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Abstract

Lead–halide perovskites have attracted intense scientific attention as a consequence of

their favourable properties for applications in optoelectronic devices, most notably as

absorbing layers in solar cell devices. Despite this focus, understanding the mecha-

nisms that govern some of their fundamental charge transport properties remains a

challenge. It is broadly accepted that the interaction between charge carriers and po-

lar optical phonons is primarily responsible for determining such properties as charge

carrier mobilities and hot carrier cooling times. The simplest description of this interac-

tion, given by the Fröhlich Hamiltonian, describes the interaction between an electron

in a parabolic band and a single dispersionless optical phonon branch in the limit of

long phonon wavelengths, but it is not adequate for calculating mobilities and cooling

times with an acceptable degree of accuracy. This has led to a variety of proposals of

additional mechanisms, or extensions to the simple Fröhlich Hamiltonian, that may be

required for the accurate calculation of charge carrier dynamics.

In this thesis, charge carrier mobilities and transient hot carrier distributions are

calculated by finding exact solutions to the semiclassical Boltzmann transport equation

using BoltMC, an implementation of the ensemble Monte Carlo technique that was

developed in collaboration with William Saunders and Matthew Wolf for the purposes

of this thesis. BoltMC makes use of PPMD, a modern performance-portable high-level

framework, to ensure efficient, scalable calculations.

Charge carrier mobilities are calculated to assess the effects of several extensions to

the simple Fröhlich electron–phonon interaction, from which the following conclusions

are drawn: (i) while the formation of large polarons in lead–halide perovskites has

noticeable effects on room temperature mobilities, these effects are more limited than

has been suggested in some parts of the recent literature; (ii) contrary to conclusions

made elsewhere in the literature, coupling to multiple effective optical phonon branches

has virtually no impact on mobilities at room temperature; (iii) the screening of Fröhlich

interactions by the presence of free charge carriers affects mobilities at carrier densities

that are typical of many experimental measurements.

Finally, by showing that carrier–carrier scattering can occur on a timescale similar

to that of scattering between charge carriers and polar optical phonons, it is suggested

that that assigning a well-defined temperature to evolving hot carrier distributions may

not always be possible. Carrier–carrier scattering rates are found to have consequences

for calculations of hot carrier cooling times in lead–halide perovskites.
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Chapter 1

Introduction

This chapter introduces the lead–halide perovskites, their potential as candidates for

next-generation solar cells and other optoelectronic devices, and some of the challenges

that arise when attempting to understand various aspects relating to the processes that

govern their charge carrier dynamics. An outline of the rest of the thesis is given at

the end of this chapter.

1.1 Photovoltaics

Climate change is one of the great challenges of the 21st century. Its most

severe impacts may still be avoided if efforts are made to transform cur-

rent energy systems. Renewable energy sources have a large potential to

displace emissions of greenhouse gases from the combustion of fossil fuels

and thereby to mitigate climate change. If implemented properly, renewable

energy sources can contribute to social and economic development, to en-

ergy access, to a secure and sustainable energy supply, and to a reduction of

negative impacts of energy provision on the environment and human health.

(The Intergovernmental Panel on Climate Change (IPCC) [1])

The world is moving away from carbon-intensive energy sources in the hope of

reducing the serious, and perhaps irreparable, effects of anthropogenic climate change

[2, 3, 4, 5]. There is a pressing need for clean, scalable, affordable and reliable solutions

to meet the ever-growing energy demands of the world population [6, 7]. While legally

binding global agreements have been made in an attempt to phase down the use of

fossil fuels and increase the use of renewable energy sources [8], it is becoming clear

that a diverse mix of renewable energy sources must be used in order to meet future

energy demands in a sustainable manner. Renewable energy sources (in the form of

17



Chapter 1. Introduction

Figure 1.1: Solar photovoltaic module price and growth from 1976 to 2019 [14, 15].
Solid teal line: module cost in US dollars (2019 equivalent) per Watt. Dashed green
line: cumulative global installed solar photovoltaic capacity in gigawatts.

solar photovoltaics, wind, biomass, hydroelectricity, biomass and waste) accounted for

37.3 % of the United Kingdom’s electricity production in the second quarter of 2021,

a trend that is slowly moving upwards [9].

Solar photovoltaic modules directly convert light from the Sun to electrical power

[10] and have rapidly become one of the cheapest sources of bulk electricity supply,

with wholesale module prices falling by more than a factor of 6 in the decade from

2009 – 2019 (see Figure 1.1). With a virtually unlimited source of energy, no moving

parts and operation at ambient temperatures [11, 12], photovoltaic modules are capable

of meeting a significant proportion of the energy demand in countries at all stages of

development [12, 13].

Almost all of the modules in the current global photovoltaic market are based on a

crystalline silicon photoactive layer. Silicon is abundant and stable, crystalline silicon

modules are relatively efficient, and economies of scale from the rest of the electronics

market make manufacturing costs relatively cheap [16]. However, the production of

extremely pure silicon wafers requires large amounts of energy, and the fragility of

these wafers limits the applications for silicon photovoltaics [17]. The development of

thin-film photovoltaic modules, using photoactive materials such as cadmium telluride

(CdTe) [18], copper indium gallium selenide (CIGS) [19] and hydrogenated amorphous

silicon (a-Si:H) [20], has attracted a small market share by beating crystalline silicon

on price and flexibility. However, these technologies have been limited by various issues
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1.2. Lead–halide perovskites

Figure 1.2: The atomic structure of a lead–halide perovskite unit cell, showing halide
octahedra (red, X) surrounding metal cations (yellow, B) and a large cation (blue, A).
The perovskite structure is shown in its high-symmetry cubic phase. Image credit:
Thijs Smolders.

such as low efficiencies and a reliance on rare elements [21]. Organic semiconductors

have also found a small market share with simple fabrication methods and abundant

and non-toxic raw materials [22], but the efficient extraction of charge carriers has

remained a challenge. However, champion efficiencies have risen above 18% in recent

years [23].

Finally, a tremendous amount of attention in the last decade has surrounded the

rapid rise of the lead–halide perovskites, a class of materials that boast high efficiencies,

relatively simple fabrication processes and relatively abundant components which are

approaching the early stages of commercialisation [24].

1.2 Lead–halide perovskites

The lead–halide perovskites have a chemical formula of ABX3 and derive their name

from the crystal structure that they share with the mineral named after Lev Perovski

in 1839. Figure 1.2 shows a typical perovskite crystal structure in its cubic phase.

Octahedra of halide ions (e.g. I−, Br−, Cl−) surround a network of divalent cations

(Pb2+)1, with a large monovalent cation occupying the spaces between the octahedra.

1Tin–halide perovskites have also been fabricated by replacing Pb2+ with Sn2+, but such materials
remain significantly inferior to their lead-based counterparts [27].
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Chapter 1. Introduction

(a) (b)

Figure 1.3: (a) Electronic band structure of MAPbI3, calculated using quasiparticle self-
consistent GW theory in Ref. [25]. Green and red lines denote bands associated with
the I 5p and Pb 6p orbitals, respectively; grey lines denote calculations using the less
accurate local density approximation. (b) Phonon dispersion (left) and density of states
(right) of the low frequency phonon modes of MAPbI3, calculated using density function
theory in Ref. [26]. Important optical and acoustic modes are highlighted in yellow
and green respectively. Note the reversal in colour coding of Pb and I contributions.

The monovalent cation can be a small organic molecule such as methylammonium

(CH3NH3
+, often shortened to MA+) or formamidinium (H2NCHNH+

2 , or FA+), or a

large inorganic cation such as Cs+. This basic structure is remarkably flexible to mixed

compositions, offering researchers the ability to optimise performance by “tuning” the

ratios of different halides and cations [28, 29, 30]. While the most stable and efficient

solar cells make use of mixed compositions [31], the most commonly studied lead–halide

perovskite is methylammonium lead iodide (MAPbI3), and it is this material that will

be studied throughout the majority of this thesis. Calculated electronic and phonon

band structures of MAPbI3 are shown in Figure 1.3.

The first observation of photoactivity in lead–halide perovskites was as far back as

1958 [32]. However, it was their incorporation into solar cells in the last few decades

that has sparked the current intense research focus. The first such use of lead–halide

perovskites was within a dye-sensitised solar cell architecture in 2009, briefly reaching

a power conversion efficiency (PCE) of 3.8% before quickly degrading [33]. By 2013, a

swap to a more conventional thin-film architecture resulted in increased stability and

a PCE of 15.4% [34]. At the time of writing, large-scale devices have been manufac-

tured with lifetimes exceeding one year [35] and the PCE record for a single-junction

perovskite solar cell stands at 25.6% [31], while the private company Oxford PV has
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1.3. Operation of a perovskite solar cell

reported tandem perovskite–silicon solar cells with efficiencies of 29.52% [36].

In addition to their applications in solar cells, lead–halide perovskites have also

shown desirable qualities for a variety of other optoelectronic devices, including light

emitting diodes [37], field effect transistors [38] and photodetectors [39]. However, there

are several long-standing challenges that must still be overcome before perovskites can

compete with established semiconductors [40, 41, 42]. The highest efficiency perovskite

solar cells have historically struggled to be stable in real-world conditions for more than

a few months [43] while modern Si modules retain a large proportion of their efficiencies

for well over 25 years [44], and the degradation of lead-based perovskites raises issues of

leaching toxic chemicals to the surrounding environment [45]. The uses of encapsulation

and mixed cation compositions have resulted in a great deal of progress in recent years,

however [31, 46, 47, 48].

To summarize, the extraordinary attention that lead–halide perovskites have at-

tracted stems largely from the opportunity to develop highly efficient solar cells with

simple, low-cost manufacturing processes. Lead–halide perovskites are tolerant of a

great deal of ‘tuning’, allowing the bandgap and other material properties to be opti-

mised. Despite some ongoing issues with stability, the commercialisation of perovskite

solar cells is already well underway.

1.3 Operation of a perovskite solar cell

A perovskite solar cell has a p-i-n (or n-i-p) architecture, similar to that of a typical

thin film solar cell (see Figure 1.4) [49]. Photons enter the approximately intrinsic

perovskite absorption layer with a range of energies hν that correspond to the AM1.5

solar spectrum under normal operating conditions. The absorption of a photon excites

an electron from the valence band (VB) across the bandgap to the conduction band

(CB), with a corresponding hole appearing in the VB. Photons with energies lower

than the bandgap energy are unable to excite an electron–hole pair. Following the

photoexcitation of an electron and hole, each species relaxes towards the conduction

band minimum (CBM) and valence band maximum (VBM) energy respectively (this is

not true in a hot carrier solar cell, see section 1.5). An applied external field then sep-

arates the electron–hole pair, which travel towards the electron transport layer (ETL)

and hole transport layer (HTL), though charge carriers may recombine radiatively or

non-radiatively before reaching the transport layers. The resulting current from the

extracted charge carriers can be used to do work.
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Figure 1.4: A simple diagram of the operation of a typical perovskite solar cell. A
photon of energy hν enters the perovskite absorption layer and creates a free electron
(red) and hole (blue) pair, which rapidly relax towards the CBM / VBM. An applied
electric field then moves the electron and hole to the ETL and HTL respectively.

1.4 Charge carrier mobilities in lead–halide perovskites

Despite the impressive progress that has been made in the last decade in improving the

performance of perovskite-based optoelectronic devices, the nature of the fundamental

processes governing charge carrier dynamics within this class of materials is still a

matter of great debate [50]. Understanding these processes is a vital part of finding

pathways to improving the performance of future devices.

The charge carrier mobility is one of the most commonly measured charge transport

properties of a semiconductor. The mobility, µ, is defined as the ratio between an

applied electric field and the resulting net drift velocity that it induces in the free

charge carrier population. In the simplest case, the mobility is a scalar quantity:

vd = µE (1.1)

where vd is the magnitude of the drift velocity in the direction of the electric field and

E is the electric field strength. In general, the mobility can be a vector quantity, [51].

A high charge carrier mobility is a desirable property for optoelectronic devices,

since extracting charge carriers at a higher rate lowers efficiency losses from recombi-

nation [49]. The mobility of charge carriers is limited by scattering; otherwise, charge

carriers would accelerate indefinitely under the presence of an applied electric field and

there would be no resulting steady-state drift velocity. A variety of scattering mech-

anisms can be present in semiconductors, including scattering with quantised lattice

vibrations (phonons), impurities and other charge carriers [51].

Lead–halide perovskites are polar semiconductors, as their crystal structure has
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1.5. Hot carriers in lead–halide perovskites

both positive and negative ions. The most relevant mechanism for the calculation of

charge carrier mobilities in most polar semiconductors is scattering with polar optical

phonons, in which charge carriers are scattered by the polarization waves generated

by the ionic dipole oscillations associated with long wavelength optical phonons. The

conventional theory for calculating the mobilities of charge carriers interacting with

polar optical phonons was first developed by Fröhlich [52, 53, 54]; further calculations

by others including Stratton and Conwell [55, 56] predict that at sufficiently high

temperatures, the charge carrier mobility should vary with temperature according to

a power law of µ ∝ Tm, where m = −0.5. A curiosity in the lead–halide perovskite

literature is that although polar optical phonon scattering is expected to be dominant,

reported temperature dependences of the mobility at room temperature follow power

laws that range between m ≈ −1 and m ≈ −2 [57, 58, 59, 60]. This temperature

variation has led to a great deal of speculation in the literature as to the deviations

from the simple Fröhlich Hamiltonian that are required to reproduce the experimentally

observed temperature dependences. These deviations include polaron formation [61,

62], scattering with multiple phonon modes [63, 64], Rashba splitting [65], vibrational

anharmonicity [66] and dynamic disorder [67].

1.5 Hot carriers in lead–halide perovskites

There are several factors that determine the maximum efficiency of a solar cell under

solar illumination. One of the major limitations is that electrons and holes that absorb

a photon with energy greater than the bandgap energy lose that excess energy very

quickly via phonon emission before they can be extracted via a transport layer. As a

result of this (in addition to other limitations), the limit for a single-junction solar cell

is the Shockley–Queisser limit of 33% [68, 69], a limit that laboratory perovskite solar

cells are rapidly approaching. One strategy to exceed this limit is the “hot carrier”

solar cell architecture, in which high-energy charge carriers are extracted before they

can lose their excess energy [70]. Thermodynamic calculations predict that a perfectly

engineered hot carrier solar cell would have a maximum theoretical efficiency of 66%

under 1 Sun of illumination [71]. However, fabricating such a cell has proven notoriously

difficult. One major challenge is finding a material for the absorber layer that exhibits

slow hot carrier cooling rates while maintaining the other desirable qualities for a solar

cell [70].

Recent measurements, such as those from pump-probe transient absorption (TA)

experiments, have provided evidence that certain lead–halide perovskites exhibit un-

usually long hot carrier cooling times ranging from several picoseconds [26] to one
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hundred picoseconds [72], particularly at high charge carrier densities. These reports,

combined with their favourable charge transport properties and high tunability, have

made lead–halide perovskites potential candidates for the development of future hot

carrier solar cells. Since observed cooling times are larger than those that would be

expected using canonical Fröhlich theory, there exists some debate as to the processes

responsible for the long cooling times, with the existence of a “hot phonon bottleneck”

[26, 73, 74], Auger recombination [26, 75] and large polaron formation [76] the most

popular hypotheses in the literature.

The various processes governing the dynamics of hot carrier populations in the

conditions created in such experiments can be very complex. These dynamics can

often be greatly simplified through the use of simple n-level models, in which “hot”

carriers at one energy decay to “cool” ones at lower energies [77], or n-temperature

models, where the electron and phonon populations are both assumed to be well-

described by characteristic temperatures [26]. These models are used in tandem with

extracted temperatures from TA measurements to make conclusions as to the cooling

properties of hot carriers. However, there has been discussion in the recent literature

as to the correct way to measure the temperature of a hot carrier distribution [78, 79].

We note, however, that there have been few attempts to test some of the underlying

assumptions behind such models and fitting procedures, in particular the assertion that

the photoexcited population reaches a thermalised distribution within femtoseconds of

excitation. While there is some experimental evidence from two-dimensional electronic

spectroscopy (2DES) measurements that the thermalisation of charge carriers in lead–

halide perovskites is ultrafast [80], it is unclear how valid these conclusions for other

experimental techniques that are unable to resolve charge carrier dynamics on the

resolutions available to 2DES experiments. Since charge carrier is typically governed

by carrier–carrier scattering, detailed calculations of carrier–carrier scattering rates are

required to test these assumptions.

1.6 Motivation and outline of thesis

Lead–halide perovskites have attracted a great deal of attention from the scientific

community. Despite this, there remain a large number of uncertainties regarding the

processes that govern some of their basic steady-state and transient charge transport

properties. One of the few broadly agreed principles in the literature is that while the

scattering of charge carriers by polar optical phonons is the most important scattering

mechanism to consider when calculating charge carrier mobilities, the simplest model

of this interaction (given by the Fröhlich Hamiltonian) is insufficient to understand the
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factors governing charge carrier mobilities and hot carrier cooling in lead–halide per-

ovskites. There are, however, a large number of proposed “solutions” to understanding

some of the more unusual properties of the lead–halide perovskites, including polaron

formation and multiphonon scattering. This thesis, therefore, is primarily concerned

with the investigation of some of these claims through the semiclassical calculation of

scattering rates and charge carrier mobilities, with the consequences of each deviation

from the basic Fröhlich Hamiltonian evaluated using electrons in MAPbI3 as an exam-

ple. We also present preliminary calculations that build towards the investigation of

the behaviour of hot carrier cooling dynamics in lead–halide perovskites, focusing on

the detailed calculation of carrier–carrier scattering rates.

The remainder of this thesis is structured as follows: in Chapter 2, some of the

fundamental principles of statistical mechanics and semiconductor theory are intro-

duced, followed by details of the potentially important scattering mechanisms present

in lead–halide perovskites. The ensemble Monte Carlo technique, the primary method

used to calculate mobilities and hot carrier distributions throughout this thesis, is also

described in Chapter 2.

The following chapters can be split into two parts that are concerned with cal-

culations of steady-state (Chapters 3, 4, 5 and 6) and transient (Chapter 7) charge

carrier dynamics respectively. In Chapter 3, we confirm that polar optical phonon

scattering is the dominant scattering process in lead–halide perovskites by calculating

charge carrier mobilities. In Chapter 4, we consider the non-perturbative effects of

strong Fröhlich coupling by quantifying the effects that large polaron formation have

on the scattering and mobilities of charge carriers. Chapter 5 considers the effects of

multiphonon scattering on the mobilities of lead–halide perovskites. The effect of the

screening of Fröhlich interactions by free charge carriers is investigated in Chapter 6.

Finally, in Chapter 7 simulations of the cooling of hot carrier distributions in MAPbI3

are presented, with a focus on calculations of carrier–carrier scattering rates and their

effects on thermalisation and cooling rates.
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Chapter 2

Ensemble Monte Carlo

simulations of semiclassical

charge–carrier dynamics in

semiconductors

In this chapter, some key principles of statistical mechanics and semiconductor physics

are introduced along with the simulation methods that are used to model charge carrier

dynamics in semiconductors. The Boltzmann transport equation is presented, followed

by an overview of the ensemble Monte Carlo algorithm that is used throughout this

thesis to find exact solutions. Some features of BoltMC, the ensemble Monte Carlo

implementation that has been developed as part of this thesis, are given. Finally, the

basic theory of the scattering of charge carriers by phonons and impurities in semicon-

ductors will be considered in detail, with transition rates derived using Fermi’s golden

rule; this theory will be built upon throughout the thesis. Carrier–carrier scattering is

considered in detail in Chapter 7, but is ignored in this chapter as it is not relevant for

the calculations in the rest of this thesis.

The textbook Theory of Electron Transport in Semiconductors: A Pathway from

Elementary Physics to Nonequilibrium Green Functions by Carlo Jacoboni [51] is an

excellent resource for further details, as is Numerical Simulation of Submicron Semi-

conductor Devices by Kazutaka Tomizawa [81], elements of which formed the basis for

much of the early development of BoltMC.
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2.1. The Boltzmann transport equation

2.1 The Boltzmann transport equation

The work presented in this thesis makes use of the semiclassical approximation, in

which electron transport in a crystal may be treated as the propagation of classical par-

ticles with well-defined positions r and crystal momenta h̄k [82, 83, 84]. A population

of electrons in a crystal can be represented by a distribution function f (r,k, t). In this

thesis, the electronic distribution function is defined such that 2/ (2π)3 f (r,k, t) drdk

is equal to the number of particles with a position in the volume element dr around

r, and a momentum within dk around k, at time t. Since the work presented in this

thesis will not concern systems with spatial inhomogeneity, the spatial dependence of

the distribution function will be ignored. All distribution functions herein will therefore

be functions of momentum and time, f (k, t).

A spatially homogeneous distribution function can evolve in two ways: (i) particles

are accelerated by a force F (in this thesis, a uniform applied electric field); (ii) particles

are scattered by interactions with, for example, phonons, impurities and other parti-

cles1. The distribution function therefore evolves over time according to the Boltzmann

transport equation (BTE) [85]:

∂

∂t
f +

1

h̄
F · ∇kf =

∂f

∂t

∣∣∣∣
s

. (2.1)

where the second term on the left side of equation 2.1 determines the acceleration in-

duced by the external force and the term on the right hand side accounts for scattering.

To evaluate the scattering term in the BTE, let S (k,k′) be the rate at which

particles with momentum k transition to states with momentum k′. We will assume

that scattering events are uncorrelated. The change in f (k, t) due to particles changing

momenta with rates S (k,k′) is
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Inserting this in equation 2.1 results in an integrodifferential, potentially nonlinear

form of the BTE with no simple general solution. A wide variety of methods have been

developed to solve the BTE under a range of different assumptions. One method is to

use a relaxation time approximation (RTA), which linearises the BTE by assuming that

the change to f (k, t) is small and “relaxes” back to equilibrium with a characteristic

time τr. Such approximations are often invalid when scattering is inelastic [51]. Exact

solutions of the BTE in its full form can be found using, for example, iterative methods

1A spatially inhomogeneous distribution may also have a net flux in/out of the volume element dr.
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[86, 87, 88] or the ensemble Monte Carlo method [89, 81], the latter of which is be used

in this thesis and is described further in the following sections.

2.2 Ensemble Monte Carlo

Monte Carlo methods are a broad class of computational techniques that are concerned

with solving mathematical problems with the aid of the generation of random numbers.

With a canonical origin in the development of nuclear weapons in 1949 and a name

derived from Monaco’s infamous casino [90], the approach has since been applied to

practically all fields of natural, economic and social sciences [91, 92, 93, 94]. Monte

Carlo methods can be used to solve deterministic problems using statistical sampling.

Integro-differential equations such as the BTE in equation 2.1 may be difficult to solve

analytically, but it is often the case that a Monte Carlo method can be devised that

can be proven to converge to an exact solution given a sufficient sampling rate. Monte

Carlo methods were first applied to electronic transport by Kurosawa in 1966 [95] and

can be used to find exact solutions to the BTE [51].

The simplest method of Monte Carlo simulation of electron transport is to simulate

a single particle with a three-dimensional vector k = (kx, ky, kz) in reciprocal space

undergoing the same semiclassical motion that is fundamental to Boltzmann transport,

i.e. scattering between momentum states according to the transition rates S (k,k′)

and accelerating classically between scattering events according to any external forces.

This procedure2 allows the determination of a steady-state single particle distribution

function f (k, t) that is fully consistent with the equivalent BTE. However, the Monte

Carlo method can be made more powerful by simulating the trajectories of a large

ensemble of particles simultaneously, which allows for exact transient solutions to the

BTE to be calculated. It is this ensemble Monte Carlo method that will be employed

to find both steady-state and transient solutions to the BTE throughout this thesis.

Extensive further development and refinement of ensemble Monte Carlo solvers in the

literature have extended capabilities to include the effects of (for example) interparticle

collisions [96, 97] and full electronic band structures [98, 99, 100]. By coupling particle

motion to the Poisson equation, the ensemble Monte Carlo technique has become a

reliable method of simulating entire electronic devices [98, 89, 101, 102]. Since the

ensemble Monte Carlo approach to charge transport proves to be the direct simulation

of the charge carrier trajectories within the crystal, it can be a powerful tool in both

the calculation and interpretation of various dynamic processes. Indeed, a typical

ensemble Monte Carlo simulation can function much like an experimental measurement,

2If the effects of carrier–carrier interactions are neglected.
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but one in which extracting relevant physical properties from the ensemble can be

performed with greater ease due to direct access to the electronic distribution that is

under examination.

The following sections will detail the process by which the dynamics of an ensemble

of charge carriers in a bulk semiconductor can be calculated using the ensemble Monte

Carlo technique.

2.2.1 Overview of the ensemble Monte Carlo algorithm

An ensemble Monte Carlo simulation consists of an ensemble of N charge carriers inside

a crystal, each of which is subject to the action of a number of scattering mechanisms

and external forces3. Scattering rates for each individual scattering mechanism are

pre-tabulated as a function of the initial particle energy (see sections 2.2.2 and 2.7).

Between scattering events, charge carriers undergo periods of semiclassical free-flight

according to the action of external forces (section 2.2.3). The durations of these free-

flight times are determined stochastically using a (pseudo)-random number generator

in a manner that is consistent with the present scattering mechanisms (section 2.2.4).

Scattering events are picked according to their respective rates (section 2.2.5); upon the

selection of a particular scattering mechanism, the final state of the scattered particle

is updated (sections 2.2.6 and 2.8) and another stochastically determined free-flight

period begins. Ensemble average properties are extracted periodically to calculate

quantities of interest (section 2.2.7).

Each of these steps are now discussed in more detail. A simple depiction of the main

components of the algorithm are displayed in Figure 2.1, with steps corresponding to

the core scattering loop displayed in more detail in Figure 2.2.

2.2.2 Tabulating scattering rates

Before any charge carrier dynamics are calculated, the scattering rates for each scat-

tering mechanism are calculated and tabulated for efficiency. However, calculating the

transition rates S (k,k′) in equation 2.2 for each scattering mechanism (evaluated in

section 2.6.2) and every pair of initial and final wave vectors is inefficient. Scattering

rates should therefore be integrated over all possible final wave vectors k′, leaving a

rate that is a function of only the initial wave vector. If the material is assumed to be

isotropic, the rates are a function of the magnitude of the initial particle wave vector

or, equivalently, its initial kinetic energy. The result is a set of functions W (εk), one

for every scattering mechanism, that are tabulated as a function of the particle energy

3In this thesis, the only external force is a static applied electric field
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Initialise system
𝑡 = 0

𝑛 = 𝑁?

DRIFT / SCATTER 
particle 𝑛 for time Δ𝑡END

START

YES

NO

Assign scattering 
times 𝜏!

𝑛 = 0 Add 1 to 𝑛

Record data

𝑡 ≥ 𝑇?

NOYES

Add Δ𝑡 to 𝑡

Calculate scattering 
rates

𝑡 = 0

Figure 2.1: A flowchart depicting the main parts of the ensemble Monte Carlo method
for solving the BTE. The yellow box representing the drifting and scattering processes
is expanded upon in Figure 2.2. t is the current time since the start of the simulation,
T is the total desired simulation time, ∆t is the timestep, n is the index of the particle
currently being simulated and N is the total number of particles.

εk. The exact forms of W (εk) for each of the scattering mechanisms considered in the

majority of this thesis will be derived in section 2.7.

2.2.3 Drifting

One of the core assumptions of the BTE is that particles undergo periods of classical

free-flight motion between scattering events. The trajectory of each particle as it drifts

between scattering events under the influence of an external electric field is therefore

governed by classical mechanics. If the electric field is assumed to be along the x-axis,

the x component of the particle wave vector changes in time τ by

∆kx =
qE

h̄
τ (2.3)

where E is the electric field strength and q is the charge on the particle. The y and

z components are unchanged by the electric field in this case. The values of τ are

generated stochastically in a manner described in the following section.

30



2.2. Ensemble Monte Carlo

𝑡!"# = ∆𝑡
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START

YES NO

Determine final state 
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Figure 2.2: A flowchart depicting the steps within the core drifting and scattering loop
in the ensemble Monte Carlo method. This process is executed for every particle at
every timestep, as depicted in Figure 2.1. trem is the time remaining until the end of
the current timestep, ∆t is the length of a timestep and τ is the time until the next
scattering event.

2.2.4 Generating scattering times

Given that each scattering event occurs with rate W (εk) independently of the of the

time since the last event, the free-flight times τ are Poisson distributed. Let Γ (k (t))

be the total rate at which scattering events occur (i.e. the sum across all mechanisms)

where we have used notation to signify that the particle wave vector k can change with

time, in this case due to the applied electric field. This presents a problem, as the

evolution of k with time implies that the total scattering rate also evolves during the

free-flight time. If it is assumed for now that Γ does not change with time, however,

each scattering time τ can easily be found by generating (pseudo-)random numbers rτ

between 0 and 1 (see Appendix A for more details):

τ =
ln (rτ )

Γ
. (2.4)

The method used to ensure that Γ does not change with time is to introduce or self-

scattering events. These are fictitious events that are given a rate such that when the

rates for all scattering mechanisms (including self-scattering) are summed, the total

scattering rate Γ is now constant. Self-scattering is a “null” event; the final state of the
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Figure 2.3: A depiction of the process of assigning a “self-scattering” mechanism to a
set of scattering rates Wi(εk), as described in section 2.2.4. The forms of each scattering
rate are arbitrary. The cumulative scattering rates

∑s
i=1Wi(εk) are plotted for each

scattering mechanism s, as well as the maximum rate over the plotted energy range,
Γ. Self-scattering (grey hatched area) is introduced as an additional null mechanism
with a rate such that the total scattering rate is equal to Γ for all energies.

particle is left identical to its initial state. An efficient choice of the self-scattering rate

is to ensure that Γ is equal to the maximum summed scattering rate across all other

scattering mechanisms.

A scattering time τ must be generated for every particle at the very start of the

simulation, and after every scattering event that occurs, according to equation 2.4.

2.2.5 Selecting a scattering mechanism

Once the free-flight period of time τ has been completed, the particle is scattered. The

selection of a scattering mechanism must be consistent with the total scattering rates

that were tabulated as a function of the initial particle energy εk before the start of the

simulation. For each scattering mechanism s (including self-scattering), we generate

the cumulative probability

Λs(εk) =

∑s
i=1Wi(εk)

Γ
(2.5)

where Wi(εk) is the total scattering rate associated with mechanism i for a particle

with initial energy εk. The definition of Γ ensures that for Ns potential scattering

mechanisms, ΛNs(εk) = 1.

To stochastically pick from the set of scattering mechanisms according to their
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Λ! Λ" Λ#0 Λ$ Λ% Λ& Λ' = 1

𝑟(

Figure 2.4: A simple representation of the process of stochastically selecting a scattering
mechanism as described in section 2.2.5. Each Λn represents the normalised cumulative
scattering probability for scattering mechanism n (including self-scattering), defined in
equation 2.5. The random number rs, generated from a uniform distribution between
0 and 1, is used to select a scattering mechanism according to equation 2.6. In the
example shown in the figure, scattering mechanism n = 4 has been chosen.

respective rates, we generate a (pseudo-)random number rs, evenly distributed between

0 and 1. Mechanism i is chosen if

Λn−1(εk) < rs < Λn(εk) (2.6)

A simple visual representation of this selection process is shown in Figure 2.4.

