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Understanding turbulence is the key to our comprehension of many natural and technological
flow processes. At the heart of this phenomenon lies its intricate multi-scale nature, describing the
coupling between different-sized eddies in space and time. Here we introduce a new paradigm for
analyzing the structure of turbulent flows by quantifying correlations between different length scales
using methods inspired from quantum many-body physics. We present results for interscale corre-
lations of two paradigmatic flow examples, and use these insights along with tensor network theory
to design a structure-resolving algorithm for simulating turbulent flows. With this algorithm, we
find that the incompressible Navier-Stokes equations can be accurately solved within a computa-
tional space reduced by over an order of magnitude compared to direct numerical simulation. Our
quantum-inspired approach provides a pathway towards conducting computational fluid dynamics
on quantum computers.

Turbulence can phenomenologically be described by
mutually interacting eddies stretching across an ex-
tremely broad range of length and time scales [1, 2].
These scales range from the largest size of the energy
containing eddies (known as the integral scale, `), to the
smallest ones, known as the Kolmogorov microscale, η.
The separation between these scales is `/η ∼ Re3/4 where
Re is the Reynolds number. A salient feature of turbulent
flows is the scale-locality of the turbulent energy cascade
[3–6], in the sense that eddies at a given length scale pre-
dominantly interact with other eddies of similar scale.

Since the pioneering work of Orszag and Patterson [7],
direct numerical simulation (DNS) of the Navier-Stokes
equations has been widely regarded as the computational
method with the highest fidelity in capturing the dy-
namics of turbulent flows. Virtually all classical DNS
methods such as spectral polynomial/Fourier, finite vol-
ume and finite element are scale-resolving, where increas-
ing the numerical degrees of freedom (e.g. grid points
N) resolves finer and finer scales. However, the wide
separation of turbulent flow scales limits the range of
Reynolds numbers that can be computationally consid-
ered. Straightforward estimates indicate that simulation
of an incompressible flow with Re = O(104) within a do-
main of size of O

[
(10`)3

]
would require about a century

of CPU time on a 1 teraflop computer.

The numerical complexity of DNS is in contrast to
the generally accepted conjecture that the turbulent flow
only occupies a small fraction of the computational space.
As a result, intelligent elimination of these redundan-
cies can potentially lead to significant computational sav-
ings. A systematic approach for achieving this is to use
structure-resolving methodologies that extract and ex-
ploit correlated structures of the solution. The impor-

tance of capturing these structures has long been recog-
nised within the turbulence community, in which the so-
lution is expanded versus a linear combination of modes,
e.g., via proper orthogonal decomposition [8]. These
modes represent the correlated structures across the en-
tire spatial scale down to the Kolmogorov microscale, but
with the number of modes being much smaller than the
total number of grid points. Up to now, the majority
of the developed techniques have been used for diagnos-
tic purposes. Using reduced order models based on these
structures for predictive purposes is hampered by difficul-
ties in identifying suitable modes and remains an active
area of research [9].

Here we show that concepts from quantum many-body
physics allow one to systematically exploit the scale-
locality of turbulence for developing efficient structure-
resolving methods for both diagnostic and predictive pur-
poses. More specifically, we first introduce a quantum-
inspired measure for interscale correlations. This ap-
proach is fundamentally different from traditional mea-
sures of scale-locality based on the wavenumbers [10–
12] or more recent investigations in real space [5], and
thus represents a new paradigm for analysing turbulent
flows. We apply this diagnostic tool to the DNS of the
incompressible Navier-Stokes equations (INSE) for two
paradigmatic flow configurations: a 2-D temporally de-
veloping jet (TDJ) [13], and the 3-D Taylor-Green vor-
tex (TGV) [14]. We find that DNS requires resources
for describing correlations that are typically not realised
in turbulent flows. This allows us to introduce a tensor
network-based encoding of flow fields where small inter-
scale correlations translate into a significant dimension-
ality reduction of the computational space. We design an
algorithm for simulating the INSE in the compressed ten-
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FIG. 1. Interscale correlations of turbulent fluid flows. (a) and (b) correspond to a square with edge length Lbox on a
210 × 210 grid. (a) illustrates the subgrid structure when decomposing a function ui according to Eq. (2) and for n = 2. Red
dots are the 22 × 22 grid points Xk of the coarse grid. Each blue square attached to the Xk indicates the quadratic subgrid
with the 28 × 28 grid points xk of the fine grid. (b) shows the Schmidt numbers d99(n, t) on a logarithmic scale such that
the decomposition in Eq. (2) results in a 99% accurate representation of DNS solutions to the INSE at four different times
[see Fig. 2]. The domain D indicated by the black dashed line corresponds to the full computational space used by DNS. The
grey shaded area W denotes the computational space accessible by a 28 × 28 grid. The blue shaded area M is for d(n) ≤ 25
in Eq. (2). (c) Schmidt numbers d99(n, t) resulting in a 99% accurate representation of DNS solutions to the INSE on a cube
discretised by a 28× 28× 28 grid at four different times [see Fig. 3]. In (b) and (c), T0 is the characteristic time scale on which
the quickest particles in the initial flow fields can traverse the box (see Methods for details). (d) Scaling of M99 = max d99(n, t)
with the Reynolds number for the 2-D and 3-D systems in (b) and (c), respectively.

