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Abstract

Photonic quantum computing offers a potential avenue to scalable fault tolerant quan-
tum computing, however the realisation of such a device has been hampered by the need
to overcome non-deterministic elements in photonic quantum information processing. A
possible solution to this is the use of scalable quantum memories. There are many proposals
for quantum memories but to date none of them have met all the performance require-
ments for effective photonic synchronisation applications. These include low noise, readout
on-demand, high efficiency and broad signal acceptance bandwidth. For scalability, the
quantum memory will also preferably operate at room temperature and in a platform that
can be miniaturised and integrated.

Quantum memories have traditionally been based upon a system where a quantum opti-
cal signal is mapped to a stationary medium in an absorption based memory, however recent
development have led to the formation of quantum memories based upon switchable cavities.
Here through a time varying switch, an optical signal can be mapped to a storage cavity
for on-demand storage and release. Alkali vapour systems have a rich history in quantum
memories due to their high optical depths allowing for strong absorption and storage of
the optical signal to an ensemble of atoms. Absorption is accompanied by dispersion and
therefore, this thesis explores induced dispersion in hot rubidium vapour, in order to create
optically induced switching for switchable cavity quantum memory.

This thesis is primarily theoretical in nature, where initially switchable cavity quantum
memory is explored in the bad cavity limit through a switchable input-output coupler to the
cavity. The thesis then explores two possible avenues using induced two photon dispersion
in warm rubidium vapour to build such switchable couplers. Finally, progress in building
an experimental platform to implement low-loss switching through a variable switching ring
cavity is explored.
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Chapter 1

Quantum Photonic Information

Processing

1.1 Thesis Outline

The first chapter of this thesis will be a literature review for quantum computing specialising

in photonic quantum computing. This first chapter will outline the motivation for why non-

deterministic operations are a hurdle in building a full scale photonic quantum computer and

how recent improvements may allow for a scalable solution through the concept of temporal

multiplexing and quantum memory. The second chapter discusses how in the long pulse

regime, quantum memory can be achieved by dynamically coupling light in to a storage

cavity comprised of a low-loss, high-finesse cavity. The bulk of the remainder of this thesis

is based on modelling and measurements of two-photon dispersion in rubidium vapour for

applications in an atomic switchable cavity quantum memory. Chapter 3 consists of the

modelling of induced two photon dispersion in a three-level ladder system to understand the
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key properties underpinning the atomic light-matter interaction. Chapter 4 discusses the

real-life experimental techniques required to measure an optically induced phase shift, in-

order to demonstrate that two-photon dispersion can be achieved off-resonantly from linear

single photon absorption. Chapters 5, 6 and 7 then go on to analyse looking at possible

variable quantum memory switching mechanisms based upon induced two photon dispersion.

Chapter 5 is a theoretical framework for creating an induced Bragg mirror in hot and cold

rubidium vapour. Chapter 6 is a theoretical proposal for switching based upon using induced

two photon dispersion to modulate the transmission of an optical cavity. Finally, chapter

7 describes the progress made in building a proof of principle demonstration of concepts

introduced in chapter 6.

1.2 Quantum Computation

Quantum information science states that through the control of complex quantum systems,

quantum computers have the ability to solve problems which are classically impossible or

not yet optimum in terms of implementation efficiency [1]. This advancement in computing

capability can be achieved through the implementation of quantum algorithms based upon

the fundamental principles of quantum mechanics [2]. The promise which comes with such a

device has motivated an enormous and ever growing research field over the last three decades

and is now seeing substantial funding to build a fully functional commercial device [3].

To understand what is required to perform quantum computations, it is helpful to look

at the implementation of classical computation, which has become a backbone of modern

society. Classical computers are typified by encoding information into bit strings- a se-

quence of zeros and ones. Boolean logic operations allow for implementation of any classical

algorithm, as any logic operation can be implement through a series of NAND gates [4]. A
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NAND gate is a logic gate which produces a 0 output if both the inputs are 1, otherwise

it outputs a 1. The physical mechanism which underpins classical computing through its

ability to perform NAND operations, is the processing of voltage levels through a transis-

tor [5]. Advancements in the semiconductor fabrication industry now allow for millions of

transistors to be fabricated on to silicon chips, which form the processing units in modern

electronic devices.

The promise of quantum computers is partially motivated by the unsustainable improve-

ment in classical computational power [6]. Performance in computing is often described in

terms of resources [7]. These resources can be loosely classified in two resource categories,

time and space. A time resource relates to the number of steps the computation takes, i.e.

the number of lines of code each problem you want to solve takes to be modelled or the

time it takes for one step to be computed. Equivalently, a space resource is the physical

material resource taken to perform the computation i.e. the size of computational memory

or the size of a transistor. As more complex problems are wanting to be solved in shorter

amounts of time, the increase in computational performance has been driven by decreasing

the size of the transistors and the space between them. Together, shortening the distance

the physical encoding of the information has to travel through processing, and by increasing

the transistor density on a microprocessing chip, the computational resource costs can be

reduced [8]. This decrease in resource costs, results in a faster clock rate of the processor i.e.

the more tasks your processor can do per unit time per unit space, and has lead to a thriv-

ing global high performance computing infrastructure. However, increasing computational

performance through miniaturisation of components has two noticeable downsides. The

first is that energy dissipation problems increase with smaller chips and secondly and more

fundamentally, is that transistors can’t become infinitely small [9]. Transistors are already

being implemented at the single atoms level [10]. Therefore, the future of high performance
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computing must require a new platform on which to perform next generation algorithms, if

gains in computing performance are to continue to grow.

Complementary to a reduction in the improvements of classical computing, quantum

computers harness quantum mechanical effects to implement quantum logic gates. These

quantum operations can be used to solve problems which are classically impossible [11]. This

is different to the first motivation where improvements in performance can lead to greater

computational speed-ups, but where mathematical problems are currently classical insoluble.

Through this advantage, quantum computers have the possibility to be a revolutionary

technology and tackle some of the most challenging problems that are faced today [2]. An

example where quantum computers can be shown to speed up problems is in the class

of search tasks. This was first proposed in 1997 by Grover where he showed quantum

computers can find marked items in a list with a quadratic speed up in performing this naive

search [12]. Arguably the most famous quantum algorithm is Shor’s algorithm which tackles

the classically hard problem of prime number factorisation [13]. Prime number factorisation

forms the basis of our main cryptographic systems due to the difficulty in the reversing the

mathematical frameworks describing the encryption. However, through application of the

quantum Fourier transform, Shor’s algorithm can crack these encryption techniques. While

these tasks show some of the foremost improvements offered by quantum computers from

a computer science point of view, perhaps the most useful tasks for a quantum computer

in terms of effects on civilisation is the applications for the variational quantum eigensolver

which solves eigenstates of a target Hamiltonian, H [14]. This links to the earliest proposed

application of a quantum computer by Richard Feynman in 1981, where he talked about

using quantum computers to simulate physical systems [15] [16]. The use of algorithms to solve

problems related to physical systems is due to nature being inherently ‘quantum’, therefore,

there are natural applications for quantum computers in simulating chemical systems leading
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to improvements in the development of medicines and fertilizers [17].

1.2.1 The Qubit

Quantum computation builds upon the notion that information can be encoded into a two-

level quantum system rather than a binary mutually independent classical encoding system.

This two level system is the fundamental building block for a quantum processing unit and

this two level system must be able to demonstrate quantum mechanical properties such as

entanglement and superposition. It is the ability to control these quantum mechanical prop-

erties that allow quantum computers to demonstrate advantages over classical computers.

Quantum information is typified by the quantum analogy to the classical bit, the qubit -

‘quantum bit’ [18]. The qubit is an object which is an arbitrary superposition of two mutually

exclusive states, zero and one. These computational basis states are labelled by the kets, |0⟩

and |1⟩, and the weighting of the superposition is denoted by α and β,

|ψ⟩ = α|0⟩+ β|1⟩. (1.1)

The capability of a quantum computer is highlighted here by the number of possible states

which |ψ⟩ can be. In theory, α and β can be continuously varied and therefore, the number

of states for a single qubit is infinite. By encoding information in qubits, and combining

multiple qubits together, you can encode exponentially more pieces of binary information in

fewer qubits. While 3 classical bits can encode eight distinct pieces of information, at any

point of the system, the system has to be in exactly one of these eight states. However, with

three qubits, all eight pieces of information can be encoded at the same time.
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|ψ⟩ ⊗ |ϕ⟩ ⊗ |θ⟩ =a|000⟩+ b|001⟩+ c|010⟩+ d|011⟩

+ e|100⟩+ f |101⟩+ g|110⟩+ h|111⟩
(1.2)

As well as using this pseudo-argument of quantum parallelism to conveniently explain

the power of quantum computing, it also helps to explain why as the world grows ever

closer to a universal quantum computer, none exist yet. Practically, in order to encode and

manipulate qubits, physical control over each physical microscopic quantum system, which

creates a single qubit, must be implemented. All quantum systems are inherently fragile due

to their lack of robustness to ambient noise or loss. Therefore, any small change in either α

or β in the system can drastically change the state of the qubit, and results in the output of

your computation being inaccurate. The invention of quantum error correction transformed

large scale quantum computation from an impossibility to a possibility [19]. While the ability

to correct for errors in a quantum computer efficiently is possible without disturbing the

coherence of the computation, the amount of error induced by the physical platforms still

wants to be minimised for optimal protection for a certain amount of resources [20].

To build any quantum computer you need to be able to prepare your qubit state, perform

unitary evolutions to implement an algorithm and then read out the encoded information

through measurements. Quantum computing algorithms can be therefore visualised through

these steps as i) encoding of information ii) performing logic operations and iii) extracting

the information.

The first type of logic operations that need to be performed are single qubit gates,

these gates are able to change α and β of a single qubit. When a qubit is measured in

the computational basis, the results ‘0’ and ‘1’ are recovered, with a probability |α|2 and

|β|2. These probabilities must follow traditional rules of probabilities and thus must add
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Figure 1.1 The Bloch sphere representation of a qubit. Here the qubit
state can be broken down into three axes which are the eigenstates of the
Pauli operators . |X±⟩ = 1√

2
(|0⟩ ± |1⟩), |Y±⟩ = 1√

2
(|0⟩ ± i|1⟩).

up to 1. This has a normalisation condition on α and β and thus can be thought of as the

qubit having length 1. This concept of expressing the qubit as a vector is described through

the Bloch sphere (figure 1.1) [21]. Here, the qubit is represented as a vector in spherical

co-ordinates, where the sphere has an outer radius of one,

|ψ⟩ = cos
θ

2
|0⟩+ eiϕ sin

θ

2
|1⟩. (1.3)

Any single qubit gate can be thought of as transformations of the qubit in the Bloch

sphere i.e. a bit flip operations would take a qubit in purely the |0⟩ state to the |1⟩ state.

Another common single qubit gate is the Hadamard gate, H. The Hadamard is equivalent

to a rotation of the Bloch vector by 90 degrees around the y-axis. Therefore, for a qubit in

purely the |0⟩ state, the Hadamard transforms the qubit to an equal position of |0⟩ and |1⟩

pointing along the x-axis.

Single qubit operations alone are not sufficient for quantum computing as in order to

perform high-level algorithms conditional logic must also be performed. This requires the

ability of the state of one qubit to affect the state of another qubit. Naturally, therefore

accompanying single qubit gates are two qubit gates. The most commonly used two-qubit

gate is the CNOT gate,
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CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


. (1.4)

The CNOT gate leads to the creation of entangled states. When combined the Hadamard

gate, the CNOT gate allows for the production of Bell states [21]. The output Bell state

produced through this operation is a maximally-entangled state and cannot be written as

the product of two individual single qubits [22],

CNOT (H ⊗ I)|0⟩|0⟩ → CNOT
1√
2
(|0⟩|0⟩+ |1⟩|0⟩) → 1√

2
(|0⟩|0⟩+ |1⟩|1⟩). (1.5)

The Bell state of this system (equation 1.5) has two possibilities with associated prob-

abilities of a half. Through measurement of one of the qubits, the qubit will collapse in to

one of the basis states, but the entanglement means the measurement of one qubit assigns

one of the possible outcomes to the other qubit on measurement. These states have a rich

history in physics as they demonstrate on a fundamental level that nature is probabilistic

and therefore quantum mechanics is a promising description for nature [23].

Single qubit rotations allow for a qubit to be taken from any superposition of the two

computational basis states to another arbitrary combination; while two qubit gates allow for

the introduction of entanglement to the algorithm. By creating algorithms which implement

single and two qubit gates, quantum mechanical principles of superposition and entangle-

ment can be leveraged for a quantum advantage in computing capabilities. Any quantum

computer must be made in a platform which allows for the initialisation of a qubit, the abil-
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ity to perform a set of universal logic operations on both single qubits and two qubits, and

finally return the encoded information through measurement. There are many platforms to

build a quantum computer from, these include superconducting systems [24] [25] [26], trapped

ions [27] [28], electron donors [29] [30]. However, the focus of this thesis is based upon photonics

being a highly promising platform upon which to build quantum computers [31].

1.3 Photonic Quantum Computing

Photons as carriers of information have many advantages that make them a promising

platform for building a fully fault tolerant quantum computer [32]. These include the imple-

mentation of high speed logic operations and measurements due to optical signals having

high carrier frequencies, which allows for large bandwidth pulses. Photons interact weakly

with external systems allowing for low noise systems and zero cross talk with other pho-

tons [33]. In principle this allows for room temperature operation. Furthermore, in creating

the large scale systems required for universal quantum computing, photons offer intrinsic

networkability and less constrained architecture geometries.

As with classical computers, there will be a demand for a greater reduction in resources

and an increased need for computational performance as quantum computing grows in fea-

sibility. The use of temporally short photons allows for fast computations and thus reduces

time resources; such photonics-based solutions are now being implemented in existing clas-

sical information data centres [34]. While equally, with zero cross talk between photons and

the lack of requirement for cryogenic containment units, the space resource needed to scale

photonic platforms is beneficial compared to other platforms.

Photonic information processing can be widely implemented by building from existing

technologies that underpins global telecommunications technology. Key quantum photonic
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components are already fabricated with low loss as photonic integrated circuits and optical

fibre devices, as they underpin many global communication networks.

However, while photons interacting weakly with their environment allows for low noise

systems, it also means that it is very challenging to induce strong photon-photon interactions.

These interactions are critical to the creation of a universal quantum computer as any form

of computation requires the ability of one control qubit to affect another target qubit based

on the state of the control qubit. To overcome this problem, there are two active areas of

research. The first is termed Linear Optical Quantum Computing (LOQC) [31]. Here the use

of ancillary qubits and feed-forward measurements accompanies linear optical operations

to perform conditional logic operations. However the requirement for additional resources

and the probabilistic nature of these schemes currently limit the feasibility of building large

scale photonic information processing devices. Alternatively, conditional logic operations

can be provided using optical non-linear interactions, where deterministic single photon

non-linearities provide a conditional phase shift for a single photon [35]. However, to-date no

non-linearities strong enough to perform this task have been developed, therefore this thesis

will focus on LOQC.

1.4 Information Encoding and Manipulation

In order to implement quantum technologies, quantum information must be encoded in a

physical system. The framework for explaining how a photon is a quantum system has been

shown in appendix A, but information must be encoded into some property of the photon

mode such that the qubit can be well prepared, controlled and read out. This means that

a minimum of two physical states of the system must be related to the computational logic

basis.
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As a quantum optical state is an electromagnetic field, it has a series of parameters

associated with it for encoding information in to it, for example optical frequency. This

is an attractive idea as an optical field can have a continuous range of optical frequencies

which would allow for infinite-dimension Hilbert spaces. However, to perform computations

a change in the logical state must be carried out. This change must be made in a degree of

freedom of the creation operator describing the mode. Therefore, while the many degrees of

freedom associated with optical states offers a realm of possibilities, not all of the options are

in practice as feasible as others. Two main formalisms of quantum optics make up different

encoding schemes, these two formalisms are known as continuous variable (C.V) and discrete

variable (D.V) [36].

Discrete variable quantum optics is when the quantum optical state is known in terms of

number of photons. Here the number of photons offers a discrete basis for which to work. The

alternative regime of photonic quantum computing is known as continuous variable quantum

computing. This is where information is encoded in continuous physical observables of the

optical field known as quadratures. Due to the quantum harmonic oscillator description of

quantised optical states, the quadratures play a role of an oscillator position and momentum.

This thesis deals with information encoding for discrete variable quantum optical state

encoding, and I will now explain how information can be encoded in discrete quantum

photonic information schemes.

The first possible implementation is through single rail encoding, this is where a single

quantum mode can be prepared in to two orthogonal states. The most obvious example of

this is whether you have a single photon state or the empty vacuum state. This however

means you have to perform gates which are creating or destroying a photon, this is not

easily implementable and very resource demanding. Therefore, a dual rail encoding system

is preferred. This is where two orthogonal optical modes are used, each are represented by
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annihilation operators â and b̂. These mode operators act on the vacuum, |⊙⟩. This creates

a two mode system where a logical zero is photon occupation of one mode and no photon

occupation of the other orthogonal mode. Equally the logical one is the inverse of this,

|0⟩ = â†| ⊙ ⊙⟩ = |10⟩P , (1.6)

|1⟩ = b̂†| ⊙ ⊙⟩ = |01⟩P . (1.7)

The introduction of the subscript P notation is to denote that these are the photonic

states and not the computational qubit basis states.

Traditionally polarisation or path encoding is used, however, the potential to encode

multiple pieces of information in to quantum optical states due to its multiple of degrees of

freedom allows for exciting architectural applications where multiple degrees of freedom are

used [37]. These additional information encoding schemes could include frequency encoding,

where a blue photon is |0⟩ and a red photon is |1⟩ [38]. Finally, time encoding, where the

time of pulsed photon wave packets form orthogonal modes [39].

1.4.1 Single Qubit Gates

Single qubit gates are required to transformed any linear superposition of the computational

basis states to any other linear combination of the computational basis states. This can be

represented on the Bloch sphere as,

|0⟩ → cos θ|0⟩+ ieiϕ sin θ|1⟩, (1.8)

|1⟩ → ieiϕ sinϕ|0⟩+ cosϕ|1⟩. (1.9)

Dual rail encoding is usually used in form of physical waveguide ‘rails’ where a photon
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Figure 1.2 Dual rail encoding is usually in the form of two different
spatial modes. This is where a photon resides in one of two physical
waveguides, denoted here by A and B. The computational ‘0’ state is then
associated with the presence of the photon in one waveguide, and the com-
putational ‘1’ state is when the photon is in the second waveguide.

is in either one waveguide or another waveguide, but the two photons are identical. This

is shown in figure 1.2. Arbitrary single qubit operations can then be achieved with a beam

splitter and two phase shifters. The interaction causes the evolution of the modes to be,

â→ √
ηâ+ eiθ

√
1− ηb̂, (1.10)

b̂→ eiϕ
(√

1− ηâ− eiθ
√
ηb̂

)
. (1.11)

Here â is one waveguide mode, b̂ is the other waveguide mode and η is the intensity reflectivity

of the beam splitter. We can see that if we apply the operator evolution above to the two

dual rail states (equations 1.6 and 1.7) we find,

|10⟩P → √
η|10⟩P + eiϕ

√
1− η|01⟩P , (1.12)
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|01⟩P → eiϕ
(√

1− η|10⟩P − eiθ
√
η|01⟩P

)
. (1.13)

By setting
√
η = cos θ and having the qubit phase controlled through the two optical phase

shifters, then beam splitter and phase shifter transformations allow for arbitrary single qubit

operation. Finally single photon detectors placed at the end of the waveguide modes can

fire to signal the state of the qubit as to whether it is in the logical zero or the logical one

state.

Equally applicable is an alternative dual-rail qubit, where two photons have the same

spatial-temporal modes but different polarisations,

|0⟩ = |H⟩ ; |1⟩ = |V ⟩. (1.14)

A similar transformation can occur to the case of spatial encoding where beam splitters

and phase shifters are used. However, for polarisation encoding, half and quarter-wave plates

are used. The direction of polarisation is in the x-y plane for optical fields propagating in

the z direction. The use of quarter and half wave plates allows for arbitrary change in the

angle of polarisation in the x-y plane. We can see the following mapping using waveplates,

a†x′ = cos θa†x + ie−iϕ sin θa†y, (1.15)

a†y′ = ieiϕ sin θa†x + cos θa†y. (1.16)

Finally for detection, waveplates and polarisation beam splitters can convert polarisation

encoding into spatial encoding so as with spatial encoding, knowing which detector fired can

be used as a measurement of the encoded information. We can use a polarising beam splitter
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Figure 1.3 Two dual rail encoding schemes. The first is where two
separate spatial modes impinge on a beam splitter of reflectivity η and
there are two phase shifters ϕ and θ to allow for any arbitrary rotation on
a single photon encoded over the two spatial modes. The second is where a
combination of half and quarter wave plates allow for arbitrary rotation of
a single spatial mode but of a superposition of polarisation modes. Spatial
and polarisation encoding can be combined through the use of a polarising
beam splitter.

to spatially join or separate different orthogonal polarisation modes, where a polarising beam

splitter transforms the input modes as

ain,H → aout,H ; ain,V → bout,V , (1.17)

bin,H → bout,H ; bin,V → aout,V . (1.18)

While photonic qubits can be manipulated with linear optical elements, there is a key

demand on the production of single mode single photon states in a controlled way, so you

are able to clearly initialise your qubit by knowing clearly which optical mode it is in.

1.4.2 Two-Photon Gates: Interference not Interactions

Photon-photon interactions are weak, and therefore traditional concepts about two qubit

gates are non-trivial operations. For a control led two-photon gate, the presence of one

photon must change the qubit state of another photon. If there is no cross-talk between

photons they cannot be aware of one another. However, in quantum mechanics probability
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amplitudes are used and not absolute probabilities. These are complex numbers which can

interfere. Using the quantum interference between photons allows for a way of obtaining two-

photon quantum gates, however these operations are probabilistic. The Hong-Ou-Mandel

interference is a famous example of this two-photon interference effect [40].

The Hong-Ou-Mandel set-up starts with two identical photons interfering at a 50:50

beam splitter, as shown in figure 1.4. The mode evolution of the photons arriving at the

beam splitter is given as,

a†a1
BS→ 1√

2
a†b1 +

i√
2
a†b2 , (1.19)

a†a2
BS→ i√

2
a†b1 +

1√
2
a†b2 . (1.20)

If we take an input state of one photon in each input mode of the 50:50 beamsplitter, we

can see that the output of the photons is that they both output the beam splitter together,

|ψ⟩ =|1a1 , 1a2⟩ = a†a1a
†
a2 |0, 0⟩

BS→ 1

2
(a†b1 + ia†b2)(ia

†
b1

+ a†b2)|0, 0⟩,

=
1

2
(iâ†b1a

†
b1

− a†b2a
†
b1

+ a†b1a
†
b2

+ ia†b2a
†
b2
),

=
i√
2
(|2b1 , 0b2⟩+ |0b1 , 2b2⟩).

(1.21)

The probability on the output of the beam splitter is that if we had a click detector on each of

the output arms, we would never have both detectors click at the same time. This is the well

known Hong-Ou-Mandel interference effect and signals that there were two photons present

at the beam splitter at the same time. Thus we see that we can use one photon to influence

the output state of another photon through the inducing of a bunching effect [40], [41] .
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Figure 1.4 Interferring two identical photons on a 50:50 beam splitter
leads to a cancellation of the possible outcomes of the beam splitter such
that the two photons will bunch together and always both come out at
either port with a 50% probability. This is known an Hong-Ou-Mandel
interference.

KLM Scheme

Hong-Ou-Mandel interference shows that photons interfere with each other to create effects

based on having two identical photons. This concept can be extended to that of a non-linear

sign shift gate to give probabilistic conditional logic operations [42]. A non-linear sign shift

gate involves interfering two optical modes on non 50:50 beam splitters and the conditional

measurement of one photon on a particular output mode of the beam splitter. The two

optical input modes are a single ancilla photon and an arbitrary n photon quantum state.

Providing indistinguishable photons for both inputs to the beam splitter, the possible paths

for the photons to exit the beam splitter interfere. This interference means the quantum

state at the output which is not the output for single photon conditional detection, has a

phase shift which is dependent on the reflectivity of the beam splitter and the number of

photon in the n photon quantum state.

The first people to show that the concept of a non-linear sign shift gate was scalable

with linear optics was Knill, Laflamme and Milburn in 2001 [43]. Their scheme, known as

the KLM scheme, showed that with dual-rail qubit encoding, there was no need for strong
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photon non-linearities or exponential overheads to achieve arbitrary quantum information

processing with photons. The KLM toolbox uses linear optical elements, single photon

sources, photon counting detectors and feed-forward mechanisms. Here the introduction of

additional ancillary single photons allows for measurement induced non-linearities. KLM

leverages resources in single photon sources and detectors to overcome weak photon-photon

interactions. The three key components of the KLM scheme are non-deterministic entangling

gates, non-deterministic teleportation gates and error-encoding against failures.

KLM showed that two separable single photon inputs can output entangled states through

a non-deterministic control-Z gate (CZ). A CNOT gate (or CX) gate can be made equiva-

lent to a CZ gate by having a Hadamard implemented on the target qubit before and after

the CNOT gate. The gate is not always successful, but through the use of measured ancil-

lary photons, it can be heralded to know if it is successful. Ancilla photons are introduced

through additional input ports to a beam splitter network. When a certain arrangement

of detectors fire, this is a signal that the output photon state is that of the input state

with a CZ transformation. The key elements which allow for this is that four photons must

simultaneously enter the circuit and they must be identical such that they can interfere as

given by the HOM interference.

While KLM showed that non-deterministic entangling gates were possible for linear op-

tics, the fact that they are non-deterministic makes it difficult to scale. Therefore an ad-

ditional factor needs to be included, this is the notion of quantum teleportation [44]. In

quantum teleportation, an unknown qubit can be teleported from one party to another

through a shared maximally entangled quantum state. The sender makes a Bell measure-

ment on their part of the entangled state and the unknown qubit. This gives the sender

information of what state the receiver has received, based on the sender’s measurement

result. While the output of the combined qubit and entangled state has several different
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possible states, in performing a measurement the sender collapses the total state in to one

outcome. The sender can then instruct the receiver on what rotation operation (I,X, Y, Z

gates) to perform on their part of the shared quantum state to turn the receivers state into

the initial qubit.

This idea can be extended to that of computation, if the qubit which needs an operation

being performed on it is combined with an entangled state so the information is delocalised

over the combined state. The teleported state would then have a transformation applied

based on the transformation applied to the shared entangled state. Gottesman and Chang

showed how this process can be applied for single qubit gates and the CNOT gate [45]. Here

the probabilistic control gate can be performed off-line with ancilla photons and then by

combining the target qubits with the ancilla photons which have had a CNOT gate performed

on them, the CNOT gate can be teleported onto the target qubits. Thus by having an offline

entangling gate, the system can be made to no-longer scale unfavourably.

Cluster State Generation

KLM showed that the required non-linearity for quantum computation can be implemented

through the intrinsic non-linearity of measurement. Intuitively, this approach of using mea-

surement to perform operations, is best understood from the postulates of quantum mechan-

ics, where measurement alters the quantum state. Therefore, any required alteration to the

computational state for an algorithm can then be implemented through measurement and

feed-forward techniques. This has lead to the overarching architectures for optical quantum

computing being based on a measurement based model combined with quantum telepor-

tation known as one way quantum computation. As a flow of information from one state

to another is achieved through measurement and feed-forward, this approach seems quite

natural for quantum optical implementations as photons are flying qubits.
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Figure 1.5 A selection of possible cluster states. Each qubit is given as
a vertex (blue circle) and if connected by an edge (black line) then two
qubits are entangled together.

Since the seminal work of KLM, further improvements to measurement based quantum

computing has developed the field with the aim of improving non-deterministic operation

probabilities as well as reducing the additional ancilla requirements. The improvements in

measurement based techniques for quantum computing have culminated in different ways of

performing operations on a pre-created large scale entangled state. This complex entangled

state is described as a cluster state or a graph state. Example cluster states are shown in

figure 1.5. Here each vertex in the graph is a qubit and in performing a measurement on a

vertex, an operation is performed on the neighbouring qubits, which are connecting through

entangled edges.
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Performing measurements on the cluster state however is not sufficient, feed-forward

is also required. This is because the outcome of the measurement can cause a change in

the output state. The measurement outcomes from the process of information transfer

potentially requires a correction for the probabilistic nature of the qubit outcome, but their

required corrections can be applied in classical post-processing. These corrections are the

Pauli operators.

The difficulty in doing large scale quantum computing with photonics has now shifted

from being able to do specific two photon gates to the production of a large scale entangled

state. The computation is performed by shaping the cluster state through simplified oper-

ations of measurement and the application of single qubit gates. By performing entangling

operations offline in advance and then post selecting successful operations, the chances of

successful implementation of an algorithm increases significantly. This then limits the re-

quirement for performing the actual computational tasks to being measurement and high

fidelity single qubit gates.

There is still the problem that in-order to create a cluster state, there must be an

entangling operation between the qubits to delocalize the state. The recipe for building a

cluster state is to have all initial qubits in an equal superposition state (i.e. (|0⟩+ |1⟩)/
√
2)

and then apply a CZ gate to all the qubits to join them in an entangled web. In order

to add a node to the cluster state, the probability of success must be larger than a half

otherwise on average, the cluster will not grow in size [46]. This is due to a failure of an

entangling operation, removes a node from the cluster as the cluster must surrender a photon

for the addition process. The KLM scheme could apply a two-qubit gate with probability

n2/(n + 1)2, where n is the number of ancillas, thus leading to the high requirement of

ancilla photons. However, Nielsen showed that if you teleport the two qubits separately (a

two qubit gate requires two qubits), conditional on successful teleportation of the first qubit
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an improvement in the total probability of success decreases to n/(n+ 1) meaning there is

a saving in required resources [46].

A further cheaper way to grow cluster states was shown by Browne and Rudolph [47]. This

is based upon adding small chains of qubits to the cluster, through the concept of fusion

gates. This development led to a change that is different to previous methods. Using only

single photon sources, fusions gates cannot generate a cluster, as Bell states are required

as the fundamental resource. With the use of Bell states, the fusion operations can be

simplified. This meant a reduction in the resources needed for creating a cluster state as

long as you had a greater level of entanglement in the intial state to be combined.

Entanglement can be seen as a resource which can ‘be eaten’ to get over the weak photon-

photon interaction. Having greater entanglement in state preparations of small clusters

allows for less requirements on the resources needed for growing cluster states [48]. The

underpinning physical concept of creating cluster states through fusion gates however is the

interference of single photons in linear optical networks. Therefore, all of these entangling

operations must succeed simultaneously if a large cluster is to be created. This means that

the probability of generating the final cluster state decreases as the number of the entangling

gates increases. This puts a limit on the size of achievable cluster state.

This was overcome in 2015 with ballistic construction of cluster states through percolation-

based models. Small clusters of entangled photons (three photon Greenberger–Horne–Zeilinger

(GHZ) states) enter heralded entangling fusion gates once [49]. This ballistic method toler-

ates natural loss from failed probabilistic operations and therefore consumes less resources.

The resulting cluster state is a highly connected but not a fully connected cluster state.

Once the probability of creating a link achieves a critical value, the percolation threshold

means that there will be a route for information flow through the cluster than is sufficient

for universal quantum computing. Therefore, this reduces the fundamental resource down
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to three qubit GHZ states.

The production of GHZ states has been photonically demonstrated using linear op-

tics relying on measurements of polarisation correlations in three spatially delocalised pho-

tons [50] [51]. The benefit of having schemes relying on only three photon GHZ states is that

although there have been larger entangled optical states created, they occur with low occur-

rence rates. The detection of an eight photon entangled state had an occurrence of 9 per

hour [52]. While improvements in the experimental set up changed from eight to ten photons

to improve the scaling of the occurrence rate, in this state of the art demonstration it is still

less than 1 per hour [53].

Furthermore, we have only so far discussed linear cluster states i.e. chains where a single

physical qubit is written as a 1D cluster state. For scalability, greater interconnectivity of

the photonic qubits is required. A 2D cluster state creates a system of N-physical qubits.

Ideally further advancement of the cluster state is wanted to help with error correction. This

is due to the fact that there is some loss/noise in the quantum processor and therefore im-

plementation errors can propagate through to give a false result on output. Error-correction

codes can be implemented where measurement of entangled qubits can detect if errors have

occurred and thus can be corrected. This combination of physical qubits and error-correcting

qubits is called a logical qubit. However, to implement logical qubits, further redundancy is

needed in the cluster state to allow for required ancilla error correcting states. This requires

increasing the dimension of the cluster state to being a 3D cluster state, where each logical

qubit is a 2D section of the cluster state and ‘time’ gives the third dimension.

1.4.3 Single Photon Sources

We have seen how crucial it is to have high quality single photons, not just for encoding

information, but also for the performance of the crucial photon-photon interference effects
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which underpin control gate operations. Ideally, we want to have a process which emits

on-demand a single photon at a time, and only one photon at a time [54]. Primitively, the

thought of attenuating down a laser to the level where it comprises of just one photon is

an option of making photons. However, this is not the case as can be shown by photon

statistics, where a measurement known as a g(2) measurement is used. This measurement is

where a light source is incident on a 50:50 beam splitter and two photon counting detectors

are placed on the two outputs of the beamsplitter. If there is only one single photon input to

the beam splitter then only one of the detectors should fire. Therefore, a g(2) measurement is

the ratio of both detectors firing at the same time, and can be used to determine the photon

statistics of the optical states outputted from a light source. A g(2) of less that 1 signifies

a non-classical state, and thus asses whether a photon source is truly quantum mechanical

in nature. Weak laser light is a coherent state, and when coherent states are inputted to

a 50:50 beam splitter, the beam splitter transforms the coherent states to another pair of

coherent states but these output states have no entanglement between them. This means

that detection of one of the coherent states on output doesn’t affect the other coherent states

and thus linear optical quantum computing cannot be achieved with just coherent states.

To create a single photon, a light matter interaction must occur on the quantum me-

chanical level. The main way of producing high quality of single photons falls in to two

categories, single emitters and non-linear pair production sources.

Single emitters produce photons corresponding to the energy difference in a single discrete

quantum system such as a quantum dot, or an atomic transition in an ion [55] [56]. The single

emitter can be driven by an external field, and thus produce an on-demand single photon

on de-excitation [57]. While conceptually single emitter sources are very appealing due to

their atom-like energy structure meaning single photon states can be readily produced,

they are technically complex. The difficulties in producing high quality single photons in a
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Figure 1.6 A single quantum dot source is demultiplexed through an
array of Pockels cells (PC) and polarising beam splitters (PBS). A quantum
dot source housed in a cryostat can be output to one of four possible
outputs by applying voltage driven polarisation rotations to the Pockels
cells. Combining the polarisation rotations with static polarising beam
splitters then routes each photon to one of the four chosen outputs 1.6.

single spatial mode has lead to the control environment for which these sources are housed

becoming very complex and sometimes requiring cryogenic temperatures. Trapped atoms

have to be maintained in vacuum systems as stray air particles can disrupt their position.

For a long time, the emission of single photons was also complex where atoms can emit in

a full sphere and thus it is difficult to collect the photons, however due to clever design of

optical cavities, the Purcell effect can cause emission into a defined cavity spatial mode. For

quantum dots, phonon effects limit photon production so the use of a cryostat is required for

vibration minimisation. Equally for quantum dots, which are the prevalent single emitter

quantum light source, manufacturing difficulties make having multiple quantum dots emit

identical single photons hard. Therefore, de-multiplexing a single quantum dot is used but

this leads to a reduction in clock speed of the source [58]. A way to demultiplex a quantum

dot source using polarisation switching through Pockels cells is shown in figure 1.6.

Alternatively, non-linear optics has been successfully used to produce pairs of single

photons at room temperatures, and has often been seen as the workhouse of many quantum
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optical demonstrations. Inside a material, an optical field experiences a material response

given by the dielectric permittivity ε, and for linear material is a constant function of the

material dielectric susceptibility χ,

ε = ε0[1 + χ]. (1.22)

Most optical effects encountered everyday are linear, and in linear effects, the wavelength

of light is not changed when passing through the medium. The development of high power

laser sources allowed for observations of non-linear phenomena due to the material producing

an anharmonic response to the intense pump laser. This introduces optical effects where

the properties of the medium is dependent on the incident light field. These optical effects

include the production of new optical fields, or the modulation of an incident field and/ or

an accompanying field. Each order of non-linear response can be introduced as a Taylor

expansion of the dielectric polarization field P.

P(E) = ϵ0

(
χ(1)E+ χ(2)E2 + χ(3)E3 + ...

)
. (1.23)

In this expansion, χ(1) is the linear susceptibility, while χ(i) (i=2,3,..) characterises the

high-order responses of the material in powers of electric field.

A material exhibiting a second order response allows for production of pairs of single

photons as it is quadratic in the electric field. In the non-linear material, a single pump fre-

quency, ω0, generates two new fields, ω1 and ω2, through spontaneous parametric downcon-

version (SPDC). In SPDC, a pump photon annihilates and produces two daughter photons,

termed signal and idler. This process however is probabilistic, but due to the fact that two

photons are always produced, one photon can be heralded through the use of single photon

detectors, to signal the presence of the other photon. Photon pair production can also be
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Figure 1.7 Spontaneous parametric downconversion is a non-linear op-
tical process which allows for the production of two new optical fields
through the conversion of one pump photon to two daughter photons. For
this process to occur two conditions must be satisfied, these are known as
the energy matching condition and the phase matching condition.

achieved in materials where only a χ(3) response is found, where as it is a four wave mixing

process, two pump fields are required to produce signal and idler photons.

In the production of these two new fields, both energy and momentum must be conserved.

These are known as the energy matching condition and the phase matching conditions,

ω0 = ω1 + ω2 ; k0 = k1 + k2. (1.24)

There are many advantages to non-linear photon sources. The first is as long as the phase

matching and energy conservation conditions are satisfied there is a tunability available with

non-linear material to create pairs of photons at convenient wavelengths. This tunability

is achieved through engineering of the material dispersion and group velocity matching [59].

This is a key technique as it allows for the production of pure states. Any correlations in

frequency between the signal and idler photons reduces the purity of the heralded photons

produced, and this will reduce the visibility of the interference between successive single pho-
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tons. Secondly, there is no need for cryogenics to cool these sources allowing for convenient

sources of high quality single photon states, which have been produced in both integrated

photonic circuits as well as in fibre optical systems [60] [61].

The true output state for a non-linear pair source however is,

|Ψ⟩ = N
(
|01, 02⟩+ γ|11, 12⟩+ γ2|21, 22⟩+ γ3|31, 32⟩+ ...

)
, (1.25)

where N is a normalisation constant of N =
√

1− γ2. This output state means that as

well as these sources being probabilistic they also can produce multi-photon pairs if strongly

pumped. Heralding one photon allows for the knowledge that a photon pair state has been

produced, however only with a photon number resolving detector can the number of photons

in an optical state be truly measured. In order to keep the average photon number produced

low so that you only produce one photon, low pump powers are required. This results in

the probability of generating a pair of single photons being low, which introduces difficulty

in scaling multiple photon sources for two-photon gates, which requires identical photons to

be overlapped in time.

1.5 The Requirement of Multiplexing and Switching

We have seen that photonic information processing is possible but scalability is challenging

due to many of the building blocks suffering from containing probabilistic elements. This

could be having an on-demand source but the need to grow cluster states through prob-

abilistic fusion operations or simply to combine several probabilistic photon pair sources.

However, if we know something only works some of the time, but it can be run multiple

times, then it can still be used to approach some certainty of achieving an event. This is

known as multiplexing [62]. The main types of multiplexing used in quantum photonics are
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spatial multiplexing, where you run multiple physical sources at the same time in paral-

lel [63] [64], Temporal multiplexing, where you run the same operation multiples times [65] [66]

or frequency multiplexing, where you run the same operation but with multiple different

frequencies of light [67] [68] [69].

While multiplexing increases the rate of an event, as you scale up you have further

resource needs to switch between the multiple different copies. This is because by multi-

plexing, you are actively making multiple copies of the same process. Therefore, in-order

to consolidate these events once there has been a successful operation, some form of active

switching is required. In spatial multiplexing, this involves re-routing the photon through

different waveguides to a joint output. In frequency, this involves some form of frequency

conversion to turn all the various frequencies into the same frequency. While for temporal

multiplexing, a buffer device is needed to perform temporal synchronisation.

One of the key advantages of photonics as a quantum computing platform is due to the

ability to utilise several degrees of freedom to create high-dimensional information states.

Therefore, eventually many of these multiplexing systems will be beneficial, but the current

state of the art systems are not without limitations. For spatial multiplexing, this system

requires multiple dual rail qubits, which through integrated platforms have the ability to

achieve the required density of the components needed for a fault tolerant device. While

multiple sources and waveguide couplers can be fabricated on one chip, this platform requires

low loss fast integrated switching for routing photons. The switches are required to be low-

loss as for proposals for full fault tolerant linear optical quantum computing, the global loss

threshold is ideally ∼ 10%. This means that if the total loss in the system is 10%, then each

switching component is required to be better than 10% as there will be many switches in

the system. Therefore, in an ideal world each switch would require a loss of ∼ 1%. While

protocols exist for which tolerate high amounts of loss in the system, these are more resource
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Figure 1.8 An overview of how temporal multiplexing can be applied
to non-deterministic single photon sources. Here a pulsed pump laser pro-
duces pulses at a fixed rep rate T . On the production of a single photon
pair, the idler photon can be heralded. This signals that a single photon is
present and activates storage in a quantum memory. By on-demand release
of the stored signal photon based upon when the heralding signal occurred,
the combination of a non-linear single photon source with a quantum mem-
ory allows for production of deterministic single photons.
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intensive (as extra resources must be required to offset the greater amount of loss). The most

commonly used integrated switches are based on thermo-optical effects. There is a further

limitation as heat from these devices causes complications in temperature stability as well

as the speed of these switches are slow. Finally, for fast feed forward the measurement needs

to be performed on chip and so some form of delay lines are required in order to allow for

buffering of optical signals while slower electronic signals are processed. Therefore, having

a high density of components but no ability to process information in the required time for

the photons to propagate through the chip is a significant limitation.

Temporal multiplexing requires some way to store and buffer the single photons. This

needs to be an on-demand task due to the unpredictability of the required single photon

production elements and the multi-photon entanglement operations. Therefore, temporal

multiplexing involves being able to store and switch temporally short (and therefore broad-

band) pulses quickly with low loss.

Finally, frequency multiplexing relies on broadband frequency conversion to allow for

its form of switching from successful operations, where broadband frequency conversion of

single photons is a complicated task to achieve with high fidelity and low loss.

In the use of multiplexing, knowledge of which element within a multiplexed system has

succeeded is needed. This requires detectors for optical signals of very low light intensities.

The past few decades has seen considerable advancement in achieving high quality single

photon level detectors. A single-photon detector is assessed in terms of several quantities,

defined below [70].

� Spectral range; the operating wavelength range over which the photon detector con-

stituent material is sensitive.

� Dead time; the detector recovery time, for which in this time interval following a

detection event the detector cannot reliably detect a second event.
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� Dark count rate; false counts can arise from material properties of the detector and

external noise. This leads to the detection of events which were not intended.

� Detection efficiency; the probability of detecting a photon conditional on the known

arrival of a photon at the detector.

� Timing jitter; the variation in time between the absorption of the photon and the

generation of the electric signal out of the detector to signal the detection event.

Additionally, the ability to resolve photon number is a key quantity as photon number

resolving detectors would have key advantages over ‘click ’ detectors. Click detectors allow

for the distinction between zero or ‘one or more photons’ and therefore an event is registered

regardless of photon number within an optical pulse. One such advantage of photon number

resolving detectors would be the heralding of a single photon produced by non-linear optics,

as the output is a sum over photon pairs (equation 1.25). If a photon number resolving

detector was used, this could allow higher pump rates to be applied to increase pair gen-

eration rates while only heralding the single photon pairs and discarding the other photon

states. Photon number resolution can be achieved in two main ways. An intrinsic detector

where the output signal is proportional to the number of photons absorbed. Or through

an array of click detectors which are themselves spatially multiplexed. If each detector in a

scheme is designed so that each detector can only detect one photon in the pulse, then the

number of detectors in the array which ‘click’ gives photon number resolution. In practice

this is achieved through beam splitters, and it is still possible for two photons to arrive at

one detector. Therefore, the make the probability of only one photon arriving you require a

large number of detectors.

Single photon detectors fall in to one of two categories which I summarise as semicon-

ductor technologies and superconducting technologies. Semiconductor based single-photon
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detectors are avalanche photodiodes (APD or SPAD). Here a single photon triggers an

avalanche of electrons which enables a strong signal to occur. For the visible to near-infrared

range silicon based detectors have been used offering low dark counts, high detection effi-

ciencies and fast operations. For longer wavelengths around the telecommunication bands,

InGaAs detectors are generally used. However, this semiconductor based detector suffers

from a greater amount of dark counts compared to its silicon opposite number. Supercon-

ducting technologies work by exploiting temperature changes in a superconductor sensor

when a photon is absorbed. The change in temperature leads to a change in the electri-

cal characteristic of the superconductor through an abrupt change in the sensor resistance.

Superconducting nanowire detectors (SNSPDs) are very thin films of superconductor and

operate in the region of 1.5-4K, with a key benefit of SNSPDs are their fast response. An-

other form of superconducting detector is a transition edge sensor (TES). These are very

highly efficient detectors and are the only known detector to exhibit photon number resolv-

ing capabilities. However they suffer from poor timing characteristics in timing jitter and

detector dead time as there must be a thermal reset of this detector. While superconduct-

ing detectors offer advantages over semiconductors in speed and photon number resolution,

they must be housed in a cryostat which has associated resource costs, particularly for TESs

which require operating temperatures of millikelvin.