2.2.6 Determining final scattering state

In the process of integrating over all final scattering states (see section 2.2.2), informa-

tion was lost as to the distributions of final states. Now that a scattering mechanism

has been chosen, a final momentum vector kf must be chosen that is consistent with

the transition rates S (k,k′). This calculation is also stochastic, and requires the gen-

eration of more (pseudo-)random numbers. Full details of this calculation can be found

in section 2.8.

2.2.7 The synchronous ensemble

The process outlined so far consists of a core loop consisting of generating a scattering

time τ , drifting for time τ , executing a scattering event, generating a new scattering

time, and iterating until the desired simulation time Tsim has elapsed. Simulating N

particle trajectories (in the absence of carrier–carrier interactions) could therefore be

done by simply running this procedure N times with differing initial conditions and

pseudo-random number generator seeds. However, a problem arises when one is inter-

ested in extracting properties of the ensemble as a function of time, or when particles

interact with one another. Since the free flight times are stochastically generated, there
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Figure 2.5: A visual depiction of the synchronous ensemble concept. The trajectory
of each particle n evolves as time progresses, with scattering events (dots) interrupt-
ing stochastically determined free flight periods with times denoted by τ . Ensemble
properties are recorded at times equally spaced by ∆t.

is no way of stopping the simulation at a time t and extracting an ensemble average

value as all particles will be at varying points in their free-flight times. A solution is

to introduce the synchronous ensemble method [103, 89].

The core principle of the synchronous ensemble is the introduction of a constant

timestep ∆t, which will serve as a “checkpoint” that can be used to ensure that ensemble

averages can be measured when all particles have been simulated for an equal amount

of time. If the checkpoints are used only to save ensemble averages, the value of ∆t can

be changed arbitrarily without changing the dynamics of the ensemble4. All that is

required is some additional bookkeeping to ensure that scattering events occur at the

correct spacings while being able to stop the entire ensemble mid-flight at the end of

every timestep. This process is represented as a flowchart in Figure 2.2, and in simple

pictorial form in Figure 2.5.

At the start of each timestep of length ∆t, a particle has a corresponding scattering

time τ that represents the remaining duration of its free-flight behaviour, after which a

scattering mechanism will be chosen. At the very beginning of the simulation (t = 0),

τ will have been generated according to equation 2.4; at other times τ is carried over

4 This is not true if properties, such as the screening length or field strength, are changed between
timesteps, or if carrier–carrier scattering is present and the ensemble is saved between timesteps. In
these cases, the timestep should be kept small; see chapter 7 for more details.
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from the previous timestep. If τ > ∆t, a scattering event does not occur during this

timestep. The particle therefore drifts for the full timestep ∆t, and ∆t is subtracted

from τ to account for the elapsed time. If τ < ∆t, at least one scattering event occurs

during the current timestep. A new quantity trem is introduced, which tracks the time

that remains until the end of the current timestep and is initialised with a value equal to

∆t. After a free-flight period of time τ , a scattering mechanism is chosen and executed

according to sections 2.2.5 and 2.2.6. Time has elapsed, so τ is subtracted from trem.

A new scattering time τ is chosen according to equation 2.4, and τ < trem is evaluated

once again to determine whether another scattering event is due in the remaining time

before the end of the timestep. If it is, the particle drifts and scatters once more and

repeats until τ > trem. Finally, the particle drifts for trem and the current value of

τ is reduced by trem, to signify that the particle is mid-flight. This process ensures

that every particle spends a time of exactly ∆t drifting per timestep, regardless of how

many scattering events occur.

2.3 BoltMC

All of the ensemble Monte Carlo calculations presented in this thesis were performed

using BoltMC, a Python-based package developed in collaboration with William Saun-

ders and Matthew Wolf. The code uses PPMD, a performance-portable high level

framework that can be used to create high performance parallelised simulation codes

[104, 105]. Originally developed for molecular dynamics applications, the framework

has since been used in kinetic Monte Carlo simulations [106, 107] and the ensemble

Monte Carlo simulations presented in this thesis and elsewhere [108].

The principle behind PPMD is the “Separation of Concerns”, in which a science

specialist writes high-level simulation code in a domain-specific language which is then

translated into efficient and scalable computer code by a scientific programmer. PPMD

can be used for simulations that contain a large number of particles, with operations

being executed on each particle, or pair of particles, in a loop. The framework then

automatically generates low-level code that efficiently parallelises the loop across a

range of parallel architectures, including massively parallel distributed memory systems

and GPUs. Its implementation in BoltMC is currently limited to shared memory

architectures, but still has the advantage of being efficiently scalable with a reduced

level of input by the scientific programmer. Meanwhile, its incorporation into a package

written in the Python programming language makes it relatively easy to install, user-

friendly and extensible.

Tests have been carried out confirming that the implementation of the ensemble

35



Chapter 2. Ensemble Monte Carlo simulations of semiclassical charge–carrier
dynamics in semiconductors

Monte Carlo algorithm in BoltMC agrees with a previous implementation found in

Numerical Simulation of Submicron Semiconductor Devices by Kazutaka Tomizawa

[81], and that the selections of scattering mechanisms and final scattering angles agree

with the rates that will be derived in the remainder of this chapter. These tests can

be found in Appendix B.

A release of BoltMC [109] and corresponding calculation and plotting scripts [110]

that are necessary to reproduce all of the calculations found in this thesis are publicly

available.

2.4 Charge carriers in semiconductors

The Boltzmann transport equation introduced in section 2.1 appears to be a purely

classical treatment of electron dynamics. However, evaluating the scattering rates in

equation 2.2 requires introducing Fermi’s golden rule, semiconductor band structures

and other quantum mechanical concepts. The following section gives an overview of the

necessary quantum mechanics required to build the semiclassical treatment of charge

carrier dynamics in semiconductors that is used in this thesis. Following this, Fermi’s

golden rule will be used to calculate scattering rates for the most important scattering

mechanisms present in most polar semiconductors.

While electron dynamics are in principle a result of many-body interactions with the

crystal nuclei and other electrons, a similar electron gas approximation to that made

in the BTE is made here. Namely, it is assumed that the many-body wave function

Ψ(r) can be expressed as a product of single-particle wave functions ψ(r) due to weak

electron–electron interactions. The Schrödinger equation for the wave function ψ(r) of

an independent electron subject to a potential V (r) is:

− h̄2

2m
∇2ψ(r) + V (r)ψ(r) = εψ(r) (2.7)

where m is the mass of the electron. The eigenvalues ε correspond to the energies of

the eigenstates of ψ(r). If the potential V (r) is only due to the presence of the nuclei

and core electrons, it has the same periodicity as the underlying crystal lattice; the

corresponding solutions to equation 2.7 are Bloch functions:

ψk(r) = uk(r)eik·r (2.8)

which describe plane waves, with uk(r) representing the cell-periodic part of the wave

function. h̄k is the crystal momentum of the Bloch state. In a crystal, the solutions

of the energy eigenvalues ε(k) are arranged in various energy bands. There may be
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forbidden energies within the crystal energy band structure, or band gaps, where no

energy eigenvalue exists. The energy bands have periodicity in reciprocal (k) space,

with the first Brillouin zone the reciprocal equivalent of the unit cell in real space.

The electronic band structures of most semiconducting crystals are dependent on

the crystal structure and the crystallographic direction of interest, and are often ex-

tremely complicated. Existing “full band-structure” ensemble Monte Carlo codes exist

that make use of ab initio full band structure calculations [98], but for many materi-

als, simplifications can be made that are usually considered sufficient for most charge

transport calculations.

The simple model band structure used throughout this thesis originates from taking

a Taylor expansion around the band minima/maxima. We assume one conduction band

and one valence band, with each dispersion relation approximated as parabolic and

isotropic with respect to crystal momentum:

ε(k) =
h̄2 |k|2

2m∗
(2.9)

where m∗ is the effective mass of a particle in that energy band and ε(k) = 0 is taken to

be the conduction band minimum (CBM) or valence band maximum (VBM). Further

away from the minimum of the energy of a band, a quasilinear model can be used to

describe the nonparabolicity of an isotropic band using the nonparabolicity parameter

αnp [111]:

ε(k) [1 + αnpε(k)] = γk =
h̄2 |k|2

2m∗
(2.10)

The occupancy of electronic states with energy εk in a crystal at equilibrium at a

particular temperature T is given by the Fermi–Dirac distribution:

fFD (εk) =
[
e(εk−εF)/kBT + 1

]−1
(2.11)

where εF is the Fermi level. In a semiconductor, the Fermi level usually lies within

a bandgap of a few electronvolts. The energy bands above the bandgap (conduction

bands) are partially occupied by electrons; the bands below the bandgap (valence

bands) are partially occupied by holes. At equilibrium near room temperature, the

vast majority of conduction band electrons and valence band electrons occupy states

near the band edges, making the parabolic band approximation valid. When εk − εF
is large, the Fermi–Dirac distribution can be replaced with the Maxwell–Boltzmann

distribution:

fMB (εk) = e−εk/kBT . (2.12)

37



Chapter 2. Ensemble Monte Carlo simulations of semiclassical charge–carrier
dynamics in semiconductors

Figure 2.6: A typical dispersion relation for phonons in a diatomic crystal with lattice
vector a. The lower branch represents acoustic phonons, while optical phonons are
found on the upper branch. Taken from Ref. [51].

High levels of doping shift the Fermi level towards the conduction or valence band.

If the populations of electrons and holes are each in internal equilibrium but out of

equilibrium with each other and the surrounding lattice, separate quasi-Fermi levels

may be defined for each of the two sub-populations.

2.5 Scattering mechanisms

According to Bloch’s theorem, electrons moving in a perfectly periodic crystal lattice

propagate without scattering. Distortions of this periodic structure, whether due to

thermal motion of the lattice (phonons) or due to the presence of impurities or defects,

scatter electrons by inducing transitions from one electronic state to another. Three

mechanisms are considered in detail in this chapter — acoustic phonons, polar optical

phonons and ionised impurities, based on various claims in the literature (see Chapter

3) — followed by a survey of other potential sources of scattering.

2.5.1 Acoustic phonons

If a crystal is assumed to be a periodic arrangement of atoms, deviations from the peri-

odic lattice are perturbations to the ground state of the system. By treating vibrations

of atoms as a quantum harmonic oscillator, discrete energies εn can be associated with

the vibrational modes. A transition of the lattice from εn to εn−1 or εn+1 is associated

with the absorption or emission of a phonon, a quasiparticle that represents an exci-

tation of the lattice. A phonon has a characteristic wavevector q and an oscillation

frequency ωq. Figure 2.6 shows the typical relationship between q and ωq in a crys-

38



2.5. Scattering mechanisms

tal with two symmetrically inequivalent lattice sites (commonly, two different atomic

species); phonon modes can here be separated into acoustic and optical phonons.

Bardeen and Shockley [112, 113] first formalised the deformation potential theory of

acoustic phonon scattering in semiconductors, in which the presence of long-wavelength

acoustic waves induce small changes to the band edges that perturb electronic states.

The corresponding Hamiltonian is:

Haco = i

(
Ξ2h̄

2V cL

) 1
2 ∑

q

|q|
√
ωq

exp(iq · r)
(
aq + a†−q

)
(2.13)

where Ξ is the deformation potential, cL is the elastic constant, V is the crystal volume,

and aq and a†−q are the phonon creation and annihilation operators. Deformation

potential scattering by acoustic phonons is usually considered to be elastic, since long

wavelength (|q| → 0) acoustic phonons typically have small energies.

2.5.2 Polar optical phonons

In ionic crystals, electrons are scattered by the absorption and emission of optical

phonons. The interactions between charge carriers and the long-range electric polari-

sation fields caused by ionic dipole vibrations were first described by Fröhlich [114, 52],

with the interaction Hamiltonian corresponding to polar optical phonon scattering de-

rived by Fröhlich, Pelzer and Zienau [53]:

Hopt = i
∑
q

g

|q|
exp(iq · r)

(
aq + a†−q

)
(2.14)

where

g2 =
e2h̄ωpop

2V

(
1

εHF
− 1

εLF

)
, (2.15)

εHF and εLF are high frequency and low frequency dielectric permittivities and ωpop is

the frequency of the optical phonon mode, where it has been assumed that there is only

one dispersionless optical mode. In recent years, the Fröhlich Hamiltonian describing

the polar interaction between electrons and optical phonons has been derived in a more

general manner that has enabled the calculation of Fröhlich electron–phonon matrix

elements beyond the isotropic, harmonic, single phonon approximation via state-of-the-

art ab initio methods [115, 116, 117, 118].
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2.5.3 Ionised impurities

Thirdly, charged impurities within a semiconductor can scatter electrons. We assume

that impurities are uniformly and randomly distributed in space with density nI, so

that the scattering rate is not a function of position. Impurities are assumed to have

identical charges of Ze with Z = ±1 in this thesis. Ions are much heavier than electrons,

so electron energy is assumed to be conserved. The Hamiltonian for this interaction

is modelled using the Brooks-Herring model [119], in which the interaction takes the

form of a Coulomb potential with an exponential term to account for the screening of

the potential by free charge carriers:

Himp =
Ze2

4πεLF|r|
exp(−β|r|) =

Ze2

εLFV

∑
q

1

|q|2 + β2
exp(iq · r) (2.16)

where

β2 =
e2n

εLFkBT
(2.17)

and 1/β is the Debye length of the material, which is appropriate for charge carriers

with a Maxwell-Boltzmann distribution. We assume that the free charge carrier density

n is equal to the ionised impurity density nI to ensure charge neutrality.

2.5.4 Other scattering mechanisms

Acoustic phonons, polar optical phonons and ionised impurities are usually the three

most relevant scattering mechanisms when calculating charge carrier mobilities in polar

semiconductors with a single conduction band valley. Below is a (non-exhaustive) list

of other scattering mechanisms that are not included in the simulations present in this

thesis (bar carrier–carrier scattering), with brief explanations justifying their absence.

Non-polar optical phonon scattering

Electrons can scatter with optical phonons via the deformation potential, much like

acoustic phonons, although the interaction cannot be assumed to be elastic. However,

selection rules prevent intravalley scattering at the Γ point in polar semiconductors via

non-polar optical phonon scattering; this mechanism instead contributes to intervalley

scattering, in which charge carriers are scattered to other conduction (or valence) band

‘valleys’ within the band structure. Non-polar optical phonon scattering is therefore

important when the conduction (or valence) band has multiple valley minima (or max-

ima) near the bandgap. This is true for GaAs, for example, but not for the lead–halide

perovskites considered in this thesis. Non-polar optical phonon scattering will therefore
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be used in Appendix B only, in which GaAs results are used to benchmark the solutions

of the BTE found by BoltMC. More details can be found in Ref. [81].

Carrier–carrier scattering

Charge carriers can exchange energy with each other by colliding, with interparticle in-

teractions governed via the screened Coulomb potential. This makes the BTE nonlinear

in the charge carrier distribution, making it much more difficult to solve. Fortunately,

since the energy and momentum are both conserved in every collision, carrier–carrier

scattering has a minimal impact on the steady-state charge carrier mobility. It may,

however, affect the transient behaviour of charge carriers, such as the hot carrier cool-

ing rate, when charge carrier densities are sufficiently high. Carrier–carrier scattering

rates will therefore be considered in detail in Chapter 7.

Neutral impurity scattering

The presence of non-ionised impurities can also cause electrons to be scattered [120],

but the interaction tends to be much weaker and localised compared with that between

charge carriers and ionised impurities, which is shown to be rather weak in the following

Chapter.

Alloy scattering

The random distribution of component atoms in an alloy can induce a perturbation that

generates electronic state transitions [121]. While alloy scattering in combination with

polar optical phonon scattering has recently been used to quantitatively understand

charge carrier mobilities in the mixed perovskite FA0.83Cs0.17Pb(I1−xBrx)3 [122], it

is not expected that alloy scattering should be relevant to the simpler lead–halide

perovskites considered in this thesis.

2.6 Scattering rates

The scattering rates S (k,k′) in equation 2.2 for scattering by acoustic phonons, polar

optical phonons and ionised impurities will now be derived.

2.6.1 Fermi’s golden rule

The transition rate between an initial and final states |ki〉 and |kf〉 induced by a time-

dependent perturbing Hamiltonian Hpert is given, to first order, by Fermi’s golden
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rule:

S (|ki〉 → |kf〉) =
2π

h̄
|〈kf |Hpert|ki〉|2 δ (εf − εi −∆ε) (2.18)

where εf , εi are the energies of the initial and final states respectively and ∆ε denotes

the exchange of quanta of energy with the perturbation. The scattering rates will be

derived here for electron eigenstates associated with spherical, parabolic bands, given

in equation 2.8. In this chapter, scattering by polar optical phonons, acoustic phonons

and ionised impurities will be considered. Their perturbing Hamiltonians are given in

equations 2.13, 2.14 and 2.16.

Upon inspection, the three Hamiltonians have a common form consisting of a

Fourier series in electron coordinates:

Hpert = A
∑
q

f(q) exp(iq · r)
(
aq + a†−q

)
︸ ︷︷ ︸
phonons only

. (2.19)

where the phonon creation and annihilation operators aq and a†−q should only be

included where phonons are involved in the scattering mechanism. The common form

of the scattering mechanisms considered here allows for a simple demonstration of the

process of evaluating scattering rates using Fermi’s golden rule.

The matrix elements 〈kf |Hpert|ki〉 are given by

A
∑
q

f(q)〈kf |uk(r) exp(iq · r)|ki〉 〈bf |
(
aq + a†−q

)
|bi〉︸ ︷︷ ︸

phonons only

, (2.20)

where |bi〉 and |bf〉 are the initial and final phonon eigenstates; the integrals involving

the phonon bath are of the form

〈bf |a†−q|bi〉︸ ︷︷ ︸
emission

=
√
n−q + 1 and 〈bf |aq|bi〉︸ ︷︷ ︸

absorption

=
√
nq; (2.21)

where nq is the phonon population at a given wavevector q; at equilibrium, this is

given by the Bose-Einstein distribution:

nq =

(
e
− h̄ωpop

kBT − 1

)−1

(2.22)
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The integral involving the electronic states is

〈kf | exp(iq · r)|ki〉 =
1

V

∫
d3r u∗k′(r)uk(r) exp(iq · r) exp(−i(kf − ki) · r) (2.23)

= (G (ki,kf))
1
2 δq,kf−ki

. (2.24)

where G (ki,kf) is the overlap integral that accounts for the integration over the cell-

periodic components of the Bloch functions [123]. For spherical, parabolic bands,

G (ki,kf) = 1 and equation 2.18 is equal to

S(ki → kf) =
2π

h̄
|A|2|f(kf − ki)|2

[
Nkf−ki

Nkf−ki
+ 1

]
︸ ︷︷ ︸

phonons only

δ (ε(kf)− ε(ki)−∆ε) . (2.25)

2.6.2 Evaluating scattering rates

We now simply use the general forms along with the following variables, taken from

the Hamiltonians found in section 2.5. For acoustic phonons (using equation 2.13):

|A|2 =
Ξ2h̄

2V cL
; |f(q)|2 =

|q|2

ωq
≈ |q|

√
ρ

cL
; ∆ε = ±h̄ωq ≈ 0; (2.26)

for polar optical phonons (using equation 2.14):

|A|2 =
e2h̄

2V

[
1

εHF
− 1

εLF

]
; |f(q)|2 =

ωq

|q|2
≈ ωpop

|q|2
; ∆ε = ±h̄ωq ≈ ±h̄ωpop; (2.27)

and for ionised impurities (using equation 2.16):

|A|2 =
Z2e4

ε2
LFV

2
; |f(q)|2 =

1

(|q|2 + β2)2
; ∆ε = 0. (2.28)

After some straightforward algebraic manipulations, including summing the rates for

acoustic phonon absorption and emission5, the following expressions give the rates for

an electron with momentum ki transitioning to a state with momentum kf due to

5For acoustic phonons, h̄ωq � kBT and therefore Nq =
(

exp
(
h̄ωq

kBT

)
− 1
)−1

≈ kBT
h̄ωq

− 1
2

using the

Laurent expansion [51]. Then Nq + (Nq + 1) ≈ 2 kBT
h̄ωq

.
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interactions with acoustic phonons, polar optical phonons and ionised impurities:

S(ki → kf)aco =
2π

h̄

Ξ2kBT

V cL
δ(ε(kf)− ε(ki)) (2.29)

S(ki → kf)opt =
2π

h̄

g2

|kf − ki|2

[
N0

N0 + 1

]
δ(ε(kf)− ε(ki)∓ h̄ωpop) (2.30)

S(ki → kf)imp =
2π

h̄

NIZ
2e4

V ε2
LF

1

(|kf − ki|2 + β2)2
δ(ε(kf)− ε(ki)). (2.31)

2.7 Total scattering rates

Equations 2.29, 2.30 and 2.31 give the rates for charge carriers transitioning from state

|ki〉 to state |kf〉. However, as noted earlier it is computationally inefficient to calculate

these rates for every pair of initial and final momentum states. We therefore require

the total scattering rate for a charge carrier in state |ki〉, integrated over all possible

final states |kf〉. In polar coordinates, this is equivalent to evaluating

W (ki) =
V

(2π)3

∫ ∞
0

∫ 2π

0

∫ π

0
d|kf |dφdθ |kf |2 sin θ S(ki → kf). (2.32)

where θ and φ are the angles between ki and kf . The selection of final states in order to

recover the angular dependence seen in the rates S(ki → kf) will occur once a scattering

rate has been chosen. Using some simple identities6 the delta functions representing

the conservation of energy can be manipulated to be expressed in terms of the initial

and final wavevectors:

δ (ε(kf)− ε(ki)−∆ε) =
m∗

h̄2|k±|
δ(|kf | − |k±|); |k±| =

√
|ki|2 +

2m∗

h̄2 ∆ε (2.33)

6 δ (ax) = 1
|a|δ (x) and δ (g (x)) =

∑nk
k=1

1
|g′(xk)|δ (x− xk), where nk is the number of roots xk of the

function g (x), which are assumed to be simple [124]. Any roots that imply negative vector magnitudes
are rejected.

44



2.8. Final state calculations

Figure 2.7: Scattering rates for electrons in MAPbI3 at a temperature of 300 K for
polar optical phonons (blue: absorption, green: emission), ionised impurities (orange)
and acoustic phonons (red), using equations 2.34, 2.35 and 2.36 along with the material
properties found in Appendix C.

leading to the following expressions for the total scattering rate for a charge carrier

with momentum ki:

Waco(ki) =
Ξ2kBTm

∗|ki|
πh̄3cL

(2.34)

Wopt(ki) =
m∗e2ωpop

4πh̄2|ki|

[
1

εHF
− 1

εLF

] [
N0

N0 + 1

]
ln

∣∣∣∣∣∣
√
|ki|2 ± 2m∗ωpop

h̄ + |ki|√
|ki|2 ± 2m∗ωpop

h̄ − |ki|

∣∣∣∣∣∣ (2.35)

Wimp(ki) =
NIZ

2e4m∗|ki|
πε2

LFh̄
3

1

β2(4|ki|2 + β2)
(2.36)

where all material properties are identical to those defined earlier. Figure 2.7 displays

typical scattering rates for all three scattering mechanisms (considering the absorption

and emission of polar optical phonons separately) as a function of the initial particle

energy for electrons in MAPbI3, using the material properties found in Appendix C.

Note that the rate of polar optical phonon emission has a sharp threshold at ε = h̄ωpop

due to charge carriers being forbidden from the bandgap.
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Figure 2.8: The wave vector of a charge carrier before (ki, blue) and after (ki, red)
a scattering event, depicted in polar coordinates with the axis aligned with ki. Also
shown are the polar and azimuthal angles θ and φ.

2.8 Final state calculations

Once a scattering mechanism has been chosen, the correct distribution of final states

|kf〉 must now be recovered. The final wave vector kf can be expressed in the polar

coordinates (|kf | , θ, φ) where θ and φ are the polar and azimuthal angles between kf

and the initial wave vector ki (see Figure 2.8). The value of |kf | is constrained by

the conservation of energy. For (quasi-)elastic mechanisms such as acoustic phonon or

ionised impurity scattering, |kf | = |ki|. For polar optical phonon scattering, the charge

carrier changes its energy by ±h̄ωpop, so |kf | = |k±| where |k±| is defined in equation

2.33.

There is no dependence on the azimuthal angle φ, so it can be easily chosen stochas-

tically through the generation of a (pseudo-)random number rφ from a uniform distri-

bution between 0 and 1:

φ = 2πrφ. (2.37)

The non-trivial component of kf is the polar scattering angle θ. To determine the

correct distribution to pick from, consider the probability of a particle with initial

momentum ki scattering with polar angle between 0 and θ:

P
(
0 < θ′ < θ

)
=

V
(2π)3

∫∞
0

∫ 2π
0

∫ θ
0 d|kf |dφdθ′|kf |2 sin θ′S(ki → kf)

V
(2π)3

∫∞
0

∫ 2π
0

∫ π
0 d|kf |dφdθ′|kf |2 sin θ′S(ki → kf)

(2.38)

The denominator in equation 2.38 is simply the total scattering rate defined in equation

2.32. Looking to the numerator, the aforementioned triviality of the φ and |kf | integra-

tions means only the integration over θ remains. Scattering rates with no dependence
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on the difference between the initial and final wave vectors, such as acoustic phonon

scattering (see equation 2.29), can be described as velocity-randomising. Evaluating

equation 2.38 is therefore simple, leading to:

Paco

(
0 < θ′ < θ

)
=

1− cos θ

2
. (2.39)

Since Paco (0 < θ′ < θ) monotonically increases with θ′ from 0 to 1, it can be sampled

by generating a uniform random number rθ between 0 and 1. The polar scattering

angle is therefore given by

cos θaco = 2rθ − 1 (2.40)

The evaluation of equation 2.38 for mechanisms that are not velocity-randomising re-

quires more effort, but the general principals remain the same; the polar scattering

angles for ionised impurity scattering and polar optical phonon scattering are found to

be [81]

cos θimp = 1− 2rθ

1 + (1− rθ)
(

2|kf |
β

)2 (2.41)

cos θpop =
1 + f − (1 + 2f)rθ

f
(2.42)

where

f =
2
√
ε(ki)ε(kf)(√

ε(ki)−
√
ε(kf)

)2 . (2.43)

With this, the full final wave vector (|kf | , θ, φ) has been determined in a manner that

is fully consistent with the transition rates S(ki → kf). The final step is to transform

this vector from its current frame — which has been rotated to align with ki — to the

‘laboratory frame’. In Cartesian coordinates, the final wave vector in the laboratory

frame (kf,x, kf,y, kf,z) is obtained via the transformation

kf,x

kf,y

kf,z

 =


ki,y√

k2
i,x+k2

i,y

ki,xki,z

|ki|
√
k2

i,x+k2
i,y

ki,x

|ki|

− ki,x√
k2

i,x+k2
i,y

ki,yki,z

|ki|
√
k2

i,x+k2
i,y

ki,y

|ki|

0 −
√
k2

i,x+k2
i,y

|ki|
ki,z

|ki|


|kf | sin θ cosφ

|kf | sin θ sinφ

|kf | cos θ

 (2.44)

where ki,x, ki,y and ki,z are the x, y and z components of the initial particle wave vector

ki.

This concludes the discussion of the main theoretical concepts and computational
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methods that are used throughout this thesis. In the following chapter, we discuss the

measurement of charge carrier mobilities in lead–halide perovskites and determine the

limiting scattering mechanism(s) for electrons in MAPbI3.
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Chapter 3

Charge carrier mobilities in

lead–halide perovskites

The mobilities of charge carriers in a crystal are frequently measured observables and

can limit the performance of optoelectronic devices. Mobilities in semiconductors are

governed by the various scattering processes that charge carriers encounter. The funda-

mental understanding of (i) which scattering mechanisms limit mobilities and (ii) how

best to treat these mechanisms theoretically is therefore crucial to the accurate predic-

tion and optimisation of lead–halide perovskite device performance. There is debate

in the literature, however, regarding which scattering mechanism(s) are important to

consider, as well as the correct theoretical treatment to account for the unique proper-

ties (if any) of lead–halide perovskites. In this chapter we present initial calculations,

using electrons in MAPbI3 as an example, that aim to determine the conditions, if any,

under which acoustic phonon, polar optical phonon and ionised impurity scattering is

dominant. We find that at room temperature, polar optical phonon scattering is dom-

inant, with ionised impurity important to consider at very low temperatures. Acoustic

phonon scattering is very weak across all temperatures in which lead–halide perovskites

are stable. However, calculations using the simplest form of the Fröhlich Hamiltonian

for polar optical phonon scattering are unable to reproduce the trends seen in measure-

ments in the literature. We suggest possible explanations for this discrepancy, some of

which are examined in more detail in subsequent chapters.

3.1 Background

Lead–halide perovskites have become a frontrunner among candidate materials for next-

generation solar cells and other optoelectronic devices. One of the most promising
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features of the lead–halide perovskites is their large charge carrier diffusion lengths,

which facilitates the development of high efficiency solar cells by reducing resistive and

recombination losses [49]. The diffusion length is defined as the mean distance travelled

by a charge carrier before nonradiative recombination. The properties required for

large diffusion lengths are therefore (i) low recombination rates and (ii) high charge

carrier mobilities. There is extensive literature regarding recombination rates in lead–

halide perovskites, and a consensus that they are extremely low [125, 126]. Charge

carrier mobilities in lead–halide perovskites are less well understood in general, and are

relatively modest when compared with traditional semiconductors such as GaAs [50].

Understanding the key mechanisms that limit charge carrier mobilities is therefore vital

for the ongoing development of perovskite-based optoelectronic devices.

The charge carrier mobility µ is defined by the proportionality between the drift

velocity vd and the applied electric field strength E:

vd = µE. (3.1)

Mobilities are often analysed by the use of the Drude model of conduction, which relates

the mobility to the momentum relaxation time, τ [85]:

µ =
qτ

m
(3.2)

where q is the charge of the species, m its mass, and the momentum relaxation time

is defined as the mean time required to completely randomise its momentum vector

(not to be confused with the mean scattering time, as an individual scattering event

may not completely randomise a charge carrier’s momentum) [88]. The momentum

relaxation time is limited by the scattering of charge carriers by phonons, impurities

and other mechanisms. The understanding of charge carrier mobilities is therefore tied

to the understanding of the dominant scattering mechanisms that contribute to the

reorientation of charge carriers.