sor network format and establish that accurate solutions
can be obtained while reducing the size of the computa-
tional space by more than one order of magnitude.

Our tensor network algorithm exhibits strong similar-
ities to highly efficient methods for simulating quantum
many-body systems. In these systems, the dimensional-
ity reduction of the computational space is also achieved
by removing unrealised physical correlations from the
model. The correlations of interest for quantum systems
are known as quantum entanglement [15], and weakly en-
tangled systems or those where entanglement is bound by
an area law [16] can be efficiently simulated with tensor
network methods [17, 18]. This insight led to a revo-
lutionary advance of quantum many-body physics, en-

abling the simulation of physical systems that are other-
wise intractable [19, 20]. The conceptual similarity be-
tween the work presented here and tensor network ap-
proaches to quantum many-body physics opens up the
enticing possibility of conducting computational fluid dy-
namics on a quantum computer.

RESULTS

Quantifying interscale correlations. Throughout
this work we follow the standard approach in computa-
tional fluid dynamics and discretise the computational
domain. Each spatial dimension is discretised by 2D grid
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points, where D is a positive integer. In this way, the
velocity field

V (t, rq) =

K∑

i=1

ui(t, rq)êi (1)

and its Cartesian components ui are discrete functions
of the grid points rq, where K is the spatial dimen-
sion and êi are Cartesian unit vectors. Our quantum-
inspired measure for interscale correlations is based on
the Schmidt and singular value decompositions from lin-
ear algebra. At the heart of our approach is a systematic
division of the computational grid into sub-grids, which
we illustrate in Fig. 1a for a quadratic case (K = 2). We
decompose (for details see Methods) each component ui
on this 2D × 2D grid into functions R and f on a coarse
and a fine subgrid, respectively,

ui(t, rq) =

d(n)∑

α=1

λα(t)Rα(t,Xk)fα(t,xl), rq = Xk + xl.

(2)

Positions Xk correspond to a quadratic grid with 2n×2n

points (coarse grid), and xl correspond to a fine sub-grid
with 2D−n× 2D−n grid points. The functions Rα and fα
obey the orthonormality condition
∑

k

Rα(t,Xk)Rβ(t,Xk) =
∑

l

fα(t,xl)fβ(t,xl) = δαβ ,

(3)

where δαβ is the Kronecker delta. The parameter n =
1, . . . , D−1 labels the possible bipartitions of the square
lattice in coarse and fine grids [see Fig. 1a for D = 10
and n = 2]. The Schmidt number d(n) denotes the num-
ber of retained terms in the summation in Eq. (2), and
each product Rαfα is weighted by a Schmidt coefficient
λα ≥ 0. These coefficients appear in descending order
λ1 ≥ λ2... ≥ λd(n), thus varying d(n) will only add or re-
move the least important of the orthonormal basis func-
tions. Here we take d(n) as a quantitative measure for
the interscale correlations of turbulent flows at a given
bipartition n of the lattice: d(n) = 1 corresponds to
an uncorrelated product state. With increasing d(n) the
flow becomes more strongly correlated between the coarse
and the fine grid. Note that while the d(n) = 1 product
state exhibits no interscale correlations, it is still highly
correlated in space because the fine grid dependence is
repeated.