The use of detectors in multiplexing schemes is paramount to switching applications,

and different detector qualities are required for different multiplexing schemes. For a spatial

multiplexing scheme, the ability to integrate the detector into an integrated platform is

key. Especially for integrated photonic circuit applications where fast active feedforward is

required on chip. For this to occur, fast detectors are required, but the fastest detectors are

SNSPDs which will require the whole chip to be placed in a cryostat. For frequency domain

multiplexing, having detectors with similar characteristics to that of spatial multiplexing
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but the detectors which can span over a wide wavelength range is needed. For the detectors

mentioned above, the wavelength range for detection is wide enough for frequency domain

multiplexing. However, the detection scheme requires filtering of the photons so that the

detection is spectrally selective. Fast detectors are also required for temporal multiplexing

but there is a greater important on timing jitter for fast clock speed temporal multiplexing

as knowledge of which time bin your detection event occurred in is paramount.

In all of the different multiplexing regimes, the concept of fast detectors is repeatedly

mentioned. This is because the benefits of high carrier frequencies is inherent to quantum

photonic states regardless of multiplexing technique. Due to the high carrier frequencies,

clock speeds on the order of GHz are obtainable, this means fast detectors are required to

provide timestamps with nano-second or sub nanosecond resolution. State of the art SNSPD

jitter values are in the tens of picoseconds for detection efficiencies of 90% (IDQuantique

ID281 Superconducting nanowire system), while the best non-cryogenic detectors of silicon

based SPADs detectors allow for 250ps jitter values with 75% detection efficiencies. Due

to the requirement of heralding for linear optical quantum computing, it is not feasible to

have a clock-rate greater than your timing jitter resolution.

1.6 Quantum Memory

As hopefully explained in the last few sections, much of the theoretical complexity in the

number of resources required for quantum computing has been reduced since the turn of

the century, but there are still substantial probabilistic building blocks which need to be

performed before a computationally ready cluster state can be produced. This approach of

reducing resources for large scale cluster states theoretically while experimentally improving

generation rates of photon state synthesisers and fusion operations until they hopefully meet
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in the middle somewhere has lead to a blossoming of research over the last few decades.

Many approaches based upon different photonic concepts have led to a myriad of different

multiplexing strategies, and I believe in the far future when a full scale photonic computer

is built it will rely on many of the aforementioned multiplexing strategies. This is based on

the multiple degrees of freedom which can be leveraged by photonics and this multitude of

architectural possibility will result in a hybrid approach to overcome the probabilistic nature

of many photonic quantum information processing elements. However, to incorporate the

research done later on in this thesis, the focus from now will be on temporal multiplexing

and how quantum memories allow for the synchronisation of non-deterministic operations.

An optical quantum memory is a device which allows for the on-demand storage and re-

trieval of an optical quantum state [71]. This device must not destroy or disrupt the quantum

state, so that the non-classicality of the quantum state remains after interacting with the

memory. By being on-demand, a memory allows for dynamic control of the storage time.

This dynamic control of when the optical state can be released allows for synchronisation

of multiple non-classical optical states, as each state can be stored for independent time

periods. This is incredibly useful in quantum networks where different components have

different processing time [72].

The original motivation for quantum memories is for their benefits in being able to

transfer a quantum state over large distance. Quantum memories are key components in

quantum repeaters in high latency quantum communication protocols, where you are trying

to use information which is being sent at great distances [73]. A limit however is placed on

the distance for which the quantum information can be transmitted (due to propagation

loss) as quantum mechanics does not allow for low noise amplification of quantum signals

due to the no-cloning theorem [74]. This can be overcome through the use of a shared

entangled state and classical communication to perform entanglement swapping protocols.
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This extension of the distance over which quantum information can be transmitted through

quantum teleportation is performed by devices called quantum repeaters. Quantum repeaters

perform entanglement swapping operations to extend the range over which two parties may

share an entangled state. Entanglement swapping operations can be performed using linear

optical components however this introduces two requirements for quantum memories. The

first requirement is that light has a constant speed in a medium, if the two distances at

which the information is being sent from are different distances, you will need to store one

form of the information until the other state arrives. Equally, you need to store the state

until you know that you have had a successful probabilistic Bell state measurement leading

to a successful entanglement swapping operation.

Due to the fast speed at which photons travel while experiencing low loss from the en-

vironment, photons have the capability to transfer information at great speeds over large

distances. In order to store that information, it must be stored in some form of ‘stationary

excitation’. This has traditionally been through mapping to some stationary medium i.e.

atomic system or solid state system. This was motivated from the quantum repeater appli-

cation where long coherence/storage times and solid state systems were required due to the

the long storage times needed for long distance photon travel.

1.6.1 Local Synchronisation Operations

A more recent motivation for quantum memories has been for reasons that have been previ-

ously discussed in that many aspects of LOQC are probabilistic (non-linear photon sources,

cluster state fusion gates). Therefore in order to scale LOQC quantum information pro-

cessing units a device is required to synchronise these probabilistic operations so that the

overall success probability of the quantum information processor does not vanish. The

successful outcomes of probabilistic events can be stored until nearby processes have also
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succeeded. Recent demonstrations based upon parametric sources showed ten-photon en-

tanglements [53], however as discussed in section 1.4.2, there was a significant time to see

such an event. However, if memories were to be implemented, heralded ten-photon states

could be achieved with faster rates [75].

Local systems do not require long coherence times as different components requiring

synchronising for information processing can be housed near to each other. This reduction

in demands on storage times have led to more implementable low latency quantum memories.

Primarily this has seen development of off-resonant atomic memory protocols which allow

implementation of low noise memories. Another form of a ‘stationary’ process is a cavity.

Here light is confined in a physical ‘box’. The storage times associated with high finesse bulk

optical cavity systems have let to the introduction of switchable cavity quantum memory

protocols.

1.6.2 Switchable Cavity Quantum Memories

A fibre loop, where the photonic state can be transferred in to propagate along the fibre loop

is perhaps the most obvious form of a quantum memory. However, in its most rudimentary

form, this memory is just an optical delay of time τ , where τ = L/v, where L is the length

of the fibre loop and v is the speed of light inside the fibre. There is no aspect of this device

which is on demand. This memory can be made on demand through the use of a fast switch.

Here there is a switch which either allows for the photon to be inside the loop or outside

the loop. This means that the storage time can be given in multiples of T = nτ . To be

an on-demand loop however, you require τ to match the clock speed for the process which

you are wanting to release the photons for. However, each time that the optical signal goes

around the loop it must interact with the switch, this results in the condition that the switch

must be low loss.
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Figure 1.9 A switchable fibre loop cavity works by being able to dy-
namically control when to couple the photon to a fibre loop, and when
to release it. By choosing when to open and close the cavity switch, the
photon can be released in integer multiples of the cavity round trip time.
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Figure 1.10 A cartoon overview of the Furusawa scheme. Here there are
two concatenated cavities where a switch changes the resonant frequency
of the second cavity and therefore allows a common mode between the
two cavities. This cartoon overview of the true experiment where I have
just highlighted the switching mechanism and not included the photon pair
source component.

Bulk optical systems have been demonstrated in their aim to overcome the non-deterministic

nature of non-linear photon sources. The two groups which have pioneered this method is

the Furusawa group and the Kwiat group. They employ similar but noticeably different

techniques to implement switchable cavity quantum memory.

The Furusawa group have developed the use of concatenated cavities, where they use the

resonant frequencies of these two cavities to deterministically produce single photons [76] [77].

By having a switchable electro-optical modulator in the second cavity, they can switch

photons out of the first cavity. The first cavity is the memory cavity and it is an optical

parametric oscillator, which produces through parametric down conversion, non-degenerate

signal and idler photons. Both the signal and idler frequencies are cavity modes of the first

cavity and therefore are separated in frequency by an integer number of free spectral ranges.
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Figure 1.11 A cartoon overview of the Kwiat scheme. Here there is a
polarisation switch which changes the input-output coupler as the coupler
is a polarising beam splitter and thus allows the storage cavity to be open
or closed.

The on-demand switching mechanism arises from the concept that the signal photon does

not share a cavity resonance with the second cavity, named the shutter cavity, but the idler

photon does. This means when a photon pair generation event occurs, the idler photons

passes from the memory cavity, through the idler cavity, and out to a single photon detector,

meanwhile the signal photon remains contained in the memory cavity. The heralding of the

idler photon allows the user to know that the memory cavity contains a single photon. By

the shutter cavity containing a switchable electro-optical modulator, this modulator allows

for the resonant frequency of the shutter cavity to be modified by means of changing the

round trip path of the second cavity. When this second cavity is brought in to alignment with

the signal frequency, the signal photon can couple out of the two concatenated cavities. By

combining this on-demand photon source with alternative heralding schemes, this switchable

memory has been able to demonstrate storage and release of phase-sensitive superposition

states [78] [79]. Low loss is achieved by having the switch in the shutter cavity so there are no

switching losses in the memory cavity.

Alternatively, the Kwiat group have used a single ring cavity, where the choice of when to
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switch optical signals into the storage cavity is determined by controlling the polarisation of

the photon [80]. Here photon pair production occurs not within the memory but previously,

on heralding off-line photon production. From heralding, the user acquires the knowledge

that a signal photon has been produced. The memory ring cavity is formed of two mirrors

and the input-output coupler is a polarising beam splitter. This beam splitter reflects one

polarisation and transmits the orthogonal polarisation. If the polarisation of the input signal

matches the polarisation that is transmitted, the photon can enter the cavity. Once in the

cavity, a pockels cell is activated. This flips the polarisation to the orthogonal polarisation.

After completing one round trip and arriving back at the polarisation beam splitter, the

photon is now reflected and remains within the cavity. The Pockels cell is now turned off

so that on future round trips the polarisation of the photon remains the same. To release

the photon from the cavity, the Pockels cell is reactivated and the polarisation is returned

to the original polarisation. This means the photon can now exit the cavity at the end of

that round trip.

These two demonstrations have shown that photon-generation rates can be increased

through the ability to deterministically produce photons, however these are bulk optical

systems due to the low loss requirement that on the photon’s many trips around the cavity,

it is a low loss interaction. Large bulk cavities also allow long storage times due to the long

round trips of the cavities, this therefore does not show an obvious route to scalability when

large numbers of memories are required. Naturally, the question to be asked is whether

these switchable cavity quantum memories can be made scalable through a platform which

is integrate-able?
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Figure 1.12 Three level system quantum memories, where through two
photon processes a quantum photonic state can be mapped on to an atomic
storage state. Three level quantum memory system involve a ground state
|g⟩, an intermediate excitation state |e⟩ and a storage state |s⟩. The three
levels can be arranged in either a Λ or ladder configuration. A quantum
optical state (red field) and a classical control field (green field) combine to
satisfy the two photon excitation pathway requirement. The single photon
absorption of the signal field can be reduced by having both optical fields
detuned from the intermediate excited state |e⟩. The detuning is denoted
by ∆.

1.6.3 Light Matter Interaction QuantumMemories inWarm Atomic

Vapour

Light-matter quantum memories use the ability to map optical signals to stationary atomic

excitations [71]. This can be achieved in a range of systems, conventionally these have been

solid state systems and atomic vapours.

Three-level systems in warm atomic vapours have long been strong platforms for im-

plementing quantum memories due to many desirable properties. These properties include

non-fluorescing spin states which work well as storage states and high-optical depths at near

infrared wavelengths. The optical depth, is a measure of the interaction between the signal

field and the atomic ensemble. By using a three level system in alkali vapours, optically con-

trolled transitions can lead to the mapping of a signal field onto a stationary excitation. The
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three level systems are typically described by Λ, V, or ladder configurations, where the three

level systems are comprised of a ground state |g⟩, an excited state |e⟩ and a storage state

|s⟩. Furthermore, atomic properties mean that selection rules forbid transitions between |g⟩

and |s⟩ directly. This allows for long lifetimes of the storage state but fundamentally, this

selection rules also leads to a fulfilment of the on-demand requirement of quantum memo-

ries. This is owing to the fact that in order to mediate transitions between |g⟩ → |e⟩ and

|e⟩ → |s⟩, a second optical signal must be used.

The two optical fields are called the control and signal. The signal field is a weak

quantum optical state, which is to be stored. The control is a strong classical field which

mediates the two photon process. The two photon process is the key process and therefore

to reduce unwanted absorption of the signal field, the signal field is often detuned from the

intermediate level as shown in figure 1.12.

Finally, the integration of warm atomic vapours in to hollow core fibres has shown a

route to scalability for atomic vapour quantum memories, [81] [82].

Photon Echo Memories

Photon echo memories are ensemble based memories and so have been demonstrated in

atomic vapour systems and solid state systems. The underlying principle is that there is

inhomogeneous broadening of a two-level absorption transition leading to engineered ab-

sorption [83]. This can be induced through strain in a solid state system, or through external

fields such as magnetic fields in vapour systems. The inhomogeneous broadened ensemble

absorbs the single photon and each atom in the ensemble has a different detuning from the

resonance leading to each atom having a different weighting in its superposition of ground

and excited state. This means that each atom in the ensemble accumulates a different phase

based on the different detuning. As the atom coherences evolve, they de-phase from each
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other. If however, the de-phasing is controlled, the coherences of the atoms in the ensemble

can be brought back in phase. This leads to the re-emission of the signal field.

Two common photon echo protocols which have been demonstrated in atomic vapour

systems are Gradient Echo Memory (GEM) and Atomic Frequency Comb Memory (AFC).

In atomic frequency comb protocols, the de-phasing rate is controlled by the frequency

spacing of the absorption features in the comb δ [84]. The ensemble then re-phases with

a time period of τ = 2π/δ. The frequency spacing of the comb however determines the

rate of periodicity, however control of this can be manipulated to give a pseudo-on-demand

nature. A recent demonstration of an AFC protocol was achieved in caesium vapour where

an atomic frequency comb was achieved through velocity selective pumping [85].

Another de-phasing control mechanism however is the application of an external linear

atomic frequency gradient field, which is used in GEM [86]. Different spectral components of

the signal are encoded at different positions within the atomic vapour cell [87]. After a set

time, τ , the magnitude of the inhomogeneous broadening field is reversed. This causes the

de-phased atoms to then re-phase at time t = 2τ . GEM has been demonstrated in a three

level Λ scheme [88]. This has resulted in an on-demand memory protocol as the two level

system is a two-photon transition between two long-lived atomic ground states. This has

the added benefit of having a longer lifetime.

EIT protocol

Electromagnetic induced transparency (EIT) is a phenomenon which arises from multipho-

ton transitions where a normally resonant, opaque medium becomes transparent due to

quantum interference of the new eigenstates of the coupled system, arising from a strong

control field [89]. In the limit that the control field is much greater than the signal field

detuning, the strong control field couples the two control field transitions together causing
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new dressed states. The two new dressed state resonances cancel each other out exactly at

the original resonance. This occurs due to one of the dressed states having an increase in

its transition energy equal to the reduction in transition energy of the other dressed state.

EIT can be used for quantum memory applications as the change in absorption is ac-

companied by a rapid variation in the dispersion. The group velocity, vg of a pulse of light

is given as,

vg =
∂ω

∂k
. (1.26)

A rapid change in the group velocity leads to a phenomenon known as slow light [90]. By

reducing the group velocity of a weak light pulse to zero as it propagates through a medium,

the optical state is mapped to the atoms through absorption. This mapping occurs when

the control field is reduced, the EIT window narrows, this causes a change in the dispersion

and slows the pulse. When the control field is turned off the quantum optical state has been

absorbed by the atoms. The control pulse is then turned back on to re-emit the photon and

the pulse is accelerated out of the atoms. EIT has many advantages but it is limited by the

bandwidth capabilities of the EIT window specially in hot atoms where thermal motion of

the atoms limits the coherence of the light matter storage.

Raman Memory Protocol

A Raman memory is similar to the EIT protocol as it is also modelled as a three-level system

however it is an off-resonant transition. This is a key distinction from the EIT memory

protocol which is limited in the bandwidth of the optical pulses which can be stored as the

off-resonant nature does not induce an ‘EIT window’. The key mechanism for this protocol

is Raman scattering.

The concept of using stimulated Raman scattering in the context of quantum memories,

was first seen in 2007 [91]. Here the traditional probe and scattered fields in spontaneous
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Raman scattering are replaced by the signal and control fields, which combine to match a

two photon resonance by having the difference between the two fields set as the mismatch

between the two low lying atomic ground states (figure 1.12), which act as the ground and

storage states in the three level system respectively [92]. The signal photon is annihilated

and then the strong control pulse stimulates the emission of a control photon which leaves

the atoms in the storage state through bypassing the intermediate excited state.

The Raman memory was one of the earliest demonstrations showing that quantum mem-

ories offer a solution to scalable photonic quantum computing due to the protocol being

demonstrated in an integrated platform through gas filled hollow core fibres [82]. The Ra-

man memory however suffered from a few disadvantages, some intrinsic, while others can

be overcome with complicated experimental techniques. These drawbacks led to additional

noise in the quantum memory [93]. The first being that the control and signal fields must

be separated by only a few gigahertz as this is the hyperfine splitting between orbital elec-

tron states in alkali gases. This means that a strong control field can couple to the signal

field transition and cause spontaneous Raman scattering without the presence of a signal

photon. If then another control photon couples to the correct ‘control’ transition, there is

an unwanted release of a signal photon, resulting in the emission of a signal photon when

an initial signal photon wasn’t stored. This is a form of ‘four wave mixing’ noise due to the

four possible couplings of the signal and control fields. Due to this source of noise being at

the wavelength of the signal photon it is not possible to filter out this unwanted noise.

ORCA Memory Protocol

The Raman memory was advanced to the Off Resonant Cascaded Absorption (ORCA) pro-

tocol, where rather than having a low-lying storage state made up of a hyperfine state in a Λ

configuration, the storage state is a doubly excited electronic orbital state, in a ladder con-
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figuration instead [94]. As shown in figure 1.12, there is still a two-photon condition, where

to limit single photon absorption, the two fields are equally detuned from the intermediate

excited state. The ladder arrangement has many experimental benefits over the Λ system.

One of these is there is no need to optically pump the atoms into one of the hyperfine

states in the ground state manifold due to thermal excitation between the ground state and

the storage state. This is because now the ground state and storage state are separated

by hundreds of terahertz, which is far outside the thermal energy of the electron. For a

Doppler cancelling arrangement, which allows for recovery of a narrow two photon state in

hot atoms, the signal and control fields need to be close in wavelengths but there are not the

same noise-inducing processes. The four wave mixing noise which effects the Raman memory

does not occur in the ORCA memory. For four wave mixing noise, you need spontaneous

Raman scattering which requires spontaneous emission to the storage state. In the ORCA

memory, this would require spontaneous absorption due to the higher energy level storage

state. Additionally, a ladder configuration allows for ease in filtering out the control and

signal wavelengths, as for Doppler cancellation of the thermal broadening mechanism, the

fields need to be counter-propagating. A demonstrations of this Doppler cancelling effect

was shown in a closely related ladder memory scheme in rubidium vapour [95]. While the

ORCA protocol has many benefits, there is a trade off for this system as the higher lying

electronic orbital states have a shorter intrinsic lifetime than the ground state hyperfine

states.

The rubidium ladder system used in the ORCA memory is of importance as it forms

the basis of the light-matter interaction used in atomic switchable cavity quantum memory

described in this thesis. Absorption and dispersion are both components of the complex

atomic susceptibility. Therefore while switchable cavity quantum memory schemes rely on

the use of induced dispersion, the ORCA memory is of value due to the storage of signal
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fields relying on induced atomic two photon absorption.



Chapter 2

Quantum Memory Through

Dyamically Coupling To Storage

Cavities

A cavity can act as a storage device due to an optical cavity having a lifetime for which

radiation remains in the cavity. If we can dynamically couple light in and out of the cavity, an

on-demand optical cavity quantum memory can be built. In this chapter, the mathematical

framework is shown for how a signal pulse can be mapped to the intra-cavity field and thus

be stored. The way to map a single field to a storage cavity involves varying the reflectivity

of the signal field with respect to the optical pulse to be stored. This chapter will show the

required demands on the time varying input-output coupler.
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Figure 2.1 The model used in the first section is of a ring cavity of
length L, where we have an input-output coupler to the cavity which has
a time dependent reflectivity, r(t). This reflectivity will be determined so
we can map a signal pulse Sin(z, t), into the cavity so that it is stored as
the intra-cavity field S0(z, t).

2.1 Determination of Required Variation in Cavity Cou-

pler Reflectivity

Our memory cavity system is modelled by a ring cavity, where the input-output coupler is

time varying as shown in figure 2.1. The input-output coupler has an optical field transmis-

sion, s(t), and a corresponding reflection r(t). The choice of s to describe the transmission

is due to avoidance of confusion with the time variable t. In order to completely store the

input signal pulse, Sin(t), the time variation required of the coupler needs to be found. This

calculation is done in the ‘bad cavity limit’, where we assume a slowly varying envelope of

the intra-cavity field, S0(t) and that the pulse has length T , which is much longer than the

storage cavity round trip time, τ . The bad cavity limit is depicted by the pulse in figure 2.2.

Using the coupling parameters, r(t) and s(t), the fields inside the storage cavity can be

related to those entering and exiting. We can write this explicitly as a beam-splitter relation
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for the interface between the incoming field and the cavity field at the end of one round trip,

S0(t) = r(t)SL(t) + s(t)Sin(t). (2.1)

The field at the end of the cavity interferes at the input-output coupler with any incoming

field. It is through control of this interference that a build up of the signal field inside the

cavity can occur. The cavity field at the end of the cavity, SL is related to the cavity field

at the start by,

SL(t) = ηeiϕS0(t− τ). (2.2)

Here τ = L/c, and L is the length of the storage cavity. On travelling around the cavity the

field acquires a round-trip phase, ϕ. This is given by the path length ϕ = ksL, where ks is

the wavevector of the signal field inside the cavity. Under the assumption, that the signal

pulse of length, T , is much greater than the storage cavity round trip time, the function

S0(t− τ) can be Taylor expanded in τ ,

S0(t− τ) = S0(t)− τ∂tS0(t) +
τ2

2
∂2t S0(t) + .... (2.3)

Figure 2.2 The signal field pulse temporal length, T is taken to be much
longer in time than the cavity round trip time, τ .

As the cavity round trip is considerably shorter than the pulse length, the rate of change
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of the pulse over one cavity round trip allows for the taking of a leading term approximation

for the Taylor expansion. The round trip condition (equation 2.2) can now be described in

terms of the first-order partial differential of the intra-cavity field,

SL(t) = ηeiϕ
(
S0(t)− τ∂tS0(t)

)
. (2.4)

Substituting this in to equation 2.1 results in a differential equation for S0(t).

∂tS0(t) = −γ(t)S0(t) + f(t)Sin(t). (2.5)

The differential equation is given in terms of two functions, the first γ(t), is the cavity

linewidth term, while f(t), describes a time dependent cavity coupling term. Both of these

are describing the acceptance bandwidth of the cavity with time.

γ(t) =
1− r(t)eiϕη

τηr(t)eiϕ
; f(t) =

s(t)

τηr(t)eiϕ
. (2.6)

The differential equation describing the change in the intra-cavity field (equation 2.5) needs

to be solved to enable a growth of the intra-cavity field to the point that it swallows all of

the incoming signal field. This equation is a first order linear differential equation of the

form,

dy(t)

dt
+ P (t)y(t) = Q(t). (2.7)

The method to solve equations of this form is to first multiply through with the integrating

factor µ(t) = e
∫
P (t′)dt′ ,

µ(t)
dy(t)

dt
+ µ(t)P (t)y(t) = µ(t)Q(t). (2.8)
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Collapsing the LHS down through the product rule of differentiation, differential equations

of the form of equation 2.5 can be re-written as,

d

dt

(
y(t)µ(t)

)
= µ(t)Q(t). (2.9)

This leads to the following solution of equation 2.7,

y(t)µ(t) =

∫
µ(t′)Q(t′)dt′. (2.10)

We can now use this theory to solve the differential equation for the intra-cavity field

where P (t) = −γ(t) and Q(t) = f(t)Sin(t). We set the initial intra cavity field S0(−∞) = 0

i.e. there is no field in the cavity prior to storage. This leads to the following form of the

intra-cavity field,

S0(t) = e−
∫ t
0
γ(t′)dt′

∫ t

0

e
∫ t′
−∞ γ(t′′)dt′′f(t′)Sin(t

′)dt′. (2.11)

This solution for the intra-cavity field mathematically shows that the storage is dependent

on how the field build up responds to changes in the linewidth, γ(t), over time. From

equation 2.11, the cavity linewidth at a previous time γ(t′′) affects the overlap between the

cavity coupling factor f(t′) and the incoming signal, Sin(t
′) at time t′. By dynamically

changing this linewidth with time and matching this to the shape of the signal pulse, the

intra-cavity field can be maximised.

While the method of integrating factors gives a concept of the solution to the intra-cavity

field, the solution for the intra-cavity field can also be solved in terms of Green’s function,

and the solution will continue from now on in the Green’s theory picture. A key motivation

for this is that Green’s function have the benefit of being able to clearly identify the causality
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of the problem. Furthermore, we are now interested in figuring out how to maximise the

intra-cavity storage so the whole pulse is mapped in to the cavity.

The formal definition of a Green’s function is one which satisfies the following linear

differential operator L,

LxG(x, y) = δ(x− y). (2.12)

The differential equation we want to solve is of the form,

Lu(x) = f(x), (2.13)

with the known solution of,

u(x) =

∫
G(x, y)f(y)dy. (2.14)

From the formal definition of the Green’s function equation 2.12, the intra-cavity equa-

tion can be solved through Green’s functions as follows,

Lxu(x) =
∫

LxG(x, y)f(y)dy =

∫
δ(x− y)f(y)dy = f(x). (2.15)

By comparing the intra-cavity differential equation (equation 2.5) to our Green’s function

definitions, the differential operator is L = ∂t + γ(t). This results in the Green’s function

solution being of the form,

S0(t) =

∫ ∞

0

G(t, t′)Sin(t
′)dt′. (2.16)

Where,

G(t, t′) = e−
∫ t
t′ γ(t

′′)dt′′f(t′)Θ(t− t′). (2.17)
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To make our solution causal, the Green’s function needs to satisfy G(t, t′) = 0 for all

t− t′ < 0. This is called causality, as the cause must precede the effect.

The use of the Heaviside function implicitly introduces the concept of causality as the

Heaviside function is defined as follows,

Θ(τ) =


1 τ ≥ 0,

0 otherwise.

(2.18)

While introducing explicit causality to the framework, the Heaviside function, means that

the Green’s function is not in a factorable form. This is a limitation as a useful property

of Green’s functions is that if the differential operator L satisfies an eigenvalue problem i.e.

LΨn = λnΨn. Then the Green’s function can be represented as a series over the eigenvalues

and eigenvectors, such that,

G(t, t′) =

∞∑
n=0

1

λn
Ψ∗
n(t)Ψn(t

′). (2.19)

By being able to use this eigenvalue apporach, it means that we can write our Green’s

function as a product of two functions where each function is just a factor of one of the two

time arguments used in the Heaviside function, t, t′.

2.1.1 Green’s Function Solution for the Stored Cavity Field

While the solution in the time region where the coupler needs to be modulated is dependent

on the Heaviside function, when wanting to analyse storage at a time after the modulation,

we can drop the causal notion as there are no changes of the reflectivity in this regime. It

is in this limit (i.e. a time after the input pulse i.e. t > Tin) that we are interested in the

cavity as this is when we want the pulse to remain in the cavity for storage. This allows
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the Green’s function to be written as two separable quantities, a cavity mode and an input

mode.

G(t, t) = λψcav(t)ψ
∗
in(t

′). (2.20)

Where the modes are defined as,

ψcav(t > Tin) = e−
∫ t
0
γ(t′)dt′ , (2.21)

and,

ψ∗
in(t

′) = f(t′)e
∫ t′
0
γ(t′′)dt′′ . (2.22)

Therefore, the cavity field can be written as a combination of the cavity mode and the

input mode,

S0(t) = λ

∫ ∞

0

e−
∫ t
0
γ(t′′)dt′′︸ ︷︷ ︸

ψcav(t>Tin)

f(t′)e
∫ t′
0
γ(t′′)dt′′︸ ︷︷ ︸

ψ∗
in(t

′)

Sin(t
′)dt′. (2.23)

This allows for a calculation of how much of the field is transferred to the storage cavity for

a particular reflectivity and transmission shape of the input-output coupler.

While up to now, the framework has been general, in order to simplify down, we makes

a couple of assumptions. Firstly, the storage cavity is maintained on a cavity resonance

(ϕ = 0) and that the cavity has no loss (η = 1). Using these assumptions and from our

equation 2.6, we can start evaluating the key temporal components of our integral, f(t) and

γ(t). If we assume that our mirror has a high reflectivity, r ≈ 1 (i.e. greater that 90%),

we can make a further assumption primarily, r =
√
1− s2 ≈ 1− s2

2 . Mathematically, these

assumptions present themselves into the cavity linewidth and the cavity coupling factors as,

γ(t) =
1− r(t)

τr(t)
≈ 1− r(t)

τ
, (2.24)
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and,

f(t) =
s(t)

τr(t)
≈
√
2(1− r(t))

τ
=

√
2γ(t)τ

τ
. (2.25)

While these assumptions are not necessary they do simplify down the mathematics to

allow for an easier understanding of the underlying framework. Furthermore, the assump-

tions made of low loss, constant cavity resonance and high reflectivity coupling are all of

the conditions required for maximum quantum memory performance as these will allow for

long storage times and minimal loss in the system.

To produce an analytic solution to the intra-cavity field, a change of variables is intro-

duced through a new ‘time’ function, ϵ(t),

ϵ(t) =

∫ t

0

γ(t′)dt′ =

∫ t

0

1− r(t′)

τ
dt′ =

1

τ

∫ t

0

[1− r(t′)]dt′. (2.26)

This leads to a reforming of the cavity field as,

S0(t) = λ

√
2

τ
e−ϵ(t)

∫ ∞

0

√
γ(t′)eϵ(t

′)Sin(t
′)dt′. (2.27)

We want this integral to be as great as possible as it can be thought of as similar to an

overlap integral between the signal field and the cavity response. By choosing the correct

reflectivity, it can allow for the maximum of the input signal to be swallowed in to the cavity.

Therefore our input signal field needs to match the optimal input mode shape,

ψin(t) ∝
√
γ(t)eϵ(t). (2.28)

On resonance γ(t) is real, so ψin = ψ∗
in. Therefore,

Sin(t) = A
√
γ(t)eϵ(t). (2.29)
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Here A is a dimension preserving constant. We need to find the reflectivity which swallows

the field Sin(t). This involves finding the optimal γ(t), to do this the square of the input

field is taken and then integrated up to t.

∫ t

0

|Sin(t′)|2dt′ = A2

∫ t

0

γ(t′)e2ϵ(t
′)dt′. (2.30)

Using the change of variables we can calculate the total derivative,

dϵ =
dϵ

dt
dt = γ(t)dt. (2.31)

This has the benefit that the right hand side of 2.30 evaluates to,

∫ E

0

e2ϵdϵ =
e2E − 1

2
=
e2ϵ(t) − 1

2
. (2.32)

Where the boundary condition of ϵ(t) = E is implemented. Therefore,

∫ t

0

|Sin(t′)|2dt′ =
A2

2

[
e2ϵ(t) − 1

]
. (2.33)

Using Sin(t) = A
√
γ(t)eϵ(t), we can make this an equation just for Sin(t),

∫ t

0

|Sin(t′)|2dt′ =
A2

2

[
S2
in(t)

A2γ(t)
− 1

]
=

[
S2
in(t)

2γ(t)
− A2

2

]
. (2.34)

Equally from Sin(t) = A
√
γ(t)eϵ(t), A can be defined in terms of some initial cavity linewidth

and input field,

A =
Sin(0)√
γ(0)

. (2.35)

The required assumption of our cavity being low loss with a high reflectivity coupler means

that the initial linewidth needs to be that of a high finesse cavity, this dictates that γ(0) =
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1/(κτ), where we choose κ ≥ 10.

Inputting the initial condition definition, γ(0), into equation 2.34 we get an expression

for the required γ(t) based upon the input signal field,

2

∫ t

0

|Sin(t′)|2dt′ + |Sin(0)|2κτ =
|Sin(t)|2

γ(t)
. (2.36)

Finally, we can calculate the reflectivity from using the approximation, γ(t) ≈ 1−r(t)
τ ,

r(t) = 1− γ(t)τ = 1− τ |Sin(t)|2

2
∫ t
0
|Sin(t′)|2dt′ + |Sin(0)|2κτ

. (2.37)

By choosing an input signal field, we can now explicitly calculate the determined reflec-

tivity. We pick a sech pulse as our incoming signal field which arives at time t = t0.

Sin(t) = sech(
t− t0
T

). (2.38)

For our chosen pulse, this results in a required reflectivity profile which changes with

time as,

r(t) = 1− γ(t)τ = 1−
τ
∣∣∣ sech( t−t0T )

∣∣∣2
2
∫ t
0

∣∣∣ sech( t′−t0T )
∣∣∣2dt′ + ∣∣∣ sech( t0T )∣∣∣2κτ . (2.39)

Using the integral
∫
sech2(x)dx = tanh(x)+ c, and the identity that tanh(−x) = − tanh(x),

the final form for the reflectivity is given by,

r(t) = 1− γ(t)τ = 1−
τ sech2( t−t0T )

2T tanh( t−t0T ) + 2T tanh( t0T ) + κτ sech2( t0T )
. (2.40)

This reflectivity is plotted in figure 2.3. What equation 2.40 means in terms of how the

cavity swallows the pulse, is that at the start of the memory, the cavity is open with a cavity

linewidth comparable to the signal bandwidth γ(t = 0) ∼ 1/T . This means that the pulse
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is selected to enter the cavity but as the pulse propagates, the cavity closes. To close the

cavity, the reflectivity of the coupler is raised so that it approaches 1. This increase in the

reflectivity ‘traps’ the field inside the cavity. While a significant amount of this analysis

was performed under the assumptions of negligible loss and a high finesse cavity, the overall

framework for how the reflectivity must be dynamically changed to lead to the input pulse

being mapped in to the cavity remains valid.

Figure 2.3 For a chosen long input pulse, the optimum reflectivity for
the transfer of a signal field purely to the cavity field is found. This is the
regime where the cavity is initially open by having a large cavity linewidth.
By increasing the reflectivity, this linewidth narrows and the cavity closes.

2.2 Practical Requirements and Memory Characteris-

tics

Several approximations have been made to show that this is a feasible quantum memory

scheme. These are briefly summarised.

� The storage cavity is low-loss, i.e. η ≈ 1.
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� The storage cavity is kept on resonance ϕ = 0.

� The round-trip time for the cavity is much less than the optical pulse duration.

� The storage cavity is a high-finesse cavity, thus implying that the input-output coupler

be of high-reflectivity and not introduce loss to the system.

The first three conditions outlined here are strict conditions on the cavity design for

the storage cavity but these are all obtainable components. Using high-reflectivity mirrors

and active control over the cavity length the first two options are achievable. If we want to

store pulses on the order of nanoseconds, we therefore require a cavity round trip which is

sub-nanoseconds i.e. 0.1 ns. This means that the length of this cavity must be on the order

of ∼ cm. While this is a limitation for bulk optical set ups, it is not impossible to think

about integrated or custom systems where this can be achieved.

The final point however is the component for which there is currently no known answer

(at least at the time of writing). A low-loss variable coupler to the cavity is the difficulty.

This area, for which we are wanting to discover alternative solutions, is the motivation of

this thesis.

In order for the storage cavity to act as a quantum memory, certain characteristic mea-

sures to quantify the performance of this quantum memory can be calculated. The first is

storage time. Naturally for cavity based quantum memories, the storage time is related to

three main quantities, the length of the cavity, the reflectivity of the coupler and the loss

inside the cavity. The key parameters to improving the storage time for a fixed cavity length

is minimising the loss and boosting the coupler reflectivity.

The maximum storage time is calculated from the inverse of the minimum linewidth γ(t),

tstorage =
1

γ(t = Tend)
=

ηr(t = Tend)τ

1− r(t = Tend)η
. (2.41)
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Figure 2.4 The storage time for cavities of different round trip lengths,
L as a function of the product of the coupler reflectivity r and cavity loss
η.
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The maximum storage corresponds to the lifetime of the cavity when the cavity is closed as

this is when the reflectivity of the input-output coupler is at its greatest.

In figure 2.4, this relationship on storage time with loss and coupler reflectivity is plot-

ted. It is worth noting, that the storage time can always be increased by having a longer

cavity round trip length. A longer cavity however will mean for our ‘bad cavity regime’

memory, that the pulses which can be stored in this form of quantum memory, will also

need to be longer. Therefore, while storage times are a useful yardstick, a more accurate

performance characteristic is the time-bandwidth product. The time-bandwidth product

provides a figure of merit for a quantum memory as it quantifies, for a quantum processor of

known clock speed, how many distinct time bins are available in a maximum storage time.

It is a convenient way of showing that if you have a fast clock speed you can achieve the

same amount of storage bins for a memory of lower total storage time but higher memory

bandwidth. This results in a longer storage cavity meaning the whole memory systems runs

more slowly, and therefore based on the application of the storage cavity, a longer cavity

may be beneficial, but it will always be accompanied by a slower system clock speed.

The time-bandwidth characteristic of a quantum memory, B needs to incorporate the fact

that this memory works in the bad cavity limit. The fact that this form of quantum memory

is mode selective is opposite to the schemes used previously by the Kwiat group, which are

in a fast-selective (multi-cavity mode) regime [80]. This means that if the pulse duration is

greater than the cavity round trip time, then in frequency terms, that the bandwidth of the

pulse must be smaller than the linewidth of the cavity. The reduction of the reflectivity of

the input-output coupler to the cavity leads to a broadening of the linewidth. For the pulse

to be stored successfully in this regime, it must be comparable to the open cavity linewidth.

Therefore, an approximate pulse bandwidth should be a fraction of one free spectral range

(FSR) of the cavity.
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If we take the upper bandwidth for a pulse to be 20% of the FSR of the cavity, and

the storage time to be upper limited by the inverse of the closed cavity linewidth, the time

bandwidth product can be found by the product of these two quantities,

B =
0.2 · FSR
γ(t = Tend)

≈ Fmax
5

(2.42)

This means that B has the form of a fifth of the maximum cavity finesse F . The finesse

of a cavity is a measure of how narrow the cavity transmission resonances are with relation

to the frequency distance between the resonances. Under the approximation of a low loss

cavity, an expression for the finesse is given below [96],

F =
π
√
r

1− r
. (2.43)

For a reflectivity r ≈ 99% (as this corresponds to a storage time of ∼ 100ns for a cavity

length of a few cms), we get a finesse of ∼ 300 and a time bandwidth product of B ∼ 60.

2.3 Pre-Existing Solutions For Variable Coupling De-

vices

In order to change the coupling of the optical signal into the storage cavity, some form of

modulation of the optical beam must be used to give a dynamic coupling. Optical mod-

ulators are used to allow for the light beam to be manipulated by changing a degree of

freedom of the optical beam in time. A static beam splitter, which is the simplest form

of input-output coupler, is comprised of a glass substrate with a dielectric coating. This

has fixed properties in transmission and reflection in time, but its properties can vary as a

function of wavelength, angle of incidence and polarisation. Therefore to create a dynamic
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coupling relying on a static coupler, the static coupler must be combined with an optical

modulator, where the modulator temporally varies the transmission/reflection properties of

the static coupler in time. While ideally only one static optical element is required, often

for performing time-varying transmission of optical signals, multiple optical components are

required. Conventionally, this is either in the form of an interferometer or a cavity.

The three main types of modulators are amplitude modulators, phase modulators and po-

larisation modulators. These modulators either rely on the acousto-optic effect, the magneto-

optic effect or the electro-optic effect. Acousto-optical systems involve diffraction of optical

beams by having a radio frequency source induce vibrations within a crystalline material.

Scattering then arises due to the periodic modulation in the refractive index caused by the

induced stress and strain in the crystal. Magneto-optical effects involve polarisation rota-

tions which, based upon the magnetic field, are different for right and left handed circular

polarisations.

Electro-optical modulators (EOM) are the most attractive candidate due to the band-

width capabilities of the electro-optical effect. Here, the refractive index of a non-linear

crystal is modified by an applied electric field. EOMs allow for phase modulation by induc-

ing a voltage dependent phase shift. This ability to induce a voltage dependent phase can be

combined with a polarisation dependence on the phase delay to allow for an EOM to work

as a voltage-controlled waveplate and thus change the polarisation of the light. Finally, by

inserting an EOM into either a Mach-Zender interferometer (MZI) or between two polarisers,

the intensity of the light in question can be amplitude modulated. For a MZI, this occurs due

to the outputs of the MZI being voltage controlled through the phase between the two arms

of the interferometer. Equally, if the polarisation state can be changed, the polariser acts

as a voltage dependent attenuator, based on how large the angle of polarisation is changed

by the EOM.
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While EOM modulators have key benefits and have a strong history in switchable cavity

quantum memory, these demonstrations have all been in bulk optics [76] [80]. For scalability,

the requirement of a full fault tolerant quantum computing architecture requires many of

the key photonic components to be in integrated optics. Therefore having hundreds and

thousands of these modulators in bulk optical form is unfeasible. While integrated versions

of different modulators exist, they are limited by either speed, if they are based upon the

thermo-optical effect, or by loss for integrated EOMs. The key loss being insertion loss,

this is typically around 4dB of loss [97]. Insertion loss arises as you try to combine the

electro-optical material (typically a non-linear material such as lithium niobate) with a

silica glass waveguide. This means you cannot have low intensity quantum states of light

regularly interacting with a fibre modulator otherwise you will lose your optical signal and

consequently lose your encoded information.

2.4 Potential Solutions Based Upon Induced Dispersion

In Warm Alkali Vapour

What is required is to create a low-loss high reflectivity switch which can be modulated

in time and has the potential to be in an integrateable platform. This thesis looks at two

possible avenues for achieving this based upon induced two photon dispersion in warm alkali

vapour. The dispersion is induced by a multilevel level ladder system in warm rubidium

vapour. The use of warm alkali vapours as the modulating medium has benefits for scalability

due to integrated demonstrations of not just alkali vapour quantum memories [82] but also

for optically inducing two photon dispersion [98].

Both schemes in this thesis rely on the concept that alkali vapour systems have a strong

use in quantum memories for their absorption based properties and that dispersion is always
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Figure 2.5 A control field interference patters means that when the con-
trol field is on, a signal field experiences a spatially varying light-matter
interaction. Through Bragg scattering, this spatially varying dispersion
causes a strong reflection. Through change the control field in time, the
reflection of this induced mirror can be changed allowing for a time varying
input-output coupler to a storage memory cavity.

associated with absorption. Furthermore for atomic resonances, the width of an absorption

feature is narrower than the dispersion features. So therefore if the outer regions of an

atomic resonance interact with the signal field, as long as it is far enough detuned from the

resonance then there should be negligible loss while still having sufficient dispersion.

The first scheme analysed in this thesis is the use of a periodic variation in the induced

dispersion from a spatially varying interference pattern to create an optically controlled

Bragg mirror (figure 2.5). Here the control field dresses the atoms differently over the atomic

vapour cloud, and this variation in the light-matter interaction leads to partial reflections

between the different regions of dispersion. If the geometric requirement on the spatial

variation (Bragg scattering condition) is fulfilled, then the partial reflections constructively

interfere to give a strong overall reflection. By having an optically controlled dispersion which

is spatially modulated, any changes to the control field in time allow for the transmission

through the Bragg mirror to also be controlled in time. This change in transmission would

satisfy the requirement for a time dependent input-output coupler to a memory cavity.
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Figure 2.6 Varying the transmission through a ring cavity allows for the
cavity to act as a time varying beam-splitter to a second cavity. Including
an atomic medium inside the first cavity allows for this varying transmis-
sion by changing the propagation of the fields inside this first cavity.

The second concept is where two photon dispersion can be used to vary the transmission

of a signal field through a ring cavity (figure 2.6). Here, the round trip phase as the signal

passes through the switching cavity is dependent on the light-matter interaction with the

atomic vapour inside the switching cavity. By having an accompanying control field inside

the cavity, the round trip phase experienced by a weak signal field can be varied. This leads

to the ability to temporally change the transmission of the switching cavity. By joining a

switching cavity to the memory cavity and varying the transmission through the switching

cavity, atomic switchable quantum memory can be achieved.



Chapter 3

Theoretical Background of

Induced Two Photon

Susceptibility in Warm

Rubidium Vapour

Both of the switchable schemes for cavity quantum memory based upon two-photon in-

teractions with warm atomic vapour (as discussed at the end of the last chapter) rely on

modulating the dispersion of a weak quantum optical state as it propagates through an

atomic vapour. Equally, as the dynamic coupler to a storage cavity is required to be a low

loss coupler, knowledge of the associated absorption which accompanies the dispersion is

equally required. This chapter derives the description of induced two photon susceptibility

(and thus the dispersion and absorption) for a weak signal field in hot rubidium atomic
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vapour. The rubidium atoms are modelled as a warm vapour cloud of three level ladder

atom systems. A weak signal field couples to the 1 − 2 transition, while a strong control

field couples to the 2− 3 transition. This model uses primarily a framework introduced by

Mostowski et al, where the derivation is comprised primarily of two components [99]. The

first section of the derivation is the interaction between a single atom with the weak signal

field and a strong control field. This section comprises of a calculation of the equations of

motion, which describe the interaction between the electric fields and the atoms. The second

half of the framework describes the propagation of the signal field where through the wave

equation, the atomic polarisation response is introduced as an ensemble of hot atoms. For

our model, thermal motion is introduced to the equations of motion by assuming the atoms

have some time varying position, this follows the treatment by Firstenberg et al [100].

Figure 3.1 The induced susceptibility is modelled as a three level ladder
system. Here counter-propagating signal and control fields interact with
warm alkali vapour atoms which have thermal motion. The strong control
field dresses the three-level system and induces a variation in the absorption
and dispersion experienced by the weak signal field.
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3.1 Equations of Motion

3.1.1 Electric Dipole Interaction

The optical fields interact with our atoms through the disruption of the electron field density.