In established inorganic polar semiconductors such as GaAs, charge carrier mobili-

ties are typically of the order 103− 106 cm2V−1s−1 at room temperature [127, 128]. In

such materials, theoretical calculations that include (i) intravalley scattering by polar

optical phonons via the Fröhlich interaction, (ii) intervalley scattering by non-polar op-

tical phonons (in materials where there are multiple band valley minima / maxima near

the CBM / VBM) and (iii) ionised impurity scattering (at low temperatures) have been

able to accurately find both the magnitudes and temperature dependences of charge

carrier mobilities for many of these established materials across a wide range of temper-

atures (see sections 2.5.2, 2.5.3 and 2.5.4 for more on these mechanisms) [129, 130, 131].
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Non-polar semiconductors such as silicon have similarly large mobilities. There are no

polar interactions with phonons in such materials, so accurate calculations of mobilities

instead require the computation of scattering with acoustic phonons and other inter-

valley scattering at high temperatures, and ionised impurities at low temperatures (see

section 2.5.1) [132, 133]. Certain organic polymers function as semiconductors, with the

lowest unoccupied molecular orbital (LUMO) and highest occupied molecular orbital

(HOMO) taking the roles of the conduction and valence bands respectively. Mobilities

in organic semiconductors are lower than their inorganic counterparts, typically of the

order 10−3 − 101 cm2V−1s−1 at room temperature [134, 135], with charge transport in

disordered polymer chains usually considered to be a hopping process between localised

sites [136, 137, 138].

Charge carrier mobility measurements in lead–halide perovskites currently span

several orders of magnitude (as discussed in the following section), but the major-

ity of measurements in the literature agree on room temperature mobilities of ∼ 102

cm2V−1s−1 [58, 60]. This places the mobilities of lead–halide perovskites somewhere

between those of typical inorganic and organic semiconductors [128]. It is generally

agreed, however, that charge transport in lead–halide perovskites should be compared

with that of inorganic polar semiconductors [139]. This leaves the question of why

lead–halide perovskites have considerably smaller mobilities than (for example) GaAs,

when their effective masses are similar [63].

In this chapter, we present calculations of charge carrier mobilities for electrons in

MAPbI3 using the ensemble Monte Carlo method described in Chapter 2. After review-

ing measurements and calculations of charge carrier mobilities in MAPbI3 and other

lead–halide perovskites, we give details of the methods used to calculate mobilities. We

then calculate charge carrier mobilities associated with polar optical phonon, acoustic

phonon and ionised impurities separately in order to determine the temperatures, if

any, at which each scattering mechanism is dominant. By comparing mobilities calcu-

lated using the ensemble Monte Carlo method with established analytic expressions,

we show where the exact solutions to the BTE calculated by the ensemble Monte Carlo

technique give more accurate mobilities than more approximate methods. Finally, we

compare these calculations with various observations in the literature and briefly review

various explanations in the literature for the discrepancy.

3.2 Review of charge carrier mobilities in MAPbI3

The following section presents a review of experimental measurements and theoretical

calculations of charge carrier mobilities in lead–halide perovskites, with a particular
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focus on their temperature dependencies and proposed limiting scattering mechanisms.

To focus the scope of the review, only mobilities relating to charge carriers in MAPbI3

will be considered here, though many measurements and calculations of mobilities in

other lead–halide perovskites have been reported and broadly share similar trends. A

visual overview of reported mobilities of charge carriers in MAPbI3 can be seen in Figure

3.1. In Table 3.1 we present a broader selection of lead–halide perovskite mobilities,

as well as their temperature dependences. While many authors extract a temperature

dependence by fitting a power law of µ ∝ Tm to their data, the temperature ranges

and methods often differ, making comparisons difficult. In Table 3.1, we instead refit a

power law to the available data using a consistent methodology, using the temperature

range corresponding to the tetragonal phase of MAPbI3 (165 K - 327 K) in agreement

with Ref. [63], though other perovskites will not share the same phase transition

temperatures.

The earliest measurements of temperature-dependent charge carrier mobilities in

MAPbI3 were reported by Savenije et al. [57]. The authors performed photolumines-

cence (PL) and photoinduced time-resolved microwave conductance (TRMC) measure-

ments and extract the sum of the electron and hole mobilities. The authors’ fitted

power law gives µ ∝ T−1.6, attributed to phonon scattering, without speculation as

to the species of phonon. In Ref. [144], Karakus et al. used ultrabroadband tera-

hertz (THz) photoconductivity data to extract carrier scattering times, which have

been converted to mobilities in Figure 3.1 using the effective masses quoted in the

study [151, 152]. Different power laws were fitted above and below the orthorhombic-

tetragonal phase transition, with τ ∝ T−1.18 in the orthorhombic phase from 77 K to

150 K and τ ∝ T−1.52 in the tetragonal phase from 150 K to 300 K. Using these expo-

nents, the authors inferred that acoustic phonon scattering is dominant. Milot et al.

[58] extracted charge carrier mobilities from photoinduced conductivity measurements

and fitted µ ∝ T−1.5, motivated by the expected power law from (acoustic) phonon

scattering. Gélvez-Rueda et al. [142] reported pulse-radiolysis TRMC measurements,

with extracted charge carrier mobilities that are about an order of magnitude lower

than most other reported MAPbI3 mobilities, but assigned a power law of µ ∝ T−1.5

which was again attributed to phonon scattering. Shrestha et al. [59] reported some of

the largest MAPbI3 mobilities in the literature using a time-of-flight photocurrent tech-

nique, and were able to distinguish between electron and hole mobilities. The authors

assigned power laws to the data above and below the orthorhombic-tetragonal phase

transition, with µe ∝ T−0.1 and µh ∝ T−0.6 in the orthorhombic phase and µe ∝ T−2.8

and µh ∝ T−2.0 in the tetragonal phase, and concluded that polar optical phonon

scattering is dominant. In ref. [60], Biewald et al. extracted charge carrier mobilities
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3.2. Review of charge carrier mobilities in MAPbI3

Figure 3.1: Review of reported charge carrier mobilities for MAPbI3 as a function of
temperature. Also plotted are functions that follow power laws of µ ∝ T−3/2 and
µ ∝ T−1/2. Vertical lines correspond to the temperature limits of the tetragonal phase
of MAPbI3. Experimental data is plotted with solid lines (where more than one data
point is available), with theoretical data plotted with dashed lines.
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Table 3.1: Selected mobility measurements and calculations for charge carriers in bulk
halide perovskites. Where the charge carrier species is not identified as electrons (e)
or holes (h), the mobility represents both species. The mobilities given in column 4
represent the data point corresponding to a temperature closest to 300 K; if no data
point is found within ±30 K of 300 K the space is left blank. The exponents given
in column 5 are extracted by fitting a simple power law to any data between 165 K
and 327 K, with any power laws given in the original references ignored. Where there
are fewer than three data points within this temperature range, the space is left blank.
Results from Wang et al. are given at a carrier density of 2× 1015 cm−2V−1s−1.

Reference Material Theory / µ (cm−2V−1s−1) m (from
(species) Experiment at ∼ 300 K Tm fit)

Biewald et al. [60] MAPbI3 Experiment 33 -1.8
Davies et al. [140] FAPbI3 Experiment 22 -1.1
Dong et al. [141] MAPbI3 (e) Experiment 25

MAPbI3 (h) Experiment 164
Gélvez-Rueda et al. [142] MAPbI3 Experiment 1 -1.5
Jin et al. [143] MAPbI3 Experiment 88 -0.8
Karakus et al. [144] MAPbI3 Experiment 30 -1.6
Milot et al. [58] MAPbI3 Experiment 35 -1.0
Saidaminov et al. [145] MAPbI3 Experiment 67

MAPbBr3 Experiment 24
Savenije et al. [57] MAPbI3 Experiment 6 -1.8
Shi et al. [146] MAPbI3 Experiment 2

MAPbBr3 Experiment 115
Shrestha et al. [59] MAPbI3 (e) Experiment 158 -3.0

MAPbI3 (h) Experiment 100 -1.8
Wang et al. [147] CsPbBr3 Experiment -2.3
Xia et al. [64] MAPbI3 Experiment 61 -1.6
Yi et al. [148] MAPbBr3 Experiment 8 -2.0
Filippetti et al. [149] MAPbI3 (e) Theory 57 -0.7
Frost [62] MAPbI3 (e) Theory 94 -0.4

MAPbI3 (h) Theory 136 -0.5
Mayers et al. [66] MAPbI3 (e) Theory 136 -1.9
Poncé et al. [63] MAPbI3 Theory 42 -1.4
Sendner et al. [150] MAPbI3 Theory 156 -0.6
Yu et al. [65] MAPbI3 Theory 178 -1.1
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from diffusion coefficients obtained directly from time-resolved PL spectroscopy. In the

orthorhombic phase, µ ∝ T−1.2 and in the tetragonal phase µ ∝ T−1.8, which the au-

thors attributed to polar optical phonon scattering by comparison to theoretical studies

[66, 63]. Jin et al. [143] measured the Hall mobility and reported the measurements as

consistent with large polaron transport.

One notable feature of the reported charge carrier mobilities for halide perovskites

is the spread in the absolute values of the charge carrier mobility over several orders

of magnitude. This may be due to variable film quality; for example, in Ref. [59]

the mobilities of perovskite single crystals were measured, while polycrystalline films

were used in Ref. [57]. Different measurement techniques may also be measuring

subtly different physical processes; for example, the Hall mobility is known to differ

from the conventional mobility by the Hall factor, which can have its own temperature

dependence [129]. Some measurement techniques measure the sum of the electron

and hole mobilities, others their mean, while others are able to differentiate between

the two species. Many of the spectroscopic techniques used to measure mobilities

require estimating the charge carrier density, which is often subject to large errors.

Regardless, despite some inconsistencies in reported mobilities, there are some notable

trends. Most measurements present a power law relationship between mobility and

temperature with an exponent m of between −1 and −2 in the tetragonal phase of

MAPbI3. This characteristic temperature dependence has universally been attributed

to phonon scattering, but with both optical and acoustic phonon scattering being

proposed.

A variety of theoretical techniques have been used in order to further understand

and predict charge carrier mobilities in lead–halide perovskites. The calculations of

Filippetti et al. [149] account for both acoustic and polar optical phonon scattering.

The authors concluded that acoustic phonon scattering is dominant for temperatures

below 50 K, with polar optical phonon scattering dominating above 150 K. Frost [62]

and Sendner et al. [150] both used Feynman polaron theory to predict optical phonon-

limited large polaron mobilities. However, all of the calculations presented so far result

in temperature dependences that are far from experimentally obtained values, with m

ranging from −0.4 to −0.7. Poncé et al. [63] took into account scattering with more

than one optical phonon mode, and achieved a temperature dependence that is within

the expected range (m ≈ −1.4), with even better agreement reached in a later report

by including the effects of grain boundaries [64]. On the other hand, the calculations

of Mayers et al. [66] considered the effects of going beyond linear electron–phonon

coupling theory and showed that fluctuations in the lead–halide structure can be used

to explain several of the optoelectronic features of lead–halide perovskites (m ≈ −1.6).
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Yu [65], meanwhile, showed that the presence of strong Rashba splitting can strengthen

the effect of acoustic phonon scattering while inhibiting polar optical phonon scattering,

and quote a temperature dependence above 100 K of m ≈ −1.5.

While there appears to be uncertainty in experimental reports in the literature as to

the dominant scattering mechanism that governs charge carrier mobilities in MAPbI3,

with both acoustic and polar optical phonon scattering being proposed, there is a

broad consensus among theoretical reports that the interaction between charge carriers

and polar optical phonons is the most relevant source of scattering for the purposes

of understanding charge carrier mobilities, with the exception of Yu [65]. However,

there is disagreement as to the most appropriate method for modelling this interac-

tion, with large polaron formation, multiphonon scattering and dynamic disorder all

being claimed to be vital for the understanding of charge carrier dynamics in lead–

halide perovskites. The aim of the remainder of this chapter is to investigate some

of these proposed extensions to the simplest Fröhlich Hamiltonian, as well as several

other common extensions that have not been considered in the case of MAPbI3. This

is achieved by calculating charge carrier mobilities for electrons in MAPbI3 that corre-

spond to exact solutions to the BTE and focussing on the effect on room temperature

mobilities and their temperature dependences.

3.3 Ensemble Monte Carlo calculations of charge carrier

mobilities

The mobilities in this chapter are calculated using the BoltMC ensemble Monte Carlo

solver detailed in chapter 2. Two methods are used in this thesis to calculate charge

carrier mobilities, which are here termed the drift method and the autocorrelation

method. The two methods, along with their respective advantages and disadvantages,

are detailed in the following sections.

3.3.1 Drift method

This is the method that best replicates the basic description of the charge carrier

mobility in equation 3.1. A uniform, static electric field is applied to the ensemble of

charge carriers, which causes them to accelerate in the direction of the field between

scattering events that act to reorient them. This may result in a steady-state with a

non-zero mean velocity along the direction of the applied field. It will be assumed here

that the field is applied along the x Cartesian axis. Using equation 3.1, and assuming
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that all particles have identical masses, the mobility is therefore:

µ =
〈vx〉
E

(3.3)

where angled brackets denote the mean of the ensemble. In order to converge on a

value that is representative of the entire ensemble, the mean must be calculated from a

large number of kx values. This can be achieved by averaging over a very large number

of particles (an ensemble average) or by simulating one or more particle trajectories

for a very long time period and averaging over multiple well-spaced measurements (a

time average). The results presented here will be both ensemble and time averages: a

large number of particle trajectories are simulated for a large amount of time.

Importantly, the drift method of calculating charge carrier mobility is not valid

when scattering is assumed to be elastic — for example, acoustic phonon and ionised

impurity scattering in this thesis [51]. In order to reach a steady-state distribution

under an applied field, the population must be able to exchange energy with an energy

reservoir; if this is not the case, the energy of the system will increase indefinitely with

no means of dissipation. Figures 3.2a and 3.2b display a typical result; the mean energy

continues to increase linearly with time and a steady-state cannot be found. Treating

both acoustic phonon and ionised impurity scattering as inelastic will eventually make

the drift technique valid under these circumstances. In the case of polar optical phonon

scattering, the optical phonon bath acts as the energy reservoir, so a steady-state can

be reached (see Figures 3.2c and 3.2d).

The choice of field requires careful attention. At low temperatures, a non-zero

electric field can induce a “streaming” regime in which the drift velocity becomes

independent of the electric field strength [95, 153]. This can occur, for example, when

polar optical phonon scattering is dominant and kBT � h̄ωpop. If the electric field

strength is too strong, charge carriers are accelerated until their kinetic energy is equal

to h̄ωpop, after which they immediately emit an optical phonon, losing almost all of their

excess kinetic energy in the process. The cycle of acceleration and phonon emission

repeats, and in the resulting steady state the mean drift velocity will be equal to

half the value of the electron velocity when εk = h̄ωpop, regardless of the strength of

the applied field. This is of course far removed from the linear response definition of

mobility in which one assumes a gently perturbed equilibrium distribution. As a result,

increasingly small fields should be applied as the temperature decreases. On the other

hand, it may be difficult to distinguish a drift velocity from the noise of the stochastic

scattering of the ensemble if the applied field is too weak; this is typically a concern at

high temperatures where mobilities are particularly low.
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Figure 3.2: The mean velocity as a function of time for an ensemble Monte Carlo
calculation with (a) only (elastic) acoustic and (c) only polar optical phonon scattering.
All three cartesian coordinates are shown: (x: red, y: blue, z: green). The mean kinetic
energy as a function of time for (a) only (elastic) acoustic and (c) only polar optical
phonon scattering. A temperature of 100 K, particle number of 105 and an initial
Maxwell–Boltzmann distribution are used in all simulations.
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3.3.2 Autocorrelation method

An alternative method for calculating the charge carrier mobility is based on the

Nernst–Einstein relation, which can be derived from the fluctuation-dissipation the-

orem [154, 155], and states that the mobility is related to the diffusion coefficient, D,

by the expression

D =
µkBT

e
. (3.4)

The diffusion coefficient can be measured in an ensemble using the autocorrelation

function of velocity fluctuations in the population, C (t) [89]:

D =
1

3

∫ ∞
0

C (t) dt (3.5)

where C (t) is defined as the mean correlation between the charge carriers’ velocity at

time t and their velocity at time t = 0. Formally:

C (t) = 〈v (t0) · v (t0 + t)〉 (3.6)

where the angled brackets denote an ensemble average over NP particles, a time average

over Nt0 starting times, or both. Choosing both for generality, C (t) can be calculated

C (t) =
1

Nt0NP

Nt0∑
j=0

NP∑
i=0

vi (t0,j) · vi (t0,j + t) . (3.7)

A typical velocity autocorrelation function is shown in Figure 3.3. Using equations 3.4

and 3.5, the mobility can be determined by integrating C (t) along the time axis. The

autocorrelation function can also be approximated as an exponential decay, and it can

be shown that the decay constant is the momentum relaxation time τ . An equivalent

mobility can then be calculated using the Drude definition of the mobility (equation

3.2).

The lack of applied field in the autocorrelation method removes the problems as-

sociated with the low temperature streaming regime outlined in section 3.3.1. Fur-

thermore, mobilities associated with elastic scattering mechanisms can be calculated

without the need for energy dissipation. There are some potential disadvantages how-

ever. Equation 3.4 assumes a parabolic electronic band and an population that follows

Maxwell-Boltzmann statistics (hence the well-defined temperature). The autocorrela-

tion method presented here is therefore unsuitable conditions outside of these assump-

tions (nonparabolic bands and steady-state hot electron distributions, for example),

though more general alternatives to the Einstein relation may be appropriate [85].
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Figure 3.3: The velocity autocorrelation function C (t) as a function of time, as calcu-
lated from a typical ensemble Monte Carlo simulation. The conditions are identical to
those found in Figure 3.2a and 3.2b, (i.e. only acoustic phonon scattering is present),
save the applied electric field which is not present in the calculations for this figure.

To conclude, while the drift and autocorrelation methods are equivalent ways of

calculating charge carrier mobilities when both are appropriate, the differences in their

underlying definitions mean that they are both face limitations in certain circumstances.

Concisely, the drift method is only valid when scattering mechanisms allow charge

carriers to exchange energy with an external bath, and the autocorrelation method

makes assumptions about the band structure. Therefore, apart from the results in

Figure 3.4 in which acoustic phonon and ionised impurity scattering will be considered

independently (making the autocorrelation method more appropriate), the drift method

will be used throughout the rest of the thesis.

3.4 Dominant scattering mechanisms in MAPbI3

Despite the impressive progress in the engineering of efficient halide perovskites opto-

electronic devices, there remains considerable uncertainty in the literature as to the

scattering mechanism(s) required to accurately predict the charge transport properties

of halide perovskites. While charge carrier scattering is most commonly attributed to

interactions with polar optical phonons [62, 63, 66, 128, 156], acoustic phonon scattering

has also been proposed as a dominant scattering process [65, 144] and ionised impurity

scattering is thought to be important at low temperatures [148]. While there is lively

debate in the literature as to the most appropriate methods for treating charge carrier

scattering processes in halide perovskites, the starting point in the determination of the

dominant scattering mechanism(s) will be calculating the charge carrier mobility under
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the assumption that conventional semiconductor theory that has proved successful for

describing charge transport in materials such as GaAs and Si is appropriate for halide

perovskites. Later, this theory will be developed to include deviations from this model.

3.4.1 Analytic mobility expressions

There are many analytic expressions that have been derived in the literature that can

be used to calculate semiconductor mobilities without resorting to the use of more

elaborate BTE solving methods such as those presented in this thesis. This raises the

important issue of whether ensemble Monte Carlo calculations are strictly necessary.

While these analytic expressions may be more convenient for allowing rapid mobility

estimates, they typically do not give exact solutions to the BTE. Understanding their

limitations is therefore crucial. The ensemble Monte Carlo technique has the advantage

of calculating exact solutions to the BTE, imposing no additional assumptions outside

of those inherent to the BTE and those in the scattering matrix element calculations.

By calculating the charge carrier mobilities for acoustic phonons, ionised impurities

and polar optical phonons using analytic expressions and the ensemble Monte Carlo

technique, the validity of the analytic expressions can also be considered. Furthermore,

the mobilities calculated in this chapter represent the simplest scattering models that

are considered in this thesis. It is impossible to find such simple mobility expressions

for the more complex interaction Hamiltonians that are presented in later chapters.

Acoustic phonons

The charge carrier mobility for a thermalised distribution of electrons in a spherical,

parabolic band scattering elastically with acoustic phonons via the deformation poten-

tial is [112]

µaco =
4
√
πh̄4cL

3
√

2m5/2Ξ2 (kBT )3/2
. (3.8)

Note that µaco ∝ T−1.5 at all temperatures, although the approximation of elastic

scattering becomes less valid as T → 0.

Ionised impurities

Using the Brooks-Herring model [119], a thermalised distribution of electrons in a

spherical, parabolic band scattering elastically with ionised impurities has a charge

carrier mobility of

µion =
128
√

2√
m

√
πε2

s

nIe3FBH
(kBT )3/2 (3.9)
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where

FBH =
12kBT/ε0

1 + 12kBT/ε0
− log (1 + 12kBT/ε0) , ε0 =

h̄2β2

2m
(3.10)

and β is the screening parameter, here assumed to be the inverse of the Debye-Hückel

screening length given that the charge carrier distribution should follow Maxwell-

Boltzmann statistics (see equation 2.17). At large temperatures, defined by kBT � ε0,

equation 3.9 approaches µion ∝ T 1.5.

Polar optical phonons

The scattering of electrons with polar optical phonons via the Fröhlich interaction

cannot be approximated as elastic. As a result, a relaxation time formally does not exist

and charge carrier mobility is considerably more difficult to derive. Various methods

have been employed to find manageable expressions under various approximations;

here, the expression as presented by Stratton and rederived by Conwell will be used

[55, 56]:

µpop =
3
√

2πh̄ωpop

4
√
mE0nωx

3/2
0 exp (x0/2)K1 (x0/2)

(3.11)

where

E0 =
meh̄ωpop

4εpπh̄
2 , nω =

1

exp (x0)− 1
, x0 =

h̄ωpop

kBT
(3.12)

and K1 (x) is the modified Bessel function of the second kind. When kBT � h̄ωpop,

equation 3.11 simplifies such that µpop ∝ T−1/2. This is a property that is shared with

other derivations of the polar optical phonon-limited mobility [157, 158].

3.4.2 Material properties

The material properties used here for electrons in MAPbI3are sourced from ab initio

calculations reported in the literature. The factors considered when choosing properties

were: (i) accuracy of the ab initio methods, (ii) consistency of method across multiple

materials and (iii) comparability with studies of particular interest. The properties

used for the MAPbI3 calculations here are compiled in Appendix C. While it is not an

intrinsic material property, the ionised impurity density used was 1016 cm−3 which is

towards the upper limit of reported values for MAPbI3 in the literature [159, 160, 161].
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3.4.3 Acoustic phonon, ionised impurity and polar optical phonon

limited mobilities of electrons in MAPbI3

In this section, calculations are presented that confirm that polar optical phonon scat-

tering is expected to be the dominant scattering mechanism when calculating charge

carrier mobilities at room temperature by means of comparison with acoustic phonon

and ionised impurity scattering. Figure 3.4 displays electron mobilities for MAPbI3 cal-

culated using the velocity autocorrelation method (see section 3.3.2) using the material

properties found in Appendix C. Reported measurements of charge carrier mobilities

in MAPbI3 from Refs. [58] and [60] are plotted for comparison.

The predicted mobility for acoustic phonon scattering follows the expected tem-

perature dependence of µ ∝ T−3/2 at all temperatures; indeed, equation 3.8 perfectly

matches the mobilities from the ensemble Monte Carlo calculations. This suggests that

equation 3.8 makes no significant additional assumptions beyond those found in the en-

semble Monte Carlo calculations, which is indeed true. Since acoustic phonon scattering

is here assumed to be elastic and completely velocity-randomising, the relaxation time

approximation is valid. However, Figure 3.4 shows that the mobility calculated under

the assumption of dominant acoustic phonon scattering is consistently very high, with a

value of 5.7×104 cm−2V−1s−1 at 300 K. This means that acoustic phonon scattering is

not the dominant scattering mechanism across the full range of temperatures considered

here, in agreement with ab initio calculations in the literature, where acoustic phonon

scattering is neglected [117, 63]. This disagrees, however, with the calculations made

by Yu [65], which find acoustic phonon scattering to be comparable with polar optical

phonon scattering. We attribute this difference to the choice of material properties,

with Yu using a much smaller (measured) elastic constant of 13.9 GPa [162] compared

with the (ab initio) value of 32.0 GPa [163] used here and a much stronger deformation

potential of −6.41 eV [164] than our −2.13 eV [163] (both ab initio). Further work is

required to resolve this large spread in ab initio calculations, but we choose for now to

align our calculations with the consensus in the literature.

Ionised impurity scattering approaches the temperature dependence of µ ∝ T 1.5 at

large temperatures but does not quite reach this limit within the plotted temperature

range; fitting a simple power law to the mobility data between 500 K and 1000 K results

in an exponent of m = 1.2. While the positive exponent means that ionised impurity

scattering is insignificant at room temperature, at very low temperatures (here, T < 30

K) ionised impurity scattering can be very important. This mobility varies with the

ionised impurity density. The agreement between the ensemble Monte Carlo results

and equation 3.9 is once again very good. While the Brooks–Herring model of ionised

impurity scattering is elastic, it is not velocity randomising, with small scattering angles
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Figure 3.4: Calculated mobilities for electrons in MAPbI3 corresponding to the fol-
lowing scattering mechanisms: acoustic phonons (green), ionised impurities (red) and
polar optical phonons (blue). Solid, dark lines indicate mobilities obtained by cal-
culating velocity autocorrelation functions using the ensemble Monte Carlo method.
Dashed, lighter lines indicate mobilities obtained from analytic expressions from the
literature (see equations 3.8, 3.11 and 3.9). The mobility corresponding to the presence
of all three scattering mechanisms, obtained using Matthiessen’s rule (equation 3.13),
is plotted in black [51]. Experimental mobilities from Refs. [58] and [60] are plotted for
comparison. All material properties for MAPbI3 can be found in Appendix C, apart
from the ionised impurity density which is set to 1016 cm−3.
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being greatly favoured. A well-defined momentum relaxation time can still be defined

in this case, however, but it is not as trivially related to the rate at which scattering

events occur; instead, the scattering angle must be properly accounted for (for more

details, see Ref. [51] or section 5.4.3).

Finally, Figure 3.4 clearly shows that polar optical phonon scattering is dominant

at all temperatures bar the very lowest. This is in agreement with most reports in the

literature [62, 63, 66, 128, 156]. Equation 3.11 predicts that the charge carrier mobility

approaches µ ∝ T−1/2 in the high temperature limit. A simple power law fit to µpop be-

tween 500 K and 1000 K returns an exponent of m = −0.50, suggesting that the high

power limit has approximately been reached at these temperatures. The agreement

between the ensemble Monte Carlo calculations and the Stratton and Conwell varia-

tional mobility is good above 100 K, but becomes poorer at low temperatures where

equation 3.11 gives significantly lower mobilities than the exact ensemble Monte Carlo

solution. This is explained by the approximation in equation 3.11 of elastic scattering,

which may be reasonable when kBT > h̄ωpop but is not expected to hold below this

temperature. In MAPbI3, the effective polar optical phonon mode has a corresponding

Einstein temperature of h̄ωpop/kB = 108 K, which accounts for the relatively good

agreement above this temperature and the poor agreement below it. An exact solution

of the BTE should therefore be sought when mobility calculations are required over

a large temperature range, or when the polar optical phonon energy is large. Halide

perovskites have unusually low optical phonon energies compared to most inorganic

semiconductors [117, 165], so the agreement between equation 3.11 and an exact solu-

tion of the BTE at room temperature is expected to be much better for lead–halide

perovskites than for other materials.

Mobilities for charge carriers interacting with all three of the scattering mechanisms

considered here can be calculated using the same ensemble Monte Carlo solver, or

equivalently using Matthiessen’s rule [166, 167]:

µ−1
total =

Ns∑
s

µ−1
s (3.13)

where µs is the mobility calculated for each of the Ns scattering mechanisms with index

s. This is plotted in Figure 3.4. As expected, the net mobility is dominated by polar

optical phonon scattering at large temperatures and ionised impurity scattering at low

temperatures.

Now the agreement with some of the reported measurements of charge carrier mo-

bilities in MAPbI3 is evaluated. Data from Milot et al. [58] and Biewald et al. [60]

are chosen as being representative of the broad consensus across the literature (see
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Figure 3.1). At temperatures around 100 K, ensemble Monte Carlo mobilities are rea-

sonably close to those measured in Refs. [58] and [60]. However, at room temperature

there is a large difference, with ensemble Monte Carlo mobilities approximately 5 times

higher than measured mobilities. This discrepancy may be diminished by noting that

Refs. [58] and [60] measure the sum of the electron and hole mobilities, whereas only

the electron mobility is calculated in this chapter. As noted previously, however, the

magnitudes of mobilities in the literature are subject to uncertainties regarding charge

carrier densities, so it is the temperature dependence that is often of interest. This

is measured again by fitting a simple power law of µ ∝ Tm to mobilities across the

tetragonal phase of MAPbI3 (165 K - 327 K). While this fitting process gives values

of m = −1.0 and −1.8 for Refs. [58] and [60] respectively, we find m = −0.50 for the

mobility calculations for polar optical phonon scattering presented in Figure 3.4. This

stark difference has been observed in the literature for a variety of lead–halide per-

ovskites [128], and clearly highlights that the understanding of the processes governing

charge transport in these materials is lacking somewhat, despite the general consensus

on the fundamentals. This is the motivation for a number of the proposed extensions

to the simplest form of the Fröhlich Hamiltonian presented thus far [61, 63, 65, 66].

The following three chapters focus on examining the effects (if any) of making sev-

eral of these proposed extensions to the simplest Fröhlich Hamiltonian on the scattering

and mobilities of electrons in MAPbI3: in Chapter 4, large polaron formation (repre-

senting the non-perturbative interaction with polar optical phonons); in Chapter 5,

“multiphonon” scattering (i.e. removing the assumption of interactions with one polar

optical phonon mode); and finally in Chapter 6 the screening of Fröhlich interactions

by the presence of free charge carriers.

3.5 Conclusions

In this chapter, a charge transport model for electrons in MAPbI3 has been developed

with the aim of determining the key features needed to accurately predict charge trans-

port properties in lead–halide perovskites. By calculating and comparing the charge

carrier mobilities using exact ensemble Monte Carlo solutions to the BTE for acous-

tic phonon, ionised impurity and polar optical phonon scattering in MAPbI3, it has

been shown that that polar optical phonon scattering dominates the mobility at all but

the very lowest temperatures, where ionised impurity scattering determines the charge

carrier mobility. However, calculations using the conventional Fröhlich Hamiltonian

for the interaction between charge carriers and polar optical phonons do not appear

to agree with the broad trends of mobility measurements seen in the literature across
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a wide range of experimental techniques. The following three chapters continue the

investigation started here by considering deviations from the basic Fröhlich Hamilto-

nian.
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Chapter 4

Quantifying polaronic effects on

charge-carrier scattering and

mobility in lead–halide

perovskites

It has been proposed in the literature that the formation of polarons due to the in-

teraction between charge carriers and lattice ions has wide-ranging effects on charge

carrier dynamics in lead–halide perovskites, and mobilities in particular. Many of

these proposals rely on the underlying hypothesis that charge carriers are ‘protected’

from scattering by their incorporation into large polarons. In this chapter, expressions

are derived for the rates of scattering of polarons by polar optical phonons, acoustic

phonons and ionised impurities following the approach of Kadanoff for scattering due to

the former mechanism, and compute the energy and angular dependent rates for elec-

trons in MAPbI3. The ensemble Monte Carlo method is then used to compute polaron

distribution functions which satisfy a Boltzmann transport equation incorporating the

same three scattering mechanisms, from which we extract mobilities for temperatures

in the range 50–500 K. A comparison of the results with those of analogous calculations

for bare band carriers indicates that polaronic effects on the scattering and mobilities

of charge carriers in lead–halide perovskites are more limited than has been suggested

in some parts of the recent literature.