Truncating the Schmidt decomposition in Eq. (2) ap-
proximates ui in an orthonormal time-dependent basis
that evolves with the fluid flow to optimally capture spa-
tially correlated structures. This is in contrast to classical
scientific computing techniques (implemented through
e.g. finite difference or spectral methods) where the bases
are structure-agnostic, i.e., they are chosen a priori and
disregard any structure in the solution.

We first apply the decomposition in Eq. (2) to DNS
solutions of the TDJ shown in the top row of Fig. 2a. The
TDJ comprises a central jet flow along the x-direction,
and Kelvin-Helmholtz instabilities in the boundary layer
of the jet eventually cause it to collapse. We decompose
each velocity component according to Eq. (2), which is an
exact representation if d(n) = Γ2-D(n) with (for details
see Methods)

Γ2-D(n) = min(4n, 4D−n) . (4)

Fig. 1b shows the Schmidt numbers d99(n, t) such that
Eq. (2) represents the DNS solutions for the velocity
fields with 99% accuracy in the L2 norm (more details
on the Schmidt coefficients can be found in Supplemen-
tary Figs. 1 and 3). We find that d99(n, t) are well below
their maximal values Γ2-D(n) for n > 1. More specifi-
cally, we define M99 = max d99(n, t) as the maximal value
of d99 for all n and time steps. We obtain M99 = 25,
and the interscale correlations captured by Eq. (2) with
d(n) = min

(
Γ2-D(n), 25

)
are shown by the blue-shaded

areaM in Fig. 1b. All Schmidt numbers at all simulated
times are contained within this blue area. Note that d99

is shown on a logarithmic scale in Fig. 1b, and thus the
area M is much smaller than the area D corresponding
to DNS.

We obtain qualitatively similar results for the DNS so-
lutions to the TGV in 3-D, where vortex stretching causes
a single, large, ordered fluctuation to collapse into a tur-
bulent flurry of small scale structures (see top row in
Fig. 3a). In three spatial dimensions, the representation
in Eq. (2) is exact if d(n) equals (for details see Methods)

Γ3-D(n) = min(8n, 8D−n) . (5)

The Schmidt numbers d99(n, t) resulting in a 99% accu-
rate representation of the DNS solutions are shown in
Fig. 1c. We find M99 = 207 such that all values of d99

in Fig. 1c are contained within the blue-shaded area M
corresponding to d(n) = min

(
Γ3-D(n), 207

)
in Eq. (2).

Since M99 is much smaller than the upper vertex of the
area D at Γ3-D(4) = 212, the interscale correlations of
DNS solutions are far from being saturated (more details
on the Schmidt coefficients can be found in Supplemen-
tary Figs. 2 and 3).

Next we investigate how the maximal Schmidt number
M99 scales with the Reynolds number Re, and the results
are shown in Fig. 1d. We find that M99 saturates in the
2-D case for Re & 200. This suggests that interscale cor-
relations of 2-D flows are bounded in analogy to quan-
tum correlations in gapped 1-D quantum systems [16].
In the 3-D case, M99 increases according to a power law.
The number of parameters required to encode the space
M with d(n) = min

(
Γ3-D(n),M99

)
scales as M2

99 log 8D,
and Kolmogorov’s theory [3] states that the number of
grid points N = 8D scales with the Reynolds number
like Re9/4. We thus find that the number of parame-
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FIG. 2. 2-D Temporally developing jet. Dynamical simulation of the INSE in 2-D for a planar jet streaming along x with
Re = 1000 as defined in Methods. (a) shows snapshots of the vorticity and velocity fields taken at t/T0 = 0.25, 0.75, 1.25, 1.75
(left to right). Red corresponds to positive vorticity (counter-clockwise flow) and blue to negative (clockwise). Top row
corresponds to DNS results on a quadratic 210 × 210 grid (cf. Fig. 1a). Rows 2-4 are MPS results with different maximal
bond dimensions χ. Bottom three rows are for URDNS on quadratic grids as indicated. (b) Reynolds stress τxy [see Methods]
between the streamwise and cross-stream directions as a function of time and y coordinate. Red (blue) corresponds to positive
(negative) stress.

ters inM scales as Re1.42 log Re, and therefore increases
substantially slower with Re than N .

