques

exist to extract a stochastic differential equation (SDE) representative of the behaviour

for large but finite population size. For instance, van Kampen’s system size expansion

derives an approximation for the leading order fluctuations that are usually easier to

solve than the underlying nonlinear master equation. The typical form the SDE is

dxi
dτ

= fi(x) +
1√
N
ηi(τ), i = 1, 2, . . . S (2.3)

where the vector field f(x) can be crudely understood as controlling the “deterministic

component” of the dynamics, and η(τ) is a series of multiplicative Gaussian white

noise terms with zero mean and with a correlator 〈ηi(τ)ηj(τ
′)〉 = Bij(x)δ (τ − τ ′). The

structure of both f and B is derived from the set of possible events in the underlying

(so-called “microscopic”) probabilistic model.

Analysis of the deterministic system ẋ = f(x) provides insight into the dynamics in

the limit of infinite population size. However, “infinite” is often not a good proxy for

“large”, and the a behaviour (even on average) of an ensemble of populations may be

very different to the infinite system limit due to demographic noise.

So how can we extract usable predictions from Eq. (2.3)? In the one-dimensional

case (S = 1), essentially all questions of interest can be answered by integration.

Alternatively, if f is linear and B constant, then Eq. (2.3) describes an Ornstein-

Ulhenbeck process, for which a complete characterisation is known. In all other cases,

the main line of attack available is to somehow reduce the multivariate non-linear

stochastic dynamical system to an effective system that is either univariate, or linear.

We first address linearisation, with the aid of an illustrative example: Lotka-Volterra

predator-prey cycling. Simple deterministic ODE models of the situation feature either

neutral cycling (where perturbation moves the system to another neutral cycle and thus

may eventually lead to species extinction) or damped oscillations that die out as the

3These periodic fluctuations became apparent from data collected by fur trading companies in North
America during the 1800s. Despite the ecological devastation this industry caused, these detailed data
sets have continued to find use in modern ecological studies.
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Figure 2-2: Noise-induced selection for cooperation. Panel A: A model in which
cooperators (blue) and defectors (red) compete for resources on a series of patches.
Cooperators reproduce more slowly, but can reach larger numbers on each patch by
efficiently sharing resources [7]. Panel B: A discrepancy between deterministic and
stochastic formulations of the model arises; stochastic fluctuations (red arrows) are
equally probable in either direction from a deterministic slow manifold (black solid
line), yet “kick” the stochastic system along fast manifolds (dashed lines) in a different
direction (blue arrows, here bias towards the right) to that predicted deterministi-
cally [8]. Panel C: The cumulative result of these “kicks” is that while a deterministic
model robustly predicts that cooperators should be driven to extinction, an equivalent
stochastic model shows that cooperators can in fact fixate. .

system approaches a stable fixed point of coexistence between predators and prey (and

thus does not recapitulate empirically observed oscillations). More complex models

feature limit cycles which predict unreasonably low species abundances at certain points

in the cycle. This difficulty in recapitulating periodic fluctuations in abundances with

simple ecological models persisted until 2005, with the seminal work of McKane and

Newman [9] analysing stochastic fluctuations in an individual-based Lotka-Volterra

22



model.

For large but finite population sizes, demographic noise repeatedly “kicks” the system

away from equilibrium, re-exciting the damped oscillations present in the deterministic

limit. The essential features of these so-called quasi-cycles are captured in the power

spectrum of fluctuations (the Fourier transform of the time-series autocorrelation func-

tion). McKane and Newman showed how the power spectrum can be computed from

an analysis of the linearised form of the SDE system. A short form of their result is

as follows: if x∗ solves f(x∗) = 0 then introducing fluctuations ξ =
√
N(x− x∗), one

may expand in large N to find ξ̇ = Aξ + η(t). Here A is the Jacobian matrix of f

at x∗, and the noise has covariance matrix B = B(x∗). Standard computations then

yield the power spectrum

P (ω) = (A− iω)−1B(AT + iω)−1 . (2.4)

A peak in the power spectrum implies the presence of quasi-cycles in the population

dynamics with that frequency. This approach has since seen application to a wide

range of situations in stochastic mathematical biology, from the seasonality of measles

to synchronised oscillations in neural networks [1].

Challenge: In models with many interacting types (e.g. species in a complex

ecosystem), the matrix function (2.4) is impossible to evaluate by hand. What

other theoretical approaches are possible in this regime?

A second approach to analysing stochastic dynamical systems is to reduce their di-

mension. This is usually achieved through a separation of time scales argument using

the theory of slow manifolds. If one can identify quantities that are approximately

conserved on short time scales, it is possible to integrate out faster fluctuations. This

technique is well understood in deterministic dynamical systems, but an important

difference occurs when applied to stochastic systems: the second-order features of the

approach to the slow manifold contribute a biasing term to the reduced dimension

model that must be carefully computed. A systematic procedure for this is laid out in

[8], leveraging powerful results of Katzenburger.

A large class of important biological models exhibit natural timescale separation be-

tween the fast response of ecology and slow adaptation via evolution. Surprising and

sometimes counterintuitive results have been found in models of the evolution of coop-

eration (see Figure 2-2), viral strain evolution, sex chromosome evolution and others [1].
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Challenge: Away from ecological/evolutionary dynamics, most biological models

do not have a clean separation of time-scales that is known in advance. Can we

develop more widely applicable techniques to reduce the dimension of complex

models?

2.1.5 PDEs and related fields

In the 50s, Turing introduced the concept of spatial patterns that are induced by a

diffusion process of an activating and inhibiting component (e.g. prey and predator

species). At the time, this mechanism was hypothesized to explain the origin of animal

coat patterns. While modern experimentation has revealed that animal coat patterns

in fact have a genetic basis, emergent Turing patterns have helped explain many other

phenomena, from vegetation patterning to mussel distribution on the sea bed [1].

Although it is a simple mathematical model that suggests how certain natural patterns

could emerge, the Turing model has been highly criticised for its restrictive assumptions

(e.g. the diffusive rate of the inhibitor is required to be much larger than of the

activator, and often parameter choices are more sensitive than robust patterns in nature

would suggest). However, in the context of individual based models, stochastic Turing

patterns have been reported to emerge in a far greater range of parameters. With a

proper treatment of noise, it appears the simple mechanism proposed by Turing is more

robust than previously thought.

Butler and Goldenfeld [10] introduced a spatial predator-prey model, and investigated

the stochastic effects of demographic noise. Besides the temporal oscillations of species

abundances, it was shown that persistent perturbations, coming from intrinsic noise,

can sustain transient patterns that would otherwise decay in a deterministic model.

This phenomenon has become known as a stochastic Turing pattern. Beyond being

merely a mathematical curiosity, recent studies have provided evidence that stochastic

Turing patterns could potentially explain observed phenomena across many scales, from

the coexistence of trees and grass in the mesic savannah [11], to spatial correlations in

gene expression in synthetic bacterial populations [12].

Interestingly, the rigorous mathematical treatment of noise in spatial systems lags some

way behind that of non-spatial SDEs. The reason for this is the well-known difficulty

in the formal interpretation of SPDEs, i.e. the stochastic representations of PDEs that

consider noise in systems evolving in both time and space. This question has been

the subject of intense recent work since the breakthrough of regularity structures and

paracontrolled calculus, although interest in the area is presently almost completely
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confined to applications in physics.

Challenge: What do the new tools for rigorous analysis of SPDEs have to say

about applications in stochastic mathematical biology?

Stochastic spatial models also occur naturally in the study of biological motion, in

particular when considering the collective behaviour of groups of animals. Here the

stochasticity and randomness can take many different forms and often depend on the

model itself, with noise often turning out to be a necessary ingredient to reproduce

complex observed behaviours. These models are mainly investigated through compu-

tational simulations, a paradigm dating back to Reynold’s “boids” program written in

1968. In many models, noise is added to choice of direction of the moving of individuals

that make up the swarm. Alternatively, something as simple as randomising the order

of update events when individuals adjust their trajectories can introduce enough of a

stochastic element to achieve ‘realistic’ behaviours.

Data from animal experiments support the modelling of update events as themselves

being random. Yates et al. [13] used a coarse-grained model to estimate the drift and

diffusion coefficients in a 1D model of marching locusts; their findings suggest that

randomness in locust decision-making is increased when the alignment is low. This

model included intrinsic noise in form of random diffusion, though Bode et al. [14]

reproduced the same behaviour using asynchronous updating rules instead, from which

the stochastic behaviour emerges. Whatever the source, it is believed that noise is a

crucial mechanism that allows marching locusts to spontaneously change direction.

Recently Biancalani et al. [15] have shown that noise not only drives a system to

switch between stable states, but can create these states in the first place. Their

model investigated the foraging behaviour of an ant colony that switched between food

sources; similar effects have recently been observed in experiments on the noise-induced

schooling of fish [16].

Challenge: Swarming animals are often engaged in decision making processes

(foraging, predators avoidance, etc.) at both collective or individual levels. How

does the interplay of spatial motion and demographic noise affect the flow of in-

formation and emergent behaviours?

2.1.6 Random Matrix Theory

The above examples all concern random effects that play out over observable time

scales. Some random and unpredictable effects develop so slowly (for example through
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evolution) that they should be treated as essentially static. The most important ex-

ample in this class is the heterogeneous characteristics of, and interactions between,

species in an ecosystem. The goal of research in this direction is to make predictions

about ecosystem stability with only incomplete and uncertain data on its makeup.

In 1972, based on the work of Gardner and Ashby, May introduced the framework of

Random Matrix Theory to the world of theretical ecology. May proposed that random

coefficients in a community matrix (which captures the interaction strength between

different species in an ecosystem) could replace parameters that would otherwise be

too difficult to estimate in practice. Building on the insights developed by Wigner,

May derived a stability criterion for such random ecosystems

σ
√
NC < d, (2.5)

where N is the number of species within the ecosystem, C the probability that a pair

of species interact with each other, and σ2 is the variance of interaction strength. The

parameter d > 0 on the right-hand side is the magnitude of the negative diagonal ele-

ments of the community matrix (−d = −1, in the model proposed by May). According

to this circular law, all eigenvalues of the community matrix lie with high probability

within a disk of radius σ
√
NC, centered at −d on the real axis of the complex plane.

In other words, if the inequality in Eq. (2.5) is met, all eigenvalues have negative real

part, and thus the community matrix is considered locally stable.

The criterion derived by May implies that complexity (i.e. a large number of species,

high connectance, or diverse species interactions) decreases the stability of an ecosys-

tem. However, this result contradicted the common intuition that large and diverse

ecosystems are considered are more stable, where the removal of a single link can easily

be compensated. This discrepancy ignited a complexity-stability debate that has raged

ever since. However the model introduced by May clearly serves best as a null model,

rather than an accurate representation of real ecosystems.

The simplistic assumptions that make up the random community matrix are insuf-

ficient for characterising real structured ecosystems. Instead, one seeks the missing

mechanisms that could be key for explaining the stability of complex ecosystems we

observe in nature. Such improvements to the random matrix model of ecosystems in-

clude accounting for topological structure and the effect of intra-species competition.

Amongst the most influential recent work has been that of Allesina and Tang [17], who

investigated how the structure of pairwise ecological interactions within ecosystems

could affect stability.
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Instead of assigning fully random interaction coefficients, they allowed to vary the

proportion of predator-prey pairs, relative to mutualistic and competitive interactions.

With this new random matrix set up, the stability criterion derived from the circular

law in Eq. (2.5) is modified to become an elliptic law for local stability. Given a larger

proportion of predator-prey interactions, the eigenvalue distribution of the random

matrix is stretched along the imaginary axis, forming an ellipse. Therefore, the stability

criterion that requires the real part of all eigenvalues to be negative relaxes. The

opposite holds true for systems with large proportions of symmetric interactions such as

mutualism and competition. This simple yet powerful random matrix model explains

mathematically how predator-prey interactions promote stability of ecosystems, an

insight that has been supported by other theoretical studies [18].

While the random matrix model of species interactions is an abstraction of real ecosys-

tems, interrogation of this model has furthered our understanding of the basic principles

behind ecosystem dynamics. Interestingly, it has been shown that a large set of differ-

ent ecosystem models can be reduced to a single model based on just a few statistical

parameters [19]. Progress is also beginning to be made in the challenging task of con-

necting to empirical studies to shed light on the key features that set real ecosystems

apart from their model counterparts [20], and potentially infer structural features of

interaction matrices from timeseries data [21].

Challenge: Can we robustly interrogate real data with RMT models, and vice

versa?

2.1.7 An invitation

Stochasticity has been shown to operate across a huge range of scales in mathematical

biology, from intracellular physiological processes and the transmission of genes gov-

erning evolution, to the species interactions that govern ecosystem stability and the

diversity of life on earth. In this article we discussed examples of mathematical models

that have been studied previously from a deterministic point of view, and we showed

how more recent studies that incorporate stochasticity in these models open up a new

range of questions to interrogate about the biological system at hand. Encouraged by

this perspective on mathematical biology, we have illustrated how interrogating the

effect of this stochasticity requires drawing on a range of mathematical sub-disciplines,

including probability, statistical mechanics, stochastic and partial differential equations

and random matrix theory.

Despite a rich history of the application of these techniques in mathematical biology,
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the field of stochastic mathematical biology remains remarkably fertile. Perhaps due

to the perceived technical difficulty of addressing these probabilistic problems in bi-

ological modelling, there remain a number of open problems, some of which we have

sought to highlight in the course of this article. Interestingly, many of these do not re-

quire an overly complicated approach that covers all details of the underlying biological

processes. Instead, mechanistically minimal models that are informed by key empir-

ical insights from biologists have been shown to hold surprising explanatory power.

Progress does however require knowledge of the comparatively sophisticated mechanics

of stochastic processes. It is in this spirit that we offer this invitation to mathematicians

across disciplines to join us in working in this exciting field.
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2.2 Stochastic Dynamical Systems

As we have discussed in the paper presented above, dynamical systems serve as a

powerful mathematical tool to model the dynamics of species populations and their

interactions, either within an ecosystem or on longer evolutionary timescales. Hence,

stochastic differential equations (SDEs), as defined in Eq. (2.3) in the paper, commonly

appear when we describe biological processes, and form one of the main pillars of this

thesis. In order to illustrate the most important principles of stochastic dynamical

systems and to prepare for the coming chapters, we present a simple mathematical

model of two interacting species. Similar to the quasi-cycles emerging in the work of

McKane and Newman [6], we explore the effects of stochasticity and present tools to

analyse them in terms of local stability of equilibrium states and fluctuations in their

vicinity. In Chapter 3 we then build upon this analysis, where we move from low-

dimensional population dynamics to species interactions in large ecological networks.

2.2.1 Population Dynamics

In ecology and evolution, biologists are often interested in the growth of populations

based on processes that regulate birth and death rates. These events are usually a result

of interactions between individuals and species, such as mating, competing for resources

or predators feeding on a target prey species. When modelling population dynamics, the

main quantity of interest is the integer number of individuals of a species or type, that

changes through inherently discrete birth-death processes. Therefore, the dynamical

interactions between individuals and species within a population or ecosystem are best

described by Individual-Based Models (IBMs), often in form of chemical reactions that

assume the law of mass action (i.e. it is assumed that the interaction rate is directly

proportional to the product of the number or density of the individuals that belong to

the interacting species or type). We write the IBM in the form of reaction equations

as in the example below,

X
bx−⇀↽−
cx
X +X

Y
by−⇀↽−
cy
Y + Y

X + Y
p
⇀ X +X .

(2.6)

Here X,Y represent a predator and prey species respectively as chemical components.

The first two reactions describe the birth process of each species at rate bx,y, and the

density-dependent death process (e.g. competition) at rate cx,y. The third equation
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describes the predation process at rate p. Note that the birth processes are considered

as spontaneous reactions that only depend on the proportion of each single component,

whereas the other reactions are viewed as ‘collision’ processes within a spatial volume

V .

Mathematically, we write the reactions in terms of a rate vector r = (r1, . . . , rR) com-

posed of all R reaction rates, and the stoichiometry matrix S with elements Sij that

correspond to the integer jump of species i during reaction j. For the example model

above we then write,

r = (bx, by, cx, cy, p) ,

S =

(
+1 0 −1 0 +1

0 +1 0 −1 −1

)
.

(2.7)

Alternatively, we can write the numbers of predator and prey species in terms of the

state vector n = (nx, ny), and find the respective transition rates from state n to n′ us-

ing combinatorics for random processes [27]. In case of the example process in Eq. (2.6),

we then obtain the transition rates,

T (nx + 1, ny|nx, ny) = bxnx

T (nx − 1, ny|nx, ny) = cx
nxnx
V

T (nx, ny + 1|nx, ny) = byny

T (nx, ny − 1|nx, ny) = cy
nyny
V

T (nx + 1, ny − 1|nx, ny) = p
nxny
V

.

(2.8)

These transitions describe a Markov process and hence we may write the time-evolution

of the state probabilty Pn(t) in terms of the master equation defined in Eq. (2.1) [28].

While IBMs and the master equation characterise the time evolution of discrete states

(e.g. the number of individuals within a population), we now wish to move to a contin-

uous state space. More specifically, instead of considering our model on an individual

level, we describe the observed quantity as a continuous variable (e.g. species densi-

ties within an ecosystem). For this, we define the macroscopic state vector x = n/V .

This allows us to use convenient approximations and mathematical tools for different

levels of dynamics based on the system size V and randomness or stochasticity that

determine the behaviour of x [28, 27, 29].

For instance, in order to find the mean behaviour of our previously described IBM, we
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assume an infinite system size V → ∞. In terms of biological populations we assume

e.g. unlimited space or resources such that the population size is unbounded, or there

exists an infinite number of different species or types within an ecosystem. Determin-

istic ordinary differential equations (ODEs) provide a phenomenological description of

ecological processes in this mean-field limit, and have also been derived directly from

IBMs and the master equation [27, 6, 29]. For the example process in Eq. (2.6), we

write the mean frequencies of the predator and prey species as the continuous states

x = nx/V and y = ny/V respectively, and obtain the ODEs,

dx

dt
= fx(x, t) = x(bx − cxx+ py)

dy

dt
= fy(x, t) = y(by − cyy − px) .

(2.9)

However, while real systems may be large, they usually have a finite size. For instance,

space or resources within an ecosystem are limited and thus keep the population size

at a specific carrying capacity, or genetic variances fix the number of possible types

and species. In that case, the effects of demographic noise (i.e. the stochastic nature

of the underlying individual based model and birth-death processes) drive the system

dynamics in addition to the deterministic mean field behaviour (as reviewed in Sec. 2.1.4

in the paper). To demonstrate this, we write the example model of predator-prey

dynamics in Eq. (2.6) in terms of stochastic differential equations (SDEs),

dxi
dt

= fi(x, t) +
1√
V
ηi(t) , (2.10)

where the vector function f corresponds to the deterministic ODE system as de-

fined in Eq. (2.9), and η(t) is an N -vector of Gaussian white noise with correlations

E[η(t)η(t′)T ] = δ(t− t′)B. We obtain the noise matrix B directly from the underlying

IBM (see e.g. [29]) in terms of the rate vector r and stoichiometry matrix S in Eq. (2.7)

as follows,

B = Sdiag(r)ST . (2.11)

Fig. 2-3 shows a realisation of a stochastic time series of the example model in Eq. (2.10),

and its corresponding trajectory in the phase plane of the predator and prey species.

For comparison, we also plot the deterministic counter part in Eq. (2.9). While the

trajectory of the mean field dynamics spirals towards an equilibrium state and remains

there, the stochastic trajectory experiences random ‘kicks’ that drive the species abun-

dances away from equilibrium. Therefore we observe quasi-periodic dynamics in the

stochastic model, even long after the cycles have damped in the mean field approxi-
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Figure 2-3: Left: Time series of the predator-prey model system as stochastic simulation
of Eq. (2.10) (dashed lines), and the deterministic mean field behaviour in Eq. (2.9)
(solid lines). Right: The corresponding trajectory in the phase plane spirals towards a
stable stationary state. Model parameters: bx = 0, cx = 0.3, by = 0.5, cy = 0, p = 0.5.

mation (see also [6, 30, 31, 32]). With this simple and straightforward example model

we demonstrated the power of adding a layer of stochasticity, and how this may lead

to new dynamical phenomena that remain hidden otherwise. In the next sections we

introduce mathematical tools to further analyse these stochastic fluctuations.

2.2.2 Ornstein-Uhlenbeck Process

Most complex processes that we model as dynamical system are highly non-linear [1].

However, these models are usually difficult to treat mathematically and often explicit

solutions do not exist. Therefore we linearise our model, which allows us to obtain ap-

proximated solutions and describe the dynamical behaviour in the vicinity of a station-

ary state x∗, where the observed quantity does not change in time, i.e. f(x∗, t) = 0 ,∀ t.
When we observe such equilibrium state, a question we often ask is how perturbations

affect the system. One qualitative characteristic we are interested in is local stability.

We consider a dynamical system locally stable (unstable) if the linear dynamics drive

the observed quantity back to (away from) its equilibrium state after an infinitesimal

dislocation.

In order to characterise the linear behaviour of our deterministic ODE system in

Eq. (2.9), we compute the Jacobian matrix with elements defined as,

Jij =
∂fi
∂xj

, (2.12)

and evaluate it at the stationary state. The eigenvalues and eigenvectors of this matrix

inform us about the linear behaviour of the dynamical system in close proximity of its
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equilibrium, and the stationary state x∗ is considered locally stable iff,

Re(λi) < 0∀ i . (2.13)

For the example model we find that the respective eigenvalues of the non-trivial fixed

point are complex and have negative real part, thus we expect periodic behaviour de-

caying around a stable stationary state (see deterministic trajectory spiralling towards

equilibrium in Fig. 2-3).

Similarly, we seek to characterise the stochastic behaviour of a dynamical system close

to its equilibrium state. Hence, in order to further proceed with our analysis mathe-

matically, we approximate the fluctuations as a linear Ornstein-Uhlenbeck process (OU-

process). This can be interpreted as a random walk or Brownian motion, where the

drift term of the diffusion process drives the particle back towards its stationary equilib-

rium [33]. We write the linear fluctuations around the stationary state x∗ obtained from

the deterministic mean-field description as stochastic state vector ξ =
√
V (x− x∗).

Then we express the corresponding OU-process in terms of the Langevin-equation,

dξ

dt
= Aξ + ζ(t) , (2.14)

with noise vector ζ(t). The matrixA corresponds to the Jacobian matrix (see Eq. (2.12))

evaluated at the stationary state, and determines the mean behaviour of ξ. For the

OU-process, it is considered to be locally stable, i.e. all eigenvalues of A have negative

real part. As we discuss further in Sec. 2.3.1, this matrix is also referred to as com-

munity matrix and serves as model for large complex ecosystems [34]. In Chapter 3

we investigate the implications of demographic noise with regards to temporal stability

and the network structure in ecosystems based on a random community matrix. For

this, we need a mathematical tool that allows us to analyse the stochastic fluctuations

in Eq. (2.14), which we introduce in the next section.