This change in the electric field as the electron oscillates with respect to the atom’s centre

of mass corresponds to the energy of an electric dipole, d = qr. Here q is the electric charge

of the dipole and r is the displacement vector of the dipole. However, as the states of

the electron inside our atom are quantised, the electric dipole is now a quantised quantity

i.e. it’s an operator. By modelling our system as a three level system, where the three

states corresponds to electron energy levels for a bare atom, we can express all operator

quantities in terms of only these three states. These three states are eigenstates of the

atomic Hamiltonian and therefore form an orthonormal basis, this allows the electric-dipole

operator to be written in terms of transition operators between the three states,

d(r, t) =
∑
j,k

dj,k(r, t)σj,k(r, t). (3.1)

Heredj,k corresponds to the matrix elements of the dipole operator (i.e dj,k = ⟨j|d|k⟩). The

transition operators are defined in the orthonormal three-level basis as σj,k = |j⟩⟨k|. The

understanding of the operator σj,k is that it describes taking an electron in state |k⟩ and

moving it to state |j⟩. Although the expansion in bare atomic states suggests that any

state can couple to any state including itself, this is not the case. Selection rules need to

be imparted upon the dipole operator. One such selection rule is the parity selection rule

which states that the electron-dipole interaction only couples different states together. The

parity inversion is an important symmetry property in atomic physics and means that as

the spatial coordinates are reflected around the origin, through the transformation r → −r,
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then the dipole operator must also change as d → −qr. The parity operator, Π, is a unitary

and Hermitian operator and performs the following evolution in the Heisenberg picture,

ΠrΠ = −r. (3.2)

The parity operator has an anti-commutator relation {Π, r}=0 and this results in the fol-

lowing two relations for the two states |j⟩, |k⟩,

⟨j| {Π, r} |k⟩ = 0, (3.3)

⟨j| {Π, r} |k⟩ = ⟨j|Πr+ rΠ|k⟩ = (πj + πk)⟨j|r|k⟩. (3.4)

πj and πk are the eigenvalues of the parity operator Π. As Π2 = 1, the eigenvalues are ±1.

This is known as odd and even parity. For equations 3.3 and 3.4, the only way to have both

equations hold are πj + πk = 0 or the matrix elements are zero. Therefore, we can see that

the matrix elements are zero if there is no change in parity of the wavefunctions for two

atomic states. This will be the case when j = k, and thus the electron-dipole interaction

does not couple the same state to itself. In the case when j ̸= k, the two states must have

opposite parity. This requirement of opposite parity manifests itself as an orbital angular

momentum selection rule. The wavefunction of the atomic orbital state has a spherical

harmonic function component. The effect of the parity operation on the spherical harmonic

function requires that the orbital angular momentum quantum number L also has an odd

change in number. This means that for the two states given an allowed electron dipole

interaction, the two states must have a change in orbital angular momentum of ∆L = 1.

Our doubly excited state, |3⟩ is taken to be the 5D state in rubidium, with an orbital angular

momentum quantum number of L = 2. This means that we have no direct transition from
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the ground state |1⟩ (5S state with L = 0) to the doubly excited state |3⟩.

These selection rules all contribute to the following allowed expansion of the dipole

operator for our three level system of,

d(r, t) = d12σ12(r, t) + d21σ21(r, t) + d23σ23(r, t) + d32σ32(r, t). (3.5)

For notation reasons, dij = dij(r, t) as for ease of reading the arguments for the dipole

matrix elements are dropped.

3.1.2 Hamiltonians

To understand the dynamics of the atomic operators and their response to the optical

fields, we need to calculate the equations for the interaction of light and the atoms. The

governing dynamics for the system are expressed through the Hamiltonian of the system.

The Hamiltonian, H, for the system is made up of the bare-atomic Hamiltonian, H0, as well

as the interaction Hamiltonian, Hint.

For our cloud of thermal atoms, the dynamics of the system need to be calculated as

a function of position and time. The evolution of atomic operators in the reference frame

of the atom is determined temporally by the Heisenberg equation of motion, however for

warm atoms there is also external motion due to thermal motion. Therefore, the equations

of motion need to be solved for both the spatial and temporal dependence of the atoms,

σij(r(t), t). The full equation of motion for a transition operator is given by,

σ̇ij(r, t) =
d

dt
σij(r, t) =

∂

∂t
σij(r, t) + v · ∇σij(r, t),

=
−i
h̄

[
σij(r, t), H0 +HI

]
+ v · ∇σij(r, t).

(3.6)

The interaction Hamiltonian describes how light interacts with the atoms through the
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coupling of the electric fields to the dipole moment of an optically active electron in an atom,

Hint(r, t) = −E(r, t) · d(r, t). (3.7)

The atomic states for the system |1⟩, |2⟩ and |3⟩, are eigenstates of the atomic Hamilto-

nian. Therefore, this is a diagonal Hamiltonian where each state has a resonant frequency

for each eigenvalue, ωj . For the three level ladder system, we can expand the atomic Hamil-

tonian in terms of the three eigenstates which make up this system,

Ĥ0(r, t) = h̄ω1σ11(r, t) + h̄ω2σ22(r, t) + h̄ω3σ33(r, t). (3.8)

Applying parity and angular momentum selection rules. The dipole momentum operator

can be expanded in terms of the atomic transition operators for allowed transitions (equation

3.5):

ĤI(r, t) = −E(r, t) ·
(
d12(r, t)σ12(r, t) + d21(r, t)σ21(r, t)+

d23(r, t)σ23(r, t) + d32(r, t)σ32(r, t)

)
.

(3.9)

We can use equation 3.6, to start to write our equations of motion for each σij , where we

simplify down the terms in the commutator by noting that the transition operators follow

the following multiplication rule,

σijσkl = |i⟩⟨j||k⟩⟨l| = σilδjk. (3.10)
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This multiplication rules results in the following general equation of motion,

σ̇ij =
−i

h̄

[
h̄ω1(σi1δj1 − σ1jδ1i) + h̄ω2(σi2δj2 − σ2jσ2i) + h̄ω3(σi3δj3 − σ3jδ3i)

−E ·
(
d12(σi2δj1 − σ1jδ2i) + d21(σi1δj2 − σ2jσ1i) + d23(σi3δj2 − σ2jδ3i)

+ d32(σi2δj3 − σ3jδ2i)
)]

+ v · ∇σij .

(3.11)

The equations of motions need to describe how the electron population is spread across

the atomic levels but also how the electrons move between the three different levels. This

leads to the formation of six key equations of motion, three for the populations and three

for the coherences.

σ̇11(r, t) =
i

h̄
E(r, t) ·

[
d12(r, t)σ12(r, t)− d21(r, t)σ21(r, t)

]
+ v · ∇σ11(r, t), (3.12)

σ̇22(r, t) =
i

h̄
E(r, t) ·

[
− d12(r, t)σ12(r, t) + d21(r, t)σ21(r, t) + d23(r, t)σ23(r, t)

− d32(r, t)σ32(r, t)
]
+ v · ∇σ22(r, t),

(3.13)

σ̇33(r, t) =
i

h̄
E(r, t) ·

[
− d23(r, t)σ23(r, t) + d32(r, t)σ32(r, t)

]
+ v · ∇σ33(r, t). (3.14)

σ̇12(r, t) = iω12σ12(r, t) +
i

h̄
E(r, t) ·

[
d21(σ11(r, t)− σ22(r, t)) + d23σ13

]
+ v · ∇σ12(r, t),

(3.15)
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σ̇23(r, t) = iω23σ23(r, t)+
i

h̄
E(r, t) ·

[
− d12(r, t)σ13(r, t)

+ d32(r, t)(σ22(r, t)− σ33(r, t))
]
+ v · ∇σ23(r, t),

(3.16)

σ̇13(r, t) = iω13σ13(r, t) +
i

h̄
E(r, t) ·

[
− d21(r, t)σ23(r, t) + d32(r, t)σ12(r, t)

]
+ v · ∇σ13(r, t).

(3.17)

Here ωij = ωi − ωj .

3.1.3 Signal and Control Fields

The total electric field which interacts with the atom is comprised of the weak signal field

Es(r, t) and a strong control field Ec(r, t). As explained in appendix A, if we assume that the

signal photon is very well collimated i.e. its propagation constant is only in the z direction,

then

Es(r, t) ≈ Es(z,ρ, t) = esA(z,ρ, t)e
−i(ωst−ksz) + h.c. (3.18)

It is a tightly peaked signal field oscillating at optical frequency ωs, and has a slowly-

varying temporal spatial envelope given by A(z,ρ, t). The electric field oscillation direction

is given by the signal polarisation vector, es. A full derivation of the quantum mechanical

signal field is given in appendix A.

Through the envelope containing a photon mode operator, it describes the annihilation

of a signal photon in a particular spatial-temporal mode with a transverse spatial profile of

ρ. For completeness the transverse profile is included at this point, however for simplifying

the fields to the model we are simulating, it will be dropped later on in the calculation.
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The control field is an intense optical field, therefore, it is not affected through its inter-

action with the atoms. This comes about in the form of a non-depleted control field.

Ec(r, t) ≈ Ec(z,ρ, t) = ecEc(z,ρ, t)e
−i(ωct−kcz) + c.c, (3.19)

where, ec is the control field polarization vector, ωc is the carrier frequency, kc is the wave

vector and Ec(z,ρ, t) describes the slowly varying spatial and temporal envelope of the

control field.

By assuming the signal field is a quantum optical state, we assume that it is a very weak

field. This means that very few photons are contained within the signal field, and therefore

for an ensemble of atoms which are initially in their ground state, the atoms continue to

be (predominately) in their ground state. This results in the linear approximation that the

population operators are no longer dynamic and can be replaced by their expectation values.

p1 = ⟨σ11⟩ ≈ 1 ; p2 = ⟨σ22⟩ ≈ 0 ; p3 = ⟨σ33⟩ ≈ 0. (3.20)

This reduces our coupled equations down further to those only related to the coherences,

σ̇12(r, t) = iω12σ12(r, t) +
i

h̄
E(r, t) ·

[
d21(r, t) + d23(r, t)σ13(r, t)

]
+ v · ∇σ12(r, t), (3.21)

σ̇23(r, t) = iω23σ23(r, t)−
i

h̄
E(r, t) · d12(r, t)σ13(r, t) + v · ∇σ23(r, t), (3.22)
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σ̇13(r, t) = iω13σ13(r, t)−
i

h̄
E(r, t) ·

[
d21(r, t)σ23(r, t)− d32(r, t)σ12(r, t)

]
+ v · ∇σ13(r, t).

(3.23)

3.1.4 Coupled Equations of Motion

The σ23 equation of motion is not explicitly given from here onwards due to the weak

coupling in the contribution to σ12. This component is proportional to the absolute modulus

of the signal field so for a weak signal field it is treated as negligible. I also include the

phenomenological decay for the coherences which arises due to spontaneous emission of the

population state. This is denoted as Γ = Γ2

2 , where Γ2 is the natural lifetime of the state 2.

Equally for the doubly excited level, γ = γ3
2 where γ3 is the natural lifetime of state 3.

This results in a set of coupled equations of motion describing the single photon coherence

σ12,

σ̇12(r, t) = iω12σ12(r, t) + i
E(r, t)

h̄
·
[
d21 + d23σ13(r, t)

]
+ v · ∇σ12(r, t)− Γσ12(r, t), (3.24)

and the two photon coherence σ13,

σ̇13(r, t) = iω13σ13(r, t) + i
E(r, t)

h̄
· d32σ12(r, t) + v · ∇σ13(r, t)− γσ13(r, t). (3.25)

We can now find the correct couplings of the electric fields to the atomic operators in

the equations of motion. By stating that the transitions between orbital states are driven

by the optical fields, the dynamics of the transition operators are determined by the optical

field frequencies, σ13 ∼ e−i(ωs+ωc)t, σ12 ∼ e−iωst, σ23 ∼ e−iωct. Applying a phase-matching
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type argument for the dynamics of the fields and the transition operators, the equations of

motion reduce to,

σ̇12(r, t) =
(
iω12 + v · ∇ − Γ

)
σ12(r, t) +

i

h̄

[
Es(r, t) · d21 +E∗

c(r, t) · d23σ13(r, t)
]
, (3.26)

σ̇13(r, t) =
(
iω13 + v · ∇ − γ

)
σ13(r, t) +

i

h̄
Ec(r, t) · d32σ12(r, t). (3.27)

The phase matching argument, which allows for the correct matching of the fields to

the atomic dipole matrix elements, is based upon the fact that on integrating these time-

domain differential equations, terms which have fast-oscillating exponential components will

be averaged out. This leads to dominant terms where the carrier wave dynamics of the fields

and the transition operators are roughly equal in magnitude but opposite in sign.

It is often easiest to solve this type of equation in the Fourier domain. Therefore, we

take the 4-dimensional Fourier transform, over both the three spatial dimensions and the

one temporal dimension of the equation. The equations of motion therefore become,

(
ω − ω12 − q · v − iΓ

)
σ̃12(q, ω) =

d21

h̄
· Ẽs(q, ω) + Ω∗(q, ω) ⋆ σ̃13(q, ω), (3.28)

(
ω − ω13 − q · v − iγ

)
σ̃13(q, ω) = Ω(q, ω) ⋆ σ̃12(q, ω). (3.29)

Here, we have introduced the control field Rabi frequency, Ω(r, t). The Rabi frequency

is proportional to the coupling strength of the atomic transition and the electric field ampli-

tude. The term Rabi frequency arises from the Rabi cycle where the Rabi frequency defines
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the frequency in fluctuation of the population of two atomic levels. Therefore for our case,

the Rabi frequency can be seen as how strongly the control field excites an electron to the

doubly excited state.

Ω(r, t) =
d32(r, t)

h̄
·Ec(z, t). (3.30)

Equally, the 4 dimensional Fourier transform is defined as follows,

F̃ (q, ω) =
( 1√

2π

)4 ∫ ∞

−∞

∫ ∞

−∞
f(r, t)e−iωte−iq·rdtd3r. (3.31)

3.2 Propagation Through A Warm Ensemble

While the previous sections of this chapter have discussed the effects of microscopic effects

of an individual atom, the optical phenomena which will govern the propagation of the

optical fields as they travel through a cloud of warm atomic vapour are macroscopic effects.

Therefore, the collective dynamics of the atomic ensemble need to be introduced.

The propagation of the signal is calculated through solving the wave equation, where

light-matter interactions are introduced through the polarisation density, P(r, t).

(
∇2 − 1

c2
∂2t

)
Es(r, t) = µ0∂

2
tP(r, t). (3.32)

For uses in switchable quantum memory, it is the macroscopic properties of dispersion

and absorption experienced by the signal field when the control field is on or off, that are the

key parameters needed to be extrapolated from this model. Dispersion is given as the change

in refractive index, n, with respective to optical frequency, while absorption, α, describes

the reduction in intensity of the signal field as it propagates. The dispersion and absorption

are related to the material susceptibility, χ (equation 1.23).



3.2 Propagation Through A Warm Ensemble 81

n+ iα =
√
1 + χ (3.33)

The electric susceptibility, is defined as the response to the applied field so as a function

of time it is given by,

P (t) = ε0

∫
χ̃(t, t′)E(t′)dt′. (3.34)

The paraxial approximation and slowly varying approximations which have been used

in the definition of the signal field can be applied to the wave equation to reduce down the

dimensions of the model. The exponential carrier term of the signal field is a function simply

of the propagation axis, taken to be in the z-direction. The paraxial approximation is valid

for the case when the transverse spatial profile of the signal field is much larger than the

signal wavelength. By splitting up the spatial differentials into a transverse second derivative

∇2
T = ∂2x + ∂2y and a propagation direction second derivative ∂2z , the carrier directionality

can be decoupled from the transverse direction.

(
∇2
T + ∂2z −

1

c2
∂2t

)
Es(r, t) = µ0∂

2
tP(r, t). (3.35)

For simplicity from this section, we assume that the signal and control field can be taken

as one-directional and have no transverse component. This means that ∇TEs(r, t) = 0 as

Es/c(r, t) → Es/c(z, t). As the dynamics of the atoms are driven by the field, we can extend

this one-dimensional simplification to the dynamics of the atoms as well.

As we are working now in the Fourier domain, we take the Fourier transform of the wave

equation (equation B.13), where the polarisation field is given by the macroscopic dipole

moment per unit volume,

P(q, ω) =
Nd(q, ω)

V
. (3.36)
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Here, N is the total number of atoms in an interaction area of volume V . From now on

however we will use the number density, nd, instead of N and V as nd = N/V . As our model

has simplified to one direction of propagation, our interaction terms are now functions of q,

where q is the Fourier conjugate variable of z.

Once again, using the atomic levels of three-level system as a complete basis, the dipole

operator can be expanded in terms of the atomic transition operators. Therefore, through

the previously derived coupled equations, describing how an individual atom experiences

the optical fields, the light-matter dynamics can now be coupled to the propagation of the

optical fields in terms of transition operators.

In the transition from a microscopic picture to a macroscopic picture, the concept that

not all the atoms are identical due to the velocity classes of the thermal atoms needs to

be established. By using a weighting factor for the velocity classes given by the Boltzmann

distribution, p(v), a statistical description for the probability that an atom will be of a

particular velocity at a certain temperature is introduced,

p(v) =

√
1

2πv2th
e
− v2

2v2
th ; v2th =

kBT

m
. (3.37)

The Boltzmann distribution introduces atomic mass, m, to the calculation as well as the

dependence of the atomic motion on the temperature of the atoms, T . Finally, kB is the

Boltzmann constant.

The final link between the microscopic and macroscopic picture is given by the fact that

it is only the optical response of the atoms to the signal that is of interest. Therefore the

polarisation field is limited to only the component oscillating for the signal frequency i.e.

the component of P that oscillates ≈ ω12 ≈ −ωs. This gives an equation relating the optical

transition of the three level ladder system for which the signal field is coupled to, σ12(q, ω, v),
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to the wave equation which needs to be solved to calculate the signal propagation.

P(q, ω) = ndd12

∫
p(v)σ12(q, ω, v)dv. (3.38)

While previously, the relationship with the polarisation density and the electric field was

given as a convolution in the temporal domain, as we are now working in the Fourier domain,

the convolution transitions to a simple product,

P(q, ω) = ε0χ(q, ω)E(q, ω). (3.39)

If we compare the equation 3.38 and 3.39, we can re-write the susceptibility in terms of

the key atomic transition operator,

χ(q, ω)Ẽs(q, ω) =
ndd12

ε0

∫
p(v)σ̃12(q, ω, v)dv. (3.40)

By multiplying through by the conjugate of the signal polarisation vector, we convert our

vector equation to a scalar one by resolving the vector equation in the direction of the signal

electric field. On the left hand side, we achieve a value of 1 (as Es(q, ω) = esEs(q, ω) and

e∗s · es = 1), however on the right hand side, a weighting value describing the relationship

between the dipole matrix element and the signal field is introduced.

χ(q, ω)Ẽs(q, ω) = e∗s ·
ndd12

ε0

∫
p(v)σ̃12(q, ω, v)dv. (3.41)
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3.3 Controlling the Induced Susceptibility Through The

Control Field

To understand how the signal field can be modified due to its interaction with the atoms we

can take the example of a plane wave control field. To simplify down this model we assume

that our dipole matrix elements and the electric field polarisation directions are aligned so

that the vector dependences of these variables can be dropped (i.e. e∗k · dij = dij = d∗ji).

This means that the Rabi frequency is now given by a simplified description,

Ω(z, t) =
d32Ec
h̄

eiKz−iωct = ΩeiKz−iωct. (3.42)

As the envelope of the control field is constant in space and time, the Rabi frequency envelope

has no time dependence. Therefore, we find that in equations 3.28 and 3.29, the convolutions

between the control field and the atomic transition operators are just simple translations in

the atomic transition operator frequency. In order to solve the equations of motions, we can

now substitute the two photon coherence operator, σ̃13(q, ω) into the equation of motion for

σ̃12(q, ω), resulting in the following equation of motion for the signal field coherence,

σ̃12(q, ω, v,Ω) =
d21
h̄

Ẽs(q, ω)

τ(q, ω, v,Ω)
. (3.43)

Here the light-matter interaction has been combined conveniently into a function τ(ω, q, v,Ω),

τ(q, ω, v,Ω) = ω − ω12 − qv − iΓ− |Ω|2

ω − ωc − ω13 − (q +K)v − iγ
. (3.44)

The first terms of τ(q, ω, v,Ω) relate to the linear susceptibility as they only involves term

which relate the signal field to the 1-2 transition. However, the quotient part in τ(q, ω, v,Ω)
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describes the induced two photon effects which are mediated by the control field as the

second term is proportional to the power of the control field. The frequency terms in the

second part relate how the optical frequencies relate to the two photon transition ω13 and

how the optical wavevectors q and K couple together to the atomic velocity v.

To calculate the macroscopic susceptibility for a plane wave control field, we need to

sum over all of the velocity dependent microscopic signal field transition operators, σ̃12. To

do this we take the plane wave approximation of the signal coherence (equation 3.43), and

substitute σ̃12 in to the right hand side of equation 3.41. This allows us to find an analytic

expression for the induced susceptibility,

χ(q, ω,Ω) =
nd|d12|2

ε0h̄

∫
p(v)

τ(q, ω, v,Ω)
dv. (3.45)

We relate the atomic frequencies to the laser frequency components in this light-matter

interaction, by introducing off-resonant detunings from the single-photon resonance and the

two-photon resonance. These relations are shown in figure 3.1 and given explicitly in the

following equations,

ω = ω21 +∆s, (3.46)

ωc = ω32 + δc, (3.47)

ω + ωc = ω31 +∆s + δc. (3.48)

While the susceptibility was originally defined in terms of optical frequencies, it can now

be related to detunings with respect to the signal photon transition. This allows us to form

the induced susceptibility as a function of signal and control detunings, χ(∆s, δc,Ω, q,K),

through a reformatting of the function τ ,
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τ(∆s, δc,Ω, q,K, v) =
(
−∆s − qv − iΓ

)
− |Ω|2(

−∆s − δc − (q +K)v − iγ
) . (3.49)

3.3.1 Dressed State Eigenvalues and Eigenvectors

In-order to understand how the control field can be used to modulate the propagation of the

weak signal field, it is helpful to look at the induced two photon effects. From equation 3.45,

resonant behaviour describing induced atom effects occurs for the cases when the following

condition for τ(∆s, δc,Ω, q,K, v) is satisfied,

(
−∆s − qv − iΓ

)
− |Ω|2(

−∆s − δc − (q +K)v − iγ
) = 0. (3.50)

Equation 3.50 has quadratic roots in signal detuning depending on the atomic velocity,

control field detuning and the Rabi frequency. The influence of the interaction Hamiltonian,

and its time dependence, means that the bare atomic states are no longer the eigenstates for

the total Hamiltonian of this system. The new eigenstates are known as the dressed states

(as the control field dresses the system) and their corresponding eigenvalues are the dressed

state resonances, ∆s±(q, v, δc,Ω,K). The dressed states are found from

∆s±(q, v, δc,Ω,K) =
−b(q, v, δc,K)±

√
b(q, v, δc,K)2 − 4c(q, v, δc,Ω,K)

2
, (3.51)

where,

b(q, v, δc,K) = −δc − (2q +K)v − i(γ + Γ), (3.52)

and,

c(q, v, δc,Ω,K) =
(
δc + (q +K)v + iγ

)(
qv + iΓ

)
− |Ω|2. (3.53)
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The dressed state picture allows us to think of the signal field interacting with a coupled

two level system (comprised of states |2⟩ and |3⟩), rather than using the full three level

picture. The induced susceptibility that a signal field now sees is based on the coupling of

the control field to the upper two levels in the three level system as induced dispersion and

absorption occurs where the dressed states resonances are (figure 3.1).

It is helpful to analyse the limit of cold atoms, which is the limiting case that the atoms

have no thermal motion. This is an acceptable simplification for analysing the resonances

as from the Boltzmann distribution (equation 3.37) the most likely velocity class is the zero

velocity class. Furthermore, the effect of the atomic velocity can be seen as a modification to

the induced susceptibility to be averaged over, so in the macroscopic picture of the induced

susceptibility this affects the width of the resonance but not the central position of the peak.

When there is no velocity dependence in the system, the dressed state resonance frequency

position can be reduced to,

∆s±(δc,Ω) =
δc ±

√
δ2c + 4|Ω|2
2

. (3.54)

The ratio of Ω/δc determines the strength of the Stark shift imparted on the dressed

states. The stronger the control power and the closer to two photon resonance, the greater

the shift of the dressed states becomes. If a large detuning (for a fixed Rabi frequency)

occurs then the two photon dressed state follows the relationship that ∆s± = ∓δc. On

the other hand an anti-crossing occurs when the Rabi frequency is greater than the control

detuning and the two dressed state detuning values are ∆s± ≈ ±Ω.

Noting that our new resonances are the new eigenvalues to this Hamiltonian, they must

have corresponding eigenstates. We can calculate the weighting of these dressed states in

terms of the bare eigenstates. We can use a treatment of a two level system to calculate



3.3 Controlling the Induced Susceptibility Through The Control Field 88

Figure 3.2 When the control field is present, the eigenstates of the
system are changed by the time-varying electric-dipole interaction. This
causes new eigenstates of the system called dressed states (∆s±). The
frequency dependence of the dressed state resonances can be varied with
control detuning and control field power.
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the eigenstates of this dressed state picture by using the eigenvalues ∆s± and finding their

corresponding eigenstates through the usual eigenvalue equation (equation 3.55). Here our

Hamiltonian is the Hamiltonian for the upper two levels coupled together by a strong control

field through an electric dipole interaction under the rotating wave approximation, [101]

∆s±|±⟩ = H|±⟩. (3.55)

The associated eigenvectors for the plus and minus eigenvalues are given as a superposi-

tion of the two bare states.

|+⟩ = cos θ|2⟩+ sin θ|3⟩, (3.56)

|−⟩ = − sin θ|2⟩+ cos θ|3⟩, (3.57)

Where,

tan θ =
2Ω

δc −
√
δ2c + 4|Ω|2

(3.58)

Similar to our eigenvalue dressed state resonance analysis, the eigenvector analysis shows

that as the control power and the control detuning are changed, there is a variation in

how strongly coupled the two states are i.e. the ratio of Ω
δc
. This coupling changes the

contribution to the dressed states from the atomic bare states.

3.3.2 Variation in Induced Atomic Resonance Lineshape

The lineshape of atomic resonances are a crucial element for atomic light matter interaction

in hot atoms, as they are related to the strength and frequency spread of the dispersion and

loss. As the control field couples the upper two levels in the ladder together, it mixes the

atomic parameters of the two bare atomic states which have their own lineshape. Thermal
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Figure 3.3 In changing the control power, the coupling of the bare
atomic states varies the eigenstates as well as the eigenvalues. The new
eigenstates of the system are made up of a superposition of the bare atomic
states. This means that as you change the control power, the atomic pa-
rameters such as the dressed state eigen-composition vary as well. This is
due to the weighting of the different bare atomic states to the superposition
are varying with control power.
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effects introduce additional line-broadening mechanisms and therefore the understanding of

how the control field affects the induced resonance lineshapes is important. The lineshape

components of χ(∆s, δc,Ω, q,K, γ,Γ) can be broken down into two functions.

χ(∆s, δc,Ω, q,K, γ,Γ) = C

∫
G(v)L(∆s, δc, q,K, v, γ,Γ)dv (3.59)

The labelling of these functions are G(v), as it is the Gaussian contribution to the

lineshape from the thermal motion of the atoms,

G(v) =

√
m2

2πk2BT
2
e
− v2m2

2k2
B

T2
, (3.60)

while L(∆s, δc, q,K, v, γ,Γ) is the lineshape response function for an atom with velocity,

v as it experiences the control field. The dependence on the laser and atomic parameters for

a thermal atom gives rise to an involved lineshape L(∆s, δc,Ω, q,K, v, γ,Γ) for the induced

dressed states.

In the reference frame of a single atom for a specific atomic transition, the dominant

broadening mechanism is natural lifetime broadening. This comes from the Heisenberg

uncertainty principle as spontaneous decay of the excited state leads to a distribution of

lifetimes of the excited state. As there is not an infinite lifetime of the excited state, there is

a corresponding width in the transition frequency of the state and this is known as lifetime

broadening. Lifetime broadening introduces a Lorentzian lineshape, C(x,A, µ, σ),

C(x,A, µ, σ) =
A

π

σ

(x− µ)2 + σ2
. (3.61)

The parameter A is the amplitude, µ is the centre value for the peak, and σ defines the

width of the peak. The full width at half maximum (FWHM) is 2σ.
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While lifetime broadening is a homogeneous effect which is dominant in cold atoms, when

dealing with hot atoms, the dominant effect is that of Doppler broadening. The effect of

thermal broadening introduces a Gaussian lineshape to the system,

G(x, µ, σ) =
A√
2πσ

e−(x−µ)2/2σ2

. (3.62)

In the absence of a control field (Ω = 0, δc = 0), the lineshape function reduces down to

that of a Lorentzian function in signal detuning,

L(∆s, δc = 0,Ω = 0, q,K, v, γ,Γ) =
∆s + qv − iΓ

(∆s + qv)2 + Γ2
. (3.63)

This leads to a two level thermal system having a lineshape which is given by a Voigt

profile. A Voigt function being the convolution of a Lorentzian and a Gaussian distribution,

V (x, σ, γ) =

∫ ∞

−∞
G(x′;σ)C(x− x′; γ)dx′. (3.64)

In the absence of the control field, the hot atoms single photon resonance has a strong

Doppler broadened component. If Doppler broadening is the dominant lineshape mechanism,

then the width of the resonance is defined by the full width at half maximum, ∆vD,

∆vD = 2vth
√
ln 2. (3.65)

The width of this resonance is related to an inhomogeneous broadening mechanism that is

dependent on the average speed parameter vth. For a hotter ensemble of atoms, a greater

Doppler broadening occurs.

If the control field is then re-introduced, then a more complex lineshape is required as
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Figure 3.4 The direction of the control field with respect to the signal
field affects the linewidths of the induced two photon states. Due to the
wavelength similarities of the atomic transitions coupled to the signal and
control fields, when the fields are in a counter-propagating arrangement
they show an induced two photon component which is almost Doppler
free. While when the two fields are co-propagating, they have a Doppler
enforcing arrangement.
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the lineshape function, no longer reduces down to a Lorentzian in the signal field detuning.

The direction of propagation of the signal field with respect to the control field can affect

the lineshape. The two photon component of the induced susceptibility can have a joint

Doppler broadening mechanism which is related to how the velocity of the atom is linked to

the signal wavevector (q = ±ks) and the control wavevector (K). We see in equation 3.44

and 3.45 that there is a velocity dependent term which contributes to the inhomogeneous

broadening.

(ω21 +∆s)± ksv︸ ︷︷ ︸
Signal Photon

+ (ω32 − δc) +Kv︸ ︷︷ ︸
Control Photon

= ω31 + δωs − δωc + (±ks +K)v. (3.66)

If the two fields are counter-propagating, the amount of two photon Doppler broadening

can be limited. This leads to the coefficient of the velocity term being minimised as long

as the wavelengths of the two optical fields are similar. The origin for this narrowing of

the Doppler broadening for two photon effects is that if the moving atom sees the signal

field as blue shifted, it then sees the control field as red-shifted bringing it back closer to

two photon resonance. Equally, if the signal and control fields are co-propagating there is

a reinforcement of the Doppler broadening smearing out the induced resonance further, as

any thermal motion blue/red shifts both the control and signal field.

Writing the susceptibility given by equation 3.45, explicitly in terms of the signal and

control detuning, plots can be made for the induced atomic susceptibility for the counter-

propagating (q = −ks) signal and control field cases,

χ(q,∆s, δc, q = −ks,K) = −nd|d12|
2

ε0h̄

∫
p(v)(

∆s − ksv + iΓ
)
− |Ω|2(

δc+∆s−(ks−K)v+iγ

) dv.

(3.67)

The values used to simulate this model are given in appendix C.



3.3 Controlling the Induced Susceptibility Through The Control Field 95

A visual understanding of how the control field induces a second off-resonant dressed

resonance and how the associated linewidth is control field dependent is shown in figure,

3.5. This figure shows that for no control field, the single photon resonance is dominated by

Doppler broadening, this leads to the width of the single photon resonance being ∼ 0.5 GHz.

This means that for any induced effects, for there be no additional loss in the system from

linear effects then any signal field need to be detuned greater than a few GHz outside the

1-2 atomic transition. Figure 3.5 also shows that as the control field strength is increased,

as denoted by the Rabi frequency Ω, that the linewidth and the central frequency of the

induced two photon component of the induced susceptibility both increases in magnitude.

The linewidth goes from a good fit to a Lorentzian in signal detuning to that of a more

Gaussian lineshape with narrower tails and a reduced peak value.

A heat map (figure 3.6) shows how the variation with control detuning means that the

anti-crossing resonance position is accompanied by a strong broadening for cases when the

control field Rabi frequency is greater than the control field detuning. Equally for a counter-

propagating system when the control field is far detuned, there is a narrowing to a Doppler

minimised resonance due to the ratio of δc to Ω in the lineshape function.

Finally, figure 3.7, shows that increasing the control field power not only adds a Stark

shift to the dressed state resonances, but as the upper two excited states are strongly coupled,

the induced two photon resonance is broadened by a greater contribution to the two photon

dressed state resonance from the intermediate state, |2⟩. This heat map allows for an

overview of figure 3.5 where instead of it being the situation of the control field being on or

off, a full mapping of the dependence on the dressed state resonance position and linewidth

can be found.
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Figure 3.5 Simulations of the induced susceptibility of a hot Rubidium
vapour for three different cases i) No Control Field ii) Control field of Ω =
7.80GHz iii) Control field of Ω = 17.44 GHz. The single photon resonance
is fitted to a Gaussian function as Doppler broadening is the dominant
lineshape mechanism. By having a counter-propagating signal and control
field a Doppler cancelling arrangement can be achieved dependent on the
ratio of control detuning to Rabi frequency. This leads to the two photon
resonance being fitted to a Lorentzian lineshape. As the control power
is increased, the Lorentzian lineshape is no longer as suitable a fit as a
greater component of the dressed state contains the Doppler broadened
single photon resonance. As the control power increases a greater Stark
shift is seen on the dressed state resonances.
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Figure 3.6 Induced susceptibility heat map as a function of signal detun-
ing (∆s) and control detuning (δc). The control field leads to the formation
of two dressed states which compromises of an anti-crossing. As the control
detuning increases in magnitude, the two photon interaction gets weaker
and therefore less of the Doppler broadened intermediate state component
makes up the two photon resonance and a narrow linewidth occurs.
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Figure 3.7 Induced susceptibility heat map as a function of signal detun-
ing (∆s) and control field power (P). As the control field power is increased
a greater Stark shift occurs causes a widening in the dressed state resonance
position. However, in coupling the states together more strongly there is
a broadening of the two photon resonance component as the dressed state
eigenstate has a larger Doppler component from the intermediate state.



Chapter 4

Measurement of Induced Two

Photon Susceptibility in Warm

Rubidium Vapour

4.1 Experimental Overview

While the previous chapters have been very theoretical in basis, this chapter describes the

measurement of induced phase and absorption in warm Rubidium vapour. An experimental

platform has been made of two narrowband diode lasers, a saturated absorption spectroscopy

set up and a frequency domain interferometer to take a measurement of the optically induced

phase shift. By measuring the induced phase and absorption of warm rubidium vapour, we

can put in to practice many of the concepts which have been explored in chapter 3, as well

as understand the practical implications required to induced a phase shift significant enough

to allow for switchable cavity quantum memory using induced two photon dispersion.
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Figure 4.1 An overview of the experimental set up used to take mea-
surements of the absorption and phase experienced by a signal field, which
is induced optically by the control field.
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The experimental platform is shown in figure 4.1 and this chapter explains the practical

set up, starting with the laser systems. The chapter then progresses to a full multilevel

picture of the induced two photon interaction as the true atomic spectroscopy used in our

demonstrations is more complex that the three level system used in chapter 3. Through this

multilevel framework the key experimental elements for determining the frequency depen-

dence of the two photon interaction are explored in a linear absorption saturated absorption

set up as well as in a frequency interferometer. Key information about the spectroscopy of

rubidium atoms is discussed in appendix C. In the process of building this experiment, the

Luiten group performed a very similar experiment but for rubidium atoms inside a hollow

core fibre [98]. The results of this paper were very useful in understanding preliminary results

from our experimental set up. Additionally, a very useful resource was an EIT induced cold

atom phase shift measurement from the Steinberg group [102].

4.1.1 Laser Systems

Sources of narrow linewidth light are required for measurements of optically induced ab-

sorption and phase from alkali vapour atomic transitions due to the frequency width of the

induced two photon phase and absorption features which can be on the scale of a few MHz.

Furthermore, in order to calculate the frequency response of the light-matter interaction, a

way of scanning both the signal and control laser frequencies independently is required. The

lasers used for both the signal and the control optical fields are MOGlabs external cavity

diode lasers (ECDL).

Diode lasers are popular sources of light in atomic physics experiments due to the wide

range of wavelengths available, ease of modulation of power and laser frequency and the

practically beneficial small size of device. A diode laser is formed by a p-n semiconductor

junction, where electrons in the n-doped region recombine with holes in the p-doped region
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to emit light. A forward bias voltage is applied (p-doped side of the p-n junction is attached

to the negative terminal of the bias voltage) to the semiconductor to increase the flow of

electrons across the depletion region. This increase in current flow (induced current is known

as injection current) across the p-n junction leads to more electron-hole recombination events

and emission of light. A laser can be built from semiconductor diodes as when an electron

combines with a hole, the electron may then occupy the lower energy state of the hole.

In losing energy the electron emits a photon through spontaneous emission, however if the

electron has recombined with the hole but is yet to annihilate, it can be forced to undergo

stimulated emission in the presence of another photon.

Conventional laser diodes tend to have a broad gain region, allowing for a range of

wavelengths for which the diode will lase. Many diode lasers have the necessary cavity

formed by writing in to the semiconductor region Bragg reflectors and therefore by having

a short cavity round trip length, high gain can be achieved. While having a cavity inside

the semiconductor can lead to a compact device and higher optical powers, the short cavity

length leads to a broader mode linewidth if compared to an external laser cavity. External

cavities are formed by having the back of the semiconductor chip being reflection coated to

form one cavity mirror and the second mirror is formed from a frequency selective reflector.

Diode lasers are highly sensitive to optical feedback from external reflections coupling

back in to the diode. The high sensitivity comes from the high gain at which the semi-

conductor diodes operate and thus any optical signals returning back in to the diode can

themselves cause temperature and current changes. These back reflections often cause a

phenomena called modehopping. Modehopping is due to the flat gain profile of the diode

being more broadband than the cavity longitudinal modes, there are multiple possible longi-

tudinal modes for which the lasing can occur. If no active feedback is applied, the laser will

hop between cavity modes. For this reason, optical isolators, which are a combination of
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polarisation dependent optics and a large magnetic field, combine to perform uni-directional

polarisation rotations thus stopping back reflections coupling to the laser.

The output wavelength of a particular diode laser design can be tuned through two

inter-related properties, temperature and current. Changes to the injection current cause

variations in the refractive index as there are now different free carrier properties inside the

diode. The current and temperature properties are interlinked as the effects of increasing

the current inside the semiconductor leads to a greater electron flow and therefore greater

resistance. This resistance heats up the semiconductor and further changes the refractive

index profile. The temperature variations also change the laser cavity length as the cavity

round trip length will expand or contract with temperature.

The benefits of using the MOGlabs ECDL (MOGLabs CEL) come from its design com-

prising of a cateye reflector forming the second cavity mirror and an ultranarrow filter to

create tunable narrow band laser light which has a linewidth of sub 100 kHz [103]. The ECDL

design is shown in figure 4.2. The combination of the ultra narrow filter and cat eye reflec-

tor allow for a more robust set up, compared to conventional Littrow and Littman-Metcalf

designs. Here Littrow and Littman-Metcalf set ups involve alignment of diffraction grat-

ings to form an external cavity, while the self-aligning nature of the cat-eye retro-reflector

means that any mechanical disturbance does not affect alignment as the cateye reflector has

a converging lens and a mirror at its focal length to form the external cavity.

Finally, laser electronics are required for temperature and current stabilisation of the

laser systems. MOGlabs ECDL controller (MOGbox DLC202) provides an ultra-low noise

current source to the laser meaning that any current variations are minimised. The current

supply variations need to be minimised due to the ease with which they can be translated

through the injection current to laser frequency and optical power variations. The MOGlabs

ECDL controller also has a temperature controller to control the Peltier thermoelectric cooler
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Figure 4.2 An overview of the MOGlabs ECDL cateye laser design. This
image is taken from a MOGLabs publication demonstrating the ECDL de-
sign [103]. The design is comprised a laser diode (LD), collimating lens (CL),
broadband interference filter (IF), cateye lens (L1), piezoelectric translator
(PZT), partially transmitting output coupler (OC) and re-collimating lens
(L2).

which heats and cools the cavity material. The laser electronics allow for fine control of the

lasing wavelength by having two high voltage piezo drivers. These drivers supply a voltage

to the piezoelectric component of the output coupler. This means that the cavity length

can be continuously swept from a sawtooth modulation in increments of 10nm per volt

allowing for a frequency range of ∼ 10GHz. This is a very useful feature when scanning

over the rubidium hyperfine manifold, which has a frequency range of ∼ 7GHz. The second

cavity piezo allows for the movement of the central piezo value, meaning that the sweep

of 10GHz can be modulated around a centre cavity frequency which itself can be changed

by ∼ 100GHz. Coarse tuning of the wavelength is available with the ultra narrow filter by

changing the filter rotation angle. This coarse tuning means that two identical laser systems

can be tuned individually to provide signal laser light at 780nm and control laser light at

776nm.

Calibration of the laser wavelengths for both signal and control lasers can be achieved

using one rubidium vapour cell, one CCD camera, a photodiode detector and a MOGlabs

economical wavemeter (MWM). The signal wavelength can be coarsely scanned by tuning
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the intra-cavity filter until linear fluorescence is seen on the CCD. This fluorescence is at

780nm so a CCD camera is required to be sensitive to the infra-red fluorescence which

cannot be seen with the naked eye. A band pass filter centred on 780nm is placed in

front of the CCD to minimise any external light being detected by the CCD (from external

light sources such as the room lights). Once the signal laser is coarsely tuned close to the

rubidium D2 resonance, varying the cavity length with the piezoelectric actuators can give

a clean laser scan over the full rubidium hyperfine manifold. By sending the laser signal

through a rubidium vapour cell, the linear absorption from the rubidium hyperfine manifold

can be detected on the photodetector. Ideally, the laser signal is sent through a saturated

absorption set up (this is explained later in this chapter). From the absorption profile, which

acts as a fingerprint for known atomic transition frequencies, the MWM wavemeter can be

calibrated from known atomic transitions. Using a now calibrated wavemeter a second laser

for the control field can be tuned coarsely close to the control wavelength for satisfying the

two photon transition. Verification of the control laser being coupled to the two photon

transition can be achieved by sending both the signal and control fields in to a rubidium

vapour cell and looking for two-photon fluorescence. The two photon fluorescence process

is explained in further detail later on in this chapter.

4.2 Induced Susceptibility in a Multilevel System

In the experiment we sweep a continuous wave signal laser frequency, in-order to measure

properties of the optically induced susceptibility given by,

χ(ωs, ωc, ks,K, T ) = α0(T )

∫
p(v, T )|d12|2(

ωs − ω21 + ksv + iΓ
)
− |Ω|2(

ωs+ωc−ω31+(ks−K)v+iγ

) dv, (4.1)
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where,

α0(T ) = −nd(T )
ε0h̄

. (4.2)

However, in the laboratory set up, we are not dealing with an idealised three level system.

Further physical coupling mechanisms between properties of the atoms (as outlined in ap-

pendix C) lead to the appearance of complexity in the energy level diagram for rubidium

spectroscopy. In practice, this manifests itself experimentally as a light matter interaction

which contains a multilevel system comprised of a range of atomic transitions. Each atomic

transition has a unique coupling constant and therefore contributes to the atomic manifold

differently. The real states in the system are denoted by a hyperfine number, F , and a

magnetic quantum number, mF . The expansion of three levels states making up the atomic

system can be seen as an enlargement of the individual states to a set of hyperfine states,

as shown below,

|1⟩ → {|F,mf ⟩} , (4.3)

|2⟩ → {|F ′,mf ′⟩} , (4.4)

|3⟩ → {|F ′′,mf ′′⟩} . (4.5)

The hyperfine interaction means that the atomic hyperfine states have an energy split-

ting dependent on their hyperfine quantum number F , this needs to be incorporated to

the induced susceptibility for this new multilevel system. To denote the unique transition

frequency for each allowed state change, the following transformation of notation is taken,
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ω21 → ωFmf ,F ′mf′ , (4.6)

ω31 → ωFmf ,F ′′mf′′ . (4.7)

Finally, a similar transformation is taken to account for the decay rates of different

intermediate and excited states being possible,

Γ → ΓF ′mf′ , (4.8)

γ → γF ′′mf′′ . (4.9)

The wave equation, which shows how the signal field interacts with the atomic medium,

is given in the Fourier domain, under the 1D approximaton as,

(
k2 − ω2

c2

)
Es(k, ω) = −µ0ω

2P(k, ω). (4.10)

Where the atomic polarisation density is given as the thermal distribution of the full

multilevel electric-dipole interaction, d(k, ω),

P(k, ω) = nd

∫
p(v)d(k, ω)dv. (4.11)

A change of notation for this chapter for the wavevector Fourier component of q → k

is due to the introduction of a q parameter related to the polarisation of the optical fields

later on in this chapter.