Tensor Network algorithm. The previous results
demonstrate that it is highly beneficial to find a rep-
resentation of flow fields where limiting the amount of
interscale correlations directly translates into a dimen-
sionality reduction of the computational space. This can
be achieved by expressing each velocity component in a
compressed tensor network format known as matrix prod-
uct state (MPS) or tensor train decomposition [17, 21].
Our MPS encoding of function values (see Supplemen-
tary Section 2) is chosen such that it is consistent with
the decomposition in Eq. (2) and comprises products of
D matrices with dimension d(n − 1) × d(n), where 2D

is the number of grid points in each spatial direction,
n = 1, . . . , D and d(0) = d(D) = 1 [22, 23]. Here we

consider MPSs of bond dimension χ where we set d(n) =
min

(
Γ2-D(n), χ

)
in 2-D and d(n) = min

(
Γ3-D(n), χ

)
in

3-D. The bond dimension χ controls the level of com-
pression in the MPS format and the amount of captured
interscale correlations. For example, the interscale corre-
lations captured by an MPS with bond dimension χ = 25
(χ = 207) are represented by the blue-shaded area in
Fig. 1b (Fig. 1c). If χ is kept constant as D increases, the
number of MPS parameters scales logarithmically with
the total number of grid points, resulting in an exponen-
tial reduction of the computational space. Note that an
MPS has fewer degrees of freedom than number of pa-
rameters due to the inherent gauge freedom in its repre-
sentation [24]. Furthermore, we emphasise that the trun-
cation of the parameter space with χ does not reduce the
range of length scales covered by the MPS ansatz, but
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only limits the amount of interscale correlations.
In order to fully utilise this dimensionality reduction

for numerical simulations on large grids, we devise an
algorithm for solving the INSE without leaving the com-
pressed MPS manifoldM (for details see Methods). This
is made possible by applying known techniques for adding
and multiplying MPS [17], and for solving linear systems
of equations using matrix product operators [25]. We
use a second-order Runge-Kutta time-stepping scheme
and discretise spatial derivatives in the same way as the
DNS solver, which utilises an 8th-order finite difference
stencil.
Validation of the tensor network algorithm. We

now investigate how well the dynamics of turbulent flow
are captured inside the MPS manifold M by compar-
ing our algorithm against DNS for different compressions
χ. In addition, we compare the MPS results to underre-
solved DNS (URDNS) where the simulation is carried out
on a coarse grid not covering all relevant length scales.
URDNS can be considered as the most basic form of
large eddy simulations [26–28], where no explicit mod-
els are employed to account for the disregarded subgrid
scales. For a fair comparison between MPS and URDNS,
we choose for every bond dimension χ a corresponding
grid size such that both methods operate within compu-
tational spaces of equal size.

The results for the TDJ and for the different solvers
are shown in Fig. 2. The top row in Fig. 2a corresponds
to DNS, and illustrates how the background perturba-
tions in the shear-layer are amplified (t/T0 = 0.25) un-
til the layer rolls up into vortices which in turn pair-
up and merge into progressively larger vortices (t/T0 =
0.75, 1.25) until t/T0 = 1.75, when pairing is terminated.
The results shown in Fig. 2b are in accord with the
Boussinesq approximation which indicates the Reynolds
stresses are of the opposite sign of the mean streamwise
velocity gradients along the cross-stream direction. The
exception is when the vortex pairing is terminated and
the growth of the shear-layer is temporarily paused.

Rows 2-4 in Fig. 2 show MPS results for χ = 33, 74
and 118, corresponding to compression ratios of approx-
imately 1 : 64, 1 : 16 and 1 : 8 compared to DNS, respec-
tively. The striking feature of these results is that the
large-scale dynamics of the jet are correctly captured by
all the MPS simulations, with χ = 74 and 118 practically
indistinguishable from DNS.

The bottom three rows in Fig. 2 show the URDNS
results for different grid sizes. We find that the 3622

grid (corresponding to χ = 118) is only accurate until
t/T0 ≈ 1.2 while the lower-resolution URDNS already
fails at t/T0 ≈ 0.75. This is observed in both the in-
stantaneous vorticity dynamics results and the Reynolds-
stresses. The MPS algorithm achieves a much higher ac-
curacy than URDNS for a given size of the computational
space. This result can also be understood in terms of the
interscale correlations shown in Fig. 1b, where the do-
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FIG. 3. 3-D Taylor-Green vortex. Dynamical simu-
lation of the INSE in 3-D for the Taylor-Green vortex and
Re = 800 as defined in Methods. (a) Vortical structures ren-
dered using the standard λ2 method [29] are shown at times
t/T0 = 0.2, 0.8, 1.4, 2 (left to right). Top row is for DNS on
a 28 × 28 × 28 grid. Rows 2-4 are for MPS simulations with
different χ, and bottom three rows are for URDNS on cu-
bic grids as indicated. (b) shows the enstrophy ζ(t) (aster-
isks/crosses/circles) and the energy dissipation ε(t) (lines) as
a function of time. E0 is the total energy at t = 0, see Meth-
ods.