2.2.3 Power Spectral Density

We have previously explored stochastic fluctuations around an equilibrium state. So far,

we qualitatively described the behaviour of the example system as cyclic, by simply

looking at the time series depicted in Fig. 2-3. Now we wish to also quantitatively

analyse the dynamics and verify that the system exhibits quasi-periodic dynamics. For

this we need a mathematical tool that characterises fluctuations in time series data,

even if the dynamics are not visibly apparent. The power spectral density offers insight

into the frequency spectrum of a given time series, and thus informs about patterns
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that occur in the underlying dynamics [33]. We discuss this in the following with our

previous example model.

By the Wiener–Khinchin theorem [35], we know that the autocorrelation function

〈ξ(t)ξ(t− τ)〉 is given by the Fourier transform of the power spectral density,

Φ(ω) =

∫ ∞
−∞

e−iωτE[ξ(t)ξ(t+ τ)]dτ . (2.15)

In order to characterise the fluctuations in our modelled dynamical system, we seek to

compute the power spectral density for the linear OU-process in Eq. (2.14). From [33],

we know that Eq. (2.15) can also be written in the form of the matrix equation,

Φ(ω) = (A− iωI)−1B(AT + iωI)−1. (2.16)

Hence, we plug in the values of the community and noise matrix A,B as defined in

the previous sections, and obtain the power spectral density shown in Fig. 2-4. The

spectra for the abundances of both the predator and prey species are clearly distributed

around specific characteristic frequencies. This is typical for periodic signals in time

series data and confirms the quasi-cycles we observe.

Computing the power spectral density as in the 2-dimensional example above is straight-

forward when the elements of the community matrix A and noise matrix B are known.

However, as we discuss in Sec. 2.3, the precise configuration of interaction parameters

in large systems (e.g. ecosystems) is usually unknown and rather modelled by randomly

distributed values. This poses a challenge to analytically evaluate Eq. (2.16) and be-

comes numerically expensive with increasing system sizes. In Chapter 3 we illustrate a

method to compute the power spectral density for large stochastic dynamical systems,

when the community and noise matrices are constructed from randomly distributed

elements.

2.3 Random Matrix Theory

In Sec. 2.2 we presented an example model for the population dynamics of a predator

and prey species. The mathematical analysis may be challenging, but usually straight-

forward in such low-dimensional cases. However, realistic ecology is far more complex,

and species rarely live in isolation outside of experimental setups in a laboratory. There-

fore, modelling tools are required that capture the features of large complex systems,

and we are challenged with the difficult task of choosing accurate model parameters.

For instance, it is nearly impossible to precisely measure all interactions between indi-
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Figure 2-4: Power spectral density Φx(ω) of the predator species in the model sys-
tem (the inset shows the same plot for the prey species). Solid lines correspond to
the theoretically expected power spectral density computed according to Eq. (2.16)
for the linearised Ornstein-Uhlenbeck process. Dashed lines correspond to the mean
power spectral density obtained via FFT and averaged over 500 independent numerical
simulations. Model parameters same as in Fig. 2-3.

viduals and species within populations and ecosystems. In this case, stochasticity arises

from the simple fact that parameters must at best be drawn from random distributions

(although the dynamics of the model system may still be deterministic). While models

with random parameters may seem mathematically intractable and difficult to analyse

at first, random matrix theory provides useful tools to predict the local stability of large

random dynamical systems. In the following, we describe how to construct ecosystem

models that we use as foundation for this research, and then derive two important

laws that provide insight into theoretical ecology and species interactions, namely the

circular law and the elliptic law [34, 22].

2.3.1 Community Matrix

In analogy to the IBM in form of chemical reactions in Eq. (2.6), we now consider

a large system with N components Xi where i = 1, . . . , N , and define the possible

interactions,

Xi +Xj
Rij
⇀ 2Xi +Xj

Xi +Xj
Rij
⇀ Xj

Xi +Xj
Rij
⇀ Xi +Xi ,

(2.17)
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with rates Rij > 0. The first two reactions describe symmetric interactions that are

either of mutualistic or competitive nature, while the third reaction describes antago-

nistic interactions between e.g. a predator and prey species. Like in Sec. 2.2.1, we take

a mean field approach and model the dynamical system as a set of ODEs. However,

the parameters αij = ±Rij that describe interactions between the components of the

system are generally unknown, and we assume they follow a random distribution. In-

stead of rigorously deriving the equations of motions, May [34] proposed to model the

behaviour of a complex system close to its equilibrium state directly by constructing

the community matrix analogous to Eq. (2.12) with randomly distributed off-diagonal

elements. The community matrix takes the form,

A =


0 α12 · · · α1N

α21 0 · · · α2N

...
...

. . .
...

...

αN1 αN2 · · · 0

 . (2.18)

As originally proposed by May [34], we construct the community matrix that models

random interactions as follows. With edge probability c, the elements of the community

matrix are iid random variables drawn from a random distribution of the interaction

strengths, and set to zero otherwise. This connectivity c is the average number of

connections that each species has with others. For the remainder of the thesis we

model systems with interaction parameters that follow a distribution with zero mean.

In addition, we model systems that feature pairwise interactions with bias towards

either antagonistic (i.e. predator-prey) or symmetric (i.e. mutualistic/competitive) in-

teractions. Allesina and Tang [22, 36] analysed such systems extensively, and construct

the community matrix as follows. Instead of sampling each interaction strength inde-

pendently, we draw the matrix elements (Aij , Aji) pairwise from a bivariate random

distribution with correlation γ ∈ [−1, 1]. The correlation parameter indicates the dom-

inant interaction type within the ecosystem, where a negative (positive) value indicates

a larger (smaller) proportion of antagonistic interactions, and with γ = 0 this model

reduces to a mix of random interaction types as in May’s model above. In the next

section we discuss the effect of the correlation on the local stability of large ecosystem

models.
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2.3.2 Elliptic Law

As with deterministic dynamical systems in Sec. 2.2.2, we wish to perform a local

stability analysis on the community matrix in order to determine whether the modelled

system exhibits a stable equilibrium state. Recall that the leading eigenvalue of the

community matrix determines the local stability, where a negative (positive) real part

indicates the stationary state is stable (unstable). Since we model the community

matrix with randomly distributed elements, we use random matrix theory to find its

eigenvalue distribution.

According to the circular law in probability theory [37, 38], the eigenvalue distribution

of a N ×N matrix A/
√
N with iid random elements with unit variance converge to a

unit disk in the complex plane as N →∞. May extended the circular law for systems

with sparse connectivity c and interaction strengths with arbitrary variance σ2, as more

common in real ecosystems [34]. The variance of the community matrix elements V[Aij ]

scales with cσ2, as well as the radius of the disk the eigenvalue distribution converges to.

When N →∞, the eigenvalue distribution is unaffected by setting all diagonal elements

to zero, and adding or subtracting a diagonal matrix with elements Dii = d only shifts

the eigenvalues of A along the real axis by Re(λi)± d. Hence in combination with the

condition for local stability in Eq. (2.13) that requires all eigenvalues have negative real

part, we arrive at May’s circular law as stability criterion for large random systems,

√
Ncσ2 < d , (2.19)

when Aii = −d∀i.

When we construct a community matrix with pairwise interactions, the elements are

not iid random variables anymore, and the eigenvalue distribution depends on the

correlation γ. Allesina and Tang [22, 36] have therefore derived the elliptic law as

a generalisation of the circular law to determine the local stability of systems with

pairwise correlations. When N →∞, the eigenvalue distribution of the community

matrix converges to an ellipse with vertical and horizontal semi-axes of length 1− γ
and 1 + γ respectively. The ellipse is centred at the origin of the complex plane, and

thus shifting the eigenvalues distribution by the diagonal elements Aii = −d∀i, we

arrive at the stability criterion that follows the elliptic law,

√
Ncσ2(1 + γ) < d . (2.20)

Note that for uncorrelated interactions with γ = 0 we recover the circular law in

41



Eq. (2.19).

Fig. 2-5 shows the eigenvalue distributions on the complex plane for random commu-

nity matrices. When the size of the matrices N is large, the distributions approach

the theoretical shapes predicted by the circular law in Eq. (2.19) for random matrices

with no correlation (γ = 0), and the elliptic law in Eq. (2.20) for correlated pairwise

interactions (γ 6= 0). In systems with positive correlation γ > 0 (i.e. the proportion of

antagonistic interactions is small compared to symmetric interactions), the eigenvalue

distribution of the community matrix forms an ellipse stretched along the real axis.

Then the value of the matrix diagonal elements Aii = −d must be sufficiently small,

such that the leading eigenvalue is negative, and thus meets the condition for local

stability given in Eq. (2.13). In contrast, if γ < 0 (i.e. a larger proportion of antago-

nistic interactions), the ellipse is stretched along the imaginary axis. For γ = −1, the

eigenvalues are distributed on a vertical line, and the local stability of the system is

guaranteed for any d > 0. This result implies that antagonistic interactions, as found

in predator-prey systems, have a stabilising effect on local equilibria, while symmetric

interactions, such as mutualism and competition, destabilise the system. However, this

may not necessarily be true for the global stability of the modelled system, because

stochastic fluctuations can have an impact on its non-linear dynamics and drive the

system towards or away from its local equilibrium. In Chapter 3 we discuss an alterna-

tive measure of stability that considers this temporal variability, which is not captured

by the local stability analysis in deterministic dynamical systems as described above.

2.4 Neutral Models

So far, we have discussed the application of stochastic mathematical biology in the

context of ecology and population dynamics. Of course, biologists are not only in-

terested how species interact with each other, but furthermore how these interactions

drive evolutionary processes on a larger time scale. For instance, models of dynam-

ics on a population level may investigate questions concerning stability of ecosystems

and extinction times of individual species or phenotypes, which then ultimately inform

about the fitness and evolutionary dynamics of gene variants (alleles). Empirically, it

is difficult to observe evolution in action, for species may have gone extinct long ago, or

the dynamics occur on slow time scales that would require cumbersome long-term ex-

periments. Therefore, evolutionary biologists usually rely on probabilistic predictions

and statistical observations that explain evolutionary branching events. Mathematical

biologists face the challenge to translate complex evolutionary mechanics, such as re-

production and mutation of genetic information, into simplified models that provide
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insight on the basic principles of evolution. One approach treats each allele as an in-

dividual group or type within the population. Unlike distinct species, these types may

mate and reproduce under given circumstances, and switch type when mutations occur.

For mathematical simplicity, we assign a fitness value to each allele corresponding to

the survivability or reproductive rate of the respective phenotype. A neutral model

of evolution further simplifies this and assumes that each type has the same fitness,

thus all birth-death processes happen at the same rate and their probability can be

expressed by Eq. (2.2) in the paper presented in this chapter.

As we further discussed in the paper, neutral models do not only serve as oversimplified

abstractions of complex biological processes. For example, the works of Kimura and

Hubbell have demonstrated the explanatory power of neutral models in the context

of natural phenomena observed in evolution and ecology (see Fig. 2-1). It remains

debatable whether simplistic models truly capture mechanisms that follow no high-level

structure or miss fundamental processes that escape our attention. However, neutral

models provide insight on basic principles, such as the evolution of neutral mutations,

and may serve as null hypotheses to compare and test theories that include more

complicated mechanisms. For instance, if empirical data deviates from the predictions

of a neutral model, we may add layers of complexity and identify the underlying process

that matches our observation. In Chapter 4 we formulate such a model for the evolution

of mating types within isogamous species, based on a null hypothesis from principles

of neutral models. Similar to the emergent behaviour due to demographic noise in

population dynamics (see Sec. 2.2), we consider the stochastic nature of mutations and

competing alleles, and draw their non-neutral fitness from random distributions. We

then show that new evolutionary dynamics emerge with this added layer of stochasticity,

and derive analytical results that align with empirically observed data.
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Chapter 3

Fluctuations in Large Random

Dynamical Systems and

Ecological Networks

In the previous chapter we reviewed some of the fundamental modelling approaches

and tools that stochastic mathematical biology has to offer. While these methods

provide great explanatory power and analytic insight into complex biological processes,

we still often face challenges that remain to be addressed. For instance, stochastic

dynamical systems serve as fairly realistic models that capture the uncertainty of nature

and reveal emergent behaviour, yet in order to obtain analytic results mathematical

biologists are often limited by low-dimensional systems. Or there exist convenient

mathematical models that capture the complexity of biological systems, but the analysis

in a stochastic setup remains open and limited to computer simulations. The paper

presented in the following addresses these limitations and combines the analysis tools

of stochastic dynamical systems with random matrix theory in the context of large

complex ecosystems. In particular, we develop a method to characterise the fluctuations

close to an equilibrium when the community matrix of the modelled system is large

and constructed from randomly distributed elements.

For this, we compute the power spectral density as described in Sec. 2.2.3 for a gen-

eral Ornstein-Uhlenbeck process defined in Eq. (2.14). However, unlike in the two-

dimensional example model of predator-prey dynamics we presented in Sec. 2.2.1, we

now consider the fluctuations of an entire ecosystem that we model analogous to the

community matrix described in Sec. 2.3.1. Hence the parameters in the matrix equa-
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tion for the power spectral density of the fluctuating dynamics in large random systems

are generally unknown, and we need a new approach in order to evaluate Eq. (2.16).

As detailed further in the paper, we recast the definition of the power spectral density

in terms of an auxiliary field, a tool borrowed from statistical physics. In essence, we

perform a series of matrix manipulations in order to obtain a solvable expression for the

power spectral density in terms of the statistical properties of the underlying random

network. We outline the central steps and results in the following.

First we rewrite the equation for the power spectral density as a Gaussian integral.

Instead of directly computing the occurring matrix inverse, we introduce new auxiliary

variables and treat the system analogous to a complex-valued spin system. This allows

us to compute the power spectral density with help of the cavity method, where we

exploit the sparse network structure of the modelled system. For this, we first write

down the equation for a single site in the network and recursively compute the power

spectral density in terms of the surrounding cavity field where the focal site has been

removed. We then further explore analytic solutions for the power spectral density

based on the underlying network structure of the modelled system. First we compute

the mean power spectral density that reveals a characteristic connection between fluc-

tuation patterns and the proportion of predator-prey interactions within ecosystem

dynamics. Then we show how to compute the power spectral density for individual

species by using a single defect approximation. Furthermore, we expand our method for

trophic network structures and apply it to a bipartite predator-prey system as an exam-

ple. Lastly, we demonstrate how the power spectral density reveals hidden information

in real ecological system using empirical data on oceanic plankton populations.

The last section in this chapter discusses further outlooks for research on large complex

ecosystems. While the paper presented here serves as a mathematical foundation, we

explore how one may expand the results to an embedded low-dimensional subsystem.

As an example, we consider a species that follows logistic growth dynamics coupled

to a stochastic Lotka-Volterra ecosystem as we describe in the paper. We then derive

analytic approximations for the escape time from an equilibrium state in dependence

of the time scale separation between these systems.
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Abstract

Understanding the relationship between complexity and stability in large dynamical

systems —such as ecosystems— remains a key open question in complexity theory

which has inspired a rich body of work developed over more than fifty years. The vast

majority of this theory addresses asymptotic linear stability around equilibrium points,

but the idea of ‘stability’ in fact has other uses in the empirical ecological literature.

The important notion of ‘temporal stability’ describes the character of fluctuations

in population dynamics, driven by intrinsic or extrinsic noise. Here we apply tools

from random matrix theory to the problem of temporal stability, deriving analytical

predictions for the fluctuation spectra of complex ecological networks. We show that

different network structures leave distinct signatures in the spectrum of fluctuations,

and demonstrate the application of our theory to the analysis ecological timeseries data

of plankton abundances.
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3.1.1 Introduction

“Will a large complex system be stable?” asks the title of Robert May’s seminal 1972

paper [1] that threw fuel on the fire of the complexity-stability debate and popularised

the use of random matrix theory (RMT) in theoretical ecology. At first sight, answering

this question with mathematics seems impossible. The huge number of interactions in

real-world ecosystems hampers any attempt to create a precisely calibrated model,

as the challenge of measuring all necessary parameters seems insurmountable. What

May pointed out was that it might in fact not be necessary to know exact parameter

values; knowledge of their statistical distribution could be sufficient. Combining the

random model ecosystems proposed by Gardner and Ashby [2], with results of Ginibre

[3] in RMT, May showed how complexity —measured in terms of the number of species

and the connectance of their interaction network— could decrease ecosystem stability

(i.e. the eigenvalue distribution of the community matrix moves towards the instability

boundary where the leading eigenvalue has non-negative real part).

Although modelling ecosystems as using random community matrices has been criti-

cised [4, 5] —with some arguing that these serve best as a null model for ecosystem

structure [6]— this growing field has continued to provide insights into the mechanisms

that promote ecosystem stability. For instance, Allesina and Tang [7, 8] generalised

the community matrix model to account for different interaction types, elucidating the

important stabilising role of predator-prey interactions. We now have quite a detailed

view on the extent to which high-level ecosystem information (such as trophic [9] or

community [10] structures) can be incorporated into the RMT framework to give more

accurate predictions of the stability boundary.

The notion of stability referred to by May and these later works is that of asymptotic

linear stability of an equilibrium point. While this definition is a natural mathemati-

cal choice, it belies the rich array of interpretations of ‘ecological stability’ present in

the empirical ecological literature [11]. In order to make clear the differences between

these interpretations, Grimm and Wissel [12] created an inventory for different types of

stability measures used in ecology. Some of these in particular are more attuned to the

measures favoured by empirical ecologists. One such measure is ‘temporal stability’,

often described as the constancy of ecological variables relative to their mean, which is

commonly used as an indicator for ecological stability [13, 14, 15, 16, 17, 18, 19, 20].

In [21], Suweis et al. propose to study the attenuation of perturbations as they propa-

gate through ecological networks, introducing measures of reactivity and localization.

Taking a different approach, recently Arnoldi et al. [22] employed the term ‘variability’

to describe the inverse of temporal stability in a random community matrix model.
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Figure 3-1: Fluctuation spectra in predator-prey systems. Left: a mixed community
of species with randomly assigned predation relationships. Right: a model ecosystem
with two trophic levels— 200 predators and 800 prey species. In both cases fluctuations
are illustrated via a typical single-species time series (ξ(t), upper) and the mean power
spectra (φ(ω), lower), where circles are simulation results, and solid lines our theory.
Parameters are: Nx = 200, Ny = 800, cx = 20, cy = 5, α = 10, b = 1, d = 1; full details
of all simulations are found in the Methods.

In that work, they consider the scale of response to persistent external (environmen-

tal) noise applied to an ecosystem. While this is an important and useful measure, it

does not capture anything of the temporal characteristics of fluctuations in ecosystems,

which can drive a system away from equilibrium, and thus are important precursors to

linear and nonlinear instabilities [23].

In this paper, we seek to bridge empirical and theoretical measures of stability by devel-

oping a theoretical framework for the analysis of temporal stability of ecosystems. Our

key object of study is the ‘power spectral density’, a statistical measure that captures

the frequency and amplitude of noisy fluctuations in time series (see Fig. 3-1 for exam-

ples). The relationship between such power spectra and temporal notions of ecological

stability is multifaceted. Particular points of interest are the height of spectrum, which

gives information about the magnitude of stochastic fluctuations, the locations of non-

zero peaks corresponding to quasi-cyclic signals, or a peak at zero indicating baseline

wander, and the integral gives the total power that relates to the notion of variability.

Moreover, the Fourier transform of the spectrum yields the autocorrelation structure of

the stochastic trajectories. We provide a brief guide to these concepts in the Methods
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section Interpreting the Power Spectral Density in the Context of Temporal Stability,

though in the main text we will refrain from ascribing overly simplified interpretations

to power spectra.

Beyond providing a more detailed view of temporal stability, an investigation of power

spectra yields a number of further advantages. For instance, power spectra are readily

computed from empirical data and provide detailed information about intrinsic fluc-

tuations and (via the fluctuation dissipation theorem [24]) response to external per-

turbations. Previous theoretical studies of power spectra in low-dimensional systems

have yielded important and sometimes surprising results in fields including epidemi-

ology, game theory, and ecology [25, 26, 27]. The method is particularly powerful in

explaining the emergence of persistent quasi-cyclic oscillations driven by noise. Un-

til now, however, a major limitation of this theory has been its restriction to models

with very small numbers of interacting elements for which the approach is analytically

tractable with existing methods, while the applicability of the theory to larger systems

is limited by comparatively slow numerical schemes, and difficulty parameterising large

models. Here, by applying techniques from the statistical physics of complex systems,

we demonstrate the possibility of deriving exact analytic formulae for the power spectra

of large random and noisy dynamical systems.

We apply our method to characterise the stochastic fluctuations of species abundances

in random Lotka-Volterra type ecosystem models. As a result, we find that their

temporal stability is universally characterised by a few key parameters, including the

proportion of predator-prey interactions and the rate of population turnover. This

result is a temporal analogue of the famous Winger semi-circle law for random ma-

trix eigenvalue distributions [28] and points to the wide applicability of the theory we

develop. Importantly, the universal character of the power spectrum we derive is in-

dependent of the choice of random variables in the model, and only depends on the

aggregate properties we identify.

Just as May’s RMT calculations are open to generalisations and refinements, so too

is our approach to temporal stability. We illustrate this flexibility of the theory by

incorporating trophic structure to our ecosystem models. Subsequently, we discover a

distinct signature of this type of structure: the confinement of fluctuations to a fixed

band of frequencies. Taken together, these results raise the exciting prospect of being

able to draw conclusions about the internal structure of an ecosystem through the

analysis of its fluctuations.

The paper is structured as follows. First we demonstrate how to compute the mean
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power spectral density of a large random Lotka-Volterra system in section Interaction

types determine fluctuation spectra, showing how different dominant interaction types

result in distinct fluctuation power spectra. We then show how to compute the spec-

trum for an individual species within the large random ecosystem system in section

Species fluctuations exhibit strong heterogeneity, and further generalise the method

in section Trophic structure induces fluctuation frequency gap to consider bipartite

interaction networks, showing how a two-level trophic system can leave a distinct fin-

gerprint in the power spectrum of an ecosystem. Readers interested in the potential of

our results as a tool for analysis of real time series data may wish to jump to section

Confronting RMT in theoretical ecology with time series data which provides a proof of

concept in this direction. Here we explore an ecological time series dataset of plankton

abundances, showing how our results provide a technique to infer the structural details

of real ecosystems. Full derivations of our analytic results are provided in the Meth-

ods section, along with detailed descriptions of the models we use for demonstration

throughout this paper.

3.1.2 Results

Interaction types determine fluctuation spectra

Our approach enables the computation of the power spectral density of fluctuations

in large random systems of a very general class; a full and detailed derivation is given

in the Methods. In the case of ecosystem stability, the dynamical system in question

is that describing the interactions of different species. Many modelling choices are

possible in this context. For clarity we will focus here on an established modelling

paradigm — large Lotka-Volterra type ecosystems — and explore the extent to which

the nature of the species interactions affects the shape of the fluctuation spectrum.

