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Future gas turbine engines require improved understanding of the heat transfer between

compressor discs and air in compressor cavities under transient operating conditions. Cal-

culation of transient heat fluxes from temperature measurements on compressor discs is a

typical ill-posed inverse problem where small uncertainties of measurements can lead to

large uncertainties of the calculated fluxes. This paper develops a Bayesian model for the

heat flux to reduce the adverse nature of the problem by using a Gaussian prior distribution

with Matérn covariance. To efficiently find the maximum a posterior (MAP), a neural net-

work was used to solve the heat equation for compressor discs for any choice of parameters,

allowing fast evaluation of the solution to the forward model for any heat flux of interest.

The power of the Bayesian model is first demonstrated using numerically-simulated data.

Subsequently, the model is used to calculate heat fluxes from measurements of transient

temperature collected from the Compressor Cavity Rig at the University of Bath. During

these transient tests, the periphery of the rotating compressor disc was initially heated to

a steady-state condition and then cooled rapidly by the ambient air. The fluxes for four

transient cycles were calculated, with the operating range of 7.0×105 < Reφ < 2.8×106,

0.0 < β∆T < 0.15 and 0.13 < χ , where Reφ ,β∆T and χ are the rotational Reynolds num-

ber, the buoyancy parameter and the compressibility parameter, respectively. The results

show that, for all four cases, the flow and the heat transfer in the closed cavity were initially

dominated by buoyancy effects, with heat transferred from the disc to the cavity air in the

outer region and reversed in the inner region. The initial heat fluxes at Reφ = 2.1× 106

were higher than those at Reφ = 2.8× 106 owing to a compressibility effect. During the

cooling transient, for cases with Reφ ≤ 1.4×106, the magnitudes of the heat fluxes gradu-

ally decreased and eventually reached virtually zero. This indicated that the flow was first

governed by the buoyancy effects and then became stratified. At Reφ = 2.8× 106, where

the rotational speed was at its maximum, buoyancy-induced flow dominated the entirety

of the transient process due to significant frictional heating at the periphery of the rig. The

calculated fluxes present evidence for future theoretical and computational modelling of

transient disc heat transfer, and the Bayesian model provides guidance for transient tem-

perature data analysis.
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FIG. 1: A cross-section through a high pressure aero-engine compressor. (Owen, J. M., Tang, H.,

and Lock, G. D., Aerospace, 5(1), 32, 2018; licensed under a Creative Commons Attribution (CC

BY) license.)

I. INTRODUCTION

Efficiency and reliability of gas turbine engines are highly dependent on blade tip clearances

in compressors. For the next generation of aero-engines to meet environmental targets, overall

pressure ratios will be increased from 50:1 in state-of-art engines to 70:1. The added compression

will decrease the height of blades in high-pressure compressors and will require much smaller tip

clearances to maintain high efficiency and reliability. Figure 1 shows the structure of a typical

aero-engine high pressure compressor. The tip clearance is governed by the relative expansion

of the casing and the rotor. Under transient operating conditions, the thermal growth of the rotor

responds slower than that of the casing owing to its larger thermal inertia. This leads to a minimum

tip clearance during the restart of a hot engine, which constrains the reduction of clearances and

hence an optimisation of engine efficiency. To improve clearance control technologies for the next

generation of aircraft engines, it is vital to accurately predict the transient thermal growth of the

compressor rotor. The thermal growth is determined by the distribution of the disc temperature,

which is governed by the transient heat transfer on disc surfaces.

Accurate and fast predictive methods are important for engine clearance decisions using com-

bined thermo-mechanical models across the full operating flight envelope. Under cruise condi-

tions, the shroud is hotter than the throughflow (see Figure 1) and buoyancy-induced flow can

occur in the open or closed rotating cavities formed by the discs and shroud. However, at other

points in the flight cycle the shroud can become colder than the cob, and this suppresses buoyancy
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effects; here stratified flow may form with heat transfer governed by conduction rather than con-

vection. This large reduction of heat transfer, which could occur during an engine transient, would

have a significant effect on the temperature of the compressor discs.

Compressor cavities rigs have been built to simulate disc heat transfer under different operating

conditions, with disc temperatures measured using embedded thermocouples. For example, the

Universities of Sussex1–3 and Bath4–6 and TU Dresden7–9 have all used K-type thermocouples

in titanium discs to measure radial distributions of temperature. Given an appropriate model of

heat transfer, heat fluxes can be calculated from these measurements. This is a typical ill-posed

inverse heat transfer problem where small uncertainties in temperature measurements lead to large

uncertainties in heat fluxes.