main corresponding to URDNS on the 2562 grid is shown
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by the grey-shaded area W. A significant amount of cor-
relations present in the DNS solutions are outside of W,
which is consistent with our finding that URDNS cannot
accurately represent the DNS solutions.

Next we discuss the corresponding results for the dy-
namics of the TGV. The top row in Fig. 3a corre-
sponds to DNS and illustrates how the original vortex
collapses (t/T0 = 0.2) into turbulent worm-like struc-
tures (t/T0 = 0.8) which become progressively more tur-
bulent (t/T0 = 1.4) until viscosity eventually dissipates
these vortical structures (t/T0 = 2). Rows 2-4 and 5-7 in
Fig. 3a correspond to the results of our MPS algorithm
and to URDNS, respectively. The bond dimension and
grid sizes have been chosen such that the compression
ratios compared to DNS are approximately 1 : 25 (rows
2 and 5), 1 : 49 (rows 3 and 6) and 1 : 78 (rows 4 and 7).
While MPS produces a solution comparable to DNS for a
compression ratio of 1 : 49 (χ = 128), the corresponding
URDNS results clearly deviate from DNS. Discrepancies
between URDNS and DNS are even visible for the largest
URDNS grid (compression 1 : 25).

A more quantitative analysis of the performance of
MPS vs. URDNS is shown in Fig. 3b. Whenever the
computational space is restricted, a portion of the en-
ergy is erroneously lost to numerical diffusion, the extent
of which is deducible by comparing the physical global
dissipation (enstrophy) to the observed global kinetic en-
ergy dissipation. The MPS predictions at χ ≥ 128 are
consistent with both the DNS results here and in previ-
ous work [14]. We find that the MPS simulations with
χ = 128 and 192 dissipate the energy more accurately
than any of the URDNS results, especially for t/T0 ≥ 1.4.
As in the 2-D case, this outcome is in line with the in-
terscale correlations shown in Fig. 1c, where the domain
corresponding to URDNS on the 643 grid is shown by the
grey-shaded area W. The bipartitions at n = 5, 6, 7 are
associated with comparatively large Schmidt numbers for
t/T0 ≥ 0.8, and hence these interscale correlations cannot
be captured by URDNS.

DISCUSSION

In this work, we have introduced a quantum-inspired
measure for quantifying scale-locality of turbulent flows
and resolving its structure. We have observed that the
amount of interscale correlations of two paradigmatic
flow examples is well below its maximal value. This in-
sight has enabled us to develop a structure-resolving al-
gorithm based on tensor networks that is ideally adapted
to the multi-scale nature of turbulent flows. We have es-
tablished that this MPS algorithm results in a compres-
sion of the computational space by more than one or-
der of magnitude while still achieving DNS accuracy. We
also compared the MPS algorithm to scale-restrictive ap-
proaches, and found that the MPS algorithm outperforms

URDNS in all cases when considering the same compres-
sion level. This clearly demonstrates that our structure-
resolving method based on limiting the amount of inter-
scale correlations is superior to the naive scale-restrictive
approach of URDNS. Furthermore, we remark that MPS
can be highly effective at capturing shock waves as il-
lustrated in Supplementary Section 3 through analytical
studies of the 1-D Burgers’ equation.

Several routes for further investigation emerge from
here. For example, the saturation of the Schmidt num-
ber with Reynolds number for the 2-D flow example sug-
gests that an area law for interscale correlations might
exist, in analogy to strongly correlated 1-D quantum
systems [16, 17]. More general tensor network geome-
tries than MPS might enable more efficient representa-
tions of 3-D flows. In particular, the multi-scale entan-
glement renormalisation ansatz (MERA) and its deriva-
tives [30] were specifically designed to represent scale-
invariant quantum systems [31], and turbulent flows are
known to exhibit statistical scale-invariance [3, 4].