Following classic models of ecosystem dynamics, we consider N species occupying a

domain of size V , writing xi(t) for the density of individuals of species i at time t. For

large but finite V , standard techniques (see Methods) allow us to describe the change

of the species densities by a set of stochastic differential equations (SDEs) :

dxi
dt

= xi

bi +

N∑
j

αijxj

+
1√
V
ηi(t). (3.1)

Here, the coefficients αij for i 6= j describe the interaction between species i and j, and

the ηi(t) are Gaussian noise term with correlations 〈ηi(t)ηj(t′)〉 = δ(t− t′)Bij(x).

We parameterise the model as follows. For simplicity (and to isolate the effect of
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interaction types) we model each species as having the same birth rate bi ≡ b and

density dependent mortality rate αii ≡ −b. The other interaction coefficients αij are

chosen at random so that (i) each species interacts with an average of c others (for

each possible interaction we include it with probability c/N , independent of all others),

(ii) interactions have mean strength E|αij | = µ and second moment Eα2
ij = σ2, (iii)

the correlation is controlled by the symmetry parameter γ = E[αijαji]/σ
2 ∈ [−1, 1].

Crucially, the full details of the distribution of the parameters αij are not required,

thanks to the universality of property of large random matrices [29, 30].

In the methods we show how these rates can be derived from a simple model of pairwise

species interactions which can be mutualistic, competitive, or predatory. The frequency

of predator-prey type interactions is tied to the symmetry parameter γ. At γ = −1

all interactions are of the predator-prey type (αij = −αji), at γ = 1 only purely

mutualistic (αij = αji > 0) or competitive (αij = αji < 0) are present, and between

these extremes there is a random mix of interaction types. Note that we treat species

as behaving similar to each other and for mathematical convenience we choose the

same magnitude for the interaction rates of each pair, although turnover rates may

vary between species in real ecosystems. When |αij | 6= |αji| the correlation parameter

becomes skewed and the interpretation of the resulting power spectra does not solely

depend on the interaction types present in the underlying network.

With this choice of (random) parameters, each species density will fluctuate around the

scaled carrying capacity x∗i = 1, which, following [8], is stable provided b >
√
cσ2(1+γ)

(we refer to [31, 32] for stability and feasibility of equilibrium states with heterogeneous

species abundance distributions). Around this fixed point, species in the stochastic

system in Eq. (3.1) will exhibit approximately linear fluctuations ξi, described by an

Ornstein-Uhlenbeck process of the form

dξ

dt
= Aξ + ζ(t) . (3.2)

Here A is the Jacobian of Eq. (3.1), known as the community matrix in the context

of theoretical ecology, and ζ is an N -vector of Gaussian white noise with correlation

matrix B = B(x∗). We assume that the equilibrium point at x = x∗ is linearly

asymptotically stable (i.e. stable in the mathematical sense described by May [1])

and now proceed to investigate its temporal stability as characterised by the power

spectra (see Methods section Interpreting the Power Spectral Density in the Context

of Temporal Stability).

The power spectral density of fluctuations Φ(ω) is defined as the Fourier transform
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of the covariance E[ξ(t)ξ(t+ τ)T ]. For multivariate Ornstein-Uhlenbeck processes one

can show (see e.g. [33]) that

Φ(ω) :=

∫ ∞
−∞

e−iωτE[ξ(t)ξ(t+ τ)]dτ

= (A− iωI)−1B(AT + iωI)−1.

(3.3)

In the Methods we show how to apply random matrix theory techniques to compute

the power spectral density, via a complex Gaussian integral representation of the above

matrix equation. The approach provides a general framework for computing the fluctu-

ations in large systems specified by random matricesA andB. We derive an expression

for the mean-field power spectral density φ(ω) = E[Φii] in terms of the resolvent func-

tion r. Specifically,

φ = |r|2E[Bii] + 2Re(r)cE[AijBij ]

1− |r|2cE[A2
ij ]

, (3.4)

where expectation is taken only over the non-zero entries of A and B, and r ∈ C solves

the self-consistent equation

1

r
= −E[Aii] + iω − rcE[AijAji] . (3.5)

This result holds for general random matrix models in which interaction parameters

are drawn from the same distribution for all species pairs (and we later show how the

method can be extend for other model types with species-specific parameters using a

single-defect approximation or partitioned networks). For the present case of our Lotka-

Volterra model, the community matrix coincides with the interaction matrix (that is

Aij = αij). In the methods we derive the rules E[Bii] = 2b+ cµ, E[AijBij ] = 0 for the

statistics of the noise correlation matrix. To get a sense for the information contained

in Eq. (3.4), we explore the result for several cases with varying interaction structures.

First consider a weak interaction limit where the difference between species is rather

small, so that σ2 � 1. In this case we find a simple Lorentzian spectral density:

φ(ω) =
2b+ cµ

b2 + ω2
+O(σ2). (3.6)

Fluctuations of this type are indicative of a highly stable system in which the balance

of interaction types γ has no influence. Next let us consider a limit where the power

spectral density shows significant differences depending on the proportion of predator-

prey interactions within the community, in particular focussing on ecosystems that are
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Figure 3-2: Fluctuation spectra in systems with lower predator-prey densisty. Left:
stable systems with γ = 0 (purple diamonds) and γ = 1 (green circles) have similar
fluctuation spectra, with a higher proportion of predator prey interactions associated
with higher over all excitation. Right upper: near instability a pole emerges at ω = 0,
corresponding to baseline drift in marginally stable systems. Right lower: In log-
log axes we see the different nature of the pole for mixed (γ = 0, purple diamonds)
communities compared with those with only symmetric interactions (γ = 1, green
circles). For γ = −1, see Fig. 3-1, left panel. Common parameters are N = 1000, c =
50, σ2 = 0.5.

near the stability boundary.

In the case of a system with predator-prey interactions only, we have γ = −1 and the

ecosystem is stable for all positive birth rates b. Expanding in small b we find that

fluctuations are of order 1/b, but are almost completely confined to a low-frequency

window. If ω2 < 4cσ2 then

φ(ω) =
2b+ cµ

2cσ2

[
1

b

√
4cσ2 − ω2 − cµ

2b+ cµ

]
+O(b), (3.7)

with an order 1/ω tail outside this range. Note that Eq. (3.7) has the shape of a

quarter-circle, to be viewed as a natural counterpart to the Wigner semi-circle law in

classical random matrix theory [28]. The result is illustrated in Fig. 3-1, left panel.

For a random mixture of interaction types with γ = 0 no approximations are necessary

as Eq. (3.4) simplifies to

φ(ω) =
2b+ cµ

b2 − cσ2 + ω2
. (3.8)
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The stability boundary here is given by b2 = cσ2. The above result therefore implies

the emergence of a 1/ω2 divergence in the power spectrum at low frequencies when

such a system is close to instability (see Fig. 3-2).

When only mutualistic or competitive interactions are present (i.e. γ = +1), the

full solution to Eq. (3.7) in this case is complicated, but for stable systems appears

qualitatively similar to the result Eq. (3.8) above. Near the stability boundary, however,

we find another behaviour. When b2 = 4cσ2, we find

φ(ω) =

√
2(4
√
cσ2 + cµ)√

cσ2(
√

16cσ2ω2 + ω4 − ω2)
− (4
√
cσ2 + cµ)

2cσ2
. (3.9)

In contrast to the previous case, this power spectrum exhibits a pole of order 1/
√
ω at

low-frequency, followed by a 1/ω2 tail at high frequency (see Fig. 3-2).

Between these results, we are able to see how the proportion of predator-prey interac-

tions in an ecosystem leaves a signature in the fluctuation spectrum. When predator-

prey interactions are dominant, the shape of the spectrum is pulled towards a quarter

circle law (Fig. 3-1, left panel); when they are rare, the low-frequency pole near insta-

bility changes its character (Fig. 3-2).

Species fluctuations exhibit strong heterogeneity

So far, we have considered only the mean power spectral density of fluctuations. The

cavity method technology employed in the derivation of Eq. (3.4) can also yield detailed

information about the fluctuation spectra of individual species in an ecosystem model.

Suppose one is interested in a focal species i, and has data on the type and strength of

interactions this species has with others in its ecosystem, as well as an estimate of the

large scale ecosystem parameters such appearing in Eq. (3.4). It is possible to make

use of this data in a ‘single defect approximation’ (SDA) scheme in which one considers

the fluctuations of species i when embedded in a large unknown ecosystem.

In the Methods we show how to derive an SDA approximation φSDA
i to the spectral

density of fluctuations for species i, given by the expression

φSDA
i =

φMF
∑

i∼j A
2
ij + 2Re(rMF)

∑
i∼j AijBij +Bii

|Aii + iω + r̄MF
∑

i∼j AijAji|2
, (3.10)

where φMF and rMF are the mean-field power spectrum and resolvent obeying Eq. (3.4).

In Fig. 3-3 we compare the average power spectral density of all species with the spectra
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Figure 3-3: Heterogeneity in species fluctuations. Thin lines show power spectral
densities for individual species in a predator-prey ecosystem model, computed using
the single-defect approximation of Eq. (3.10). Thick lines show the power spectral
density for comparison the two species with extremal fluctuations at low frequency,
computed directly via Eq. (3.17); the dash line shows the mean power spectral density.
Parameters are: N = 500, c = 20, γ = −1, σ2 = 1/4/c, b = 0.2.

of individual species as computed directly and via the SDA approximation. We im-

mediately notice that the mean-field power spectral density is often not representative

of individual species, which show surprisingly strong heterogeneity in their fluctuation

spectra. Another interesting feature of these results is the presence of peaks in the

power spectral density away from zero for some species — this implies quasi-periodic

fluctuations in these populations that are not observed in the ecosystem as a whole.

Finally we observe the curious feature that (for this model at least) the total power of

fluctuations appears approximately conserved, meaning that those species which do not

have large fluctuations at low frequencies are the same as those with unusually large

fluctuations at higher frequencies. At present we do not have an intuitive explanation

for this behaviour, highlighting the richness of non-obvious information present in these

complex power spectral densities.

Trophic structure induces fluctuation frequency gap

In the above investigations, we have employed a simple ecosystem model in which

species interactions are assigned completely at random. In the past fifty years of
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research into random matrix ecosystem models, far more sophisticated and realistic

models have been developed. Let us now illustrate how our methods may be applied to

more detailed models using the example of ecosystems with explicit trophic structure.

Here we focus on a bipartite predator-prey network as an example.

Consider a large model ecosystem composed of Nx predator species and Ny prey species,

writing xi and yj for the density of predator species i and prey species j, respectively.

With no prey-prey or predator-predator interactions, the interaction structure is bi-

partite. Each predator species has an extrinsic death rate d and depends upon the

consumption of prey for reproduction. This consumption may come from a selection

of cx different prey species for each predator, with Rij > 0 giving the predation rate

of predator i on prey j. Conversely, each prey has birth rate b, but is hunted by cy

predators, where Nxcx = Nycy. The SDEs for the predator and prey densities are given

by

dxi
dt

= xi

−d− xi +

Ny∑
j

Rijyj

+
1√
V
ηi(t),

dyj
dt

= yj

(
b− yj −

Nx∑
i

Rjixi

)
+

1√
V
ηj(t),

(3.11)

where ηi,j(t) are Gaussian noise with 〈ηi(t), ηj(t′)〉 = δij(t− t′)Bij(x,y). In the Meth-

ods we show how these equations (and the specific form of Bij) are derived from an

individual-based model.

This model has an equilibrium state (x∗,y∗), around which linear-order fluctuations

will occur, analogously to Eq. (3.2) above. We compute a community matrix of the

form

A =

(
−x∗I x∗R

−y∗RT −y∗I

)
, (3.12)

where the first i = 1, . . . , Nx rows and columns represent the predator species, and the

remaining j = Nx + 1, . . . , Nx +Ny rows and columns correspond to the prey species.

The noise matrix is derived from the underlying individual-based model (see Methods)

and given by

B =

(
2x∗(x∗ + d)I −x∗y∗R
−x∗y∗RT 2y∗bI

)
. (3.13)

In the Methods we develop a general approach to computing the power spectral density

of large random systems with bipartite structure such as this. The method requires
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Figure 3-4: Fluctuation spectra of bipartite systems. The exact power spectral densities
(dots) for predator species in a two trophic level model are computed numerically from
Eq. (3.17), and the corresponding mean power spectral density (solid line) are obtained
by solving Eq. (3.61) (inset shows the prey species). Excited frequencies are confined
to a band (shaded) between critical frequences given in Eq. (3.14). The order 1/N
peak at ω = 1 in the simulation result relates to the high-level bipartite structure. Its
location is predicted by a corresponding 2D system, also shown here for comparison
(dashed line). Parameters: Nx = 100, Ny = 200, cx = 20, cy = 10, α = 5, b = 1, d = 1.

explicitly keeping track of the contributions associated to each species group and their

interactions. In the mean-field, this approach delivers a set of equations (3.61) to be

solved for the mean contributions to the resolvent rx, ry, and to the power spectrum,

φx, φy. Fig 3-4 shows the shape of the power spectrum for predator and prey species

in this bipartite ecosystem. Surprisingly, we find that fluctuations are mainly confined

to a narrow window of frequencies, with a gap in excited frequencies around zero.

Examination of the system in Eq. (3.61) allows us to determine the window of excited

frequencies to be bounded by the critical frequencies

ω± =

√
bd

(
1

cx
+

1

cy
± 2
√
cxcy

)
. (3.14)

The contrast between the power spectral density of this two-trophic-level model to

that of a mixed ecosystem with predator-prey interactions was illustrated in Fig. 3-
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1. In Fig. 3-4 we show the spectrum in more detail, highlighting the band of excited

frequencies predicted by Eq. (3.14). In the present context, it means that observed

time series will not exhibit baseline wander and can therefore be considered to have

a higher long-term temporal stability than the mixed ecosystems explored above (see

section Interpreting the Power Spectral Density in the Context of Temporal Stability).

Comparisons between simulations and our analytical results shows another interesting

feature: an order 1/N disagreement at frequency ω = 1, which is outside of the excited

range. This can be explained by considering an effective two-species model in which we

consider only a single ‘average’ predator and prey pair. This 2D system has an eigen-

value pair with unit imaginary part, giving rise to quasi-cycle behaviour as documented

in [27]. It is important to note that this contribution is small relative to the rest of

the spectral density, meaning that the bulk of fluctuations of a structured ecosystem

cannot be inferred from considering a low-dimensional representative model.

Confronting RMT in theoretical ecology with time series data

Although hugely influential in the field of theoretical ecology over the last 50 years,

traditional work on RMT has so far led to rather limited empirically testable insights.

The central issue is that while many ecological considerations can be incorporated in

a random matrix model, each leads to a binary outcome; the system is either stable or

unstable to small perturbations. Thus testing the predictions of these models demands

the time-intensive task of measuring real species interaction networks (which are as-

sumed to be stable) and asking whether they indeed tend to be weakly connected (as

suggested by May [1]), have a dominance of predator-prey interactions (as suggested

by Allesina and Tang [7]), or satisfy some other prediction of the theory. In contrast,

the approach presented in this paper offers the tantalizing prospect of directly linking

the ecological RMT framework with comparatively easy-to-obtain time series data.

To trial the use of our methods in the analysis of real ecological data, we have in-

vestigated a high-resolution time series dataset for the abundance of coastal plankton

species, taken over a period of 88 consecutive days [34]. In Figure 3-5 we show the

estimated empirical mean power spectrum from the data (circles), compared to that

of the best fit Lotka-Volterra random ecosystem model according to our theory. Full

details of the data analysis and fitting are given in the Methods. Examination of this

fit reveals several qualitative features of the implied ecological interactions.

First, we note that the best fit value for the interaction symmetry parameter is γ = 0.81,

implying an ecosystem in which predator-prey interactions are scarce, and is more likely
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dominated by competition. Trust in this finding is strengthened by the fact that the

fit is quite sensitive to this parameter; the dashed line in Figure 3-5 gives the best fit

under the constraint γ < 0, which performs poorly, especially for low frequency.

Interestingly, when viewed in logarithmic axes (Fig. 3-5 main panel), the plankton

abundance power spectrum appears to exhibit a similar change of scaling between high

and low frequency ranges to that seen in Fig. 3-2 for the case of symmetric interactions

near instability. We can assess the closeness to instability by considering the spectrum

inferred from the best fit model, as shown in the lower right panel of Figure 3-5. The

rightmost edge (λmax =
√
cσ2(1 + γ) − b ≈ −0.0086) is very close to zero, implying

ecosystem dynamics which are close to instability. This feature corresponds to the

large peak at zero in the power spectral density, which suggests that low frequency

perturbations to the overall species abundances are very slow to relax.

One feature of the spectrum not reproduced by the simple models considered thus far

is the smaller additional peak around ω ≈ 1.5. This peak has a few possible expla-

nations: an external effect of some sort; possible secondary structure in the ecological

interaction network, which could manifest on a system wide scale such as the trophic

structure analysed in the previous section; or a feature isolated to a smaller number of

more dominant species. A further limitation of the model used here is the assumption

of uniform species abundance; in reality, species abundances tend to be distributed

log-normally, with few species contributing to the majority of ecosystem biomass. In-

corporating such model refinements are well-within the bounds analytical tractability

for our approach (see, for instance, [32] and [31]); we hope and expect the theoretical

groundwork we have developed here will pave the way for the investigation of such

features in future studies.

In the above, we have illustrated the use of our methods to infer details of the structure

and stability of real ecosystems from time series data, as well as to identify departures

from the unstructured assumptions of standard RMT models. Indeed, such departures

are present in many real world ecosystems, with important consequences for the validity

of any predictions made within the standard RMT framework [4]. In contrast, RMT has

recently found renewed attention in the field of microbiome research, where it is believed

that the key conceit of standard RMT models (that communities are unstructured)

holds [35]. However in this field, the spectre of model parameterization again raises its

head.

In [35], a species-interaction network presented in [36] was used to parameterize an

RMT model and show that ecological interactions in the microbiome tended to be weak
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Figure 3-5: Fluctuation spectra in plankton species abundance. We plot the power
spectral density of data taken from [34] (blue circles) alongside that of a fitted Lotka-
Volterra random ecosystem model (solid line). Fitted parameters are b = 0.6643, cσ2 =
0.1316, γ = 0.8078, data averaged over n = 3 samples per day. Also shown is the best
fit under the restriction γ < 0 (dashed line). The lower right panel shows the spectral
boundary inferred from the fit (black ellipse), along with the eigenvalues of a sample
random community matrix for illustration.

and non-cooperative. The species interaction network determined in [36] was itself the

result of fitting mouse intestinal microbiome abundances to a deterministic generalized

Lotka-Volterra model. However, fully fitting this model required disturbing the mouse

microbiota away from its equilibrium state using antibiotics (S fixed point species

abundances are insufficient to parameterize an S × S species interaction network, so

data on non-equilibrium transient trajectories were required). While such experimental

manipulation may be permissible for studying the microbiota of model organisms such

as mice, the ethical issues of such experimentation in humans has raised questions

about the informativeness of temporal data for understanding microbial communities

such as the human gut microbiota [37].

In contrast to the approach taken in [35], our methodology requires no external per-

turbation to a host’s microbiome, relying as it does solely on the natural demographic

fluctuations present in any finite population. In addition, our approach allows the

RMT model itself to be directly parameterized through data, rather than requiring the

fitting of an intermediate model.

3.1.3 Discussion

In this study we have revisited the complexity–stability question in theoretical ecology

with a fresh perspective that develops a random matrix theory approach to temporal

stability as captured by the power spectrum of fluctuations. We have applied our
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techniques to calculate analytic formulae describing the mean power spectra of large

Lotka-Volterra ecosystems. We find the fluctuations are described by just a few key

parameters: the mean, variance and correlation of entries of the community matrix and

noise correlator. We further expanded the method to investigate the role of trophic

structures in determining temporal stability, demonstrating the flexibility of the method

and usage across a broader range of models. Finally we fitted our model to existing

time series data sets, that suggest a majority of competitive or mutualistic interactions

within plankton ecosystems. In short, our approach allows us to link the large scale

statistical properties of interaction parameters with the emergent fluctuations in species

dynamics.

Amongst the many results that this promising technique grants access to, several find-

ings from our investigation are worth recapping here. Part of the power of random

matrix theory is that it uncovers universal properties of large classes of systems of a

certain type. In the present case we find that, in analogy to the famous Wigner semi-

circle law, the details of the distributions of matrix elements are unimportant beyond

the handful of key parameters identified. Our parameter γ, which controls the propor-

tion of predator-prey interactions (and hence the correlation of off-diagonal elements in

the interaction matrix) is found to be of crucial importance. At one extreme, we find

a semi-circular spectral profile, at the other we find a pole at zero frequency which has

either 1/ω2 or 1/
√
ω divergence, depending on the symmetry of interactions. When

an explicit trophic structure is incorporated into the model, it was necessary to adapt

our method to general bipartite networks. Here, we found a gap in the power spec-

tral density, implying that this high-level structure leads to greater long-term temporal

stability. Finally, going beyond these universal results for the mean spectrum, we find

a huge variability in fluctuations at the individual species level. These are not visible

within the bulk but are captured by a single defect approximation, showing that some

species may exhibit quasi-cyclic oscillations even when no such signal is present in the

larger system.

In each model investigated in this paper, we have characterised stochastic behaviour

emerging on a macroscopic scale from the statistical properties of the underlying micro-

scopic interactions. We emphasise that, as illustrated in our section on trophic levels,

the fluctuations observed in large scale systems with a certain structure are likely to

be substantially different from those of small scale models previously investigated. The

models presented here have been chosen for simplicity and clarity, and they only scratch

the surface of what can be achieved with this method. More realistic models might

include a consideration of e.g. the dynamical assembling process of ecosystems [38],
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heterogeneous turnover rates [32], or explicitly spatial models where spatio-temporal

patterning may persist [39].

From an ecological perspective, it is desirable to connect our theoretical work to em-

pirical investigations into ecosystem stability. In contrast to the traditional viewpoint

of asymptotic linear stability, our methods directly address a fundamental empirical

quantity – timeseries of species abundance. Beyond simply providing more detail as to

the temporal dynamics of an ecosystem around an equlibrium point, our method has

also opened up the exciting possibility of identifying the signature of a certain inter-

action structures in the power spectrum of oscillations in data gathered in the field.

We fitted our model to a highly resolved time series data set on a plankton ecosystem.

We found that the empirical data is indicative of an ecology dominated by competi-

tive and mutalistic interactions, with far fewer predator-prey interactions. This insight

in consistent with recent results that suggest that self-regulation (competition) and

facilitation (mutualism) are widespread in phytoplankton communities [40].

In order to further realise this vision, some important further work is needed. Real

ecosystems do not exist in a vacuum – we must consider the role of the surrounding

environment, including interactions with external factors such as seasonal variation or

changing climate. Our theoretical approach encourages further work focused on the

application to data sets gathered in field studies with modifications more suitable for

the method we presented.

Finally, we wish to emphasise that —despite the ecological focus in this paper— the

models of the kind we analysed are ubiquitous in many different fields, and the methods

we use throughout the paper offer a general framework for large dynamical systems with

random variables. Models of large interaction networks are also used in fields as varied

as deep learning [41], finance [42], biochemistry [43] and neuroscience [44]. All of these

systems depend on a high number of parameters that are often difficult to measure

empirically. Our method provides a possibility to compute the power spectral density

and gain insight into the model, which relies only on statistical meta parameters.