The dipole matrix elements for each atomic transition also need to be expanded to the

set of states for each energy level,
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d12 →
{
dFmf ,F ′mf′

}
, (4.12)

d23 →
{
dF ′mf′ ,F ′′mf′′

}
. (4.13)

While the direction of propagation of the signal fields allows the wave equation to be

reduced down to a 1D approximation, the dynamics of the atomic transitions are driven by

the fields. The optical fields contain a polarisation direction, describing the direction of the

field oscillations. This polarisation direction is what couples to the dipole matrix moment as

the full interaction is given by the dot product between the electric field vector and the dipole

operator. As explained, in appendix C, this 3D nature of the light matter coupling requires

the introduction of a q parameter for the signal and control fields. This q parameters is due

to the magnetic quantum numbers mf corresponding to the component of atomic angular

momentum with respect to a quantisation axis. As there is no (significant) magnetic field

in our experiments, the choice of quantisation axis is free to be chosen arbitrarily. However,

once this axis is defined, the angular momentum of the signal and control fields must be

defined with respect to the axis as well.

As the equations of motions are defined in terms of the bare atomic Hamiltonian for the

system, the equations of motion need to be re-defined in terms of the full manifold for the

three different levels. For book-keeping purposes, a notation of F̃ , F̃ ′, F̃ ′′ is used to denote

Fmf , F
′mf ′ , F ′′mf ′′ . The interaction Hamiltonian is now decomposed in terms of manifolds

of the original three level states,

E ·
( ∑
F̃ ,F̃ ′

dF̃ ,F̃ ′σF̃ ,F̃ ′ +
∑
F̃ ′,F̃ ′′

dF̃ ′,F̃ ′′σF̃ ′,F̃ ′′ + h.c.
)

(4.14)

The dot product in the interaction Hamiltonian means that the signal coupling coefficient



4.2 Induced Susceptibility in a Multilevel System 109

and the Rabi frequency become a function of both of the dipole moment transitions for which

the signal and control fields couple to,

κF̃ ′F̃ =
dF̃ ′F̃

h̄
· es, (4.15)

ΩF̃ ′,F̃ ′′(r, t) =
Ec(r, t)

h̄
dF̃ ′F̃ ′′ · ec. (4.16)

A q index for the relationship of the polarisation of the signal and control fields (denoted

by ei) with respect to the dipole moment quantisation axis is introduced to incorporate the

vector dependence of the light-matter interaction. Due to the full three spherical tensor

components of a vector, we add an index to denote a q index to sum over all three of the

indices,

κF̃ ′F̃ =
∑
q

dq
F̃ ′F̃

h̄
· eqs, (4.17)

ΩF̃ ′,F̃ ′′(r, t) =
∑
q

Ec(r, t)

h̄
dq
F̃ ′F̃ ′′ · eqc . (4.18)

A full explanation of the q index is given in appendix C.

Using the definitions given by equations 4.6 to 4.9 and 4.12 to 4.16, the new equations

of motion for the signal field coherence is given as,

(
ω−ωF̃ F̃ ′ −k ·v− iΓF̃ ′

)
σ̃F̃ F̃ ′(k, ω) = κqs

F̃ ′F̃
Ẽs(k, ω)+

∑
F̃ ′′

Ω∗qc
F̃ ′F̃ ′′(k, ω)⋆ σ̃F̃ F̃ ′′(k, ω). (4.19)

While, the two photon coherence is given as,

(
ω − ωF̃ F̃ ′′ − k · v − iγF̃ ′′

)
σ̃F̃ F̃ ′′(k, ω) =

∑
Ã′

Ωqc
Ã′F̃ ′′(k, ω) ⋆ σ̃F̃ Ã′(k, ω). (4.20)

The q value for the signal field interaction is denoted as qs while for the control field it
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Figure 4.3 A diagram showing the couplings of the signal and control
fields, resulting in the signal field coherence which changes the optical
properties of the signal field.

is denoted as qc.

For generality, the intermediate state in the two photon coherence is denoted as a

‘dummy’ variable, Ã′. Ã′ and F̃ ′ span the same range of intermediate hyperfine states, how-

ever as it is possible to create a coherence at one intermediate hyperfine state via another

intermediate hyperfine state, the inclusion of a dummy variable is needed. This diamond

configuration will result in the final coherence as shown in figure 4.3.

For filtering purposes in the experiment, the signal and control fields are taken to be

orthogonal polarisations. We therefore chose our axis for the angular momentum components

of the interaction as parallel to the signal field polarisation vector. This means that the signal

field has π polarised light (q = qs = 0) and therefore cannot cause a change in the angular

momentum state of the atoms. The control field, by having the orthogonal polarisation to

the signal field, has a polarisation direction orthogonal to the quantization axis. This means

that the control polarisation is a mixture of right and left circular polarisations, σ±. This
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means an angular momentum change of either q = qc = +1 or q = qc = −1 can occur. This

superposition of the control polarisation leads to a Rabi frequency which is a sum of the two

qc values,

Ec(r, t)

h̄
dF̃ ′F̃ ′′ · ec = Ω+1

F̃ ′F̃ ′′ +Ω−1

F̃ ′F̃ ′′ =
∑
qc=±1

Ωqc
F̃ ′F̃ ′′ . (4.21)

The equations of motion given by equation 4.19 and 4.20 can be solved to give an

equation for the coherence σ̃F̃ F̃ ′(k, ω), which is the key coherence in determining the induced

susceptibility of the signal field. The assumptions made at this point are that the optical

fields are assumed to be non-diverging and are propagating in 1D. These assumptions mean

the convolution between the control Rabi frequency and the signal field coherence can be

reduced to a linear translation transform in frequency and wavevector. This gives the signal

field coherence equation of motion as,

(
ω − ωF̃ F̃ ′ − kv − iΓF̃ ′

)
σ̃F̃ F̃ ′(k, ω) = κqs=0

F̃ ′F̃
Ẽs(k, ω)+∑

F̃ ′′

∑
Ã′

∑
qc=±1 Ω

∗qc
F̃ ′F̃ ′′(k, ω)Ω

qc

Ã′F̃ ′′(k, ω)(
ω − ωF̃ F̃ ′′ − kv − iγF̃ ′′

) σ̃F̃ Ã′(k, ω).
(4.22)

In-order to understand how to solve equation 4.22 for the multitude of states now in

this atomic system, it is helpful to try and order the different summations required. The

absorption and induced phase can be calculated from the Beer-Lambert law, here, the in-

tensity of the signal field as it propagates through the atoms changes exponentially with the

attenuating species in the atomic system as it propagates a distance L.

I(z = L) = e−αTLI0. (4.23)
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Where I0 = |Ẽqss (z, ω)|2z=0. Each species of transition from a ground state to a final state

induces a relative absorption and a phase shift on the signal, described by αT . As the atoms

start in the ground state due the thermal excitation frequency of the atoms being smaller

than the optical transition frequency of several hundred terahertz, the total absorption

feature is a linear summation over each possible ground state,

αT =
∑
F̃

2αF̃wF̃ . (4.24)

The parameter, wF , is a weighting factor which describes the probability of an atom being

in a specific hyperfine ground state. This is due to the possibility of the ground state

atomic populations having a distribution over the whole ground state hyperfine manifold

including isotope effects. From this analogy with the Beer-Lambert law, and using similar

analysis from chapter 3, where we relate the macroscopic thermal effects of the atoms to the

microscopic equations of motion, we can calculate the total induced susceptibility to be the

sum over all of the signal field induced ground state transitions,

χ = α0(T )

∫
p(v)

∑
F̃

wF̃χF̃dv. (4.25)

Using equation 4.11, we can now relate χF to equation 4.22. The interpretation of χF

is that for a particular atom in a hyperfine ground state, when a weak signal interacts with

this particular ground state, χF is the induced susceptibility that will be experienced by

the signal. As the signal field is coupled between a ground state and an intermediate state,

this ground state atom could be excited to any intermediate state. Therefore, all of the

intermediate hyperfine states need to be summed over next. This gives an expression for χF

as,
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χF =
∑
F̃ ′

dqs=0

F̃ ,F̃ ′

σ̃F̃ F̃ ′(k, ω)

Ẽs(k, ω)
=
∑
F̃ ′

dqs
F̃ ,F̃ ′PFF ′ . (4.26)

The quantity, PFF ′ is the polarisation coherence which modifies the signal field. PFF ′

includes all of the contributions for the linear polarisation from the signal transitions but also

for any non-linear effects which arise from the coupling of the control field to the intermediate

and top states. In order to calculate PFF ′ , we can re-write the equation of motion for the

signal coherence σ̃F̃ F̃ ′(k, ω) (equation 4.22) as,

LF̃ F̃ ′ σ̃F̃ F̃ ′(k, ω) = κqs=0

F̃ ′F̃
Ẽs(k, ω) + TF̃ F̃ ′(k, ω). (4.27)

LF̃ F̃ ′ is the linear component of the induced susceptibility,

LF̃ F̃ ′ =
(
ω − ωF̃ F̃ ′ − kv − iΓF̃ ′

)
, (4.28)

and TF̃ F̃ ′ is the two photon non-linear component of the induced susceptibility,

TF̃ F̃ ′ =
∑
F̃ ′′

∑
Ã′

∑
qc=±1 Ω

∗qc
F̃ ′F̃ ′′(k, ω)Ω

qc

Ã′F̃ ′′(k, ω)(
ω − ωF̃ F̃ ′′ − kv − iγF̃ ′′

) σ̃F̃ Ã′(k, ω). (4.29)

As F̃ ′ and Ã′ belong to the same set of intermediate states, they can be expressed as two

vectors of the same length, and equation 4.27 can then be expressed as a matrix equation

given by equation 4.31. In re-writing our equation of motion through the substitution,

TF̃ F̃ ′ →MF̃ F̃ ′ σ̃F̃ F̃ ′(k, ω), a matrix inverse equation can be used to calculate the polarisation

term for each hyperfine signal field coherence,

PFF ′ = κqs=0

F̃ ′F̃

(
LF̃ F̃ ′ −MF̃ F̃ ′

)−1

. (4.30)
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The key concept which this matrix equation allows for is describing how the different

higher orbital hyperfine states all contribute to a final coherence of σ̃F̃ F̃ ′ . The diagonal

matrix L represents the values of LF̃ F̃ ′ over the set of states which make up the intermediate

state manifold for a particular ground state. The understanding of the matrix M is that

for each coherence intermediate state F ′, all of the combinations for how the control field

couples one intermediate state to a doubly excited state and back to another intermediate

state (given by A′) are included. All the possible ways to create the necessary coherence

for σF̃ F̃ ′ must be incorporated and as M contains off-diagonal components this coupling of

correlated states can be explicitly calculated. Finally, as each F̃ → F̃ ′ coherence is driven

by the signal field, a vector describing how the signal field couples to each different dipole

moment for the ground to intermediate state transition is included, this vector is κ.

The full matrix equation formulation of equation 4.27 is given by,



Ljii 0 0 0

0
. . . 0 0

0 0
. . . 0

0 0 0 Ljff


︸ ︷︷ ︸

LF̃ F̃ ′



σji

...

...

σjf


︸ ︷︷ ︸
σ̃F̃ F̃ ′

=



κi

...

...

κf


︸ ︷︷ ︸
κqs

F̃ ′F̃

Es +



Miu . . . . . . Miv

...
. . .

. . .
...

...
. . .

. . .
...

Mfu . . . . . . Mfv





σku

...

...

σkv


︸ ︷︷ ︸

TF̃ F̃ ′′

, (4.31)

where,

Mαβ =
∑
F̃ ′′

∑
qc=±1 Ω

∗qc
αF̃ ′′(k, ω)Ω

qc

βF̃ ′′(k, ω)(
ω − ωF̃ F̃ ′′ − kv − iγF̃ ′′

) . (4.32)

Finally, χF can be calculated from the matrix notation by multiplying through by the

corresponding dipole matrix element (this is done by performing the Hadamard product

with the vector given by h̄κ∗) and then summing over each row, as each row corresponds to
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a particular F → F ′ transition. The final full form of the induced susceptibility is given by

the following summation equation,

χ = α0(T )

∫
p(v)

∑
F̃

wF̃

∑
F̃ ′

h̄2|κqs=0

F̃ ′F̃
|2
(
LF̃ F̃ ′ −MF̃ F̃ ′

)−1

dv. (4.33)

This quantity χ is what the rest of this chapter is trying to measure experimentally.

4.3 Signal Photon Transition

In our experiments, we couple the weak signal field from the ground state to first excited

state transition. This transition is the 5S1/2 − 5P3/2. There is a manifold of transitions,

which correspond to the hyperfine transitions 5S1/2 : F → 5P3/2 : F ′, but there is an

additional selection rule of ∆F = {0,±1}, this limits the number of allowed transitions.

The transition frequencies of allowed transitions in a mixed rubidium cell can be seen in

figure 4.4.

For our applications in low loss switchable cavity quantum memory, we are wanting the

modulation of any signal field through the atomic system to be optically modulated with

low loss. Thereby, if the control field is not present, the signal field would experience no

effect such that there is minimal linear loss in the system. This means we want the induced

phase to be off-resonant so any signal field is required to be significantly detuned from the

5S1/2 − 5P3/2 transition manifold. Therefore, having knowledge of where our signal laser

field is with respect to any linear absorption is key.

The mixed rubidium cell used for measuring the linear absorption is from Precision Glass

Blowing (.inc) and is a 75mm long cell with anti-reflection coated flat windows of optical

diameter 25mm (TG-ABRB).

The absence of the control field has the reduction of the polarisation PFF ′ , to just
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including the inverse of the matrix LF̃ F̃ ′ .

PFF ′ = κqs=0

F̃ ′F̃
L−1

F̃ F̃ ′ . (4.34)

As LF̃ F̃ ′ is a diagonal matrix, the inverse is calculated as the reciprocal of all of the

diagonal elements. This means that the induced polarisation is given by

PFF ′ ∝ 1(
ω − ωF̃ F̃ ′ − kv − iΓF̃ ′

) . (4.35)

This is to be expected, as when the control field is not present, our system is just a weighted

integral over a series of induced linear resonances for a two level system. A full form of the

linear susceptibility is given by

χ = α0(T )

∫
p(v)

∑
F̃

wF̃

∑
F̃ ′

h̄2|κqs
F̃ ′F̃

|2(
ω − ωF̃ F̃ ′ − kv − iΓF̃ ′

)dv. (4.36)

We assume that each individual ground state has an equal probability of being excited,

due to the hyperfine slitting of the ground states being smaller than the thermal energy.

The weighting factor for each ground hyperfine state |F̃ ⟩ needs to take in to account that

each hyperfine state has magnetic sub levels. By assuming that each individual ground state

has an equal probability, we just need the weighting factor to be given by the total number

of possible ground states for each hyperfine value F ,

wF̃ =
1∑n

i 2Fi + 1
. (4.37)

For both isotopes n = 2 but for Rb85, Fi = 1, 2 and for Rb87, Fi = 2, 3.

Additionally, as rubidium has two natural isotopes, for a mixed rubidium vapour cell
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there is a splitting of the atoms according to the natural abundance of the two isotopes.

This gives a mixed cell total susceptibility as

χtotal = Abχ85 + (1−Ab)χ87, (4.38)

where Ab is the natural abundance of Rb85.

The off-resonant condition means that our signal field needs to be detuned further than

the linewidth of the F̃ → F̃ ′ manifold. As the dominant mechanism related to the linewidth

of linear signal field optical transitions is Doppler broadening, thermal motion of the atoms

leads to the hyperfine manifold for each set of the intermediate level being washed out.

However the hyperfine ground state splittings are larger than the Doppler linewidth so

they can be resolved as separate features in the absorption manifold, this gives 4 sets of

resonances for a mixed rubidium cell as each isotope has two ground hyperfine states. We

can therefore simulate the situation for equation 4.33 for the case of the control field being

off i.e. Ωqc
F̃ ′F̃ ′′ = 0. This can be seen in figure 4.4, where the ratio of natural abundance

can be seen for the two outer absorption dips (Rb87) compared to the inner absorption dips

(Rb85).
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Figure 4.4 A frequency plot for the allowed hyperfine transition frequen-
cies for the full Rubidium 5S1/2 − 5P3/2 manifold. There is also an isotope
shift meaning that the transitions for Rb85 and Rb87 are also distinct. This
gives this 4 level grouping of optical transitions. By modelling the absorp-
tion for the signal field manifold for a mixed cell, the following Doppler
broadened profile is found.

As we require a way of relating the off-resonant effects to the on-resonant linear effects,

we need our signal field linear absorption transitions to acts as a ‘frequency fingerprint’. This

is where we can tune our signal field with respect to the resonant 5S1/2 − 5P3/2 absorption

dips. In conventional laser spectroscopy, Doppler motion limits the resolution for which we
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can resolve hyperfine structure for a single optical beam, however through additional optical

elements the hyperfine structure of the intermediate 5P3/2 state can be experimentally seen.

This is achieved through the construction of a saturated absorption set up.

4.3.1 Saturated Absorption Signal

The key component to a saturated absorption set up is two counter-propagating laser fields

of the same optical frequency. One of these beams is a weak beam, while the other beam is

a strong pump beam.

The transmitted intensity of the weak beam through the atomic vapour is monitored

as its laser frequency is scanned. The weak beam requires a beam intensity weak enough

that most of the atoms remain in the ground state. The strong pump beam saturates the

atomic vapour cloud, this means that the atomic transition is saturated and the gas becomes

transparent to any additional resonant light. By having the pump and weak probe beam

in a counter-propagating arrangement (i.e. weak probe is propagating in +z direction and

the strong pump is propagating in the −z direction), sub-Doppler resolution is achieved by

both fields selecting atoms of a known velocity. An atom moving with velocity vz is only in

resonance with both beams when vz ≈ 0. As the strong beam saturates the transition, the

weak counter-propagating beam has a reduction in absorption. Therefore, the weak beam

sees a peak in its transmission at a hyperfine resonance where previously this resonance was

washed out by thermal motion .

As shown in the previous section, our energy level diagram for our experimental set up is

a multi-level system. This has the effect of introducing crossover resonances. These appear

at exactly half the separation between the ‘real’ absorption peaks of the pair. The reasoning

for this becomes clear if we look at the case of a three level ‘V ’ system where there are two

upper levels optically connected to a single ground level. For a laser frequency, ω, a moving
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atom sees this laser frequency in its frame of reference as ω′ (as explained in the derivation

of the induced atomic susceptibility featuring Doppler in the previous chapter),

ω′ = ω + k · v. (4.39)

For each of the two transitions, a laser frequency of ω will cause an electron to be excited

to the upper level when the velocity offset term k · v matches the difference between the

laser frequency and the transition frequency ωi.

k · v1 = ω − ω1, (4.40)

k · v2 = ω − ω2. (4.41)

In saturated absorption spectroscopy, a common laser source is split and approaches the

same cloud of atoms from opposite directions. The difference in direction, means that any

atom which is moving away from the strong pump beam is moving towards the weak probe

beam. Therefore, in both equation 4.40 and 4.41, the same atom is being addressed by the

laser source. This means in this scenario we can say that k · v2 = −k · v1. By adding

both equation 4.40 and 4.41 together we find there is a solution where the laser frequency

is exactly between two atomic transition frequencies.

ω − ω1 = −ω + ω2 → ω =
1

2
(ω2 + ω1). (4.42)

The physical reasoning for the crossover resonances being the middle of the two transitions

is that the Doppler shifted transition frequency for both energy level transitions must be

equally shifted for both the pump and probe field as for a particular velocity class atom, the
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same magnitude Doppler shift of |k · v1| is experienced but in opposite directions. These

cross-over resonant frequencies lead to peaks in the absorption profile, as the pump beam

can cause a depopulation of the ground state through one transition so the probe beam has

fewer atoms in the ground state to be absorbed by on the other transition, and thus the

absorption of the probe reduces.

Figure 4.5 The full saturated absorption manifold. There are multi-
ple transitions between the hyperfine states of the 5S1/2 ground state and
the 5P3/2 intermediate level. In saturated absorption spectroscopy, the
presence of cross-over resonances (grey) give additional features in the ab-
sorption manifold.

By comparing the frequencies at which these Doppler-free transitions occur with known

theoretical calculations, we will be able to create a frequency ruler to allow for measurements

of the signal detuning for which we see off-resonant two photon absorption.
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Figure 4.6 The selection rule on the hyperfine number of the two states
means that not all of the hyperfine states in the intermediate state can be
excited. All of the theoretical values for the allowed transitions are given
in the top panel. The second panel shows an experimental scan of the
transmission through a mixed isotope rubidium vapour cell showing the
loss of resolution of the whole 5P3/2 state manifold due to thermal effects.
Hyperfine resolution can be recovered through the use of saturated absorp-
tion spectroscopy. The introduction of a second counter-propagating laser
field of the same laser frequency however introduces crossover resonances
(dashed lines) to the transition manifold as shown in the third panel. When
spectra from a saturated absorption set up are taken additional Doppler
free peaks appear in to the spectra which are related to the hyperfine man-
ifold of the intermediate state as shown in the bottom panel.
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Figure 4.7 By fitting the features of a saturated absorption spectrum to
known atomic transitions, a calibration for the laser scan can be obtained.

In figure 4.6, we see how there are the four sets of hyperfine resonances (two isotopes

each with two ground state hyperfine states). For just linear absorption through the cell,

there are three allowed hyperfine absorption dips which are Doppler broadened. However, the

application of the pump beam leads to the appearance of cross over resonances (dashed lines).

The saturated absorption spectrum shown at the bottom of figure 4.6 has the characteristic

Doppler free features which occur at the natural hyperfine transitions and the cross over
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transitions. The precise peaks are shown in figure 4.7. By comparing the known values

of these resonances (given in appendix C) a fitting of the laser scan can be converted to a

frequency scan.

4.4 Control Field Transition

While the signal weakly interacts with the 5S1/2 − 5P3/2 transition, a control field can

mediate non-linear optical effects through coupling to the 5P3/2 − 5D5/2 transition. This

two-photon transition requires the energy of both of the signal and control field photons to

be energy and angular momentum matched to the atomic transitions.

The reduced dipole moment elements for the control field are incorporated to include

the linear nature of the control field polarisation (as shown in equation 4.21. As the two

photon resonance is a ‘Kerr-like’ effect which means the two-photon component is induced

by the intensity of the control field, it is convenient to relate the control field amplitude to

the optical power P and the beam profile area A,

Ec =

√
2P

Aε0c
. (4.43)

This ends up giving a control field component to the multilevel susceptibility of

Ωqc
F̃ ′F̃ ′′ =

dqc
F̃ ′F̃ ′′

h̄

√
P

Aε0c
. (4.44)

The output mode of the diode laser is taken to be a fundamental Gaussian beam, and for

as strong an interaction as possible, it is beneficial for the optical beam area to be minimised.

For a Gaussian beam focussed down, the narrowest part of the beam is the beam waist w0

(1/e of minimum beam amplitude). This is designed to be the centre of the cell. The
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Figure 4.8 The energy level diagram for the four-wave-mixing system
which results in the production of 420nm light. Two photon absorption
which leads to the production of these additional fields can be seen for the
case when ∆s = −δc.

beam diverges either side of the beam waist, however to maintain a strong interaction, this

divergence is limited by having the Rayleigh range of the focussed Gaussian beam to be half

the length of the cell (Lcell = 75mm). This gives a Rayleigh range of

zR =
Lcell
2

=
πw2

0

λc
→ w0 ≈ 100µm. (4.45)

4.5 Two Photon Absorption

Since the 5D5/2 state is a doubly excited state, this adds additional complexity to the number

of excitation pathways between the hyperfine structure of the multilevel system. A common

de-excitation pathway from the doubly excited state is through the 5D5/2 → 6P1/2 → 5S1/2

decay route (figure 4.8). Through excitation and then de-excitation, this four way mixing

process produces fluorescence at 420 nm. A picture of this blue fluorescence from our lab is

shown in figure 4.9.

Due to being a higher lying energy state, the doubly excited state contains the most
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Figure 4.9 A photograph taken of a rubidium vapour cell which is under-
going two photon absorption and then relaxing via the 6P1/2 state, leading
to the emission of fluorescence light at 420nm.

hyperfine components of our three gross structure states (as the J = 5/2 for the upper state

compared to J = 3/2 and J = 1/2 for the intermediate and ground state respectively). For

the experiments described in this chapter for measuring two photon absorption and phase

an isotopically pure cell of rubidium 87 is used. This is due to complexity which arises

from the multitude of atomic states if a mixed cell was used. For a mixed cell, the possible

intermediate state manifolds have an average frequency gap between the 4 manifolds on

the order of a few GHz. Therefore, if for two photon absorption there was a control field

detuning of a few GHz, there would be an overlap of the induced two photon components

with another ground to intermediate state’s Doppler broadened linear absorption resonance

( a full energy level diagram for the two isotopes is shown in figure C.1). As well as reducing

the complexity of the atomic manifold, another justification for using a mixed cell is to

boost the strength of the interaction. An isotopically pure cell means there is a greater

chance of the atoms inside the cell interacting with the signal. This is especially important

when dealing with non-linear processes, which are weaker than linear effects and therefore
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boosting the interaction is beneficial.

As shown in the previous chapter, using a counter-propagating set up a reduction in the

amount of Doppler broadening can be achieved. Consider the Doppler-shifted frequencies ω′
1,

ω′
2, experienced by an atom propagating with velocity v, along the optical axis. The atoms

are illuminated by counter-propagating lasers with lab-frame frequencies ω1, ω2 respectively.

The Doppler-shifted sum-frequency is given by,

ω′
1 + ω′

2 = ω1(1 +
v

c
) + ω2(1−

v

c
) = ω1 + ω2 +

v

c
(ω1 − ω2). (4.46)

If the signal and control photons were identical wavelengths (i.e. λs = λc = 778nm) then

there could be exact cancelling of the Doppler broadening. In this case then the decay rate

and therefore linewidth of the doubly excited state would be limited by its natural linewidth.

This exact cancelling of the Doppler broadening requires considerable detuning from the

intermediate atomic state. Therefore, to increase non-linear effects the signal and control

fields are often taken to be non-degenerate. This results in residual Doppler broadening

as there is no exact cancellation of the wave-vectors. But the remaining linewidth is still

narrow-enough to resolve the multiple hyperfine components of the induced two photon

resonance. Absorption measurements of the induced two photon susceptibility are shown in

figure 4.10.

By changing the control frequency detuning, the position of the induced two photon

resonance can be moved with respect to the single photon resonance. By varying the control

field detuning, the two photon effects can be moved from the regime of δc ≪ Ω (EIT),

to a regime where δc ≫ Ω (Off-resonant). In the EIT regime, a transparency window is

induced where the control field makes a region of the single photon resonance have reduced

absorption. It is also harder to resolve the individual hyperfine components in the two
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photon absorption manifold in the EIT regime. This corresponds to the theoretical analysis

of the previous chapter (section 3.3.2), where the linewidth of the two photon dressed states

increases as the ratio of Rabi frequency to control detuning increases. If the linewidth of

each two photon hyperfine resonance increases too much there will be an overlap of the

individual resonances due to too great a component of the Doppler broadened state |2⟩

within the dressed state.

In our absorption measurements, we can only clearly see there are 3 two photon res-

onances. There should, for the F = 2 transition in rubidium 87, be four doubly excited

hyperfine states. Possible reasons for this is that our detectors, which were initially chosen

based upon their bandwidth capabilities, are not sensitive enough to weak signals. The

F̃ ′′=4 resonance has the smallest interaction strength of the four hyperfine states and there-

fore it is most likely to be washed out by the noise [98]. A detector which had a greater

sensitivity for low power signal fields would be beneficial as this would reduce the noise in

the absorption signal. A more sensitive detector would also be beneficial if a greater detun-

ing of the signal field from the linear absorption was required for applications where linear

loss is highly detrimental. A possible detector solution would be a Menlo systems FPD610-

FC-VIS. This detector remains able to demodulate signals up to 600 MHz. Furthermore, it

has a much higher max gain of 2 × 106 Vpp/Winput than the responsivity of the Newport

detector 0.12mA/Winput. This means weaker signals which are further off-resonant could

be detected.
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Figure 4.10 Induced two photon absorption in an isotopically pure Ru-
bidium 87 cell as control laser frequency is changed. The movement of
the control laser detuning shifts where the two photon resonance occurs
with respect to the linear absorption dip. In the regime where the control
laser is close to resonance, the appearance of an increase in transmission
is found, this is the EIT regime.
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4.6 Two Photon Dispersion

4.6.1 Frequency Domain Interferometer

In-order to take a phase shift measurement, an interferometer needs to be built. Tradition-

ally, interferometry is done by combining two spatially separate reference and probe arms

in either Mach-Zender or Michelson interferometer configurations. Alternatively, other de-

grees of freedom of the probe can be used to build an interferometer, an example of this

is frequency domain interferometry [102]. Frequency domain interferometry uses two co-

propagating beams (termed signal and reference) which are of differing optical frequencies

to create a beat-note which contains the phase information between the reference and sig-

nal. This approach avoids the stability problem of using traditional spatial interferometers

as most phase fluctuations are common-mode between the signal and reference signals. This

is particularly important for measurements of small phase shifts, where for example in spa-

tial interferometers active locking of the interferometer must be used to allow for accurate

phase estimation.

In order for us to apply frequency-domain interferometry to measure the induced phase

shift, we require the two optical beams be separated sufficiently in frequency such that when

one of the beams is close to an induced resonance it experiences a phase shift, but the other

beam is detuned from the set of induced two photon resonances so that it accrues zero phase

shift. By measuring the beat note of the two optical frequencies, any induced phase from the

atoms is seen as a variation in the phase relation of the beat note between the two optical

frequencies.

To build a frequency domain interferometer where the frequency separation of the signal

and reference beams are greater than the hyperfine manifold of the 5D5/2 state, our signal

field is sent through a double-pass acousto-optical modulator (AOM). An AOM uses the
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acousto-optic effect to apply a frequency shift to a diffracted beam by the creation of a

radio-frequency (RF) sound wave within a crystal. We use an 80 MHz AOM in a double

pass arrangement (Gooch and Housego 3080-122). This has three benefits. First, the double

pass causes an optical sideband at 160 MHz, this is greater than the spectral width of the

hyperfine manifold of the 5D5/2 state. Secondly, in a double pass scheme, the 160 MHz

doubly shifted beam is co-propagating with the fundamental beam, while any 80 MHz shifted

beam can be blocked with the use of an iris as it will be propagating in the first diffracted

order. Finally, by using a modulator, the laser source for the signal and the reference is

the same, therefore any changes in the laser frequency will result in the beat note signal

remaining at 160 MHz.

The effect of using a frequency domain interferometer for phase measurement means that

you achieve a double image of the atomic manifold as it is the relative phase shift between

the two components which is measured. This can be seen most noticeably in the two photon

component of the induced absorption where two sets of absorption dips are seen (as in figure

4.12). The two sets of dips are spaced apart in frequency by 160 MHz as one set occurs for

when the fundamental is at a resonant frequency for two photon absorption, and equally for

when the 160 MHz sideband is at resonant frequency.

The double pass frequency interferometer can be aligned as shown in figure 4.11. Using

mirrors M1 and M2, alignment of the first pass of the AOM can be set up so that the signal

optical beam passes through the PBS and iris in a straight line. Secondly place the quarter-

wave plate and mirror M3 so that the return pass passes through the iris and is reflected

off the PBS, thus filtering out the forwards pass from the return pass. This is optimised by

changing the rotation stage mount of the quarter wave plate. The placement of the iris is to

cut out any first order diffraction on the return pass but allow through the zeroth order and

the second order diffracted beams. Secondly, place the two lenses which form a 1-1 telescope
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Figure 4.11 A double pass AOM configuration is used to produce a
160MHz sideband which means a signal and reference field can beat to-
gether to acquire phase information about the induced two photon phase
shift. The red beam is the fundamental beam path, the blue beam denotes
a first order 80 MHz beam and the green beam is the doubly diffracted 160
MHz beam.

with a focus at the centre. The focal length of these lenses allows for tuning of the diffraction

efficiency, as the AOM diffraction efficiency is dependent on the beam size. If the beam size

is too small the beam only interacts with a small section of the crystal, while if the beam

size is too large, it will not fit through the aperture of the AOM housing. The procedure for

obtaining a collimated beam on output of the PBS on the return pass is to fix the first lens

and then by having the second lens on a 1D translation stage, the second lens can be moved

to improve collimation of the 1-1 telescope. Next place the AOM at the focus of the beam.

The AOM is mounted on a 3D translation stage and a tip-tilt mount. The 3D translation

stage means that the centre of the AOM can be translated to be at the beam waist of the 1-1

telescope, while the tip-tilt stage means that the diffraction efficiency (which is dependent

on the angle of the crystal to the optical beam) can be maximised. Finally, once the beat

note is measured on a detector and RF spectrum analyser, fine tuning of mirror M3 and the

tip-tilt of the AOM can give easy variation in the diffraction efficiency of the AOM double

pass. As we want a beat note between both components, a total diffraction efficiency which
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results in half of the field being in the signal and half in the reference is the ideal scenario.

To extract the phase, the beat note between the fundamental and the double pass side-

band is detected on a fast photodetector (Newport 818-BB-21). This has an optical band-

width of 1.2 GHz which is greater than the 160MHz beat frequency. For demodulation, the

photodetector signal is sent to a Liquid Instruments: Moku lab. Here the lock-in ampli-

fier app is used to combine an external RF signal at 160 MHz. The external RF signal is

picked off (Mini-Circuits coupler ZX30-20-4-S+) from the RF driver for the AOM (Gooch

and Houseo, 1080-AF-DINA-1.0) and then doubled electronically (Mini-Circuits ZX90-2-

13-S+). A band pass filter (Mini-Circuits BPF ZABP-141-S+) is applied after doubling

the external RF signal to remove any signal at 80 MHZ. A lock in amplifier demodulates

the photodetector signal with respect to the external reference signal. By varying the in-

put phase of the demodulated signal, two quadratures, I and Q, are recovered. These two

quadratures relate the components of the signal which are in-phase (I) with the demodula-

tion reference frequency and those which are out-of phase (Q) with the demodulation signal.

The mathematical framework explaining how the phase information can be extracted from

the two optical signals is now outlined.

The signal field impinging on the detector has two components signal and reference,

E(t) = Seiωst+iϕs +Reiωrt+iϕr . (4.47)

As the reference signal is generated by the AOM with respect to the laser signal frequency

then ωr = ωs +Ω, where Ω is the AOM double pass frequency.

Therefore, the current on the detector i(t), which is proportional to the intensity of the



4.6 Two Photon Dispersion 134

total electric field impinging on it is given by,

i(t) ∝ |E(t)|2 = |S|2 + |R|2 +RS∗eiΩt+i(ϕr−ϕs) +R∗Se−iΩt−i(ϕr−ϕs). (4.48)

A demodulation signal (D(t)) is supplied which has the same RF frequency as the double

pass AOM sideband. The phase information relating to the difference between the two

optical components can then be extracted,

i(t) ·D(t) =

(
|S|2+ |R|2+RS∗eiΩt+i(ϕr−ϕs)+R∗Se−iΩt−i(ϕr−ϕs)

)
D cos (Ωt+ ϕD). (4.49)

If then electronic filtering is applied to filter out any oscillating components, a signal

which is proportional to the phase can be extracted by taking two known values of ϕD. The

low pass filter has to have a cut off frequency lower than Ω,

LPF : i(t) ·D(t) =
1

2

(
DRS∗ei(ϕr−ϕs−ϕD) +DR∗Se−i(ϕr−ϕs−ϕD)

)
. (4.50)

Now two cases are taken, one for the output of the lock-in after the low pass filter where

the demodulation phase is taken to be in phase with the optical signal i.e. ϕD = 0. The

second case is when the optical signal and the demodulation signal are exactly out of phase

with each other ϕD = π/2. R,S are taken to be real quantities.

I = DRS cos(ϕr − ϕs), (4.51)

Q = DRS cos(ϕr − ϕs −
π

2
) = −DRS sin(ϕr − ϕs). (4.52)



4.6 Two Photon Dispersion 135

If the inverse tangent of the two quadratures is calculated, the phase difference between

the two different optical components can be extracted,

tan−1

(
Q

I

)
= ϕs − ϕr. (4.53)

The measurements of the optically induced phase can be seen in figures 4.12 and 4.13.

Figure 4.12 shows the whole sweep where the optically induced two photon phase can be ex-

tracted from the induced absorption measurement. The laser scan and saturated absorption

signal allow for a frequency scan over the atomic manifold. Using a mixed cell with multiple

known saturated absorption peaks the linear scan can be converted to a frequency measure-

ment. Therefore, for the isotopically pure Rb87 cell, the off-resonant relationship between

the single photon resonance with the induced resonance can be found. There are two similar

looking sets of off-resonant absorption features, one for the fundamental field and the other

for the double pass AOM sideband. This double feature is also seen in the phase measure-

ment, however there is a sign shift as the measurement is the phase difference between the

phase experienced by the signal and by the reference. A zoomed in version of the induced

two photon hyperfine resonances are seen in figure 4.13. Here Doppler cancelling alignment

allows for distinct hyperfine absorption and phase features for the different possible doubly

excited state excitation pathways. While there is a saturated absorption dip in the frequency

region shown in figure 4.13, this saturated absorption signal is due to transitions specific

to the Rb85 isotope so this is not present in the isotopically pure Rb87 cell used for the

two-photon photon dispersion measurement. Thus the phase shift induced by the control

field is occurring in a spectral region that is far-detuned from the F̃ → F̃ ′ single-photon

absorption line in Rb87.

As mentioned previously, a better measurement of the induced phase as a function of
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Figure 4.12 A linear scan is applied to the signal laser to scan over a
range of a few GHz. Using a secondary mixed rubidium cell, the saturated
absorption spectrum can be used to relate the signal laser scan to a fre-
quency scan. The absorption signal from a pure Rb87 cell when the AOM
adds a 160 MHz sideband is detected. This can then be demodulated to
extract the induced phase shift between the signal and reference compo-
nents for when the control field is on and when the control field is off.
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Figure 4.13 A zoomed in section of the induced absorption and phase
measurement showing only the off-resonant two photon component.
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control detuning would be a helpful measurement to take. While the current diode laser

systems allow for a max control power of 30mW, this corresponds to a Rabi frequency of

a few GHz. If a greater detuning is required, the strength of the interaction will decrease

unless the control laser power can be increased. Further measurements of the relationship

between the absorption and phase would also be a nice measurement to clearly show that

the dispersion can be modulated outside a region of high induced absorption (and how

this difference relies on control power), however the lack of detector which can detect weak

enough signals limits this measurement at current times. A new detector (Menlo systems

FPD510 -FC-VIS has been recently ordered for future experiments).



Chapter 5

Modelling of Induced Bragg

Grating in Warm Rubidium

Vapour

5.1 Overview of an Induced Bragg Mirror in Warm Ru-

bidium Vapour

The aim of any optical mirror is to change the direction of propagation of optical fields. A

Bragg mirror is a mirror where a periodic variation in the dielectric susceptibility causes

fields propagating in one direction to be reflected into another direction. Any material with

a tuneable dielectric susceptibility has the ability to be used to fabricate a mirror out of,

this includes atomic vapours.

The system being modelled in this chapter is a continuation to the model shown in
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chapter 3, where a cloud of hot rubidium vapour as a three-level ladder system, comprised

of a ground state |1⟩, an intermediate state |2⟩, and an upper state |3⟩. The atoms interact

with two external fields, a strong control field, Ec, and a weak signal field, Es, propagating

in both space, z, and time, t. The signal field interacts with the 1 − 2 transition while the

control field interacts with the 2− 3 transition.

To include the required periodic spatial variation, the atomic susceptibility is optically

spatially modulated through two interfering optical control fields. The interference pattern

produces a periodic change in the refractive index by causing a spatially varying cross Kerr

effect in the atomic response to the two optical fields. This varying control field means

that the Rabi frequency coupling the control field to the upper atomic transition has a

spatial dependence. Our scheme is depicted in figure 5.1. To initially try and explain how

the previous content of this thesis can be adapted to produce a Bragg mirror, we will first

crudely look at introducing a spatially varying control field in to the previously derived

equation 5.1 for the induced susceptibility,

χ(∆s, δc, q,K,Ω) = −nd|d12|
2

ε0h̄

∫
p(v)(

∆s + qv + iΓ
)
− |Ω|2(

δc+∆s+(q+K)v+iγ

) dv. (5.1)

Explicitly, the spatially varying Rabi frequency can be described by two counter-propagating

plane wave control fields, where the control field in the 1D approximation has a wavevector

of K. In this chapter, the assumption that the vector for the optical field polarisations

matches that of the dipole matrix elements is taken. The spatially varying Rabi frequency

is therefore given by,

Ω(z) =
d32
h̄

(
Ec+e

iKz + Ec−e
−iKz

)
. (5.2)
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Figure 5.1 Overview of the induced Bragg mirror concept. Two counter-
propagating control fields (blue), at an angle θ, create a spatially varying
interference pattern inside the atomic vapour. This spatially varying con-
trol field changes the coupling of the control field to the three level system
causing an optically induced periodic susceptibility. By tailoring the mod-
ulation of the dispersion, the amount of reflection and transmission of an
input signal (red) can be varied.
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Figure 5.2 A spatially varying control field leads to a change in the
atomic resonance frequency of the induced Dressed state resonances for a
weak signal field as it propagates through the atomic medium. The single
photon dressed state (yellow) is Stark shifted by the control field, while the
control field also induces an off-resonant two-photon dressed state (blue).

This spatial variation in the Rabi frequency leads to a ‘Kerr like’ interaction in the sus-

ceptibility as the intensity of the control field interference pattern occurs in equation 5.1.

The modification to the susceptibility contains a control field coupling which has a DC

component and then an oscillating component due to the interference of the two counter

propagating waves,

|Ω(z)|2 =
∣∣∣d32
h̄

∣∣∣2(|Ec+|2 + |Ec−|2 + Ec−E
∗
c+e

−2iKz + Ec+E
∗
c−e

2iKz
)
. (5.3)

If we look at the dressed state resonances for the induced susceptibility for a single atom

(no averaging over velocity classes), but with an interference pattern we notice that the

position of the dressed resonances oscillate in space due to the spatially dependent Rabi
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frequency. From figure 5.2, the induced off-resonant signal field resonance, given by the blue

line, oscillates in space with a period defined by the wavevector, K.

While equation 5.1 demonstrates many of the underlying principles of how an induced

Bragg mirror can be implemented in warm atom systems it is not an accurate model as it

does not incorporate fully the effects of Doppler motion within the warm vapour cloud. In

this equation, there has been an over simplified transition from a microscopic picture of the

light-matter system through to the macroscopic induced susceptibility. By not looking at

how each counter-propagating control field, forming the interference pattern, interacts with

a signal field for an atom with thermal motion, there is an inaccuracy of the model. From

chapter 3, it is known that the effect of changing the control field leads to a change in both

the atomic resonance position, but also to the eigenstate composition of the induced dressed

states. This combines two concepts which need to be incorporated in to any model of a

spatially varying atomic susceptibility, i) magnitude variations and ii) lineshape variations.

Magnitude variations across the interference pattern, arise as the effect of a reduction in

the control field intensity which leads to a reduction in the magnitude of the ‘Kerr-like’ effect.

This can be seen in figure 5.3 for the limiting case of a single velocity class atom system. For

simplicity this is the cold atom zero velocity class component of the susceptibility, denoted

as χc and is given as,

χc(∆s, δc,K,Ω, z) = −nd|d12|
2

ε0h̄

1(
∆s + iΓ

)
− |Ω(z)|2(

δc+∆s+iγ

) . (5.4)

At different points in the interference pattern the dressed state resonances have different

signal detuning values. The frequency of the resonances is varying in space from when the

control field is maximum (Kz = 0) to when the control field is minimum (Kz = π/2). As

the interference minimum is approached, there is a decrease in the control field intensity
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Figure 5.3 Cold atom induced susceptibility variation with power over
the spatially varying control field interference pattern. The variation in
the dressed state resonance varies at different signal detuning frequencies
based on whether you are at a maximum of the interference pattern or at
a minimum. The control field, and thus Rabi frequency, for the forwards
and backwards control fields are taken to be equal i.e. Ω+ = Ω− = Ω.
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resulting in a two-photon resonance peak which has a reduced magnitude. In figure 5.3, the

two photon component completely disappears due to equal Rabi frequencies (Ω+ = Ω− = Ω,

which carries from Ec− = Ec+) for the forwards and backwards propagating control fields.

The spatially varying control field can be seen to go to zero in equation 5.3, for Kz = π/2

and equal counter-propagating control fields. In building our more complex model, we will

include the possibility for unequal Rabi frequencies for the two directions to allow for greater

variation of the spatial modulation of the control field.

The lineshape variation must be incorporated as the change in lineshape, which arises

due to a differing control field coupling, also effects the total periodic susceptibility profile.

For the dressed state composition, there is a component which relates to Doppler broadened

single photon resonance. The signal field propagates with respect to each of the two counter-

propagating control components, this results in both Doppler cancelling counter propagating

lineshapes as well as Doppler reinforcing co-propagating lineshapes affecting the total two-

photon susceptibility. As the control field changes over the interference region, this can mean

the dispersion and absorption features as a function of signal frequency will get broader or

narrower.