Conventionally, temperatures are fitted and then differentiated to compute the fluxes. In Refs

1, 2, 7, 8, and 10, polynomial or exponential functions were used to fit steady-state temperature

measurements and then differentiated to evaluate the fluxes. This process can introduce extra

uncertainty from the fitting models and result in unrealistic heat flux distributions11. Bayesian

statistics has been proven to be effective in reducing uncertainties of inverse heat transfer results,

given reliable prior information of the unknown parameters12–14. Tang et al.11,15 and Deveney

et al.16 used Bayesian models together with prior density functions to calculate steady-state heat

fluxes from steady temperature measurements, and reliable fluxes as well as their confidence in-

tervals were provided. In this paper, a Bayesian model is built for the transient heat fluxes and is

applied to transient temperature measurements collected from the Compressor Cavity Rig at the

University of Bath. Following Deveney et al.17, a deep-learning surrogate for the forward model

is computed to enable rapid evaluation of the forward model for any parameters of interest. This

gives a representation of the parametric solution as a deep neural network, which is easily dif-

ferentiated, providing gradients for computation of the MAP estimate by gradient-based descent

methods. The calculated fluxes provide insight related to the transient flow and heat transfer in

compressor cavities, and they will be used to validate and inform future theoretical and compu-

tational models. The method developed here will provide guidelines for data analysis of future

experiments on transient disc heat transfer and have practical significance to the designers of aero-

engines.

Section II reviews research on flow and heat transfer in compressor cavities. Section III in-

troduces the Compressor Cavity Rig at the University of Bath, including the disc geometry and

instrumentation. Section IV presents a mathematical model of the disc heat transfer and Section
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V explains the Bayesian model. In Section VI, the Bayesian model is applied to simulated tem-

perature data and is validated through the comparison between the calculated and the true heat

flux distributions. The method is then applied to transient temperature measurements from the

Bath rig, and the transient flow and heat transfer in compressor cavities illustrated by the inverse

solution are discussed. Section VII states the conclusions and suggestions for future work.

II. BUOYANCY-INDUCED AND STRATIFIED FLOW IN COMPRESSOR CAVITIES

Alexious1 and Atkins18 presented measurements of transient disc temperature measurements

using the multi-cavity compressor rigs at the University of Sussex. The transient behaviour of

temperature was discussed, but the heat fluxes were not calculated. Though research on transient

heat transfer on compressor discs is limited, there are a broad range of experimental, theoretical,

and computational studies on steady-state heat transfer in different compressor cavities. As shown

in Figure 1, there are axial gaps between adjacent disc cobs and these are referred to as open cavi-

ties. In some compressors, the axial gaps do not exist, leaving closed spaces between the shroud,

the two adjacent disc and a hub. These configurations, often found in industrial compressors, are

referred to as closed cavities. This section focuses on a review of flow and heat transfer in closed

cavities (one of which is used in this research). A broad review of research on buoyancy-induced

flow in compressor cavities was given by Owen and Long19.

The well-known non-dimensional parameter to determine the steady-state flow and heat trans-

fer in closed compressor cavities is the Grashof number Gr, which can be defined as

Gr = Reφ
2
β∆T, (1)

where Reφ and β∆T are the rotational Reynolds number and the buoyancy parameter, respectively.

They are defined as

Reφ = Ωrs
2/ν , (2)

β∆T =
Ts−Th

(Ts +Th)/2
, (3)

where rs is the outer radius of the cavity and Ts and Th are the shroud and hub temperatures,

respectively.

Bohn et al.20 measured the steady-state heat transfer in three closed compressor cavities (de-

noted as cavities A, B, and C), with Gr < 4.0× 1012 and Reφ < 9.0× 106. In these cavities, the
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discs are were thermally insulated and the shroud were heated using a copper ring. The flow

structure and heat transfer in cavity B was investigated by Pitz et al.21 and Gao et al.22 using high

fidelity Computational Fluid Dynamics (CFD) models. The simulated results showed four pairs

of cyclonic and anti-cyclonic vortices which were induced by the buoyancy effects. It was shown

that circumstantially and time averaged cavity air temperatures were almost constant with radius.

Tang and Owen23 used reduced-order methods to reproduce the heat transfer and general good

agreement between experiment and theory was reached. In the model, they derived an equation to

calculate the radial distribution of the core temperature. Note that in this paper the core temper-

ature denotes the circumferentially-averaged air temperature (outside of boundary layers) in the

cavity. It was shown that the core temperature increases as the radius increases and this temper-

ature rise is enhanced when Reφ is increased. The effect was referred to as the compressibility

effect.

At the University of Bath, a closed cavity with non-insulated discs was tested under steady-

state conditions4, with Gr< 1012 and Reφ < 2.7×106. A steady-state Bayesian model was used to

calculate the disc heat fluxes. Figure 2 shows the radial distributions of measured disc temperatures

and derived heat fluxes. Heat was transferred to the cavity air at high radial locations and into the

discs at low radial locations. Importantly, the radial location where the disc heat flux was zero

was consistent for all cases; this radius indicates where the core and disc temperatures are equal.