3.1.4 Methods

Power Spectral Density for a General Ornstein-Uhlenbeck Process

In the following we develop a method to compute the power spectral density of N -

dimensional Ornstein-Uhlenbeck processes,

dξ

dt
= Aξ + ζ(t), (3.15)
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where ζ(t) is an N -vector of Gaussian white noise with correlations E[ζ(t)ζ(t′)T ] =

δ(t − t′)B. The matrix A determines the mean behaviour of ξ and is considered to

be locally stable, i.e. all eigenvalues of A have negative real part. Using the matrices

A and B one can fully determine the power spectral density of fluctuations for the

Ornstein-Uhlenbeck process.

We are interested in the case that the coefficients Aij and Bij are derived from a com-

plex network of interactions with weights drawn at random, possibly with correlations.

This framework encompasses a very general class of models with a wealth of real-world

applications including but not limited to the ecological focus we have here. Our ap-

proach is inspired by the analysis of spin glass systems that have been extensively

studied in the field of statistical physics [45, 46], followed by further methods devel-

oped for sparse random matrices [47, 48, 49]. In the following we provide a compact

derivation of this analysis, and the method we describe exploits the underlying network

structure of A and B to deduce a self-consistent scheme of equations whose solution

contains information on the power spectral density.

We start with the definition of the power spectral density Φ(ω) as the Fourier transform

of the covariance E[ξ(t)ξ(t+ τ)T ] at equilibrium,

Φ(ω) =

∫ ∞
−∞

e−iωτE[ξ(t)ξ(t+ τ)]dτ. (3.16)

From [33] on multivariate Ornstein-Uhlenbeck processes, we know that the power spec-

tral density can also be written in the form of the matrix equation,

Φ(ω) = (A− iωI)−1B(AT + iωI)−1. (3.17)

In practice, this equation is difficult to use for large systems as large matrix inversion

is analytically intractable and numerical schemes are slow and sometimes unstable.

We take an alternative route by recasting Eq. (3.17) as a complex Gaussian integral

reminiscent of problems appearing in the statistical physics of disordered systems. Our

approach in the following is to treat ω as a fixed parameter and drop the explicit

dependence from our notation. We begin by writing

Φ(ω) =
|A− iωI|2

πN |B|

∫
C
e−u

†Φ−1uuu†
N∏
i=1

dui . (3.18)

Simplification of the integrand is achieved by unpicking the matrix inversion in the

exponent via a Hubbard-Stratonovich transformation [50, 51]. To this end we recast
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the system in the language of statistical mechanics by introducing N complex-valued

‘spins’ ui and N auxiliary variables vi, with the ‘Hamiltonian’

H(u,v) = −u†(A− iω)v + v†(A− iω)†u+ v†Bv . (3.19)

Introducing a bracket operator

〈· · · 〉 :=

∫
C e
−H(u,v)(· · · )dudv∫
C e
−H(u,v)dudv

, (3.20)

we can obtain succinct expressions for the power spectral density Φ = 〈uu†〉 as well as

the resolvent matrix R = (iω −A)−1 = 〈uv†〉. Thus we may write,

Φ =
1

Z

∫
C
e−H(u,v)uu†

N∏
i=1

duidvi , (3.21)

where Z = |A− iωI|2/π2N .

This construction may seem laborious at first, but it unlocks a powerful collection of

statistical mechanics tools, including the ‘cavity method’. Originally, the cavity method

has been introduced in order to analyse a model for spin glass systems [45, 46]. Further

applications of the method include the analysis of the eigenvalue distribution in sparse

matrices [47, 48, 49]. We will exploit the network structure in a similar fashion in order

to compute the power spectral density.

In our analysis, we find that it is convenient to split the Hamiltonian in Eq. (3.19)

into the sum of its local contributions at site i, Hi, and contributions from interactions

between i and j, Hij ,
H =

∑
i

Hi +
∑
i∼j
Hij . (3.22)

These terms can be decomposed as Hi = w†iχiwi and Hij = w†iχijwj , where we

introduce the compound spins wi = (ui, vi)
T and transfer matrices,

χi =

(
0 Aii + iω

−Aii + iω Bii

)
,

χij =

(
0 Aji

−Aij Bij

)
.

(3.23)

Let us focus on the power spectral density of a particular variable ξi, obtained from
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the diagonal element φi = Φii. For this we compute the single-site marginal fi by

integrating over all other variables,

fi(wi) =
1

Z

∫
C
e−H

∏
j 6=i

dwj . (3.24)

Alternatively, φi can be obtained as the top left entry of the covariance matrix Ψi =

〈wiw
†
i 〉. We write the covariance matrix as the integral,

Ψi =

∫
C
fi(wi)wiw

†
idwi , (3.25)

which could also be expressed in terms of a Gaussian integral,

Ψi =
1

π2|Ψi|

∫
C
e−w

†
iΨ
−1
i wiwiw

†
idwi . (3.26)

By comparing Eqs. (3.25) and (3.26) we find that

fi(wi) =
1

π2|Ψi|
e−w

†
iΨ
−1
i wi . (3.27)

We now insert Eq. (3.22) into Eq. (3.24) and obtain,

fi(wi) =
1

π2|Ψi|
e−Hi

∫
C

∏
i∼j

(
e−Hij−Hjif

(i)
j dwj

)
, (3.28)

where we write f
(i)
j for the ‘cavity marginals’,

f
(i)
j (wj) =

1

Z(i)

∫
C
e−H

(i)
∏
k 6=i,j

dwk . (3.29)

In essence, the above discussion amounts to organising the 2N integrals in Eq. (3.21)

in a convenient way, with the advantage of providing a simple intuition for the role

of the underlying network. The superscript (i) is used to indicate that the quantity

corresponds to the cavity network where node i has been removed. We will further use

this notation for the ‘cavity covariance matrix’ Ψ
(i)
jl introduced in the following.

Next we perform the integration in Eq. (3.28) and compare to the form in Eq. (3.27). We

thus obtain a recursion formula for the covariance matrix Ψi and the cavity covariance
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matrices Ψ
(i)
jl ,

Ψi =

χi −∑
i∼j
i∼l

χijΨ
(i)
jl χli


−1

, (3.30)

where the notation i ∼ j indicates that we sum over nodes j connected to node i.

Unless there is some specific structure underlying the network, we assume that most

real world cases have a ‘tree-like’ structure from the local view point of a single node

i. Hence, it is highly unlikely that the nodes j and l are nearby in the cavity network

where node i is removed, and thus Ψ
(i)
jl only gives non-zero contributions if j = l. We

therefore reduce Eq. (3.30) and obtain for the covariance matrix,

Ψi =

χi −∑
i∼j
χijΨ

(i)
j χji

−1

. (3.31)

Similarly, the cavity covariance matrix obeys the equation,

Ψ
(i)
j =

χj − ∑
j∼k,k 6=i

χjkΨ
(j)
k χkj

−1

. (3.32)

Here we use that Ψ(i,j) = Ψ(j) when the nodes i and k are not connected. In other

words, removing node j from the cavity network where node i is missing, has the

same effect as removing it from the full network. The system in Eq. (3.31) describes a

collection of nonlinear matrix equations that must be solved self-consistently.

For networks with high enough connectivity (and to good approximation even with

modest connectivity), the removal of a single node does not affect the rest of the

network, as its contribution is negligible compared to the full system. Hence the system

in Eq. (3.31) can be reduced to a smaller set of equations approximately satisfied by

the matrices Ψi:

Ψi ≈

χi −∑
i∼j
χijΨjχji

−1

. (3.33)

The power spectral density φi can be obtained as the top left entry of Ψi.

In order to progress further, we now consider specific approximations that help us

compute the power spectral density. First we take a mean-field approach in order to

obtain the mean power spectral density for all nodes part of the network; we then use

the result for the mean field in order to compute a close approximation to the local
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power spectral density of a single node. Later, we adapt the method to partitioned

networks where nodes belong to different types of connected groups.

Mean Field For the following we assume that all agents in the system behave the

same on average. In practice, the terms governed by self-interactions Aii are drawn from

the same distribution for all agents. Similarly, the terms including Bii are governed

by one distribution. Interaction strengths and connections with other nodes in the

network are also sampled equally for all agents (we have explored a large Lotka-Volterra

ecosystem as an example of such a network). In the mean-field (MF) formulation we

assume that the mean degree and excess degree are approximately equal, and replace

all quantities in Eqs. (3.31) and (3.32) with their average. Ψi = ΨMF ∀i. We then

obtain the following recursion equation,

ΨMF =

E[χi]− E

∑
i∼j
χijΨ

MFχji

−1

. (3.34)

In order to solve this equation, we parameterise,

ΨMF =

(
φ r

−r̄ 0

)
, (3.35)

where the top left entry φ corresponds to the mean power spectral density, and we in-

troduce r as the mean diagonal element of the resolvent matrix R. Finally by inserting

the ansatz of Eq. (3.35) into Eq. (3.34) we obtain,(
φ r

−r̄ 0

)−1

=

(
0 E[Aii] + iω

−E[Aii] + iω E[Bii]

)

+ c

(
0 r̄E[AijAji]

−rE[AijAji] φE[A2
ij ] + (r + r̄)E[AijBij ]

)
,

(3.36)

where c is the average degree (i.e. number of connections) per node. Moreover, the

expectations in the second term are to be taken over connected nodes i ∼ j (i.e. non-

zero matrix entries).

From Eq. (3.36) above, we obtain the equations,

φ

|r|2
= E[Bii] + c

(
φE[A2

ij ] + 2Re(r)E[AijBij ]
)
,

r̄

|r|2
= −E[Aii] + iω − crE[AijAji].

(3.37)
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We solve the second equation in Eq. (3.37) for r and write the mean power spectral

density in terms of r,

φ =|r|2E[Bii] + 2cRe(r)E[AijBij ]

1− c|r|2E[A2
ij ]

,

r =
1

2cE[AijAji]
[−E[Aii] + iω

−
√

(−E[Aii] + iω)2 − 4cE[AijAji]

] (3.38)

This equation informs the first part of the results presented in the main text.

Single Defect Approximation The Single Defect Approximation (SDA) makes

use of the mean-field approximation for the cavity fields, but retains local information

about individual nodes. We parameterise similarly to Eq. (3.35) for a single individual.

Moreover, we replace all other quantities with the respective mean-field approximation.

Specifically, we obtain(
φSDA
i rSDA

i

−r̄SDA
i 0

)−1

=

(
0 Aii + iω

−Aii + iω Bii

)

+
∑
i∼j

(
0 r̄MFAijAji

−rMFAijAji φMFA2
ij + (rMF + r̄MF)AijBij

)
.

(3.39)

We solve this equation for φSDA
i , rSDA

i , which delivers

φSDA
i

|rSDA
i |2

= φMF
∑
i∼j

A2
ij + 2Re(rMF)

∑
i∼j

AijBij +Bii ,

rSDA
i =

Aii + iω + r̄MF
∑
i∼j

AijAji

−1

.

(3.40)

Partitioned Network Previously we assumed that all nodes in a network are inter-

changeable in distribution. However, many real-world applications feature agents with

different properties, imposing a high-level structure on the network. We realise this by

partitioning nodes into distinct groups that interact with each other (see the section

Trophic Structure Model for a simple example).

In order to handle different connected groups we make use of the cavity method as

in Eqs. (3.31) and (3.32). In particular, we split the sum in the second term on the
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right-hand side of these equations into contributions from each group in the partitioned

network. Let M denote the number of subgroups Vm in a partitioned network then we

write,

Ψi =

χi − M∑
m

∑
i∼j
j∈Vm

χijΨ
(i)
j χji


−1

,

Ψ
(i)
j =

χj − M∑
m

∑
j∼k
k∈Vm

χjkΨ
(j)
k χkj


−1

.

(3.41)

Similar to the previous sections we replace all quantities with a mean-field average

ΨMF
m , but for each group separately. Hence we obtain M equations of the form

ΨMF
i =

E[χi]− E

 M∑
m

∑
i∼j
j∈Vm

χijΨ
MF
m χji



−1

. (3.42)

In order to compute the mean power spectral density for different groups separately,

we use a parameterisation as in Eq. (3.35) for each group. Therefore we have,

ΨMF
m =

(
φm rm

−r̄m 0

)
, (3.43)

for all m = 1, . . . ,M . This delivers 2M equations to solve for all rm and φm. Numeri-

cally this is straight forward, although algebraically long-winded for the general case.

However, the equations simplify for special cases. In the section Trophic Structure

Model we demonstrate this method for a bipartite network where a lack of intra-group

interactions simplifies the analysis.

Large Lotka-Volterra Ecosystem

Model Description First, we define the framework for a general Lotka-Volterra

ecosystem with N species and a large but finite system size V � 1. Note that this

parameter can be interpreted as a scaling factor for the fluctuation amplitude and

thus, larger systems exhibit higher stability and quantitative reliability for our analytic

results. Let Xi denote the number of individuals and xi = Xi/V the density of species

i = 1, . . . , N . We start from the following set of reactions that define the underlying
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stochastic dynamics of the system:

Xi
bi−→ 2Xi (birth)

2Xi
Rii−→ Xi (death)

Xi +Xj
Rij−→


2Xi +Xj (mutualism),

Xi (competition),

2Xi (predation).

(3.44)

The self-interactions are governed by the birth rate bi > 0 and density-dependent mor-

tality rate Rii > 0. Furthermore, we define three interaction types between species i

and j, namely mutualism, competition and predation. In the case of mutualistic in-

teractions, both species benefit from each other, whereas competition means that both

species have a higher mortality rate, depending on the density of the other species.

For predator-prey pairs, one predator species benefits from the death of a prey species.

The predator and prey species are chosen randomly, such that species i is equally likely

to be a predator or prey of species j.

With probability Pc we assign an interaction rate Rij > 0 to the species pair (i, j), and

with probability 1−Pc there is no interaction between species i and j (i.e. Rij = 0). In

other words, each species has on average c = NPc interaction partners. The reaction

rates are considered to be i.i.d. random variables drawn from a half-normal distribution

|N (0, σ2)|, where we write for the mean reaction rate µ = E[Rij ] = σ
√

2/π and raw

second moment σ2 = E[R2
ij ]. For each interaction pair, the interaction type is chosen

such that the proportion of predator-prey pairs is p ∈ [0, 1], and all non-predator-prey

interactions are equally distributed between mutualistic and competitive interactions

(i.e. the overall proportion of mutualistic/competitive interactions is 1/2(1−p)). Lastly,

we define the symmetry parameter γ = 1 − 2p, where γ = −1 if all interactions are

of predator-prey type (p = 1), and similarly γ = +1 if there are no predator-prey

interactions (p = 0). In a mixed case where predator-prey and mutualistic/competitive

interactions have equal proportion (p = 1/2), we have γ = 0. Later we will see that γ

is equivalent to the correlation of signed interaction strengths.

In the limit V →∞, the dynamics of the species density xi obey the ordinary differential

equations,

dxi
dt

= xi

bi +
N∑
j

αijxj

 , (3.45)
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where αij are the interaction coefficients with |αij | = |αji| = Rij . The signs of the

interaction coefficients are determined by the type of interaction between species i and

j. For mutualistic interactions we have αij = αji > 0, and αij = αji < 0 for competitive

interactions. In the case of predator-prey interactions the coefficients have opposite

sign αij = −αji. Hence the symmetry parameter as described above is given by the

correlation of interaction coefficients γ = E[αijαji]. Furthermore, in order to ensure

bounded species densities, we require negative self-interactions αii = −Rii < 0.

If species live in isolation (i.e. when αij = 0∀i 6= j), we see that the densities approach

the ‘effective’ carrying capacity Ki = −bi/αii. For the following computations we

consider a large Lotka-Volterra system. Since we are only interested in the effects of

interactions between species, we assume that all self-interactions are approximately

equal. Thus we write for the birth rate bi = b and mortality rate αii = −b. This gives

the effective carrying capacity K = 1 for all species.

The fixed point x∗ at the deterministic equilibrium state is given by,

x∗i = 1 +
∑
j 6=i

αijx
∗
j . (3.46)

We assume a random mixture of mutualistic and competitive interactions with equal

proportions, and therefore the interaction coefficients αij have zero mean (∀i 6= j).

Furthermore, we postulate that for large ecosystems where N → ∞, the equilibrium

state x∗i = E[x∗i ] ≡ x∗. Hence we obtain the expected equilibrium density x∗ = 1

for all species i. Note that the following computations are valid for any known fixed

point x∗, and our assumptions are for mathematical simplification only. The results are

independent of the particular equilibrium configuration, as long as a stable equilibrium

can be measured and extracted from data (we discuss a few caveats where we apply

our method to time series data from a plankton ecosystem). This assumption allows

us to write the Jacobian matrix for a linearisation around the equilibrium state, with

elements,

Jii|x=x∗ = αii = −b,

Jij |x=x∗ = αij .
(3.47)

In other words, the community matrix of a large Lotka-Volterra system as described

above has the same form as the interaction matrix, i.e. Aij = αij . The local stability

of such community matrix A is given by the elliptic law [7, 8]. It states that with

high probability all eigenvalues of the random matrix A are distributed on an ellipse
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in the complex plane, centered at (−b, 0) on the real axis. Thus for a stable matrix we

require all eigenvalues to be negative, and hence the horizontal semi-axis of the ellipse

determines the allowed range for the centre. It follows the stability criterion,

√
cσ2(1 + γ) < b, (3.48)

with the average number of connections c per species, and the correlation γ = E[AijAji].

For a random community matrix (i.e. γ = 0), we recover the stability criterion that

has been proven by May [1],
√
cσ2 < b. If γ < 0, where the proportion of predator-prey

type interactions is larger, the horizontal semi-axis of the ellipse becomes smaller. In

other words, the stability criterion relaxes for predator-prey interactions. For γ = −1

(i.e. Aij = −Aji∀i, j), all interactions are of predator-prey type and all eigenvalues

become purely imaginary. Therefore the stability criterion becomes 0 < b, as the

ellipse stretches vertically into the imaginary plane. The opposite is true for mutu-

alistic/competitive interactions (i.e. γ = +1), where eigenvalues are distributed on

an ellipse with large horizontal radius along the real axis. Thus it is more likely that

some eigenvalues have positive real part and the system destabilises. We choose the

parameter b for each case, such that the stability criteria are fulfilled.

For a large but finite system size V , we write the stochastic differential equations,

dxi
dt

= xi

b+
N∑
j

αijxj

+
1√
V
ηi(t), (3.49)

where ηi(t) are Gaussian random variables with 〈ηi(t), ηj(t′)〉 = δ(t− t′)Bij . The noise

matrix B can be obtained from the reactions that determine the process. The diagonal

elements are given by the self-interactions and total interaction from all other species,

and the off-diagonal elements depend on the type of interaction between species i and

j. We assume that only predator-prey type interactions contribute to the covariance of

species fluctuations (i.e. that only predator-prey interactions involve the simultaneous

change in abundance of a species pair). Therefore, we write

Bii(x) = xi

b+

N∑
j=1

Rijxj

 ,

Bij(x) =

−Rijxixj if αij = −αji,

0 else.

(3.50)
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We next linearise around the fixed point to obtain a new equation for the fluctuations,

ξ =
√
V (x − x∗), which has the form of an Ornstein-Uhlenbeck process as defined in

Eq. (3.15). Recall that in our simplified model the equilibrium abundance x∗ = 1 (note

however, that in general the entries of the noise matrix B depend on the particular

fixed point of a given system). Therefore we write for the noise matrix evaluated at

the fixed point

Bii(x
∗) = 2b+ cµ,

Bij(x
∗) =

−Rij if αij = −αji,

0 else,

(3.51)

where µ is given as the mean reaction rate µ = E[Rij ] = σ
√

2/π.

Computing the Power Spectral Density Let us now compute the mean power

spectral density φ of the process described above using Eq. (3.38) as starting point.

We replace the necessary quantities that we obtain from the community matrix A and

noise matrix B as defined in the previous section. In particular, we have the expected

diagonal elements of the community matrix E[Aii] = −b, and the noise matrix E[Bii] =

2b + cµ. Moreover the raw second moment of the non-zero interactions is given by

E[Aij ] = σ2 and the correlation E[AijAji] = γσ2. We use that E[AijBij ] = 0∀i, j since

the off-diagonal elements of the noise matrix are only non-zero if there is a predator-

prey interaction between species i and j. However, the elements of Aij have opposite

signs in the case of predator-prey pairs and thus sum to zero.

Plugging in these quantities into Eq. (3.38) we obtain,

φ =|r|2 2b+ cµ

1− |r|2cσ2
,

r =
1

2cγσ2

[
b+ iω −

√
(b+ iω)2 − 4cγσ2

]
.

(3.52)

In the main text we explore the theoretical ecological consequences of this result.

Trophic Structure Model

Model Description In the following we define a model analogous to the one de-

scribed in the previous section. For a large but finite system size V we write the

model in terms of a stochastic process. Previously we allowed for different types of

interactions, however in this model we only focus on predator-prey interactions. More

specifically, the interaction network is partitioned into Nx predator species and Ny prey
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Figure 3-6: Example of a bipartite predator-prey network. Here we have nx = 4
predators with cx = 3 prey each, and ny = 6 prey with cy = 2 predators each. The
bold lines illustrate the connections to the focal node before and after removing a node
from the network. Predator nodes (black) only have local contributions from prey
nodes (white) and vice versa. In the mean-field approximation for the power spectral
density, these contributions are replaced by the average of each group.

species, where N = Nx +Ny is the total number of species. We assume that predators

only interact with prey and vice versa (i.e. we assume no inter-species interactions

within the groups of predators or prey) as illustrated in Fig. 3-6. Moreover, each

predator and prey species interacts with themselves (density-dependent mortality).

In the previous model we assigned the same birth rate to all species in the ecosystem.

Here we assume that predators decline at rate d in absence of prey, and b is the

birth rate of prey species. For simplicity, we assume that d, b are fixed quantities,

equal for all predators and prey respectively. Furthermore Rij is the interaction rate

between predator i and prey j. Each predator species has a fixed number of prey cx

and each prey species has a fixed number of predators cy, such that Nxcx = Nycy.

The parameters cx, cy can be interpreted as outgoing degrees of predator and prey

nodes respectively. Connections between predators and prey are then wired randomly.

The interaction strength is set to Rij = α, and considered equal for all predator-

prey interactions (analogous to a mean reaction rate). Where there is no interaction

between species, the interaction rate is simply set to zero. Note that this means that

76



the total sum of interaction strength is constant αcx and αcy for all predator and prey

species respectively. In contrast to the previous model, now only the network structure

contributes to the randomness of the system.

Let xi denote the density of predator species i = 1, . . . , Nx, and yj the density of prey

species j = 1, . . . , Ny. In the deterministic limit where V → ∞ we then write the

following ODEs,

dxi
dt

= xi

−d− xi +

Ny∑
j=1

Rijyj

 ,

dyj
dt

= yj

(
b− yj −

Nx∑
i=1

Rjixi

)
.