Initial demonstrations of using the non-linear response in rubidium vapour to induce

band gaps was seen by Little et al in purely the Stark shifted single photon resonance

regime [101]. Furthermore, a full description of use in cold atoms to induce a Bragg mirror

based purely in an EIT regime has been discussed by Rocca et al [104]. However, to date we

know of no analysis of a full treatment of an induced Bragg mirror in warm atoms.
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5.2 Bragg Condition

A strong reflection is dependent on Bragg scattering from a periodically varying susceptibil-

ity. Bragg scattering allows for a strong wavelength dependent reflection, when the incoming

signal wavelength, known as the Bragg wavelength, λB , is linearly proportional to the pe-

riodicity of the variation in the refractive index, Λ. The Bragg condition is given explicitly

by equation 5.5,

λB = 2ñΛ. (5.5)

ñ is the average refractive index of the medium. For our model, we make the approximation

ñ ≈ 1. Therefore, to implement a strong reflection of our signal field wavelength, λs, our

periodicity must fit the following criterion,

Λ =
λs
2
. (5.6)

The atomic and laser properties of the atomic interaction can be related to the geometrical

requirements of the periodic dispersion of the Bragg grating by understanding that the

spatial variation in the susceptibility is through the control field cross-Kerr response from

the atoms. The periodicity of the Kerr response varies with a wavevector of 2K, due to this

being an intensity dependent effect which is quadratic in the control field. The periodicity

of the induced susceptibility is given by,

Λ =
2π

2K
=

π

K
. (5.7)

The control field wavevector is related to the Bragg wavevector in the direction of the signal

propagation by K = kc cos(θ), where kc is the control field wavevector. Equating equations

5.6 and 5.7, we find that the Bragg condition can be met when the angle, θ between the
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control field and the direction of propagation meets the following condition,

cos θ =
λc
λs
. (5.8)

5.3 Propagation of Fields Through Dressed Atomic Vapour

The propagation of a weak signal field, Es, through a cloud of warm alkali atoms can be

determined by solving the 1D wave equation,

(
∂2z −

1

c2
∂2t

)
Es(z, t) = µ0∂

2
t P (z, t). (5.9)

In order to solve this second order differential equation, we will solve the wave equation

in the Fourier domain. We take the multidimensional Fourier transform of equation 5.9,

giving,

(ω2

c2
− q2

)
Ẽs(q, ω) = −µ0ω

2P̃ (q, ω). (5.10)

Our Bragg reflector scatters forwards propagating fields into backwards propagating

fields. Therefore, it is convenient to write the the signal field as comprising of a forwards

and a backwards propagating weak quantum mechanical fields,

Ẽs(q, ω) = Ẽ+
s (q, ω) + Ẽ−

s (q, ω). (5.11)

We will model our signal field as an electric field with a carrier frequency, ωs, but also

with a slowly varying envelope component. For now we are keeping our definition general,

but by knowing our general description of the field we know that the signal field will be

comprised of two spatial components, which are well separated in q-space. The fields will be



5.3 Propagation of Fields Through Dressed Atomic Vapour 148

centered on peaks q ≈ ±ks = ±ωs

c . We decouple equation 5.10 into forward and backward

propagating wave-equations,

(ω2

c2
− q2

)
Ẽ+
s (q, ω) = −µ0ω

2P̃+(q, ω), (5.12)

(ω2

c2
− q2

)
Ẽ−
s (q, ω) = −µ0ω

2P̃−(q, ω), (5.13)

where P̃± are the components of the polarisation field with q values centred around ±ks.

5.3.1 Equations of Motion for a Spatially Periodic Light-Matter

Interaction

To calculate the response of the atoms to the applied field we follow a treatment similar to

that in chapter 3 but for a control field now made up of two counter-propagating plane wave

fields. I will highlight the key points of the calculation which differ from the single control

field case but not go into the same detail for similar concepts as in chapter 3. Explicitly,

the control field is made up of both left and right propagating electric fields,

Ec(z, t) = E+
c e

iKz−iωct + E−
c e

−iKz−iωct. (5.14)

The σ23 equation of motion is not explicitly given here due to the weak coupling in the

contribution to σ12. This component is proportional to the absolute modulus of the signal

field so for a weak signal field it is treated as negligible.

σ̇12(z, t) = iω12σ12(z, t) + i
E(z, t)

h̄
·
[
d21 + d23σ13(z, t)

]
+ v∂zσ12(z, t)− Γσ12(z, t), (5.15)
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σ̇13(z, t) = iω13σ13(z, t) + i
E(z, t)

h̄
· d32σ12(z, t) + v∂zσ13(z, t)− γσ13(z, t). (5.16)

We can now find the correct couplings of the electric fields to the atomic operators in the

equations of motion. By stating that the transitions between orbital states are driven by the

optical fields, the dynamics of the transition operators are determined by the optical field

frequencies, σ13 ∼ e−i(ωs+ωc)t, σ12 ∼ e−iωst. By applying a phase-matching type argument

for the dynamics of the fields and the transition operators, the equations of motion reduce

to

σ̇12(z, t) =
(
iω12 + v∂z − Γ

)
σ12(z, t) +

i

h̄

(
Es(z, t)d21 + d23σ13(z, t)E

∗
c (z, t)

)
, (5.17)

σ̇13(z, t) =
(
iω13 + v∂z − γ

)
σ13(z, t) +

i

h̄
Ec(z, t)d32σ12(z, t). (5.18)

To solve the equations of motion, we take the Fourier transform. This involves using the

Fourier shift theorem, h(x) = f(x)eiy0x, then h̃(y) = f̃(y − y0). We therefore find the two

coherence equations of motion as,

(ω−ω12−qv−iΓ)σ̃12(q, ω) =
Ẽs
h̄
d21+Ω+∗σ̃13(q+K,ω−ωc)+Ω−∗σ̃13(q−K,ω−ωc), (5.19)

and,

(ω − ω13 − qv − iγ)σ̃13(q, ω) = Ω+σ̃12(q −K,ω + ωc) + Ω−σ̃12(q +K,ω + ωc). (5.20)
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The control Rabi frequency has been introduced separately for the two counter-propagating

control fields. This allows for an unequal weighting of the two counter-propagating control

field interactions if required.

Ω± =
E±
c d32
h̄

. (5.21)

We can now express σ̃12(q, ω) via σ̃13(q, ω) to create a single equation of motion for the

signal field. To do this we denote two functions which describe the relationship of the laser

frequencies to the atomic transition frequencies as well as the control field coupling terms.

ρ(q, ω, v) = ω − ω13 − iγ − qv, (5.22)

τ(q, ω,K, v) = (ω − ω12 − iΓ− qv)− |Ω+|2

ρ(q +K,ω − ωc, v)
− |Ω−|2

ρ(q −K,ω − ωc, v)
. (5.23)

ρ(q, ω, v) describes the two photon resonance conditions and associated linewidth broad-

ening mechanisms, while τ(q, ω,K, v) describes the single photon resonance and the associ-

ated Stark shift terms. τ(q, ω,K, v) incorporates the two-photon effects that a moving single

atom sees dependent on the direction of the control field. As all of these functions relate to

the microscopic individual atom picture, which is moving with a particular velocity, we now

explicitly include the velocity dependence of these functions.

This gives a final equation for σ̃12(q, ω, v),

τ(q, ω,K, v)σ̃12(q, ω, v)−
Ω+Ω−∗σ̃12(q − 2K,ω, v)

ρ(q −K,ω − ωc)
−Ω−Ω+∗σ̃12(q + 2K,ω, v)

ρ(q +K,ω − ωc)
=
Ẽs(q, ω)d21

h̄
.

(5.24)

In order to transfer from the individual atomic picture to the macroscopic polarisation,
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P̃ (q, ω), we need to solve for σ̃12(q, ω, v), as the two concepts are linked by,

P̃ (q, ω) = ndd12

∫
p(v)σ12(q, ω, v)dv. (5.25)

Here lies the complication of the mathematical framework, which is different from the previ-

ous description of the microscopic atom effects. The two counter propagating control fields

couple different spatial frequencies of the atomic transition operators together.

5.3.2 Coupled Wave Equations

The coupled equations describing the propagation of the forwards propagating signal and

the backwards propagating signal components in the Fourier domain are given by equations

5.12 and 5.13. For these coupled equations we need to calculate the components P̃±(q, ω),

which involves solving for σ̃12(q, ω, v). We can re-write equation 5.24 in the form of an

operator equation through the introduction of a spatial frequency shift operator,

Ŝmf(q) = f(q +mK). (5.26)

This leads to an operator equation which now incorporates the correlated components of

σ̃12(q, ω, v),

(
Î − g−2(q, ω,K, v)Ŝ−2 − g2(q, ω,K, v)Ŝ2

)
σ̃12(q, ω, v) = c(q, ω,K, v). (5.27)

Where,

g−2(q, ω,K, v) =
Ω+Ω−∗

ρ(ω − ωc, q −K, v)τ(q, ω,K, v)
, (5.28)

g2(q, ω,K, v) =
Ω−Ω+∗

ρ(ω − ωc, q +K, v)τ(q, ω,K, v)
, (5.29)
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and,

c(q, ω,K, v) =
Ẽs(q, ω)d21
h̄τ(q, ω,K, v)

. (5.30)

By defining a total shift operator Ĵ = g−2(q, ω,K, v)Ŝ−2 + g2(q, ω,K, v)Ŝ2, we can write

a matrix equation for σ̃12 using the matrix, M̂ = Î − Ĵ . We can then solve for σ̃12 using the

Neumann series representation of an inverse operator to re-write the operator as,

σ̃12(q, ω, v) = M̂−1c(q, ω,K, v)

=

∞∑
n=0

Ĵnc(q, ω,K, v) =

∞∑
n=0

n∑
m=0

Gnm(q, ω,K, v)Ŝm−2Ŝ
n−m
2 c(q, ω,K, v).

(5.31)

Here Gnm(q, ω,K, v) is a form of Binomial coefficient of the gj functions. In the expansion

each of the g functions needs to be acted upon by the correct series of shift operators. To

incorporate the shift operators into Gnm(q, ω,K, v) we introduce a ‘string’ analysis. The

expansion Ĵn can be thought of as a function, K{fi}, of a set of strings, {fi} which are n

elements long. Each string returns a different output of the expansion,

Ĵn =
(
g−2(q, ω,K, v)Ŝ−2 + g2(q, ω,K, v)Ŝ2

)n
=

n∑
m=0

|S(n,m)|∑
i

K(fi). (5.32)

Each string fi is comprised of string elements, sl. sl is either ±1, which corresponds to

an upshift operator or downshift operator and corresponding q- dependent coefficient. The

correspondence between a single term in the expansion of Jn and the string bits is given by,

+ 1 ⇔ g2(q, ω,K, v)Ŝ2, (5.33)

− 1 ⇔ g−2(q, ω,K, v)Ŝ−2. (5.34)

Therefore, as an example the expansion term ‘g2Ŝ2g−2Ŝ−2g−2Ŝ−2g2Ŝ2’ would be given by
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the string ‘(1,−1,−1, 1)’.

The total number of strings for a given order in the expansion is given by the Binomial

factor,

|S(n,m)| =
n∑

m=0

n!

m!(n−m)!
. (5.35)

We want to analyse the strings so all the shift operators are at the end of the strings and

all of the coefficient functions (g±2), which contain the atomic and laser parameters, are at

the start. We therefore have to move all of the shift operators through the string function.

However, we need to remember that the coefficient functions are functions of q and each

shift operator as it moves through the string has to act correctly on each of the coefficient

functions which are represented in the string. The coefficient functions change with the shift

operators as follows,

Ŝ±2g±2(q, ω,K, v) = g±2(q ± 2K,ω,K, v)Ŝ±2. (5.36)

The function, K{fi} can then be thought of as a product sum over the coefficient functions

as they appear positioned in each string. The coefficient functions are indexed as to where

they appear in the string i.e. gj is the j-th coefficient function of the string. Each coefficient

function in the string is acted on by the sum of all the shift operators to its left. This is

expressed as a cumulative shift for a coefficient function at a specific place in the string, in

terms of the sum all of the ±1 components of the string before that element in the string.

This culminates in the following expansion of the total shift operator,

Ĵn =

n∑
m=0

|S(n,m)|∑ n∏
j

gj

(
q + 2K

j−1∑
l=0

sl, ω,K, v

)
Ŝm−2Ŝ

n−m
2 . (5.37)

Applying our expansion of the total shift operator, we can now re-write the polarisation
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in terms of the solution for σ̃12(q, ω, v),

P (q, ω,K) =
nd|d12|2

h̄

∫ ∞∑
n=0

n∑
m=0

p(v)M̂−1(q, ω,K, v)

τ(q + (n− 2m)K,ω,K, v)
Ẽs(q+(n−2m)K,ω)dv. (5.38)

Where from equation 5.37, we can write the inverse matrix as,

M̂−1(q, ω,K, v) =

|S(n,m)|∑ n∏
j

gj

(
q + 2K

j−1∑
l=0

sl, ω,K, v

)
. (5.39)

Using this expansion form, we are effectively performing a reconstruction in the form of

a Fourier series expansion to calculate the periodic response of the atoms.

Returning to the coupled wave equations, we can rewrite equations 5.12 and 5.13 to

introduce the polarisation field in terms of its response to the forwards and backwards

propagating signal fields. A single shift operator is now used as the function of Ŝ2 is the

inverse to Ŝ−2. For notation purposes, the Doppler integral is denoted by the angle brackets,

and we denote several of the key atomic constants together,

α0(nd, T ) = −µ0nd(T )|d21|2

h̄
, (5.40)

where in a hot atomic vapour, the number density can be increased with temperature. This

can allow for the magnitude of the strength of interaction to increase. We can evaluate the

effects of the shift operators explicitly on the velocity dependent functions of our coupled

wave equation using equation 5.26. Furthermore, as the signal fields are not functions of

velocity and can be separated from the Doppler integral terms, resulting in the following
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pair of coupled equations,

(ω2

c2
− q2

)
Ẽ+
s (q, ω) =α0(nd, T )ω

2
∞∑
n=0

n∑
m=0

[
〈

M̂−1(q, ω,K, v)

τ(q + 2K(n− 2m), ω,K, v)

〉
Ẽ+
s (q + 2K(n− 2m), ω)+〈

M̂−1(q, ω,K, v)

τ(q + 2K(n− 2m), ω,K, v)

〉
Ẽ−
s (q + 2K(n− 2m), ω)

]
.

(5.41)

(ω2

c2
− q2

)
Ẽ−
s (q, ω) =α0(nd, T )ω

2
∞∑
n=0

n∑
m=0

[
〈

M−1(ω, q,K)

τ(q + 2K(n− 2m), ω)

〉
Ẽ+
s (q + 2K(n− 2m), ω)

+

〈
M−1(ω, q,K)

τ(q + 2K(n− 2m), ω)

〉
Ẽ−
s (q + 2K(n− 2m), ω)

]
.

(5.42)

We now need to analyse the Fourier components of the susceptibility, given by
〈
M−1

τ(ω,x)

〉
,

which result in Bragg scattering of the signal. Maximal Bragg scattering occurs when ks ≈ K

and from this condition, we can implement criteria on the m values for our sets of strings.

These criteria will be to provide a change in propagation direction of the signal i.e. allow

for forwards propagating light to become backwards propagating.

For the forwards propagating field, we want q ≈ ks (due to needing a constant phase front

when ω ≈ −ωs). For the first term on the right hand side of equation 5.41, this corresponds

to the case when n−2m = 0, as this is the case when there are as many up-shift operators as

there are down-shift operators. This can be thought of as the DC components of the Fourier

series, as there is no total momentum transfer from the dispersion modulation to the optical

fields. However, for the second term in equation 5.41, the backwards field component is os-

cillating q ≈ −ks. The periodic media can impart momentum to the backwards propagating

field. This change of momentum means that a component of the backwards propagating
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field is now propagating forwards with q ≈ ks. This momentum transfer occurs at the Bragg

scattering condition when n−2m = −1. In terms of the shift operators, these are the strings

when there is one more down shift operator in the string than up-shift operators. This can

be thought of as the first Fourier component of the susceptibility. Applying these conditions

on the strings to equation 5.41, we arrive at the following forward equation of motion,

(ω2

c2
− q2

)
Ẽ+
s (q, ω) = α0(nd, T )ω

2

[〈
M̂−1
A (q, ω,K, v)

τ(q, ω,K, v)

〉
Ẽ+
s (q, ω)

+

〈
M̂−1
B (q, ω,K, v)

τ(q − 2K,ω,K, v)

〉
Ẽ−
s (q − 2K,ω)

]
.

(5.43)

A similar treatment can be made for the backwards propagating field, resulting in the

following backwards propagating wave equation,

(ω2

c2
− q2

)
Ẽ−
s (q, ω) = α0(nd, T )ω

2

[〈
M−1
C (q, ω,K, v)

τ(q + 2K,ω,K, v)

〉
Ẽ+
s (q + 2K,ω)

+

〈
M−1
D (q, ω,K, v)

τ(q, ω,K, v)

〉
Ẽ−
s (q, ω)

]
.

(5.44)

The Doppler averaged functions can be taken as constant as they are the coefficients of the

Fourier series at certain spatial frequencies and by only looking at values where q ≈ ks this

is a reasonable assumption. The Bragg scattering conditions reduce our inverse matrices to

the following set of strings centred around q = ±ks rather than the full infinite series set,

n = 2m; M̂−1
A (ks, ω,K, v) =

∞∑
n=0

n∑
m=0

|S(2m,m)|∑ n∏
j

gj

(
ks + 2K

j−1∑
l=0

sl, ω,K, v

)
, (5.45)

n = 2m−1; M̂−1
B (ks, ω,K, v) =

∞∑
n=0

n∑
m=0

|S(2m−1,m)|∑ n∏
j

gj

(
ks+2K

j−1∑
l=0

sl, ω,K, v

)
, (5.46)
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n = 2m+ 1; M̂−1
c (ks, ω,K, v) =

∞∑
n=0

n∑
m=0

|S(2m+1,m)|∑ n∏
j

gj

(
− ks + 2K

j−1∑
l=0

sl, ω,K, v

)
,

(5.47)

n = 2m; M̂−1
D (ks, ω,K, v) =

∞∑
n=0

n=2m∑
m=0

|S(2m,m)|∑ n∏
j

gj

(
− ks + 2K

j−1∑
l=0

sl, ω,K, v

)
. (5.48)

These four functions give the correct set of strings for the four light-matter interactions in

the coupled equations. While there are similarities in the number of strings chosen for M̂−1
A

and M̂−1
D , there is a sign change in the signal wavevector in the g functions. There is equally

a change in the sign of signal wavevector for M̂−1
B and M̂−1

C but the string sets for these two

functions is also different.

Taking the inverse Fourier transform over the spatial dimension of the two coupled

equations (equations 5.43 and 5.44), and re-defining the signal field as a slowly varying

envelope,

E±
s (z, ω) = S̃±(z, ω)e±iksze∓iδkz, (5.49)

we can disregard any higher order differential elements on the left hand side of the wave

equations. We use the definition of the Bragg mismatch δk = ks − K, to remove any

remaining exponential dependence on the difference between ks andK, purely in terms of the

mismatch. In taking the inverse Fourier transform of the left hand differential side

(
ω2

c2 −q
2

)
,

to make the left hand side in the format required for a scattering matrix differential equation,

it is convenient to introduce a new function, ν,

ν =
ω2

c2
+ 2ksδk − k2s . (5.50)
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These substitutions lead to the following coupled differential equations,

(
ν + 2iks∂z

)
S̃+(z, ω) = α0(nd, T )ω

2

[〈
M−1
A (ks, ω,K, v)

τ(ks, ω,K, v)

〉
S̃+(z, ω)

+

〈
M−1
B (ks, ω,K, v)

τ(ks − 2K,ω,K, v)

〉
S̃−(z, ω)

]
.

(5.51)

(
ν − 2iks∂z

)
S̃−(z, ω) = α0(nd, T )ω

2

[〈
M−1
C (ksω,K, v)

τ(−ks + 2K,ω,K, v)

〉
S̃+(z, ω)

+

〈
M−1
D (ks, ω,K, v)

τ(−ks, ω,K, v)

〉
S̃−(z, ω)

]
.

(5.52)

The signal field wavevector inside the atomic system is not exactly equivalent to the signal

field wavevector outside the atomic system due to residual DC dispersion. By including the

factor ν any DC shift of the signal field wavevector, which moves a chosen signal detuning

away from achieving maximum reflection at the Bragg condition inside the atoms, can be

compensated through δk. For convenience we can re-write the coupled equations in a matrix

differential equation,

∂zS̃(z, ω) = iQS̃(z, ω), (5.53)

where,

S̃(z, ω) =

S̃+(z, ω)

S̃−(z, ω)

 (5.54)

and,

Q(ω, ks,K, nd, T ) =

QA QB

QC QD

 , (5.55)
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The matrix elements are found from the string analysis of M−1 as,

QA = − ν

2ks
− α0(nd, T )ω

2

2ks

〈
M̂−1
A (ks, ω,K, v)

τ(ks, ω,K, v)

〉
, (5.56)

QB = −α0(nd, T )ω
2

2ks

〈
M̂−1
B (ks, ω,K, v)

τ(ks − 2K,ω,K, v)

〉
, (5.57)

QC =
α0(nd, T )ω

2

2ks

〈
M̂−1
C (ks, ω,K, v)

τ(−ks + 2K,ω,K, v)

〉
, (5.58)

QD = − ν

2ks
+
α0(nd, T )ω

2

2ks

〈
M̂−1
D (ks, ω,K, v)

τ(−ks, ω,K, v)

〉
. (5.59)

5.4 Simplifying the Fourier Components

We have found a four component scattering matrix, where these components areQA, QB , QC , QD.

QA and QD are the diagonal matrix elements related to the atom response that keeps the

direction of propagation of the signal field in the same direction. QB and QC , the off diag-

onal terms, are the components of the atom response which leads to a change in direction

of the signal field.

The light-matter interaction part of the scattering matrix elements contain the four

Fourier components, which describe the periodic atoms response to the optical field. Eval-

uating the Fourier components is the currently the most resource-intensive component of

the calculation, as this requires an infinite product sum over a subset of string sets. Due

to the symmetry of the system, (there is natural symmetry from the time reversal of the

induced mirror), we are able to reduce down the four Fourier components to just two. How-

ever, firstly, for applications in quantum memory, we want to have an off-resonant induced

optical mirror, therefore (as seen in chapter 3) it is convenient to move to the description of

detunings to understand the Fourier components. Our signal field is taken to have frequency
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ω = −ωs. Then the g±2 functions in equations 5.45 to 5.48 become,

g−2(q,−ωs,K, v) =
Ω+Ω−∗

ρ(q −K,−ωs − ωc, v)τ(q,−ωs,K, v)
, (5.60)

g2(q,−ωs,K, v) =
Ω−Ω+∗

ρ(q +K,−ωs − ωc, v)τ(q,−ωs,K, v)
, (5.61)

where,

ρ(q ±K,−ωs − ωc, v) → −∆s − δc − iγ − (q ±K)v = ρ(∆s, δc, q ±K, v), (5.62)

and,

τ(q,−ωs,K, v) →(−∆s − iΓ− qv)− |Ω+|2

ρ(∆s, δc, q +K)
− |Ω−|2

ρ(∆s, δc, q −K)
,

= τ(∆s, δc, q,K, v,Ω+,Ω−).

(5.63)

We can now re-write the g-functions in terms of signal and control laser parameters,

g−2(q,−ωs,K, v) →
Ω+Ω−∗

ρ(∆s, δc, q −K)τ(∆s, δc, q,K, v,Ω+,Ω−)
,

= g−2(∆s, δc, q,K, v,Ω+,Ω−),

(5.64)

g2(q,−ωs,K, v) →
Ω−Ω+∗

ρ(∆s, δc, q +K)τ(∆s, δc, q,K, v,Ω+,Ω−)
,

= g2(∆s, δc, q,K, v,Ω+,Ω−).

(5.65)

In order to simplify down the Fourier terms, we note that the functions ρ and τ are both

invariant under the operation of simultaneously reversing the spatial momentum and the
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velocity. This is expressed mathematically as,

ρ(∆s, δc, q ±K, v) = ρ(∆s, δc,−q ∓K,−v) (5.66)

τ(∆s, δc, q,K, v,Ω+,Ω−) = τ(∆s, δc,−q,K,−v,Ω+,Ω−) (5.67)

As ρ and τ functions are constant under the same transformation, the same transfor-

mation holds for the g functions under the assumption that the Rabi frequencies are real

quantities, Ω± = Ω±∗,

g±2(∆s, δc, q,K, v,Ω+,Ω−) = g∓2(∆s, δc,−q,K,−v,Ω+,Ω−). (5.68)

Using this transform of the g±2 functions, we can see that there are similarities in the

Fourier component expansions given by equations 5.45, 5.46, 5.47 and 5.48. If we first analyse

the diagonal elements, M̂−1
A (∆s, δc, q,K, v,Ω+,Ω−) and M̂

−1
D (∆s, δc, q,K, v,Ω+,Ω−) , they

both contain the same strings sets (i.e. strings where n = 2m), and there are as many +1’s

as −1’s in the strings. This means that there is symmetry to the strings. As strings have to

be even in length with an equal number of +1’s as −1’s in the strings, then the summation

over the number of string elements is symmetric in the sign of the shift operators,

n=2m∑
m=0

|S(2m,m)|∑ n∏
j

gj

(
∆s, δc, ks + 2K

j−1∑
l=0

sl, v,Ω+,Ω−

)
=

n=2m∑
m=0

|S(2m,m)|∑ n∏
j

g−j

(
∆s, δc, ks − 2K

j−1∑
l=0

sl, v,Ω+,Ω−

)
.

(5.69)



5.4 Simplifying the Fourier Components 162

Where now under the transformation of the g functions given by equation 5.68,

n=2m∑
m=0

|S(2m,m)|∑ n∏
j

g−j

(
∆s, δc, ks − 2K

j−1∑
l=0

sl, v,Ω+,Ω−

)
=

n=2m∑
m=0

|S(2m,m)|∑ n∏
j

gj

(
∆s, δc,−ks + 2K

j−1∑
l=0

sl,−v,Ω+,Ω−

)
.

(5.70)

Equally for the diagonal elements M̂−1
B and M̂−1

C , there are the opposite number of +1’s

and −1’s. For the condition of n = 2m − 1, there has to be one more minus one in the

string than plus one. Equally for the n = 2m + 1, there is one more plus element in the

string than minus element. This corresponds to the set of strings for M̂−1
B being the exact

opposite of that for M̂−1
C . Therefore, if all of the elements in the set of strings for M̂−1

B had

their sign flipped i.e. +1 → −1 and vice versa, then this would create all of the strings for

M̂−1
C . By extension this sign flip also carriers over to the sign of the summation elements.

Mathematically this can be expressed as,

∞∑
n=0

n∑
m=0

|S(2m−1,m)|∑ n∏
j

gj

(
∆s, δc, ks + 2K

j−1∑
l=0

sl, v,Ω+,Ω−

)
,

=

∞∑
n=0

n∑
m=0

|S(2m+1,m)|∑ n∏
j

g−j

(
∆s, δc, ks − 2K

j−1∑
l=0

sl, v,Ω+,Ω−

)
.

(5.71)

Finally, again under the transformation of the g functions given by equation 5.68, we

can say that,

∞∑
n=0

n∑
m=0

|S(2m−1,m)|∑ n∏
j

g−j

(
∆s, δc, ks − 2K

j−1∑
l=0

sl, v,Ω+,Ω−

)
,

=

∞∑
n=0

n∑
m=0

|S(2m+1,m)|∑ n∏
j

gj

(
∆s, δc,−ks + 2K

j−1∑
l=0

sl,−v,Ω+,Ω−

)
.

(5.72)

Combining equation 5.69 and equation 5.72, we can now write the matrix elements as,
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M̂−1
A =

∞∑
n=0

n=2m∑
m=0

|S(2m,m)|∑ n∏
j

gj

(
∆s, δc, ks + 2K

j−1∑
l=0

sl,K, v,Ω+,Ω−

)
, (5.73)

M̂−1
B =

∞∑
n=0

n∑
m=0

|S(2m−1,m)|∑ n∏
j

gj

(
∆s, δc, ks + 2K

j−1∑
l=0

sl,K, v,Ω+,Ω−

)
, (5.74)

M̂−1
C =

∞∑
n=0

n∑
m=0

|S(2m−1,m)|∑ n∏
j

gj

(
∆s, δc, ks + 2K

j−1∑
l=0

sl,K,−v,Ω+,Ω−

)
, (5.75)

M̂−1
D =

∞∑
n=0

n=2m∑
m=0

|S(2m,m)|∑ n∏
j

gj

(
∆s, δc, ks + 2K

j−1∑
l=0

sl,K,−v,Ω+,Ω−

)
. (5.76)

Using these symmetry transforms, we have reduced down the diagonal terms to the same

product of strings except for a sign change in the velocity of the atoms. Equally for the

off-diagonal terms we have made the two different sets of strings equal and the product of

these strings the same except for a change of sign in the velocity of the atoms. This means

that,

M̂−1
A (v) = M̂−1

D (−v), (5.77)

M̂−1
B (v) = M̂−1

C (−v). (5.78)

Here I have suppressed all arguments except for velocity for clarity. If we return to the

full expansion of the light-matter interaction components ηi and include the transform of τ

(equation 5.67), we find,

ηA(∆s, δc, k,K,Ω+,Ω−) =

〈
M−1
A (∆s, δc, ks,K, v,Ω+,Ω−)

τ(∆s, δc, ks,K, v,Ω+,Ω−)

〉
, (5.79)

ηB(∆s, δc, k,K,Ω+,Ω−) =

〈
M−1
B (∆s, δc, ks,K, v,Ω+,Ω−)

τ(∆s, δc, ks − 2K,K, v,Ω+,Ω−)

〉
, (5.80)
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ηC(∆s, δc, k,K,Ω+,Ω−) =

〈
M−1
C (∆s, δc, ks,K, v,Ω+,Ω−)

τ(∆s, δc,−ks + 2K,K, v,Ω+,Ω−)

〉
=

〈
M−1
B (∆s, δc, ks,K,−v,Ω+,Ω−)

τ(∆s, δc, ks − 2K,K,−v,Ω+,Ω−)

〉
,

(5.81)

ηD(∆s, δc, k,K,Ω+,Ω−) =

〈
M−1
D (∆s, δc,−ks,K, v,Ω+,Ω−)

τ(∆s, δc,−ks,K, v,Ω+,Ω−)

〉
=

〈
M−1
A (∆s, δc, ks,K,−v,Ω+,Ω−)

(∆s, δc, ks,K,−v,Ω+,Ω−)

〉
.

(5.82)

The symmetric nature of the Boltzmann factor, p(v), allows for the integral to remain

valid under the following transformation,

∫ ∞

−∞
p(v)f(v)dv =

∫ −∞

∞
p(−v)f(−v)dv =

∫ −∞

∞
p(v)f(−v)dv. (5.83)

This results in

ηA = ηD = η0, (5.84)

and,

ηB = ηC = η1. (5.85)

Again, I have suppressed the function arguments for clarity. The simplified scattering matrix

can now be expressed as

Q =
α0(nd, T )ω

2
s

2ks


(

ν
α0ω2

s
− η0(∆s, δc, k,K,Ω+,Ω−)

)
−η1(∆s, δc, k,K,Ω+,Ω−)

η1(∆s, δc, k,K,Ω+,Ω−)

(
− ν

α0ω2
s
+ η0(∆s, δc, k,K,Ω+,Ω−)

)
 ,

(5.86)

where ωs = ω21 +∆s.
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In this section, I have discussed often the use of DC and first Fourier components, which

are denoted by χ0 and χ1 respectively. To calculate these Fourier, they can be found from

χ0/1 = α0c
2η0/1.

5.5 Calculation of Reflection and Transmission of Mir-

ror

The key parameters needed to characterise a mirror are those of the reflectivity and trans-

mission. The fraction of incident light intensity which is reflected from the mirror is known

as the reflectivity, R. Equally, the fraction of incident light intensity which is transmitted

is called the transmission, T . These are calculated as the absolute modulus squared of the

electric field reflection, r, and transmission, t, coefficients respectively,

R = |r|2 ; T = |t|2. (5.87)

The reflection coefficient is the ratio of the reflected wave electric field amplitude to that

of the incident electric field amplitude. Naturally, the transmission coefficient is the ratio of

the transmitted wave electric field complex amplitude to that of the incident electric field

amplitude. In terms of the fields, we can express the reflectivity as a ratio of the forwards

and backwards propagating fields at the start of the Bragg grating (z = 0),

r(ω) =
Ẽ−
s (ω, z = 0)

Ẽ+
s (ω, z = 0)

. (5.88)

Equally, the transmission is the ratio of the forwards propagating fields at the end of the

Bragg grating (z = L) to the forwards propagating fields at the start,
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t(ω) =
Ẽ+
s (ω, z = L)

Ẽ+
s (ω, z = 0)

. (5.89)

In order to calculate r and t, the differential equation (equation 5.53) can be solved via

diagonalisation, as it is an equation in z of the form,

S′(ω, z) = AS(ω, z). (5.90)

If A is diagonalisable then it can be expressed as A = PDP−1. P is an invertible matrix

and D is a diagonal matrix. We can now substitute for A back in to the differential equation

5.90.

S′(ω, z) = PDP−1S(ω, z). (5.91)

By defining P−1S(ω, z) = X(ω, z), we can re-write this as S(ω, z) = PX(ω, z). As A is not

a function of z then neither is P or its inverse. We can make the following statement about

the first derivative of S(ω, z),

S′(ω, z) = PX ′(ω, z). (5.92)

We can now write a simplified differential equation,

X ′(ω, z) = DX(ω, z). (5.93)

If we look at the individual components of X to solve this equation, they have the solution

Xi(ω, z) = eλizXi(ω, 0). Therefore, for the whole set the solution is,

X(ω, z) = eDzX(ω, 0). (5.94)
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Now if we return to a solution for S(ω, z), using X(ω, z) = P−1S(ω, z), we find,

P−1S(ω, z) = eDzP−1S(ω, 0). (5.95)

Thus giving a final solution of,

S(ω, z) = PeDzP−1S(ω, 0). (5.96)

Using the method of diagonalisation, we can write a solution to the scattering equation

(equation 5.53) as,

S̃(ω,L) = T S̃(ω, 0). (5.97)

The transfer matrix, T , describes how well our induced Bragg grating is able to couple light

from the forwards propagating mode to a backwards propagating mode and vice/versa.

From equation 5.96, we can write T as

T =

T1 T2

T3 T4

 = PeDLP−1. (5.98)

The matrices P and D are found from the eigenvalues λi and eigenvectors of Q,

ψ
i
=

ui
vi

 D =

λ+ 0

0 λ−

 P =

(
ψ1 ψ2

)
=

u+ u−

v+ v−

 . (5.99)

In order to calculate the reflection and transmission coefficients, we need to relate

Ẽ±
s (ω, z) to S̃

±(ω, z),

E±
s (ωs, z) = S±(ωs, z)e

±iksz = S̃±(ωs, z)e
±iksze∓iδkz. (5.100)
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We can now relate the reflection and transmission coefficients to the matrix elements for the

transfer matrix,

r(ωs) =
Ẽ−
s (ωs, 0)

Ẽ+
s (ωs, 0)

=
S̃−(ωs, 0)

S̃+(ωs, 0)
= −T3

T4
, (5.101)

t(ωs) =
Ẽ+
s (ωs, L)

Ẽ+
s (ωs, 0)

=
S̃+(ωs, L)e

iksLe−iδkL

S̃+(ωs, 0)
= −

[T3T2
T4

+ T1

]
eiKL. (5.102)

Due to the natural symmetry of the scattering matrices in equation 5.86, we can calculate

the reflectance and transmission analytically as the form of the scattering matrix is,

Q =

 Q0 Q1

−Q1 −Q0

 . (5.103)

By diagonalise our scattering matrix (equation 5.103) we find a new representation for

matrix Q as Q = PDP−1. Using a substitution of λ =
√
Q2

0 −Q2
1, the matrix components

for diagonalisation are explicitly given below as,

D = i

λ 0

0 −λ

 , (5.104)

P =

 1 1

−Q0+λ
Q1

−Q0−λ
Q1

 , (5.105)

and,

P−1 =
−Q1

2λ

−Q0−λ
Q1

−1

Q0−λ
Q1

1

 . (5.106)

Through matrix multiplication of the eigenvalue and eigenvector matrices, the transfer ma-
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trix can be found explicitly. The matrix elements are given below,

TA =
1

2

(
eiLλ + e−iLλ

)
+
Q0

2λ

(
eiLλ − e−iLλ

)
, (5.107)

TB =
Q1

2λ

(
eiLλ − e−iLλ

)
, (5.108)

TC = −Q1

2λ

(
eiLλ − e−iLλ

)
, (5.109)

TD =
1

2

(
eiLλ + e−iLλ

)
− Q0

2λ

(
eiLλ − e−iLλ

)
. (5.110)

Therefore, if we look to calculate the reflectivity of the induced mirror, we find it has

the following dependence on Q0, Q1 and L,

R(Q0, Q1, L) =

∣∣∣∣∣
Q1

2λ

(
e−iLλ − eiLλ

)
−(Q0−λ

2λ )eiLλ + (Q0+λ
2λ )e−iLλ

∣∣∣∣∣
2

,

=

∣∣∣∣∣
i Q1√

Q2
1−Q2

0

sinh

(
L
√
Q2

1 −Q2
0

)

cosh

(
L
√
Q2

1 −Q2
0

)
+ i Q0√

Q2
1−Q2

0

sinh

(
L
√
Q2

1 −Q2
0

)∣∣∣∣∣
2

.

(5.111)

Equally using the identity, cosh2 x− sinh2 x = 1, we find the transmission as,

T (Q0, Q1, L) =

∣∣∣∣∣ 1

cosh

(
L
√
Q2

1 −Q2
0

)
+ i Q0√

Q2
1−Q2

0

sinh

(
L
√
Q2

1 −Q2
0

)∣∣∣∣∣
2

. (5.112)

For our application of using this mirror as an input-output coupler a cavity, when the

mirror is on, we want to look at a system that has a high reflectivity but low loss. The loss
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of the mirror can be quantified through the parameter, A,

A(Q0, Q1, L) = 1−R(Q0, Q1, L)− T (Q0, Q1, L). (5.113)

If we have a loss-less mirror then all the reflected light will be the input light minus the

transmitted light and thus, will minimises A.

The maximal achievable reflection occurs when the diagonal components of the scattering

matrix Q are approximately zero i.e. Q0 ≈ 0. For our atomic system, where there is a

non-zero DC component to the induced susceptibility, a compensation must be made in

the wavevector of the incoming field. In the absence of any background dispersion, the

Bragg condition is exactly ks = K, where this is in terms of the signal field wavevector as

a free-space wavevector, ks. But the atoms introduce background dispersion which shifts

the wavevector inside the atoms, this modifies the Bragg condition and was anticipated in

equation 5.5, where we included an average refractive index to the Bragg condition.

As the DC dispersion is given by the real part of the DC Fourier component, maximal

reflection can be achieved by setting the Bragg vector mismatch function to negate any shift

from the DC dispersion term,

ν

α0ω2
s

= Re

{〈
M−1
A (∆s, δc, ks,K, v,Ω+,Ω−)

τ(∆s, δc, ks,K, v,Ω+,Ω−)

〉}
. (5.114)

What this equation is describing is how the angle of the interference pattern, θ needs to be

changed to achieve maximal reflection. θ can change ν as this includes the Bragg mismatch

term δk, which itself is dependent on K.
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5.6 Cold Atom Approximation

To understand these results, we will first look at a simplified case. This is the case when

the atoms are cold atoms i.e. they have no thermal motion. This system has been explored

before for an EIT system [105] [104] and therefore we can verify that our solution simplifies

down to reproduce the same results. By first looking at cold atoms (i.e. v = 0), we have the

benefit of simplifying the matrix elements in the scattering matrix equation (5.86), as there

are no coupled components of different spatial frequencies in σ̃12.

The scattering matrix elements, which were velocity class dependent, are now velocity

independent through the reduction of the key coefficient functions g±2, τ , and ρ, no longer

being velocity dependent. If we take these functions in the velocity independent limit, we

find that they reduce to the following cold-atom functions,

ρ(∆s, δc, q ±K, v) → ρc(∆s, δc) = −∆s − δc − iγ, (5.115)

τ(∆s, δc, q,K, v,Ω+,Ω−) → τc(∆s, δc) = (−∆s − iΓ)− |Ω+|2

ρc(∆s, δc)
− |Ω−|2

ρc(∆s, δc)
, (5.116)

and,

g±2(∆s, δc, q,K, v,Ω+,Ω−) → g0(∆s, δc,Ω+,Ω−) =
Ω−Ω+

ρc(∆s, δc)τc(∆s, δc,Ω+,Ω−)
. (5.117)

In evaluating the Fourier susceptibility components, the sum over the g functions required

a string analysis, where shifts on each string element were required to be known. However

as the g functions are now identical for all elements in the product, the product in the
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scattering matrix elements can be evaluated as

n∏
j

g0(∆s, δc,Ω+,Ω−) = gn0 (∆s, δc,Ω+,Ω−). (5.118)

Previously, the influence of the velocity shift operators meant that each string needed to

be evaluated individually and then certain strings which satisfied the Bragg condition were

chosen for each inverse matrix. In the cold atom approximation, the coefficients of the shift

operations (g±2) are no longer dependent on q. They therefore becomes constants as far as

the shift operators are concerned. The conditions for matching the propagation constants

to fulfil the Bragg condition remain as the shift operators remain, but while previously

our Fourier coefficient sums were based on a combination of different sets of strings, they

can now be seen as the binomial coefficients Cnm of a binomial expansion in Ĵn. This

originates from the idea that all the string elements are identical but there are still only

certain strings which fulfil the specific Fourier conditions i.e. n = 2m, n = 2m − 1, and

n = 2m+1. Mathematically, we can understand this analysis by writing the inverse matrix

(defined as M̂−1 =
∑∞
n Ĵn), when there are no spatial frequency terms in the g0 functions,

Ĵ = g0
(
Ŝ2 + Ŝ−2

)
. Therefore, when we can expand the power series in Ĵ as a binomial

series, we find

M̂−1 =

∞∑
n=0

Jn =

∞∑
n=0

n∑
m=0

(
n

m

)
gn−2m
0 (∆s, δc,Ω+,Ω−)Ŝ

m
−2Ŝ

n−m
2 . (5.119)

This reduces our scattering matrix elements to the following,

M̂−1
A:Cold =

∞∑
n=0

n=2m∑
m=0

(
n

m

)
gn0 (∆s, δc,Ω+,Ω−)

=

∞∑
m=0

(
2m

m

)
g2m0 (∆s, δc,Ω+,Ω−),

(5.120)
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M̂−1
B:Cold =

∞∑
n=0

n=2m−1∑
m=0

(
n

m

)
gn0 (∆s, δc,Ω+,Ω−)

=
1

g0(∆s, δc,Ω+,Ω−)

∞∑
m=1

(
2m− 1

m

)
g2m0 (∆s, δc,Ω+,Ω−).

(5.121)

Note here that for M̂−1
B:Cold, the sum starts at m = 1. This is because if n = 0,m = 1/2,

for an integer series, the sum must start at n = 1 which corresponds to this sum over m

starting at m = 1, If we say that x = g20(∆s, δc,Ω+,Ω−), we can reduce our matrix elements

to the following series,

∞∑
m=0

C2m
m xm = 1 + 2x+ 6x2 + 20x3 + 70x4 + ... (5.122)

∞∑
m=1

C2m−1
m xm = x+ 3x2 + 10x3 + 35x4 + ... (5.123)

We can evaluate these series exactly, by noting that they are the Maclaurin series of the

following functions,
∞∑
m=0

C2m
m xm =

1√
1− 4x

, (5.124)

∞∑
m=0

C2m+1
m xm =

(1−
√
1− 4x)

2x
√
1− 4x

. (5.125)

This results in the Neumann expansion for the cold atoms situation being condensed

down to an analytical formula. The analytic expressions for our cold atom matrix elements

are,

M̂−1
A:Cold =

1√
1− 4g20

, (5.126)

and,

M̂−1
B:Cold =

(1−
√
1− 4g20)

2g0
√
1− 4g20

. (5.127)

Remembering that the diagonal atomic elements terms in the scattering matrix refer to
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the DC components of the periodic susceptibility (i.e. the components which impart no

momentum to change the direction of propagation) and the off-diagonal terms correspond

to the first Fourier coefficient (which do impart momentum) onto the fields. I define the

following terms as follows,

η0:Cold = −
M̂−1
A:Cold

τc
= − 1

τc

1√
1− 4g20

, (5.128)

η1:Cold = −
M̂−1
B:Cold

τc
= − 1

τc

(1−
√
1− 4g20)

2g20
√
1− 4g20

. (5.129)

Therefore, giving a succinct cold atoms scattering matrix as

Q
Cold

=
α0(nd)ωsc

2


(

ν
α0(nd)ω2

s
+ η0:Cold(∆s, δc,Ω+,Ω−)

)
η1:Cold(∆s, δc,Ω+,Ω−)

−η1:Cold(∆s, δc,Ω+,Ω−) −

(
ν

α0(nd)ω2
s
+ η0:Cold

)
 .

(5.130)

By analysing the real and imaginary components of the two Fourier components (figure

5.4) we can see that there are dispersive elements, which have longer tails due to the disper-

sive features of atomic resonances falling slower with detuning than that of the absorption

features. Additionally in figure 5.4, we find that inside of the shaded regions where we have

high absorption, there is not a large component of the susceptibility which gives a DC or

a first Fourier coefficient. This is due to the highly unsmooth profile of the susceptibility

in this region, as with the movement of sharp resonances under the varying control field,

the signal field is experiencing a highly peaked refractive index profile. However, in the

tails outside of the high loss shaded regions, we find there is a component of the induced

susceptibility which gives a scattering component χ1 with high dispersion but low loss. An

understanding of this can be visualised in figure 5.4. The full cold atoms susceptibility can
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Figure 5.4 The Fourier coefficients for the scattering matrix Q
Cold

when

in the cold atom case. For both of the Fourier coefficients the dispersive
part of each component is plotted alongside the absorptive part showing
how an off-resonant scattering component can exist without high loss. The
blue and yellow shaded regions are the frequency regions that the dressed
state resonances scan over the interference region as the control field cou-
pling is spatially varied
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Figure 5.5 The scattering matrix elements for the cold atoms case,
Q

Cold
. The top two panels describe the case when the control field is

off and the bottom two panels are for when the control field is on. In the
top two panels, we just see the DC component centred at ∆s = 0 as this is
just the linear susceptibility. However in the bottom two panels, when the
control field is on, we see the two optically induced Fourier components
as a function of signal detuning. The single photon dressed state suscep-
tibility profile is given in the yellow region and two-photon susceptibility
profiles is shown in the blue region.
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be re-written in the form of

χc = −α0c
2τ

1

1 + 2g0 cos
(
2Kz

) , (5.131)

and f we plot this refractive index profile for different single photon dressed state values

and for different two photon dressed state values, we can see that if the signal detuning is

chosen outside the shaded regions, then there is a smoother spatial refractive index profile

compared to that inside the shaded region.