It was found that this radius was consistent at r/b = 0.7 under different steady-state operating

conditions. A plume model was derived to predict the steady-state disc temperatures and heat

fluxes24. As shown in Figure 3, the model assumed heat was transferred from the hot shroud

to the cold hub via radial plumes between cyclonic and anti-cyclonic vortices. The model also

assumed conductive laminar Ekman layers on disc surfaces, which can be used to determine the

heat transfer coefficient h for the disc heat transfer. The heat transfer coefficient is defined as

h =
q

T −Tcore
, (4)

where q is the disc heat flux, T the disc temperature, and Tcore the core air temperature. For

conductive Ekman layers, h is mainly determined by Reφ . Hence for a fixed Reφ , the flux is

solely dependent on the temperature difference between the disc and the core. Consequently, the

prediction of the radial distribution of the core temperature is critical to the agreement between

theoretical and experimental heat fluxes. As discussed in Ref 24, the core temperature is heavily
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(a) (b)

FIG. 2: Steady-state disc temperatures and heat fluxes at Reφ = 7.0×105 (data from Ref 4). (a)

Non-dimensional disc temperatures. (b) Heat fluxes.

influenced by the compressibility effect, which is governed by the compressibility parameter χ:

χ =
Ω2rs

2

γR(Ts−Th)
. (5)

It was predicted that as χ increases the radial rise of the non-dimensional core temperature in-

creases, which decreases the disc heat fluxes. There is a critical χ where the core temperature

becomes higher than the shroud temperature, the buoyancy-induced flow structures disappear and

the flow becomes stratified. The model was validated by experimental data presented in Lock et

al.25. Both the theory and experiment concluded that the steady-state disc temperatures and fluxes

are governed by three non-dimensional parameters, Reφ , β∆T and χ . The model predicted that

for a cavity with rs/rh = 0.5 and adiabatic discs the critical χ is 6.7, and the experiments showed

that at χ = 6.6 there were no buoyancy-induced structures, and the disc heat flux became virtually

zero.

III. BATH COMPRESSOR CAVITY RIG

Figure 4 shows a diagram of the Compressor Cavity Rig in the Turbomachinery Research

Centre at the University of Bath. This rig was designed to investigate heat transfer in typical high

pressure compressor cavities. The data collected from the rig are used to inform and validate
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FIG. 3: Simplified representation of buoyancy-induced flow inside a closed rotating cavity,

showing the r-φ plane.

FIG. 4: Diagram of the compressor cavity rig at Bath.

theoretical models that can be used by aero-engine designers. The test section consists of three

rotating cavities with the central one instrumented. The test section is driven using a supercritical

design by a 30 kW motor and a maximum rotational speed of 8000 rpm. The shroud of the rotor is

heated through a 12 kW radiant heater. A 7.5 kW extraction unit provides cooling air flow through

the compressor discs for a maximum flow rate of 0.15 kg/s. More details about the rig design and

capabilities are given in Ref 5.

Here the instrumented rotating cavity is closed using aluminium attachments near the cobs. A

detailed diagram is shown in Figure 5. The back surfaces of the instrumented discs are insulated

using a low-conductivity foam (Rohacell with a thermal conductivity of 0.03 W/mK). The maxi-

mum shroud temperature was limited to 100 oC considering the safe temperature range of the foam

material. Both upstream and downstream discs are made of titanium alloy (Ti-5AL-4V, grade 5,

annealed) and heated symmetrically. The thermal properties of the disc material at T = 293K are

listed in Table I. K-type thermocouples are embedded in the disc to measure the transient disc

temperatures at a frequency of 10 Hz. The upstream and downstream discs feature a distribution
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FIG. 5: Instrumented closed cavity showing the locations of thermocouples.

Thermal Conductivity 6.6 W/(m K)

Specific Heat 542 J/(kg K)

Density 4.42×103 kg/m3

Thermal Diffusivity 2.76×10−6 m2/s

TABLE I: Thermal properties of Ti-6Al-4V at 293K, interpolated from data in Ref 26

of 27 thermocouples on diaphragms and their locations are shown in Figure 5. As the discs are

symmetrically heated, there is no significant temperature difference between the two surfaces. In

this paper, the measurements on both discs are used. The inner and outer radii of the closed cavity

are 109 mm and 240 mm, and the inner and outer radii, and thickness of the diaphragm section are

a = 0.124 m, b = 0.236 m and td = 0.008 m, respectively. To avoid the effect of fillet radius on the

disc heat fluxes and temperatures, only the temperature measurements on the diaphragm section

are used in this study.