(3.53)

Given the fixed number of connections cx, cy and interaction strength α, we can simplify

the ODEs to two equations for the average predator and prey densities,

dx

dt
= x (−d− x+ cxαy) ,

dy

dt
= y (b− y − cyαx) .

(3.54)

In the limit of large N , the equilibrium state of the system converges to the average

quantities obtained from this reduced form. The biologically relevant equilibrium states

for this system are given by the trivial fixed points (x∗, y∗) = (0, 0), (0, b), and the non-

trivial fixed point,

x∗ =
cxαb− d
cxcyα2 + 1

,

y∗ =
cyαd+ b

cxcyα2 + 1
.

(3.55)

Next, we write the Jacobian matrix for a linearisation around the non-trivial fixed

point. The community matrix takes the form,

A =

(
−x∗I x∗R

−y∗RT −y∗I

)
, (3.56)

where the first i = 1, . . . , Nx rows and columns represent the predator species, and the

remaining j = Nx + 1, . . . , Nx +Ny rows and columns correspond to the prey species.

For a large but finite system size V we write the corresponding stochastic differential
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equations,

dxi
dt

= xi

−d− xi +

Ny∑
j

Rijyj

+
1√
V
ηi(t),

dyj
dt

= yj

(
b− yj −

Nx∑
i

Rjixi

)
+

1√
V
ηj(t),

(3.57)

where ηi,j(t) are Gaussian noise with 〈ηi(t), ηj(t′)〉 = δij(t− t′)Bij . The noise matrix is

given by the self- and total interactions on the diagonal, and the interactions between

predators and prey on the off-diagonal. We therefore write,

B =

(
2x∗(x∗ + d)I −x∗y∗R
−x∗y∗RT 2y∗bI

)
. (3.58)

Again, this allows us to write the dynamics in form of an Ornstein-Uhlenbeck process

as defined in Eq. (3.15).

Computing the Power Spectral Density In the following, we use features of the

bipartite interaction network. For instance, all nodes that are connected to e.g. node

xi, will be prey nodes yj , and thus are not connected with each other (see Fig. 3-6).

This allows us to write the following recursion formulas for the mean power spectral

densities according to Eq. (3.42),

Ψ−1
x = E[χi]− E

 Ny∑
i∼j
χijΨyχji

 ,
Ψ−1
y = E[χj ]− E

 Nx∑
j∼i
χjiΨxχij

 .
(3.59)

Recall that the top left entries of Ψx and Ψy deliver the mean power spectral densities

for predators φx and prey φy respectively. For the bipartite model, the helping matrices
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χi,χij (as defined in Eq. (3.23)) are given by,

χx =

(
0 −x+ iω

x+ iω 2x(x+ d)

)
,

χy =

(
0 −y + iω

y + iω 2yb

)
,

χxy =

(
0 −αy
−αx −αxy

)
, χyx =

(
0 αx

αy −αxy

)
.

(3.60)

Inserting and writing out Eq. (3.59) gives,(
φx rx

−r̄x 0

)−1

=

(
0 −x+ iω

x+ iω 2x(x+ d)

)

+ α2cx

(
0 −r̄yxy

ryxy φyx
2 − (ry + r̄y)x

2y

)
,(

φy ry

−r̄y 0

)−1

=

(
0 −y + iω

y + iω 2yb

)

+ α2cy

(
0 −r̄xxy

rxxy φxy
2 + (rx + r̄x)xy2

)
,

(3.61)

where cx, cy are the number of connections per predator and prey species respectively.

Analogous to Eq. (3.38) we now derive a system of equations and solve for rx, ry and

φx, φy. In the main text we describe the features of the power spectral density deduced

from this system of equations.

Interpreting the Power Spectral Density in the Context of Temporal Sta-

bility

For orientation, we here provide some interpretation of the power spectral density in

the context of temporal stability. Essentially when we talk about temporal stability, we

can can be referring to one of two measures. The first is how far stochastic trajectories

tend to stray from their equilibrium value over long time horizons. We refer to this

as ‘variability’ [20]. The second is how quickly population abundances tend to change

over finite time horizons. We will characterise this by the ‘temporal autocorrelation’.

The variability can be characterised by the variance in time-averaged trajectories

around the mean [22]. For a system such as Eq. (3.2), which we recall can be a

linear approximation for a nonlinear system such as Eq. (3.1), we find that ξ is nor-
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mally distributed with zero mean and a covariance matrix, Σ, that solves the following

Lyapunov equation [52];

AΣ + ΣAT +B(x∗) = 0 . (3.62)

The stationary distribution of ξ is then Pst(ξ) = N (0,Σ). For instance, in the left pan-

els of Fig. 3-7, we show stochastic trajectories for two different systems, with standard

deviations marked by black dashed lines. Meanwhile the marginal normal distribution

for these trajectories is plotted in the inset of the right panels of Fig. 3-7. A system

can then be said to be ‘less stable’ (in a temporal sense) if it has a greater variability.

A consideration of the solutions to Eq. (3.62) shows that this measure of temporal sta-

bility is highly correlated with asymptotic stability; less stable deterministic systems

tend to have stochastic counterparts with higher variance around equilibrium states.

Despite the fact that the trajectories in Fig. 3-7 have the same variance (see black

dashed lines in left panels and inset plots in right panels) it is clear that they have very

different temporal structure. While these differences are entirely masked by the measure

of variability (which time-averages out the temporal structure), such differences are

captured by the power-spectral density (see Fig. 3-7, right panels). For instance, the

peak at ω ≈ 0.3 in the power spectrum in the upper right hand panel indicates that the

trajectories in the upper left panel exhibit quasi-cycles (i.e. have a typical frequency,

see inset), while the peak at ω = 0 at following decay of the power spectrum in the

middle right hand panel indicates that the trajectories in the middle left panel do not

exhibit quasi-cycles (i.e. do not have a typical frequency, see inset).

In the context of temporal stability, the relationship between the power spectra and the

autocorrelation function 〈ξ(t)ξ(t−τ)〉 is of particular importance. By the Wiener–Khinchin

theorem, we know that the autocorrelation function is given by the Fourier transform

of the power spectrum. This is shown in the bottom panel of Fig. 3-7. The autocorre-

lation of the trajectory in the upper panels decays rapidly with time. In contrast, the

autocorrelation of the trajectory in the middle panel decays more slowly. This can be

clearly seen in the inset trajectory plots (left hand panels, top and middle). Thus we

see that a distinct measure of temporal stability exists that is more appropriate over

shorter time horizons; a system can be said to be ‘less stable’ over finite times if it has

a more rapidly decaying autocorrelation function. This measure of temporal stability

is more weakly correlated with asymptotic stability than its counterpart, variability,

as it is affected by the magnitude imaginary parts of the system’s eigenvalues (rather

than their real parts, as in asymptotic stability).

80



Figure details

Figure 3-1, left panels A large random Lotka-Volterra ecosystem of the type de-

scribed above was generated. Parameters used were: N = 1000, c = 50, γ = −1, σ2 =

1/4/c, b = 0.05. The solid line is the result of Eq. (6), noting that µ =
√

2σ2/π. For

the empirical power spectrum, we used an Euler-Maryama time-stepping method to

simulate a time series of length tmax = 210 and time step h = 2−7. The power spec-

trum for each species was calculated with a Fast Fourier Transform, and the result

averaged over all species. The top panel shows part of the time series generated for the

first species.

Figure 3-1, right panel A two-trophic level model ecosystem was generated as

described above. Parameters in this case were: Nx = 200, Ny = 800, cx = 20, cy =

5, α = 10, b = 1, d = 1. Time series and power spectra were computed similarly to the

left panels.

Figure 3-2 For the left panel, we generated Lotka-Volterra ecosystems with param-

eters N = 1000, c = 50, σ2 = 0.5, using b = 2 + (1 + γ)
√

(c ∗ σ2) for the simulations

with γ = 0 and γ = 1. Time series and spectra were computed similarly to Figure 3-1.

For the right panels more care is needed. Finite random matrices typically have a

small number of eigenvalues that are order 1/
√
N larger than predicted by the stability

boundary in the limit N → ∞. To achieve the near-instability results in this figure,

we first generated the off-diagonal entries of the community matrices, then chose the

birth rate b to put the rightmost eigenvalue of A exactly at zero.

Figure 3-3 Parameters here are: N = 500, c = 20, γ = −1, σ2 = 1/4/c, b = 0.2.

For the ‘direct’ results we numerically computed the power spectral density according

to the matrix formula in Eq. (3.17). This was preferable to simulations of the time

series, as a long time horizon is required to achieve good resolution of the individual

contributions to the power spectral density.

Figure 3-4 Parameters here are: Nx = 100, Ny = 200, cx = 20, cy = 10, α = 5, b =

1, d = 1.

Figure 3-5

The dataset 41467 2017 2571 MOESM6 ESM.xlsx was imported into Matlab and pro-

cessed as follows: We took the average of the three reported daily measurements to

construct an 88-day time series for each species. To limit boundary effects we discarded
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all species with at least one with zero measured abundance, in doing so retaining 100

species. The mean was subtracted and then the power spectrum fitted using the co-

variance method with 8th order autoregression. The model fitting was achieved with

a non-linear least squares method applied to our equation (3.38), with parameters b,

cσ2 (a composite parameter), γ, and an additional scale parameter for overall noise

strength.

Data Availability

Plankton abundance data used in Fig 5 are taken from [34] available at:

nature.com/articles/s41467-017-02571-4#Sec24. All simulation data can be re-

produced using the code available at http://doi.org/10.5281/zenodo.4720998.
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Code to reproduce all Figures is available at http://doi.org/10.5281/zenodo.4720998.
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Figure 3-7: Example time series and corresponding fluctuation spectra for illustration.
Left panels: Examples of stochastic trajectories with 0 means indicated by solid black
lines and the standard deviations indicated by dashed lines. Insets show the same
trajectories over a smaller time-window. Right panels: Corresponding power-spectral
densities of the trajectories in the left hand panels. Insets show histograms of the
corresponding stochastic trajectories, overlaid by the theoretical stationary distribution
(black dashed line). Bottom panel: The temporal autocorrelation of the stochastic
trajectories in the left hand panels can be obtained as the Fourier transform of the
corresponding power spectra in the right hand panels.
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3.2 Subspecies Coupled to a Fluctuating Ecosystem

With the method we presented in the paper above we computed the power spectral

density of the fluctuations about a stable equilibrium in large random dynamical sys-

tems. While this allows us to characterise the fluctuations of species abundances in an

ecosystem and obtain information about the underlying interaction network, we often

wish to understand how a certain species behaves and develops within its environment.

Therefore we now focus on a single species that is embedded in a large ecosystem in-

stead. Similar to the single defect approximation in Sec. 3.1.2, we assume that we

have more detailed knowledge about the focal species, while we construct the rest of

the ecosystem as an ensemble of randomly distributed parameters. In the following

we first introduce a simple model for the subsystem that is coupled to the larger bulk

system. We then explore how the fluctuations of the ecosystem affect the equilibrium

dynamics of the focal species and identify two limits, namely bulk dynamics that change

slowly or fast compared to the subsystem dynamics. Finally, in order to characterise

the ecological stability of the focal species we wish to compute its escape time from

equilibrium. For this we formulate mathematical approximations for the slow and fast

regimes of the bulk dynamics and discuss an outlook of further research in conjunction

with the power spectral density we computed for large random ecosystems.

Let us first introduce the model for the coupled system. We model the bulk ecosystem

as a large random Lotka-Volterra system with fluctuations according to the Ornstein-

Uhlenbeck process,
dx

dt
= τAx+ η(t) . (3.63)

Note that the Gaussian noise η has correlations E[η(t)η(t′)] = δ(t− t′)τB that depend

on the timescale parameter τ . We construct the N × N matrices A and B as the

community and noise matrices described in Sec. 3.1.4 in the paper. The subsystem

follows a logistic growth and is coupled to the bulk system via the coupling strength κ

and the interaction vector α that we construct like a row of A. We describe the system

by the differential equation,

dy

dt
= y

(
β − 1

K
y + καx(t)

)
, (3.64)

where β and K are the birth rate and carrying capacity of the focal species. For

simplicity, we assume that the subsystem dynamics do not affect the bulk dynamics in

Eq. (3.63).

In isolation, the subsystem exhibits a stable stationary state at y∗ = Kβ, which is then
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Figure 3-8: Example timeseries of a focal species following a logistic growth coupled to
a large random bulk ecosystem (dotted lines). The dashed lines show the theoretically
expected stationary state y∗ at each time point in dependence of x(t) (see Eq. (3.65)).
Left: small time scale parameter τ , i.e. the bulk system moves slowly and drives the
dynamics. Right: large τ , i.e. the bulk system moves fast and behaves like noise.
Subsystem parameters: β = 1,K = 1, κ = 1. Bulk parameters: N = 200, c = 10, σ2 =
0.025, γ = 0, d =

√
cσ2 + 0.5.

disrupted by the fluctuations of the ecosystem it is coupled to. Fig. 3-8 demonstrates

the qualitative dynamics that emerge and we identify two different regimes. When the

time scale parameter τ � 1, the bulk ecosystem changes much slower than the focal

species. In this case, the subsystem adjusts quickly enough to the nearly constant

surrounding ecosystem and the dynamics are effectively driven by the bulk only. On

the other hand, when τ � 1, the bulk ecosystem changes very quickly compared to the

focal species, thus the subsystem experiences random “kicks” away from equilibrium as

if subject to noise. We wish to describe our observations mathematically and analyse

the effects of the ecosystem fluctuations on the escape time from equilibrium of the

subspecies in the following sections.

3.2.1 Slow Bulk

When the dynamics of the subsystem are driven by the slow bulk ecosystem, the

contribution from the coupling term in Eq. (3.64) is treated as approximately constant

on the time scale of the focal species. The solution for the stationary state then shifts

according to,

y∗(t) = K(β +W (t)) , (3.65)

where W = καx(t). Essentially, all information about the subsystem solely depends on

the behaviour of x. Hence in order to compute the escape time from the original equi-

librium in isolation, we need to find the hitting time when W (t) reaches a given thresh-

old. However, the bulk ecosystem is large and constructed from randomly distributed
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Figure 3-9: Hitting time of the bulk system when reaching a mean threshold value x̄ =
H. We compare the hitting times obtained from 500 simulations with the theoretically
expected and simulated hitting times of a 1-dimensional OU-process. The dashed lines
indicate the standard deviation. Bulk parameters are the same as in Fig. 3-8.

parameters, and therefore we wish to simplify the stochastic dynamics mathematically.

In the following, let us approximate the mean fluctuations of the ecosystem with un-

correlated interaction parameters (i.e. γ = 0) as a 1-dimensional OU-process. We

choose the parameters such that the same power spectral density emerges as we would

obtain for the N -dimensional bulk system in a mean-field approximation (see results

in Sec. 3.1.2 in the paper). Next, we numerically compute the theoretically expected

hitting time for the one-dimensional variable x to reach a threshold value H. In Fig. 3-

9 we compare the theory with hitting times obtained from stochastic simulations of a

1-dimensional OU-process, as well as the mean of the full N -dimensional bulk system.

The approximation appears to align well with the simulated results.

Concluding, we compute the escape time of the focal species as the hitting time of

the bulk ecosystem reaching a threshold by approximating its mean behaviour as 1-

dimensional OU-process. This approximation holds in the regime where the bulk dy-

namics are slow compared to the subsystem, i.e. when the time scale parameter τ � 1.

In Fig. 3-10 we plot the escape times obtained from simulations of the coupled system

for various values of τ . As expected, the theory for the slow bulk breaks down with

increasing τ . Moreover, note that the escape time is minimal around τ = 1, which

implies that the surrounding ecosystem has greatest influence on the equilibrium dy-

namics of the focal species when both systems interact at a similar time scale. In the

next section we discuss the dynamics in the regime where τ � 1.

91



Figure 3-10: Mean time to escape past a threshold from the equilibrium state of the sub-
system in isolation obtained from 100 independent simulations for each data point. The
time scale parameter τ varies from slow to fast bulk ecosystem. Each plot corresponds
to a coupled system where the interaction correlation in the bulk is γ = −0.9, 0, 0.9
(i.e. antagonistic, random and symmetric interactions). Parameters are the same as in
Fig. 3-8.

3.2.2 Fast Bulk

While the analysis of the equilibrium dynamics of the focal species is more straightfor-

ward for a slowly changing ecosystem, we face a couple of challenges in the case of a

fast bulk. For instance, in the limit of large τ , we must compute the contribution of

the bulk ecosystem W = καx(t) in Eq. (3.64) as it varies over a small time window

∆t. Thus we write for the dynamics of the coupled system,

y(t+ ∆t) ≈ y(t) + ∆ty(t)

(
β − 1

K
y(t)

)
+ y(t)

∫ ∆t

0
W (t+ s)ds . (3.66)

Our main approach treats the contributions of the bulk as noise and replaces the

integral over W (t) with an appropriate description of the effective noise term. This

becomes particularly challenging in the case of coloured noise, i.e. fluctuations with

temporal correlations. However, in order to progress mathematically, we approximate

the effective noise term by an uncorrelated Gaussian random variable ξ ∼ N (0, 1).

Hence we write for the last term in Eq. (3.66),∫ ∆t

0
W (t+ s)ds ≈

√
∆tσ2ξ . (3.67)
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We then aim to obtain the variance σ2 via the power spectral density of W . First we

write the variance in terms of the autocorrelation of W (t+ s),

σ2 =
1

∆t
E
[∫ ∆t

0
W (t+ s)ds

]2

=
2

∆t

∫ ∆t

0

∫ s

0
E
[
W (t+ s)W (t+ s− s′)

]
ds′ds .

Assuming that in the fast limit correlations drop quickly for time intervals larger than

∆t, we approximate the inner integral and obtain,

σ2 ≈ 2

∆t

∫ ∆t

0

∫ ∞
0

E
[
W (t+ s)W (t+ s− s′)

]
ds′ds = 2

∫ ∞
0

ρ(s′)ds′ =

∫ ∞
−∞

ρ(s)ds ,

with ρ(s) = E [W (t)W (t− s)]. Finally, we use the relation between the autocorrela-

tion ρ(s) and the power spectral density Φ(ω) as defined in Eq. (3.16) by the Fourier

transform,

Φ(ω) =

∫ ∞
−∞

e−iωsρ(s)ds . (3.68)

Hence we compute,

σ2 ≈
∫ ∞
−∞

ρ(s)ds = Φ(0) (3.69)

i.e. the variance is the power spectral density of W (t) evaluated at zero frequency.

In the next step, we would need to evaluate Φ(0) and thus find the connection between

the power spectral density of W (t) and that of x(t) (see discussion before Eq.(3.66)).

The latter we computed previously as one of the main results in the paper presented

in this chapter. Once we have an explicit expression for the variance σ2 of the noise

term, we could compute the expected escape time for this approximation, and compare

to the observation from simulations as in Fig. 3-10. Since τ determines the time scale

of the bulk system, we know that its power spectral density scales according to ∼ 1/τ ,

and we would expect a similar scaling law for σ2 ≈ Φ(0).

While this leaves open a range of questions for further investigation, we have demon-

strated how knowledge about the fluctuations of large random ecosystems holds po-

tential information about the equilibrium dynamics of a focal species. Based on the

power spectral density, we find approximations for the fluctuations of a slow and fast

changing bulk ecosystem. With this approach we suggest to derive analytic estimations

for the escape times from equilibrium of the subsystem.

Furthermore, note that so far the subsystem follows a deterministic growth law and

the only stochastic component comes from the contribution of the bulk ecosystem it is

coupled to. However, if the dynamics of the focal species where driven by demographic
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noise, the ecosystem fluctuations may affect the stochastic dynamics of the embedded

species as we discuss at the end of the next chapter.
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Chapter 4

Evolution of Sexual

Reproduction Subject to

Randomness and Fluctuations

Models of evolutionary processes describe how gene variants (alleles) of a species repro-

duce and get transmitted from generation to generation. The prediction of extinction

events on a population level and the reproductive success of single species are crucial

drivers for these evolutionary dynamics. Here we often assign fitness values to these

alleles that compactly summarise their probability of being carried on to the next gen-

eration, based on a reproduction rate as well as survival probability within a complex

ecological network and noisy environment. As we have discussed in Chapter 3, ran-

domness and fluctuations influence the species interactions and stability of ecosystems,

hence the fitness of a new mutation entering a population is naturally difficult to assess.

In this chapter, we investigate random mutations and their effect on evolutionary dy-

namics within a single species. In particular, we consider a model for an isogamous

population, where the sexes, called mating types, are determined by genetic variants

(alleles) of sex cells rather than phenotypical differences (e.g. size). Furthermore, the

number of these distinct mating types is generally not restricted to 2. A neutral model

(see Sec. 2.4) for the evolution of the number of mating types opens a puzzling question

that is further illustrated in the following paper. Essentially, in a neutral model that

assumes no evolutionary advantages between mating type alleles, their number would

grow indefinitely. However, empirical observation shows that the number of mating

types in isogamous species is typically limited to but a few distinct types, and biol-
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ogists have been facing the challenge to understand the natural distribution of this

number. While many theories offer reliable explanations for the evolutionary processes

in isogamous species, it remains unclear whether complicated biological mechanisms are

necessary and how to quantify their predictions. The paper presented in this chapter

seeks to find a simplified answer to the posed question and draw analytic conclusions

with a mathematical model. First, we assume that mating type alleles behave in the

same manner and their growth only depends on their frequency within the population.

As we have discussed in Sec. 2.4, this neutral model serves as a null hypothesis, where

the number of mating types grows infinitely large in contrast to empirical data. We

then introduce randomly distributed fitness differences between mating types in our

model, and find that adding this simple feature damps the number of mating types

as the modelled isogamous population evolves in time. Furthermore, we show how to

analytically compute the expected number of mating types that is independent of the

underlying fitness distribution and biological assumptions.

For this, we consider two separate time scales, namely the short-term population dy-

namics and long-term evolutionary dynamics. Here we model the current population

of competing mating types in terms of a system of ordinary differential equations. For

simplicity, the short-term dynamics are deterministic and we assume they reach a stable

stationary state before a new mutation can occur and disturb the current equilibrium.

Unlike the models we introduced in the previous chapters, where fluctuations arise due

to demographic noise, here stochasticity is a result of the randomly distributed fitness

values we assign to the mutating alleles. The competition between these random mat-

ing types determines the equilibrium state of the system, i.e. the number of types in

the current population that fluctuates in the long-term evolutionary dynamics. We

derive an analytic expression for the expected number of mating types as predicted by

this model. Our findings indicate that the clonal rate compared to the rate of sexual

reproduction in isogamous species suppresses the evolving number of mating types,

which aligns with observations in nature and previous theories.
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Abstract

Sexual reproduction is not always synonymous with the existence of two morphologi-

cally different sexes; isogamous species produce sex cells of equal size, typically falling

into multiple distinct self-incompatible classes, termed mating types. A long-standing

open question in evolutionary biology is: what governs the number of these mating

types across species? Simple theoretical arguments imply an advantage to rare types,

suggesting the number of types should grow consistently, however, empirical observa-

tions are very different. While some isogamous species exhibit thousands of mating

types, such species are exceedingly rare, and most have fewer than ten. In this paper,

we present a mathematical analysis to quantify the role of fitness variation – char-

acterised by different mortality rates – in determining the number of mating types

emerging in simple evolutionary models. We predict that the number of mating types

decreases as the variance of mortality increases.
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4.1.1 Introduction

Reproductive processes play a key role in evolutionary biology. Yet the evolution of

sexual reproduction itself is still an intensely debated subject that gives rise to many

puzzling questions [1, 2, 3]. For a complete understanding, it is important to consider

biological features that, although sometimes taken for granted as common, actually

display startling variety across the tree of life [4]. In this paper we will be concerned

with just such a feature and its evolution; the number of “sexes” in a given species.