The utility of tensor networks in fluid dynamics goes
beyond the INSE. Future avenues of investigation for
MPS include compressible flows, in which the Mach
number is an important parameter, and transport of
scalar quantities under both passive and chemically reac-
tive conditions where the effects of Prandtl, Peclet and
Damkohler numbers [32] must be taken into account. It
would be interesting to examine how these parameters
affect the fidelity of low χ MPS simulations. Further-
more, as tensor network methods are naturally suited
to tackle high-dimensional problems, their applicability
to the transported probability density function (PDF)
of turbulent reactive flows [33] should be considered. In
these flows, in addition to temporal and spatial varia-
tions, the PDF is a function of the three-dimensional
velocity field and all of the pertinent scalar variables
(energy, pressure and species mass fractions) [34]. With
just 10 species (a very simple chemical kinetics model),
the unsteady PDF must be resolved in a 17- dimensional
space. High-fidelity modelling and simulation of such
complex flows can potentially be enabled through a well-
chosen tensor network ansatz.

The close connection of our tensor network-based ap-
proach to quantum physics points towards the excit-
ing prospect of solving the Navier-Stokes equations on
a quantum computer. Recently, several algorithms for
solving nonlinear partial differential equations on quan-
tum computers have been proposed [35, 36]. In partic-
ular, the work in [35] introduces tensor networks as a
programming paradigm for quantum computers, which
makes our approach especially well-suited for quantum
hardware implementations. Taking this step holds the
promise of several benefits. First, the computational scal-
ing of our algorithm is O(χ4 logN) per time-step when
simulated on a classical computer, where N is the total
number of grid points. Replacing these floating-point op-
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erations by physical gate operations on a quantum com-
puter removes the scaling with the bond dimension χ.
In addition, further exponential speedups are possible by
choosing an optimised quantum ansatz for encoding the
solution [35, 37, 38]. In this way, our work holds the
promise of enabling large-scale computational fluid dy-
namics calculations on quantum hardware that are well
beyond the scope of current approaches.

METHODS

Schmidt decomposition. We consider a 1-D sys-
tem and scale all lengths with its spatial dimension Lbox.
We discretise the spatial domain [0, 1] of the velocity
u with D bits into 2D grid points rq = q/2D with
q = 0, 1, . . . , 2D−1. Next, we introduce n = 1, . . . , D−1
bipartitions of this grid into coarse and fine sub-grids.
For a given n, the coarse sub-grid comprises the points
Xk = k/2n with k = 0, . . . , 2n−1. The spacing be-
tween neighbouring points is thus 2−n and this defines
the coarse length scale. To each coarse grid point Xk

is attached a fine sub-grid with points xl = l/2D with
l = 0, 1, . . . , 2(D−n)−1, and adjacent points are separated
by the fine length scale 2−D. In this way, any point rq of
the 1-D grid can be written as rq = Xk + xl.

Finally, we arrange the function values
u(rq) = u(Xk + xl) into a 2n × 2D−n matrix where
the rows and columns correspond to increments along
the coarse and fine grids, respectively. Performing a sin-
gular value decomposition (SVD) on this matrix [17, 39]
gives the desired Schmidt decomposition of u(rq) at
bipartition n,

u(rq) =

d(n)∑

α=1

λαRα(Xk)fα(xl) . (6)

This is the 1-D result corresponding to Eq. (2). For a full
SVD the Schmidt number takes its maximal value d(n) =
Γ1-D(n), where Γ1-D(n) = min(2n, 2D−n). If instead a
truncated SVD is performed by keeping only the d(n) =
χ largest singular values, the error in the L2 norm due

to this approximation is
√∑Γ1-D(n)

α=χ+1 λ
2
α.

This procedure can be straightforwardly generalised by
replacing bits with quarternaries (2-D) or octals (3-D),
i.e., by replacing 1-D line segments with squares (2-D)
or cubes (3-D). The maximal Schmidt numbers are then
given by Eq. (4) in 2-D and Eq. (5) in 3-D.