IV. MODELLING OF TRANSIENT HEAT TRANSFER IN COMPRESSOR DISCS

As the thickness of the disc is relatively small, the heat transfer in the disc can be modelled

using the transient annular fin equation, which can be written as

1
α

∂T (t,r)
∂ t

=
∂ 2T (t,r)

∂ r2 +
1
r

∂T (t,r)
∂ r

− 2
ktd

q(t,r), (6)

where T (t,r) and q(t,r) are the transient disc temperature and heat flux, respectively. Other sym-

bols are defined in the nomenclature. Note that in (6), td should be twice the actual disc thickness
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due to the insulated disc back surfaces. To solve Equation (6), initial conditions at t = 0 and

boundary conditions at r = a and r = b are required. These conditions can be written as

T (0,r) = T0(r), (7)

T (t,a) = Ta(t), (8)

T (t,b) = Tb(t). (9)

Equations. (6-9) can be written in a non-dimensional form as

∂θ(Fo,x)
∂Fo

=
∂ 2θ(Fo,x)

∂x2 +
1
x

∂θ(Fo,x)
∂x

−φ(Fo,x), (10)

θ(0,x) = θ0(x), (11)

θ(Fo,xa) = θa(Fo), (12)

θ(Fo,xb) = θb(Fo). (13)

where the non-dimensional time, radius, temperature and heat flux are defined as

x =
r
b
, (14)

Fo =
αt
b2 , (15)

θ =
T −Tref

Tb,0−Tref
, (16)

φ =
2b2q

ktd(Tb,0−Tref)
, (17)

where the subscript ‘ref’ denotes values in the cooling flow.

When the transient heat flux φ(Fo,x) is given, Equation (10) can be solved to calculate the

transient disc temperature θ(Fo,x). This is referred to as the forward problem. However, in this

study, φ(Fo,x) is unknown and needs to be inferred from temperature measurements. To do this, φ

is iteratively updated, and Equation (10) is solved for each iteration until good agreement between

the calculated and measured temperatures is reached. Temperature measurements are taken at a

limited number of radial locations with fixed data acquisition frequency and experimental error.

The ith temperature measurement is denoted by Θ(Foi,xi), for 1≤ i≤Nr×Nt where Nr is the num-

ber of thermocouples on the two disc diaphragm sections and Nt is the number of temporal points.

Determining φ(Fo,x) from Θ(Foi,xi) is an ill-posed inverse problem where small uncertainties in
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Θ(Foi,xi) can cause large uncertainties in the heat fluxes φ(Fo,x). Therefore, regularisation is re-

quired to reduce oscillatory behaviour and increase the accuracy of φ(Fo,x). This can be achieved

through a Gaussian prior density function with a covariance that encourages smoothly evolving

behaviour in the Bayesian inference which is discussed in detail in Section V.

Solving this inverse problem can be time consuming hence it is important to carefully define the

variable space for φ(Fo,x). A 2-dimensional Chebyshev polynomial function is used to represent

the unknown distribution of φ(Fo,x). The maximum combined orders of the polynomial is set to

be Np = 10, which results in Nc = 66 coefficients for the polynomial function. Therefore,

φ(Fo,x) =
Nc

∑
j=1

c j f j(Fo,x)

=
Np

∑
n=0

Np−n

∑
m=0

c(2Np+3−n)n/2+m+1Gn(Fo)Gm(x), (18)

where Gk is the kth degree shifted Chebyshev polynomials of the first kind and f(2Np+3−n)n/2+m+1(Fo,x)=

Gn(Fo)Gm(x), and the c j are the Chebyshev coefficients which determinine the shape of φ .

To improve the computing efficiency of solving Equation (10), the deep learning methodology

of Ref 17 was applied. In this approach a six-layer neural network was trained to approximate

the solution to the Equation (10) over a range of heat fluxes. Specific details of how the neural

network is constructed and trained to solve the Partial Differential Equation (PDE) are given in Ref

17. By applying automatic differentiation to this neural network approximation, the time required

to compute the gradients of the PDE solution with respect to the flux is reduced by 99.6%. This

is in comparison to a traditional finite difference approximation of these gradients, which would

require the equation to be solved Nc +1 times. The flux φ(Fo,x) was then estimated by applying

these gradients to optimise the Bayesian posterior distribution as described in Section V. After

training, the maximum relative temperature difference between the neural network and a high

resolution Crank-Nicolson finite difference scheme for the estimated φ(Fo,x) is less than 0.3%.

V. BAYESIAN APPROACH

The transient heat flux is inferred from temperature measurements using a Bayesian statistical

method. In the Bayesian approach, the unknown heat flux was estimated by combining a prior dis-

tribution over the unknown function with experimental data using a forward model of the physical

process (Equation (10)). This approach provides a principled quantification of uncertainties in our
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estimated flux in the form of a posterior probability distribution over the transient heat flux. Ad-

ditionally, the Bayesian approach incorporates prior understanding of the flux into the inference,

allowing physically sensible constraints to be enforced, such as a smooth evolution of the heat flux

over space and time.