For clarity, let us compare the more familiar sexual features of mammals with those

of the slime mold Dictyostelium discoideum. Mammals posses two sexes, defined in

terms of the size of the gametes (sex cells) that they produce; males produce small,

motile and numerous sperm while females produce large, sessile and well-provisioned

eggs. A union between haploid gametes of opposite types (sperm and egg) permits the

formation of a zygote. This state, in which gametes display a clear size dimorphism,

is termed anisogamy. In contrast, D. discoideum is an isogamous species; it produces

gametes that are morphologically indistinguishable [3]. These gametes still come in

a number of self-incompatible, genetically determined variants, termed mating types,

that can be understood as ancestral analogues of the sexes. However unlike true sexes,

the number of mating types is not restricted to two; D. discoideum has three mating

types [5].

A natural question that then arises is what drives the evolution of the number of mating

types? Within anisogamous species, a series of trade-offs (it is difficult to produce

gametes that are both small and well-provisioned or large and numerous) restrict the

number of morphological types to two [6]. In contrast, isogamous species, in which

such trade-offs are absent, do not face such a restriction. In fact, simple evolutionary

reasoning suggests that a population with two mating types should be a very unstable

configuration.

To explain this idea, let us discuss the following scenario: An isogamous population with

two distinct self-incompatible mating types A and B of equal frequencies. Assuming

mass-action encounter rates, individuals of each type have a 50% chance of locating

an individual of the opposite complementary type within the population. Now we

introduce a novel self-incompatible mating type C at low frequency. An individual of

this rare type C is now able to mate with all individuals of type A and B (a large

proportion of the population) and thus is selected for, until the population reaches

a new equilibrium in which all three types have equal frequencies. This “rare sex

advantage” to novel isogamous mating types leads to the prediction that their number
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should consistently grow [7]. In a very extreme case, we might imagine as many distinct

mating types as there are individuals in the population.

By the above theoretical argument, one might predict that D. discoideum, with its

three mating types, should be an evolutionary outlier, restricting its opportunities for

sexual reproduction to a mere two thirds of the population. In fact, the empirical data

paints rather the opposite picture. The majority of isogamous species (including the

yeast Saccharomyces cerevisiae [8], the ciliate Blepharisma japonicum [9] and the green

algae Chlamydomonas reinhardtii [10]) have two mating types [11]. A smaller variety

of species have a handful of mating types (including the fungi Mycocalia denudata and

Agaricus bisporus, and the ciliates Tetrahymena hyperangularis and Euplotes raikovi

with 9, 18, 4 and 12 mating types respectively [12, 9]). Exceedingly few have many

types (the mushroom fungus Coprinellus disseminatus has 143 mating types [13], while

Schizophyllum commune has an astounding 23, 328 different mating types [14]).

Multiple biologically complex theories have been proposed to correct this discrepancy

between model prediction and observation (reviewed in [15]). One hypothesis is that

the complementary receptor or pheromone signalling system of a population with two

mating types restricts the emergence of new types [16] (e.g. a third type, derived

from the residents, will not be as well adapted to the extant types as they are to each

other, and thus will be selected against [17]). Another theory contends that where

gametes mix their cytoplasm, the evolution of uniparental inheritance of organelles

(e.g. mitochondria) to prevent cytoplasmic conflicts consequently selects for a single

cytoplasmic donor and receiver [18] (more complicated donor-receiver relationships of

multi-mating type systems become increasingly unstable [19]). A third hypothesis

states that the dynamics for the mating type encounter rate may limit the selection

for rare mating types [7] (if gametes experience no mortality pressure, they can survive

until a compatible partner becomes available, eliminating selection for more than two

mating types).

While each of these hypotheses may be biologically plausible, they also lead to a some-

what bimodal prediction for the number of mating types; under certain conditions two

(or sometimes three) mating types are selected for, while outside these conditions the

number of mating types should consistently grow. Thus these theories do not account

for the intermediate number of mating types found in ciliates and fungi.

Recently, attention has been turned to the power of neutral models for an explanation

as to the number of mating types observed across species [20, 21, 22]. These models

take a similar approach to [7] in assuming that there are no differences (other than
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self-incompatibility) between types. Their analysis considers population genetic effects

of finite-population size and investigates the number of mating types predicted at long

times under a mutation-extinction balance. Conceptually, this approach is similar to

classic population genetic studies estimating the number of self-incompatibility alleles

in certain plant populations [23, 24, 25]. (In these species, further self-incompatibilities

have arisen between the sexes themselves in order to prevent inbreeding depression [26,

27]).

A key biological feature affecting the typical dynamics of the self-incompatibility alle-

les that define mating types is the balance between sexual and asexual reproduction.

Many isogamous species are facultatively sexual, experiencing only rare bouts of sex-

ual reproduction between many rounds of asexual division. In [28], it was shown that

prolonged rounds of asexual division could substantially increase the extinction risk to

mating type alleles. In [20] it was then shown analytically that the expected number

of mating types under a mutation-extinction balance would decrease dramatically as a

function of decreasing rates of sex. These results were extended in [22] to predict the

invasion and extinction dynamics of mating type alleles in finite populations, showing

that these predictions were broadly consistent with empirical observations.

The above neutral models each assume that every mating type experiences a symmetric

negative frequency dependent selection (the rare sex advantage), but that otherwise

each mating type is equally fit. However, as verbally argued in [29], such perfect

symmetry in fitnesses may be unlikely, since individuals of different genotypes are

unequally adapted in the same environment. In many diverse lineages, mating type

loci are found to feature large regions of suppressed recombination [30, 10], analogous

to non-recombining sex chromosomes in animals. This suppressed recombination has

two important consequences. First, linked deleterious mutations are more likely to

accumulate on mating type alleles as a function of their reduced effective population

size [30, 31]. Second, we expect that suppressed recombination will rapidly lead to

divergence between the mating type alleles [32].

In obligately sexual species with just two mating types, any effect of fitness differences

between mating type alleles would be somewhat muted by Fisher’s principle [33]; the

need to reproduce sexually guarantees an equal abundance of each mating type in a

pool of successfully partnered parents. However, when sex is facultative, differences

in the reproductive rate of mating types during asexual reproduction can distort the

population’s sex-ratios away from an even distribution [34]. In an extreme scenario

then, fitness differences between the mating types could drive competitive exclusion

and a reduction in mating type diversity. Preliminary simulations in [20] supported
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this view, but no analytic results were obtained.

In this paper, we will address this gap in the literature, focussing on how mortality

differences between mating type alleles may alter the expected number of mating types

in isogamous species. We examine a mathematical evolutionary model of isogamous

populations of infinite size and find an analytic expression for the expected number of

mating type alleles. We will derive general results that apply to models in which the

mortality rates of mutant types are drawn from arbitrary probability distributions.

The paper is structured as follows. We begin in Section 4.1.2 by presenting the model

that we will use for our analysis, which can be broken down into two components; a

short timescale model of the mating type population dynamics and longer timescale

model of the evolutionary dynamics. In Section 4.1.3 we analyse the behaviour of the

short term population dynamics, deriving conditions for the stability of the population.

Section 4.1.3 utilises these results to make predictions about the long-term evolution-

ary dynamics when mutation and extinction events occur. First examining a special

case when mutant mortality rates are drawn from a delta distribution, we infer the

distribution-dependent scaling factor of the expected number of mating type alleles us-

ing an integral transform. Finally, we conclude by exploring the biological implications

of our results with reference to available empirical data.

4.1.2 Population and evolutionary models

In constructing a mathematical model for the evolution of mating types, we must deter-

mine appropriate descriptions of facultative sexual reproduction in a population, and

of the emergence of mutations. Let us briefly discuss our choices, and their biological

implications, with reference to the literature.

Some authors have modelled facultative sex as a population switching between purely

sexual and asexual reproductive modes [34, 28], while others consider a population av-

erage rate of asexual and sexual reproduction [20, 22], with individuals able to engage

in either mode at any given time. We take the latter approach as it does not require

a population-level coordination in the selection of reproductive mode. The actual rate

of sexual reproduction in a facultatively sexual population is likely a complex function

of the ecology and population genetics of the species under consideration. Moreover,

the exact theoretical mechanisms that generate selection for sexual reproduction are

an intensely debated subject [35]. To understand the effect of the rate of sexual re-

production on the number of mating types, we treat it as a control parameter in our

model.
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Regarding mutation, we must distinguish between two relevant types of mutations that

our model should account for: those that affect the (frequency independent) fitness of

individuals, and those that affect their mating behaviour. In principle, mutations

affecting frequency-independent fitness may or may not be linked to the underlying

mating type, however, in our model only one of these is relevant. Unlinked mutations

would become disassociated from the mating type background on which they arise via

genetic recombination during sexual reproduction. Thus the effect of such unlinked

mutations would be most clearly seen during periods of purely asexual reproduction in

the population. Such dynamics would therefore be obscured in our chosen modelling

framework, in which the timing of sexual reproduction is not correlated across the pop-

ulation. We therefore only consider mutations affecting frequency-independent fitness

that are explicitly linked to the mating type locus.

Finally we note that mutations that generate new mating type properties may be

realised in different ways. Some studies consider the gradual emergence of new mating

types from their self-incompatible ancestors, with intermediate stages accounted for in

which the mutant mating type may not be fully compatible with all resident mating

types [17]. However, the vast majority of studies take a simplified modelling approach,

in which new self-incompatible mating type alleles are introduced to the population in

a state fully compatible with all resident types. We will follow this second approach,

but note that frequency independent fitness mutations that are linked to mating type

alleles could be interpreted in a loose sense as accounting for increased or decreased

maladaption between a given mating type and the remaining residents.

We now proceed to describe the precise mathematical details of the model. The model

is split into two distinct time scales: Short-term population dynamics and the long-

term evolution of the mating types. We describe the short-term dynamics in terms

of deterministic ordinary differential equations for the frequencies of the mating types

in the population. These are assumed to reach a stable stationary state on a much

faster timescale than mutations occur. By then introducing random mutation events,

we explain how the system evolves in the long term.

Short-term population dynamics

The model for our short term population dynamics is similar to that introduced in [20].

An allele at a single locus determines the mating type of a haploid individual (see 4.1.5

for a full biological motivation). In order to investigate the evolution of mating type

number, we allow an infinite number of alleles at that locus, i.e. there is a priori no

upper bound for the number of different mating types in a population. The population
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dynamics are governed by the following types of events: asexual reproduction, sexual

reproduction, death. The processes are depicted in Fig. 4-1. We use a Moran type

modelling framework (the population size is fixed by coupled birth-death events and

generations are non-overlapping), but take the limit of infinite population size.

When reproducing asexually, the individuals produce exact copies of themselves. We

take a coarse-grained approach and consider a “population average” rate of asexual and

sexual reproduction (i.e. sexual reproduction is not correlated in time across the entire

population). The rate at which a given mating type reproduces asexually is given by

a fixed clonal reproduction rate c. For a population that only reproduces asexually,

c = 1. In contrast, we have c = 0 for a population that only reproduces sexually, and

values in between for facultative sex.

During a sexual reproduction event, which occurs at rate (1 − c), individuals of two

different mating types are required. Hence, the frequency of sexual reproduction de-

pends on the frequencies of both mating types. We assume mass-action encounter rate

dynamics. For simplicity, we further assume that each sexual pairing produces just one

progeny. This offspring inherits the mating type of either parent with probability 1/2.

As addressed in the introduction to this section, we assume that mutations that affect

the frequency independent fitness of a mating type are linked to the mating-type allele.

We now make a further simplification and assume that this fitness is predetermined

and invariant with time. Differences in fitnesses between mating types are realised

through a mating-type specific mortality rate, Di (which can be interpreted as an

inverse fitness of the ith type). Death events for a given type i (which we recall are

coupled to reproduction events) are then weighted by the rate Di.

We now formulate the above model mathematically (for more details we refer to the

supplementary material in [20]). Given a population with M distinct mating types,

we write x = (x1, . . . , xM ) for the relative frequency of individuals with mating type i,

so that
∑M

i=1 xi = 1. The rate at which type i replaces type j is given by the matrix

elements

Tij =

cxi + (1− c)1

2
xi
∑
k 6=i

xk

Djxj . (4.1)

The first term in the bracket describes the asexual reproduction with the clonal re-

production rate c. The second term describes the sexual reproduction between an

individual of mating type i and any other type which is not the same. Individuals

mate with each other at rate 1 − c and the offspring inherits the mating type i with

probability 1/2. Keeping the total population size fixed, reproduction is coupled with
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the removal of individuals from the population, with death rate Dj for type j.

The population dynamics for this model are then described by the ODE system

dxi
dt

=
∑
j

(
Tij − Tji

)
=

1− c
2

∑
j

xixj

[
Dixj −Djxi +

1

γ
(Dj −Di)

]
,

(4.2)

where we have introduced the parameter

γ = (1− c)/(1 + c), (4.3)

for mathematical convenience in the forthcoming analysis. Note that since we are

working in the limit of infinite population size, the dynamics are entirely determinis-

tic. Thus we ignore the possibility of rare types being lost through genetic drift (for

studies analysing such stochastic invasion dynamics, see [21, 22]). The only way that

extinctions can occur in this model are when the dynamics of Eq.(4.2) drive one or

more mating type frequencies to zero at long times. Furthermore, we assume fixed

total abundances and thus eliminate population size effects, e.g. encounter rates for

mating. This approach can be compared to an effective population size and relative

frequencies of mating types. While the model choice may influence the short-term

dynamics of mating types and their path to extinction, it is only crucial to know the

deterministic equilibrium configuration before new mutants arrive in the population.

Thus, for the further investigation of the long-term evolution of mating type alleles we

expect qualitatively similar results.

The mortality rates Di are arbitrary positive parameters. We are interested in the

effect of mortality differences between mating type alleles, not the evolution of the

actual values themselves. Hence, we impose the rule
∑

iDi/M = 1 and decompose

Di = 1− ri (4.4)

where the ri are the residuals describing the difference between the average mortality

rate of the population and that of type i. We interpret these values as representing

fitness, since larger ri implies lower mortality rates and therefore higher reproductive

success.
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c

(1-c)/2

(1-c)/2

Asexual:

Sexual:

?

?

Figure 4-1: Schematic reaction equations for the short-term population dynamics. Indi-
viduals reproduce asexually at rate c. Another individual is picked randomly according
to the mortality rate Di linked to its mating type allele, and replaced by the offspring.
The new individual inherits the mating type of the parent. Two individuals of different
mating types mate at rate 1−c. The offspring inherits the mating type of either parent
with probability 1/2. Again, another individual is replaced in the population according
to the mortality rates.

Stationary state

Extinction
M → M-1

Mutation
M → M+1

Stable?

NoYes

Figure 4-2: Schematic algorithm for the long-term population dynamics. First, we
compute the stationary state of the short-term system according to Eq. (4.10). Then,
we check the stability of the fixed point using the criteria in Eq. (4.11). If the fixed
point is stable (i.e. mating types co-exist), a mutation event occurs and we add a novel
mating type to the population. If the fixed point is not stable, the mating type with
the highest mortality rate goes extinct, i.e. is removed from the population. After each
mutation and extinction event, we compute the new stationary state.
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Figure 4-3: Fixed points computed from samples of mortality rates. Due to the as-
sumption of fixed population size, for a population with M = 3 mating types there are
only two free variables, the frequency of mating types 1 and 2 (x1 and x2 respectively).
Similarly, for a population with M = 6 mating types there are five free variables. For
clarity we plot the position of the fixed points x∗ = (x1, . . . , x5) as a projection in
(x1, x2) plane. Mortality rates are drawn from a normal distribution with low variance
0.001 (left) and high variance 0.005 (right) and the clonal rate is set to c = 0.9. The
fixed point has a higher probability of being unstable as the fitness variability increases
(left to right). Frequencies are pushed towards the extinction boundary as the number
of mating types M increases (top to bottom). Fixed points that lie on an extinction
boundary (xi = 0) in the higher-dimensional space (i.e. where one or more mating
types is extinct) are indicated as empty circles.
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Long-term evolutionary dynamics

For the long-term evolution of the system we consider mutations and extinctions of

mating types. When a mutation event occurs, a novel mating type is introduced to

the population. The novel mating type obeys the same dynamical rules as the resident

population, but has a distinct mortality rate. Note that by assuming this mortality

rate is coupled to the mating type allele and invariant in time, we are able to charac-

terise the model in terms of a single mutation rate, the arrival rate of new mating type

alleles. The precise value for the mutant mortality rate is drawn from an arbitrary

distribution p. From a theoretical standpoint, the choice of such a distribution poses a

common problem, with empirical data suggesting that fitness distributions vary across

species [36]. We therefore make no a priori assumptions about the form of this distri-

bution and instead proceed with the aim of deriving results for arbitrary distributions.

We next assume a low mutation rate, so that the short-term population dynamics is

always in a stationary state upon the introduction of a new mutant mating type. From

a consideration of the form of Eq. (4.2), it is clear that the fixed points of the short-

term population dynamics (along with their stability) will be dependent on the precise

values of the mortality rates. We will characterise these properties mathematically in

Section 4.1.3. Here we note that upon introduction of a mutant mating type there are

only a limited class of events that can occur.

Suppose a novel mating type µ, with frequency xµ, is introduced to the popula-

tion. If the short-term dynamics approach a stable interior (i.e. 0 < xi < 1 for

i = 1, 2, . . . ,M, µ) fixed point, we interpret the mutant as having successfully invaded,

such that it is then part of the resident population:

x 7→ (x1, . . . , xM , xµ), M 7→M + 1 . (4.5)

If however the interior fixed point 0 < xi < 1 for i = 1, 2, . . . ,M, µ is unstable, the

short term dynamics must tend to one of the remaining fixed points in the system,

where at least one of the mating type frequencies will be reduced to zero population

density (i.e. at least one of the mating types will go extinct). We first consider the

situation where just one of the mating types, e, is extinct. Note that under the sym-

metry of the mating dynamics and the expected long term behaviour, the mating type

with the highest mortality has the lowest frequency relative to the equilibrium under

neutral assumptions (i.e. xi = 1/M ∀i, see Fig. 4-3). We use this fact to identify the

extinct mating type e with the lowest frequency (i.e. xe = 0), and remove it from the
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population:

x 7→ (x1, . . . , xe−1, xe+1 . . .), M 7→M . (4.6)

We note that at this stage the number of mating types has not changed, with the mutant

mating type either having replaced a resident or been itself driven to extinction. A new

interior fixed point now exists at (i.e. 0 < xi < 1 for i 6= e). If this new interior fixed

point is stable, we can proceed to introduce another mutation and repeat the above

process. If the new interior fixed point is unstable, we must seek the next mating type

to go extinct e′. By the same logic as above, this will be the mating type with the

highest mortality among the remaining mating types:

(x1, . . . , xe−1, xe+1 . . .) 7→ (x1, . . . , xe−1, xe+1 . . . , xe′−1, xe′+1 . . .), M 7→M − 1 .

(4.7)

This process is repeated until the short-term dynamics succeeds in reaching a stable

fixed point where co-existence is possible. The general algorithm is illustrated in Fig. 4-

2.

As mentioned before, we are not interested in the evolution of the mortality rates

Di themselves. Therefore, after each mutation and extinction event, we re-centre the

mortality rates around a mean value of one. For this, we use the decomposition into

fitnesses ri in Eq. (4.4). Let r1, . . . , rM be the fitnesses for the residing mating types

in the population. Note that the fitnesses, ri, sum to zero by definition. After adding

a mutant with value rM+1, we obtain the new fitnesses

r′i = ri −
1

M + 1


M∑
j=1

ri︸ ︷︷ ︸
=0

+rM+1

 = ri −
rM+1

M + 1
. (4.8)

Similarly, after removing an extinct mating type with the lowest fitness rmin = min(ri)

from the population, we obtain

r′i = ri −
1

M − 1


M∑
j=1

ri︸ ︷︷ ︸
=0

−rmin

 = ri +
rmin

M − 1
. (4.9)
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4.1.3 Results

In the long-term evolutionary model, the number of mating types M is a random

variable which evolves over time. Simulations show that we can expect the process to

reach a stationary distribution with the number of mating types fluctuating close to

some mean value. Our goal is to calculate this value. In particular, we aim to predict

the average number of mating types in terms of the model parameters, including the

fitness variability. We now proceed with the full mathematical analysis. For readers

less concerned with the specific mathematical details of the derivation, our key result

is given in Eq. (4.30).

In order to determine how the system evolves in the long-term, we first need to know

how the short-term population dynamics behave. For this, we analyse the stationary

states of the short-term dynamical system and prove conditions for stability in terms of

the fitnesses ri; see Theorem 1 below. In analysing the long-term dynamics we seek to

link the spread in fitness (described by the distribution p from which the mortality rates

of new mutants are drawn) to the expected number of mating types at long times, EpM .

Our analysis will proceed by first studying the special case that new mutants always

have the same fitness advantage over the residents (i.e. p is a Dirac delta distribution),

then applying a heuristic to expand these results to the general case.

Short-term dynamics: stable fixed points

The dynamics of the short-term model with no variation in fitness are simple: when

Di ≡ 1, the mating type frequencies approach the stable fixed point x?i = 1/M . In the

general heterogeneous case, however, simulations show that the fixed point destabilises

with increasing mortality rate variability (see Fig. 4-3). For the co-existence of mating

types in a population, we require the short-term dynamics to reach a stable stationary

state with non-zero mating type frequencies. Otherwise, the frequencies of the mating

types with lower fitness values would eventually reach zero, i.e. the mating types go

extinct. Hence, we ask if a stable fixed point exists and under which conditions with

respect to the range of allowed fitness values.

Theorem 1

(i) The ODE system in Eq. (4.2) has a fixed point x? given by

x?i =
1

M

[
1 +

(
M

γ
− 1

)
ri

]
, (4.10)
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(ii) x? is stable if it is interior, that is, if xi ∈ (0, 1) for all i, and

(iii) x? is interior if and only if the fitnesses obey the inequalities

−R(M) < ri < (M − 1)R(M) , (4.11)

where we have introduced R(M) = (M/γ − 1)−1.