We can also analyse the difference in the case when the control field is on and off in figure

5.5. When the control field is off, we just have standard linear features at ∆s = 0. There

is no control field leading to modulation of the susceptibility and therefore there is no χ1

term. However, when the control field is turned back on, there is both DC and first order

Fourier coefficients. The DC dispersion highlights the requirement that a Bragg mismatch

variable δk needs to chosen to maximise the reflection for the signal field. We can off-set

this mismatch due to the fact we are free to choose K as this is determined by the angle θ

at which the control fields overlap (K = kc cos θ). We can also see in this figure, how the

dispersive feature for both the DC and first Fourier coefficient remain in the tails further

detuned from the blue shaded region than that of the imaginary absorption component.

This clearly further highlights that the fundamental dependence of atomic lineshapes with

signal detuning would allow for a low loss induced Bragg reflector.

5.7 Hot Atoms

Here we return to the case of hot atoms, where the full operator equation,

Ĵn =
(
g−2Ŝ−2 + g2Ŝ2

)n
=

n∑
m=0

|S(n,m)|∑
i

K(fi), (5.132)
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n |S(n,m)| = 2n |S(n = 2m,m)| |S(n = 2m+ 1,m)| |S(n = 2m− 1,m)|
0 1 1 0 0
1 2 0 1 1
2 4 2 0 0
3 8 0 3 3
4 16 6 0 0
5 32 0 10 10
6 64 20 0 0
7 128 0 35 35
8 256 70 0 0
9 512 0 126 126
10 1024 252 0 0

Table 5.1 Evaluating the expansion of the Neumann series in terms of
the total number of strings as well as the number of strings which contribute
to each Fourier components of the induced susceptibility. The scaling for
the total number of strings for each term in the expansion scales expo-
nentially in n, however the number of strings required for each Fourier
component is polynomial in n. The data taken here is only for the first
10 values in the expansion over n. It is worth remembering that the full
expansion is an infinite expansion in n, so if a full expansion needs to be
taken, then this scaling for the number of strings quickly becomes resource
intensive.

has to be solved through a Neumann expansion string analysis as thermal motion of the

atoms must be accounted for.

We can see that as our Neumann expansion grows in n, there are an increasing number

of strings which need to be evaluated. The number of strings given for each n is given by

the sum over all possible combinations of strings, |S(n,m)|. For the Fourier components,

conditions are imposed on which strings contribute to each Fourier coefficient. Therefore,

not all of the strings which are given in the expansion need to be calculated. The number

of resources required to calculate the strings as n increases are shown in the table 5.1.

The number of strings for each Fourier component can be found through a generating

function. This is a function f(x), which when expanded as a formal power series, the coef-
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ficients an give the total number of strings which need to be calculated for each coefficient.

f(x) =

∞∑
n=0

anx
n. (5.133)

Here, the generating function for the key strings are,

n = 2m : f(z) =
1√

1− 4z
≈ 1 + 2z + 6z2 + 20z3 + 70z4 +O(z5), (5.134)

and,

n = 2m± 1 : f(z) = − 1

2z
+

1

2z
√
1− 4z

≈ 1+ 3z+10z2 +35z3 +126z4 +O(z5). (5.135)

The difficulty here is in that while for cold atoms, we had gi = g0, and therefore all the

combinations are the same, we cannot say the same for the case of hot atoms. Therefore, we

can not use the exact Maclaurin expansion solution for the generating function to recover an

analytic result. The problem is further compounded that although the Fourier components

no longer scale as 2n as the total number of strings does with the size of the expansion,

they do still grow polynomially in n. However, we can limit ourselves to the first few string

elements if we take the condition that

gj(∆s, δc, q,K, v,Ω+,Ω−) ≪ 1. (5.136)

By limiting ourselves to the first few terms of the expansion we are saying that as long

as the product sum only contains the first few terms, then the Fourier components can still

be approximated. By working in the regime that gj(∆s, δc, q,K, v,Ω+,Ω−) ≪ 1, this is the

situation where the control detuning is greater than the Rabi frequency and thus it is a weak
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interaction.

By limiting ourselves to a weak interaction, there is no large variation in the dressed

resonances over the control interference pattern and therefore the signal field does not see

a large variation in the susceptibility profile. If there is a large Rabi frequency, the signal

field sees the whole atomic resonance come and go as the signal field propagates through

the atoms. As the lineshape of atomic resonances are very narrow resonances, this causes

a highly peaked refractive index profile meaning that when a Fourier spectrum is taken,

there are higher terms in the Maclaurin expansion which need to be accounted for. On

the other hand, when the control field is weak, the refractive index varies approximately

linearly with the control field intensity. This results in a sinusoidal index modulation that

efficiently backscatters the control field, however if the control field is only weakly coupled

to the atoms in this limit, the magnitude of the modulation is greatly reduced.

5.7.1 Hot Atoms in Far Detuned Limit

If we take the approximation in equation 5.136, then we can see that our key matrix elements

can be expanded to the first few leading terms. I calculate the strings which contribute

to each scattering matrix element, and the associated shifts that the coefficient functions

receive. These are tabulated in table 5.2 and 5.3 and from these tables we can calculate the

scattering matrix terms to the first few leading terms as,

M̂−1
A (∆s, δc, ks,K, v,Ω+,Ω−) =

∞∑
n=0

n=2m∑
m=0

|S(2m,m)|∑ ∏
j

gj

(
(∆s, δc, ks + 2K

j−1∑
l=0

sl, v,Ω+,Ω−

)

≈ 1 + a1(ks) + a2(ks),

(5.137)
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n n=2m n=2m+1 n=2m-1
0 1
1 [-1] [1]
2 [-1,1],[1,-1]
3 [-1,-1,1],[-1,1,-1],[1,-1,-1] [-1,1,1],[1,-1,1],[1,1,-1]

4

[-1, -1, -1, -1], [-1, -1, -1, 1],
[-1, -1, 1, -1], [-1, -1, 1, 1],
[-1, 1, -1, -1], [-1, 1, -1, 1] ,
[-1, 1, 1, -1], [-1, 1, 1, 1],

[ 1, -1, -1, -1], [ 1, -1, -1, 1],
[ 1, -1, 1, -1], [ 1, -1, 1, 1],
[ 1, 1, -1, -1],[ 1, 1, -1, 1],
[ 1, 1, 1, -1],[ 1, 1, 1, 1]

Table 5.2 Table showing the key strings for the first few terms in the
expansion in n. The set of strings in the n = 2m correspond to the a1 and
a2 terms. While the terms in the n = 2m + 1 and n = 2m − 1 column
correspond to the strings required to calculate b1 and b2.

and,

M̂−1
B (∆s, δc, ks,K, v,Ω+,Ω−) =

∞∑
n=0

n∑
m=0

|S(2m−1,m)|∑ ∏
j

gj

(
∆s, δc, ks + 2K

j−1∑
l=0

sl,K, v,Ω+,Ω−

)

≈ b1(ks) + b2(ks).

(5.138)

In the approximation, for simplicity of note-keeping, I have suppressed all of the arguments

other than ks as this is the only variable which gets altered by the shift operators in the

string analysis.

Where,

a1(ks) = g−2(ks)g2(ks − 2K) + g2(ks)g−2(ks + 2K), (5.139)
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n n=2m n=2m+1 n=2m-1
0 1
1 [0] [0]
2 [0,-1],[0,1]
3 [0,-1,-2],[0,-1,0],[0,1,0] [0,-1,0],[0,1,0],[0,1,2]

4

[0,-1, -2, -3], [0, -1, -2, -3],
[0,-1, -2, -1], [0,-1, -2, -1],
[0,-1, 0, -1], [0,-1, 0, -1],
[0,-1, 0, 1], [0,-1, 0, 1],
[0, 1,0, -1], [0, 1, 0, -1],
[0, 1,0, -1], [0, 1,0, -1],
[0, 1, 2, 1],[0, 1, 2, 1],
[0, 1, 2, 3],[ 0,1,2, 3]

Table 5.3 Table containing the shift each function at each position in
the string receives as n increases. The strings in each column correspond
to the shift each g±2 function element receives for each string given in table
5.2.

a2(ks) = g−2(ks)g−2(ks − 2K)g2(ks − 4K)g2(ks − 2K)

+ g−2(ks,K)g2(ks − 2K)g−2(ks)g2(ks − 2K)

+ g−2(ks)g2(ks − 2K)g2(ks)g−2(ks + 2K)

+ g2(ks)g−2(ks + 2K)g−2(ks)g2(ks − 2K)

+ g2(ks)g−2(ks + 2K)g2(ks)g−2(ks + 2K)

+ g2(ks)g2(ks + 2K)g−2(ks + 4K)g−2(ks + 2K),

(5.140)

b1(ks) = g2(ks), (5.141)

and,

b2(ks) = g−2(ks)g2(ks − 2K)g2(ks) + g2(ks)g−2(ks + 2K)g2(ks)

+g2(ks)g2(ks + 2K)g−2(ks + 4K).

(5.142)
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The Fourier components of the susceptibility under the assumption that g±2 ≪ 1 can

then be found from the following Doppler integrals over the light-matter functions,

η0 ≈ −
〈
(1 + a1(∆s, δc, ks,K, v,Ω+,Ω−) + a2(∆s, δc, ks,K, v,Ω+,Ω−))

τ(∆s, δc, ks,K, v,Ω+,Ω−)

〉
, (5.143)

η1 ≈ −
〈
(b1(∆s, δc, ks,K, v,Ω+,Ω−) + b2(∆s, δc, ks,K, v,Ω+,Ω−)

τ(∆s, δc, ks − 2K,K, v,Ω+,Ω−)

〉
. (5.144)

The hot atoms Q scattering matrix elements are plotted in figure 5.6, where the Fourier

coefficients in the limit of gj(∆s, δc, q,K, v,Ω+,Ω−) ≪ 1 are split up in terms of the two

dressed states. One which is predominately the single photon dressed state so is centred close

to ∆s = 0. The second dressed state is set around ∆s ≈ −δc and shows the dressed state

which is primarily the two photon state. The DC component for the single photon resonance

is the expected Doppler broadened Gaussian lineshape with a FWHM of approximately

500 MHz. For a chosen control detuning, the DC component at the two-photon resonance

contains the tails of the single photon dispersion profile, which due to Doppler broadening, is

much wider in signal detuning. This DC component also has a sharp Doppler-free component

due to the first Fourier component when the control field is present. When analysing the

single photon dressed state scattering component, Q1, there is a two photon component

which arises from the slight Stark shift on the single photon resonance. The off-resonant

two-photon component of Q1 contains both a Doppler-free sharp feature from where the two

photon components are counter-propagating in the interference pattern but also there is a

broad two-photon component which arises from when the two fields are co-propagating.
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Figure 5.6 Q elements for hot atoms in the far-detuned case. In the
top row, we have the diagonal elements of the scattering matrix for both
the two-photon dressed state (top left) and the single photon dressed state
(top right). While the bottom row, shows the off-diagonal element again
for two-photon (bottom left) and single photon dressed states (bottom
right). In the bottom row, we see due to the two configurations of the
control field with a moving atom, the appearance of both sharp Doppler
cancelling features and broad Doppler re-enforcing features.
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5.8 Reflectivity and Transmission of Induced Bragg Mir-

ror

We have several parameters which influence the reflectivity of the induced Bragg mir-

ror, especially for hot atoms. The scattering matrix components, Q0/1 are functions of

∆s, δc, ks,K,Ω+,Ω−. Our hot atomic vapour also has controllable variables of T and nd.

We can fix the cell temperature at 360K (87◦C) which corresponds to a number density of

∼ 1018m−3. Equally, we can denote our free space wave vectors (any residual linear disper-

sion from the atomic system is introduced and counteracted by η0 and ν respectively) in

terms of our signal and control detuning and known atomic parameters as,

ks =
ωs
c

=
ω21 +∆s

c
; K =

ωc
c

cos θ =
ω32 + δc

c
cos θ. (5.145)

By denoting our wavevectors this way, we can simulate our scattering matrix elements as

functions of Q0/1 = Q0/1(∆s, δc,Ω+,Ω−). For cold atoms, we don’t have a temperature

dependence, the number density is just a chosen quantity to match that achievable in hot

atoms. While this number density seems high for cold atom samples where it is difficult to

effectively trap and cool high density sample, there have been demonstrations of number

densities of 1018m−3 in cold atoms [106].

After simulating the Fourier coefficients for the hot atoms in the far detuned limit, as well

as for the cold atoms case, we can model the induced reflectivity. Our induced reflectivity

will be a function of the same variables as Q0/1 however, it is also a function of length, giving

R = R(∆s, δc,Ω+,Ω−, L). The same can be said for the transmission and loss functions,

T = T (∆s, δc,Ω+,Ω−, L), A = A(∆s, δc,Ω+,Ω−, L)

For the cold atoms case when there is an analytic result for the Fourier components, a
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Figure 5.7 Reflection and transmission characteristics for a cold atom
rubidium vapour.

strong enough off-resonant dispersive component can be produced by having a strong control

field. This leads to the formation of a high reflectivity region outside of the dressed state

resonance windows (blue and yellow shaded regions) as shown in figure 5.7. This means that

there is a high reflectivity Bragg mirror produced when there is a low loss reflection window

as demonstrated by a small value of the A value outside of the blue shaded region.

By increasing the length of the Bragg mirror in cold atoms, a stronger reflection can

be found as shown in figure 5.8. The reasoning for this is due to the Bragg scattering

occuring from multiple partial reflections as the signal field interacts with a spatially varying
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dispersion profile. By increasing the length of the interaction region, there is a greater

number of periods of the dispersion modulation. This results in a stronger overall reflection

but primarily causes a widening of the high reflectivity region. This means that a greater

bandwidth of reflectivity can be achieved in the low loss window created by the tails of the

Bragg mirror. While it seems in figure 5.8 that a broadband region of high reflectivity can

be achieved close to ∆s = 0, and this is true, it is worth remembering that we are wanting to

implement a low loss switch. When the Bragg grating is not present we want there to be as

little residual absorption from the atomic medium. If we look at figure 5.9, we can see that

when the control field is not present, there is a very high region of loss which accompanies

this plot. Therefore, it is much more optimal to create an off-resonant Bragg grating for low

loss switching.

We can now analyse the effects of the hot atoms on the induced reflectivity by using the

values for Q0/1:hot in the calculation for R and T . Firstly, from figure 5.11, by working in

the limit of δc ≫ Ω, we find that the achievable reflectivity is greatly reduced as we cannot

induce such a strong Kerr effect, even in the case of cold atoms. While the cold atoms

case has a reduced interaction strength, the hot atoms case is even more reduced due to

thermal effects. The origins of the shape of the induced reflectivity and transmission can

be understood by analysing figure 5.10. Here we notice that in the Q1 elements, there are

effects of the counter-propagating refractive index profile compared to the co-propagating

refractive index profile. This means that when the reflectivity for the hot atoms in the far

detuned limit is taken, there is a region of low reflectivity spread across the region of a

sharp induced feature. Naturally, the magnitude of the achieved reflectivity is low for this

system as the control field is weakly coupled to the three level system, and this means that

there is not a strong induced effect as would be seen for the regime of Ω ∼ δc or Ω > δc.

But even in this weakly coupled regime for cold atoms, there is still a (small) region of
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Figure 5.8 Reflection, transmission and loss in the cold atoms Bragg
reflector. An increase in the length of the modulation is seen to accompany
an increase in the achievable reflectivity of the induced mirror, however due
to the dispersion tails of the atomic resonances dropping off more slowly
than the absorption tails in signal detuning, there is no accompanying
increase in the associated loss with this Bragg mirror.
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Figure 5.9 The transmission through the cold atomic cloud of the signal
field when the control field is not present, but for the same propagation
distances as shown in figure 5.8.

induced reflectivity outside of a region of loss. This is down to the intrinsic nature of atomic

dispersion lineshapes with respect to that of absorption lineshapes, regardless of Doppler

broadening of a single atomic resonance or not. While, figure 5.6 shows that a larger value

for the Q matrix elements can be achieved for the single photon dressed state, in figure 5.10

we have only investigated the off-resonant dressed state. This is because we are want to

investigate an induced low-loss off-resonant mirror and for the other dressed state (i.e. the

single photon dominated dressed state) there would considerable loss in this region for the

situation when the control field is turned off. While there is a very weak amount on induced

reflectivity in figure 5.11, for both cold and hot atoms. The scale of how weak the interaction

is that we can see in the limit that δc ≫ Ω means there is no region of low transmission

outside of a very narrow window. This narrow window is purely because of the loss at the

two-photon dressed state resonance, not because of the Bragg mirror causing a reduction in

transmission.
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Figure 5.10 Comparison of the scattering matrix terms for both the
analytical cold atoms approach and the hot atoms approach in the limit
of δc ≫ Ω as δc = 6 GHz and Ω− = Ω+ = 0.18 GHz. While the Q0

element shares many similarities between the two cases. The Q1 element
which describes the two photon scattering has broadening which arises
from thermal effects which both broadens the Fourier component but also
reduces the magnitude.
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Figure 5.11 A comparison in the reflectivity (blue) and transmission
(red) of an induced Bragg grating for both cold and hot atoms both in the
weakly coupled regime. Here the cold atoms have an associated narrow
transmission and reflection feature due to the reduction in control field
power. However the effects of thermal motion lead to the combination of
a narrow feature and a broad feature.
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Figure 5.12 A calculation of the induced reflectivity for both the cold
atoms and the hot atoms case in the limit that δc ≫ Ω. The solid blue lines
denotes the reflectivity of the Bragg mirror in this regime, while the dotted
purple line shows the associated loss given by A. While the reflectivity is
low for both regimes due to the weakness of the interaction, we can see by
analysing the loss parameter A that the thermal nature of the hot atoms
introduces a region of minimal reflectivity outside the narrow two-photon
absorption resonance.
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While it hasn’t been possible to effectively simulate the case when Ω ≫ δc, from figure

5.11 we can start to understand how by increasing the control power we could achieve a higher

reflectivity in the our hot atoms Bragg grating. This higher reflectivity can be achieved as

a stronger control field would induce a greater magnitude of the two-photon first Fourier

component, but also by creating a coupled atomic state system where the dressed state

eigenstate have a more equal composition. In a strongly coupled system, the make up of

both single photon resonances and two photon resonances contribute to the dressed state

resonances more equally (figure 3.3) and therefore, there would be a greater overlap in the

lineshapes of the Doppler reinforcing and the Doppler cancelling susceptibility components.

This means that the refractive index profile seen by a moving atom would be less of a sharp

feature mixed with a very extended broad feature. This can be seen in the two heat maps

for a counter propagating and co propagating signal and control fields given by figure 5.13.

Future work to figure out an efficient way to simulate hot atoms in the case where

Ω ≫ δc would be worthwhile, as it would allow for simulations of a more useful device. I

believe that if a way to overcome the Doppler mismatch for the two dispersion profiles (for

the co-propagating and counter-propagating fields) inside the interference pattern could be

overcome, then the scheme described in this chapter could become a useful device. Due to

the intrinsic different dependence on signal detuning for absorption and dispersion profiles,

even with Doppler broadening, there can be a region of dispersion without loss. This will

mean that as long as the interaction can be made strong enough (a high enough number

density, long enough length of interaction region and a strong enough control field) then an

off-resonant hot atoms induced mirror could be designed. I will now briefly describe two

areas of further research into this topic which could be of potential interest for future work.

A stronger reflection can be achieved with a larger interaction region, this would be

especially the case if this device could be implemented in a hollow-core fibre. What this



5.8 Reflectivity and Transmission of Induced Bragg Mirror 194

device would become in a hollow core fibre would be a variable photonic band gap fibre. A

Bragg grating is a one dimensional photonic crystal; where reflection occurs, propagation

inside the Bragg grating is forbidden. If the Bragg condition could be implemented for a

forwards propagating fibre mode inside a hollow core fibre, what is found is that at the Bragg

condition, the propagation constant of the optical mode becomes imaginary and therefore

it is highly attenuated by the periodic dispersive medium. This would work as a form of

quantum memory for our system, as through the control field we are inducing a region where

the signal field cannot propagate and it is ‘frozen’ in space along the fibre until the control

field is removed.

The ability to use confined optical modes would have a key benefit due the two photon

interaction improving with control field intensity. The Bragg condition would be modified

so that it is the propagation constants of the optical modes βs/K which would now need to

satisfy,

βs ≈ βK . (5.146)

By tuning the geometry of the hollow core fibre, a potential fibre design could result in

satisfying this new fibre Bragg scattering condition. There would however be an additional

factor in the calculation based on the mode overlap of the signal and control fields as the

Bragg scattering condition might be satisfied for a higher order control field mode, and this

would reduce the interaction region in the transverse profile of the fibre.

The downside with this integrated platform would however be that achieving a high

number density inside the fibre is still required as the magnitude of the scattering matrix

coefficients Q0/1 scales with number density.

An alternative possible route to scalability for this scheme is to not use the 5S−5P −5D

manifold in rubidium as the three level system. But to use the 5S−5P −4D manifold which
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Figure 5.13 The induced dispersion and absorption for a signal and
control field which are both co- and counter-propagating. The co and
counter propagating susceptibility profiles show a closer similarity in the
regions that Ω ≫ δc compared to the case of δc ∼ Ω. This similarity in
the two hot atoms susceptibility profiles would be beneficial for an induced
Bragg grating in hot atoms.
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has an optical transition from the 5P state to the 4D state at 1529nm [107]. This has benefits

that the signal field could be at the telecommunication wavelengths. This is beneficial as

many optical components are designed for this range of wavelength due to the low loss

region of silica glass. In thermal vapour the Doppler broadening term of ks ±K, leads to a

different induced dispersion and loss profile for the signal field, depending on the direction of

propagation of the signal field with respect to the components of the control field interference

pattern. If we look at the mismatch terms for the 5S − 5P − 5D manifold with respect to

those of the 5S − 5P − 4D we see that the magnitude of the Doppler broadening is greater

for the telecommunication scheme but for the two directions, the two terms are closer in

value. This means that there will be a greater smearing out of the resonances for both the

co- and counter-propagating Stark shift terms in the g±2 functions for hot atoms, but that

the two Stark shift terms could be more equal in magnitude,

5S − 5P − 5D : ks −K = −4.15× 104m−1, ks +K = 1.62× 107m−1, (5.147)

5S − 5P − 4D ; ks −K = −3.95× 106m−1, ks +K = 1.22× 107m−1. (5.148)

For just one control field and one signal field, the amount of Doppler cancellation achiev-

able for the 5S − 5P − 5D manifold with a counter-propagating signal and control config-

uration is beneficial as it minimises the reduction in the two photon interaction strength,

however when having multiple control fields, it could be advantageous to move to a different

set of atomic transitions where Doppler broadening for both propagation direction configu-

rations. This configuration is not however without its challenges, primarily, that to achieve

the Bragg condition, the angle required to create the interference pattern would be very

large.

However, to have the signal field at 1529nm, the role of the signal and control fields in
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the ladder system needs to be switched. The control field is now coupled to the 1 → 2

transition, and therefore Rabi flopping will occur as the control field is a strong field and

there will be a change in the populations of the bottom and intermediate state. This means

that the approximation taken that all of the atoms are initially in the ground state (so that

the population equations of motion can be disregarded) no longer holds and therefore the

equations of motion would need to account for the no longer static population equations of

motion.

In conclusion, this chapter has shown the framework required for modelling an optical

induced Bragg grating in atomic vapour through the 5S−5P−5D ladder system in rubidium

vapour. Although an efficient switch appears to be possible in a dense cold atomic cloud, our

modelling has not been able to show good performance for a warm atomic vapour. Further

work on extending the model to provide predictions for the case of a strong control field

could make it possible to find an efficient operating regime in warm vapour, but this lies

beyond the scope of the present study.



Chapter 6

Switching Through Two Photon

Dispersion inside a Ring Cavity

A two port optical cavity can provide the variation in reflectivity required for variable

coupling to a quantum memory storage cavity. Inducing an optical phase shift inside the

cavity can change the cavity properties, and this change in the cavity round trip phase can

be provided by the optically induced two photon susceptibility explored in chapters 3 and

4.

To build a switch which can be controlled through induced atomic dispersion and/ or

loss, a model needs to be made of how the optical power outputted from either of the two

outputs of the cavity can be controlled. By knowing the output optical power from the two

switching cavity outputs, the reflectivity of the input-output memory cavity coupler based

upon a cavity switch can be found. This prompts the question, what are the requirements

of the phase for changing the outputs of a ring resonator? Or more specifically what sort

of atomic parameters are required to switch the optical intensity allowed through an optical
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cavity?

6.1 Two Port Ring Cavity Switch: Plane Wave Simula-

tion

Figure 6.1 Our model consists of a ring cavity containing two input-
output couplers. The ring is comprised of two parts, the first section (green)
does not contain atoms but the second section (light blue) does. By un-
derstanding how the a signal field impinging on the cavity (Ei1) couples to
the intra-cavity fields (E0, E1, E2, E3), the fields on output (Er1, Et2) can
be determined.

In-order to calculate the switching ability of our ring cavity, we need to calculate how for

an input field, Ei1, the cavity phase and amplitude factors influence the amount of optical
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field intensity outputted at the output ports, Er1 and Et2. We take the assumption that

we have only one input Ei1 and that this is input from the top left of the ring resonator,

however the input field can have two outputs based on its interaction with the ring cavity.

As we want this ring resonator to act as a ‘beam splitter like switch’ (as shown in figure

2.6), then the terminology for which output the signal field will exit is borrowed from that

of a beam splitter. This results in the field Er1 being the electric field which is reflected by

the switching cavity and Et2 is the electric field which is transmitted through the cavity.

In equation 6.1, the beam splitter relations are introduced for how the incoming and out-

going fields to the switching cavity relate to components of the intra-cavity field (E0, E1, E2, E3),

Er1
E0

 =

 s1 κ1

−κ∗1 s1∗


Ei1
E3

 ;

Et2
E2

 =

 s2 κ2

−κ∗2 s2∗


Ei2
E1

 . (6.1)

The reflectivity and transmission coefficients of each coupler are given by si and κi

respectively. These are fixed parameters in time and each coupler obeys the relation,

|κi|2 + |si|2 = 1. (6.2)

As well as describing the cavity coupling equations, there also needs to be equations

describing how the fields inside the cavity evolve. As the fields propagate, they acquire

phase but they can also experience amplitude modulation through loss.

In our model, one half of the cavity contains atoms and the other half is vacant of atoms.

This leads to there being two intra-cavity phase factors (ϕ1, ϕ2) and two amplitude factors

(η1, η2). The reasoning for building the model this way is due to our experimental design

discussed in the following chapter. The propagation of the intra-cavity fields on either side
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of the ring cavity can be related to one another through the following two equations,

E1 = η1e
iϕ1E0 ; E3 = η2e

iϕ2E2. (6.3)

6.1.1 Top Rail Output Field

From equation 6.1, we can analyse the output of the top input-output coupler, by solving

the following equation,

Er1 = s1Ei1 + κ1E3. (6.4)

As cavity effects arise from the interference between the light at the end of the cavity round

trip and the light impinging on the cavity, we need to factor in the propagation of the fields

through the cavity. We can introduce the propagation through the cavity by finding the

dependence of the field at the end of the cavity, E3, on the intra cavity phase and loss using

equation 6.3

To incorporate the effects of the second input-output coupler, we substitute in the equa-

tion for E2 from equation 6.1 to find,

E3 = η2e
iϕ2(−κ∗2Ei2 + s∗2E1). (6.5)

Through incorporating the propagation around the first half of the cavity (equation 6.3),

the field at the end of one cavity round trip can be given in terms of just the top input field,

E3 = η2e
iϕ2s∗2η1e

iϕ1(−κ∗1Ei1 + s∗1E3). (6.6)

Re-arranging equation 6.6 gives an equation for E3 in terms of Ei1. This can now be
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substituted in to equation 6.4 giving,

Er1 =
(
s1 −

s∗2κ
∗
1κ1η1η2e

i(ϕ1+ϕ2)

1− s∗1s
∗
2η1η2e

i(ϕ1+ϕ2)

)
Ei1. (6.7)

6.1.2 Bottom Output Port

We can do a similar analysis for the output from the second coupler. This will describe how

much light is transmitted through the switching cavity. Starting with the expression for the

transmission through the bottom output port of the ring resonator we find,

Et2 = s2Ei2 + κ2E1 = κ2η1e
iϕ1E0. (6.8)

The method to solve equation 6.8 is similar to that for the output from the top coupler so

only the key points are outlined below. First the field for E0 needs to be solved,

E0 = −κ∗1Ei1 + s∗1E3,

= −κ∗1Ei1 + s∗1η2e
iϕ2E2,

= −κ∗1Ei1 + s∗1η2e
iϕ2(−κ∗2Ei2 + s∗2E1),

= −κ∗1Ei1 + s∗1η2e
iϕ2s∗2η1e

iϕ1E0.

(6.9)

Re-arranging to give a final equation for E0 in terms of Ei1,

E0(1− s∗1η2s
∗
2η1e

i(ϕ1+ϕ2)) = −κ∗1Ei1, (6.10)

gives an expression which can be substituted in to equation 6.8. This results in an expression
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for the electric field output from the second coupler,

Et2 =
−κ∗1κ2η1eiϕ1

1− s∗1s
∗
2η1η2e

i(ϕ1+ϕ2)
. (6.11)

6.1.3 Cavity Transmission

Analysing our model through electric fields allows for an understanding of the propagation

of light through the cavity. However, it is more convenient to talk about the transmission

and reflectivity of the switch to discuss the capabilities of our device. The transmission is

given by the ratio of the output power through the switching cavity with respect to the

input power,

Tt2 =

∣∣∣∣∣Et2Ein

∣∣∣∣∣
2

, (6.12)

while the reflectivity of the switch is given in terms of the output power reflected from

the switch,

Rr1 =

∣∣∣∣∣Er1Ein

∣∣∣∣∣
2

. (6.13)

As a switch we are interested in the case of changing the throughput transmission of the

cavity i.e. how can we vary Tt2. When we want to couple the optical signal to the memory

cavity we want to allow light through the switching cavity, however when we don’t want

to couple to a storage cavity, we just want any optical signal to reflect off the signal cavity

and propagate out of the top port. κi and si are fixed as these are fixed optical components

in our system i.e. the reflectivity of the cavity coupler is a static value. This means that

the only changeable parameters are ηi and ϕi. Furthermore, the loss and couplings factors

are always real. These assumptions lead to a simplification of the two expressions for the

transmission and reflection of the switching cavity output ports,
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Rr1 =
s21 + η21η

2
2s

2
2 − 2s1s2η1η2 cos (ϕ1 + ϕ2)

1− 2s1s2η1η2 cos (ϕ1 + ϕ2) + s21s
2
2η

2
1η

2
2

, (6.14)

Tt2 =
κ21κ

2
2η

2
1

1− 2s1s2η1η2 cos (ϕ1 + ϕ2) + s21s
2
2η

2
1η

2
2

. (6.15)

The switching capabilities of the ring cavity can be analysed from the equations for the

output of the two ports of the ring cavity (equations 6.14 and 6.15) and can be visualised

in figure 6.2 for a single input field Ei1. In this figure, we assume there is no dielectric

constant, so the total round trip phase factor for the cavity (ϕ1 + ϕ2), can be related to the

signal field detuning ∆s as

ϕ1 + ϕ2 =
(ω21 +∆s)L

c
. (6.16)

For high reflectivity of the two input-output couplers, with no loss, we can achieve a very

sharp transmission peak. Here there is close to unity coupling of light through the cavity

based on whether the resonance condition is satisfied. By reducing the reflection coefficients

for the coupler and keeping no loss in the switching cavity, then on resonance there is still

perfect coupling through the cavity. However, off resonance there is still some leakage of

light through the cavity to the bottom port as the input-output couplers are less reflective.

This is a detrimental effect for our example application of having a variable coupling of the

coupler mirror to a storage cavity (as discussed in chapter 2). To match a switch which can

change the input-output reflectivity to a storage cavity from 90% to 100% (figure 2.3), we

require our ring resonator switching cavity to have a transmission capable of varying from

0% to 10%. The low value of 0% transmission cannot be achieved unless the input-output
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Figure 6.2 The response of the cavity to a signal field which is being
swept in frequency, can be seen as a function of the reflectivity of the
input-output coupler to the ring cavity as well as the intra-cavity losses.
By varying the reflectivity coefficients of the input and output couplers,
the bandwidth of the cavity resonances changes as well as the amount of
leakage through the bottom port away from a cavity resonance. Equally,
the effects of loss inside the switching cavity causes significant problems for
high finesse cavities as there are more round trips for the optical signal to
experience the loss. This results in a reduction of the output of the bottom
part of the cavity.
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couplers are of very high reflectivity.

The effects of loss inside the cavity for high reflectivity switching cavity couplers still

allows for a transmission scheme where it can be increased from 0% transmission, to a non-

zero amount which is capped by the loss. However, the loss inside the cavity means that if a

switching cavity is to be used as a switchable device for coupling light in to a storage cavity

the switching cavity must contain as little loss as possible. Since the switching cavity and

the memory cavity are concatenated, every time the field propagates around the memory

cavity, it interacts with the switching cavity, and therefore the switching cavity loss will

affect the memory performance.

While figure 6.2, has revealed some stringent requirements on the high-reflectivity cou-

plers required and for the loss inside the switching cavity, it does show that if the resonance

is to be shifted by an induced round trip phase, this phase does not have to be as great to

cause a change in Tt2 from 0% to 10%. As the resonances are sharply peaked, they change

rapidly with round trip phase. This point can be visualised in figure 6.3. An analytic ex-

pression for the required phase shift is derived in the next section is developed in the next

section (equation 6.32).

As we want to transfer light from the top output to the bottom output, it is useful to

quickly analyse the situation of critical coupling. This is when there is no through light

through the top port and the cavity is taken to be on resonance. On-resonance means that

the maximum amount of light is transmitted through the cavity, and this can be achieved

by choosing the phase factors, ϕ1 and ϕ2 such that cos(ϕ1 + ϕ2) = 1 . This on-resonance

situation can be applied to reduce equation 6.14 to equation 6.17. The critical coupling

condition occurs when the numerator of equation 6.17 is zero,

Rresr1 =
s21 + η21η

2
2s

2
2 − 2s1s2η1η2

1− 2s1s2η1η2 + s21s
2
2η

2
1η

2
2

= 0. (6.17)
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Figure 6.3 Variation in the input output coupler as a function of cavity
coupling coefficients. By having a high reflectivity system, the required
phase change is minimised while also allowing for a low transmission when
off resonance. By decreasing the switching cavity reflectivity, we broaden
the cavity resonance, leading to a greater required induced phase shift
to change the cavity reflection properties. Furthermore, there is not the
removal of transmission through the bottom port when lower reflection
coefficient switching cavity couplers are used. The green, blue and red
dotted lines highlight how to achieve a certain value of Tc, dependent on
the cavity finesse, a smaller phase shift is required.



6.1 Two Port Ring Cavity Switch: Plane Wave Simulation 208

We can understand how a choice of the coupling coefficients can be used to allow for

critical coupling. This means that for the numerator of equation 6.17 to be zero, the loss in

the second half of the cavity needs to be equal to the ratio of the two coupling reflectivities

s1, s2,

η1η2 =
s1
s2
. (6.18)

The critical coupling regime is beneficial for the case when we never want any light to

emerge from the top output port.

6.1.4 Switch Performance Requirements

When the switch is off, we require the switching cavity to act as a high reflectivity coupler:

Rr1 → 1 and Tt2 → 0. Equally, we want another situation, where the switch is used to couple

to a quantum memory. For storage in another cavity, the input coupler to the memory cavity

has a critical reflectivity Rc. For consistence with chapter 2, Rc = |r|2, for the case when

the optical cavity to be varied or open (i.e. not closed). This translates to a change in Tt2

such that,

Tt2 = 1−Rc = Tc. (6.19)

This gives two equations for how the transmission of the ring cavity through the bottom,

Tt2 must vary for when the switch is on and the switch is off. Further simplification for the

transmission equations can be achieved by defining a total cavity factor of, ξ = s1s2η1η2.

This factor is comprised of the cavity loss and the cavity coupling parameters.

When the switch is off, we require, a minimum value of Tt2, therefore we can re-write

equation 6.15, for the case when the switch is off

κ21κ
2
2(η

off
1 )2

1− 2ξoff cos (ϕoff1 + ϕoff2 ) + ξ2off
= 0. (6.20)
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Equally, when the switch is on, we can apply the following condition to equation 6.15,

κ21κ
2
2(η

on
1 )2

1− 2ξon cos (ϕon1 + ϕon2 ) + ξ2on
= Tc. (6.21)

Our switching mechanism is a modulation of the atomic susceptibility, where the exis-

tence of a control field leads to a change in the round trip phase factor from ϕoffi to ϕoni .

Although we want to switch based upon induced phase, due to the complex nature of the

induced susceptibility, it is important that our model accounts for an associated change in

atomic absorption, even if this is a quantity which we want to minimise. It is therefore

important to talk about the effects of the cavity in terms of a change in phase and a change

in loss. Due to the designs of experimental set up (figure 7.5) for which we are wanting to

first model, we have the first half of the cavity containing no atoms, but the second half

does contain atoms, such that there is only an optically induced change in the propagation

of the optical fields in the second half of the cavity,

ϕon1 = ϕoff1 ; ϕon2 = ϕoff2 +∆ϕ, (6.22)

ηon1 = ηoff1 ; ηon2 = ηoff2 ∆η. (6.23)

In the transmission equations (eq’s 6.20 and 6.21), it is the total round trip phase which

is relevant so I now denote a total phase shift and total loss factor,

ϕ = ϕ1 + ϕ2 ; η = η1η2. (6.24)

This means that although, we are splitting our cavity up in to two sections, we can still
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have a variable total round trip phase and loss as expressed by,

ϕon = ϕoff +∆ϕ ; ηon = ηoff∆η. (6.25)

Finally, we want to propagate these relative loss and phase changes to the key parameters

included in equations 6.20 and 6.21,

ξoff = s1s2η1η
off
2 , (6.26)

ξon = s1s2η1η
on
2 = s1s2η1(η

off
2 ∆η) = ξoff∆η. (6.27)

Switch Off

We want to find the dependence of the cavity transmission on the variable parameters ϕ2

and η2 for when the switch is off,

T off
t2 =

κ21κ
2
2η

2
1

1− 2ξoff cosϕoff + ξ2off
= 0. (6.28)

Naturally, the most obvious solution to this equation would be to make the numerator

0. However, this cannot be achieved for a physical cavity (i.e there would be no possible

‘switch-on’ solution for equation 6.21). To make the switch as good as possible, it requires

minimising the transmission in equation 6.28. To satisfy this, we want the cavity to be

initially off-resonant, such that ϕoff = π. With this, we get,

T off
t2 =

κ21κ
2
2η

2
1

1 + 2ξoff + ξ2off
. (6.29)

Equally, there is a requirement to make ξoff as large as possible, and κ1, κ2 and η1 as

small as possible. Remembering that ξoff is given by s1s2η1η
off
2 , we therefore want there to
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be as little loss in the cavity as possible and to have our two couplers as highly reflective

as possible. This again highlights for our light matter interaction that we want to work

off-resonant from any linear absorption of the atoms.

Switch On

For the case when the switch is on, we want the bottom port of the switch to allow through

a set amount of transmission Tc,

κ21κ
2
2η

2
1

1− 2ξon cos (ϕon) + ξ2on
= Tc. (6.30)

From equation 6.30, the maximum for Tc occurs when ϕon = 2π (or an integer multiple).

This means for the largest change in transmission we would require a phase shift of ≈ π

to go from ϕoff to ϕon. This is a large phase shift, and if this could already be induced

optically in an integrated low loss photonic platform, then alternative photonic systems

would already be using this size of phase shift to do deterministic conditional phase shifts

for photonic quantum computing applications, let alone for quantum memory. However,

from our requirements on the switching cavity (high reflectivity couplers and low intra-

cavity loss), we have a cavity spectrum where the transmission peaks are narrowly peaked.

This means that to have a rapid change in the cavity transmission only a small change in

the phase around integer fractions of 2π is required, not a full phase shift of π.

Due to the periodicity of the cosine function and that the cavity resonance are tightly

peaked, we can analyse how a shift in phase away from a resonance (i.e. ϕres = 2π) can

change the transmission through the cavity. The small variation in phase requirement allows

for an expansion of the cosine term around ∆σ,

cos(∆σ) ≈ 1− ∆σ2

2
. (6.31)
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Adding this back in to equation 6.30 gives a condition on the required phase modulation

needed to achieve a required cavity transmission through the bottom port,

∆σ2 =
κ21κ

2
2η

2
1

Tc(ξoff∆η)
− (1− (ξoff∆η))

2

(ξoff∆η)
. (6.32)

For a certain transmission through the cavity when the control field is on, we need to

have a phase shift away from a resonance of ∆σon such that Tt2 ≈ Tc. On the other hand,

when the control field is off, we need a ∆σoff such that Tt2 ≈ 0. This results in a required

change in the induced phase shift such that the variation in the cavity round trip phase

factor around ϕres being,

∆ϕ = ∆σon −∆σoff . (6.33)

The difference between ∆ϕ and ∆σ is that ∆ϕ is the change in phase given by the atoms,

while δσ is the required change in phase from the cavity being on-resonance. The switching

requirement given by 6.33 inform how large a phase shift needs to be produce by the light-

matter interaction.

It can therefore be seen, how a higher finesse cavity with greater input-output coupler

relativities, can have an equal change in cavity transmission variation for a smaller induced

phase shift by comparing equations 6.32 and 6.33. A more succinct formula for the required

phase shift purely on the reflectivity of the input-output couplers can be found if we take

the assumption, that we are purely in the dispersive regime. In this regime, we assume that

our system is very low loss so that ξoff ≈ s1s2 and ∆η ≈ 0,

∆σ =

√
(1− s21)(1− s22)

Tcs1s2
− (1− s1s2)2

s1s2
. (6.34)

In the purely dispersive regime, the required phase shift as a function of cavity coupling



6.2 Atom Dependent Round Trip Phase and Loss 213

Figure 6.4 The required induced phase shift as a function of the ring
cavity coupler properties. The higher the reflectivity of the two input-
output couplers, the smaller the induced phase shift is required to have a
switching cavity throughput transmission of Tt2 = Tc

parameters is shown in figure 6.4. This figure highlights the benefits of using a ring cav-

ity where the input-output couplers are of high reflectivity as this leads to a small phase

modulation needing to be induced to allow for a large change in the cavity throughput

transmission Tt2.

6.2 Atom Dependent Round Trip Phase and Loss

The switching mechanism of the cavity is dependent on induced two-photon dispersion. We

model the interaction as the same three level ladder system discussed in chapter 3. The

formula for the induced dispersion from the atoms for a weak signal field due to a strong

counter-propagating control field is given by equation 3.67 from chapter 3. We can calculate

the cavity round trip phase factor as



6.2 Atom Dependent Round Trip Phase and Loss 214

ϕ = kcavLcav. (6.35)

We know that the wavevector is dependent on the refractive index experienced, kcav =

neffωs/c. This means we can look at the different propagation sections inside the cavity,

again these are split up into two sections atoms and empty.

For the atoms section, we need to relate the susceptibility to the complex refractive

index. We take the approximation that the induced susceptibility is small.

n′ = n+ iα =
√
1 + χ(∆s,Ω, δc) ≈ 1 +

Re{χ(∆s,Ω, δc)}
2

+ i
Im{χ(∆s,Ω, δc)}

2
. (6.36)

We can therefore write the refractive indices of these two regions,

n2 = 1 +
Re{χ(∆s,Ω, δc)}

2
: n1 ≈ 1. (6.37)

Here n1 is the refractive index for the first half of the cavity and n2 is the refractive index

for the second half. leading to us writing down the phase factors as,

ϕ1 = kemptyL1 =
(
n1L1

)ωs
c
, (6.38)

ϕ2 = katomsL2 =
(
n2L2

)ωs
c
. (6.39)

These phase factors result in a total round trip phase factor of,

ϕ = ϕ1 + ϕ2 =
(
L1 + n2L2

)ωs
c
. (6.40)

Our switching mechanism depends on varying the dispersion inside the cavity for low
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losses, however, in modelling the atom interaction as a function of signal detuning, we are

also going to be looking at the full induced susceptibility. Therefore, it is useful to look at

the complex nature of the induced susceptibility imposed by the atoms. Here the associated

absorption in the second half of the cavity is given by,

αatoms(ks,−ωs,Ω) =
ωs
c

Im{χ(ks,−ωs,Ω)}
2

. (6.41)

We can also relate the loss in the two sections of the cavity to the induced absorption

through,

η2 = e−αatoms(ks,−ωs,Ω)L2 ; η1 = 1. (6.42)

The proof of concept for this system can be seen in figure 6.5. When the control field is

off, there is a linear phase feature as well as a broad region of induced loss. When the control

field is switched on, there is a region of induced off-resonant phase detuned out of the linear

region of loss. However, the induced phase is naturally accompanied by a region of induced

loss, which is narrow due to the lack of Doppler broadening for two counter-propagating

fields. The control field induces the presence of new cavity resonances. The control field is

introduced to the cavity in a counter-propagating way due to the reversal symmetry of the

cavity design given by figure ??. As the signal field is input from the top left (Ei1), and

propagates clockwise around the ring resonator, to achieve a counter-clockwise control field

inside the propagate, the control field should be input at the bottom right of this figure,

(such that for the control field input from the bottom right, the field Et2 would become Er1

for the control field). The rapid induced phase close to the induced atomic resonance means

there is a cluster of small cavity resonance features in Rr1. This means that light is being

coupled to the cavity but because of the closeness of the induced cavity resonances to the
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induced two photon resonance, there is too much loss in the cavity and these features do

not appear in the spectra for Tt2. However, the fact that the dispersive tails fall slower from

the two photon resonance than the absorption, means there are induced cavity resonances

outside of the induced two photon loss region.