The results presented this chapter have been published in Ref. [108].
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4.1 Background

In Chapters 2 and 3, the interaction between free charge carriers and polar optical

phonons is modelled using the Fröhlich Hamiltonian, in which a charge carrier in-

teracts with the electrostatic polarisation waves created by the vibrations of lattice

ions. The strength of this interaction has so far been assumed to be sufficiently weak

that any effects on charge carrier scattering are first-order perturbations. However, if

the electron-phonon coupling is sufficiently strong, the dynamics of the charger car-

rier can qualitatively change in such a way that it is more appropriately described

as a quasiparticle called a polaron. The formation of polarons in lead–halide per-

ovskites has been suggested to play a central role in a wide range of electronic processes

[61, 168, 169, 170], including exciton dissociation [171, 172, 173, 174], hot carrier cool-

ing [72, 175, 76, 176, 177, 178], as well as radiative and non-radiative recombination

[159, 179, 180, 181, 182, 183, 184]. Finally, as briefly noted in previous chapters, po-

laron formation has been suggested to be vital in the understanding of charge carrier

mobilities in lead–halide perovskites [159, 150, 185]. In a recent review, it has been

observed that: “A common growing consensus in the field is that lattice interactions

lead to the formation of polarons and that the carrier transport can be rationalized as

polaron dynamics in [metal–halide perovskites]” [170].

The strength of the Fröhlich interaction between charge carriers and the polar lattice

can be parametrised using the dimensionless variable αF [186, 187]:

αF =
e2

h̄

(
1

ε∞
− 1

ε0

)√
me

2h̄ωpop
(4.1)

There are three important electron-phonon coupling regimes to consider: weak, strong

and intermediate. When electrons are weakly coupled to optical phonons , correspond-

ing to αF < 1, electron-phonon coupling can be treated in the perturbative limit. The

weak coupling regime has been assumed up to this point and is one of the underlying

assumptions made when calculating polar optical phonon scattering rates using Fermi’s

golden rule in Chapter 2. However, if the Fröhlich interaction is sufficiently strong, the

coupled motion of the charge carrier and the distortion together comprise a quasipar-

ticle known as a polaron, which cannot be treated in the usual perturbative manner

described in previous chapters. When electrons are strongly coupled to optical phonons

(αF > 10 [188]), the interaction must be treated far from the perturbative regime; the

electron becomes ‘self-trapped’, forming a small polaron that is localised to a lattice

site. Small polaron formation is common in materials such as the transition metal

oxides [189]. Small polaron transport is thermally activated; mobilities are therefore
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substantially lower compared with itinerant charge carriers, and tend to increase with

increasing temperature [190].

The third and final regime of interest is when αF has an intermediate value (typically

1 < αF < 6). In this regime, electrons are coupled to optical phonons in a non-

perturbative manner, but are not so strongly coupled that they self-trap [187]. The

result is the large polaron, an itinerant quasiparticle that incorporates the motion of

a charge carrier that is coupled to the lattice distortion that it causes as it moves

through the polar lattice. Figure 4.1 shows a simple picture of the distortion caused

by the presence of a charge carrier in a polar lattice. Since the large polaron remains

an itinerant species, the charge carrier mobility (assuming that phonon scattering is

dominant) tends to decrease with increasing temperature. Using Equation 4.1 and

the MAPbI3 material properties found in Appendix C, the value of αF for electrons

in MAPbI3 is 2.7. This falls within the intermediate coupling regime, suggesting that

charge carriers form large polarons in MAPbI3, in agreement with other calculations

in the literature [61, 62].

The most widely recognised consequence of large polaron formation is an increase

in the effective mass of the charge carrier from that predicted by conventional band

theory. The increase has been calculated to be of the order of 30–70% for lead–halide

perovskites at room temperature [150, 62, 117, 192]. However, many of the proposed

ways in which polaron formation influences charge carrier dynamics make use of a

hypothesis that charge carriers are ‘protected’ from interactions with phonons, defects

and other charge carriers by their incorporation into polarons.

This chapter provides a quantitative analysis of that hypothesis, building primarily

on the canonical theory of large polarons [187, 193, 194, 195]. After a more detailed

review of previous calculations of polaron dynamics in lead–halide perovskites, scatter-

ing rates of polarons by acoustic phonons and ionised impurities are derived and their

values, along with those for scattering by polar-optical phonons, are computed for elec-

tron polarons in MAPbI3. The rates, along with the computed polaron masses, are

then used to define an augmented form of Kadanoff’s semi-classical Boltzmann trans-

port equation for polarons under the influence of a constant electric field [194, 196].

Finally, the Boltzmann transport equation is solved for a range of temperatures using

the Ensemble Monte Carlo method presented in Chapter 1, and the drift velocities

calculated from the steady state distribution functions are used to determine temper-

ature dependent carrier mobilities. A comparison of the results of those computations

with the results of analogous calculations for bare band carriers suggests that polaron

formation has a much less significant impact on carrier scattering and mobilities than

has been suggested (see section 4.2 below).
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Figure 4.1: A simple diagram of a large polaron, with an electron (black) causing the
polar lattice of positively and negatively charged ions (red and blue respectively) to be
displaced from their equilibrium positions (dashed circles, displacements exaggerated).
The resulting large polaron quasiparticle (purple) is composed of the charge carrier
coupled to this distortion. The size and implied localisation of the polaron should not
be inferred from this diagram. This figure is adapted from Ref. [191].
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4.2 Large polarons in lead–halide perovskites

The first suggestion that several of the seemingly unusual properties of lead–halide per-

ovskites may be explained by polaron formation is found in a short letter by Zhu and

Podzorov [61]. The large diffusion lengths, slow recombination rates and unusual tem-

perature dependence of the charge carrier mobility were all proposed to stem from the

“protection” of charge carriers from interacting with defects, phonons, other carriers

and trap states due to the formation of polarons. Specifically, large polaron formation

was invoked from the observed itinerant transport, in agreement with the arguments

presented here and elsewhere in the literature. The origin of the “protective shield”

against scattering was proposed to be the enhanced effective mass of the quasiparticle

(this will be explored later in the chapter). By using the Drude mobility expression

along with an estimated momentum relaxation time and reported mobility measure-

ments, the report deduced that the polaron mass must lie in the range of 10me−300me.

This is far greater than any other calculation in the halide perovskite literature, and

is not consistent with the order of magnitude of the reported charge carrier mobilities

(which would be expected to be far lower if the predictions of Ref. [61] were correct).

In Ref. [197], Zhang and Zhang determined that charge carriers in MAPbI3 form

large polarons by showing that they are both thermally and entropically stable. They

then suggested that large polaron formation can explain the µ ∝ T−1.5 temperature

dependence of the reported charge carrier mobilities through the suppression of optical

phonon scattering (which is expected to result in µ ∝ T−0.5 in the high temperature

limit), making acoustic phonon scattering (typically giving µ ∝ T−1.5) the dominant

scattering mechanism. Their justification of this approximation was that “much of the

electron-LO phonon interaction. . . is involved in the formation of large polarons, thus

the residual interaction . . . is substantially weaker”. However, there appears to be little

evidence to justify the assertion that the process of large polaron formation “uses up”

a significant portion of the available phonon interactions. Despite the citation of the

work of Feynman [187], there appears to be no description of this phenomenon in any

of the classic polaron literature.

La-o-vorakiat et al. [198], Sendner et al. [150] and Frost [62] have used the canonical

large polaron theory based on Feynman’s variational solution to the Fröhlich Hamilto-

nian to model large polaron transport in lead–halide perovskites, with Frost providing

the most comprehensive overview of the various theoretical developments based on the

original model proposed by Feynman [187]. Using a technique that will be discussed

further in the next section, the temperature dependences of the large polaron mass

and oscillator frequency were determined by minimising the polaron free energy as de-
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termined by Ōsaka [193]. The early formulation of the polaron mobility by Feynman,

Hellwarth, Iddings and Platzman (FHIP) [199] was confirmed by Frost to be valid only

at low temperatures, since the FHIP mobility only considers the stimulated emission

and absorption of phonons, while spontaneous emission is neglected [200]. The second

formulation considered in Ref. [62] was the Kadanoff mobility [194], which adds the

spontaneous emission of phonons and therefore does not diverge at room temperature.

Frost noted that the basis for the Kadanoff mobility “implicitly assumes independent

scattering events, still formally limiting the model to low temperature”. The final

formulation presented was the Hellwarth mobility [201], which Frost claims does not

assume independent scattering events and so is more likely to be accurate at higher

temperatures and for large polarons with stronger coupling [195]. By showing that the

Hellwarth and Kadanoff mobilities predict different mobilities for electron polarons in

MAPbI3, Frost concluded that the Hellwarth mobility is most likely the more accu-

rate method. La-o-vorakiat et al. and Sendner et al., meanwhile, used the Kadanoff

expression for the large polaron mobility.

Polaron dynamics in lead–halide perovskites have also been calculated using ab

initio methods [202, 203, 204, 180, 205, 206, 207, 208]. Many of these studies reach

the conclusion that the charge carrier becomes localised by interactions with the po-

lar lattice. However, such ab initio treatments of polarons do not capture the same

essential physics that are captured by the Feynman polaron model. This is due to

the Born–Oppenheimer approximation underlying the ab initio calculations, in which

the ions are treated as classical particles, whereas the Feynman approach treats the

quantised vibrations of the ions (phonons) on an equal quantum mechanical footing as

the charge carriers they interact with. Furthermore, as noted previously, the transport

properties of lead–halide perovskites suggest itinerant charges, which correspond to

large, delocalised polarons.

Some recent reports in the literature question whether large polaron formation is

present at all in lead–halide perovskites at room temperature. Lacroix et al. [209]

calculated the variation of the electrostatic potential due to the presence of disorder

in the lattice structure. They concluded that the energy broadening due to disorder is

larger than the large polaron formation energy at room temperature, indicating that

large polarons are not formed, in contrast to the calculations of Ref. [197]. Instead, a

model was proposed that includes a large proportion of charge carriers being localised

and diffusing adiabatically throughout the lattice which, in contrast to the thermally

activated hopping transport, gives a mobility that decreases with increasing temper-

ature. Additionally, a number of studies claim to achieve excellent agreement with

reported charge carrier mobilities by ignoring polaron formation and instead consid-
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ering other deviations from the simple model presented so far, including coupling to

multiple phonon branches [63, 64], Rashba splitting [65] or phonon anharmonicity [66],

all of which are absent in most polaron models.

In summary, the questions of (i) how best to calculate the charge transport prop-

erties of large polarons; (ii) whether the consideration of large polaron formation is

necessary for the understanding of charge transport in lead–halide perovskites; and

(iii) whether large polarons exist in lead–halide perovskites at all, have not yet been

resolved in the literature [210], despite some (contradictory) reports in the literature

that the matter is settled in one way or another [170, 64].

4.3 Characterising large polarons

4.3.1 Mass and oscillator frequency

While the first theoretical model of polarons was first reported by Landau and Pekar

[211, 212, 213], and a quantum mechanical description of electron–phonon coupling was

presented by Fröhlich [186], it was the Feynman path integral solution to the Fröhlich

Hamiltonian that was first able to describe interactions at all coupling strengths (i.e. for

all values of α) [187]. Feynman proposed a polaron model that consists of an electron

coupled via a harmonic potential to a fictitious secondary particle that represents the

effects of the surrounding ‘cloud of virtual phonons’. The corresponding Hamiltonian

is:

HF =
h̄2|k|2

2m∗
+
h̄2|kc|2

2mc
+

1

2
κ (r− rc)

2 (4.2)

=
h̄2|K|2

2M
+ h̄ωosc

3∑
i=1

(
(aosc)

†
i (aosc)i + 1

2

)
(4.3)

where in Equation 4.3 the coordinates of the particles are expressed in the centre-of-

mass reference frame, where K = k+kc and M = m∗+mc and the subscript “c” refers

to the properties of the fictitious particle. The internal quantum harmonic oscillator

of the polaron has a frequency ωosc and ladder operators a†osc and aosc.

There are two free parameters that define the Feynman polaron state. In Equation

4.3, they are the polaron mass M and the oscillator frequency ωosc but two dimen-

sionless quantities v and w can also be used to parameterise the Feynman polaron,
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where

v =
ωosc

ωpop
(4.4)

v2

w2
=
M

m∗
(4.5)

and ωpop is the effective optical mode frequency. The variational parameters v and w

are used to minimise the polaron free energy, thus characterising the polaron ground

state. While the seminal Feynman polaron free energy was valid only at zero temper-

ature, further work by Ōsaka [193] enabled the polaron free energy to be evaluated at

all temperatures. In line with other calculations for lead–halide perovskites in the lit-

erature [150, 62], we characterise the polaron state at finite temperature by minimising

the Ōsaka free energy FOsaka with respect to v and w:

FOsaka = − (A+B + C) (4.6)

where

A =
3

Θ

[
ln
( v
w

)
− 1

2
ln (2πΘ)− ln

(
sinh (vΘ/2)

sinh (wΘ/2)

)]
(4.7)

B =
αFv√

π [exp (Θ)− 1]

∫ Θ/2

0
dx

exp (Θ− x) + exp (x)

[w2x (1− x/Θ) + Y (x) (v2 − w2) /v]1/2
(4.8)

C =
3

4

v2 − w2

v

[
coth (vΘ/2)− 2

vΘ

]
(4.9)

and

Y (x) =
1 + exp (−vΘ)− exp (−vx)− exp (vx− vΘ)

1− exp (−vΘ)
(4.10)

Θ =
h̄ωpop

kBT
(4.11)

which is presented here as reformulated by Hellwarth and Biaggio [201].

Figure 4.2a displays the polaron mass M (in units of the bare band electron effective

mass m∗) and oscillator frequency ωosc (in units of the polar optical phonon frequency

ωpop) as a function of temperature for MAPbI3 using parameters found in Appendix C.

The polaron mass reaches a maximum value of 2.3m∗ at a temperature of 35 K, but at

temperatures greater than this the mass monotonically decreases, reaching a value of

1.4m∗ at 300 K. The polaron oscillator frequency is quasi-linear at temperatures greater
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Figure 4.2: (a) Temperature dependence of the mass M (in units of m∗, the bare band
electron effective mass) and oscillator frequency ωosc (in units of ωpop, the effective polar
optical phonon frequency) of the large electron polaron in MAPbI3. Both quantities
were calculated using the MAPbI3 material properties compiled in Appendix C. (b)
Temperature dependence of the occupancy of the internal harmonic oscillator ground
state of the large electron polaron in MAPbI3.

than 100 K. These results are in agreement with previous work by Frost [62], save a

small discrepancy due to the conduction and valence band effective masses sourced

from Ref. [25] being swapped.

4.3.2 Ground state occupancy

In the following section, transition rates will be derived for polarons scattering with

polar optical phonons, acoustic phonons and ionised impurities using Fermi’s golden

rule (equation 2.18) in a similar manner to that described in Chapter 2. However,

calculations of polaron transition rates using Fermi’s golden rule must in general con-

sider not only scattering between momentum states but also transitions between the

internal oscillator states of the polaron [194, 214]. At equilibrium, the occupations of

these internal states are determined by thermal excitations. The occupancy of each

state of the internal oscillator (denoted by n) can be determined by evaluating

P (n) =
(n+ 1)(n+ 2)

2
exp

(
− h̄ωosc

kBT

)n
×
[
1− exp

(
− h̄ωosc

kBT

)]3

. (4.12)

Figure 4.2b shows the ground state (n = 0) occupancy of the internal polaron oscillator

as a function of temperature. At all temperatures below 500 K the occupancy of the

polaron ground state is above 99.7%; we can therefore assume that large polarons in

MAPbI3 are in the ground state and neglect any scattering processes that change the

internal oscillator state.
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4.4 Polaron scattering rates

The scattering rates for polarons are evaluated by augmenting the method of Kadanoff,

who developed a Boltzmann equation for large polarons [194]. Kadanoff used Fermi’s

golden rule to determine the scattering rates of polarons with polar optical phonons

by using an identical perturbing Hamiltonian for the phonon interaction (i.e. Equation

2.14) but inserting |Ki,ni〉 and |Kf ,nf〉, the eigenstates of equation 4.3, as the initial

and final states. Kadanoff restricted the validity of this method to low temperatures

due to the possibility of exciting the internal oscillator states. However, in light of the

previous discussion, we are confident in restricting our analysis to the case in which the

polaron is in its ground state before and after each scattering event, i.e. nf = ni = 0.

Fermi’s golden rule for polarons is therefore

S(Ki → Kf) =
2π

h̄
|〈Kf ,0|Hpert|Ki,0〉|2δ(εKf ,0 − εKi,0 −∆ε). (4.13)

where the polaron eigenstates are defined as

|K,0〉 = |K〉 |0〉 =
1√
2πh̄

exp (iK ·R)
(µpωosc

πh̄

) 3
4

exp
(
−µpωosc

2h̄
|rosc|2

)
(4.14)

, where µp = m∗mc/M is the polaron reduced mass and all other parameters in

Equation 4.13 are defined as in Equation 2.18. In Kadanoff’s Boltzmann equation for

polarons [194], the perturbing Hamiltonian Hpert is the Hamiltonian for the Fröhlich

interaction with polar optical phonons (see Equation 2.14). In this chapter, we extend

Kadanoff’s method here by also calculating scattering rates for polarons with acoustic

phonons and ionised impurities, following the same assumptions made by Kadanoff but

using the perturbing Hamiltonians found in Equations 2.13 and 2.16 respectively. This

is motivated by suggestions in the literature that these scattering mechanisms may be

dominant under certain conditions [197, 185].

The resulting scattering rate for polarons interacting with polar optical phonons is

Spop,pol (Ki → Kf) =
2π

h̄

e2h̄ωpop

2V εp

1

|Kf −Ki|2

[
N0

N0 + 1

]
× exp

(
− h̄µp

2 (m∗)2 ωosc

|Kf −Ki|2
)
δ (εKf

− εKi
∓ h̄ωpop) (4.15)

which is simply the expression for bare band electron scattering (equation 2.30) but

with (i) the bare band wave vector k replaced with the polaron wave vector K and
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(ii) the extra term of exp
(
− h̄µp

2(m∗)2ωosc
|Kf −Ki|2

)
. This additional exponential term

decreases as |Kf −Ki| increases, which suggests that its effect is to inhibit scattering

events that correspond to a large change in the polaron wave vector. This term was also

derived and remarked upon by Kadanoff. The scattering rates for acoustic phonons and

ionised impurities can be derived using the same method as an extension to Kadanoff’s

approach:

Saco,pol (Ki → Kf) =
2π

h̄

Ξ2kBT

V cL

× exp

(
− h̄µp

2 (m∗)2 ωosc

|Kf −Ki|2
)
δ (εKf

− εKi
) (4.16)

Simp,pol (Ki → Kf) =
2π

h̄

NIZ
2e4

V ε2
0

1(
|Ki −Ki|2 + β2

)2

× exp

(
− h̄µp

2 (m∗)2 ωosc

|Kf −Ki|2
)
δ (εKf

− εKi
) (4.17)

where all parameters are as defined in equations 2.29 and 2.31.

The polaron scattering rates for acoustic phonons and ionised impurities differ from

the bare band electron scattering rates in an identical manner, namely the replacement

of k with K and the same additional exponential term. As noted in the literature

[194, 196], this appears to support the hypothesis that polarons are protected from

scattering in comparison to their bare band counterparts. However, evaluating the

validity of this hypothesis for charge carriers in halide perovskites requires quantifying

these scattering rates.

To begin evaluating the degree to which charge carriers are protected from scattering

by large polaron formation, we calculate the total scattering rate for each scattering

mechanism as a function of the magnitude of the particle wave vector before scattering.

These are evaluated by integrating over all of the possible final particle wave vectors (see

equation 2.32). The total scattering rates for the interaction between large polarons

and polar optical phonons, acoustic phonons and ionised impurities are:
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Waco,pol(Ki) =
Ξ2kBTM(m∗)2ωosc

2πh̄4cLµp|Ki|

[
1− exp

(
−2h̄µp|Ki|2

(m∗)2ωosc

)]
(4.18)

Wopt,pol(Ki) =
e2ωpopM

8πh̄2|Ki|

[
1

εHF
− 1

εLF

] [
N0

N0 + 1

]
[Ei (−A(π))− Ei (−A(0))] (4.19)

Wimp,pol(Ki) =
NIZ

2e4Mµp

8πh̄2ε2
LF(m∗)2ωosc|Ki|

exp (B(0)) (4.20)

×
([

exp(−B(0))

B(0)
+ Ei(−B(0))

]
−
[

exp(−B(π))

B(π)
+ Ei(−B(π))

])
,

(4.21)

where

A(θ) =
h̄µp

2(m∗)2ωosc

(
|Ki|2 + |K±|2 − 2 |Ki| |K±| cos θ

)
(4.22)

B(θ) =
h̄µp

2(m∗)2ωosc

(
2 |Ki|2 (1− cos θ) + β2

)
(4.23)

|K±|2 = |Ki|2 ±
2Mωpop

h̄
(4.24)

and Ei(x) = −
∫∞
−x dt exp(−t)/t is the exponential integral.

The total scattering rates for both bare band electrons and electron polarons are

plotted in Figure 4.3 for temperatures of 100, 300 and 500 K. The rates are plotted

as a function of the initial particle energy rather than the magnitude of the initial

wave vector. Of the three scattering mechanisms considered, acoustic phonon scat-

tering is the mechanism that is most significantly affected by polaron formation. At

100 K, the scattering rate is increased for particles with energies below 50 meV, but

becomes significantly smaller for particles with energies greater than 50 meV (though

the consequences of this are limited as the mean particle energy is approximately 13

meV at 100 K). The rate of acoustic phonon scattering is small compared to the other

two scattering mechanisms considered here, however. On the other hand, polar optical

phonon scattering remains the dominant scattering mechanism and (as with ionised

impurity scattering) the effect of polaron formation is largely insignificant. As tem-

perature increases from 100 K to 500 K, the differences between the bare band and

polaron scattering rates are reduced across all scattering mechanisms.
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Figure 4.3: Total scattering rates of large electron polarons (solid lines) and bare band
electrons (dashed lines) in MAPbI3, at 100 and 300 K. Total (i.e. integrated over all
final states) scattering rates due to polar optical phonon absorption and emission (P.
optical abs. and em, respectively), acoustic phonons and ionised impurities are shown.
The rates are calculated using the material properties compiled in Appendix C, and
the polaron mass, M , for the relevant temperature.

4.5 Distribution of final scattering angles

The inclusion of the effects of large polaron formation has a surprisingly small influence

on the total scattering rates for the scattering mechanisms that are dominant in halide

perovskites. To further understand this, we present the distribution of final electronic

states after a scattering event occurs. While this distribution is a function of both

the initial and final electronic wave vectors, it can be simplified by noting that the

magnitude of the final wave vector is constrained by the magnitude of the initial wave

vector and the conservation of energy. Therefore the function that we choose to plot is

S(Ki, θ) =

∫
d|Kf ||Kf |2S(Ki → Kf)

W (Ki)
. (4.25)

which is the probability density per unit solid angle of Kf being at an angle of θ to Ki

following a scattering event. The distribution of the azimuthal angle is constant due to

the cylindrical symmetry of the reference frame. The integral of S(Ki, θ) over all solid

angles (including the trivial azimuthal dependence) at any particular initial wavevector

magnitude is always unity.

Figure 4.4 displays the distribution of final states as a function of the initial particle

energy and the scattering angle between the initial and final particle wave vectors for

all three scattering mechanisms considered in this chapter (with polar optical phonon
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Figure 4.4: Probability densities, per unit solid angle, of particle states after scattering
in MAPbI3 at temperatures of 100 K, 300 K and 500 K as a function of the initial
particle kinetic energy (radial co-ordinate) and the angle between the initial and final
wave vectors (polar co-ordinate). The distributions for bare band electrons (BE) and
large electron polarons (EP) are plotted on the left and right halves of each polar
plot. The contours delineate energies of 0 to 200 meV in divisions of 50 meV. The
probabilities are calculated using the material properties compiled in Appendix C and
the polaron mass, M , for the relevant temperature.
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absorption and emission treated separately) at temperatures of 100 K, 300 K and 500

K for both bare band electrons and electron polarons. Looking first at the results for

acoustic phonon scattering, the relatively large change seen in figure 4.3 can also be

seen in the final state distributions. While for bare band electrons the distribution of

polar scattering angles is isotropic (i.e. particles are as likely to scatter with a large

scattering angle as with a small one), the inclusion of polaronic effects changes this

qualitatively from an isotropic distribution to an anisotropic one (i.e. large scatter-

ing angles are inhibited). This qualitative change in behaviour is responsible for the

relatively large change in scattering rates seen in Figure 4.3. Looking now at ionised

impurity and polar optical phonon scattering (the latter of which is dominant at the

temperatures considered here), it can be seen that these scattering mechanisms already

have strongly anisotropic final state distributions for bare band electrons. Therefore,

while the inclusion of polaronic effects still acts to inhibit large scattering angles, the

net effect on the final state distributions is limited as there are very few large-angle

scattering events to begin with.

To conclude, while the hypothesis that large polaron formation ‘protects’ charge

carriers from scattering mechanisms does survive some scrutiny, the rates calculated in

this chapter suggest that this effect is in practice very limited in halide perovskites.

4.6 Polaron mobilities

Finally, we calculate the charge carrier mobility as a function of temperature for electron

polarons in MAPbI3 using the ensemble Monte Carlo technique as presented in Chapter

2 and compare it with the bare band electron mobility. Succinctly, the simulations are

identical to those presented in Chapter 3 but with the scattering rates and temperature-

dependent mass that correspond to the large polaron model presented in this chapter.

The bare band electron and polaron mobilities are plotted in Figure 4.5, along with

a selection of reported charge carrier mobilities in MAPbI3 for reference. We find that

the inclusion of the polaronic effects listed above result in a charge carrier mobility

which is reduced by 15% at room temperature compared to the mobility associated

with bare band electrons (∼ 130 cm2V−1s−1 and ∼ 110 cm2V−1s−1 for bare band elec-

trons and polarons respectively). By fitting a power law to the calculated mobilities

above 200 K, a temperature dependence of T−0.4 is obtained. Comparing this to the

T−0.5 dependence from the bare band mobility calculations in Chapter 3 and the T−1.5

dependence seen in reported experimental mobility measurements, the result of aug-

menting the simple bare band electron model by including the effects of large polaron

formation appears to be a mobility that is further removed from experimentally mea-
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Figure 4.5: Temperature dependent mobilities of bare band electrons and large electron
polarons in MAPbI3 (blue and red circles, respectively), calculated from steady state
solutions to Boltzmann transport equations obtained using the ensemble Monte Carlo
method, the material properties compiled in Appendix C and the polaron mass, M ,
for the relevant temperature. Experimental data from the literature are also shown:
squares from Ref. [57], diamonds from Ref. [58], upward triangles from Ref. [59] and
downward triangles from Ref. [60]. Lines between data points are plotted as guides to
the eye only. Dashed lines are fits to the theoretical data for temperatures above 300
K.

sured charge carrier mobilities in the literature. Therefore, based on the calculations in

this chapter, large polaron formation does not appear to be responsible for the unusual

temperature dependence of the charge carrier mobility in MAPbI3.

We stress that our results do not indicate that large polaron formation is absent

in lead–halide perovskites, despite the observation that the inclusion of polaronic ef-

fects reduces the agreement with reported observations of charge carrier mobilities in

the literature. As will be shown in subsequent chapters of this thesis, the accurate

calculation of charge carrier mobilities in lead–halide perovskites may require the con-

sideration of many competing and interconnected microscopic mechanisms, including

but not limited to those considered within this thesis. Considering the impact of large

polaron formation on these various mechanisms is beyond the scope of this thesis, but
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is important for building a more complex understanding of charge carrier dynamics

in these materials. This process is challenging; the Feynman model has only recently

been extended beyond the assumption of an electron in an isotropic parabolic band

interacting with a single harmonic phonon mode [215]. There remains plenty of scope

to investigate how polaron formation in inorganic semiconductors is affected by the

many complexities of real-world semiconductors.

4.7 Conclusions

In this chapter we have presented an analysis of the effects of large polaron forma-

tion in MAPbI3 on charge carrier scattering and mobilities, by direct comparison of

bare band electrons with large electron polarons on an equal theoretical footing. Our

results show that, of the three mechanisms considered in this chapter, scattering of

polarons due to acoustic phonons is the most significantly different from that of bare

band carriers, with the final state distribution exhibiting a striking change from an

isotropic to an anisotropic one upon polaronic effects being taken into account. In

contrast, the rates and final state distributions for scattering by polar optical phonons

and ionised impurities, both of which are significantly stronger sources of scattering

than acoustic phonons, are not significantly affected by polaron formation. We also

found that the polaron mobility exhibits a smaller negative exponent for the tempera-

ture dependence than band electron mobility (T−0.4 vs T−0.5) in the high temperature

limit, which suggests that other possible explanations should be considered for the

∼ T−1.5 dependence of carrier mobility in MAPbI3 observed in experiments. While the

results presented in this chapter provide evidence challenging the growing consensus

that polaronic effects play a central role in understanding the optoelectronic properties

of this important class of material, quantitative investigations of other critical aspects

of charge-carrier dynamics, such as trapping and recombination, are required before a

definitive conclusion as to the overall significance of polaronic effects can be reached.
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Chapter 5

Assessing the effects of

multiphonon coupling on charge

carrier mobilities in MAPbI3

The work presented in this chapter examines the extent to which the consideration

of coupling between charge carriers and multiple polar optical phonon branches, as

opposed to the single effective branch that is assumed in the canonical Fröhlich Hamil-

tonian, is sufficient to understand the unusual properties of the charge carrier mobilities

of lead–halide perovskites, as has recently been concluded in the recent literature. By

implementing scattering with multiple phonon branches into the ensemble Monte Carlo

solver detailed in Chapter 2, charge carrier mobilities are calculated that are expected

to reproduce those calculated in the literature. The differing results, along with the

investigation of the calculations that these conclusions were sourced from, uncover a

number of inaccuracies in the original calculations that lead us to conclude that multi-

phonon scattering has virtually no effect on the calculation of charge carrier mobilities

in MAPbI3 at room temperature. We do, however, note some regimes in which multi-

phonon scattering may be vital to the calculations of semiconductor mobilities.