Proof

We first compute the non-trivial fixed point. Noting that since the addition of a

constant factor will not change our conclusions about the fixed point or its stability,

we rescale time using t 7→ 2
1−c t and write

dxi
dt

= fi(x) :=
∑
j

xixjgij (4.12)

with

gij(x) = Dixj −Djxi +
1

γ
(Dj −Di). (4.13)

Since
∑

i ri = 0, it is easy to check that the fixed point x? proposed in (4.10) obeys∑
i x

?
i = 1 as required. From (4.12) it will therefore suffice to show that gij(x

?) = 0 for

all i, j. This is an over-specified linear system, and it is straightforward to check that

Dix
?
j −Djx

?
i =

Di

M

[
1−

(
M

γ
− 1

)
(Dj − 1)

]
− Dj

M

[
1−

(
M

γ
− 1

)
(Di − 1)

]
=

1

γ
(Di −Dj) ,

and hence the result of Eq. (4.10) follows.

Next, we undertake a linear stability analysis of Eq. (4.12) around x?. The Jacobian

matrix has entries

Jij =
∂fi
∂xj

∣∣∣∣
x?

=
∑
k

(
δijx

?
kgik(x

?) + δkjx
?
i gik(x

?) + x?ix
?
k

∂gik
∂xj

∣∣∣∣
x?

)
. (4.14)

Now,
∂gik
∂xj

= δkjDi − δijDk, (4.15)
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and by construction gik(x
?) = 0, so in fact we have

Jij =


(
Dix

?
i −

∑
kDkx

?
k

)
x?i if i = j

Dix
?
ix
?
j if i 6= j.

Note that, since
∑

i xi = 1, we know J must be a degenerate matrix having a zero

eigenvalue. To show linear stability of x?, we are required to prove that the other

eigenvalues of J all have negative real part. It is well known (see e.g. [37]) that all

eigenvalues of a matrix lie inside the union of the Gershgorin discs in the complex

plane; disc i has centre given by the i-th diagonal element of the matrix and a radius

equal to the sum of the absolute values of the other entries of row/column i. The radii

of the Gershgorin discs for our Jacobian matrix can be computed as follows:

ρi =
∑
j 6=i
|Jji| =

∑
j 6=i

Djx
?
jx
?
i = x?i

∑
j

Djx
?
j −Dix

?
i

 . (4.16)

With the diagonal element as the centre of disc i, we find that if λ is an eigenvalue of

J , we must have Re[λ] ≤ Jii + ρi = 0. We know of the existence of one zero eigenvalue

of J ; to prove stability we must establish its uniqueness.

If we assume that x? is interior, the Jacobian matrix J is Metzler, meaning that it

has strictly positive off-diagonal entries. Addition of a sufficiently large constant to

the diagonal of J would give it all positive entries. The Perron-Frobenius theorem

states that a real matrix with all strictly positive entries has a unique, real, rightmost

eigenvalue. Therefore J also has a unique rightmost eigenvalue, which in this case must

be zero, and hence x? is linearly stable.

Let us now deduce the criterion for the fixed point x? to be interior, in terms of the

difference in mortality rates between mating types. At one end of the allowed range

we obtain

1

M

[
1 +

(
M

γ
− 1

)
ri

]
= x?i > 0,

⇒ ri >
−1

M
γ − 1

= −R(M).
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Figure 4-4: Time series of the number of mating types for clonal rate c = 0.82. In a
population without mortality differences (Di = 1) the number of mating type alleles
grows consistently after each mutation event. With mortality rate differences (Di 6=
Dj), extinction events become more likely. Thus, we see a limited growth of the number
of mating type alleles. The mutant mortality rates are drawn from a normal distribution
with variance 0.001.

and at the other

1

M

[
1 +

(
M

γ
− 1

)
ri

]
= x?i < 1,

⇒ ri <
M − 1
M
γ − 1

= (M − 1)R(M),

as required.

�

Analysis of long-term model

Let us first discuss the general behaviour of the long-term evolutionary dynamics of our

model (described in Section 4.1.2). In each simulation step we introduce a new mutant

and compute the fixed point of the initial system and check its stability according to

the conditions given in Eq. (4.11). There are 3 cases to discuss:

Failure If the mortality rate of the mutant mating type allele is too high relative to

the existing population, no stable interior fixed point exists. In other words, the

mutant does not invade the population, and the number of mating types does

not change (M 7→M).
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Invasion with coexistence If the mortality rate of the mutant is not too high or

too low, an interior fixed point may exist. In that case, the mutant mating type

coexists with the residing types in the population. Thus, the number of mating

type alleles increases by one (M 7→M + 1).

Invasion with extinction For very fit mutants (i.e. low mortality rate), it is possible

that no stable fixed point exists with all M + 1 types. Hence, one or more

of the residing mating type alleles with the highest mortality rates go extinct.

Potentially, a mutant can wipe out the whole population. The number of mating

type alleles is reduced by the number of extinct residents (M 7→M+1−Mextinct).

Note that in the case of a single extinction event, the resident mating type is

simply replaced by the mutant, hence the number of mating type alleles does not

change.

After each mutation event, we record the number of mating types residing in the

population. This way, we obtain a time series of the evolution of the number of mating

types M as in Fig. 4-4. In the homogeneous case where all mortality rates are equal

(Di = 1), we see a constant growth of the number of mating types as expected. A stable

interior fixed point is always reached and thus, mutant mating type alleles invade the

population. With mortality differences (Di 6= Dj), the growth of the number of mating

types is limited. The fixed point destabilises and mating types with higher mortality

rates are pushed towards extinction. Higher asexual reproduction rates c can amplify

the extinction rate. Thus, we see fewer mating types as c→ 1. In the long term,

the average number of mating types approaches a specific value as we discuss in the

following.

From simulations we observe that the average number of mating types changes accord-

ing to the model parameter γ, which is a measure of the rate of sex in the population

(see Eq. (4.3)). Meanwhile, changing the distribution p from which the fitnesses (r)

of new mutants are drawn appears to affect the average number of mating types only

through scaling by a constant factor (see Fig. 4-5). This relation is demonstrated in

Fig. 4-5, where we show the average number of mating types obtained from arbitrary

fitness distributions p as examples. This observation motivates us to seek a functional

φ[p] depending on the fitness distribution p such that φ[p] · EpM is invariant. That is,

for some function m(γ) we have

φ[p] · EpM = m(γ). (4.17)
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Figure 4-5: Average number of mating types against the model parameter γ = 1−c
1+c for

mutant mortality rates drawn from different distributions; (i) Dirac-delta distribution
with peak at r̄ = 0.02, (ii) exponential distribution with scale parameter β = 0.01 and
left-shift rb = −0.01, (iii) normal distribution with mean E[r] = 0.001 and variance
Var[r] = 0.001, (iv) uniform distribution with mean E[r] = 0 and variance Var[r] =
0.002.

To find the scaling functional, we use a heuristic approach based on two assumptions:

(i) only beneficial mutations (r > 0) are relevant, since deleterious mutations are very

unlikely to invade, and (ii) the functional φ can be obtained as the average of some

function of fitness. The consequence of these assumptions mathematically is that we

may write the integral transform

φ[p] =

∫∞
0 k(r)p(r)dr∫∞

0 p(r)dr
. (4.18)

for some kernel function k. We motivate this ansatz by its convenience as it is the

simplest form a scaling functional that meets the assumptions (i) and (ii) stated above.

To compute the scaling functional, we need to determine the kernel function k(r). Since

k does not depend on p, we are free to choose a solvable model to analyse.

Non-random mutant mortality rates In the previous section, we found that the

missing quantity we needed to determine the number of mating types predicted by

our model was a kernel function k(r). However we also saw that we were free to

determine this function using any distribution of mating type fitnesses, p. In this

section we therefore choose p to have a particularly simple form, that of the delta-

distribution. Let p = δr̄ be a Dirac distribution centred at position r̄ > 0. Note that
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Figure 4-6: Time series of fitnesses for mutant mortality rates drawn from a delta dis-
tribution with peak at r̄ = 0.001. The clonal rate is set to c = 0.82. Fitnesses evolve
towards a stationary configuration. Dashed lines indicate the analytically derived sta-
tionary configuration.

this implies a degenerate case where fitnesses are non-random; the Dirac distribution

always returns mutants with a fitness of precisely r̄ (i.e. the delta-distributed fitness

values have mean fitness r̄ and variance zero). We emphasise that this distribution is

not biologically relevant, but will provide a route to obtaining general analytical results

for more realistic distributions.

According to Eq. (4.18), we have

k(r̄) = φ[δr̄]. (4.19)

If we can compute an expression for the expected number of mating types of the

functional form

Eδr̄M =
m(γ)

k(r̄)
, (4.20)

then comparing with Eq.(4.19) should allow us to determine the scaling functional for

generic distributions, which can be constructed as the superposition of Dirac delta

distributions.

Stationary configuration of fitnesses

For mutant mortality rates drawn from a delta distribution, simulations imply that

the system is driven towards a stationary configuration of fitnesses. Fig. 4-6 shows
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an example time series of the fitnesses ri linked to the mating type alleles residing in

the population. From simulations we observe that there appears to exist an absorbing

stationary configuration in which the fitnesses are equally spaced.

For this configuration to be stable under the addition of a new mutant requires that

the invader replaces the residing mating type with the lowest fitness, such that (after

re-centring) the same equispace configuration is recovered. It follows that we must

therefore have r̄ > max(ri).

To compute this state we write the fitnesses as ranked values,

r1 > r2 > · · · > rM−1 > rM ,

(i.e. r1 is the highest fitness value in the population). Since the values are centred

at 0, we have rM < 0 < r1. In addition, we assume that there are no duplicate fitness

values, which is ensured when mortality rates are drawn from a delta distribution.

Now let us discuss the stability of the fitness configurations before and after a mutation

event. Since the stationary configuration must be stable, we require according to Eq.

(4.11) that rM > −R(M). After adding a mutant with r0 > r1, we compute the new

fitnesses and obtain with Eq. (4.8)

r′i = ri −
r0

M + 1
, (4.21)

with i = 0, . . . ,M . For a stationary configuration, the mating type with the largest

mortality rate must go extinct, i.e. we require an unstable fixed point with r′M <

−R(M + 1). After eliminating the mating type with the fitness r′M , we compute the

new fitnesses again. Here, we use Eq. (4.9) and insert the result from Eq. (4.21) to

obtain

r′′i = r′i +
r′M
M

= ri−
r0

M + 1
+

1

M
(rM −

r0

M + 1
)︸ ︷︷ ︸

∆r

,
(4.22)

with i = 0, . . . ,M − 1.

Since we assume a stationary state, we have

ri = r′′i−1 = ri−1 −∆r = r0 − i∆r,
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with i = 1, . . . ,M . Here, we see that the fitnesses are equally spaced with distance

∆r = (r0 − rM )/M . To compute the distance, we use that the sum of the fitnesses is

zero, i.e. we have

0 = Mr0 −
M∑
i=1

i∆r = Mr0 −
M(M + 1)

2
∆r.

We solve for ∆r and obtain

∆r = r0
2

M + 1
. (4.23)

Finally, for the stationary configuration of fitnesses we have

ri = r0

(
1− 2i

M + 1

)
. (4.24)

The stationary configuration we derived analytically is also plotted in Fig. 4-6.

Expected number of mating types

To compute the expected number of mating types, we must check which values of

M admit stationary configurations of the form derived above. The conditions for a

stationary state from Theorem 1 deliver bounds on the allowed values of M . Let

r0 = r̄ be the mutant mortality rate drawn from a delta distribution p ∼ δr̄. Using

(4.24) we have

r̄
M − 1

M + 1
<

1
M
γ − 1

.

We solve for M and obtain the upper bound,

M < M+ =
1

2

γ (1

r̄
+ 1

)
+ 1 +

√(
γ

(
1

r̄
+ 1

)
+ 1

)2

+ 4γ

(
1

r̄
− 1

) . (4.25)

Likewise, the opposite limit delivers

r̄
M

M + 1
>

1
M+1
γ − 1

,

and we obtain the lower bound

M > M− =
1

2

γ (1

r̄
+ 1

)
− 1 +

√(
γ

(
1

r̄
+ 1

)
− 1

)2

+ 4
γ

r̄

 . (4.26)

We observe that, for different values of r̄ and γ, the region of possible numbers of mating
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Figure 4-7: Contour plot of the expected number of mating type alleles EpM in Eq.
(4.28) for mutant mortality rates drawn from a delta distribution. The expected number
of mating types depends approximately on the ratio of the model parameter c and the
peak position r̄ of the delta distribution.

types implied by the above bounds may contain more than one integer. However, for

small r̄ (corresponding to small fitness differences between mating types) we have the

first-order scaling law

M± =
γ

r̄
+O(1). (4.27)

Hence we identify

Eδr̄ [M ] ∼ γ

r̄
. (4.28)

Fig. 4-7 shows a contour plot of the expected number of mating types (approximated

by (M+ +M−)/2) for different combinations of the model parameter γ and the delta

distribution peak p = δr̄. For low sex rates (c→ 1) the number of mating type alleles

is small. As the mortality differences ∆r ∼ r̄ increase, the number of mating types is

lowered further.

In Fig. 4-8, we compare the analytically derived expected number of mating types in Eq.

(4.28) with simulations. We see that the simulated number of mating types converges

to the expected value. Hence, our assumptions about the stationary configuration of

the fitnesses and the conclusion we draw for the number of mating types are validated.

Average number of mating types for general mortality distributions

We now compare the result of the previous section, Eq. (4.28) with Eq.(4.20) to de-
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Figure 4-8: Time series of the number of mating type alleles M for mutant mortality
rates drawn from delta distributions with different peak positions r̄ (dashed lines).
Solid lines indicate the analytically derived expected number of mating types in Eq.
(4.28).
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Figure 4-9: Average number of mating types for mutant mortality rates drawn from
different distributions (same parameters as in Fig. 4-5) against the model parameter c.
Solid lines correspond to the analytically derived prediction in Eq. (4.30). Note that
the minimum number of mating type alleles is 1 (grey line); our prediction does not
respect this limit as c→ 1, although this is not visible on the scale of the figure.
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termine the simple rules m(γ) = γ and k(r) = r. For general fitness distributions we

therefore expect the scaling function of Eq. (4.18) to be given by

φ[p] =

∫∞
0 rp(r)dr∫∞
0 p(r)dr

= Ep[r|r > 0] . (4.29)

In words, the scaling functional determining the expected number of mating types is

simply the mean fitness value of beneficial mutations. Finally, we obtain an approxi-

mation for the average number of mating types:

EpM ≈
(

1− c
1 + c

)
1

Ep[r|r > 0]
. (4.30)

Let us compare our analytic prediction of the average number of mating type alleles

with values obtained from simulations. Fig. 4-9 shows the average number of mating

types as a function of the clonal rate c for different mortality rate distributions. We

see that the analytic result in Eq. (4.30) predicts the average number of mating types

very well, especially for small values of c

Noting that we have defined the parameter γ = (1 − c)/(1 + c), as c → 1 we would

expect our approximation to break down as higher order terms in the scaling law

Eq. (4.27) become non-negligible. Indeed, intuitively we note that while the number of

mating type alleles is discrete and bounded below by one, Eq. (4.30) is continuous and

takes values in [0,∞). Nevertheless, as demonstrated in Fig. 4-9, the approximation

continues to provide good estimates for the expected number of mating types.

4.1.4 Discussion

In this paper we have addressed the problem of why the number of mating types in

isogamous species is often low, when naive evolutionary reasoning suggests there should

be very many types, each at very low frequency. To this end, we analysed a simple

model that incorporates differences in fitness between mating type alleles. Our main

result, Eq. (4.30), shows that unless mating type mutants have precisely equal fitness to

their ancestors, the number of mating types in a population will not grow indefinitely,

but rather plateau at a finite value.

In a biological sense, one of the most interesting features of Eq. (4.30) is its dependence

on the rate of asexual to sexual reproduction, c. As this parameter increases, the

average number of mating types in the population decreases for any choice of mutant

mating type fitness distribution. This is in line with previous observations that the
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rate of facultative sex may be a key empirical predictor of the number of mating types

observed in isogamous species [20, 22]. The number of mating types also decreases as

the variance of the mutant mating type fitness from its ancestor increases. We can

then see that when sex is very rare, mating type mutants must have extremely similar

fitnesses for the maintenance of multiple mating types to be possible. For instance, if

sex occurred on the order of once every thousand generations (c = 0.999), as has been

recorded in some yeasts and algae [38, 39], mutant fitness (measured by relative death

rate) would need to have a variance of less than 10−6 from their ancestors if drawn

from a normal distribution for even two mating types to be observed (see Fig. 4-5).

We may then ask what empirical support exists for fitness differences between mating

type alleles. As we have demonstrated in Fig. 4-3, we would expect prominent devia-

tions from an even ratio (x∗i = 1/M) in the rare sex regime. Thus skewed mating type

ratios may provide evidence for variability in mating type fitnesses. Such skewed ratios

have been recently observed in D. discoideum [40], as well as the isogamous species

Cryptococcus neoformans [41] and Candida glabrata [42] (both with two mating types).

Meanwhile indirect support for differences in mating type fitness comes from evidence

of the repeated loss of mating type alleles in species phylogenies. Such losses appear

to have occurred many times in ciliates [9] and fungi [43]. As it is possible that these

extinctions could also be driven by genetic drift (demographic stochasticity) alone [20],

we next turn to the potential causes of differential fitness between mating types.

Beneficial mutations on specific mating type alleles have been shown to be particu-

larly prevalent in pathogenic fungi [44, 43], where they can imbue increased virulence.

Meanwhile deleterious mutations have also been shown to accumulate more rapidly on

mating type alleles as a result of suppressed genetic recombination at the mating type

locus [31]. Within facultative sexuals, beneficial mutations at unlinked loci may also

play a role. If a highly beneficial mutation arises during a period of asexual reproduc-

tion, the single mating type associated with this mutation may sweep to fixation before

the next round of sexual reproduction. Indeed, this behaviour has been observed ex-

perimentally in Chlamydomonas reinhardtii [45]. Our model, which assumes a constant

fitness for each novel mating type and an average rate of sexual reproduction across

the population, takes a coarse-grained approach to these dynamics. Accounting for

these additional processes (the accumulation of mutations on mating type alleles and

switching between asexual and sexual environments) in a precise manner would be an

interesting area for future investigation, but one that would require the specification

of two mutation timescales (one for the arrival rate of new mating types and another

for the mutations affecting the fitness of extant mating type alleles). Nevertheless we
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would expect the qualitative picture to remain the same.

Furthermore, stochastic effects (i.e. genetic drift, environmental noise, spatial effects,

random mating dynamics) or non-linear dynamics far from equilibrium may lead to

extinction events of mating types with higher fitness relative to the resident popula-

tion [21, 22]. The deterministic equations that describe the short-term dynamics in

our model follow a constructed symmetry that do not capture these random effects.

However, we derive our results based on the extinction dynamics that predict the least

fit mating type will most likely reach zero frequency first. If we slightly perturbed

this symmetry, we would expect qualitatively similar results for the prediction of the

average number of mating types in the long-term dynamics.

From a mathematical perspective, our techniques for modelling and analysing the ef-

fect of mutation differ from many standard approaches. Perhaps the most ubiquitous

is adaptive dynamics [46], which considers the outcome of evolutionary dynamics in

a continuous trait space [47] (that is, very small mutational steps are assumed [48]).

However, such an approach is problematic when the quantity of interest (in our case,

the average number of mating types) is explicitly a function of the size of the muta-

tional steps. For instance, in Eq. (4.28) we find that if we take the limit of infinitely

small mutational steps (i.e. we take the limit r̄ → 0), the model predicts infinitely

many mating types at leading order. Thus it is not clear that an adaptive dynamics

approach would capture the interesting and biologically relevant dynamics revealed by

our analysis.

In cases such as those described above, modelling discrete, randomly chosen mutations

is more appropriate. However, one must then decide what distribution these should

be sampled from, whether it be delta [20], normal [49], exponential [50] or generalised.

As empirical fitness distributions have been shown to vary between species (and even

between genetic loci) [36], the qualitative model dynamics must be independent of such

a choice for any strong biological conclusion to be drawn. In this paper we have shown

that a heuristic approach, based on the assumption of the existence of a scaling factor,

can provide a way to make analytic conclusions without specifying any precise form for

the distribution of mutations. Interestingly, a similar observation has been made for a

game theoretic model of the evolution of average population fitness [51], although the

analytic form of the observed scaling function was distinct. An important avenue for

further investigations will be to determine if this approach can be used to as a general

method for addressing problems involving stochastic mutation events.

In the shorter term, the approach we have developed will be useful for other problems in
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which balancing selection plays a role. In particular, this includes the study of alternate

self-incompatibility systems. In the model we analyse in this paper, we assume that

mating types are determined by one of an infinite set of potential alleles at one single

locus. While this is a plausible model for many isogamous species, alleles at 2 distinct

loci control mating type expression in many fungal species [13, 12]. Future research

would therefore involve extending the model presented here to account for this genetic

feature.

As addressed in the introduction, self-incompatibility is also prevalent in many plant

systems and, as a result of suppressed recombination, deleterious mutations can also

accumulate at the self-incompatibility locus [52]. As these species are in general ob-

ligately sexual (i.e c = 0), our analysis suggests that such plants would be able to

tolerate larger variance in the fitness of self-incompatibility alleles than facultatively

sexual species. Once again, more specific modelling would need to be conducted to

obtain a precise mathematical prediction for these diploid species, in which the genetic

determination of self-incompatibility can sometimes be complex [53]. However, as ef-

fective population sizes in these species are often small (of order 103 [54]) genetic drift

is likely to play a more important role. It will therefore be interesting to investigate

whether the techniques we have developed here for populations of infinite size can be

generalised to capture the effect of finite population size.

Data availability

Data and relevant code for this research work are stored in GitHub:
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https://doi.org/10.5281/zenodo.3631274.
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4.1.5 Appendix

Mating types vs sexes

In this appendix we provide a biological justification for the mathematical model pre-

sented in Section 4.1.2. While the model is the same as that introduced in [20], it is

important to understand its relevance for typical isogamous species. This is in partic-

ular because features of their reproductive behaviour differ significantly from those of

the more familiar mammalian system.

For clarity, in Fig. 4-1, we compare and contrast the sexual cycle of mammals (see

panel A) with those of a ‘typical’ isogamous species, for which our model would be

appropriate (see 4-1 panel B). The key differences are as follows:

1. Mammals are multicellular organisms that spend most of their life cycle in a

diploid state (with two sets of chromosomes). In contrast many isogamous species

are unicellular, and typically exist in a haploid state (with one set of chromo-

somes).

2. For mammals, every reproductive event is a sexual one. In contrast, many isoga-

mous species primarily produce asexually, only entering the sexual phase of their

life cycle at the onset of environmental stressors (e.g. falling nutritional levels).

3. On reaching sexual maturity, mammals produce haploid gametes of different mor-

phological types (sperm and eggs). This morphological type is determined by the

genetic type of the diploid parent; females (with two X chromosomes) produce

eggs carrying an X chromosome while males (with an X and a Y chromosome)

produce sperm carrying an X or a Y chromosome. In contrast, for isogamous uni-

cellular haploids, their entire cell transforms into a sexually capable gamete. The

mating type of this haploid gamete is typically determined genetically by one of

multiple alleles at a mating type locus. These gametes have similar morphology.