Bayesian inference can be stated mathematically for the inverse problem in the following form

as:

p(φ |Θ) =
p(Θ|φ)p(φ)∫
p(Θ|φ)p(φ)dφ

, (19)

where p(φ) is the prior probability density function of the non-dimensional heat flux φ , p(Θ|φ)

is the conditional probability density function (or the likelihood function) of the temperature mea-

surements Θ given the heat flux φ(Fo,x), and p(φ |Θ) is the posterior probability density function

of the flux conditional on the measurements Θ. The integral
∫

p(Θ|φ)p(φ)dφ can be treated as a

constant.

As discussed in Section IV, φ(Fo,x) is represented using a 2D Chebyshev polynomial with

shape determined by the coefficients c in Equation (18); hence Equation (19) can be written in

terms of these coefficients

p(c|Θ) =
p(Θ|c)P(c)∫
p(Θ|c)p(c)dc

. (20)

A. Likelihood function

The measured temperature data is assumed to be related to the temperature calculated from the

forward model according to the statistical model

Θ(ti,xi) = θ(ti,xi)+ εi, or Θi = θi + εi. (21)

Here θ is the solution to the forward problem (Equation (10)), and the εi ∼N (0,σ2) are inde-

pendent normal random variables representing sensor measurement error. According to this model

the likelihood function is given by

p(Θ|c) = 1
(2πσ2)Nt×Nr/2 exp

(
−

Nt×Nr

∑
i=1

(Θi−θi(c))2

2σ2

)
. (22)

This represents the probability of observing the data Θi for the given heat flux distribution φ(Fo,x)

induced by the coefficients c.
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B. Prior distribution

The prior distribution is an integral part of the inference as it has a large influence on the

behaviour of the inferred heat flux. In this setting it is desirable to infer a smooth heat flux as this

behaviour is more physically expected. To achieve this the popular class of mean zero Gaussian

process priors in space and time φ ∼ G P(0,K) was selected, where K is a seperable covariance

kernel of the form

K([Fo1,x1], [Fo2,x2]) = σ
2KFo(Fo1,Fo2)Kx(x1,x2). (23)

The spatial correlation structure is defined by the twice differentiable Matérn covariance kernel

Kx(x1,x2) =

(
1+
|x1− x2|

ρx
+
|x1− x2|2

3ρ2
x

)
exp
(
−|x1− x2|

ρx

)
. (24)

The temporal correlation structure is given by the squared exponential kernel

KFo(Fo1,Fo2) = exp
(
−|Fo1−Fo2|2

2ρ2
Fo

)
. (25)

The length-scales ρFo = 0.053 and ρx = xb− xa represent the temporal and spatial length-scales,

and σ = 3.75 is the standard deviation of the amplitude of φ(Fo,x) according to the prior distri-

bution. This Gaussian process is approximated to a high degree of accuracy as shown in Ref 17

using the Chebyshev polynomial by choosing a zero mean multivariate normal distribution over

the coefficients c, with covariance matrix E such that

K([Fo1,x1], [Fo2,x2])≈
Nc

∑
m=1

fm(Fo1,x1)
Nc

∑
n=1

Emn fn(Fo2,x2). (26)

The resulting prior density function for the coefficients c is therefore

p(c) =
1

(2π)Nc/2|E|
exp
(
−cT E−1c

2

)
. (27)

C. Posterior distribution

The output of the Bayesian method is the posterior distribution. This is the conditional distri-

bution of φ(Fo,x) after taking into account the temperature measurements. Using the prior dis-

tribution (27) and likelihood function (22), the posterior distribution p(c|Θ) is given by Equation
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(19). It follows

p(c|Θ) ∝ p(Θ|c)P(c) =
1

(2πσ2)Nt×Nr/2 exp

(
−

Nt×Nr

∑
i=1

(Θi−θi)
2

2σ2

)
×

1
(2π)Nc/2|E|

exp
(
−cT E−1c

2

)
. (28)

D. Solution technique

To approximate the posterior distribution gradient descent was applied using the neural network

to find the flux that has the highest posterior probability; this is known as the Maximum a Pos-

teriori (MAP) estimate27. As noted above, automatic differentiation of the neural network allows

these gradients to be computed with minimal cost, whereas a more traditional finite differences

approximation to the gradient would require Nc +1 PDE solves. MAP estimation is equivalent to

minimising the negative logarithm of the posterior:

L = Nt×Nr

(
1
2

ln2π + lnσ

)
+

Nt×Nr

∑
i=1

(Θi−θi)
2

2σ2 +
Nc

2
ln2π + ln |E|+ 1

2
cT E−1c. (29)

Once the MAP estimate is obtained, the posterior distribution can then be explored using Markov

Chain Monte Carlo methods (MCMC)27 resulting in a full probability distribution over the heat

flux. As shown in Ref 17, the MAP method can provide reliable estimation of the heat flux with

a relatively low computational cost, while the full posterior density function gives an accurate

representation of the overall uncertainty of this estimate.