5.1 Background

Thus far, the interaction between charge carriers and long wavelength optical phonons

via the Fröhlich Hamiltonian has been shown to be dominant in governing the mobilities

of charge carriers in MAPbI3 at room temperature. However, the Fröhlich Hamiltonian

assumes that there is only one optical phonon branch that couples to the charge carrier

motion. The real phonon spectrum of a polar material, however, is often much more
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complex. MAPbI3 has 144 phonon branches (including acoustic phonons) due to its

relatively large unit cell, but calculating electron-phonon coupling strengths for each of

these carries a prohibitive computational expense. Fortunately, it is often the case that

one particular branch dominates the Fröhlich interactions with charge carriers, and

therefore a single ‘effective’ branch can be taken to represent the interactions with all

polar optical phonons. Even if multiple branches have reasonably large electron–phonon

couplings, there are well-established methods for constructing an effective frequency

and coupling strength that can accurately reproduce many charge transport properties

[201].

Recently, calculations by Poncé et al. have suggested that the inclusion of “mul-

tiphonon” or “multimode” scattering — that is, the coupling between charge carriers

and multiple optical phonon branches1 — is necessary for the accurate calculation of

charge transport properties [63]. Charge carrier mobilities calculated by the authors

using a multiphonon coupling extension to the simple Fröhlich Hamiltonian show good

agreement with reported measurements of charge carrier mobilities in MAPbI3 (see,

for example, Figure 3.1). In a subsequent report, where even better agreement with

measurements of crystalline perovskite films is achieved by including Mayadas and

Shatzkes’ model for grain boundary scattering [216], the authors conclude that “this

settles a long-standing debate in the literature. . . we have shown that only multimode

optical-phonon scattering for a single crystal augmented by grain-boundary scatter-

ing for polycrystalline thin film is sufficient [for accurately calculating charge carrier

mobilities in MAPbI3].” [64].

To the best of our knowledge, the claim of the necessity of accounting for multi-

phonon coupling at room temperature has not been previously made in the rest of the

inorganic semiconductor literature. It is therefore of interest to attempt to reproduce

these results and evaluate the validity of the claims made by the authors. This chap-

ter presents our implementation of multiphonon Fröhlich scattering into the BoltMC

ensemble Monte Carlo solver and an assessment of where multiphonon coupling makes

a significant difference in the calculation of charge carrier mobilities in MAPbI3. We

then investigate the reasons for the disagreement between our calculations and those

performed in Refs. [63] and [64].

1 While the scattering of charge carriers by multiple effective phonon branches (as opposed to a
single effective branch) is referred to as “multiphonon” or “multimode” scattering in Refs. [63] and
[64], note that (i) only one phonon is involved in each scattering event, so this should not be confused
with multi-particle scattering in other fields; and (ii) a phonon mode is specified by both its energy
and momentum; an infinite number of modes therefore exist for every phonon branch, making Fröhlich
theory multimode by default. In this chapter, the terms will nevertheless be used interchangeably to
refer to the scattering with more than one effective phonon branch for consistency with the literature.
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5.2 Evaluating the multiphonon model

In Ref. [115], the authors present a generalised Fröhlich vertex that enables the cal-

culation of electron-phonon coupling strengths in polar semiconductors and insulators

from first principles. This coupling is calculated for MAPbI3 in Ref. [117], in which it

is concluded that charge carriers couple to three distinct groups of phonon branches.

To demonstrate the effect of multiphonon coupling in MAPbI3, the authors fit a sim-

ple Fröhlich model to the ab initio coupling strengths by assuming parabolic bands

and dispersionless LO phonons. The fitting procedure ensures the conservation of the

electron–phonon self-energy Σnk (ε):

Σnk (ε) = −
∑
ν,±

n (ων) + (1± σn) /2

ΩBZεnk/ (2π2g2
νk)

arcsin

(
1− ε± h̄ων

εnk

)−1/2

(5.1)

where εnk is the Kohn-Sham eigenvalue for band n and wavevector k, ΩBZ is the

Brillouin zone volume, σn = ±1 for valence and conduction bands respectively and gν

is the electron-phonon coupling strength for branch ν, which is related to the coupling

strength g presented in equation 2.15:

g2
ν =

e2h̄ων
2V

[
1

εHF
− 1

εLF

]
(5.2)

where εHF and εLF must now be chosen so as to isolate the contribution of branch ν.

It is assumed that the correct set of phonon frequencies and coupling strengths can

be determined by reproducing the frequency moments ω−1/2 and ω−3/2 of the Taylor

expansion of the ab initio self-energy in equation 5.1 near the band edge. The two

conditions are expressed in the following equations:

g2
νω
−1/2
ν =

∫
ω−1/2 dg2

dω
dω, g2

νω
−3/2
ν =

∫
ω−3/2 dg2

dω
dω (5.3)

where dg2/dω is sourced from state-of-the-art ab initio calculations. In Ref. [117], the

authors determine a set of three effective phonon branches by performing the integrals in

equation 5.3 over three separate energy ranges that correspond to the main three groups

of phonons from inspection: 0− 6.5 meV, 6.5− 16 meV and 16− 25 meV respectively.

These are attributed to the “bending”, “stretching” and “libration” vibrational modes

of the metal–halide sublattice respectively using the mode analysis from Ref. [217].

The resulting effective mode energies and coupling strengths for each of the three

effective modes are: h̄ωB = 3.9 meV, g2
B = 3.9 meV2Å−2; h̄ωS = 13.0 meV, g2

S = 98.9

meV2Å−2; and h̄ωL = 20.4 meV, g2
L = 67.2 meV2Å−2 and are shown in Figure 5.1.
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Figure 5.1: The three-phonon model for MAPbI3, as proposed by Ref. [117]. The
shaded areas represent the density of electron-phonon coupling strength, with the bend-
ing, stretching and libration modes shaded in yellow, blue and red respectively. The
three vertical arrows represent the energies and coupling strengths associated with each
of the branches in the three-phonon model. Taken from Ref. [117].

Good agreement with the state-of-the-art ab initio self-energy calculations is used to

suggest that there is ‘evidence for a novel multiphonon Fröhlich coupling’ in MAPbI3.

It is this method that is also used to generate the (slightly different) effective phonon

frequencies and coupling strengths for MAPbI3 in Ref. [63]. In this chapter, we wish to

investigate whether the three-phonon model is necessary for the accurate calculations

of charge carrier mobilities, and therefore we attempt to calculate a “single phonon”

model that fulfils the same criteria imposed in equation 5.3, but with interactions with

a single phonon branch instead of three. However, without access to the ab initio

calculations of dg2/dω that were used in Ref. [117], we instead note that a definite

integral is equal to the sum of a set of definite integrals over subintervals of the whole

range, i.e.
∫ xN
x1

f(x)dx =
∫ x2

x1
f(x)dx +

∫ x3

x2
f(x)dx + . . . +

∫ xN
xn−1

f(x)dx. A reduced

effective frequency ωR and coupling strength g2
R can therefore be determined using

values that are already known:

g2
Rω
−1/2
R =

N∑
ν=1

g2
νω
−1/2
ν , g2

Rω
−3/2
R =

N∑
ν=1

g2
νω
−3/2
ν (5.4)

leading to the following expressions that define the new single effective phonon branch:

g2
R =

(
Σ−1/2

)3/2(
Σ−3/2

)1/2 , ωR =
Σ−1/2

Σ−3/2
(5.5)

where Σx denotes the sum
∑N

ν=1 g
2
νω

x
ν . In Ref. [63], separate three-phonon models

are determined in the ΓX, ΓY and ΓZ directions of the Brillouin zone. Table 5.1
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Table 5.1: Phonon mode coupling strengths (in meV2Å−2) and energies (in meV) from
Ref. [63], in the ΓX, ΓY and ΓZ directions of the Brillouin zone for electrons / holes
in the conduction band (CB) and valence band (VB) respectively. The final column
shows the properties of the single effective phonon branches calculated according to
equation 5.5.

g2
1 h̄ω1 g2

2 h̄ω2 g2
3 h̄ω3 g2

R h̄ωR

(meV2Å−2) (meV)

CB
ΓX 8.7 5.7 79.8 13.4 85.1 19.2 166.0 13.7
ΓY 7.9 5.1 45.7 9.7 78.5 15.3 126.2 10.9
ΓZ 14.2 6.4 60.6 12.6 65.6 20.8 132.0 12.7

VB
ΓX 3.5 3.6 76.1 12.6 87.0 17.9 158.3 13.0
ΓY 5.0 3.9 75.0 12.2 79.0 18.6 149.5 12.5
ΓZ 2.2 3.1 83.0 12.6 75.7 20.9 151.4 13.5

shows the frequencies and coupling strengths of each of these three effective phonons

for electrons and holes, along with the same properties for the single effective phonon

branch calculated using equation 5.5.

The single effective phonon branches have some interesting properties, namely en-

ergies that are nearly identical to the “stretching” effective modes in the multiphonon

model of Ref. [117] and coupling strengths that are approximately equal to the sums of

the three multiphonon modes combined. This suggests that the “stretching” effective

mode should be expected to be dominant in calculations of the charge carrier transport

properties of MAPbI3. However, it is by calculating charge carrier mobilities that the

difference between the three phonon and single phonon models can be evaluated.

5.3 Multiphonon charge carrier mobilities

With a single effective phonon branch determined, we can now assess the importance

of a multiphonon Fröhlich model by calculating charge carrier mobilities for electrons

in MAPbI3. The calculations are performed using BoltMC, the implementation of

the ensemble Monte Carlo algorithm detailed in Chapter 2, in an identical manner to

the mobility calculations presented in Chapter 3, but using material properties that

are more consistent with those used in Ref. [63]. Only the parameters from the ΓX

direction of the conduction band are used, neglecting the effects of anisotropy.

The ensemble Monte Carlo multiphonon mobility calculations are presented in Fig-

ure 5.2. Firstly, we assess the relative contributions of each of the three effective

branches in the multiphonon model by calculating the mobilities associated with cou-

pling to each of the three effective branches separately. We then calculate the mobility

when all three branches are coupled to, which should be the most comparable to the
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Figure 5.2: Charge carrier mobilities for MAPbI3. Calculated mobilities for each of
the three effective branches in the multiphonon coupling model are plotted in yellow
(bending), blue (stretching) and red (libration), and the full multiphonon model in-
cluding all three effective phonon branches is plotted in black (whole line). Mobilities
calculated using the single–phonon branch in equation 5.5 are plotted with a black,
dashed line. Calculations from Poncé et al. [63] are plotted in orange circles. Reported
measurements of MAPbI3 mobilities from Milot et al. [58] and Biewald et al. [60] are
plotted in blue and red squares respectively.
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calculations presented by Poncé et al. [63], albeit neglecting the effects of crystal

anisotropy. The ‘stretching’ and ‘libration’ modes are dominant at the temperatures

presented in Figure 5.2, with the ‘stretching’ mode limiting the mobility more strongly

than the ‘libration’ mode at all temperatures considered here. This is due to the

mode’s very large coupling constant, despite the higher energy of the ‘libration’ mode.

The weaker contribution of the ‘libration’ mode, despite the relatively large coupling

strength, supports the strategy of neglecting coupling to phonon branches with energies

above 25 meV in Ref. [117], as they would require extremely large coupling strengths

in order to significantly influence the charge carrier mobility. The ‘bending’ mode is

only dominant at very low temperatures (below those shown in Figure 5.2) due to its

relatively low energy (and therefore large population nqν). Fitted power laws between

the temperatures of 165 K and 327 K give exponents of −0.50, −0.69 and −0.98 for

the bending, stretching and libration modes respectively. For the three-phonon model,

a fitted power law gives an exponent of −0.70.

Also plotted in Figure 5.2 is the mobility calculated with the single effective phonon

branch model determined using equation 5.5. At temperatures below 100 K, the mo-

bilities calculated with the two models diverge, with the single effective phonon model

failing to capture the relatively large number of low-energy phonons that are present in

the three-phonon model at low temperatures. This suggests a condition where a mul-

tiphonon model may be essential in accurately calculating charge transport properties.

However, it should be noted that ionised impurity scattering (not included here) can

be dominant at low temperatures (see Figure 3.4). At temperatures above 100 K, the

multiphonon and single effective phonon model become almost indistinguishable, with

a fitted power law between 165 K and 327 K giving an exponent of −0.74.

We also include the mobilities calculated by Poncé et al. [63], along with reported

charge carrier mobilities from Milot et al. [58] and Biewald et al. [60]. As previously

noted, the better agreement with experiment (as compared with other calculations in

the literature that assume coupling to a single phonon branch [62, 150]) has been taken

to be evidence that multiphonon coupling is vital to the understanding of charge carrier

mobilities in halide perovskites. This is at odds with the findings presented in Figure

5.2, since we calculate mobilities with and without multiphonon coupling and find that

both models give identical mobilities at temperatures that correspond to the tetragonal

phase of MAPbI3. Given the information presented to this point, it is unclear what

exactly is responsible for difference in the calculations presented in this chapter. Both

sets of calculations treat electron–phonon coupling in an otherwise canonical way, save

the consideration of crystal anisotropy in Ref. [63] which is not expected to account for

such a drastic difference. To resolve this issue, the authors agreed to provide access to
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the scripts used to calculate multiphonon mobilities in their report. As result, we were

able to examine the scripts and find a number of reasons for the discrepancy, which are

examined in the remainder of this chapter.

5.4 Poncé et al. mobility calculations

5.4.1 Overview of calculations

The following section gives an overview of the methods used to calculate the charge

carrier mobilities for MAPbI3 presented by Poncé et al. [63]. Subsequent sections will

then comment on the validity of several of the steps outlined here.

The mobility tensor is calculated using the following equation:

µα,β = − e

nΩ

∫
dk

ΩBZ

∂fk
∂εk

vk,αvk,βτk (5.6)

The integration should be performed over the complete first Brillouin zone i.e. with

limits for kx, ky, kz of −π/a to +π/a, −π/b to +π/b and −π/c to +π/c respectively,

where a, b and c are the unit cell parameters. However, the integrand is non-negligible

only for small values of |k| so the integration limits are reduced to a small region near

the Γ point to save unnecessary computational expense. The energy εk is calculated

using the anisotropic parabolic band approximation:

εk =
∑
α

h̄2k2
α

2mα
(5.7)

where α = x, y, z denotes the three Cartesian coordinates. The band velocity vk is also

calculated assuming parabolic bands:

vk,α =
1

h̄

∂εk
∂kα

=
h̄kα
mα

(5.8)

∂fk/∂εk is calculated using the Fermi-Dirac distribution:

fk =
1

exp[(εk − εF)/kBT ] + 1
(5.9)

∂fk
∂εk

= −exp[(εk − εF)/kBT ]

kBT
f2
k (5.10)

where εF is the Fermi level. The charge carrier density n is set to a fixed value of
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1× 1013 cm−3. The corresponding Fermi level is calculated by recognising that

ne =

∫
fkdk, nh =

∫
(1− fk)dk (5.11)

for electrons and holes respectively. The Fermi level µ is found numerically using a

bisection method.

Electron-phonon matrix elements are calculated from first principles using the EPW

code of the Quantum Espresso distribution [218] along the ΓX, ΓY and ΓZ directions

of the Brillouin zone, with spin-orbit coupling and all phonon modes included. To de-

termine the scattering times τk in equation 5.6, the authors fit a three-phonon Fröhlich

model to determine the phonon frequencies ων,α and coupling strengths Gν,α for each

of the three phonon branches ν in one of the three Cartesian directions α = x, y, z. The

relaxation time τα (k) is calculated using the self-energy relaxation time approximation

(SERTA):

τα (k) =

∫
dq

ΩBZ
τ−1
k→k+q,α (5.12)

=
4π2 |k|
h̄ΩBZεk

∑
ν,±

[
nν,α +

1± σb

2

]
G2
ν,αIm

{
arcsin

[(
εk

∓h̄ων,α − iη

) 1
2

]}
(5.13)

To find the scattering time τk for an arbitrary k, the scattering rates along the three

Cartesian coordinates α are interpolated using an “elliptical interpolation scheme”:

τ−1
k = |k|−1

[∑
α

(
kα

τα (kα)

)2
]1/2

(5.14)

where kα is the projection of k onto the α Cartesian axis.

The effective masses used in the calculations of the scattering rates in equation 5.13

were those calculated at the DFT level, since the ab initio self-energies that were used

to parameterise the rates were calculated at this level of theory. These masses differ

from the more accurate effective masses calculated using DFT-GW that are used in the

rest of the mobility calculation. To compensate for this, the SERTA rates are rescaled

by a factor of mGW/mDFT.

In the following sections, three modifications to the calculations used in Ref. [63]

are proposed. These modifications fix issues with either the accuracy of the theory

used, or with the implementation itself. The modifications, in order, are: (i) ensuring

convergence of the integration in equation 5.6; (ii) the use of a more valid relaxation

time approximation; and (iii) using a more physically valid interpolation scheme for

finding relaxation times at arbitrary points in the Brillouin zone. After an overview
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of each change, the net effects on (i) the calculated mobilities at room temperature

and (ii) their temperature dependence in the tetragonal phase are given. Finally, the

effect of multiphonon coupling is again evaluated. A summary of the various mobility

calculations can be found in Table 5.2.

5.4.2 Convergence

Numerically integrating over the entire Brillouin zone to calculate the mobilities in

equation 5.6 is prohibitively and unnecessarily computationally expensive, since the

integrand of equation 5.6 is only non-negligible close to the Γ point. Poncé et al.

instead choose a small region of the Brillouin zone near the Γ point to integrate over,

with the assumption that the integrand is near zero throughout the remaining space.

This is a valid strategy, and one that does indeed save a great deal of time spent on

computation. However, the size of this region is chosen here such that it does not

necessarily capture the entire non-negligible components of the integrand. This leads

to a significant underestimation of the mobility, particularly at temperatures above

200 K where the extent of the Fermi-Dirac distribution is broader than the size of the

integration region.

Figure 5.3a shows the effect of increasing the size of the integration region to ensure

convergence of the integral. While mobilities below 200 K are relatively unchanged,

the exponent of the fitted power law µ ∝ Tm between 165 K and 327 K is reduced

from m = −1.35 to m = −1.20 and the mobility at 300 K is increased by 10%2. The

computational time required for these calculations is increased significantly, but the

total “wall” time can be reduced by employing parallel computation.

5.4.3 Relaxation time approximations

The mobility calculations used in Ref. [63] make use of the self-energy relaxation time

approximation. One of the assumptions made by using the SERTA relaxation time in

equation 5.13 is that the momentum relaxation time (the time over which a particle’s

momentum vector becomes randomised) is equal to the scattering time (the mean time

between scattering events). This is equivalent to assuming that every scattering event

completely randomises the momentum vector of the scattering charge carrier. This is

a good assumption for some scattering mechanisms, such as acoustic phonon scatter-

ing which is known to be completely velocity-randomising (assuming elastic scattering)

[51], so the SERTA is a valid approximation for the prediction of charge carrier mo-

bilities in many non-polar materials, such as silicon. This accounts for the accuracy

2The authors of Ref. [63] fit a power law with m = −1.37 which disagrees slightly with the exponent
presented here.
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(a) (b)

Figure 5.3: (a) MAPbI3 mobilities calculated using (dashed orange lines) the imple-
mentation used in Ref. [63] and (solid orange line) the same implementation with the
integration region increased to ensure convergence. (b) MAPbI3 mobilities calculated
using (orange line) the self-energy relaxation time approximation and (teal line) the
momentum time relaxation time approximation. All mobilities are calculated with con-
verged integrations, as shown in Fig 5.3a. The orange circles in both figures correspond
to the results presented in Ref. [63].
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of previous first-principles mobility calculations, which have focused on such non-polar

materials [118]. However, the scattering of electrons by polar optical phonons accord-

ing to the Fröhlich Hamiltonian strongly favours interactions with optical phonons that

have momenta near the Γ point (where |q| → 0); as a result, scattering strongly favours

small scattering angles, where the direction of the final momentum vector of the charge

carrier is relatively unchanged from its initial direction [51]. It can therefore take many

successive scattering events to truly randomise a charge carrier’s velocity, as opposed

to acoustic phonon scattering, where only one scattering event is required to randomise

a charge carrier’s velocity.

The momentum relaxation time approximation (MRTA) is an alternative relaxation

time approximation which accounts for the “efficiency factor” that characterises the

effective change in velocity after a scattering event [88, 219]. Using this approximation,

the Fröhlich relaxation time becomes:

τ−1
k,α =

∫
dq

ΩBZ

[
1−

vk · vk+q,α

|vk|2

]
τ−1
k→k+q,α (5.15)

=
4π2 |k|
h̄ΩBZεk

∑
ν,±

[
nν,α +

1± σb

2

]
G2
ν,α

[
|k|2 − |k±,ν,α|2

4 |k|2
ln

∣∣∣∣ |k±,ν,α|+ |k||k±,ν,α| − |k|

∣∣∣∣+
|k±,ν,α|

2 |k|

]
(5.16)

where |k±,ν,α| =
√
|k|2 ± 2mαων,α/h̄ and we assume that η → 0.

We note that the MRTA scattering rate still does not give an exact solution to

the BTE for polar semiconductors, since it assumes that the energy of the charge

carrier is conserved. This is not the case for polar optical phonon scattering, which is

inelastic, though it may be sufficiently accurate when kBT � h̄ωpop. Exact solutions

can be found using, for example, iterative [86, 87, 88] or ensemble Monte Carlo methods

[89, 81].

The result of using the more accurate MRTA instead of the SERTA (in addition

to ensuring the convergence of the integration over the Brillouin zone) is an increase

of the mobility at 300 K by a further 170% and a change in m from −1.20 to −1.00.

The full MRTA mobility calculations can be seen in Figure 5.3b and show a drastic

departure from the properties of the SERTA mobility calculations.

5.4.4 Interpolation scheme

In Ref. [63], the authors use equation 5.14 to interpolate a relaxation time at an ar-

bitrary wave vector within the Brillouin zone, given relaxation times along the ΓX,

ΓY and ΓZ axes that are fitted to the ab initio self-energy calculations. This is de-
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scribed as “elliptical interpolation”3. An ellipsoidal symmetry is indeed expected; in

an orthorhombic lattice, a material property that can be represented as a second rank

tensor has ellipsoidal symmetry [220]. This is true for the effective mass and dielectric

permittivities, for example, and therefore must also be true for the relaxation time. The

interpolated relaxation time used in Ref. [63] is shown in Figure 5.4a, showing that the

interpolation in equation 5.14 does not produce the expected symmetry. Furthermore,

if one assumes that the material is isotropic (i.e. τx(k) = τy(k) = τz(k)), equation 5.14

does not reduce to a scattering rate with the expected spherical symmetry.

Based on the properties of second rank tensors, we propose the following interpo-

lation scheme for estimating a scattering rate when the scattering rates along the ΓX,

ΓY and ΓZ directions are known:

τk = |k|−2
∑
α

τα (|k|) k2
α (5.17)

The interpolated rates using equation 5.17 are shown in Figure 5.4b. They are more

consistent with the symmetries expected in an orthorhombic lattice [220]. A major

difference between equations 5.14 and 5.17 is that while the former uses a scattering

time that is a function of the projection of k on one of the Cartesian axes, the scattering

time in equation 5.17 is a function of the magnitude of k. This change is the source

of the differing symmetries; a simple demonstration of this can be found by taking the

material to be isotropic, leading to no dependence on α of τ . It can be shown that

in this case, equation 5.17 simplifies to show that the interpolated relaxation time is

isotropic while the relaxation time in equation 5.14 remains anisotropic.

Figure 5.5a shows the consequences of changing the interpolation scheme for the

calculations of charge carrier mobilities in MAPbI3 (with the changes described previ-

ously having been made). The mobility at 300 K increases by a further 15% and the

fitted power law exponent changes from −1.00 to −0.62. Importantly, the mobility cal-

culations now tend towards a power law with m = −0.5 at high temperatures, which is

now consistent with analytic mobility predictions in the literature [55, 56] and previous

mobility calculations in this thesis.

It should be noted that this updated interpolation method is still an imperfect ap-

proach for calculating anisotropic mobilities. In order to correctly evaluate the off-axis

relaxation times instead of interpolating them from high symmetry points, the electron-

phonon self-energy should be calculated using state-of-the-art ab initio methods in a

dense grid over all three dimensions of the Brillouin zone. This was avoided in Ref.

[63] on account of the significant computational expense involved, however, and the

3“Ellipsoidal interpolation” is more appropriate given its three-dimensional nature.
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(a) (b)

Figure 5.4: Interpolated MRTA relaxation times using (a) equation 5.14 (from Ref.
[63]) and (b) equation 5.17 (this work). The x and y axes correspond to the ΓX
and ΓY directions of the Brillouin zone, with the Γ point at the origin and kz = 0
throughout. The colour corresponds to the interpolated scattering rate (equal to the
inverse of the interpolated scattering time) in arbitrary units, with brighter colours
corresponding to higher scattering rates.

interpolation scheme presented in equation 5.17 is regardless more accurate than that

used in the original calculations. Further work is required to enable the dense sampling

of ab initio electron–phonon matrix elements in a practical amount of computational

time.

5.4.5 Single phonon model

We now assess the effects of replacing the three phonon model presented in Refs. [63]

and [64] with the single effective phonon branches derived in this chapter and listed in

Table 5.1. Fig 5.5b shows the mobility calculations (with all of the alterations described

previously) with both phonon models. At temperatures below 200 K, the single phonon

branch calculations give significantly higher mobilities than the calculations using the

three-phonon model. This suggests, as found previously in the ensemble Monte Carlo

calculations, that a multiphonon model may be required for the accurate prediction of

charge carrier mobilities in MAPbI3 in these conditions if impurity scattering is not

dominant. However, at temperatures greater than 200 K there is very little difference

between the predicted mobilities, with the room temperature mobilities differing by

1.4% and the fitted power law exponents in the tetragonal phase differing by 11%. The
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(a) (b)

Figure 5.5: (a) MAPbI3 mobilities calculated using (teal) the interpolation scheme used
in Ref. [63] and (black) the interpolation scheme in equation 5.17. All calculations use
converged integrations and MRTA scattering rates. (b) MAPbI3 mobilities calculated
using (solid line) the three phonon model from Ref. [63] and (dashed) the single phonon
model found in Table 5.1. All calculations use converged integrations, MRTA scattering
rates and the interpolation scheme in equation 5.17. The orange circles in both figures
correspond to the results presented in Ref. [63].
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Table 5.2: Summary of the mobility calculations presented in this chapter, indicating
whether the integration over the Brillouin zone has been converged, the relaxation
time approximation used, the interpolation scheme used and the number of phonon
branches used. We record the mobility at 300 K, as well as the exponent extracted
by fitting a simple power law to the data in the following temperature ranges: (i) 165
K - 327 K (corresponding to the tetragonal phase of MAPbI3) and (ii) 300 K - 500
K (approximately corresponding to the high temperature approximation for Fröhlich
coupling).

Converged RTA Interpolation No. µ (300 K) m m
scheme branches (cm2V−1s−1) (tetra) (high)

No SERTA Equation 5.14 3 42 -1.35 -1.39
Yes SERTA Equation 5.14 3 47 -1.20 -0.98
Yes MRTA Equation 5.14 3 124 -1.00 -0.73
Yes MRTA Equation 5.17 3 143 -0.62 -0.50
Yes MRTA Equation 5.17 1 141 -0.69 -0.51

failure of the single phonon branch calculations to exactly reproduce the three-phonon

model is due to the use of the self-energy in equation 5.1 to derive the properties of

the effective phonon branches, which is equivalent to conserving the SERTA relaxation

times. It may indeed be possible to derive similar effective branches that conserve the

MRTA relaxation time, thus more correctly reproducing the MRTA mobility at room

temperature, though this is not attempted here. These results nevertheless confirm that

multiphonon coupling makes very little difference, if any, to the calculation of charge

carrier mobilities in MAPbI3 at room temperature, although it may be important at

lower temperatures.

5.5 Conclusions

In this chapter, the effect of taking into account the coupling between charge carriers

and multiple effective polar optical phonon branches, as opposed to the usual practice

of assigning a single effective branch, was investigated by calculating charge carrier

mobilities in MAPbI3. We demonstrated that a single effective branch can be derived

that reproduces the same charge carrier mobilities calculated using the ensemble Monte

Carlo and the parameters associated with the three phonon model presented by Poncé

et al. in Ref. [63]. In the process of investigating the large differences between the

ensemble Monte Carlo mobilities and those presented in Ref. [63], we became aware of

several inaccuracies in the script used to produce the latter results: (i) the integration

in reciprocal space is performed over a region of the Brillouin zone that is not large

enough to capture the entire distribution function at room temperature; (ii) the use
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of the self-energy relaxation time approximation is not valid for polar optical phonon

scattering, since this scattering process strongly favours small scattering angles; the use

of the momentum time relaxation time approximation is more valid in this sense, but

also fails to account for the inelasticity of scattering events; and (iii) the interpolation

scheme used does not follow the ellipsoidal symmetry that is expected given the crystal

symmetry (and claimed in Ref. [63]). After accounting for these inaccuracies, the

mean of the electron and hole mobilities in MAPbI3 rises from 42 cm−2V−1s−1 to 143

cm−2V−1s−1, an increase of a factor of 3.4. Furthermore, the exponent of a simple

power law fitted across the temperature range corresponding to the tetragonal phase

of MAPbI3 decreases from −1.35 to −0.62, moving the multiphonon model away from

one that agrees well with experiment towards one that falls within the range expected

of simple Fröhlich mobility calculations seen previously in this thesis. A summary of

the calculations presented in this chapter can be seen in Table 5.2.

In conclusion, mobilities in the tetragonal phase of MAPbI3 that are calculated

assuming Fröhlich interactions between charge carriers and polar optical phonons are

virtually unaffected by the inclusion of multiphonon coupling, as opposed to coupling

to a single effective branch. Contrary to conclusions made in the recent literature,

the unusual temperature dependence of mobilities in MAPbI3 cannot be explained by

multiphonon coupling, as these conclusions were drawn from erroneous calculations.

The work presented in this chapter highlights the importance of thorough testing and

the use of valid approximations when using state-of-the-art ab initio methodologies to

calculate macroscopic charge transport properties.
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Chapter 6

Free carrier screening of Fröhlich

interactions in MAPbI3

In this chapter, the effects of the static screening of the Fröhlich interaction between

charge carriers and polar optical phonons by the presence of free carriers is investi-

gated. Charge carrier mobilities for electrons in MAPbI3 are calculated at a range

of carrier densities found throughout many spectroscopic measurements of lead–halide

perovskite mobilities in the literature. The impact of free carrier screening on charge

carrier mobilities is found to be reasonably large at high charge carrier densities, with

corresponding mobilities increasing and temperature dependences steepening, the latter

feature contributing to a greater agreement with measurements in the literature. The

limitations of the preliminary calculations presented in this chapter are then discussed.

6.1 Introduction

A typical perovskite solar cell under normal operating conditions will have a density of

free carriers of below 1016 cm−3 [221]. However, many measurements of charge carrier

mobilities in lead–halide perovskites rely on experimental techniques that generate

photoexcited charge carrier populations with densities that can be of the order of

1018 cm−3 (see, for example, Refs. [60, 222]). It is therefore unclear which conclusions

regarding the nature of charge carrier scattering in these materials can be easily applied

to perovskite devices outside of these conditions. In particular, the purpose of such

experiments is to determine the limiting factors for charge carrier mobilities, with a

view towards improving device performance.