A zoomed in section of figure 6.5 can be seen in 6.6. For peak A which is close to the

induced two photon resonance, there is a greater detuning from the cavity resonance when

the control field is off, however as a greater amount of dispersion needs to be induced, the

signal detuning value for which this induced cavity resonance occurs is closer to the two

photon resonance and therefore is attenuated. While peak B occurs for a smaller amount

of induced dispersion, it is closer to the cavity resonance when the control field is off (peak

C), and in this configuration the cavity resonance with the control field on overlaps partially

with the resonance when the control field is off. Furthermore, there is still linear loss for an

induced resonance at δc = 4 GHz and peak B still incurs some loss but it is comparable to the

loss experienced when the control field is off. This is a promising result for a scheme where

the control field changes the cavity transmission spectra but does not induce additional

amounts of loss.

Figure 6.5 shows that although there is a regime which allows off-resonant transmission

to occur, there is still a reasonable amount of loss which causes there to be a difference

between the two output port transmission features. A key finding is that the signal field

needs to be highly detuned (greater than 6 GHz) to allow for there to be a noticeable drop off

in the linear absorption for such a high finesse cavity. This is because the high finesse cavity

causes an optical field to have many round trips and thus experiences a greater amount of

loss.
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Figure 6.5 The optically induced phase, ϕ2 (equation 6.39) and loss η2
(equation ??) inside the second half of the ring cavity are plotted in the first
two panels. This induced loss and phase leads to the modification of the
transmission of the two cavity output ports. The region of linear loss which
is constant whether the control field is present or not leads to a reduction
in the transmission for values of ∆s near the resonance (∆s = 0). While
this plot shows the switching effect for both on resonant and off resonant
effects, a zoomed in off-resonant plot is shown below in figure 6.6.
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Figure 6.6 A zoomed in segment of figure 6.5 where the zoomed in region
is focussing on the off-resonant induced region of both the phase and loss
as well as the cavity transmission. There is only one dashed transmission
peak (peak C) for when the control field is off in this zoomed in section
due to the FSR of the cavity being much larger than the zoomed in region.
There are however two induced peaks (peak A and B) for when the control
field is on, as for this set of cavity and atomic parameters, there are two
combinations of induced phase and loss which support a cavity resonance
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6.3 Maximising the Switching Capabilities

6.3.1 Cavity Parameters and Characteristics

While figure 6.5 shows a simulation demonstration proof of concept, it would be beneficial

to understand the key parameters better in order to maximise the switching characteristics.

This involves a greater understanding of how the atomic parameters relate to the cavity

transmission properties.

Starting with looking at how much induced dispersion needs to be induced, we know

that the cavity phase factor when the control field is off is given by,

ϕoff =
(
L1 + L2 + L2

Re{χ(ks,−ωs,Ω = 0)}
2

)ωs
c
. (6.43)

To maximise our switching capabilities, it is beneficial to look at phase shift regions

where the phase factor is close to producing a cavity resonance when the control field is on.

We want to arrange our system so that when the control field is present we are at maximum

transmission,

ϕon =
(
L1 + L2 + L2

Re{χ(ks,−ωs,Ω = Ω0)}
2

)
)ωs
c

= ϕoff +∆ϕ = 2mπ, (6.44)

where m is an integer.

We want any change in the cavity transmission to be associated purely with any optically

induced atom effects. By finely adjusting (choosing L1) we can always add an arbitrary offset

to the phase if required. Therefore, for our change in dispersion, we have an associated

optically induced phase shift,

∆ϕ =

(
Re{χon} − Re{χoff

)
ωsL2

2c
. (6.45)
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When the control field is off, the transmission through the cavity is required to be fixed as

close to zero as possible. The length of the first half of the cavity, L1 can be chosen such

that the transmission through the bottom port is zero when the control field is off. It is

useful for demonstrating the switching capabilities to be able to tune the phase for the first

half of the cavity independently to the second cavity. We therefore, say that the first half

round trip phase is,

ϕ1 =
ωs
c
L1 + θ0. (6.46)

Here θ0 is a variable phase factor which could be experimentally changed by tuning the

length of the first half of the cavity. However, for this theoretical analysis we will just look

at it as an offset parameter which allows us to vary the frequency position of the cavity

resonances with respect to the induced two photon resonance with greater ease. As we want

θ0 to vary by 0 to 2π, to acquire the same phase shift in ϕ1 purely by changing L, due to

the prefactor of ωs

c , the variation in L would be very small. This also allows us to maintain

the same ϕ1 value for different values ωs.

6.4 Optically Induced Switchable Transmission of Cav-

ity

We can see the effects the offset factor θ0 has on the cavity transmission for a particular

∆ϕ atom interaction in figure 6.7. By including a θ0 variable we can translate the cavity

resonances in signal frequency detuning with respect to the induced two photon resonance.

This figure helps understand how the properties of the cavity can influence the cavity trans-

mission for a fixed atomic interaction profile. If a control-off cavity feature (denoted by the

dashed lines) is brought close to the induced two photon dispersion resonance then there is a
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greater shift in the resonance peaks when the control field is on (denoted by solid lines). This

is highlighted by the shift between the dashed and solid orange curves. While a larger cavity

shift is acquired for the orange curve, as it is closer to the two photon resonance region (pink

shaded region), as you move closer to the resonance you induce a greater amount of loss, and

therefore the height of the cavity resonance decreases. If however we look at the cases when

the cavity resonances are further detuned from the induced two photon resonance region

(these are the green blue and red curves) there is less loss as the magnitude of the induced

cavity resonance peaks remains high. However the contrast between the cavity transmission

plots is reduced meaning that for these values of θ0, this particular atomic interaction cannot

cause the peaks to be well-separated. Understanding the trade-off between switching ability

and loss will be the focus of the rest of this chapter.

In terms of a switching device, we want switching to be controlled by optical power.

This means that we will have a static signal field and a variable control field strength. If

we look at figure 6.8, we can see how increasing the control power has a similar effect on

the induced dispersion and absorption. As we increase the control field power we start to

induce an off-resonant phase for low loss, and if the power increases to a critical point, there

is a shifting of the two photon so it has a greater Stark shift. As the control field power

increases, the magnitude of the induced resonance increases, due to a large component of

the intermediate bare atomic state in the dressed state composition. However this larger

intermediate atomic state component has an accompanying Doppler broadened linewidth

causing the two photon resonance to broaden. This means that you cannot just increase the

magnitude of the induced dispersion linearly with power. Our switch is dependent on the

existence of the region of induced dispersion, when there is low loss and figure 6.8, shows in

the bottom panel the difference between the real and imaginary components of the induced

susceptibility. We therefore always want to have our atomic interaction for a signal field to
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Figure 6.7 A zoom in on the induced two photon resonance. The cavity
transmission peaks are translated through a variable phase factor θ0 on
the first half of the cavity. This means that the cavity transmission peaks
can be translated independently with respect to the induced two photon
resonance region (pink shaded region). The cavity resonances when the
control field is present is given by the solid lines and when the control field
is off is given by the dashed lines.
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be within the yellow region rather than the blue region. This yellow region is where the

magnitude of the dispersion is greater than the associated loss.

The spectral dependence of the susceptibility χ(∆s) seen by the signal field depends

strongly on the control field detuning δc and the control field power. By fixing the control

detuning as δc = 7 GHz, we know that any induced interaction is going to be far detuned

from the linear absorption. In figure 6.9, we can continue to see that depending on a signal

detuning chosen, we can have the signal field interact more or less with the induced two

photon resonance based on the control field power. If we induce a resonance in the low

power region (sub 500mW) for an off-resonant signal field, we can induce a small phase shift

in the second half of the cavity while keeping the loss in the system low (η2 > 0.995). In

order to see an induced cavity resonance in this low power regime, we need to have a cavity

resonance, when the control field is on, close to the resonance when the control field is off.

To achieve this condition, we can plot the cavity transmission for a range of different θ0

values. By scanning θ0, a smaller amount of induced phase can induce a cavity resonance

at lower powers. This is an important design principle for this kind of switch, as if lower

control field power can be used to transmit light through the cavity then the amount of

induced loss in the system is kept low.

A way to try and quantify the performance of this switch is required to find optimum

performance. I therefore now define key ‘yardsticks’ for our switching cavity. The first is a

loss quantity,

L(Rr1, Tt2) = 1−Rr1 − Tt2. (6.47)

If there is no loss in the system, then any light which is not output from the top rail (Rr1)

must output the bottom rail (Tt2), giving a value for L(Rr1, Tt2) = 0.

Additionally, we introduce a figure of merit to describe the switching capability which
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Figure 6.8 2D heat maps of the real and imaginary parts of the induced
susceptibility for an off-resonant signal fields red-detuned∼ 7 GHz from the
bare single photon resonance as a function of control power. As the control
field power increases the Stark shift changes the two photon resonance
frequency and it broadens. The difference between the real and imaginary
areas shows that as the control field power increases the regions of highest
dispersion to loss appear at the edges of the resonance.
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Figure 6.9 The induced loss, phase shift and transmission as a function
of control field power, for a fixed signal detuning of −7.18 GHz. As the
control power is increased there is an induced phase, but as the control
power increases so do the losses. However, by varying θ0, the resonance
can be induced for different control field powers.
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we call the switching contrast, C. This is the change in the intensity out of the bottom port

for when the control field is on, compared to when it is off,

C = |Tt2(Ω = Ω0)− Tt2(Ω = 0)|. (6.48)

The contrast, C, and the loss, L(Rr1, Tt2), are dependent on having the largest induced

phase for the smallest loss. It is therefore beneficial to combine the loss and the contrast

into one useful parameter to describe the performance of this switch. This is a parameter I

denote as P , and is the ratio of the contrast to the loss when the switch is on versus off,

P =
C

L(Ronr1 , T
on
t2 ) + L(Roffr1 , T offt2 )

=
Tt2(Ω = Ω0)− Tt2(Ω = 0)

2− (Rr1(Ω = Ω0) + Tt2(Ω = Ω0) +Rr1(Ω = 0) + Tt2(Ω = 0))
.

(6.49)

The best switch performance is when P is maximised. This is because the contrast,

C, runs from 0 → 1, where it is 1 at best and 0 at worst. Also, the sum of the two loss

parameters is 0 when no loss is present in the system and 2 when there is maximum loss in

the system. Therefore, P runs from 0 to infinity, where the higher the value the greater the

performance of the switch.

There are many parameters which we have control over which contribute to the total

performance of the switching cavity. These include light-matter interaction parameters,

δc,Ω,∆s, nd, T as well as cavity parameters, L1, L2, θ0. It is difficult to perform optimisation

for the key parameters in this discussed set, but we can get some initial understanding from

chapter 3 and equation 6.49. The key interaction parameter to maximise is the ratio between

the induced phase shift and cavity loss. A greater phase shift can be induced by increasing

either the length of the cavity, but this would also increase the amount of loss equally. The
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same argument can be made for the impact of temperature and therefore the number density

on the switching performance. Increasing the number density is beneficial when the length

cannot be increased, but the number density increases the magnitude of the atom absorption

equally to the dispersion. In-order to reduce the loss in the system when the control field is

off, we require the signal field be far detuned from the Doppler broadened linear loss, this

means that δc is a key parameter for P as δc needs to be large enough that any induced

effect is far enough from ∆s = 0. This puts a requirement on the control field having a large

enough optical power to mediate a far detuned interaction.

The dependence on the signal detuning for a fixed θ0 can be seen in figure 6.10 where the

loss, switching contrast and performance yardsticks are calculated for a series of different

signal detuning values. P0 is the value of the performance yardstick when Tt2 is at its

maximum. The key points from this plot are as follows

� The contrast decreases as the signal detuning is further detuned from ∆s ∼ −δc. This

is because a smaller optical phase shift is induced.

� The loss decreases as the signal detuning is further detuned from ∆s ∼ −δc. This is

because a stronger control field is needed.

� The performance yardstick P , decreases as signal detuning is further detuned from

∆s ∼ −δc.

The control field detuning, δc can be used to draw some conclusions from figure 6.10 as it is

the nominal detuning at which you get two-photon resonance if you have zero Stark shift.

This implies that the contrast has a greater weighting to the value of P than the loss. While

I haven’t been able to find a specific relationship for how to optimise this situation perfectly

so that we can have 100% transmission through the cavity, even in an ideal theoretical

world, we can still make further analysis of the performance of this switch, especially for
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our application to switchable cavity quantum memory. While although the bottom panel of

figure 6.10, has the lowest P0 value, this is more dependent on the contrast than the loss.

This configuration (i.e ∆s = −7.20GHz) has a very low Rr1 value which is beneficial for

our scheme of coupling to a quantum memory as this means that when the switch is closed

(and storage) would occur, we would have a storage cavity input-output coupler reflectivity

of 99.5%. While when the coupler is open, and we want to couple light with a transmission

factor of ∼ 10%, our cavity could give a coupling of 10% with a loss less than 5%.

The optimisation of the critical parameters for performance comes down to the following

question, how close the cavity resonance when the control field is off needs to be to the

region of the induced susceptibility? From figure 6.9 we saw that for a fixed signal detuning

we can vary θ0 to minimise the loss at the expense of the contrast. We can induce a

greater resonance at lower loss (and therefore smaller phase modulation) but this requires a

particular θ0 offset value, which reduces the switching contrast. Due to θ0 being a arbitrary

parameter introduced into our analysis to allow us to translate the cavity FSR, it is not

obvious what θ0 corresponds to in terms of optimising a parameter. θ0 allows us to create

a cavity-atom resonance detuning ∆cav from the ‘off-mode’ i.e. the cavity resonance when

the control field is absent, with respect to the two-photon absorption resonance (TPAR).

While sadly, I have not been able to finish this analysis, a key piece of further work would

be to understand this switching scheme better in terms of ∆cav. This further analysis would

include how both control field power and control detuning vary the cavity transmission prop-

erties. This is because the linewidth of the induced resonance increases with control power.

This linewidth is the dominant source of loss inside our cavity. By increasing the linewidth

we would need for low loss to be further detuned from the TPAR, and thus we would need to

optimise ∆cav inorder to maximise switching performance. Further questions which would

be intriguing to understand surround that of the performance of this system when a greater
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Figure 6.10 The three criteria for performance of our switchable cavity
of P,C and L(Rr1, Tt2) is shown as a function of control power for three
different signal detunings, ∆s. For a fixed θ0 and control detuning, δc, we
can see that the contrast, C, and loss, L(Rr1, Tt2) decrease with greater
signal detuning. This decrease in contrast however leads to a reduction in
the performance criteria, where a value for P is given at the highest point
of Tt2 transmission, P0.
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amount of Doppler broadening is introduced. This would allow for understanding of whether

this scheme could be applied to a telecommunications friendly atomic system which doesn’t

exhibit Doppler cancelling. In absorption based quantum memories, where the signal field

is mapped on to a storage state, the lifetime of this state is limited by Doppler broadening.

However as this storage scheme is not the same for switchable cavity quantum memories,

it would be interesting to understand whether as long as we are sufficiently detuned from

any absorption, could we still achieve a strong phase shift for minimal loss under conditions

where Doppler broadening is present?



Chapter 7

Experimental Realisation of

Switchable Cavity

This thesis has so far outlined the necessary background theory and key concepts that

demonstrate that a switchable cavity quantum memory through induced two photon sus-

ceptibility is possible. While a lot of this thesis has been theoretical in nature, this chapter

discusses the early stages of building an experimental platform to test the predictions of the

previous chapter. An experimental platform based upon a two port ring cavity has been

built, where the ring cavity contains an atomic vapour cell. The aim of this ring cavity is

to have the transmission characteristics of the cavity optically varied.

Two possible physical cavity designs could be built to demonstrate switching through

the cavity. The first is a linear cavity (such as a Fabry-Perot cavity) and the second is the

ring cavity. In a linear cavity, a standing wave system is achieved as there are always two

counter-propagating optical fields which interfere with each other, while in a ring cavity the

light propagates in one direction but the direction of this propagation around the ring can
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be chosen. Both of these possible cavity designs are shown in figure 7.1. While the concepts

used in chapter 6 were based upon a ring cavity, the same concepts could be adapted to

show similar results for a linear cavity.

As our switching is mediated by induced two photon effects in warm rubidium vapour,

this is a ‘Kerr-like’ interaction, and thus for a stronger interaction having a larger magnitude

of control field intensity is beneficial. In a cavity there is an enhancement factor on the

intensity of an optical field coupled to the cavity as the the field inside the cavity builds

up over time. This means that it is beneficial to have the control and signal fields both

resonant with the cavity, and this is a key factor which influences our cavity design to be

a ring cavity. This is due to the fact that in a linear cavity, the signal field would counter-

propagate and co propagate with the control field also inside the cavity. This means the two

photon light matter interaction will have to factor in both Doppler motion for both signal

and control fields co-propagating and counter-propagating. This will introduce a statistical

mixture of two interactions where the amount of absorption and phase for one direction has

a correlated absorption and phase for the other direction. While a sharp Doppler cancelling

atomic feature could still be achieved, due to Doppler reinforcing nature of the two photon

absorption mechanism, the Doppler reinforcing nature would always add additional loss to

a linear cavity arrangement. If however, a ring cavity is used, the signal and control can be

assigned to always be counter-propagating with each other. This results in only a Doppler

cancelling arrangement for the induced two photon effect.

7.0.1 Building The Ring Cavity

The signal and control fields were provided by two fibre launch stages where single mode

optical fibre launches the narrowband diode laser light previously used in measurements of

the induced phase shift experiment as detailed in chapter 4. The cavity is comprised of two
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Figure 7.1 The model which was explored in chapter 6 can be translated
into two physical cavity schemes. One which is a ring cavity and the other
is a Fabry-Perot cavity.

90:10 (R:T) plate beamsplitters (these are used as the input and output couplers) and two

dielectric planar mirrors. Both of the dielectrics mirrors are mounted on to a 1D translation

stage allowing for coarse tuning of the cavity length. Finally, one of the dielectric mirrors is

mounted on a piezoelectric transducer to allow fine control over the cavity length.

Gaussian matrix parameters can be used to analyse the variation in the optical beams

as it passes through the optical elements in the cavity. This is an important quantity to

account for as this determines the cavity stability. A stable cavity in terms of the output

mode profile is required, as if the beam is not stable then the beam will grow due to diffraction

and eventually be too large for the optical mirrors to contain the field inside the cavity. The

beam is characterised by the q parameter (q is the complex beam parameter that specifies

the properties of a Gaussian beam at a position z along the axis of the beam), and the use
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of matrix multiplication relates a start beam parameter to a final beam parameter.

q
1


z=z2

=

A B

C D


︸ ︷︷ ︸

M

q
1


z=z1

(7.1)

A brief introduction to Gaussian optics can be found in appendix B.

From our definition of M , we know the propagation of q at the end of the each cavity

round trip, q2, is related to the propagation at the start, q1,

q2 =
Aq1 +B

Cq1 +D
. (7.2)

For a stable cavity we want q2 = q1 = qs. This implies the following quadratic equation for

our cavity,

C +
D −A

qs
− B

q2s
= 0. (7.3)

To find the conditions required for the elements within M , we want to solve for qs.

1

qs
=

(D −A)2 ±
√

(D −A)2 + 4BC

2B
. (7.4)

As all of the ABCDmatrices used to describe the propagation of the beam through individual

optical components are unitary,M must also be unitary. This gives the condition det{M} =

1, for the unitary condition of MM† = I to hold. We can use the fact that (D − A)2 =

(D +A)2 − 4AD to re-write our quadratic solution as,

1

qs
=

(D −A)2 ±
√
(D +A)2 − 4

2B
. (7.5)

From the definition of q, we know it is a complex parameter. Therefore, it is handy to write
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qs as a complex parameter,

1

qs
=

(D −A)2

2B
± i

√
1−

(
D+A

2

)2

B
. (7.6)

Defining cos θ = D+A
2 and using 1 − cos2 θ , it can be re-formatted to an even more

convenient format,

1

qs
=

(D −A)2

2B
± i

sin θ

B
. (7.7)

Due to the range limitations of the sin function, a stable region is defined by that fact

that | cos θ| ≤ 1. The physical reasoning for this is that if the cavity parameters is outside

this range, then the beam size will grow and it will no longer be confined by the optical

components. The stability condition is given explicitly by

− 2 ≥ D +A ≤ 2. (7.8)

The output of the two single mode optical fibres is taken to be an approximate Gaussian

beam i.e. the beam is taken as a Gaussian beam with a beam waist at the end of the fibre.

The initial Gaussian beam parameter q0 can be found from the beam waist, w0 of the optical

beam on output of the fibre using equation 7.9.

f =
Dπw0

4λ
. (7.9)

The single mode fibre used to supply light to the cavity from the laser systems is 780HP

fibre (Thorlabs P3-780AR-2). This fibre has a fixed mode field diameter of D ≈ 5µm and

thus the focal length of the collimating lens f is the key independent parameter to the beam
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waist diameter w0. This particular fibre is chosen due to having angle cut fibre connectors

where one end of the fibre is anti-reflection coated. The two reasons for using this type

of fibre is firstly to reduce cavity effects within the optical fibre, as thermal drift of the

transmission peaks causes fluctuations in the transmission through the fibre. Additionally,

back reflections from the first fibre connector to the diode lasers cause instabilities for the

diode lasers. For our initial cavity design we have no focussing optics. Our initial cavity

design is simple (figure 7.5) comprising flat mirrors and beam splitters and no lenses. The

ABCD matrix for this simple initial cavity is therefore just a homogeneous propagation

matrix describing the difference between the start of the cavity and the end of the cavity

and is given by, 1 Lcav

0 1

 . (7.10)

This gives an optical beam which is exactly on the stability edge as D + A = 2. We

therefore want an optical beam on the output of the fibre which is very well collimated to

minimise divergence around the cavity. The edge of the stability region is one where the field

is assumed to be a planar wavefronts. We can approach this condition for finite beams by

having a large focal length coupling lens. A large focal length will produce a large beam waist

which corresponds to a long Rayleigh range. The instability of the cavity will be reduced if

the Rayleigh range can be made greater than the product of the finesse of the cavity and

the cavity length. Mathematically the diffraction remains small when LcavF < zR. Where

LcavF is the propagation length of the beam in the cavity.

Using a wavelength of λ = 780nm, the focal length of the coupling lens, f = 18.4mm and,

the fibre mode profile value of D ≈ 5µm, equation 7.9 gives us a beam waist of ≈ 1.83mm

for a collimated beam coming out of the fibre stage. In terms of Rayleigh range this is a

Rayleigh range of 13.4m and is acceptable for the geometry of the optical setup and finesse



237

of the cavity chosen. The same coupling optics are used for both the control and signal

launch stages to make mode matching of both fields to the cavity as easy as possible.

By sweeping the cavity length using the piezo actuated mirror, the reflection and trans-

mission of the optical cavity for a static signal and control field frequency can be found. This

is shown in figure 7.2. A sawtooth modulation is applied to the piezoelectric transducer.

Using the function generator function on the Moku:lab a reconfigurable sawtooth signal can

be outputted to modulated a piezoelectric power supply (PiezoMechanik PosiCon-an 150-

1). The power supply modulation voltage needs a signal which is between 0 and 5 volts.

An intermediate amplifier circuit is needed to boost the Moku:lab modulation signal as the

Moku:lab device is FPGA based, the maximum electrical power is limited. By sweeping the

length of the cavity, the cavity can be aligned initially for the signal field to create sharp

resonance features. Once a good cavity alignment is made for the signal, the control field

can be aligned to mode match the pre-existing cavity mode for the signal field but in the

opposite propagation direction. Due to mode-matching of the control field to the cavity,

there is a tendency for higher-order modes to appear in the cavity transmission spectrum.

In order to accommodate a vapour cell of length 75mm, the lengths of the cavity are

as follows, L1 ≈ 75mm and L2 ≈ 110mm. The longer dimension of the cavity is chosen

as the adjustable length of ∼ 110mm. The vapour cell used for these experiments is a

mixed isotope cell, as it has flat end caps which are anti-reflection coated. The flat end caps

also allow for heating of the vapour cell through end cap heaters. The choice of a mixed

rubidium vapour cell was due to the practical availability of anti-reflection coated cells with

flat end windows. The smaller length of the cavity is decided by the optomechanics chosen

to mount the input-output couplers and the dielectric mirrors. The whole length of the

cavity is chosen to be as small as possible, given a stock vapour cell and optomechanical

components, to allow for the largest FSR of the cavity. Two reasons for a small cavity
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Figure 7.2 A modulation frequency is applied in the form of a triangle
wave to the piezo electric transducer. This allows the cavity round trip
length to be swept in time. The signal and control fields are coupled to
the cavity and the detection of the reflection and transmission of the signal
through the cavity is measured as well as the reflection of the control field.
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are that for tuneability, we want the FSR to be large compared to the two-photon residual

Doppler width so that we can have cavity resonances which are ‘off-resonant’ from the two

photon interaction. Equally, for our applications of building a fast switch, we want a small

cavity so that the intra-cavity can respond quickly to any optically induced changes. The

FSR of the ring cavity is given approximately as,

FSR =
c/n

L
=

c

2(L1 + L2)
≈ 0.81GHz. (7.11)

Equally we can approximate the cavity finesse for the two equal reflectivity couplers

as [96]

F =
π
√
R

1−R
≈ 28, (7.12)

where R is reflectivity of one of the couplers. For these calculation, we assume that due to

it being a bulk optical cavity, the index of refraction n ≈ 1 and that losses inside the cavity

are minimal.

Through the relation of FSR to finesse and linewidth, we can calculate the bandwidth

of the cavity. This is given as

F =
FSR

δ
→ δ ≈ 30MHz. (7.13)

For cavity stability a large beam waist is required, however this is not ideal for performing

switching based upon induced two photon dispersion, which is related to the intensity of a

control field. To increase the non-linear interaction inside the cavity, two lenses are placed

inside the cavity to allow for focussing down of the optical beam inside the cavity to increase

the interaction within the cavity. These lenses act as a 1-to-1 telescope, where at the centre

of the telescope a tighter focus is achieved, while still resulting in a large optical beam at
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the start and end of the cavity. The focal length of these lenses are chosen such that the

beam waist inside the cell gives a Rayleigh range close to that of half the length of the cell,

while also fitting within the geometrical constraints of the cavity.

7.0.2 Ring Cavity Containing Atoms

By placing a mixed isotope rubidium vapour cell in the second length of the ring cavity,

and sweeping the laser frequency instead of the cavity length, measurements of the cavity

spectral response can be taken. By scanning the laser frequency for a fixed cavity length,

measurements of the cavity FSR and linewidth can be found by fitting Lorentzian functions

to the transmission through the cavity as a function of signal laser frequency. Figure 7.3

shows the signal cavity transmission as a function of signal frequency. An optical pick-off

of the same laser source is sent to a saturated absorption spectroscopy set up to allow for

a determination of the signal frequency detuning. As the laser is swept across the rubid-

ium mixed isotope hyperfine manifold, the absorption features of the saturated absorption

spectroscopy measurement can be related to known rubidium hyperfine atomic transition

frequencies. Using the saturated absorption frequency transitions, the laser frequency scan

range can be also applied to the cavity transmission spectra and the related Lorentzian

functions are fitted to each of the cavity resonances as a function of signal optical frequency.

The centre frequency of each resonance is plotted (figure 7.4) and a linear fit is made of these

central frequencies. The gradient of this linear fit corresponds to the FSR of the cavity and

this is measured to be 0.79 GHz. From each Lorentzian fit, a corresponding width of the

peak can be calculated. The peak width for each resonance is in the range of between 26

and 36 MHz, which combined with the experimentally measured value of the FSR gives a

Finesse of ∼ 26. This corresponds well to the approximate values calculated in section 7.0.1.

Changes in the height and width of the cavity resonances are seen as the laser frequency
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is swept from a region detuned from the atomic resonances to a region which covers the

rubidium D2 hyperfine manifold. When the laser frequency is in the D2 hyperfine manifold,

there is increased loss inside the optical cavity relating to absorption from the atomic vapour

cell. This increased loss leads to an increase in the width of the resonances and a reduction

in the height. An overall decrease in the peak width can be seen as there is a laser power

dependence with the sawtooth modulation which sweeps the signal laser frequency. This

change in laser power causes the photodetector to detect smaller cavity resonance signals

and therefore in the fitting there is a reduction in the Lorentzian height which corresponds

to an increase in the fitted cavity resonance linewidth.

7.0.3 Non-Linear Cavity Switching

Figure 7.3 has shown how the introduction of an atomic vapour cell to the cavity allows for

the modification of the cavity transmission, however these linear effects are static in time for

a constant optical signal. What is required is to induce a change in the cavity transmission

as the control field is switched on and off.

To see this change in real time, we use an optical chopper (Thorlabs MC2000B-EC) to

modulate the control field power for a fixed period (10ms) of the control field being present

and then not present. The signal field transmission and reflection properties T (ω) and R(ω)

are dependent on the light-matter interaction inside the cavity. What we want to measure

is any change in the transmission of the signal field through the cavity, T (ωs)S(ωs), when

the control is on versus when it is off. The role of the chopper is to switch between these

two regimes on a timescale faster than the cavity drift. The chopping and coupling of the

control field to the optical cavity can be monitored through the reflection of the control field,

R(ωc)C(ωc). The experimental schematic for how this monitoring of the cavity transmission

for the signal and the control can be obtained is given by figure 7.5.
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Figure 7.3 Measurement of cavity linewidth. By scanning the laser fre-
quency over both the cavity and a saturated absorption spectroscopy set
up, a frequency measure of the laser frequency can be related to the cavity
transmission spectra. By fitting Lorentzian peaks to each of the transmis-
sion spectra, a measure of the resonance linewidths can be found. There
is a reduction in the height of the transmission peaks as well as an in-
crease in the peak width as the laser is scanned over a region containing
atomic transitions between the 5S1/2 and 5P3/2 atomic states. An increase
in intracavity loss is introduced as light is absorbed and scattered by the
atoms, resulting in a reduction in cavity transmission and an increase in
cavity linewidth.
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Figure 7.4 By plotting the peak centres in frequency for the cavity trans-
mission peaks a measurement of the FSR of the cavity can be found. It
is found to be 0.79 GHz. Which corresponds to a round trip length of
∼ 38cm.
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As well as modulating the control field in time, the cavity length is swept in time, but the

signal field laser is kept fixed as a function of signal detuning. This rate of the cavity length

sweeping is matched to be half the frequency of the chopper. This allows for the cavity to

sweep over a length greater than one FSR of the cavity. The cavity switching is run in two

regimes; the first is an EIT regime and the second is a phase regime. This involved running

the same cavity configuration for two different values of signal detuning with respect to the

linear region of single photon absorption. The control detuning was then chosen for each

signal detuning to achieve two-photon non-linear effects within the cavity. The on-resonant

EIT switching scheme is shown by figure 7.6 and the off-resonant phase regime is given by

figure 7.7.

In the EIT scheme, when the control is on compared to off, there is an increase in the

transmission of the optical cavity. This is due to a change in the absorption of the signal

when the signal field is resonant with a cavity resonance and a linear signal atomic transition.

When the control field is on, but perfectly on resonant with both single-photon and two-

photon resonances, ∆s = δc = 0, there is a shift of the bare atomic resonance to equally

weighted dressed states of the three level system (figure 3.3). This means that where there

was an original atomic absorption line, there is now a reduction in the absorption. There is

not perfect cancellation of the absorption due to the effects of multilevel systems and Doppler

broadening and therefore only a section of the ∼ 500MHz Doppler broadened resonance is

seen to be transparent. By introducing an optical transparency window, the reduction in

loss within the cavity means an increase in the transmission of the signal field through the

cavity. While working in an EIT regime is not ideal in hot atoms due to the broad absorption

features when the control is on and off, due to the laser detuning being both on resonance

(∆s, δc ≈ 0) the two photon effect is stronger. This means as a preliminary switching

experiment it was a useful exercise to see how optically induced atomic non-linearities can
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Figure 7.5 Experimental overview of the signal (red) and control (blue)
laser fields as they propagate around the cavity. The variables S and C
used here are the intensities of the signal and control fields. The signal and
control fields are introduced and filtered out of the same propagation path
(although they are counter-propagating) through polarisation filtering.

be used for changing the cavity transmission properties.

Alternatively, a change in the transmission can be seen for the off-resonant phase shift

regime. The main signal transmission peak can be seen when the chosen signal detuning

laser frequency is resonant with the cavity for a particular length in the piezo scan sawtooth

signal. However, the presence of the control field shifts the round trip phase condition

inside the optical cavity for a signal field which would originally have been fully reflected

by the cavity. This induced phase shift that the signal field experiences in the presence of

the control field, leads to the appearance of a smaller secondary transmission peak. These

resonances are smaller in magnitude, but appear at the same cavity length as the control

field. This means this effect occurs when the control field is resonant with the cavity.
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Figure 7.6 A time dependent measurement of the transmission spectrum
of the switching cavity as a function of the control field intensity in the EIT
regime. The top panel shows how an optical chopper periodically varies
the control field power in time through a square wave modulation. By
working close to resonance ∆s = δc ≈ 0, the dominant non-linear effect
is EIT which causes the appearance of a transparency window when the
control field is on (green region) compared to when it is off (yellow). This
decrease in signal absorption when the control field is present leads to an
increase in the transmission of the signal field (bottom panel) through the
cavity for when the control field is on (yellow) to when the control field is
off (green).
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Figure 7.7 A time dependent measurement of the transmission spectrum
of the switching cavity as a function of the control field in the off-resonant
regime. The top panel shows how an optical chopper periodically varies
the control field power in time through a square wave modulation. By
working off-resonant, the control field introduces a signal field frequency
dependent phase shift. This changes the optical round trip length for
the signal such that when the control field is switched on, in the bottom
panel there is an additional transmission peak for the signal. The adjacent
transmission peak to the main transmission resonance is the variation in
the transmission spectrum caused by the optically induced non-linearity.
The fact that small transmission peaks occurs at the same time as the
coupling of the control field to the cavity (grey dashed line) shows that
this is an optically induced switching effect.
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7.1 Future Improvements

The current performance of the switching cavity is restricted by a few key limitations. One

of these is mode matching to the cavity, which results in multiple cavity modes being excited.

Another is to do with the stability of the cavity length, currently the cavity is drifting in and

out of resonance with the laser signals, which results in the height of the cavity resonance

peaks not being uniform in time. Finally, the amount of loss inside the cavity and the finesse

of the cavity is to high for the control field. This means that the intensity of the control

field inside the cavity is not maximised, minimising the two photon interaction for a given

control laser output power. I will now discuss current plans and progress to improve the

cavity set up.

7.1.1 Locking of Cavity

It has been possible to demonstrate switching of the signal field through the ring cavity

when the laser cavity has been swept. However, by actively sweeping the cavity length at

a frequency of a few hundred hertz, we have overcome some of the intrinsic instabilities

in the cavity. The origins of these instabilities are due to variations in the optical path

length. One reason for the cavity length fluctuations is thermal effects, primarily from the

necessity to heat the rubidium vapour cell to increase the atomic-interaction strength. The

end cap heaters cause turbulence in the air at the ends of the atomic vapour cell which leads

to changes in the optical path length of the cavity. Another is due to ambient vibrations

causing the optomechanical components to change in position. Both of these effects mean

that for our continuous wave optical fields, the cavity is drifting in and out of resonance

with the fixed laser frequencies over a time frame of a few seconds. This means that it is

very difficult to maintain a two photon resonance which is supported by a cavity mode.

In-order to stabilise the cavity due to thermal effects which arise as a consequence of
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heating the atomic vapour cell, a Pound-Drever-Hall (PDH) locking system, was built.

Pound, Drever and Hall introduced a technique for matching a laser frequency to a Fabry-

Perot cavity in 1983 [108]. As laser light is either reflected or transmitted dependent on

matching the resonant cavity frequency to the laser frequency, any changes in either of these

two elements leads to a change in the transmission.

In order to compensate for any changes in the cavity length an accurate description of

how the cavity is changing with respect to the laser frequency needs to be known. This is

an error-signal and describes how the cavity is changing from a desired set point. If just the

change in the transmission of the cavity is used to create an error signal which is then used

to make changes in the laser frequency or cavity round trip length, there is no information

about which direction the change needs to be made due to the symmetric nature of the

Lorentzian cavity resonances. If the laser is on maximum cavity transmission and you see

a reduction in the cavity transmission, is this because your cavity length has got longer or

shorter with respect to the laser frequency? An additional element is therefore required to

create an antisymmetric error signal which has ‘which-way’ information contained in the

error signal. PDH allows for a ‘which way’ error signal by introducing optical sidebands

either side of the laser fundamental. By extracting the relative amplitude of these sidebands

after transmission through the cavity, you can determine which side of the transmission

maximum your laser signal fits.

In order to calculate an antisymmetric error signal, a fibre-coupled EOM imparts an

optical sideband onto the control field which allows for a lock-in amplifier to obtain an error

signal describing phase and frequency differences between the laser frequency and the cavity

resonance.

The input control field is given as an optical frequency which a phase modulated side
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band,

Ec = E0e
iωct+β sin(Ωt), (7.14)

where Ω is the modulation frequency of the EOM.

From chapter 6, the reflected light of the cavity for the control field is given by an optical

frequency dependent reflectivity function,

R(ω) =

∣∣∣∣∣Er(ω)Ei(ω)

∣∣∣∣∣
2

=
s21 + η21η

2
2s

2
2 − 2s1s2η1η2 cos(ϕ(ω))

1− 2s1s2η1η2 cos(ϕ(ω)) + |s1|2|s2|2|η1|2|η2|2
. (7.15)

Here ϕ is the frequency dependent round-trip phase factor of our cavity. By assuming a

small modulation imparted by the EOM, the carrier frequency term of equation 7.14, can

be Taylor expanded to give an input field of,

Ei = E0e
iωct
[
1 +

β

2
eiΩt − β

2
e−iΩt

]
. (7.16)

A photodetector detects the light which is reflected back off the cavity, where the current

out of the photodetector is proportional the intensity of the reflected cavity light,

i(t) ∝
∣∣∣E0

√
R(ωc)e

iωct+E0

√
R(ωc +Ω)

β

2
ei(ωc+Ω)t−E0

√
R(ωc − Ω)

β

2
ei(ωc−Ω)t

]∣∣∣2. (7.17)
PDH locking works by taking the reflected optical signal and down-mixing it with a

RF signal at the same modulation frequency as the electro-optical modulator frequency,

D(t) = D cos(Ωt + ϕ). A low pass filter is applied after the mixer to restrict the output of

the lock-in amplifier to only low frequency terms after the demodulation so after this point

I neglect any components of i(t) which are oscillating at frequencies greater than Ω.
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D(t)i(t) ∝ I0
D

2
(ei(Ωt+ϕ)+e−i(Ωt+ϕ))×
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R(ωc) +

β2

4

(
R(ωc +Ω) +R(ωc − Ω)

)
+
β

2

(
χ+(ωc,Ω)e
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iΩt
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.

(7.18)

Here I0 = |E0|2 and

χ+(ωc,Ω) =
√
R(ωc)

√
R(ωc +Ω)

∗
e−iΩt −

√
R(ωc)

∗√
R(ωc − Ω), (7.19)

χ−(ωc,Ω) = sqrtR(ω)
√
R(ωc − Ω)

∗
−
√
R(ωc)

∗√
R(ωc +Ω). (7.20)

By noting that,

χ+ = χ∗
− ; Re(χ±) =

1

2

(
χ± + χ∗

±) ; Im(χ±) =
1

2i

(
χ± − χ∗

±), (7.21)

we can re-write the demodulated signal as

D(t)i(t) ∝ I0D cos (Ωt+ ϕ))β
(
Re{χ+(ωc,Ω)} cosΩt+ Im{χ+(ωc,Ω)} sinΩt

)
. (7.22)

Where the trigonometric identities of 2 cos(x) cos(y) = cos(x − y) + cos(x + y) and

2 cos(x) sin(y) = sin(x+ y)− sin(x− y) have been used.

Through the use of low-pass filtering after the mixer, we can extract the χ+ term as these

result in an antisymmetric error signal, as there is a term which is dependent on the upper

sideband reflection function and a term which is dependent on the lower sideband reflection.

Therefore if the cavity and laser frequencies drift off with respect to one another an increase

will be seen in the component from either one of these terms and a corresponding decrease
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from the other one. This gives a final error signal E as

E = I0
D

2
β
(
Re{χ+(ωc,Ω)} cos(ϕ)− Im{χ+(ωc,Ω)} sinϕ

)
(7.23)

As PDH techniques use a lock-in amplifier, it is a form of extracting the relative am-

plitudes of the sidebands with respect to the fundamental. By having the optical sideband

frequencies greater than the cavity linewidth resonance, the sidebands are directly reflected

from the reference cavity input mirror. For the fundamental carrier frequency however,

when the incoming light is matched to a cavity resonance, the light reflected from the cavity

is perfectly in phase with the incoming light as this is the condition for cavity resonance.

The detected beat note between the fundamental and the two sidebands are perfectly out

of phase with each other at resonance. This results in at resonance the two beat notes

cancelling each other out and there being a zero crossing.

If however, the laser and cavity frequencies drift, the reflected carrier frequency is no

longer on perfect cavity resonance and therefore a phase shift is experienced by the funda-

mental with respect to the sidebands. This means there is no longer a perfect cancellation

of the beat notes between the two sidebands and it is antisymmetric as the change in phase

of the fundamental moves towards the lower sideband or the higher sideband and away from

the opposite sideband.

Usually, to extract a phase signal from a lock in amplifier both of the output quadratures

are needed with respect to the demodulation phase but by careful choice of the of the phase

of the local oscillator with respect to the incoming detector signal, χ+ can be extracted from

just one quadrature. This is because we are not requiring the phase relation, we just want

an output signal which can be used as an antisymmetric error signal. A PID controller is

then used to feedback to the cavity piezo mirror to allow for active stabilisation of the cavity
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length.

Practically, cavity locking can be performed using a Moku:Lab Laser Lock Box. A

Moku:Lab Laser lock box drives a fibre coupled EOM (iXblue NIR-MPX800-LN-20) at a

frequency up to 200 MHz. The Moku:Lab output is amplified by a driver (iXblue DR-

AN-20-HO) to provide a stronger RF frequency as the power output of a Moku:Lab is

limited by its FPGA based design. By using the Moku:Lab as both the source of the

EOM phase modulator as the lock box for the cavity, we can use an internally generated

copy of the EOM modulation frequency to do the extraction of the error signal from the

photodetector measuring the reflected control field. In the work described in this chapter,

the piezo modulation for scanning over the cavity length has been output from the second

output of the Moku:Lab. This naturally lends itself to having the laser lock box second

output continue to provide the modulation signal to the piezoelectric mirror to execute the

error signal in terms of a physical action.

While a PDH lock has been built it has been difficult to implement a successful lock

before the completion of my PhD. This is due to difficulty in coupling the control field

well to the cavity, as can be seen from figures 7.6 and 7.7. The main reason for this is

that for filtering techniques. The two optical beams are counter-propagating and the signal

(control) field needs to be separated from the control (signal) so they can be detected

individually. This is not possible with reversible optics when they are in the same optical

mode. Therefore, the control and signal field are in opposite polarisations so they can be

combined and separated through a series of polarising beam splitters. The input-output

couplers for the cavity however are dielectric plate beamsplitters which have a polarisation

dependency. This means that the reflectivity for one polarisation is higher than the other.

The BSX11 plate beam splitter has a reflectivity of 90% for un-polarised light at 780nm,

but for p-polarised light the reflectivity is ∼ 87% while for s-polarised light the reflectivity
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is ∼ 98%. As s polarised light is reflected from polarising beam splitters, and our cavity

set up involves having the control field as the s-polarised field, this means that the control

sees a higher finesse cavity. While this high reflectivity has a benefit in terms of giving nice

sharp cavity resonances and allowing for a high cavity enhancement to the control field,

it does mean that the coupling to the cavity, especially if there are losses, is high. For

critical coupling to the cavity, the amount of loss should be related to the reflectivity of

the two couplers. Alternative separation methods for the signal and control field could be

by frequency, but due to the spectral proximity of the two fields (780nm and 776nm) any

bandpass filters would need to be sufficiently narrowband.

Progress to this point has seen the installation of the EOM components and detection

of a reflected control field beat note on a spectrum analyser but because of the difficulty

in coupling the control field to the cavity, it has not been possible to obtain a strong error

signal to lock the cavity to.

7.1.2 Boosting of the Off-Resonant Two Photon Interaction

Firstly, a mixed isotope cell has been used for this system due to the availability of a vapour

cell which has flat end windows which are anti-reflection coated. While this is beneficial

over wedged windows which distort the beam path making cavity alignment complex for

two counter-propagating optical fields, it does mean that there are a multitude of optical

transition sets. A custom cell which is isotopically pure and has anti-reflection coated flat

windows would allow for a boost in the interaction strength as the number density is no

longer shared over two isotopes by their natural abundance weighting.

The prominent issue currently within the experimental platform is the lack of coupling

of the control field to the cavity. This arises because of two reasons. The first is a difference

in the reflectivity of the signal and control field dependent on the polarisation of the two
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optical fields (as mentioned in the previous section). The second is the amount of loss inside

the cavity. As can be seen from figure 6.2, when there is too much loss inside the cavity

and the input-output coupler reflectivity is too high, the fields remain in the cavity for too

long and therefore experience more total loss as they interact with the loss on many more

roundtrips. This in effect kills the field before it has a chance to leave the cavity and be

transmitted.

A possible solution to overcome this is to change the experimental set up to have the

introduction and filtering of the signal and control fields through optical circulators rather

than polarising beam splitters. This means that the polarisation of the two control fields no

longer needs to be orthogonal and therefore lower reflectivity couplers can be implemented

for the cavity.