VI. CALCULATION OF TRANSIENT HEAT FLUXES ON COMPRESSOR DISCS

A. Application of Bayesian method to simulated temperature data

To validate the Bayesian model, it is applied to simulated temperature measurements using a

given heat flux distribution, which is referred to as the ‘true’ heat flux distribution and is denoted

as φtrue. The true heat flux distribution is set as

φtrue = 4sin
(

x− (xb + xa)/2
xb− xa

π

)
e−50Fo +1, (30)
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FIG. 6: True heat flux distribution

and is plotted in Figure 6.

Given initial and boundary conditions, the true disc temperature, θtrue(Foi,xi), can be calculated

from solving Equation (10). Here Foi and xi represent temporal and radial locations of the simu-

lated data. 101 uniformly distributed temporal locations between 0 < Fo < 0.16 and 21 uniformly

distributed radial locations between 0.5 < x < 1 are used (Nt = 101 and Nr = 21). The initial disc

temperatures are assumed to be those with pure conduction within the disc. The temperature at

the inner radius is fixed at 0, and at the outer radius is assumed to decrease exponentially. The

assumed initial conditions at Fo = 0 and boundary conditions at xi = 0.5 and xi = 1 are plotted in

Figure 7 and listed below:

θ(0,x) =
ln(x/xa)

ln(1/xa)
, (31)

θ(Fo,xa) = 0, (32)

θ(Fo,1) = e−11Fo. (33)

The true disc temperature θtrue(Foi,xi) from Equation (10) can be either determined using

conventional finite difference methods or trained neural networks. As discussed in Section IV, the

neural network method can be more efficient than and as accurate as the finite difference methods,

for example, the Crank-Nicolson method.

Independent random normal noise εi∼N (0,0.00362) is added to each θtrue(Foi,xi) to generate

simulated data. Hence

Θ(ti,xi) = θtrue(ti,xi)+ εi or Θi = θtrue,i + εi, (34)

The simulated temperature data at different radii and different temperature locations are shown in

Figure 8. Using the Bayesian method described in Section V, transient heat fluxes φ(Fo,x) can be

determined from Θi. The distributions of the calculated heat fluxes and their standard deviations
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(a) (b)

FIG. 7: Initial and boundary conditions for simulated data. (a) Boundary conditions at x = 1 and

xa = 0.5. (b) Initial condition at Fo= 0.

are shown in Figure 9 (a) and (b), respectively. The calculated disc temperatures using the fluxes

are plotted in Figure 8, showing good agreement with the simulated data. The calculated heat flux

from the Bayesian model is then compared to φtrue in Figure 9(c). The difference between the

calculated and true heat flux and the standard deviation increase near the boundaries, as a result of

the temperatures being less sensitive to heat fluxes near the boundaries. The maximum standard

deviation in Figure 9 (b) is 0.55 and the maximum magnitude of the difference in Figure 9 (b) is

0.85. It can be shown that the difference is less than 11% relative to the range of the true heat flux

distribution and within the calculated 95% confidence internals, which demonstrates the accuracy

of the Bayesian model (Note that the 95% confidence intervals are treated as twice the magnitude

of the standard deviation.).

B. Transient Heat Fluxes in a Closed Rotating Cavity

In this section, the Bayesian model is applied to transient temperatures measured from the Com-

pressor Cavity Rig at the University of Bath. The transient disc heat fluxes are determined from the

temperature data using the Bayesian model. The distributions of the temperature measurements

and the calculated heat fluxes from four transient tests are discussed.

Transient tests were conducted at four different rotational Reynolds numbers. Prior to the
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(a) (b)

FIG. 8: Simulated disc temperature data and calculated temperatures from the Bayesian model.

Symbols: simulated data; solid lines: calculated temperatures from the Bayesian model. (a)

Temperature data histories at different radial locations. (b) Radial data distributions at different

temporal locations.

Case No. Reφ β∆T 0 Gr0 χ0

A 7.0×105 0.15 8.4×1010 0.14

B 1.4×106 0.15 3.3×1011 0.55

C 2.1×106 0.15 7.4×1011 1.2

D 2.7×106 0.15 1.3×1012 2.2

TABLE II: Non-dimensional parameters for four transient tests on the Compressor Cavity Rig at

the University of Bath

transient phase, the cavity was heated to a steady-state condition. The transient phase started at Fo

= 0 when the heating to the shroud was shut off and ended at Fo= 0.16. Table II lists the key initial

nondimensional parameters for these cases. Though temperature measurements were recorded at

a frequency of 10 Hz, due to the limit of the computer memory, a time step of ∆Fo ≈ 0.0016

(equivalent to ∆t = 30s) was used. Temperatures at different radial locations on the two disc

diaphragms were measured using 27 K-type thermocouples (Nr = 27).