There are in principle several ways in which a non-equilibrium population of charge

carriers can affect the charge transport properties in a semiconductor. One such way is
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the movement of the quasi-Fermi levels towards the CBM and VBM, which may make

the Boltzmann approximation that is made throughout this thesis less accurate than

considering Fermi–Dirac statistics. The ensemble Monte Carlo method can be extended

to account for this by implementing an additional rejection routine that accepts or

rejects scattering events based on the occupation of states with the same energy as the

final state after a proposed scattering event [89, 81].

The presence of free charge carriers can screen electrostatic interactions, including

the Fröhlich interaction between charge carriers and polar optical phonons that is

widely considered to be the scattering mechanism that limits charge carrier mobilities

at most temperatures. The Fröhlich Hamiltonian and corresponding scattering rates

that are given in equations 2.14, 2.30 and 2.35 neglect such screening effects and so are

accurate only in the low carrier density limit. In this chapter, we investigate the effect

of screening on the scattering of electrons in MAPbI3, and the consequences for their

corresponding mobilities.

6.2 Scattering rates

The screening of the electrostatic Fröhlich interaction between electrons and polar op-

tical phonons by a density n of free carriers is treated in this chapter using the static

screening approximation, in which the dielectric function of the material is approxi-

mated to be independent of frequency [96]. A more detailed dynamic treatment of

screening would include the full frequency dependent dielectric function [223, 224], so

the results provided in this chapter will be indicative only.

The Hamiltonian for the screened Fröhlich interaction between charge carriers and

polar optical phonons under the static screening approximation is [96, 51]

Hopt,scr = i
∑
q

√
ωq

g|q|
|q|2 + β2

exp(iq · r)
(
aq + a†−q

)
(6.1)

where g is defined as in equation 2.15 and the screening parameter β is equal to the

inverse of the Debye-Hückel screening length:

β2 =
ne2

εLFkBT
(6.2)

where n is the free charge carrier density, εLF is the low frequency dielectric constant

and T is the charge carrier temperature. The dielectric constant is taken at the low-

frequency limit [225]. Equation 6.1 reduces to the unscreened polar optical phonon

scattering rate in equation 2.30 as β → 0. Using Fermi’s golden rule (equation 2.18,
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the corresponding transition rate for an charge carrier with momentum ki scattering

to a state with momentum kf is

S(ki → kf)opt,scr =
2π

h̄

g2q2

(q2 + β2)2

[
N0

N0 + 1

]
δ(εkf

− εkf
∓ h̄ωpop) (6.3)

where q = |kf − ki|. Note that as β → 0, the transition rate approaches its unscreened

form in equation 2.30.

For the purposes of an ensemble Monte Carlo simulation, the corresponding total

scattering rate for a given initial particle wave vector ki integrated over all final states

is

W (ki)opt,scr =
m∗e2ωpop

8πh̄2|ki|

[
1

εHF
− 1

εLF

] [
N0

N0 + 1

] [
ln

∣∣∣∣xy
∣∣∣∣+ β2

(
1

x
− 1

y

)]
(6.4)

where

x =
(
k2

i + k2
±
)2

+ β2 (6.5)

y =
(
k2

i − k2
±
)2

+ β2 (6.6)

k± =

√
|ki|2 ± 2m∗ωpop

h̄ (6.7)

The final polar scattering angle θ cannot be found by a simple analytic expression;

instead, values of cos θ can be chosen using an additional Monte Carlo routine [123] by

evaluating the function

P (cos θ) d (cos θ) ∝
k2
± + k2

i − 2k±ki cos θ(
k2
± + k2

i − 2k±ki cos θ + β2
)2 d (cos θ) (6.8)

which represents the (unnormalised) probability density of scattering with a polar angle

of cos θ [96]. This is a monotonic function of cos θ with a maximum at cos θ = 1. The

method to assign values of cos θ with the correct distribution is to generate a pair of

random numbers. One number, r1, is generated between −1 and 1 and the second,

r2, between 0 and P (cos θ = 1). The value of P (cos θ = r1) is compared with r2. If

r2 < P (cos θ = r1), accept r1 as the scattering angle cos θ of the scattering event and

move on. If r2 > P (cos θ = r1), generate a new pair r1 and r2 and repeat the process.
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6.3 Electron mobilities in MAPbI3 due to screened polar

optical phonon scattering

Figure 6.1 displays calculated electron mobilities for MAPbI3 using the material prop-

erties found in Appendix C and the ensemble Monte Carlo code described in Chapter

2 over a range of free carrier densities between 1015 cm−3 and 1019 cm−3. At densities

below 1016 cm−3, β � q and the calculated mobilities converge on the unscreened

Fröhlich mobilities calculated in Chapter 3. At densities exceeding 1016 cm−3, how-

ever, mobilities begin to rise significantly. At a density of 1018 cm−3, which is of the

order of the carrier densities reported in many photoconductivity experiments in the

literature, this rise is largely confined to lower temperatures, with the mobility at 113

K multiplying by 1.8 from 260 cm−2V−1s−1 as n→ 0 to 730 cm−2V−1s−1 at n = 1018

cm−3, while the mobility nearer room temperature (271 K) is mostly unchanged.

As explained in Chapter 3, however, understanding the temperature dependence of

the mobility is of greater importance than calculating exact values, given the uncer-

tainty and spread in values across the literature. In this regard, free carrier screening

dramatically affects the properties of electron mobilities in MAPbI3. Fitting a simple

power law of µ ∝ Tm using the temperature range corresponding to the tetragonal

phase of MAPbI3 (165 K - 327 K) (following Ref. [63]) returns m = −1.4 for n = 1018

cm−3, compared to m = −0.55 as n→ 0. This is well within the range seen across the

literature (see Table 3.1).

6.4 Limitations

Despite the interesting results found in this chapter, further work (both theoretical and

experimental) is required before conclusions can be drawn as to whether the screening

of Fröhlich interactions is responsible for the unusual temperature dependences of mo-

bilities in lead–halide perovskites seen in the literature. One of the main limitations of

the work presented is the reliance on the static screening approximation, which has been

documented to be unreliable in some inorganic semiconductors [223, 225, 226]. A more

valid treatment of the dielectric function is the fully temperature-dependent random-

phase approximation (RPA) [227, 228, 229]. The effect of accounting for Fermi–Dirac

statistics in the ensemble Monte Carlo code developed for this thesis should be inves-

tigated, as well as additional effects such as the Burstein–Moss effect [230, 231, 232]

that are associated with large carrier concentrations. It has also been suggested that

the rotation of methylammonium cations is responsible for the dynamic screening of

Fröhlich interactions [233].
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Figure 6.1: Electron mobilities in MAPbI3 calculated by considering the static screening
of Fröhlich scattering by the presence of free carriers at a range of carrier densities
from 1015 cm−3 to 1019 cm−3. Experimental data from Refs. [58, 60] are plotted
for comparison. Material properties used for electrons in MAPbI3 can be found in
Appendix C.
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To further confound matters, there is currently incomplete and contradictory evi-

dence in reported measurements of carrier density-dependent mobilities for lead–halide

perovskites in the literature, and no study that looks at both the density and tempera-

ture dependences across a sufficiently wide range of both. Wang et al. [164] report Hall

mobility measurements in the lead–halide perovskite CsPbBr3 over a carrier concen-

tration range from 2×1015 cm−3 to 2×1016 cm−3 and observe a very small increase in

mobilities with increasing carrier concentration over this range. However, the authors

report very steep temperature dependences (m < −1.5) at all carrier densities, which

contradict the calculations seen here. Conversely, Lim et al. [234] report mobilities in

MAPbI3 obtained using a combination of photoconductivity and photoinduced trans-

mission and reflection measurements across a similar range of charge carrier density to

that of Wang et al.. The authors observe a reduction in the charge carrier mobility

at room temperature at increasing densities, but do not measure mobilities at other

temperatures. We therefore cannot draw any solid conclusions as to the net effect of

high carrier densities on the charge carrier mobilities of lead–halide perovskites at this

present time.

6.5 Conclusions

In this chapter, the ensemble Monte Carlo method has been used to calculate mobilities

in MAPbI3 for electrons scattering with polar optical phonons via a Fröhlich interaction

that is screened by the presence of a population of free carriers. We find that charge

carrier mobilities, and crucially their temperature dependences, can be greatly affected

by screening at carrier densities that are common in many experimental conditions

found in the literature. These preliminary results indicate that the consideration of free

carrier screening may be important for the understanding of charge carrier dynamics in

lead–halide perovskites, and highlight that characterising lead–halide perovskites under

conditions other than those found under normal operation may limit the validity of

conclusions that are made. However, further work is required to (i) go beyond the static

screening approximation; (ii) account for any other consequences of high charge carrier

densities; and (iii) accurately measure temperature- and density-dependent mobilities

of MAPbI3 before insight can be truly gained.
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Chapter 7

Thermalisation and cooling of

hot carriers in lead–halide

perovskites

A strong research interest has developed around the prospect of developing so-called

hot carrier solar cells that aim to exceed the Shockley–Queisser limit by way of re-

ducing the thermal energy lost to the lattice by photoexcited charge carriers before

extraction. Recently, lead–halide perovskites have arisen as candidates for hot carrier

solar cell absorber layers based on observations of slow cooling times following photoex-

citation in transient absorption experiments. A range of processes have been suggested

to be responsible, but interpretations of such experiments often make a number of as-

sumptions that have so far remained largely untested. In the following chapter, the

capabilities of the ensemble Monte Carlo method described in Chapter 2 are extended

further in order to simulate the ultrafast transient dynamics of a population of “hot”

charge carriers1 in the moments following a laser photoexcitation event. In particular,

we consider the commonly held assumption that the thermalisation of charge carriers

following photoexcitation occurs on an ultrafast (¡ 100 fs) timescale by explicitly cal-

culating carrier–carrier scattering rates under the static screening approximation. We

show that this assumption may not strictly be valid in all circumstances, with further

consequences for calculations of cooling rates and the measurement of hot carrier “tem-

peratures”. The results presented in this chapter demonstrate that techniques such as

these have the potential to be a valuable aide when interpreting contemporary spectro-

scopic measurements of nonequilibrium dynamics in lead–halide perovskites and other

1 In this chapter, the term “hot” will be used loosely to describe a highly energetic population of
charge carriers, irregardless of whether a rigorously defined temperature can be attributed.
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semiconductors. We also contribute to the understanding of the competing processes

that govern hot carrier cooling times, and stress the importance of models that can go

beyond some of the common assumptions in the literature.

7.1 Background

Solar cell operation relies on the photogeneration of charge carriers. Photons with

an energy in excess of the bandgap are absorbed, generating an electron-hole pair.

The distribution of photogenerated charge carriers directly after excitation reflects the

distribution of photons that can be absorbed; under normal solar cell operation, this

is derived from the AM1.5 solar spectrum [49]. Newly photogenerated charge carriers

quickly lose energy via phonon emission and reach thermal equilibrium with the lattice

with energies near the band edge. These room temperature charge carriers are extracted

by the charge transport layers. In solar cells, the loss of electronic energy to heat via

phonon emission can account for up to 1/3 of solar cell efficiency loss [235]. If, however,

the loss of photogenerated charge carrier energy were to be slowed so that electrons

and/or holes had a mean energy that was significantly higher than the band edge by the

time they reach the charge extraction layers, there is potential for a larger voltage, and

therefore larger power output, to be extracted. This could be a method for breaking

the Shockley–Queisser limit of approximately 30% that currently limits the efficiency

of single junction solar cells.

There are two major challenges in the realisation of practical hot carrier cells. The

first is the development of energy selective contacts with a narrow density of states

at an appropriate energy level that minimises the energy lost by cooling through the

contacts [70, 236, 237, 238]. The second challenge is finding a suitable material for

the absorber layer that slows the cooling of photogenerated hot carriers before they are

extracted. It is this role that lead–halide perovskites are candidates for, with promising

observations in the literature that hot carrier cooling times may be slow enough to be

used in a hot carrier device.

Observing the various processes that govern the operation of such a solar cell is

difficult, however. It is instead much more common to observe the cooling dynamics of

photogenerated charge carriers via laser photoexcitation, in which an ultrashort laser

pulse is used to generate a nonequilibrium population of charge carriers at energies

away from the band edges. Various spectroscopic techniques, such as the pump-probe

technique, can then be used to follow the evolution of the charge carrier distribution as it

relaxes back towards the band edges. In such experiments, the relaxation of the system

back towards thermodynamic equilibrium can be described in terms of four regimes: a
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coherent regime, an athermal regime, a hot carrier regime and an isothermal regime

[239]. A schematic of the various stages is shown in Figure 7.1. In the coherent regime

(stages 0 to 1 in Figure 7.1), the excitation remains in phase with the electromagnetic

field caused by the laser pulse [240]. This coherence is rapidly destroyed by scattering

with phonons and other charge carriers. In the tens to hundreds of femtoseconds

following photoexcitation (stages 1 to 2), carrier–carrier scattering acts to thermalise2

each of the electron and hole distributions from those that reflect the shape of the

incident laser pulse to those that can be represented by a well-defined temperature,

albeit one that is greater than the lattice temperature. The hot carrier regime is

defined when each charge carrier population is in an internal thermal equilibrium with

itself, but not the lattice (stage 3, after ∼ 100 fs). The charge carriers cool via the

emission of optical phonons in polar semiconductors, after which the charge carriers

are in thermal equilibrium with the lattice in the isothermal regime (stage 4, several

ps). Recombination then occurs on a nanosecond timescale until the number of charge

carriers in the conduction and valence bands is consistent with thermal equilibrium

(stage 5 in Figure 7.1).

This classification scheme is often used to interpret photoexcitation experiments.

Further simplification can be made if it is assumed that each of the four regimes are

temporally distinct, which allows each process to be considered on its own with no con-

founding effects occurring on different timescales. The separation between the coherent

and athermal regimes will be assumed in this chapter, and the effect of recombination

is neglected. The approximation that will be examined in this chapter, however, is that

of assuming that the thermalisation of the charge carrier distribution is much faster

than the typical cooling timescale in lead–halide perovskites. The concept of a charge

carrier distribution with a well-defined temperature is a cornerstone of many of the

interpretations of measurements in the literature, which use so-called “two tempera-

ture models” to describe the interaction between the electronic and phonon subsystems

[26]. The three temperature model, an extension to the two temperature model that

assigns different temperatures to the optical and acoustic phonon populations, has the

power to describe the slowdown in electron cooling times due to the heating of the

optical phonon bath, termed the ‘hot phonon bottleneck’ [241]. However, this analysis

would be inaccurate if the electronic distribution were not thermalised itself. Evidence

for the ultrafast thermalisation of charge carriers in lead–halide perovskites under the

conditions found in typical pump-probe experiments is not strong (see following sec-

tions), however, and no detailed calculations of carrier–carrier scattering rates have

2 Note the difference between thermalisation, in which the charge carrier population elastically
reaches an internal thermal equilibrium with itself, and cooling, in which the population dissipates
energy in order to reach thermal equilibrium with the lattice.
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Figure 7.1: (a) Schematic of the evolution of the charge carrier distributions in the
valence (VB) and conduction band (CB) of an arbitrary semiconductor with a narrow
band gap following a photoexcitation event, with the behaviour of electron (Te), hole
(Th) and lattice temperatures (TL) annotated along with the difference in quasi-Fermi
levels. In thermal equilibrium (0) a small number of charge carriers thermally populate
the bands, with the same temperature as the lattice. Following photoexcitation of a
population of charge carriers (1), carrier–carrier scattering (2) elastically transforms
the populations until they can each be assigned a temperature greater than the lattice
temperature. Carrier cooling (4) then equilibrates the carrier and lattice temperatures
before eventual carrier recombination. (b) Schematic of the cooling of electrons and
holes in parabolic bands of unequal curvature. The cooling is mediated primarily by
polar optical phonon scattering in polar semiconductors. Reproduced under a Creative
Commons Attribution-NonCommercial 3.0 Unported Licence from Ref. [70].

been performed for these materials.

In this chapter, we first review the literature to understand the current observations

and explanations relating to hot carrier cooling rates in lead–halide perovskites, as well

as the evidence for the ultrafast thermalisation of charge carriers. We then calculate

carrier–carrier scattering rates using the static screening approximation and compute

the evolution of charge carrier distributions in the immediate moments following pho-

toexcitation. We then compute thermalisation rates under a variety of charge carrier

densities and photoexcitation energies for electrons in MAPbI3 and show where the

assumption of ultrafast thermalisation in MAPbI3 may be incorrect. Finally, we show

that the athermal distribution of cooling charge carriers can affect their cooling rates,

with potential consequences for the common practice of fitting “temperatures” to the

high energy tail of the population.
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7.2 Hot carriers in lead–halide perovskites

The following section reviews the literature of the measurement and calculation of hot

carrier cooling times in lead–halide perovskites. After a brief overview of hot carrier

cooling in other materials, major reports on hot carrier cooling in MAPbI3 are reviewed

in chronological order, with a focus on understanding the mechanisms responsible for

the increased cooling times that have been observed.

The slow cooling rates of hot charge carriers and their potential applications for

benefiting the development of hot carrier solar cells have previously been observed in

a number of materials in the literature [70]. Historically the intense research focus has

been towards nanostructured materials, as many candidate bulk semiconductors (e.g.

InN, GaN and BiN), have challenges associated with maintaining other desirable qual-

ities for hot carrier solar cells such as large carrier mobilities and suitable band gaps,

leading to low carrier lifetimes far below the required threshold [242, 243, 244, 245].

Nanostructured materials, particularly GaAs quantum wells and related structures,

have shown the most encouraging progress so far, with prototypical InGaAsP hot car-

rier solar cell devices being fabricated with enhanced PCEs (under monochromatic,

concentrated illumination) that are attributed to the presence of charge carrier popu-

lations with enhanced temperatures [246, 247].

In recent years, long lived hot carrier populations have been observed in lead–halide

perovskites. Xing et al. were the first to report the slow cooling of hot carriers in lead–

halide perovskites in 2015 [248]. Femtosecond transient absorption (TA) spectroscopy

was used to understand the fundamental photophysical mechanisms in MAPbI3 bi-

layers, with the perovskite interfacing with either electron- or hole-selective extraction

materials. While the main finding of the paper is the reporting of long diffusion lengths

found in perovskites, a delayed ground state bleaching was also observed at high photon

energies. The interpretation of the results is that energetic holes decay slowly to the

VBM from higher energy states.

Price et al. studied hot carrier cooling dynamics in MAPbI3 in more detail using TA

spectroscopy [73]. The authors assign a time-dependent temperature to the hot carrier

distribution by fitting a monoexponential curve to the high-energy tail of each TA

signal. By performing similar measurements at varying laser fluences, the dependence

of the hot carrier cooling dynamics as a function of the charge carrier density. Below

densities of 1018 cm−3, carriers cool within a few ps, with a fitted exponential decay

to the temperature evolution returning a time constant of 230 fs. Above this density,

the cooling process qualitatively changes in three ways. Firstly, charge carriers have a

higher recorded temperature at the earliest available measurement time (about 300 fs).
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Secondly, the hot carrier distribution cools with a considerably longer time constant

(770 fs at 6×1018 cm−3). Finally, after 2 ps, a second slower decay process is observed.

On the basis of the latter feature, the authors suggest that two dominant cooling

processes are present above the carrier density threshold of ∼ 1018 cm−3. The initial

fast process is attributed to longitudinal optical (LO) phonon emission and the slower

process to ‘other phonon emission pathways’ such as delayed LO phonon emission or

low energy acoustic or optical phonon emission. The latter process is suggested to be

a phonon bottleneck, which has been shown to be present in a number of other hot

carrier solar cell candidate materials [244]. Concisely, a phonon bottleneck arises when

the decay of LO phonons into acoustic phonons is slow compared to the rate at which

charge carriers are emitting LO phonons. This causes a build-up of the LO phonon

population (equivalent to “heating” the population), which in turn reduces the net

rate at which charge carriers can lose energy. A large charge carrier density is typically

required for a significant bottleneck to form, as well as the suppression of fast phonon

decay pathways.

The theory of the hot phonon bottleneck in lead–halide perovskites was developed

further by Fu et al. [26], who performed calculations using the theory of Pugnet et al.

[249] to demonstrate that the charge carrier density dependence of hot carrier cooling

times in experimental measurements can be reproduced with a phonon relaxation time

of 0.6 ps. Furthermore, by calculating the phonon band structure of MAPbI3 the

authors attribute the origin of the bottleneck to the suppression of the fast Klemens

phonon decay channel, by which a LO phonon decays into two acoustic phonons [250].

In liu of this fast method of reducing the LO phonon population, the next most efficient

pathway is the Ridley channel [251, 252], by which the LO phonon decays instead into

one transverse optical (TO) phonon and one longitudinal acoustic (LA) phonon.

There are alternative or additional explanations for the presence of slow cooling

times in lead–halide perovskites. In particular, the formation of large polarons has

been claimed to influence the charge carrier dynamics in lead–halide perovskites in

many ways, including recombination rates and mobilities [61, 170]. Since large polaron

formation modulates the Fröhlich interaction between charge carriers and polar optical

phonons, it may also be possible that the formation of large polarons can act to slow

down the cooling of hot carriers via the suppression of the Fröhlich interactions. Frost

et al. [76] propose a novel mechanism by which the presence of large polarons can

be responsible for the charge carrier density dependence seen in the literature. By

calculating the polaron ‘radius’ and treating each polaron as a spherical particle, they

calculate the carrier density above which the packing density is greater than one. They

describe this as a ‘Mott transition’, stating that this effectively reduces the thermal
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conductivity of the material, leading to a reduction in the power loss from hot carriers

to the lattice. This threshold density is around 1018 cm−3, which agrees with reported

TA measurements. Further calculations by Muscarella et al. have considered the effects

of pressure on this Mott transition [253]. In addition to the long timescale behaviour

seen in Refs. [76] and [253], polaron formation has also been suggested to influence TA

measurements of hot carrier populations in lead–halide perovskites directly following

photoexcitation, where the “screening” of carrier–phonon interactions is proposed to be

suppressed [72, 175, 76, 176, 177, 178]. However, based on the conclusions drawn from

charge carrier mobility calculations in Chapter 4, this hypothesis will not be tested in

this thesis. While this is worthwhile avenue of research, it is unclear how the presence

of non-equilibrated electrons and phonons affects the underlying assumptions of the

Feynman model of the large polaron. The possibility of exciting the internal states of

the quantum harmonic oscillator in the Feynman model of the polaron suggests that

excited polaron dynamics is expected to be much more complex than those explored

in Chapter 4.

The interpretation of spectroscopic measurements of hot carrier cooling often make

use of a number of assumptions which can greatly simplify the analysis required. How-

ever, the validity of these assumptions are often not tested or even discussed in the

literature. A major, and often overlooked, area of uncertainty regards the measure-

ment of, or even the existence of, a well-defined temperature associated with the evolv-

ing hot carrier distribution during the cooling process. In TA measurements, it is

common to measure the temperature of the transient charge carrier distribution by

fitting a function to the high-energy tail of the TA signal. However, the perovskite

literature varies in the form of the function used to extract a temperature, with a

simple exponential (∼ exp [−ε/kBT ]) [80, 73, 254, 74, 255, 256, 257, 26, 258, 259, 260]

being commonly used. As has been recently documented by Savill et al. [79], this

function is suitable for analysing materials with a constant density of states, such as

electronically confined quantum well systems. 3D bulk lead–halide perovskites have a

density of states that follows a ≈
√
ε dependence, however, making the modified expo-

nential (∝
√
ε exp [−ε/kBT ]) more suitable. The consequence of this error can be an

overestimation of the charge carrier temperatures of up to 50% at room temperature.

Additionally, there is evidence that differing methodologies of temperature fitting can

give drastically different cooling time constants [78].

A more fundamental assumption made in the lead–halide perovskite literature, how-

ever, is the validity of assigning a temperature to the transient hot carrier distribution.

Since the charge carrier distribution is athermal in the immediate moments following

photoexcitation, an ultrafast thermalisation process is required for the distribution to
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become thermalised over a timescale that is short compared to the cooling timescale.

Charge carriers thermalise with each other via carrier–carrier scattering, but at present

there does not exist a calculation of carrier–carrier scattering rates in lead–halide per-

ovskites following a photoexcitation event. The most common source of evidence for

ultrafast thermalisation of charge carriers is two dimensional electron spectroscopy

(2DES) measurements on MAPbI3 by Richter et al. [80], in which thermalisation

times are reported that range from less than 10 fs to 85 fs. More details are given in

section 7.4. However, it is unclear whether the thermalisation times measured using

2DES are valid for pump-probe TA measurements.

7.3 Carrier–carrier scattering in ensemble Monte Carlo

simulations

The primary mechanism responsible for the thermalisation of charge carriers in the

immediate moments following photoexcitation by a laser pulse is carrier–carrier scat-

tering, by which charge carriers exchange energy and momentum by collisions [239].

The interaction between charge carriers is mediated by the Coulomb interaction, which

can be screened by the presence of the free charge carrier population.

Solutions of the Boltzmann transport equation that include carrier–carrier scatter-

ing are considerably more difficult to compute, as the dependence of carrier–carrier

scattering rates on the carrier distribution itself makes the BTE nonlinear in the distri-

bution. This difficulty has been overcome in the literature, however; several methods

exist that allow for the computation of carrier–carrier scattering rates in ensemble

Monte Carlo simulations [261, 262, 97, 263, 264, 265, 96, 266, 223, 267].

In the following section, three methods for the treatment of carrier–carrier scat-

tering are reviewed. The ‘static screening’ method, which will be used throughout

this chapter, is then described, with carrier–carrier scattering rates derived and details

given as to its implementation into the ensemble Monte Carlo solver that has been

recently developed.

7.3.1 Review of strategies for treating carrier–carrier scattering in

ensemble Monte Carlo simulations

Instantaneous thermalisation

The presence of carrier–carrier interactions facilitates the exchange of momentum and

energy among the charge carrier distribution. Given enough time, the distribution

becomes completely thermalised, with momenta and energies governed by Maxwell–
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Boltzmann statistics, and the trajectory of each particle becomes uncorrelated from its

initial state. While the detailed treatment of carrier–carrier scattering will be consid-

ered in following methods, a major simplification can be made if carrier–carrier scat-

tering occurs on a much more rapid timescale than that of any other scattering process

present in the system in question. The resulting technique, here termed “instanta-

neous thermalisation”, simply acts to periodically redistribute the total energy of the

distribution among the ensemble of charge carriers according to Maxwell–Boltzmann

statistics in the following manner:

• Calculate the mean kinetic energy 〈ε〉 of the population

• Assign a temperature to this mean energy using the equipartition theorem 〈ε〉 =
3
2kBT

• Stochastically assign new wavevector components kx, ky and kz for each particle

according to Maxwell–Boltzmann statistics at the calculated temperature.

Convergence tests are required to determine the minimum frequency at which the

instantaneous thermalisation routine is called.

While the implementation of instantaneous thermalisation as described here is very

simple and relatively computationally inexpensive, it is valid only in the limit where

carrier-carrier scattering rates are very large compared with those of other events.

Molecular dynamics

Jacoboni [261] developed a technique by which the dynamics of charge carriers inter-

acting via a screened Coulomb potential are calculated using molecular dynamics. In

this method, the ‘drift’ step in the ensemble Monte Carlo method (see section 2.2.3)

is replaced with a routine where the particle position and momentum trajectories are

calculated according to the classical velocity Verlet method, with Newton’s equations

of motion being solved iteratively. The forces that are incorporated into the molecular

dynamics routine include the Coulomb interactions with other charge carriers in ad-

dition to the applied field. The method has been used in the literature to study hot

electron problems, albeit with a relatively low number of particles due to the limited

computational power available at the time of development [262, 97].

The strength of molecular dynamics approach is that it requires no assumptions

on the screening between carriers [89], a source of debate with other methods (see

next section). However, this method can be computationally expensive to implement,

since the strength of the Coulomb interaction must be evaluated between every pair of

particles during every timestep of the velocity Verlet algorithm. There is scope for this
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algorithm to be implemented efficiently using the particle–particle loops present within

the PPMD framework that underpins BoltMC, since PPMD has been used to perform

highly efficient and scalable Coulomb interaction calculations using the fast multipole

method [106, 268, 269, 270]. However, the proper implementation and testing of this

requires a considerable amount of development time and so is left for further work.

Static screening

The final class of methods that have been developed to treat carrier–carrier scattering

within ensemble Monte Carlo simulations in the literature separates carrier–carrier scat-

tering into short and long-range contributions [89]. The latter contribution describes

the collective behaviour, referred to as plasmon scattering [263, 264]. The former con-

tribution is treated as a screened two-body interaction. Both scattering rates can be

determined using Fermi’s golden rule in a similar manner to the methods described in

Chapters 2 and 2. Electron–plasmon scattering is not considered in this thesis, but

should be considered for future work in developing simulations of hot carrier distribu-

tions at large carrier densities. This chapter will focus on the effects of the short range

two-particle Coulomb interactions between charge carriers.

A significant challenge associated with calculating carrier–carrier scattering rates

is that they are dependent on the form of the distribution function, which can change

during the course of the simulation, often as a result of carrier–carrier scattering itself.

This nonlinearity in the resulting BTE requires a more complex method for treating

carrier scattering than is described in Chapter 2. One solution to this is the calculation

of total scattering rates by summing the corresponding rates associated with every other

particle in the ensemble, and periodically updating this rate as the distribution evolves

[271, 272]. This method is not expected to scale well with the number of particles in

the simulation, however. Instead, we use the rejection algorithm presented in Refs.

[265, 96], which is described in Section 7.3.3.

The screening of the two-particle Coulomb interactions is treated in the static ap-

proximation in a similar manner to the Brooks–Herring model of ionised impurity

scattering presented in Chapter 2, where Coulomb interactions are screened with the

characteristic screening parameter β [119]. Advanced methods have been developed to

consider the full frequency dependence of the dielectric function of the semiconductor

[223], but are not included here.

In the following sections, the scattering rates for carrier–carrier Coulomb interac-

tions in the static screening limit are derived. We also outline the extra steps which

must be taken in order to accommodate the unknown form of the distribution func-

tion, and then evaluate how important the calculation of carrier–carrier scattering is
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to understanding the thermalisation and cooling of hot carrier distributions in halide

perovskites.

7.3.2 Carrier–carrier scattering rates

In this section, the transition rates S (k1,k2 → k′1,k
′
2) are derived for carrier–carrier

scattering using Fermi’s golden rule and a statically screened Coulomb Hamiltonian.

The total scattering rate W (k1) for a single particle with crystal momentum h̄k1 is

then derived in a manner similar to that found in Section 2.7.