4. In mammals, the haploid sperm and egg fuse to form a diploid zygote. This zygote

will grow to adult form and complete the life cycle. In contrast, the mating types

of isogamous species can fuse to form a zygote in any non-self pairing (e.g. types

I-II, I-III, II-III). This zygote cell is a transient state that will divide into a number

of haploid daughter cells, with exactly half inheriting the mating type of either

parent.

Our model takes a coarse-grained approach to some of these processes. For instance,

while environmental stressors may be locally correlated in time for subpopulations of
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a given species, we have assumed an average rate of asexual to sexual reproduction,

c, across a well-mixed population. We have also assumed that only one progeny is

produced in every reproduction event, as opposed to multiple progeny. However, as

addressed in Section 4.1.4, we expect the inclusion of such effects to lead to only

qualitative differences.

The outline that we have presented above provides a picture of the life cycle features

of a typical isogamous species. However, as with any general evolutionary model, there

are examples of exceptions to this picture. For instance, while many isogamous species

are unicellular (e.g. S. cerevisiae, T. hyperangularis and C. reinhardtii), some have a

facultative multicellular life cycle (such as D. discoideum), while others are obligately

multicellular (for example C. disseminatus and S. commune). Further, although hap-

loidy is certainly the norm among isogamous algae and fungi, ciliates contain a diploid

macronucleus (but exchange a haploid micronucleus during sexual conjugation). Fi-

nally, while mating types are mostly inherited deterministically in a genetic manner,

there are exceptions to this rule; many yeasts have evolved the ability to switch be-

tween mating types from generation to generation [55], while some ciliates inherit their

mating type epigenetically or stochastically [9]. Models investigating the effect of these

additional species-specific considerations are interesting, and indeed there have been a

number of theoretical studies towards this end [34, 28, 56].
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Figure 4-1: Comparison of the sexual life cycle of mammals as compared to a ‘typical’
isogamous species appropriate for our model. The life cycle of cells in mammals is
dominated by a diploid state (green background). Here, the sex of the organism is
determined by a pair of chromosomes (X/X in females, X/Y in males). The life cycle
of cells in many isogamous species is dominated by a haploid state (green background).
Here an allele on a single chromosome determines the mating type (e.g. I, II and III
in Dictyostelium discoideum). Mammals produce short-lived haploid sex cells (yellow
background) that carry one chromosome type of the diploid parent. Their morphology
differs according to the sex of their parent. A large egg cell and small sperm cell merge
and form a diploid zygote which develops to the progeny. Cells of isogamous species,
on the other hand, are equally sized and can reproduce asexually and sexually. During
the sexual phase, two cells of different mating types merge to form a diploid zygote.
From this short-lived diploid state (yellow background), the progeny emerge as haploid
cells inheriting the parental mating types with equal probability.
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4.2 Stochastic Selection for Sexual Reproduction

The paper presented above addresses the evolution of the number of mating types in

isogamous species. This presupposes that different mating types exist and thus ge-

netic recombination has evolved as an alternative to asexual reproduction. Although

recombination appears to be abundant in nature, the evolution of sexual reproduction

itself is rather paradoxical and leaves biologists with open questions. For instance,

genetic recombination is not selected for in well-adapted species, since beneficial al-

lele combinations are broken down and less fit individuals formed in the next gener-

ation. Any asexual genotype would invade the population. Moreover, sexual repro-

duction requires more time and energy than asexual reproduction, hence the benefit

of reshuffling gene associations must outweigh the major costs of sexual reproduc-

tion [137, 138, 139, 81, 140, 115, 141].

The Red Queen Hypothesis states that recombination is selected for in a temporally

varying fitness landscape [137, 138]. In other words, selection for allele combinations

changes in time with ecological and environmental factors, thus recombination is an

adaptation to interspecific competition. This idea is best understood as an evolutionary

arms race in host-parasite systems, where a host that is not well adapted (highly

susceptible) to the parasite may escape its genetic background via recombination. It

is assumed that a particular gene modifies the recombination rate and moves from

a susceptible to a beneficial genetic background, i.e. drives the evolution of sexual

reproduction [142].

In the following we introduce a simple formulation of the red queen dynamics in terms

of host-parasite models for host populations that reproduce either asexually or sex-

ually. We discuss the long-term behaviour of the deterministic dynamics and under

which conditions we find cycling genotype frequencies, as required by the Red Queen

Hypothesis. Finally, we suggest an outlook for future research that involves a stochas-

tic formulation of the competition between asexual and sexual host populations, as we

believe that demographic noise could be a driving force that selects for sexual repro-

duction, even in parameter regimes that would not allow for fixation in a deterministic

model.

4.2.1 Asexual Host-Parasite Model

Let us first introduce a simple host-parasite model where uninfected hosts reproduce

asexually. In our model we consider a diploid host population, carrying alleles (0, 0),

(0, 1) ≡ (1, 0) and (1, 1). All three host genotypes can either be susceptible (S) to
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parasite infection, or infected (I), which leads to a total of 6 classes within the pop-

ulation; S(0,0), S(0,1), S(1,1), I(0,0), I(0,1), I(1,1). We describe the deterministic population

dynamics by the following ODEs,

dSi
dt

= bSi − βSi
∑
j

ΠijIj + γIi ,

dIi
dt

= βSi
∑
j

ΠijIj − (δ + γ)Ii ,

(4.31)

where we only consider actions of birth of susceptible hosts at rate b, infection at rate

β, recovery at rate γ, and death due to infection at rate δ. The probability that a

susceptible host genotype i is infected by an infected host genotype j is denoted by

the 3× 3 matrix Πij . Note that here we assume that there is a strong correspondence

between the host genotypes and the parasites they carry, and thus our coarse-grained

description ignores intra-host dynamics of infection. However, this setup allows us to

maintain a six variable system that is easy to analyse, as we discuss in the following.

First we consider the case when parasites are not specialised and all hosts infect each

other equally (i.e. Πij = 1 ∀i, j). We can then rewrite the above system in Eq. (4.31)

in terms of total abundances of susceptible and infected hosts Stot, Itot,

dStot

dt
= bStot − βStotItot + γItot ,

dItot

dt
= βStotItot − (δ + γ)Itot .

(4.32)

For γ = 0, i.e. when infected hosts do not recover from infection, we obtain a simple

Lotka-Volterra predator-prey system where the fixed point is a centre. This means, the

dynamics exhibit neutrally stable cycles for the abundances of susceptible and infected

hosts, however, the frequency of each genotype is asymptotically constant in time. For

instance, if the frequency of genotype i is fi = (Si + Ii)/(Stot + Itot), then dfi/dt = 0.

With recovery rate γ > 0, the cycling in genotype abundances is damped and the

system approaches a stable fixed point.

Next we consider a Matching Allele Model, where parasites are hyper-specialised and

infected hosts can only infect susceptible hosts of the same genotype (i.e. Πii = 1

and Πij = 0 , ∀i 6= j). The dynamics in Eq. (4.31) are now three entirely decoupled

host-parasite models for each genotype. When γ = 0, we obtain cycling behaviour in

both the genotype abundances and their frequencies. If γ > 0, however, the population

approaches a stable genotype abundance and frequency configuration.
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We may relax the assumptions of the Matching Allele Model and write Πii = 1 and

1 > Πij > 0 ,∀i 6= j for the elements of the infection matrix. In this case we find cy-

cling in genotype abundances, but not in their frequencies, when γ = 0. Moreover, if

γ > 1, the dynamics exhibit no cycling in neither genotype abundances nor genotype

frequencies. Note that this leaves us with a very restricted choice of parameters that

would induce the desired cyclic behaviour in this deterministic version of the model.

4.2.2 Sexual Host-Parasite Model

Now we consider a host-parasite model similar to the one described in Eq. (4.31),

except that susceptible hosts reproduce sexually. In other words, genotypes may now

be generated through recombination with probabilities,

R(0,0) =
S(0,0)(S(0,0) + S(1,0)) + 1

4S
2
(1,0)

S(0,0) + S(1,0) + S(1,1)
,

R(1,0) =
S(0,0)S(1,0) + 2S(0,0)S(1,1) + S(1,0)S(1,1) + 1

2S
2
(1,0)

S(0,0) + S(1,0) + S(1,1)
,

R(1,1) =
S(1,1)(S(1,0) + S(1,1)) + 1

4S
2
(1,0)

S(0,0) + S(1,0) + S(1,1)
.

(4.33)

Note that we normalise the encounter rate for recombination between hosts by the total

size of the susceptible population of sexual hosts, in order to ensure that the over all

reproductive rate of the sexual population is the same as in the asexual population.

This leads to the alternated ODEs for the sexual host-parasite model,

dSi
dt

= bRi − βSi
∑
j

ΠijIj + γIi ,

dIi
dt

= βSi
∑
j

ΠijIj − (δ + γ)Ii .

(4.34)

Again, we first consider the case of non-specialised parasites (i.e. Πij = 1∀i, j), and we

may write the system in terms of total abundances of susceptible and infected hosts as

in Eq. (4.32). As with the asexual population, with no recovery (γ = 0) we see cycling

of host abundances, but not in the frequency of each genotype at long times. When

γ > 0, the cycling ceases and the system approaches a stable fixed point in abundances

and frequencies.

Under the Matching Allele conditions (i.e. Πii = 1 and Πij = 0∀i 6= j), the dynamics

of the three genotypes are still coupled through the process of recombination (unlike
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in the asexual model with three decoupled host-parasite systems). For γ = 0, a stable

limit cycle exists in both the genotype abundances and frequencies. If γ > 0, recovery

acts as damping and the amplitude of the limit cycle decreases with increasing γ. When

the recovery rate reaches a critical value, the limit cycle is replaced by a stable fixed

point, and thus any cycling of genotype abundances or frequencies ceases.

Finally, we relax the Matching Allele conditions and assume Πii = 1 and 1 > Πij > 0 ,∀i 6= j.

Here the off-diagonal elements of the infection matrix add to the dampening effect of

γ, and as the values of Πij increase the cycling of genotype abundances or frequencies

decreases until the system reaches a stable fixed point.

In both models, for asexual and sexual populations, we find cycling dynamics only

within a parameter region that is too narrow to sufficiently explain a strong selection

for sexual reproduction under the Red Queen Hypothesis. Thus in the following we

discuss a model for the competition between asexual and sexual hosts, and outline

how stochastic fluctuations may play an important role in the selection for sexual

recombination over clonal reproduction.

4.2.3 Stochastic Competition Model

Previously we described the host-parasite dynamics of asexual and sexual populations

separately. Now we consider a system where populations of asexual and sexual host

genotypes compete in the same environment. Coupling of these two populations oc-

curs through the infection dynamics between sexual susceptibles and infected asexuals,

and vice versa. We then write the dynamics of the asexual population (denoted with

superscript α) and the sexual population (denoted with superscript σ) as the coupled

ODE system,

dS
(α)
i

dt
= bS

(α)
i − βS(α)

i

∑
j

Πij(I
(α)
j + I

(σ)
j ) + γI

(α)
i ,

dI
(α)
i

dt
= βS

(α)
i

∑
j

Πij(I
(α)
j + I

(σ)
j )− (δ + γ)I

(α)
i ,

dS
(σ)
i

dt
= (b− c)Ri − βS(σ)

i

∑
j

Πij(I
(α)
j + I

(σ)
j ) + γI

(σ)
i ,

dI
(σ)
i

dt
= βS

(σ)
i

∑
j

Πij(I
(α)
j + I

(σ)
j )− (δ + γ)I

(σ)
i .

(4.35)
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Note that we introduce the costs of sexual reproduction in terms of a reduced repro-

ductive rate b, controlled by the cost parameter c.

While the above system in Eq. (4.35) is a deterministic model for the phenomenological

dynamics of the competition between asexual and sexual host populations, we wish to

formulate a stochastic model based on individual birth and death processes. The aim

of this research would be to investigate the effect of noise on the selection for sexual

reproduction, similar to the producer-defector model in [13] (see also Fig. 2-2). In this

model, the dynamics of the competing species abundances move along a slow (deter-

ministic) manifold, while random “kicks” push the system away from this manifold.

Due to the symmetric nature of the underlying noise, there is no preferred direction

of those stochastic kicks. However, the system returns to the slow manifold along

faster manifolds that may obey an asymmetry, such that genotypes can be selected for

although a purely deterministic formulation of the model would not allow for fixation.

If we apply this principle to the competition between asexual and sexual populations,

we may find that stochasticity could be a driving force to select for recombination,

even though there is a cost associated with sexual reproduction. The remaining chal-

lenges are (i) to formulate a stochastic model for the host-parasite system described

in Eq. (4.35), (ii) find the slow manifold that the dynamics reduce to, and finally, (iii)

compute the fixation probability of the sexual host population and determine under

which conditions sexual reproduction is selected for.
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Chapter 5

Discussion and Conclusion

In this thesis we presented three papers that ask and answer questions regarding eco-

logical and evolutionary processes in terms of stochastic mathematical biology. First,

we discussed the importance of demographic noise and randomness in models of bio-

logical systems, and identified open challenges that shall invite mathematical biologists

to develop methods and tools that advance our understanding of the uncertainty in

nature. To demonstrate this, we presented a simple ecological model of predator-

prey interactions where quasi-cyclic behaviour emerges that is not captured in the

mean-field dynamics of deterministic models. We introduced stochastic tools that help

analyse these fluctuations and saw that the power spectral density gives information

about characteristic frequencies and patterns contained in stochastic dynamics. Fur-

thermore, we explored another form of stochastic biological models in terms of large

ecosystem ensembles with randomly distributed interaction parameters in the commu-

nity matrix. Here we derived the elliptic law from earlier works with help from random

matrix theory and showed how interaction types affect the local stability of ecological

networks. In particular, predator-prey interactions have a stabilising effect in this de-

terministic model. However, when we consider demographic noise in the two-species

interaction model, quasi-cyclic behaviour emerges that disrupts the stable equilibrium.

While local stability is a common analysis tool in deterministic models to predict equi-

librium dynamics, we have to consider other stability measures as well when dealing

with stochastic dynamics driven by noise.

For instance, in the paper presented in Chapter 3, we have discussed temporal stability

in connection with the fluctuations about quasi-stationary states. Here a faster decay-

ing autocorrelation is a sign of less stable systems over finite time periods. We compute
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the autocorrelation directly via the power spectral density, which is fairly straightfor-

ward for low-dimensional systems. However, when we consider the fluctuations and sta-

bility of large ecosystems, the computation becomes tedious, if not seemingly impossible

as we construct the community matrix from huge numbers of interaction parameters

that are generally unknown. Thus we combined tools from random matrix theory and

stochastic dynamical systems and developed a method to compute the power spectral

density based on statistical properties of these large random networks. We then ap-

plied the method to a couple of study cases and demonstrated the informative power

that comes with the frequency spectra. In our theoretical models of large random

Lotka-Volterra and bipartite predator-prey ecosystems, we found that the power spec-

tral density reveals characteristic patterns in connection with the underlying network

structure. This insight allows us to directly extract information from time series data;

in this case, we applied the method to a data set on oceanic plankton and inferred a

prediction about the dominant interaction structure and stability of the ecosystem.

While we kept the mathematical models in this research simple for clarity, we saw

that computing the power spectral density with our method applies to a general set of

models for large dynamical systems even beyond ecology or biology itself. Moreover,

we demonstrated that the method can easily be adjusted and extended to cater more

complex models. For instance, while we focused only on the fluctuating bulk dynamics

in the paper in Chapter 3, we then also explored a focal subsystem coupled to a larger

surrounding ecosystem. We found approaches to approximate the bulk fluctuations

based on the mean-field power spectral density we computed. This opens possibili-

ties for future research on the effect of stochastic ecosystem dynamics on one or few

embedded species.

In general, furthering our understanding of ecological networks and population dynam-

ics on shorter timescales helps in predicting the stability of ecosystems and extinction

events. These, in return, inform about fitness of individual species and drive evolution-

ary processes in the long run. Given that ecological dynamics are highly stochastic,

it is not surprising that many models for evolution are based on probabilistic assump-

tions. As we have covered in Chapter 2, neutral models may help us to understand the

fundamental mechanisms of mutations and how they are passed on from generation

to generation. However, as complex as ecosystems and species interactions are, we

shall not neglect the underlying dynamics that drive evolution. For instance, we have

constructed ensembles of ecosystems in form of a community matrix with randomly

distributed parameters, and saw how different constellations influence the stability and

fluctuation of the population dynamics. Similarly, in Chapter 4 we introduced a model
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that describes the evolutionary dynamics of mating types in an isogamous species,

where we draw fitness values from random distributions. In contrast to the neutral

model, where all mating types are treated without fitness differences, the randomly

assembled population drives the fluctuating dynamics of the number of mating types

and damps its growth as we observe in nature. Again, we find that randomness plays

an important role and counter-intuitively imposes structure on biological processes that

remain unseen from a deterministic point of view.

5.1 Stochastic Evolutionary Dynamics in Large Random

Ecosystems

So far, the research presented in this thesis has focused on stochastic population dynam-

ics of large ecosystems and evolutionary processes within a single species separately.

This also opens up new questions about eco-evolutionary dynamics where we seek to

study the evolution of one or few species subject to the environment and surrounding

ecosystem. In this final section we attempt to combine both approaches and suggest an

evolutionary model of a low-dimensional subsystem coupled to a large random ecosys-

tem to advance our understanding of eco-evolutionary processes.

For instance, in Sec. 4.2 we discussed the evolution of sexual reproduction. We in-

troduced models of asexual and sexual host-parasite systems to showcase the cycling

dynamics that are considered a requirement for the selection for sexual reproduction

according to the Red Queen Hypothesis. However, this “abandon-ship” principle (i.e.

highly susceptible hosts escape their genetic background via recombination) requires

cycling genotype frequencies with large, fast amplitudes in order to provide a sufficient

benefit for a recombination-enhancer gene [143]. According to the hypothesis, the fixa-

tion probability of a recombination-enhancer gene should increase monotonically with

amplitude and frequency, and decrease if the oscillations in genotype frequency become

more in-phase with one another [144]. Thus in the following we outline a hypothesis

for future research that could address these cycling host-parasite dynamics, with the

aim to find a relationship between the fixation probability of a recombination-enhancer

gene and the frequency, amplitude and phase of the oscillations.

Let us first consider a simple host-parasite model where demographic noise induces

quasi-cyclic behaviour, similar to the predator-prey interactions we discussed in Sec. 2.2.

Here the amplitude of oscillations in genotype frequencies would be expected to be of

order 1/
√
N , which is considered insufficient in order to fully explain a strong selec-

tion for recombination and the abundance of sexual reproduction in nature. Thus,
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there must exist another mechanism besides fluctuations induced by birth and death

processes alone.

As we have established throughout this thesis, species usually do not live in isolation,

but are highly connected to the surrounding ecosystem. This is why we suggest to

couple the focal species under study to a larger bulk system, similar to the model in

Sec. 3.2. It seems counter-intuitive at first, since random fluctuations from the outer

ecosystem may damp oscillations in the subsystem rather than enhancing them. Yet

recent work by Yang [145] investigates a model that exhibits quasi-cyclic behaviour,

while embedded in a large random interaction network. It was shown that the increasing

coupling strength amplifies the amplitude and frequency of the quasi-cycles in the

subsystem. The goal is to characterise and analyse these oscillations by computing the

power spectral density as presented in Chapter 3. We hypothesise that the fluctuating

ecosystem may induce larger and faster quasi-cycles in a host-parasite system, such

that the increased amplitude and frequency sufficiently drive the advantages of genetic

recombination as opposed to clonal reproduction.

In essence, we ask how stochastic ecosystem dynamics could possibly explain the seem-

ingly paradoxical evolution of sexual reproduction, as has been the starting point of

this research project. Yet surprisingly, the study of fluctuation spectra in large random

dynamical systems reveals hidden structures in ecological networks and has opened up

a bulk of interesting research in the field of stochastic mathematical biology in its own

right.
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[126] S.A.H. Geritz, E. Kisdi, G. Meszéna, and J.A.J. Metz. Evolutionarily singular

strategies and the adaptive growth and branching of the evolutionary tree. Evol.

Ecol., 12:35–57, 1998.

[127] B.J. McGill and J.S. Brown. Evolutionary game theory and adaptive dynamics

of continuous traits. Annu. Rev. Ecol. Evol. Syst., 38:403–435, 2007.

153



[128] D. Waxman and S. Gavrilets. 20 questions on adaptive dynamics. J. Evol. Biol.,

18(5):1139–1154, 2005.

[129] F.C. Klebaner, S. Sagitov, V.A. Vatutin, P. Haccou, and P. Jagers. Stochasticity

in the adaptive dynamics of evolution: The bare bones. J. Biol. Dyn., 5(2):147–

162, 2011.

[130] H.J. Park, Y. Pichugin, W. Huang, and A. Traulsen. Population size changes

and extinction risk of populations driven by mutant interactors. Phys. Rev. E,

99:022305, 2019.

[131] W. Huang, B. Werner, and A. Traulsen. The impact of random frequency-

dependent mutations on the average population fitness. BMC Evolutionary Bi-

ology, 12:160, 2012.

[132] V. Llaurens, L. Gonthier, and S. Billiard. The sheltered genetic load linked to

the s locus in plants: new insights from theoretical and empirical approaches in

sporophytic self-incompatibility. Genetics, 183(3):1105–1118, 2009.

[133] S. Billiard, V. Castric, and X. Vekemans. A general model to explore complex

dominance patterns in plant sporophytic self-incompatibility systems. Genetics,

175(3):1351–1369, 2007.

[134] J.L. Crosby. Self-incompatibility alleles in the population of Oenothera organen-

sis. Evolution, 20(4):567–579, 1966.

[135] B.P.S. Nieuwenhuis and S. Immler. The evolution of mating-type switching for

reproductive assurance. Bioessays, 38:1141–1149, 2016.

[136] B.P.S. Nieuwenhuis, S. Tusso, P. Bjerling, J. St̊angberg, J.B.W. Wolf, and

S. Immler. Repeated evolution of self-compatibility for reproductive assurance.

Nat. Commun., 24(9):1639, 2018.

[137] J.M. Smith. The Evolution of Sex. Cambridge University Press, 1978.

[138] G. Bell. The Masterpiece of Nature :: The Evolution and Genetics of Sexuality.

Croom Helm Biology in Medicine Series. Springer US, 1982.

[139] N.H. Barton. A general model for the evolution of recombination. Genetics

Research, 65(2):123–144, April 1995.

[140] S.P. Otto. The Evolutionary Enigma of Sex. The American Naturalist,

174(S1):S1–S14, July 2009.

154



[141] J. Lehtonen, M.D. Jennions, and H. Kokko. The many costs of sex. Trends in

Ecology & Evolution, 27(3):172–178, March 2012.

[142] S. Bonhoeffer, C. Chappey, N.T. Parkin, J.M. Whitcomb, and C.J. Petropoulos.

Evidence for Positive Epistasis in HIV-1. Science, 306(5701):1547–1550, Novem-

ber 2004. Publisher: American Association for the Advancement of Science.

[143] J. Jaenike. A hypothesis to account for the maintenance of sex in populations.

Evol. Theory, 3, November 1977.
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