Figure 10 (a) and (b) shows the measured temperatures at different radial and temporal locations

17



(a)

(b)

(c)

FIG. 9: Calculated heat fluxes (φ(Fo,x)) from simulated data using the Bayesian model. (a)

Calculated heat fluxes using the simulated data. (b) Standard deviation of the calculated heat

fluxes. (c) Difference between the calculated and true heat flux distributions.

at Reφ = 1.4×106 (case B). The radial distribution on the two discs is symmetrical as the heating is

symmetric and the cavity closed. The heat fluxes on the two discs are assumed to be equal and data

from both discs are used to determine the radial and temporal distributions of the flux. The steady-

state temperature distribution at Fo = 0 is consistent with experimental data presented in Ref25,

showing a maximum temperature at x = xb = 1. As the transient progressed, the disc temperature

at r = b decreased, and, due to the high thermal inertia of the disc material, the temperatures at

lower radii reduced less rapidly. The radial locations with the highest temperatures decreased
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(a) (b) (c)

FIG. 10: Transient temperatures and non-dimensional parameters for Reφ = 1.4×106. Symbols:

experimental data; red solid lines: calculated temperatures from the Bayesian model. (a)

Temperature data histories at different radial locations. (b) Radial data distributions at different

temporal locations. (c) Non-dimensional parameters.

as Fo increases. The discs were gradually cooled to a virtually isothermal condition. Figure 10

(c) shows the history of the non-dimensional parameters Reφ ,β∆T and Gr and χ: as the transient

progressed, β∆T decreased and Reφ was kept constant, leading to a decrease of Gr and an increase

of χ .

Figure 11 shows the transient temperature and the variation of non-dimensional parameters for

the other three Reφ (cases A, C and D). The temperature distributions for case A (Reφ = 7×105)

were similar to those for case B. However, at Reφ > 2.1× 106 (cases C and D) the discs were

remained heated at the end of the transient. This is because at high rotational speeds, the frictional

heating at the periphery of the rig was significant, with heat flux to the shroud even without the

power the the heater. The final β∆T at Reφ = 2.8× 106 is higher than that at Reφ = 2.1× 106,

showing a stronger influence of frictional heating at higher rotational speed.

The Bayesian model has been applied to the temperature measurements in Figures 10 and

11 to determine the transient heat transfer on disc surfaces. Measured temperatures at Fo = 0,

x = xa = 0.55 and x = xb = 1 were fitted and used as the boundary conditions to solve Equation
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(a) (b) (c)

(d) (e) (f)

FIG. 11: Transient temperatures and non-dimensional parameters for Reφ = 0.7,2.1 and

2.7×106 (left, middle, and right, respectively). Symbols: experimental data; red solid lines:

calculated temperatures from the Bayesian model. (a) Transient temperatures at Reφ = 0.7×106.

(b) Transient temperatures at Reφ = 2.1×106. (c) Transient temperatures at Reφ = 2.7×106. (d)

Non-dimensional parameters at Reφ = 0.7×106. (e) Non-dimensional parameters at

Reφ = 2.1×106. (f) Non-dimensional parameters at Reφ = 2.7×106.

(10). As discussed in Sections IV and V, different instances of the heat fluxes were evaluated

until both a good agreement with temperature measurements and a smooth flux distribution were

achieved. This was attained by maximising the posterior density function in Equation (28). Figures

10 and 11 also presented the agreement between the calculated and measured temperatures at

different radial and temporal locations for all four tests. The standard deviations between the

measured Θ and the calculated θ were about 4×10−3.

Figure 12 shows contours of the calculated fluxes and their standard deviations at Reφ = 1.4×
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(a)

(b)

FIG. 12: Calculated heat fluxes and standard deviations from experimental data at

Reφ = 1.4×106 using the Bayesian model. (a) Heat flux. (b) Standard deviation.

106 (case B). The maximum standard deviation of the calculated heat fluxes is 0.36. At Fo <

0.022, positive heat fluxes are achieved at higher radii (heat is transferred from the discs to the

cavity air), showing higher temperature in the discs compared to the core. At lower radii, the

fluxes are negative, hence the disc temperature is lower than than the core temperature. This is

consistent with the steady-state buoyancy-induced heat transfer measured in Refs 4 and 25. The

radial location x∗ where φ = 0 indicates the radius where the disc temperature is equal to the core

temperature. Figure 12 (a) shows that at Fo < 0.022, x∗ decreases as Fo increases, leading to a

decrease in θx∗ (the disc temperature at x∗) and hence the core temperature. As Fo approaches 0.16,

the heat flux gradually decreases to virtually zero, which implies that the flow becomes stratified.

Figure 13 (b) shows the radial distributions of the heat fluxes and their 95% confidence intervals

at different Fo numbers for case B. At Fo = 0, the steady-state disc heat flux reaches zero at

x∗ = 0.7, which is consistent with experiments in Ref 4. At Fo = 0.02, the radial location is close

to xa, showing a dramatic decrease in the core temperature. Though the disc temperature at xb

decreases dramatically, the disc heat flux φb at Fo = 0.02 remains at a value of 4. This implies a

constant temperature difference between the core and the disc at x = xb, which suggests that the
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(a) (b)

(c) (d)

FIG. 13: Calculated heat fluxes (curves) at different Fo and 95% confidence intervals (shaded

regions) for four Reφ numbers. (a) Reφ = 1.4×106. (b) Reφ = 1.4×106. (c) Reφ = 1.4×106.