A pair of charge carriers with positions r1 and r2 interact via the statically screened

Coulomb potential, with the perturbing Hamiltonian

Hpert =
e2

4πε

e−β|r1−r2|

|r1 − r2|
(7.1)

where β is the screening parameter, to be considered in Section 7.3.4. The matrix

element for two particles scattering via the statically screened Coulomb potential from

initial state |k1,k2〉 to final state |k′1,k′2〉 is

〈k′1,k′2|Hpert|k1,k2〉 =
1

V 2

e2

4πε

∫∫
e−i(k

′
1·r1+k′2·r2) e

−β|r1−r2|

|r1 − r2|
ei(k1·r1+k2·r2)dr1dr2

(7.2)

The integral can be greatly simplified by expressing the momenta and positions of the

two particles in the following set of centre-of-mass coordinates:

kcm = k1 + k2 (7.3)

rcm =
m1r1 +m2r2

m1 +m2
(7.4)

k12 = µ12

(
k1

m1
− k2

m2

)
(7.5)

r12 = r1 − r2 (7.6)

where µ12 = m1m2/ (m1 +m2) is the reduced mass. It can be shown using these

definitions that k1 · r1 + k2 · r2 = kcm · rcm + k12 · r12. Using these definitions, the

integral in equation 7.2 can be separated into a product of two integrals over rcm and

r12, noting that the Jacobian of the change of variables is unity:

〈k′1,k′2|Hpert|k1,k2〉 =
1

V 2

e2

4πε

∫
e−i(k

′
cm·rcm)ei(kcm·rcm)drcm

×
∫
e−i(k

′
12·r12) e

−β|r12|

|r12|
ei(k12·r12)dr12.

(7.7)
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The first integral is equal to V δk′cm,kcm . Now, expressing the screened Coulomb potential

as a Fourier sum:

〈k′1,k′2|Hpert|k1,k2〉 =
1

V

e2

εV
δk′cm,kcm

∑
q

∫
1

|q|2 + β2
ei(q+k12−k′12)·r12dr12 (7.8)

=
e2

εV

1

|q12|2 + β2
δk′cm,kcm (7.9)

where q12 = k′12 − k12. Inserting this into Fermi’s golden rule (equation 2.18):

S
(
k1,k2 → k′1,k

′
2

)
=

2π

h̄

∣∣〈k′1,k′2|Hpert|k1,k2〉
∣∣2 δ (ε′1 + ε′2 − ε1 − ε2

)
(7.10)

=
2π

h̄

(
e2

εV

)2
1(

|q12|2 + β2
)2 δk′cm,kcmδ

(
ε′12 + ε′cm − ε12 − εcm

)
(7.11)

where the Dirac delta function representing the conservation of energy is now expressed

in terms of ε12 and εcm, defined as:

ε12 =
h̄2 |k12|2

2µ12
, εcm =

h̄2 |kcm|2

2M
. (7.12)

It can be shown that ε1 + ε2 = ε12 + εcm. Now, since kcm is conserved, εcm is also

conserved and the energy delta function reduces to one only involving ε12. In the

same way as equation 2.33, it can then be written as a Dirac delta function involving

momenta:

δ
(
ε′12 − ε12

)
=

2µ12

h̄2 δ
(∣∣k′12

∣∣2 − |k12|2
)

(7.13)

=
µ12

h̄2 |k12|
δ
(∣∣k′12

∣∣− |k12|
)

(7.14)

Now, the total scattering rate for a particle scattering with a distribution function of

secondary particles is given by integrating the scattering rate S (k12 → k′12) over the

secondary particle distribution function:

W (k1) = N
V

(2π)3

∫∫
f2 (k2)S

(
k1,k2 → k′1,k

′
2

)
d3k′12d3k2 (7.15)

where Boltzmann statistics is assumed (f1 (k′1) ≈ f2 (k′2) ≈ 0). S (k1,k2 → k′1,k
′
2) is
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equivalent to S (k12 → k′12):

W (k1) = N
V

(2π)3

2π

h̄

(
e2

εV

)2
µ12

h̄2

∫
d3k′12

∫
d3k2

f2 (k2) δ (|k′12| − |k12|)

|k12|
(
|q12|2 + β2

)2 (7.16)

=
nµ12e

4

2πε2h̄3

∫
d3k2

∫ π

0
dθ

f2 (k2) |k12| sin θ(
2 |k12|2 (1− cos θ) + β2

)2 (7.17)

=
nµ12e

4

2πε2h̄3

∫
f2 (k2)

|g12|

β2
(
|g12|2 + β2

)d3k2 (7.18)

where g12 = 2k12 = 2µ12

(
k1
m1
− k2

m2

)
and equation 7.18 is in the form found in Ref.

[96].

7.3.3 Solving for an unknown distribution function

The carrier–carrier scattering rate presented in equation 7.18 is unusable in its current

form for the calculation of carrier–carrier scattering rates in an ensemble Monte Carlo

simulation, since the distribution f2 (k2) in general: (i) does not have a simple analytic

form and (ii) changes over time. Pre-tabulating these carrier–carrier scattering rates is

therefore impractical and another method must be employed to take into account the

changing distribution function.

The method used here follows closely the method presented by Osman and Ferry

[96], who developed the method of sampling of the unknown distribution function by

stochastically selecting a particle from the ensemble in question. The following method

allows carrier–carrier scattering events to occur at rates, and with final states, that are

consistent with the full transition rate in equation 7.10.

The integrand in equation 7.18 has its maximum when gij = β. The screening

parameter β can also vary throughout a simulation, however; the maximum value of

the integrand is therefore set to gij = βmin, where βmin is the minimum value of β

that is expected to occur in the course of the simulation. This allows the maximum

scattering rate Wmax
ij to be calculated before the simulation begins:

Wmax
ij =

nµije
4

4πε2h̄3β3
min

(7.19)

Note that unlike other scattering rates, Wmax
ij is not a function of particle momentum

ki. Carrier–carrier scattering rates are “accepted” with rate Wmax
ij according to the

Monte Carlo routine described in section 2.2.5. However, upon “accepting” a carrier–

carrier scattering event, the following additional Monte Carlo step is required to truly
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accept or reject the event in a manner that is consistent with the integral in equation

7.18.

When a carrier–carrier scattering event is “accepted”, the distribution function is

sampled by the stochastic selection of a particle from the ensemble. If the secondary

particle has momentum kj and mass mj , we first calculate

gij = 2µij

(
ki
mi
− kj
mj

)
(7.20)

and then evaluate

rcc <
2β3

mingij

β2
(
g2
ij + β2

) (7.21)

where rcc is taken stochastically from a uniform distribution between 0 and 1. If the

above condition is not met, the event is treated as a self–scattering event and the

states of both particles remain unchanged (see section 2.2.2). If the condition is met,

the carrier–carrier scattering event for the pair of particles is accepted and the final

states of both particles must be determined. A new relative wave vector g′ is now

calculated, at polar and azimuthal angles θ and φ to g:

cos θ = 1− 2rθ
1 + g2 (1− rθ) /β2

, φ = 2πrφ (7.22)

where rθ and rφ are again generated from a uniform distribution between 0 and 1. The

relative momentum magnitude is conserved (|g′| = |g|, see equation 7.14), and there is

no dependence on the azimuthal angle between g′ and g. The polar angle calculation

is analogous to ionised impurity scattering.

The final states of the primary and secondary particles now need to be calculated.

There is some debate as to the correct manner in which to treat the assignment of final

states, specifically whether or not to update the state of the secondary particle [273,

274]. By changing the state of the secondary particle, energy is explicitly conserved.

However, this also involves imposing an additional scattering event upon the secondary

particle, which raises questions as to when this event should be considered to “happen”,

and whether or not this state change should affect the likelihood of other scattering

events happening. The other method is to only update the primary particle’s state,

leaving the role of the secondary particle being to merely evaluate the integral in

equation 7.18. This raises the potential danger of energy not being explicitly conserved,

but does not introduce the problems described above. It is therefore our view that

updating the state of only the primary particle is the most valid approach. In this
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case, the final momentum of the initial particle can be assigned by evaluating

k′i = ki +
1

2

(
g′ − g

)
. (7.23)

To compensate for the alteration of only one of the pair of particles, the corresponding

carrier–carrier scattering rate is doubled.

7.3.4 Screening

The screening parameter β controls the screening strength of the screened Coulomb

potential. For a population in thermal equilibrium, the screening parameter is often

defined as the inverse of the Debye–Hückel screening length:

β2
DH =

1

λ2
DH

=
ne2

εkBT
(7.24)

where T is the temperature of the ensemble. However, the temperature of hot carrier

systems is often not well defined. In the general case, β is defined as

β2 =
e2

ε

∫
dε

(
−∂f (ε)

∂ε

)
D (ε) (7.25)

where D (ε) is the density of states [97]. For sperical, parabolic bands, equation 7.25

reduces to [96]:

β2 =
ne2

ε

1

N

∑
i

1

2εi
. (7.26)

Further work in the literature treats carrier–carrier screening as a dynamic process

under the random phase approximation (RPA), where the dielectric screening is wave

vector and frequency dependent [223]. It has been shown that in some cases the static

screening approach can significantly overestimate carrier–carrier screening, and that

dynamic screening is required for accurate screening, particularly at high charge carrier

densities. Therefore the results in this chapter should be considered to be indicative,

and further work will be required to investigate the consequences of including fully

dynamic screening.

7.3.5 Validation of carrier–carrier scattering implementation

The following results demonstrate the correct implementation of carrier–carrier scatter-

ing under the static screening approximation in BoltMC. Firstly, we test whether the

total energy of the ensemble is conserved. Secondly, we demonstrate that carrier–carrier

scattering events are being picked at rates that are consistent with the rate expressed
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in equation 7.18 by evaluating the integral in the case of a simple distribution function.

Finally we show that the scattering angles are being picked with frequencies that are

consistent with equation 7.22.

Conservation of energy

Carrier–carrier scattering is an elastic process, so the total energy of an ensemble

should not change when only carrier–carrier scattering is present. However, this is

not explicitly imposed due to the choice to only change the state of one of the pair of

particles involved in the collision. Energy is therefore only approximately conserved,

with the error decreasing as the number of particles in the ensemble increases, since

the distribution function is more comprehensively sampled. The purpose of this study

is evaluate the threshold number of particles that is required for accurate sampling of

the distribution function, as measured by the conservation of energy.

Figure 7.2 displays the mean energy of an ensemble of electrons in MAPbI3 as a

function of time, for a range of ensemble sizes and a variety of initial distributions. The

only scattering mechanism present in each simulation was carrier–carrier scattering, and

the effective charge carrier density was set to 1× 1018 cm−3. The initial distributions

were chosen to cover a range of energies and distribution shapes and comprise the

following: (i) a Maxwell-Boltzmann distribution with a temperature of 300 K; (ii) a

distribution with a Gaussian distribution of energies, centred on 60 meV with width of

5 meV; and (iii) a distribution with all particles at exactly 100 meV. All distributions

have spherical symmetry in momentum space. The size of the electron ensemble varies

from one thousand to one million particles. Clearly any ensembles with fewer than 104

particles are inappropriate for the modelling of carrier–carrier scattering, due to the

extreme volatility of the total energy. Ensembles with ∼ 105 particles show a reasonable

degree of energy conservation over the typical timescales used in the chapter (within

a few percent in ∼ 5 ps), but a significant drift is seen across a timescale of tens

of picoseconds. 106 particles are sufficient for energy conservation for several tens of

picoseconds.

Scattering rates

Although the distribution f2 (k2) in equation 7.18 can in general have any form, equa-

tion 7.18 is exactly solvable for some simple distributions. In this section, the carrier–

carrier scattering events picked by the algorithm in section 7.3.3 will be compared

with an analytic expression for the rate of carrier–carrier scattering with a known dis-

tribution function. The distribution that will be used is one where all particles are

123



Chapter 7. Thermalisation and cooling of hot carriers in lead–halide perovskites

Figure 7.2: Mean energy of an ensemble with carrier–carrier scattering only, for a
variety of ensemble sizes and initial distributions. Initial distributions are as follows:
Blue: Maxwell-Boltzmann distribution at a temperature of 300 K; Red: Gaussian
distribution with centre at 60 meV and width of 5 meV; Green: all particles with 100
meV. Darker colours indicate a larger ensemble of particles.

isotropically distributed in momentum space, but all have the same magnitude kδ:

f2 (k2) =
1

4πk2
δ

δ (|k2| − kδ) (7.27)

where the normalisation constant ensures that
∫
f2 (k2) d3k2 = 1. Inserting this into

equation 7.18:

W (k1) =
nµ2e4

πε2h̄3β2

1

4πk2
δ

×
∫ ∞

0
dk2

∫ π

0
dθ

∫ 2π

0
dφ

k2
2 sin θ

[
k2

1

m2
1

+
k2

2

m2
2
− 2 k1k2

m1m2
cos θ

] 1
2

4µ2
[
k2

1

m2
1

+
k2

2

m2
2
− 2 k1k2

m1m2
cos θ

]
+ β2

δ (k2 − kδ)
(7.28)

=
nµ2e4

2πε2h̄3β2

∫ 1

−1
du

[
k2

1

m2
1

+
k2
δ

m2
2
− 2 k1kδ

m1m2
u
] 1

2

4µ2
[
k2

1

m2
1

+
k2
δ

m2
2
− 2 k1kδ

m1m2
u
]

+ β2
(7.29)

=
ne4m1m2

16πε2h̄3β2µk1kδ

[
β arctan

(
g12

β

)
− β arctan

(
h12

β

)
− g12 + h12

]
(7.30)
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Figure 7.3: Verification of carrier–carrier scattering rates with a distribution function
represented by equation 7.27. The light blue line plots the analytic expression in
equation 7.30, and the dark blue points are the effective rates calculated by tracking
event statistics in BoltMC.

where u = cos θ, g12 = |g12| = 2µ
∣∣∣ k1
m1
− k2

m2

∣∣∣ as before and h12 = 2µ
∣∣∣ k1
m1

+ k2
m2

∣∣∣. To

compare this expression with the rates generated using the algorithm in section 7.3.3,

a method similar to that found in Appendix B was used.

Figure 7.3 displays the carrier-carrier scattering rate shown in equation 7.30, along-

side the effective rates calculated by tracking the frequencies of carrier–carrier scatter-

ing rates of an ensemble interacting with a distribution of particles that are consistent

with equation 7.27. A energy of 50 meV was used for the Dirac delta function (with

an equivalent kδ found using the parabolic band approximation), along with a carrier

density of 1× 1016 cm−3 and other material properties from Appendix C. The screen-

ing length β was set to a trial value of 1 × 108 m−1. Very good agreement is found,

confirming that the algorithm in section 7.3.3 is able to evaluate equation 7.18 correctly.

7.4 Thermalisation times in lead–halide perovskites

It is commonly assumed in the literature that the thermalisation and cooling of hot car-

riers in lead–halide perovskites occur on different timescales; as a result, the analysis of

such systems can be greatly simplified, with the cooling hot carrier distribution always

having a well-defined temperature. The justification for this assumption in the case

of halide perovskites is usually the citation of a study by Richter et al. [80], in which
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two-dimensional electron spectroscopy (2DES) is used to observe the ultrafast cooling

dynamics of electrons in MAPbI3. By resolving electron behaviour as a function of

excess energy above the band edge and charge carrier density, the authors report ther-

malisation times that range from less than 10 fs to 85 fs. Since cooling by polar optical

phonons typically takes hundreds of fs in pump-probe experiments [26], this is taken

as evidence that carrier-carrier scattering fast enough in halide perovskites to justify

the separation of thermalisation and cooling timescales. However, the conditions of a

2DES experiment are not identical to those found in a typical pump-probe experiment.

For example, the charge carriers in a 2DES experiment are able to scatter with a charge

carrier population with a much broader energy distribution, which the authors of Ref.

[80] note. So there remains an open question as to the conditions required to assume

that charge carrier scattering also occurs on an ultrafast timescale in a pump-probe

experiment.

To address this question, we present calculations of carrier–carrier scattering rates

for electrons in MAPbI3 and introduce a statistical definition of “thermalisation”, from

which we extract typical thermalisation times, and compare these with typical phonon

scattering times observed in the literature. We show that the assumption of ultrafast

thermalisation may break down at low charge carrier densities and low excitation en-

ergies, and that the rapid rate of phonon scattering in lead–halide perovskites may

cause the electronic distribution to “dethermalise” during the cooling process. The

results are presented in two parts: first, we follow the ansatz that thermalisation is

indeed much more rapid than phonon scattering, in order to introduce our definition

of the thermalisation time; secondly, we reintroduce phonon scattering to show (i) how

phonon scattering affects thermalisation and (ii) how carrier–carrier scattering affects

cooling.

7.4.1 Defining a thermalisation time

In the following section it is shown that the thermalisation of hot electrons in MAPbI3

following excitation can occur on a similar timescale to phonon scattering, and that the

assumption of a thermalised charge carrier distribution may not therefore be justified

in many cases. The starting point for this argument is to measure the thermalisation

time that would occur if the ansatz of the separation of timescales was true - i.e. if

carrier–carrier scattering dominates charge carrier dynamics in the immediate moments

following photoexcitation. Phonon scattering is therefore be neglected for the time

being. The static screening approximation is used, with a screening length defined in

Ref. [96]. We restrict this analysis to focus on electrons only, as holes have a similar

effective mass to electrons in lead–halide perovskites [25, 63].
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The degree to which an arbitrary distribution can be considered ‘thermalised” is

quantified here using the Hellinger distance, a statistical distance metric that can be

used to compare two normalised probability distributions [275, 276]. The Hellinger

distance between two discrete normalised distributions P and Q is defined as

H (P,Q) =
1√
2

√√√√ k∑
i=1

(
√
pi −

√
qi)

2 (7.31)

where pi and qi are the ith elements of P and Q respectively. The Hellinger distance

is symmetrical (i.e. H (P,Q) = H (Q,P )) and bounded by 0 ≤ H (P,Q) ≤ 1, with

H = 1 and H = 0 describing completely non-overlapping and identical distributions

respectively. Measuring the statistical distance between the evolving Monte Carlo

electron distribution and a fitted Maxwell-Boltzmann distribution results in a decay

from a value greater than 0 (due to the athermal distribution) to 0 (representing a

completely thermalised distribution). The Hellinger distance will reach exactly 0 only

in the absence of any noise in the simulation, making the reduction in statistical noise

a vital requirement for the ensemble Monte Carlo calculations in this chapter. A

representative “thermalisation time” can be extracted by fitting a monoexponential

decay to the evolution of the Hellinger distance between the charge carrier distribution

and a fitted Maxwell–Boltzmann distribution, though we note that the evolution of the

Hellinger distance may not strictly be that of a monoexponential decay.

7.4.2 Thermalisation times in the absence of phonon scattering

Firstly, we present the evolution of the electronic distribution with only carrier–carrier

scattering present, following (for now) the assumption that thermalisation due to

carrier–carrier scattering is much faster than the typical timescale of the scattering

between carriers and polar optical phonons. The charge carrier density is set to 1018

cm−3, though we consider other densities later. The electronic distribution function

is initialised with a Gaussian distribution to simulate the photoexcited population fol-

lowing instantaneous photoexcitation by a Gaussian laser pulse, with a central energy

of 100 meV and 600 meV in Figures 7.4a and 7.4b respectively, and a constant stan-

dard deviation of 10 meV. In Figure 7.5 we plot the Hellinger distance calculated using

equation 7.31 as a measurement of the thermalisation of the electronic distribution as

a function of time. A monoexponential fit to the distribution function evolving from a

low energy Gaussian distribution gives a thermalisation time of 20 fs, or equivalently a

thermalisation ‘rate’ of 50 ps−1. This fitting procedure masks an initial fast component

followed by a slower decay, however, with the population taking more than one hun-
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(a)

(b)

Figure 7.4: The thermalisation of an ensemble of electrons initialised with a Gaussian
distribution centred on (a) 100 meV and (b) 600 meV with a standard deviation of 10
meV. Phonon scattering is forbidden, with carrier–carrier scattering under the static
screening approximation the only mechanism by which electrons can scatter. Left
plots: population (lighter colours correspond to higher populations, arbitrary units) as
a function of time and energy, with the mean energy of the population plotted as a
blue line (constant in both plots). Contour lines are plotted in white in both figures
to highlight changes in population. Right plots: selected distribution functions at
particular times (see legends).
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Figure 7.5: The Hellinger distance between the evolving electronic distribution and a
best-fit Maxwell-Boltzmann distribution, as a metric of the thermalisation of the hot
carrier distribution. Each ensemble is initialised with a Gaussian distribution centred
on (blue) 100 meV and (red) 600 meV. Simulations with carrier–carrier scattering only
(no phonon scattering, see Figure 7.4) are plotted with dashed lines, and simulations
with carrier–carrier and carrier–phonon scattering (see Figure 7.7) are plotted in solid
lines.

dred femtoseconds to completely thermalise. Fitting to the distribution evolving from

the high energy Gaussian gives a slower thermalisation time of 55 fs, or a thermalisa-

tion rate of 18 ps−1. This may be due to the initial distribution being comparatively

more narrow, making a ‘thermalisation time’ difficult to accurately define. The typical

phonon scattering rate for hot carriers in MAPbI3 has previously been estimated as

approximately 27 ps−1 when hot phonon effects are neglected [26], which is of the order

of the extracted thermalisation rates due to carrier–carrier scattering only.

To understand how the thermalisation time changes under a wider range of con-

ditions, similar simulations have been performed with varying charge carrier densities

and initial mean energies (often termed “excess energy” [80]). The standard deviation

of the initial Gaussian energy distribution was kept constant at 10 meV. Figure 7.6

shows the effective thermalisation rate (equal to the inverse of the fitted thermalisation

time) as a function of both carrier density and excess energy. At carrier densities be-

low 1018 cm−3, thermalisation rates are consistently low, with only a weak dependence

on initial excess energy, with higher energies resulting in slightly lower thermalisation

rates. At higher carrier densities (> 1018 cm−3), thermalisation rates are typically

much higher — of the order of 100 ps−1 — and the dependence on initial excess energy

is reversed, with larger excess energies resulting in faster thermalisation. Considering
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Figure 7.6: Thermalisation rate (equal to the inverse of the fitted thermalisation time)
as a function of charge carrier density and excess energy (the mean energy in the initial
Gaussian distribution). Only carrier–carrier scattering is present in the simulations;
phonon scattering is not included.
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a typical phonon scattering rate of 27 ps−1 [26], it can be seen that the thermalising

effect of carrier–carrier scattering can be considered “ultrafast” (that is, much faster

than phonon scattering) at high carrier densities and high excitation energies, but may

be considered to be considerably slower when carrier densities and/or excess energies

are low.

7.4.3 The influence of phonon scattering on charge carrier thermali-

sation

A more complete model of the evolution of a hot carrier distribution should include the

effect of phonon scattering (here, with polar optical phonons), which acts to dissipate

energy from the hot carrier population. Acoustic phonon and ionised impurity scat-

tering do not contribute to carrier cooling as they are elastic. Phonon scattering can

also contribute toward the thermalisation of a hot carrier population, since it will nat-

urally bring the hot carrier population into thermal equilibrium with the phonon bath

as charge carriers dissipate energy. We note however that this thermalisation is of a

different nature to that produced by carrier–carrier scattering, which is not dissipative.

There may then be a tension between carrier–carrier scattering, which transforms the

distribution function towards one with a temperature while conserving the energy of

the population, and carrier–phonon scattering, which cools the hot carrier population

towards the temperature of the phonon bath. It is therefore of interest to consider how

the presence of carrier–phonon scattering changes the results presented in the previ-

ous section, especially as it has now been shown that the two processes may occur on

overlapping timescales.

In Figure 7.7 we plot evolving hot carrier distributions with the same initial con-

ditions as seen in Figure 7.4, but with electrons permitted to dissipate energy to the

lattice via scattering with polar optical phonons. The hot carrier population cools to

the lattice temperature within a few hundred femtoseconds at an initial excess energy

of 100 meV, and a few picoseconds at 600 meV. The corresponding evolutions of the

Hellinger distance with time are also plotted in Figure 7.5 as measures of thermali-

sation. The inclusion of phonon scattering does not have significant consequences for

the thermalisation rate at times below 100 fs, with a slightly faster thermalisation rate

of 67 ps−1 after an initial excess energy of 100 meV but a virtually identical initial

rate at the higher excess energy. However, Figure 7.5 shows that despite becoming al-

most completely thermalised within 400 fs, the statistical distance between the charge

carrier distribution and a thermalised one rapidly increases as the population begins

to cool, reaching a secondary peak at approximately 2 ps before falling again. This

“dethermalisation” of the distribution function is also present to a lesser degree at
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(a)

(b)

Figure 7.7: The thermalisation and cooling of an ensemble of electrons initialised with
a Gaussian distribution centred on (a) 100 meV and (b) 600 meV and a standard
deviation of 10 meV. Electrons can scatter with each other (under the static screening
approximation) and with the polar optical phonon population. Left plots: population
(lighter colours correspond to higher populations, arbitrary units) as a function of time
and energy, with the mean energy of the population plotted as a blue line. Contour
lines are plotted in white in both figures to highlight changes in population. Right
plots: selected distributions at particular times (see legend).
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Figure 7.8: Thermalisation rate (equal to the inverse of the fitted thermalisation time)
as a function of charge carrier density and excess energy (the mean energy in the ini-
tial Gaussian distribution), in the presence of both carrier–carrier and carrier–phonon
scattering.

lower excess energies. We hypothesise that the source of this dethermalisation is that

carrier–carrier scattering is typically more rapid at higher energies and when the ener-

gies of the population are more closely distributed. As the distribution rapidly spreads

out and subsequently cools, the carrier–carrier scattering rate decreases and phonon

scattering becomes more dominant. Though phonon scattering can have a thermalising

effect when the population approaches the lattice temperature, away from this regime it

simply acts to reduce the energy of the population; it is the role of carrier–carrier scat-

tering to keep the distribution thermalised. We have therefore highlighted two distinct

regimes where carrier–carrier and carrier–phonon scattering can work in cooperation

or opposition in the thermalisation of a non-thermal hot carrier distribution.

Figure 7.8 displays how the effective thermalisation rate varies with both carrier

density and initial excess energy when both carrier–carrier and carrier–phonon scat-

tering is present. Thermalisation rates are slightly higher at low excess energies, but

otherwise largely unchanged. We attribute this increase at lower excess energies to
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the similarity between the mean energy of the initial distribution and the mean energy

of a thermalised population at the lattice temperature, enabling phonon scattering to

contribute positively towards the thermalisation.

To conclude, we have shown that carrier–phonon scattering has a very minor effect

on the thermalisation of charge carriers in the immediate moments following photoex-

citation in MAPbI3. However, during the cooling of a hot carrier distribution, rapid

carrier–phonon scattering combined with a reduction in carrier–carrier scattering rates

can lead to a “dethermalisation” effect, particularly at large excess energies.

7.5 Influence of carrier–carrier scattering on hot carrier

cooling times

In the previous section, it was demonstrated that in many scenarios the thermalisa-

tion and cooling of hot carriers cannot be well separated from each other, and that

the presence of carrier–phonon scattering influences the thermalisation of hot carrier

distributions. More importantly, however, it remains to be seen exactly what the con-

sequences of this overlap in timescales are for the cooling rates of the hot carriers. This

will now be examined.

7.5.1 Limit of instantaneous thermalisation

Recently, Fu et al. [26] calculated the rate of energy loss from a hot carrier population

in MAPbI3 using theory first presented by Pugnet et al. [249]:

d 〈ε〉
dt

= −P0
exp (−xc)− exp (xL)

1− exp (−xL)

[
(xc/2)1/2 exp (xc/2)K0 (xc/2)√

π/2

]
(7.32)

where

xc =
h̄ωpop

kBTc
, xL =

h̄ωpop

kBTL
,

P0 = eE0

(
2h̄ωpop

me

)1/2

, eE0 =
mee

2h̄ωpop

4πε0h̄
2

[
1

εHF
− 1

εLF

]
,

(7.33)

Tc is the charge carrier temperature, TL is the lattice temperature, K0 is the modified

Bessel function of the second kind and all other material properties are as defined

elsewhere in this thesis. While in Ref. [26] the authors consider the effect of the hot

phonon bottleneck, the rate defined in equation 7.32 represents a simplification that

neglects hot phonon effects. This two-temperature model makes the assumption of
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7.5. Influence of carrier–carrier scattering on hot carrier cooling times

well-defined temperatures for both the electron and phonon populations, however. We

therefore wish to test how accounting for carrier–carrier scattering in a more detailed

way influences the calculations of hot carrier cooling rates in lead–halide perovskites.

7.5.2 Cooling of hot carrier distributions

In Figures 7.9a and 7.10a, we plot the evolution of the mean energy of the hot carrier

populations that have been initialised with Gaussian distributions centred on 100 meV

and 600 meV respectively. Also plotted is the mean energy that would be expected

in the limit of instantaneous thermalisation by iteratively solving equation 7.32. We

note that the initial distribution in the latter case must be a Maxwell–Boltzmann

distribution with the same mean energy as the equivalent Gaussian distribution in

order to be fully consistent.

Looking first to the distributions initialised at 100 meV, the effect of carrier–carrier

scattering appears to be rather limited. An initial increase in power loss (see Figure

7.9b) is compensated by a slower subsequent component as the distribution approaches

thermal equilibrium at the lattice temperature. Regardless, all simulations cool com-

pletely in less than 1 ps.

When the hot carrier distribution is initialised with a greater energy, the effect

of varying the charge carrier density becomes more apparent. While the decay is

virtually unchanged for the first picosecond, there is a greatly reduced cooling rate as

the distribution approaches the band edge, particularly at low charge carrier densities,

where the time to completely cool is extended from approximately 2 ps to almost 4

ps at a density of n = 1016 cm−3. We attribute this behaviour to a reduced level of

carrier–carrier scattering, which leaves a long tail of high-energy electrons that must

decay through emitting phonons (see Figure 7.7b), when they would otherwise rapidly

decay by colliding with less energetic electrons. Therefore, while most carriers in the

distribution reach the band edge in a few picoseconds, the remaining energetic particles

contribute to the raising of the mean energy for several further picoseconds. This is a

feature that not accounted for in n-temperature models, and may have consequences for

the calculation and measurement of evolving hot carrier distributions in the literature.

The issue of measuring temperatures will be addressed in the following section.

7.5.3 Fitting temperatures

When analysing TA signals from cooling hot carrier distributions, it is common to

assign a temperature to the distribution. The most common strategy is to assume that

the change in transmission ∆T/T is proportional to the population of charge carriers
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Figure 7.9: The cooling of a hot carrier distribution following excitation at an excess
energy of 100 meV, as a function of charge carrier density from n = 1016 cm−3 to
1019 cm−3. The three figures show (a) the mean energy of the population; (b) the
mean power loss; and (c) the “temperature” extracted by fitting a Maxwell–Boltzmann
distribution to the high energy tail above 100 meV. Calculations using Equation 7.32,
representing the limit of instantaneous carrier–carrier scattering, are plotted in red
dashed lines.
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Figure 7.10: The cooling of a hot carrier distribution following excitation at an excess
energy of 600 meV, as a function of charge carrier density from n = 1016 cm−3 to
1019 cm−3. The three figures show (a) the mean energy of the population; (b) the
mean power loss; and (c) the “temperature” extracted by fitting a Maxwell–Boltzmann
distribution to the high energy tail above 100 meV. Calculations using Equation 7.32,
representing the limit of instantaneous carrier–carrier scattering, are plotted in red
dashed lines.
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at that energy [78, 26, 74]:
∆T

T
(ε) ∝ f(ε) (7.34)

A temperature can then be extracted by fitting a function to the TA signal, typically

the high-energy tail as confounding processes can make this fitting difficult at lower

energies. As noted previously, in the lead–halide perovskite literature this is often an

exponential function, which is valid for 2D quantum well materials but not for bulk 3D

semiconductors, where a Maxwell–Boltzmann distribution must be used to account for

the density of states [79].