While the non-linear switching experimental data has been achieved so far with two

lenses inside the cavity to allow for focussing of the signal and control fields to boost the

interaction within the vapour cell, this a) introduces glass to the cavity and b) still leaves the

cavity on the limit of cavity stability. The ability to remove some of the glass from within

the cavity path will allow for less loss inside the cavity and help improve the performance of

this switch. The removal of one lens inside the cavity means that there will be a new cavity

mode. The change that this single lens has on the Gaussian mode is shown in figure 7.9. By

also having two lenses for both the signal and control field outside the cavity the Gaussian

beam parameters for the signal and control can be varied to have maximum overlap with

the control field. This will also help improve the loss inside the cavity, as these two sets of

external mode matching lenses will give additional control to make sure that both the signal

and control beam parameters after one cavity round trip match the beam parameters of the

two fields impinging on the cavity. If this is not the case there is a loss introduced to the

cavity as the optical beam for the incoming field and the beam at the end of a cavity round
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Figure 7.8 Overview of the proposed improved cavity design. The inclu-
sion of lenses outside the cavity will allow for an improved mode matching
while reducing the amount of glass inside the cell. Secondly, the use of
circulators for filtering the signal and control will allow for the polarisation
mode of the signal and control to be degenerate and therefore improve
coupling of the control field to the cavity.
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trip do not spatially overlap perfectly and there is a reduction in the interference between

the two fields. The two sets of mode matching lenses however will need to be different as due

to the counter-propagating nature of the signal and control optical fields mean the cavity

mode will be diverging at the input for the control field but converging for the signal field.

The lenses required can be found by having the beam waist at the centre of the cell

correspond to a Rayleigh range of half the length of the cell,

wc =

√
Lcellλ

2π
. (7.24)

The radius of curvature at the centre of the cell is infinite as the beam waist is also at the

centre of the cell. This means that

1

qc
= i

λ

πw2
c

. (7.25)

The Gaussian beam parameter for a distance ∆z changes as q2 = q1 +∆z. This means that

the initial cavity beam parameter qs,

qs = qc + L1 +
L2

2
. (7.26)

Equally, we can use the ABCD matrix propagation equations to find the final beam param-

eter for the cavity qf ,

qf
1

 =

1 Ll2

0 1


 1 0

−1/f2 1


1 L1 +

L2

2 + (L2 − Ll2)

0 1


qc

1

 . (7.27)

For simplicity we can set f2 = L1 + L2 with Ll2=L2/2. This is saying that the cavity

inside the lens is exactly on the opposite side of the cavity to the cell centre. We can now

relate the beam parameter at the start to the end of the cavity as,
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 (7.28)

If we analyse the stability of this cavity, we see that

D +A

2
= 0. (7.29)

This means we are in a stable cavity regime with this configuration. The final element

which now needs to be implemented is two mode-matching lenses to match the incoming

beam parameter to that of the cavity beam parameter. This can be achieved with two lenses

to make the output beam from the optical fibre with beam parameter q0, be matched to the

beam parameter of the cavity. By having two lenses it is easier to mode-match to the cavity

as both the focal lengths of the two lenses can be varied as well as the distance between the

two lenses. This means that the incoming beam can have a beam waist again at the centre

of the vapour cell but also have the correct radius of curvature on arrival to the cavity.

An additional final element to add to the cavity would be a wavelength dependent element

which would allow for independent tuning of the optical round trip path for the signal and

the control. Some limited tunability has been achievable with varying the temperature of

the cell as any signal fields close to resonance experience linear dispersion. By heating the

vapour cell, the number density increases, boosting the total susceptibility of the atoms. For

a Doppler broadened linear absorption resonance, this leads to a change in the magnitude of

the associated linear dispersion experienced by the signal field. However, for the end goal of

having far off-resonant interactions for low-loss switching, we want to be far detuned of any

linear absorption therefore having an alternate method of tuning the signal and control field
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Figure 7.9 The cavity mode for the signal and control field based on
counter-propagating optical fields. The lens position inside the cavity re-
quired different lenses for mode matching the signal and control to the
optical cavity.

optical paths inside the cavity would be beneficial. An initial design of this independent

cavity tuning element could be a wavelength dependent phase retarder mounted on a 1D

translation stage. By moving a different amount of the crystal into the optical beam path

for the control round trip phase factor could be tuned while, the signal would experience no

induced phase retardation.

The full cavity design improvements discussed can be seen in figure 7.9.



Chapter 8

Conclusions and Future

Outlooks

Quantum photonics holds much promise for being a key platform for basing a next gener-

ation technology such as quantum computing upon. This is due to the inherent high clock

speed optical signals hold as well as being the only possible room temperature platform.

While much progress has been made since the first days of Knill, Laflamme and Milburn

for linear optical quantum computing, improvements in implementations of components for

multiplexing architectures remains. Switchable cavity quantum memory is a form of quan-

tum memory for local operations allowing for synchronisation in photon state synthesisers

and low latency applications. However, the ability to integrate fast switches for applications

in quantum memory remains a difficult task to achieve.

Chapter two of this thesis has demonstrated how in the long pulse regime, switchable

cavity quantum memory can be achieved through a variable coupler to a storage cavity.

Here the framework for how a variable reflectivity variation from 90% to 100% change in
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reflectivity required to map a signal pulse to a storage cavity, not a full binary shift of 0%

to 100% reflectivity. This reduction in the switching requirements for this form of quantum

memory has meant that new switching systems can be investigated and explored based upon

induced two photon dispersion is rubidium vapour.

Understanding the principle switching mechanism for building a time varying coupler

on optically induced two photon dispersion has been shown in chapters 3 and 4. The key

results here in warm vapour are that if modulation is to occur optically, this leads to a

change in not only the frequency position of induced optical effects but also linewidths

of the dressed state resonances. This linewidth factor in hot atoms leads to a variation

between Gaussian lineshape and Lorentzian lineshapes. Measurements of the induced optical

phase and absorption are measured through counter-propagating Doppler free two photon

absorption measurements and a frequency domain interferometer.

From consideration of the underlying mechanism of induced two photon dispersion, two

proposals for building a switch for long pulse switchable cavity quantum memory is inves-

tigated. The first of these is an induced Bragg grating build upon an interference pattern

spatially modulating the induced dispersion of the warm rubidium atoms. While a frame-

work was developed which showed a cold atom induced mirror can show low loss off-resonant

switching possibilities, the effects of thermal motion of the hot atoms lead to a reduction in

the capability of a hot atoms system.

The second proposal of a cavity containing a cloud of warm rubidium atoms is finally

investigated, both theoretically in chapter 6 but also early stage developments in designing

and building a proof of principle experimental platform are shown in chapter 7. By using

a high finesse cavity, the required phase shift culminating in transmission switching of the

ring cavity by optical modulation of the control field is reduced.

To summarise, the take home messages of what has been found in this thesis can therefore
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be seen up in the following points.

� Using the bad cavity limit, a signal pulse can be mapped to a storage cavity by

dynamically closing the linewidth of the cavity over time using a low loss input-output

coupler where the reflectivity can be changed over time with respect to the shape of

the signal pulse.

� The strong absorption associated with atomic transitions in alkali vapour has a cor-

responding dispersive feature, which due to the dependence of the real part of the

induced susceptibility on signal detuning, allows for an ensemble of atoms to induce

an off-resonant phase shift with low loss.

� Theoretical models of three level systems show that the induced susceptibility expe-

rienced by weak signal fields due to a strong control field can be varied as a function

of control field power and detuning of the control field from an doubly excited atomic

state. This means the frequency dependency and magnitude of the induced absorption

and phase shift can be controlled through the control field.

� Thermal motion of atoms in hot atomic vapour systems leads to Doppler broadening

being the dominant lineshape mechanism. The direction of propagation for the optical

fields in multi-photon atomic systems impacts the lineshape of two photon absorption

as a function of both control field power and detuning from an optical transition.

� For an induced Bragg grating inside an atomic vapour cloud, the reflectivity of the

induced mirror can be increased with a longer length Bragg grating as well as an

increase in the number density. High number densities can be achieved with hot atomic

vapours, but thermal motion of the atoms must then be incorporated to the model.

Our framework for a hot rubidium Bragg reflector based upon the 5S − 5P − 5D

manifold can only be simulated in the regime that δc ≫ Ω. The performance of
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the mirror in this regime is limited due to the variation in the periodic atom-light

susceptibility for the two counter propagating control fields which make up the spatial

varying interference pattern.

� A ring cavity containing an atomic medium can be used to optically vary the transmis-

sion through the cavity. This can then be used to vary the transmission to a second

cavity by inducing an optical phase shift. The trade-off between the amount of induced

dispersion and loss impacts the amount of switching contrast possible.

� Attempts to build a proof of principle switch has been made where a description of

the experiment and early stage results have been presented. The key result shown was

where the optically induced variation in absorption and phase of two photon absorption

in rubidium vapour inside the cavity has caused a change in the transmission spectrum

of the ring cavity.



Appendix A

Classical and Quantum Optics

A.1 Classical Optics

Photonic quantum computing is built on the basis of control and manipulation of quantum

mechanical particles of light, photons. In order to understand how single photons can be

produced and therefore manipulated to perform quantum computations, it is helpful to

clearly define what a photon is. A photon is the minimum amount that light can be.

Light is an electromagnetic wave, and electromagnetic waves are best described by a set of

partial differential equations known as Maxwell’s equations. Electromagnetism is one of the

four fundamental forces and is the division of physics that describes the interaction between

electrically charged particles. The movement of electrical charges is described by the electric

and magnetic fields and the energy associated with these fields propagates through space as

an electromagnetic wave. Through Maxwell’s equations, we can describe the interaction of

electric and magnetic fields with charges and currents and thus, describe the propagation of

electromagnetic waves.
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∇ ·B = 0, (A.1)

∇×E = −∂tB, (A.2)

∇ ·D = ρext, (A.3)

∇×H = Jext + ∂tD. (A.4)

Here H is the magnetic field, D is the electric displacement field. E is the electric field.

Jext is the external current density and ρext is the external charge density. The charges inside

the material are taken in to account through D and H. To include these internal charges two

further quantities known as B is the magnetic flux density and P, the material polarisation

are related to H and D respectively. These have coefficients of vacuum permittivity, ε0, and

vacuum magnetic permeability, µ0.

D = ε0E+P, (A.5)

B = µ0H. (A.6)

To describe the propagation of optical fields, Maxwell’s equations can be combined to

wave equations. A wave equation is a second order partial differential equations which show

how electric and magnetic fields interact with different materials and evolve in time and

space.

∇2E− 1

c2
∂2tE = µ0∂

2
tP. (A.7)

If we take the case where the light is not in a medium and there are no free charges for

the fields to interact with, then we have no material response. We can therefore write for
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both the electric and magnetic fields as their own freely propagation wave equations,

∇2E =
1

c2
∂2tE ; ∇2B =

1

c2
∂2tB. (A.8)

The solutions for these two differential equations are time-dependent electric and mag-

netic fields which propagate at the speed of light, E(r, t) and B(r, t) respectively. Together

these fields combine to describe light as a solution to Maxwell’s equation and this is known

as an optical mode of the electromagnetic field. E(r, t) and B(r, t) are constrained in their

solution that they must be perpendicular to one another and that the third orthogonal

direction is a shared axis of propagation.

Each optical field which satisfies Maxwell’s equations must be defined by its degrees

of freedom. These degrees of freedom are given by vector spaces and each orthonormal

member of these vector spaces are known as modes. These degrees of freedom/modes are

classified into the following categories; 1) polarisation 2) frequency 3) propagation direction

4) transverse spatial profile of the field and 5) spatial-temporal mode i.e. pulse envelope.

The full solutions to Maxwell’s equations are known as optical modes, which are tensor

products of the individual modes associated with the degrees of freedom. A full optical mode

must therefore be described by its polarisation, frequency, propagation direction, transverse

spatial profile and spatial-temporal mode. The concept of modes is incredibly important in

quantum optics as the formal definition of a photon is a single excitation of an optical mode.

The common practice for deriving the mathematical formula of a single photon involves

solving Maxwell’s equations through potentials. Through the Coulomb gauge, the free elec-

tric and magnetic fields are related to the vector potential as,

E(r, t) = −∂tA(r, t), (A.9)
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and,

B(r, t) = ∇×A(r, t). (A.10)

Maxwell’s equations can be now used to form another vector potential but now as an

argument of the vector potential,

∇2A(r, t) =
1

c2
∂2tA(r, t). (A.11)

In order to quantise the electromagnetic field, the classic vector potential A(r, t), needs

to be replaced with its quantum analogue. This quantisation is performed through a quan-

tisation cavity. The cavity is a region of space where a photon will live, and is considered

as a cubic region of space, with sides of length L. Fourier analysis shows that each of the

components of the vector potential can be expressed in terms of a Fourier expansion (in the

spatial dimension) of the modes of the cavity,

A(r, t) =
∑
k

∑
λ=±1

eλkA
λ
k(t)e

ik·r + c.c. (A.12)

λ defines the two polarisation modes which can exist for each cavity mode. k = {kx, ky, kz}

and is given as the components of the wavevector which can be satisfied in the cavity,

ki =
2πni
L

, (A.13)

where i = {i, j, k} and ni is the refractive index of the cavity medium in a given direction.

To be consistant with the vector wave equation A.11, the temporal solution for our modal

factors is taken to be,

Aλk(t) = aλke
−iωkt. (A.14)
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This produces a general solution to the vector potential,

A(r, t) =
∑
k

∑
λ=±1

eλka
λ
ke

−iωkteik·r + c.c. (A.15)

From the definition of the electric and magnetic fields in terms of the vector potentials

(equations A.9 and A.10), we can show that the solution for the electric and magnetic fields

are,

E(r, t) = i
∑
k

∑
λ=±1

ωke
λ
ka
λ
ke

−iωkteik·r + c.c, (A.16)

and,

B(r, t) = i
∑
k

∑
λ=±1

(eλk × k)aλke
−iωkteik·r + c.c. (A.17)

A.2 The Photon

To find the quantum mechanical description of light, we need to take the canonical quanti-

sation of the Hamiltonian of the system. The Hamiltonian of the electromagnetic field over

all space inside the cavity is given by,

H =
1

2

∫
cav

(
ϵ0E

2 +
1

µ0
B2
)
dr. (A.18)

The integral over the cavity for the Hamiltonian of the electromagnetic field represents

the total energy of the electromagnetic field for a volume of size, V .

A more formal quantisation can be found in Gerry and Knight [109]. However, for com-

pleteness of this thesis, I will give an overview of the key components required to define the

quantum fields used in our theoretical models of induced optical effects for multilevel atomic

transitions. First steps is to understand how the electromagnetic Hamiltonian is that of a

simple harmonic oscillator. This is first achieved through a substitution of mode operators
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(and equal substitution for its Hermitian conjugate),

aλk =
1

2ωk

√
ϵ0V

(
ωkx

λ
k + ipλk

)
, (A.19)

Where, it can be shown that through substitution of the fields given be equations A.16

and A.17 and the introduction of the canonical variable xλk, p
λ
k, that the integral can be

reduced to the form of,

H =
1

2

∑
k

∑
λ=±1

[
(pλk)

2 + (ωkx
λ
k)

2
]
. (A.20)

The total Hamiltonian is made up of a sum of simple harmonic oscillator Hamiltonians

for each mode. Through the standard quantisation method for a simple Harmonic oscillator,

we find that the position and momentum variable of each oscillator are replaced with quan-

tum operators, x̂λk and p̂λk. The position and momentum operators satisfy the well-known

quantisation condition,

[x̂λk, p̂
λ′

k′ ] = ih̄δk,k′δλ,λ′ . (A.21)

A reverse substitution can be made to return the quantum harmonic oscillator Hamilto-

nian to that of the more familiar modal operators.

âλk =
1√
2h̄ωk

(ωkx̂
λ
k + ip̂λk), (A.22)

âλ†k =
1√
2h̄ωk

(ωx̂λk − ip̂λk). (A.23)

The operator, âλk, and its Hermitian conjugate, âλ†k , are known as the annihilation and cre-

ation operators. This gives the Hamiltonian in more known form of the quantised Harmonic

oscillator as,

Ĥ =
∑
k

∑
λ=±1

h̄ωk(â
λ†
k â

λ
k +

1

2
). (A.24)
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In going from the canonical operators to the modal operators, the operators must now

satisfy the commutators relations of,

[âλk, â
λ
k] = [âλ†k , â

λ†
k ] = 0 , [âλk, â

λ†
k ] = 1. (A.25)

In quantum optics, the optical modes are given by the quantum equivalent to the complex

electric field amplitudes, known as field operators, âλk. In the description of a quantum

harmonic oscillator, a single excitation of the field is a photon. These operators characterise

the number of photons occupying an optical mode by increasing and decreasing the energy

quanta by one.

a†k|n⟩k =
√
n+ 1|n+ 1⟩k ; ak|n⟩k =

√
n|n− 1⟩k. (A.26)

In the quantisation of the simple harmonic oscillator, there is a factor of a half. This

relates to the energy of the vacuum state, which is the zero photon state,

aλk|0λk⟩ = 0. (A.27)

In quantum optics, the eigenstates of the quantum harmonic oscillator are called Fock

states. A n Fock state contains n photons.

Ĥλ
k |ψλnk⟩ = Eλnk|ψλnk⟩, (A.28)

where,

Enk = h̄ωk(nk +
1

2
). (A.29)
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Any Fock state can be written in terms of the vacuum state and the creation operators,

|n⟩k =
1√
n!

(
a†k
)n|0⟩. (A.30)

If we want to examine the interaction of quantum optical states with different mediums,

we need to describe light as an electric field. This is due to the interactions of light with

matter being through the electric field interacting with atomic dipole moments. Due to

weak dependence of light on the magnetic field, and the materials used in this thesis having

negligible magnetic properties, it is acceptable to treat from this point onwards light as an

electric field,

Ê(r, t) = i
∑
k

∑
λ=±1

√
h̄ωk

2ϵ0V
eλka

λ
ke

−iωkteik·r + h.c. (A.31)

The factor of g0 comes from solving Maxwell’s equations for the boundary conditions of

the cavity and is known as the mode amplitude,

g0 =

√
h̄ωk

2ϵ0V
. (A.32)

A.3 Multi-mode form

The linearity of Maxwell’s solutions show that any linear superposition of plane wave solu-

tions is also an allowed solution,

E(r, t) =
∑
λ

∫
Ek,λeλ,ke

i(k·r−ωt)d3k+ c.c. (A.33)

The multimode solution has key advantages as no real system has ideal plane wave de-

scription. There is always some form of temporal or spatial dependence which requires
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multiple optical modes. However, in order to calculate a description of a multi-mode quan-

tum field, the number of modes per unit volume is required. For a quantum state, the states

are quantised and in k-space, this quantisation means that the allowed states are spaced

by π/Lx,y,z in each dimension. The reciprocal of this value gives therefore the number of

modes per unit volume V/π3, here V gives the k-space volume taken up by each mode

V = π3/(LxLyLz).

While plane waves have been useful in the understanding a quantum optical framework,

they have a key limitation in describing practical situations. This is that they are infinite

in their spatial definition. Any real life fields will not have this benefit and therefore,

describing fields which are more realistic to optical fields used in the laboratory. A paraxial

approximation can be applied to the electric field solutions due to the fact that the fields

are not propagating expansively over all directions in space. The light fields are taken to be

propagating along a narrow path in a laser beam-like geometry. The beam axis is chosen

only to be propagating in the z-axis,

Ek,λe
i(k·r−ωt) → Ek,λU(r, t)ei(kz−ωt). (A.34)

The paraxial approximation is applied to neglect second-order variations in the direction

of propagation z. The spatial extent of the electric field mode is described in terms of a

transverse spatial profile, T (ρ), which is a function of the transverse position vector ρ =

xx+ yy .

E(r, t) =
∑
λ

∫
Ek,λT (ρ)eλ,ke

i(kz−ωt)dk + c.c. (A.35)

Our multimode solution will ideally be a continuous solution, as in practical situations,

the quantisation cavity is not distinguishable, instead an optical state flows from source

through to detector. This leads to a description of a photon as a continuous-mode. For
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a given wavevector k, a change in k-space from k to a further distance k + dk where the

thickness of the step has length dk. The number of modes, can be found by taking the

change in k-space distance and multiplying it with the k-space density, which is given by

the reciprocal of the quantised mode space, 2π/L.

If we take in to account that we will only be counting in one direction for the number of

states, there is a degeneracy factor of 2 to be included. Furthermore each mode of k-space

can hold two polarisation modes, λ. Therefore, the density of modes for 1D is given by,

g(k)dk =
L

2π
· 2 · 1

2
dk. (A.36)

While wavevectors have a logical place in the quantisation of modes, angular frequencies

are more beneficial in practical uses due to the relationship between temporal and frequency

modes. The angular frequency of a mode is related to its wavevector by ω = c|k|. This

means the number of modes can be given in terms of frequency,

g(k)dk =
L

2π
dk → g(ω)dω =

L

2πc
dω. (A.37)

As the modes have been expressed in terms of mode densities for a mode having a

frequency between ω → ω + dω. The mode summation can be changes from,

∑
k

∑
λ=±1

→
∫ ∞

0

dω
L

2πc
. (A.38)

However, as we change the description of the modes from a discrete description to a

continuous description, the commutator relation describing the modes also needs to change
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to a continuous format,

[âk, â
†
k] = δk,k′ → [â(ω,ρ), â†(ω,ρ′)] = δ(ω − ω′)δ(ρ− ρ′). (A.39)

Where the Dirac Delta function for a ‘dummy’ variable, a, is given by,

∫ ∞

−∞
δ(a− a0)da = 1. (A.40)

To maintain this commutation relation when converting from the discrete mode picture

to the continuous mode picture, the following transform of the mode operators are required,

âk →
√

2πc

L
â(ω,ρ) (A.41)

In applying all the recently discussed transforms from this section, a few technical com-

ponents have been added to turn the electric field of a single mode to that of a multimode

one.

Ê(r, t) = ieλ

∫ ∞

0

√
h̄ω

4πcϵ0A
â(ω,ρ)e−iω(t−

z
c )dω + h.c. (A.42)

If we assume that the signal photon is very well collimated i.e. it’s propagation constant

is only in the z direction. The optical field however has a transverse mode area given by AT .

For the quantum states used in this thesis, we make the assumption that the bandwidth of

these states is much smaller, than the central frequency. We can therefore, write the signal

field in a slowly varying envelope picture as,

Es(t, z,ρ) = A(t, z,ρ)e−i(ωst−ksz) + h.c, (A.43)
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Where, we define a slowly-varying time-domain annihilation operator A(t, z,ρ). This opera-

tor is assumed to be tightly peaked around a centre frequency ωs which retains the property

of the photon annihilation operator through its definition of

A(t, z,ρ) =
iesgs√
2π

ei(ωst−ksz)
∫
a(ω,ρ)e−iω(t−

z
c )dω. (A.44)

By making our narrowband approximation, we are saying that the amplitude of the signal

field is approximately flat across the frequency spectrum of the pulse, and is captured by a

density of states function which is only a function of the carrier frequency,

gs =

√
2πh̄ωs

4πϵ0AT c
. (A.45)



Appendix B

Gaussian Optics and Cavity

Modes

B.1 Classical Optics

In the theoretical sections of this thesis, mostly all fields are assumed to be plane wave in

nature. However, plane waves are not an accurate real life approximation to the optical

fields in the lab. A spatial component of the field needs to be applied due to the light

sources used in real life. Using notation from appendix A, an optical field can be expressed

as a superposition of monochromatic waves which have a spatial dependence through a

modulation function, U(r, t).

E(r, t) = Ek,λU(r, t)eiωt. (B.1)

In order to calculate U(r, t), this electric field solution B.1 needs to be fed in to the wave

equation to understand the real life optical fields for the experimental situations used in this
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thesis. This appendix will discuss now the background of the key experimental fields used

for the experiments in this thesis. These are Hermite-Gaussian beams for free-space laser

fields and cavity modes but also for a brief explanation of fibre modes as the output of single

mode fibre is used as a source of light.

∇2E(r, t)− 1

c2
∂2tE(r, t) = µ0∂

2
tP(r, t) (B.2)

B.1.1 Gaussian Optics

A Gaussian beam has a beam profile which varies radially as a Gaussian function. Gaussian

beams have many uses in modelling and understanding experimental optical beams due to

many laser outputs are Gaussian like in nature. For a free space field, there is no material

interaction, meaning the right hand side of equation B.2 is 0. Substituting equation B.1 into

this reduced free space wave equation results in the Helmholtz equation,

[
∇2 + k2

]
U(r) = 0. (B.3)

We work under the paraxial approximation, this is to say that the starting point is a

plane wave, Ae−ikz, and there is a modulation of the complex envelope, A, to produce a

slowly varying position function.

U(r) = A(r)e−ikz. (B.4)

Upon substitution of equation B.4 to the wave equation, an equation for how the spatial

component of the field propagates can be found. The Paraxial Helmoltz equation states that

A(r) varies slowly with respect to z. This means that the second order derivative for A(r)
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with respect to z can be taken as small with respect to the magnitude of A(r).

∂2zA(r) ≪ k2A(r). (B.5)

The Helmholtz equation reduces down to the paraxial Helmholtz equation,

∇2
⊥A− i2k∂zA = 0. (B.6)

Here ∇2
⊥ is the transverse Laplacian and k = 2π/λ. A solution to the paraxial Helmoltz

equation is the Gaussian beam. This can be given with the ansatz

A(r) =
A1

q(z)
e−ik

ρ2

2q(z) ; z + izr, ρ =
√
x2 + y2. (B.7)

The Gaussian beam is quantified by the q parameter which is related to the propagation

variable, z, and a parameter z0 known as the Rayleigh range zr. The Rayleigh range de-

scribes the divergence of the optical beam from its narrowest to a set value. The larger the

Rayleigh range, the less divergence of the optical beam. The Gaussian beam has curved

wavefronts and to describe these wavefronts, it is convenient to separate the real and imag-

inary components of the q parameter. This leads to the introduction of two new function,

R(z) and w(z),

1

q(z)
=

1

R(z)
− i

λ

πw2(z)
. (B.8)

w(z) is a measure of the beam width and R(z) describes the radius of curvature of the

wavefront.

Substituting this back into the form of U(r), a full form for a Gaussian beam can be
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found

U(r) =
A1

iz0

w0

w(z)
e
− ρ2

w2(z) e−i(kz+k
ρ2

2R(z)
−ζ(z)). (B.9)

Where

w(z)2 = w2
0

[
1 +

(
λz

πw2
0

)2]
; w0 =

√
λzr
π
, (B.10)

and,

R(z) = z

[
1 +

(
πw2

0

λz

)2
]
. (B.11)

There is an additional phase factor related to the wavefronts, this is known as the Guoy

phase,

ζ = tan−1

(
λz

πw2
0

)
. (B.12)

To explain how these key parameters, w(z),R(z) and ζ relate to physical parameters, I will

know explain how the intensity of a Gaussian beam varies with propagation, where the

intensity of a Gaussian beam is given as I(r) = |U(r)|2. This is naturally a function of the

axial and radial positions, z and ρ respectively. At any z position, the intensity of the beam

is always a Gaussian, hence the name. The Gaussian is centred around ρ = 0 and has its

highest magnitude at z = 0 and as the beam propagates the Gaussian linewidth increases

and so the intensity spreads out transverse spatially. Half of the maximum intensity occurs

at z = ±zr, and this is what defines the Rayleigh range.

As the beam propagates, it widens and the dependence on the beam width with distance

is denoted by equation B.10. The minimum beam waist is at the plane z = 0 and is denoted

by w0. Since, the beam has a minimum waist at z = 0, this is where the best focus is

possible. As the beam then propagates out of the beam focus the axial distance at which

the beam waist is
√
2w0 is known as the confocal parameter and is twice the Rayleigh range.
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This is how the Rayleigh range is related to the minimum beam waist.

For a Gaussian beam, the wavefront is no longer perfectly perpendicular to the direction

of propagation as with a plane wave. This wavefront bending is denoted by the radius of

curvature R(z). Finally, there is an additional phase factor of a Gaussian beam, known

as the Guoy phase, ζ as it arises from the Guoy effect. The Gouy phase and the radius

of curvature describe how there are surfaces of constant phase for a Gaussian beam, but

include a factor of phase retardation compared to that of a plane wave for each wavefront

as a function of axial and radial position.

B.1.2 Fibre Optic Modes

The output of single mode fibre (SMF) is approximately a Gaussian beam. SMF is designed

such that they only support the LP01 transverse spatial mode. LP stands for linearly

polarised modes and have indexes LPlm. l denotes the azimuthal index, while m describes

the radial properties. A useful property of single mode fibres is that the transverse mode

profile on output is independent of the spatial properties of the input light. This means they

are a very effective mode filter, where the coupling conditions of the free space mode to the

fibre only effect the efficiency. Due to the design of semiconductor diode lasers, the output

beam profile can be highly elliptical and this is not ideal for in coupling to optical cavity

modes and therefore it is beneficial for our experiments to have our mode profile ‘cleaned

up’ by propagating along a length of SMF.

In order to calculate the optical modes of a fibre, again the Helmholtz equation needs to

be solved, however a modification arises due to the addition of a material dielectric.

∇2U(r) + n2(r)k20U(r) = 0. (B.13)
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Due to the cylindrical nature of optical fibres i.e. they are central core of inner radius a

surrounded by a cladding region of outer radius b, it is convenient to transform the Helmholtz

equation to a cylindrical system,

∂2U(r, ϕ, z)

∂r2
+

1

r

∂U(r, ϕ, z)

∂r
+

1

r2
∂2U(r, ϕ, z)

∂ϕ2
+
∂2U(r, ϕ, z)

∂z2
+ n2k20U(r, ϕ, z) = 0. (B.14)

The fibres used in the experiments for this thesis are known as step-index fibre. This

means that there is a sharp change between the refractive index of the core (n = n1) to the

cladding (n = n2) and there is no angular dependence in the refractive index. The full mode

profile of a fibre mode can be found by solving equation B.13 using an ansatz U(r, ϕ, z)

comprised of a angular part F (ϕ) and a radial component R(r). The guided modes are

travelling in the z direction with a propagation constant β.

U(r, ϕ, z) = R(r)F (ϕ)e−iβz. (B.15)

The angular equation leads to harmonic solutions, as for F (ϕ) equation B.13 reduces down

to the well studied simple harmonic motion equation.

F (ϕ) = eilϕ. (B.16)

While an ordinary differential equation needs to be solved for the radial profile R(r),

∂2R

∂r2
+

1

r2
∂R

∂r
+ (n2(r)k20 − β2 − l2

r2
)R = 0. (B.17)

Modes inside the fibre are clearly seperated by the geometrically distinct regions within
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a fibre. A wave is guided within step index fibres if ,

n2k0 < β < n1k0. (B.18)

We can define two differential equations for the core and cladding regions,

r < a(core) ;
∂2R

∂r2
+

1

r

∂R

∂r
+ (k2T − l2

r2
)R = 0, (B.19)

and,

r > a(cladding) ;
∂2R

∂r2
+

1

r

∂R

∂r
+ (γ2 +

l2

r2
)R = 0. (B.20)

Two new quantities can be defined based upon the wave being in the core or and the

cladding,

k2T = n21k
2
0 − β2, (B.21)

and,

γ2 = β2 − n22k
2
0. (B.22)

The parameters kT and γ describe the magnitude of the core oscillations and cladding

decay. A greater value of kT says that there are more oscillations of the radial mode inside

the core. While a greater value of γ means the radial distribution decays quicker inside the

cladding and thus the wave penetrates less in to the cladding.

The sum of the k2T and γ2 gives a parameter known as the NA of the fibre.

k2T + γ2 = (n21 − n22)k
2
0 = (NA)2k20 (B.23)

For a particular refractive index profile, the NA of the fibre is fixed. This means that as k2T

increases, γ must decrease.
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Equations B.19 and B.20 have known bounded solutions given by a family of Bessel

function,

R(r) ∝


Jl(kT r) ; r < a (core),

Kl(kT r) ; r > a (cladding).

(B.24)

As we are only interested in the fundamental mode of the fibre, we are interested in the

shape of the function LP01 mode. The LP01 mode has an intensity inside the core which

varies with J0(kT r) and with K0(kT r) in the cladding. It turns out that this intensity

profile, closely fits a Gaussian function with a width d0. Therefore, the output of a single

mode fibre can be seen as a Gaussian beam where the beam waist is that of the mode-field

radius, d0.

B.2 Cavity Modes

In building a certain cavity design, there are transverse modes of that cavity. They arise

due to the physical width of the cavity, meaning that multiple beam paths around the cavity

exist. Predominantly these are diagonal modes inside the laser cavity which influence the

distribution of optical intensity around the cavity. These modes fit within a full mode family,

which is that of Hermite-Gaussian modes. These are defined by an order (l,m).

Ul,m(x, y, z) = Al,m

[ w0

w(z)

]
Gl

[√2x

w(z)

]
Gm

[√2y

w(z)

]
e−i(kz+k

x2+y2

2R(z)
−(l+m+1)ζ(z)) (B.25)

Where

Gl(u) = Hl(u)e
−u2

2 (B.26)
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is the Hermite-Gaussian function of order l. The constant Al,m describes the amplitude of

the mode. Here U00 is a simple Gaussian.

The phase of a Hermite-Gaussian beam is dependent on the mode indices as the phase

is given by

ϕ(ρ, z) = kz + k
x2 + y2

2R(z)
− (l +m+ 1)ζ(z) (B.27)

This phase acquired as the optical field travels the cavity round trip of length L is required

to be an integer multiple of 2π and therefore, we see that for true interference the round

trip phase must be

2kd− 2∆ζ = 2πj ; j = 0,±1,±2 (B.28)

∆ζ is the change in the Gouy phase of a mode between the start and end of the optical

cavity

∆ζ = ζ(z = L)− ζ(z = 0) (B.29)



Appendix C

Rubidium Data

C.1 Rubidium Spectroscopy

The alkali vapour used to experimentally investigate the use of induced two photon dispersion

is rubidium (Rb). Rubidium has two key transitions which make it appealing for multi-

photon transitions, this is the 5S − 5P − 5D electron transition system. The wavelengths

of these two transitions are close in wavelength meaning that Doppler broadening is limited

when the two fields are counter-propagating with one another.

While these transitions have very appealing properties, there is complexity associated

with the true energy level structure of rubidium due to its high atomic number. For theoreti-

cal modelling of three level systems, using just the basic structure gives a good understanding

of theoretical principles but in real life, an understanding of experimental spectroscopy of

the atoms is crucial. This means full spectroscopic notation must be used to describe the

electronic configuration of rubidium.

The gross structure of an atom is described by the principal quantum number, n. This

approximately describes the energy and thus the size of the electron shell. Each electron
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shell can be further described the orbital quantum number, L. This leads to the appearance

of sub-shells. If n described the size of an electron shell, then L describes its shape. Orbital

quantum numbers can range in the integer values of 0 ≤ L ≤ n− 1, for a given n.

For each orbital angular quantum number, L, there can be 2L + 1 sub-shell orbitals

within each shell. Each subshell orbital can hold two electrons, meaning an electron orbital

shell can contain 2(2L+ 1) electrons. This means that for rubidium, the electronic ground

state is,

1s22s22p63s23p63d104s24p65s1. (C.1)

The superscript numbers add up to rubidium atomic number 37. Rubidium is described as

‘hydrogen-like’, due to its single valence electron in the outer shell.

While n and L describe the gross structure of rubidium spectra, there is additional struc-

ture of the atomic energy levels from electron coupling mechanisms. These are manifested

in terms of fine structure, and hyperfine structure.

C.1.1 Fine Structure

Fine structure originates from the spin-orbit coupling of the orbital angular moment L of

the electron and the spin angular momentum of the electron. Fine structure results in

a quantity known as, J , the total angular momentum, and its values run in the range

|L − S| ≤ J ≤ L + S. For the ground state, this coupling only results in one fine state.

5S1/2. However, for our first excited state, fine structure leads to what is known as the two

D lines, (D1 : 5P1/2, D2 : 5P3/2). We are interested in the D2 line which has a transition at

780nm.

Equally we can repeat this process for the doubly excited orbital state, for which there

are two 5D states. These are the 5D3/2 and the 5D5/2, these transitions occur at 776nm.
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State L S J

5S 0 1/2 1/2

5P 1 1/2 1/2,3/2

5D 2 1/2 3/2, 5/2

Table C.1 A table outlining the fine components of the rubidium mani-
fold

C.1.2 Hyperfine Structure

As well as fine structure, the coupling between the total angular momentum, J , and the

nuclear angular momentum, I, leads to hyperfine structure, denoted by F . F runs between

|J − I| ≤ F ≤ J + I. Natural rubidium has two common isotopes. These are Rb85 and

Rb87 and their natural abundances are 72.17% and 27.83% respectively. The two different

isotopes have different nuclear angular momentum values, Rb85 has I = 5/2 and Rb87 has

I = 3/2. This leads to a characteristic splitting in the single photon transition due to an

isotope dependent hyperfine splitting of the ground state.

State J I F

Rb87: 5S1/2 1/2 3/2 1,2

Rb85: 5S1/2 1/2 5/2 2,3

Rb87: 5P3/2 3/2 3/2 0,1,2,3

Rb85: 5P3/2 3/2 5/2 1,2,3,4

Rb87: 5D5/2 5/2 3/2 1,2,3,4

Rb85: 5D5/2 5/2 5/2 0,1,2,3,4,5

Table C.2 A table outlining the hyperfine components of the rubidium
manifold for both of the naturally occurring isotopes
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Within each hyperfine level, there exists Zeeman sublevels. For a hyperfine state of F ,

there exists 2F + 1 Zeeman substates, which are quantised by magnetic quantum numbers

mF = −F,−F +1, ..., F − 1, F . This gives each full hyperfine state the notation of |F,mF ⟩.

In the absence of an external magnetic field these mF levels are degenerate in energy.

C.1.3 Relative Line strengths

The dipole matrix element defines the strength of the interaction between the optical fields

and the atomic transitions. With the inclusion of additional structure to a theoretical three

level system, the dipole matrix elements need to be weighted with respect to the atomic

quantum numbers, F, I, J, L, S and mF . mF is the secondary angular momentum quantum

number and describes the projection of the angular momentum dependence of the dipole

elements with respect to a chosen axis. For this thesis, this axis is chosen to be that of the

polarisation of the signal field.

djk = ⟨j|d|k⟩ → ⟨Fg,mFg|d|Fe,mFe⟩ (C.2)

Using Wigner coefficients, the full description for the new dipole matrix elements can be

reduced down to a reduced factor to describe the modified dipole matrix element strength

of the interaction for a particular transition Fg → Fe in terms of the total dipole moment

for the two states [110]

There is an angular dependence on the matrix elements due to the spherical nature of

the atomic states. Using Wigner-Eckart theorem the dipole states can be reduced to

⟨Fg,mFg|d|Fe,mFe⟩ = ⟨Fg||d||Fe⟩⟨Fg,mFg||Fe,mFeq⟩, (C.3)

where q is an index for d in the spherical basis.
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⟨Fg,mFg||Fe,mFeq⟩ =
(
− 1
)F ′−1+mF

√
2F + 1

 F ′ 1 F

mF ′ q −mF

 (C.4)

While the other part can be broken down using a Wigner 6-j symbol.

⟨Fg|d|Fe⟩ = ⟨J |d|J ′⟩
(
− 1
)F ′+J+I+1√

(2F ′ + 1)(2J + 1)


J J ′ 1

F ′ F I

 (C.5)

Therefore, combining both of these components we find the strength of the interaction

in terms of the value ⟨J ||d||J ′⟩

⟨Fg,mFg|d|Fe,mFe⟩ =
(
− 1
)2F ′+J+I+mF

√
(2F + 1)(2F ′ + 1)(2J + 1)

×


J J ′ 1

F ′ F I


 F ′ 1 F

mF ′ q −mF

 (C.6)

The Wigner 3-j symbol is only non-zero when mF = mF ′ + q. The notion of a q factor can

be quite confusing, but the technical definition is that q is the index for the components of

the electric field vector in a spherical tensor basis. This is to say,

Eq=0 = Ez (C.7)

Eq=1 = Ex + iEy (C.8)

Eq=−1 = Ex − iEy (C.9)
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The Wigner 3-j symbol is therefore a mathematical way of saying that σ+ polarized light

couples mF → mF ′ = mF +1, π polarized light couples mF → mFprime = mF and σ− light

couples mF → mF ′ = mF + 1. Therefore σ+ polarized light corresponds to when q = −1,

σ− light corresponds to q = +1 and π polarized light is when q = 0.

Finally, a normalisation condition is applied to the fine structure.

∑
q,F

|⟨F,mF = mF ′ + q||d||F ′mF ′⟩|3 (C.10)

C.1.4 Selection Rules

Multiple selections rules need to be applied as the laws of physics require certain conservation

rules to be implemented to restrict the number of allowed optical transitions. The selection

rules which apply to our multilevel system are given below,

∆L = ±1 (C.11)

∆J = 0,±1 (J = 0 ̸→ J ′ = 0) (C.12)

∆F = 0,±1 (C.13)

∆mF = 0± 1 (C.14)
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C.1.5 Full Two Photon Hyperfine Atomic Manifold

Figure C.1 The full three level system including hyperfine energy levels.
The true energy level states of |F,mf ⟩,|F ′,mf ′⟩,|F ′′,mf ′′⟩ is ignored due
to no noticeable magnetic field being taken in our experiments leading to
the magnetic states being degenerate.
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Figure C.2 The full manifold for the rubidium 87 isotope. This includes
a description of the degenerate angular momentum quantum states. By
having a linear polarised signal field (example transition given in red), the
dipole moment only couples from mF = mF ′ . However, as the control
is orthogonally polarised there is a linear sum of circularly polarised light
(blue and green transitions). This gives the condition that the doubly
excited quantum state must have mF ′′ = mF ± 1.
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Single Photon Atomic Transitions

Transition Isotope

F F ′ Frequency (THz):Rb87 Frequency (THz):Rb85

1 0 384.2343759758318 0

1 1 384.2344481978318 0

1 2 384.2347509609318 0

2 1 384.2276135152209 384.2320640089228

2 2 384.22777045572093 384.2320933819228

2 3 384.2280371078209 384.2321567819228

3 2 0 384.2290576494837

3 3 0 384.2291210494837

3 4 0 384.2292416894837

Table C.3 The possible excitation routes for the signal field to couple
to the |F,mf ⟩ → |F ′,mf ′⟩ transition. The ground state is the 5S1/2 state
and the intermediate state is the 5P3/2 state.
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Two Photon Atomic Transition Frequencies

5S1/2F 5D5/2F” Transition Frequency (THz)

1 1 770.5760351338

1 2 770.5760192004

1 3 770.5759962444

2 1 770.5692004504

2 2 770.5691845104

2 3 770.5691615556

2 4 770.5691327326

Table C.4 The possible routes for doubly exciting Rubidium atoms
which are thermally distributed in the ground state 5S1/2. Here the selec-
tion rule of ∆F = 0,±1 is applied.

C.1.6 Number Density

An atomic vapour is primarily a gas phase but being a vapour specifically means that there

co-exists either two phases, a liquid and gas phase or a solid and gas phase. The solid/liquid

is accompanied by a cloud of atoms known as a vapour. The pressure the two phases of

matter apply on one-another is known as the vapour pressure. A change in temperature

of the two phases causes a change in the vapour pressure, and with it an increase of the

density of the vapour. This increase in number density allows for strong optical depths as

the electric-dipole interaction which governs the light-matter interaction is dependent on the

number of dipoles per unit volume. The melting point for rubidium is 39.3◦C. This gives

two equations for the vapour pressure depending on the state of the system,

log10 P
solid
v = 2.881 + 4.857− 4215

T
, (C.15)
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Figure C.3 Exponential increase in the number density with tempera-
ture for warm atomic vapours. The melting point of 39.3◦C is denoted by
a dashed grey line.

and,

log10 P
liquid
v = 2.881 + 4.312− 4040

T
. (C.16)

From the ideal gas law, an approximation for the number density, nd, can be found.

nd =
133.3224Pv

kBT
(C.17)

C.2 Key values for theoretical modelling

In all of the theoretical models in this thesis, we have assumed a three level ladder system to

describe the interactions. We ignore multilevel effects and just treat the three level system
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as that of an atom with gross structure. If we now introduce some atomic properties we can

simulate the induced dispersion from an off-resonant interaction between our two optical

fields and a cloud of rubidium vapour. Our signal field is coupled to the |1⟩ → |2⟩ transition

in the ladder system. This is the 5S1/2 → 5P3/2 transition in the rubidium energy level.

The control field is coupled to the |2⟩ → |3⟩ transition in the ladder system. This is the

5P3/2 → 5D5/2 transition. The key parameters to describe the atom interaction are given

in table C.5.
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Isotope Rb 85 Rb 87

Abundancy 72.17% 27.83%

Mass 1.409993199×10−25 kg 1.44316060×10−25 kg

Transition frequency, ω21 2 π· 384.230406373 THz 2 π· 384.2304844685 THz

Wavelength vacuum, λ21 780.241368271 nm 780.241209686 nm

Wavelength air, λ21:Air 780.033489 nm 780.03200nm

State Lifetime, τ2 26.2348 ns 26.244 ns

Decay rate, Γ2 38.117 MHz 38.116 MHz

Dipole moment, d12 3.58425×10−29 Cm 3.584×10−29 Cm

Transition frequency, ω32 N/A 2 π· 384.2304844685 THz

Wavelength vacuum, λ32 N/A 775.978 nm

Wavelength air, λ32:Air N/A 775.7651 nm

State Lifetime, τ3 N/A 238.5 ns

Decay rate, γ3 N/A 4.193 MHz

Dipole moment, d23 N/A 8.402047×10−30 Cm

Table C.5 Table containing all of the relevant information for the signal
and control field transition. The signal field transition |2⟩ → |3⟩ is taken to
be the transition from the 5S1/2 → 5P3/2 state. The control field transition
|2⟩ → |3⟩ transition is taken to be the 5P3/2 → 5D5/2 transition.
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Experimental Overview
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Figure D.1 A schematic of the experimental overview for both the fre-
quency domain interferometry experiment to measure the induced phase
shift and the ring cavity set up to analyse the variation in the reflec-
tion/transmission of an optical cavity based on induced two photon dis-
persion
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