(d) Reφ = 1.4×106.

response speed of the core is similar to that of the outer part of the disc and much faster than that

of the inner part. The fluxes are positive at all radii when Fo > 0.04, which suggests that the core

temperature becomes lower than the temperature of the disc.

Figure 13 also presents the calculated heat flux distributions for cases A, C and D. The fluxes

φb at Fo = 0 stay almost constant from case A to case C and decrease at case D, owing to the

increase of the compressibility parameter χ0 (see Table II). The calculated heat fluxes for cases A

and C show similar behaviour to that for case B: the flow gradually move away from the buoyancy-

induced regime and become stratified. For case C, as the shroud is influenced by frictional heating,
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the compressibility parameter χ at higher Fo is lower than those for cases A and B. Therefore, it

is likely that the flow is in transition to buoyancy-induced flow at Fo = 0.16. For case D, at Fo =

0.16, the heat flux becomes positive in the outer region and negative in the inner region, showing

the characteristics of the buoyancy-induced flow. The maximum heat flux is less than that at Fo =

0 due to the decrease of β∆T .

VII. CONCLUSIONS AND FUTURE WORK

This paper developed a Bayesian model to calculate heat fluxes from transient temperature mea-

surements on compressor discs, which is a typical ill-conditioned inverse heat transfer problem.

The heat transfer from compressor discs was modelled using a transient annular fin equation. The

fin equation defined the forward model in the Bayesian framework, and was used to calculate tran-

sient disc temperatures for different instances of transient heat fluxes. A deep neural network was

employed to reduce the computational cost of evaluating and differentiating the PDE solution. The

spatio-temporal distribution of the heat fluxes were represented using a two-dimensional Cheby-

shev polynomial, and a Gaussian prior probability distribution over this heat flux with Matèrn

covariance structure was used to reduce the ill-posedness of the problem. The optimal heat flux

distribution, which is referred to as the inverse solution of the fin equation, was estimated through

the maximisation the posterior density function.

The Bayesian model was applied to simulated temperature data. The simulated data was gen-

erated by adding noise to ‘true’ disc temperatures, which were calculated by solving the forward

problem using a known flux distribution and fixed boundary conditions. The Bayesian model

used the noisy data to provide the spatio-temporal distributions of the heat flux and an associated

confidence interval. The differences between the calculated and the ‘true’ flux distribution were

less than 11%. These differences in fluxes are within the calculated 95% confidence intervals.

Therefore, the reliability and accuracy of the Bayesian model was verified.

The model was then applied to four sets of transient temperature data collected from the Com-

pressor Cavity Rig at the University of Bath. The instrumented compressor cavity was closed

with two adjacent co-rotating discs, a shroud and a hub. The operating range of the rig was

7.0×105 < Reφ < 2.8×106, 0.0 < β∆T < 0.15 and 0.13 < χ . The compressor discs were made

of titanium alloy and 27 thermocouples on both disc diaphragms were used to measure the disc

temperatures. The four transient tests were conducted at four different rotational Reynolds num-
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bers, each started from a steady-state condition. The tests ended with a Fourier number of 0.16.

The transient temperature distributions were discussed. For the two cases with Reφ < 1.4×106

(cases A and B), the outer part of the disc initially experienced a steep rate of cooling with the

entire disc gradually cooling to virtually isothermal conditions. For the two tests conducted at

higher Reφ (cases C and D), the outer part of the disc remained heated throughout the transient

due to significant frictional heating at high rotational speed.

The distributions of the calculated heat fluxes were then discussed. For all four cases, initially

the heat fluxes were positive in the outer part and negative in the inner part, which was consistent

with the heat transfer characteristics under buoyancy-induced flow. The flux at x = xb and Fo = 0

decreased from case C to case D owing to the enhancement of the compressibility effect. The

radial location with zero heat flux, x∗, reduced as Fo increased, showing a reduction of the core

temperature. The response of the reduction was similar to that of the temperatures at the outer

radii. For the two cases at Reφ < 1.4× 106, the disc heat flux gradually decreased towards zero,

showing characteristics of stratified flow. For case C, as the disc was heated by frictional heating

, the flow tends to converge to buoyancy-induced regime at Fo = 0.16. For case D, the frictional

heating was sufficiently strong to retain buoyancy-induced flow across the entirety of the transient

process, which is indicated by the positive and negative fluxes in the outer and inner regions.

A theoretical model of transient heat transfer in closed compressor cavities will be developed

using the measured temperatures and the calculated fluxes. The data will be used to validate the

model and other computational models. The methods developed here will be applied to future

temperature data analysis in gas turbine research.
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