In this section, we show how a temperature can be assigned to an evolving dis-

tribution and examine whether the assignment of a temperature to an athermal hot

carrier distribution is appropriate. To do this, we fit a Maxwell–Boltzmann distribution

fMB(ε) ∝
√
ε exp [−ε/kBT ] to the distribution function above a particular energy. The

fitting function is allowed to be arbitrarily scaled, in agreement with typical analyses

of TA signals.

Figures 7.9c and 7.10c show the fitted temperatures to the cooling distributions at

an excess energy of 100 meV and 600 meV respectively at a range of charge carrier

densities. We fit Maxwell–Boltzmann distributions (with arbitrary scaling) to the dis-

tributions at energies above 100 meV, and do not plot temperatures in the first few

tens of femtoseconds where distributions are extremely non-thermal. Looking at the

low excess energy results first, we see that elevated temperatures can be “measured”

for a few hundreds of femtoseconds after the mean energy of the system appears to

have completely relaxed. Furthermore, temperatures are extracted during the cooling

process that are higher (at high densities) or lower (at low densities) than would be

expected given the distribution’s mean energy at the corresponding time.

Looking at the high excess energy simulations in Figure 7.10, we come to different

conclusions. At high carrier densities, the “measured” temperatures are consistent

with the mean energy of the population. This suggests that the distribution is well

thermalised throughout a large proportion of the cooling process when densities and

excess energies are high, in agreement with conclusions made previously. However, at

densities below n = 1018 cm−3 we extract a temperature that is much higher than

expected, by ∼ 1000 K at times. We attribute this to the long-lived population of

high-energy electrons that produce a long high-energy tail in the electronic distribution

function. Fitting to this tail therefore suggests a temperature that is unrepresentative

of the energy stored within the system.

To conclude, the relatively low carrier–carrier scattering rates found at low charge

carrier densities can not only slow down hot carrier cooling rates by as much as a few
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picoseconds, but also contribute to the measurement of much larger apparent “temper-

atures” during the cooling process. These inflated temperatures give a false impression

of the amount of kinetic energy that is actually stored within the hot carrier popu-

lation. Significant care should therefore be taken when interpreting measurements of

photoexcited hot carrier populations.

7.6 Future work

The results presented in this chapter provide some preliminary results that contribute

towards the development of accurate simulations of transient hot carrier dynamics

in semiconductors such as lead–halide perovskites. However, significant steps remain

before a more concrete bridge can be made between ensemble Monte Carlo calculations

and experimental observations.

Firstly, more work is required to more accurately treat the scattering of charge

carriers. Incorporating dynamic screening using the random phase approximation, and

including either plasmon scattering or molecular dynamics to account for the long-

range component of carrier–carrier interactions, will enable more reliable predictions of

carrier–carrier scattering [223, 97]. The nonparabolicity of the conduction and valence

bands should also be accounted for when charge carriers are far from the band minima,

which includes accounting for the non-unity overlap integral [123]. In this chapter

it has been assumed that the hot carrier distribution is instantaneously photoexcited

with a Gaussian distribution. Deviations from this assumption should be considered,

particularly noting that laser pulses in pump-probe experiments can have pulse widths

of around 100 fs that overlap with the typical thermalisation times that have been

found in this chapter.

One of the goals of simulating hot carrier dynamics in lead–halide perovskites is

to understand the mechanisms responsible for the observed slow cooling of hot carrier

populations in lead–halide perovskites. Such mechanisms have been proposed in the

literature to be a hot phonon bottleneck and/or Auger recombination [26, 73]. These

have both been treated in ensemble Monte Carlo codes in the literature [277, 278, 279],

and would enable a more detailed study of the influence of one or both of these mecha-

nisms. The screening of Fröhlich interactions between charge carriers and polar optical

phonons at large temperatures has been dismissed by Fu et al. [26], but this could be

looked at in more detail once dynamic screening is implemented. The consequences of

the presence of a population of ‘cold’ carriers near the band minima has been treated

in a simple manner in the literature [77], but the tools developed in this chapter allow

the full dynamics of the scenario to be observed.
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Finally, work is required to enable comparison with data from experimental tech-

niques such as pump-probe TA spectroscopy and 2DES, in particular the steps required

to take an athermal charge carrier distribution and calculate the corresponding observ-

ables relevant to the experiment in question. This is currently a source of inconsistency

among analyses of TA measurements in the lead–halide perovskite literature, with dif-

fering opinions on the necessity of the inclusion of the Burstein–Moss spectral broaden-

ing, photoinduced reflectivity changes and other effects [73]. While significant progress

was made in developing such a comparison for the work presented in this chapter, it

was not completed to a sufficient standard for publication in this thesis.

In conclusion, while considerable development is required to enable BoltMC to

accurately predict hot carrier dynamics in semiconductors such as the lead–halide per-

ovskites, there are ample opportunities to simulate — and therefore understand —

the processes governing some of the unusual observed behaviour in the literature. In

particular, the growing availability of 2DES techniques allows for the observation of

the evolution of athermal distribution functions on timescales of ∼10 fs, making simu-

lation methods such as ensemble Monte Carlo extremely capable partners to the next

generation of spectroscopic techniques.

7.7 Conclusions

In this chapter, the thermalisation and cooling of a population of ‘hot’ charge carriers

in the moments following a photoexcitation event have been modelled using semiclas-

sical ensemble Monte Carlo calculations, with a particular focus on the role of the

initial photoexcitation energy and the charge carrier density. We find that at high car-

rier densities and high energies, the initial thermalisation of the population following

photoexcitation occurs on an ultrafast (� 100 fs) timescale, in agreement with obser-

vations in the literature. However, thermalisation is found to be considerably slower at

low carrier densities and low energies, with consequences for the common assumption

that thermalisation occurs much faster than electron–phonon scattering. We also find

that the thermalisation rate decreases as the electronic distribution cools, leading to

athermal transient populations that can affect the overall cooling rate compared to a

completely thermalised one. This has consequences for the measurement of tempera-

tures by fitting to the high energy tail of the distribution, with lower carrier densities

sometimes giving higher fitted temperatures than would be expected given the mean

energy of the population.

The calculations presented in this chapter provide evidence that the ensemble Monte

Carlo method can be a valuable tool in the understanding of the various competing pro-

140



7.7. Conclusions

cesses that govern the dynamics of hot carriers in semiconductors. Further development

of the implementation that has been written for the purposes of this thesis will enable

the study of other processes such as the hot phonon bottleneck, Auger recombina-

tion and dynamic screening. Close collaboration with experts in modern spectroscopic

techniques will then provide the means to interpret their results in a manner that goes

beyond some of the more simple approximations that are often made and enable a

much more detailed understanding of the many interacting and overlapping processes

that govern the cooling of hot carriers.
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Chapter 8

Conclusions

The aim of this thesis has been to understand some of the various processes that govern

the steady-state and transient charge transport properties of lead–halide perovskites. In

order to achieve this understanding, semiclassical solutions to the Boltzmann transport

equation have been found by developing an implementation of the ensemble Monte

Carlo method, with the intention of building towards a charge transport model that

can support the analysis of experimental results. The findings presented in this thesis

have provided valuable insight that at times confirm, contradict or provide nuance to

some of the accepted wisdom in the literature.

A large part of this thesis has been concerned with the Fröhlich Hamiltonian that

describes the interaction between charge carriers and polar optical phonons. In Chapter

3, it has been confirmed (using electrons in MAPbI3 as a representative system) that

this interaction is expected to be the dominant scattering mechanism for the calculation

of charge carrier mobilities across a wide range of temperatures. It has also been shown,

as has been observed numerous times in the literature, that calculations using the

simplest expression of the Fröhlich Hamiltonian are unable to reproduce the mobilities

observed across many measurements in the literature. This discrepancy is responsible

for a variety of proposed deviations from the Fröhlich Hamiltonian, some of which have

been investigated in this thesis with the intention of building a more accurate charge

transport model for lead–halide perovskites.

The effect of large polaron formation on the scattering and mobilities of charge

carriers in lead–halide perovskites has been evaluated in Chapter 4 by calculating scat-

tering rates for large polarons interacting with phonons and impurities. Contrary to

some speculations in the literature, it has been shown that large polaron formation

has a very limited effect on the scattering of charge carriers in several lead–halide per-

ovskites. In Chapter 5, the consequences of including the scattering of charge carriers
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with multiple effective polar optical phonon branches (“multiphonon” scattering) have

been examined, motivated by calculations in the literature that feature excellent agree-

ment with experimental measurements of mobilities. It has been demonstrated that

the reasons for this agreement were a number of errors in the scripts used to calcu-

late the mobilities in the literature. A number of modifications to these scripts have

been proposed which confirm that calculations that include multiphonon scattering

result in mobilities that are virtually indistinguishable from those that consider only

one effective phonon branch. In Chapter 6, some preliminarily calculations have been

presented that consider the effect of the free carrier screening of the electrostatic inter-

action between charge carriers and polar optical phonons. While more work is required

to move beyond the static screening approximation, some interesting results have been

presented that suggest the importance of considering the free charge carrier density

on charge carrier mobilities in lead–halide perovskites, and cast doubt on the method-

ology of using high fluence laser spectroscopic techniques to predict charge transport

properties under normal operating conditions.

Finally, the ensemble Monte Carlo method has been extended in Chapter 7 to

calculate transient charge carrier dynamics following laser photoexcitation. Methods

for the detailed calculation of carrier–carrier scattering rates have been presented, and

it has been shown that there exist regimes in which the thermalisation of charge carriers

may fall outside of the ultrafast timescale that has been observed in some experiments.

The consequences of this for the hot carrier cooling dynamics and measurement of

“temperatures” has also been presented, with low carrier concentrations having the

potential to slow down hot carrier cooling.

The results that have been presented in this thesis contribute to the further under-

standing of the charge carrier dynamics in lead–halide perovskites, which will eventually

allow for the accurate prediction and optimisation of the charge transport properties

of lead–halide perovskite solar cells and other optoelectronic devices. The findings in

Chapters 3 and 5 have been used to refute two hypotheses (polaron formation and

multiphonon scattering) that have each become common explanations for the unusual

mobilities of lead–halide perovskites, and in Chapters 6 and 7 to investigate how other

ways of moving beyond some of the common approximations that are found in the

literature can enable a deeper understanding of charge carrier dynamics. Throughout

the process of carrying out the research presented in this thesis, a simulation code has

been developed that will continue to be developed with the aim of building a more

complete picture of charge transport in semiconductors.

While the findings in this thesis have contributed to the ongoing effort to under-

stand, predict and optimise the charge transport properties of lead–halide perovskites,
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it has become clear in the process of conducting this research that the lead–halide

perovskites are an extremely complex class of materials to model. None of the mech-

anisms considered within this thesis have single-handedly enabled the calculation of

charge carrier mobilities that agree with observed mobilities in the literature, though

the extremely large spread present in the literature makes this a problematic target.

The focus in this thesis has instead been the examination of the change in mobility

that is induced by the inclusion of a particular deviation from the simplest model of

electron–phonon interaction, with the intention of building an understanding of which

deviations make a difference. Agreement with experiment should remain a secondary

aim until the uncertainties regarding the measurement of lead–halide perovskite mo-

bilities are resolved. Regardless, there remain a number of limitations in the work

presented in this thesis. Overcoming these limitations will enable further insight into

the charge carrier dynamics of lead–halide perovskites and other semiconductors.

While the scattering of charge carriers by polar optical phonons, acoustic phonons

and ionised impurities has been considered, other scattering sources or mobility-limiting

processes have been neglected which may be responsible for the discrepancy with ex-

periment have not been comprehensively considered [64, 65, 122]. There also remain

several proposed deviations from the simplest Fröhlich Hamiltonian that have not been

examined, such as dynamic disorder and phonon anharmonicity [66, 209]. Further-

more, while the work in this thesis has been concerned with looking at such deviations

individually, the potential interplay between mechanisms has not yet been understood.

Fully treating all of these processes would have broadened the scope of this research

beyond what was possible given the available resources, especially since there was a sig-

nificant amount of work required to reevaluate some of the existing accepted wisdom in

the literature. In the calculation of the screening of carrier–phonon and carrier–carrier

electrostatic interactions, it has been noted that the reliance on the static screening ap-

proximation is a major limitation to the validity of any conclusions that can be drawn

[223, 225, 226]. Additionally, any other effects of a dense free carrier population, such

as the Burstein–Moss effect and state filling, are neglected [230, 231, 232]. The model of

a hot carrier population following photoexcitation from a laser pulse does not account

for separate electron and hole populations, a non-instantaneous pulse, the presence of a

hot phonon bottleneck or the recombination of charge carriers. Finally, the comparison

with pump-probe experiments was not possible due to challenges developing a method

of converting an electronic distribution to a transient absorption signal.

There clearly remains plenty of scope for future research to further understand the

complexities of charge carrier dynamics in lead–halide perovskites. The limitations dis-

cussed in the previous paragraph should be addressed, namely: the inclusion of other
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scattering mechanisms and/or deviations from the simplest Fröhlich description of polar

optical phonon scattering; consideration of the interplay between various microscopic

mechanisms; inclusion of other effects of large charge carrier densities; more detailed

treatment of hot carrier distributions; and the development of an accurate method of

comparison with typical pump-probe experiments. These developments, while chal-

lenging, would ultimately benefit the perovskite community, as there is currently great

uncertainty and contradiction regarding many of the charge transport properties of

lead–halide perovskites.

With regards to the calculations of charge carrier mobilities in lead–halide per-

ovskites, the building of a more complex model may enable the understanding of the

origin of the extremely large spread in observed mobilities in the literature, which may

be due to differing charge carrier densities, film qualities, contact layers and/or other

varying factors in the conditions of each experiment. It may then be possible to answer

a question that has been briefly noted earlier: how relevant to “real-world” conditions

are the various techniques that have been used to measure mobilities in the literature?

If, for example, large charge carrier densities are required to measure mobilities, ther-

malisation times or other quantities, it may be essential to use theoretical calculations

to determine limiting mobilities under normal operating conditions.

Following the development of a reasonably accurate charge transport model, one

could then extend the ensemble Monte Carlo method to model entire electronic devices.

Such models are well documented in the literature [98], and merely involve the coupling

of the charge carrier free-flight routine to a Poisson solver to model the field induced

by the density of charge carriers across the device. Today’s state-of-the-art perovskite

device models typically use drift-diffusion models, which can couple both electronic

and ionic motion [280, 281, 282, 283]. Such models can typically be easily fitted to

experimental data to achieve some understanding of the underlying transport. However,

the relatively large number of fitting parameters means that these models struggle to

be truly predictive. An ensemble Monte Carlo device model, with relatively few free

parameters that can be sourced from ab initio calculations, may enable more powerful

and predictive simulations of perovskite devices.

Looking now to the modelling of hot carrier cooling in lead–halide perovskites using

ensemble Monte Carlo methods, it will be vital to collaborate with experts in ultrafast

photoexcitation experiments to develop a pathway to accurately simulating such ex-

periments. The emergence of 2DES techniques has recently allowed for the observation

of charge carrier dynamics on the ¡ 100 fs timescale, a regime that has until now been

unavailable to most conventional pump-probe experiments [80]. This makes simulation

techniques such as the ensemble Monte Carlo method ideal companions for this new
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class of experiment. Fruitful progress in this area may then allow for conclusions to

be made regarding the operation of perovskite hot carrier solar cells. Once again, the

question of whether the conditions present in typical experiments are relevant for the

realistic operating conditions of a hot carrier solar cell becomes a relevant issue that

such simulation techniques are able to address.

Lead–halide perovskites are complex materials that have been at the centre of an

enormous amount of intense scientific attention for over a decade at the time of writing.

While their commercialisation is beginning to take off, it is fascinating how much is

still to be understood regarding their fundamental charge transport properties. It is

this author’s opinion that a truly predictive charge transport model for lead–halide

perovskites is unlikely to be developed in the near future. Doing so will require: (i)

progress in state-of-the-art ab initio calculations to reliably calculate the electronic

properties of such large and complex unit cells at the greatest level of accuracy; (ii)

progress in the reliable and repeatable fabrication of lead–halide perovskites in a lab-

oratory environment, and a consensus as to the correct methods for measuring and

analysing experiments; and (iii) a treatment of charge carrier scattering that reflects

the inherent complexity of the perovskite lattice. However, in the challenging process

of modelling these materials, the scientific community will be able to develop its general

understanding of charge transport in complex semiconductors. This newfound compe-

tence may then aid the development of new materials that come to prominence in the

future.
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Appendix A

Generating scattering times

The electron wavevector k can change during the free-flight period between scattering

events; the most common cause of this is the applied electric field. Since the scattering

rates are a function of the electron wavevector, the probability of a scattering event

occurring also changes with time. Let Γ (k (t)) δt be the probability that an electron is

scattered within a small time interval δt around time t. The probability of the electron

not being scattered during δt is therefore

P (0; δt) = 1− Γ (k (t)) δt (A.1)

The probability of interest is the probability that an electron that was last scattered at

time t = 0 is next scattered in the time interval t+δt. This is product of the probability

that the electron was not scattered during time t and the probability that the electron

was scattered during time t+ δt:

P (1; t+ δt) = P (0; t)P (1; δt) (A.2)

To evaluate the first term, consider the probability of an electron that was scattered

at time t = 0 continuing to time t+ δt without being scattered. This is the product of

the probability that the electron isn’t scattered during t and the probability that the

electron isn’t scattered during time δt:

P (0; t+ δt) = P (0; t) (1− Γ (k (t)) δt) (A.3)

or, rearranging:
P (0; t+ δt)− P (0; t)

δt
= Γ (k (t))P (0; t) (A.4)
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which, in the limit of infinitesimal δt becomes

dP (0; t)

dt
= Γ (k (t))P (0; t) (A.5)

which has the solution

P (0; t) = exp

[
−
∫ t

0
Γ
(
k
(
t′
))

dt′
]

(A.6)

(with an integration constant of 1 due to the boundary condition that P (0; 0) = 1).

Equation A.2 can now be evaluated:

P (1; t+ δt) dt = Γ (k (t)) exp

[
−
∫ t

0
Γ
(
k
(
t′
))

dt′
]

dt (A.7)

Since the analytical form of Γ (k (t′)) is in general very complicated, equation A.7 cannot

be practically solved. However, a great simplification can be made if the scattering rate

is constant with time. The details of the simplification are given below, but the result

is that equation A.7 can be simplified to:

P (t) dt = ΓeΓtdt (A.8)

Now we take the cumulative distribution function

c (t) =

∫ t

0
P
(
t′
)

dt′ (A.9)

which spans from 0 to 1 as t goes from 0 to ∞ and fits the definition dc = P (t) dt.

The result of these properties are that we can sample the distribution function using

a (pseudo-)random number r′ that is taken from a uniform distribution in the range

0 ≤ r′ < 1. Hence, by evaluating equation A.9:

r′ = 1− e−Γt (A.10)

and rearranging:

t =
ln (1− r′)

Γ
=

ln (r)

Γ
(A.11)

since r = 1− r′ can be generated from an identical distribution to r′.
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Appendix B

Validation of ensemble Monte

Carlo implementation in BoltMC

B.1 Consistency checks

The following section will demonstrate that the ensemble Monte Carlo implementation

in BoltMC is consistent with the methods described in this chapter by showing that

the selection of scattering mechanisms and final states agrees with the rates presented

in this thesis.

B.1.1 Scattering rates

Firstly we demonstrate that BoltMC is able to stochastically pick scattering events with

a distribution that is consistent with the total scattering rates for acoustic phonons,

polar optical phonons and ionised impurities given in equations 2.34, 2.35 and 2.36

respectively. To do this, we calculate “effective scattering rates” by tracking the number

of events that are picked by the (pseudo-)random number generation process outlined

in section 2.2.5. The effective total scattering rate W eff
s,ε for scattering mechanism s at

tabulated initial energy ε is calculated using

W eff
s,ε = ns,ε

ntotal

nεNPTsim
(B.1)

where ns,ε is the number of events that occurred in the simulation with scattering

mechanism s and in the bin corresponding to an energy of ε, nε is the total number

of events that occurred with energy ε but summed across all scattering mechanisms

(including self-scattering). ntotal is the total number of events that occurred during the

simulation, NP is the total number of particles in the simulation and Tsim is the total
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(a) (b)

Figure B.1: (a) Scattering rates (integrated over final states) for electrons in MAPbI3

interacting with polar optical phonons (absorption: blue, emission: green), acoustic
phonons (red) and ionised impurities (orange). The analytic expressions for all three
mechanisms are those in equations 2.34, 2.35 and 2.36 and are plotted in lighter, dashed
lines. The effective scattering rates as calculated from counting the number of events
accepted by the are plotted as darker coloured points. (b) Cumulative probabilities
of scattering into a state with a polar angle of cos θ between cos θ = 1 (corresponding
to θ = 0) and cos θ = −1 (corresponding to θ = π) for electrons in MAPbI3 interact-
ing with polar optical phonons (absorption: blue, emission: green), acoustic phonons
(red) and ionised impurities (orange). Analytic expressions for all three mechanisms
are plotted in lighter, dashed lines and are found in equations B.2, B.3 and B.4. The
effective cumulative scattering probabilities are found from tracking the scattering an-
gles during the final state calculations in the ensemble Monte Carlo algorithm and are
plotted as darker coloured points. The probabilities are plotted for an initial energy of
25.9 meV.
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simulation time.

Figure B.1a displays the comparison between the tabulated rates calculated from

equations 2.34, 2.35 and 2.36 and the effective scattering rates calculated using equation

B.1. BoltMC exactly reproduces the analytic expressions where there is a large electron

population and a relatively high scattering rate, as expected. Where there is a low

scattering rate (e.g. acoustic phonon scattering) or a low electron population (e.g.

higher energies), random noise around the analytic expression is observed due to the

low value of ns,ε. This is easily improved by running the simulation for a longer time,

or by applying a field that populates higher energy states, but some noise is presented

here to indicate the stochastic nature of the simulation.

B.1.2 Final states

Section 2.8 describes how the final scattering angle can be determined using a (pseudo-

)random number generator and the cumulative probability distributions as defined in

equation 2.38. To test that this is implemented correctly into BoltMC, Figure B.1b

displays the probability of scattering to a state with a polar angle between cos θ = 1

(corresponding to θ = 0) and cos θ for all three scattering mechanisms considered thus

far at an initial energy of εi = 25.9 meV (corresponding to the peak of the Maxwell-

Boltzmann distribution at a temperature of 300 K). The azimuthal dependences are

not presented here as they are trivial.

The cumulative probability distributions plotted in Figure B.1b are as follows:

Paco

(
0 < θ′ < θ

)
=

1− cos θ

2
(B.2)

Ppop

(
0 < θ′ < θ

)
=

ln

∣∣∣∣√1 + εf
εi
− 2
√

εf
εi

cos θ

∣∣∣∣− ln
∣∣∣1−√ εf

εi

∣∣∣
ln
∣∣∣1 +

√
εf
εi

∣∣∣− ln
∣∣∣1−√ εf

εi

∣∣∣ (B.3)

Pimp

(
0 < θ′ < θ

)
=

(1− cos θ)
(

1 + 4|ki|2
β2

)
2 + (1− cos θ) 4|ki|2

β2

(B.4)

Figure B.1b shows that BoltMC perfectly reproduces the cumulative scattering

probabilities. Note that the linear relationship shown for acoustic phonon scattering

in Figure B.1b demonstrates that this scattering mechanism is completely velocity

randomising, while polar optical phonon and ionised impurity scattering strongly favour

small scattering angles.
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Appendix B. Validation of ensemble Monte Carlo implementation in BoltMC

(a) (b)

Figure B.2: (a) Mean drift velocity as a function of time for four different field strengths
and (b) steady state mean drift velocity as a function of applied electric field strength for
electrons in GaAs. Solid lines are results from BoltMC simulations; lighter, dashed lines
are data from Numerical simulation of submicron semiconductor devices by Kazutaka
Tomizawa [81]. An impurity density of 1014 cm−3 was used for the results in both
figures, in agreement with the results from Tomizawa.

B.2 Comparison with previous ensemble Monte Carlo cal-

culations

Finally, in order to benchmark BoltMC against an existing ensemble Monte Carlo

implementation, we will reproduce a selection of results for the polar semiconductor

GaAs from the textbook Numerical simulation of submicron semiconductor devices by

Kazutaka Tomizawa, which describes the EMC method in detail [81].

A major difference between GaAs and most lead–halide perovskites is the presence

of multiple band valleys in both the conduction and valence bands. In the conduction

band, three main valleys are present at the Γ, X and L points of the Brillouin zone;

in the valence bands, two valleys are present at the Γ point corresponding to heavy

and light holes. While the three scattering mechanisms presented in this chapter are

all valid for GaAs, the multiple band valleys mean it is vital to also include non-polar

optical phonon interactions (see section 2.5.4). The theory and implementation of non-

polar optical phonon scattering and multiple band valleys is not explained in detail

here as it is not relevant for the work on lead–halide perovskites presented in the rest

of this thesis.

152



B.2. Comparison with previous ensemble Monte Carlo calculations

B.2.1 Drift velocity vs. time

Figure B.2a shows the magnitude of the mean drift velocity (in the direction of the

applied field) as a function of time for four different electric field strengths. At relatively

low field strengths (i.e. 2 kV cm−1), the mean drift velocity initially rises but plateaus

after around 1 ps. When stronger fields are applied, a sharp initial rise is followed by a

strong fall in mean velocity, with steady-state mean velocities that can be lower than for

ensembles with lower fields. The reason for this is the occupation of other conduction

band valleys that have heavier effective masses, a feature that is not present in the

halide perovskites considered in the rest of this thesis due to the lack of other band

valleys that have minima sufficiently close to the band edges. The agreement with

Tomizawa is good, but there are slight differences which we attribute to a difficulty in

finding the exact material properties used by Tomizawa.

B.2.2 Drift velocity vs. field

Figure B.2b shows the steady state drift velocity as a function of applied electric field

strength. The steady state was assumed to be valid after 10 ps. Again, the drop in

steady state velocity is attributed to the filling of the X and L conduction band valleys.

The agreement with Tomizawa is good, save a slight mismatch at the peak velocity and

at very large fields which we again attribute to slight differences in parameter sets.
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Appendix C

Material properties

Table C.1: Material properties for the halide perovskite MAPbI3. Values were chosen
to align with several previous studies, and sourced entirely from ab initio calculations
reported in the literature. m∗CB and m∗VB are the bare band conduction and valence
band effective masses, ωpop/2π is the (effective) polar optical phonon frequency, εLF

and εHF are the low and high frequency relative permittivities, ΞCB and ΞVB are the
conduction and valence band acoustic deformation potentials, and cL is the elastic
constant. The value of cL is the mean of the values of C11, C22 and C33 reported in
Reference [163]

Parameter MAPbI3

m∗CB 0.15me [25]
m∗VB 0.12me [25]
ωpop/2π 2.25 THz [62]
εLF 25.7ε0 [25]
εHF 4.5ε0 [284]
ΞCB −2.13 eV [163]
ΞVB −3.76 eV [163]
cL 32.0 GPa [163]
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Appendix D

Polaron final state calculations

The cumulative probabilities of a large polaron scattering at a polar angle of 0 < θ′ < θ

for acoustic phonons, polar optical phonons and ionised impurities can be derived using

equation 2.38 along with equations 4.15, 4.16 and 4.17:

Paco,pol

(
0 < θ′ < θ

)
=

1− exp
[
− h̄µ|Ki|2

(m∗)2ωosc
(1− cos θ)

]
1− exp

[
− 2h̄µ|Ki|2

(m∗)2ωosc

] (D.1)

Ppop,pol

(
0 < θ′ < θ

)
=

Ei (−A (θ))− Ei (−A (0))

Ei (−A (π))− Ei (−A (0))
(D.2)

Pimp,pol

(
0 < θ′ < θ

)
=
C (0)− C (θ)

C (0)− C (π)
(D.3)

where

C (θ) =
exp (−B (θ))

B (θ)
+ Ei (−B (θ)) (D.4)

and A (θ), B (θ), Ei (x) and all material properties are defined as in Chapter 4. These

functions, along with their equivalents for band electrons, are plotted in Figure D.1.

For the purposes of an ensemble Monte Carlo simulation, one needs to pick a value

of cos θ that is consistent with these probabilities. This is simple for acoustic phonon

scattering, as equation D.1 can be easily rearranged, with the cumulative probability

replaced with a (pseudo-)random number rθ from a uniform distribution between 0 and

1 in the same manner described in section 2.8:

cos θaco,pol = 1 +
(m∗)2 ωosc

h̄µ |Ki|
ln

{
1− rθ

[
1− exp

(
− 2h̄µ |Ki|

(m∗)2 ωosc

)]}
. (D.5)

Equations D.2 and D.3 are not rearranged and evaluated in this way for polar
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Appendix D. Polaron final state calculations

Figure D.1: Cumulative probabilities of scattering into a state with a polar angle of cos θ
between cos θ = 1 (corresponding to θ = 0) and cos θ = −1 (corresponding to θ = π) for
band electrons (dashed lines) and electron polarons (solid lines) in MAPbI3 interacting
with polar optical phonons (absorption: blue, emission: red), acoustic phonons (green)
and ionised impurities (yellow) at temperatures of (a) 100 K, (b) 300 K and (c) 500
K. The cumulative probabilities are plotted for initial energies of kBT = 8.6 meV,
25.9 meV and 43.1 meV respectively. Polar optical phonon emission is forbidden when
ε < h̄ωpop, so these cumulative probabilities are not plotted at 100 K.

optical phonon and ionised impurity scattering, since there is no implementation for

the inverse of the exponential integral Ei−1(x) in the GNU Scientific Library (GSL)

[285]. We therefore resort to finding cos θ using the additional Monte Carlo process

described in Chapter 6, with the probability densities proportional to:

fpop,pol(θ) =
|K±|

|Ki|2 + |K±|2 − 2 |Ki| |K±|
exp [−A (θ)] (D.6)

fimp,pol(θ) =
1

B (θ)2 exp
[
−B (θ)2

]
. (D.7)
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Hörantner, A. Haghighirad, N. Sakai, L. Korte, B. Rech, et al., Science 351, 151

(2016).

[47] F. Xu, T. Zhang, G. Li, and Y. Zhao, Journal of Materials Chemistry A 5, 11450

(2017).

[48] H. C. Weerasinghe, Y. Dkhissi, A. D. Scully, R. A. Caruso, and Y.-B. Cheng,

Nano Energy 18, 118 (2015).

[49] J. A. Nelson, The Physics of Solar Cells (World Scientific Publishing Company,

2003).

[50] L. M. Herz, ACS Energy Letters 2, 1539 (2017).

[51] C. Jacoboni, Theory of Electron Transport in Semiconductors: A Pathway from

Elementary Physics to Nonequilibrium Green Functions, Springer Series in Solid-

State Sciences (Springer Berlin Heidelberg, 2010).
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[53] H. Fröhlich, H. Pelzer, and S. Zienau, The London, Edinburgh, and Dublin

Philosophical Magazine and Journal of Science 41, 221 (1950).
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