MPS time-evolution algorithm. The INSE are a
coupled set of partial differential equations for the veloc-
ity field V and the pressure p,

∇ · V = 0

∂V

∂t
+
(
V · ∇

)
V = −∇p+ ν∇2V ,

(7)

where ν is the kinematic viscosity and ∇ is the nabla
operator. After discretising the computational domain
as described in the main text, we solve Eq. (7) in time
via a second-order Runge-Kutta method by a variational
scheme. Furthermore, we use the penalty method [40, 41]
to satisfy the incompressibility condition ∇ · V = 0.

We illustrate the principle of our method by consider-
ing a simple Euler time step. To advance V from time
ts to ts + ∆t, we minimise the cost function

Θ(V ∗) = µ
∥∥∇ · V ∗

∥∥2

2
+

∥∥∥∥
V ∗ − V

∆t
+
(
V · ∇

)
V − ν∇2

V

∥∥∥∥
2

2

,
(8)

where ‖ · ‖2 is the L2 norm, ∇ is the nabla operator in
finite difference form, V ∗ is the trial solution at time
ts + ∆t and V denotes the solution at the previous time

step ts. The term µ
∥∥∇·V ∗

∥∥2

2
in Eq. (8) enforces∇·V = 0

for sufficiently large values of the penalty coefficient µ.
Note that the penalty method for enforcing the incom-
pressibility condition removes the pressure p from Eq. (8).
It can be calculated from the velocity fields via its Pois-
son equation [42].

We represent the flow field V in terms of the MPS
ansatz at all time steps ts, and all operations on V like
differentiation are realised via standard matrix product
operators acting on the MPS [17, 25]. In this way the
entire computation is carried out in the MPS manifold
M∈ D.

Set-up of numerical experiments. For the TDJ
simulations, we consider a square with edge length Lbox

with periodic boundary conditions and the initial condi-
tions

V (x, y, t = 0) = J(y) + D(x, y) , (9)

where J(y) is the initial jet profile

J(y) = ê1
u0

2

[
tanh

(
y − ymin

h

)
− tanh

(
y − ymax

h

)
− 1

]

(10)
with the streamwise direction along ê1. u0 is the mag-
nitude of the velocity differential between the jet and its
surroundings, ymin and ymax describe the extent of the jet
and h is the initial thickness of the vortex sheet. These
parameters define the Reynolds number Re = u0h/ν and
the time scale T0 = Lbox/u0. The function

D = δ(ê1d1 + ê2d2) (11)

in Eq. (9) is a small disturbance of miscellaneous wave
modes needed to initiate the roll-up of the jet, statisti-



8

cally homogeneous along ê1 and divergence free, with

d1(x, y) =2
Lbox

h2

[
(y − b)e−(y−b)2/h2

+

(y − a)e−(y−a)2/h2
]

[sin(8πx/Lbox)+

sin(24πx/Lbox) + sin(6πx/Lbox)] ,
(12)

d2(x, y) =π
[
e−(y−b)2/h2

+ e−(y−a)2/h2
]
×

[8 cos(8πx/Lbox) + 24 cos(24πx/Lbox)

+6 cos(6πx/Lbox)] , (13)

δ = u0/(40A) and A = max
x,y

√
d2

1 + d2
2. The components

of the Reynolds stress-tensor shown in Fig. 2b are de-
fined as τij(y, t) = u′iu

′
j , where u′i = ui − ui is the fluc-

tuating part of the velocity component and the overbar
denotes the ensemble-average across the statistically ho-
mogeneous streamwise direction,

ui =

Lbox∫

0

ui(x, y, t)dx . (14)

Scaling all lengths with Lbox, velocities with u0 and time
with T0, we set ymin = 0.3, ymax = 0.7, h = 1/200, a =
0.4, b = 0.6, and the penalty coefficient is µ = 2.5× 105

in all MPS simulations.
The TGV simulations in 3-D are conducted on a cube

with edge length Lbox with periodic boundary conditions.
We consider the initial flow field

u1(r, 0) = −u0 sin(k0x) cos(k0y) cos(k0z) ,

u2(r, 0) = u0 cos(k0x) sin(k0y) cos(k0z) ,

u3(r, 0) = 0 ,

(15)

where u0 is the velocity amplitude of the initial vortex
and its wavenumber is k0 = 2π/Lbox. The corresponding
energy at t = 0 is E0 = u2

0/2, and the Reynolds number
is defined using the integral scale as Re = u0/(k0ν).

In Fig. 3b we show the ensemble-averaged kinetic en-
ergy dissipation

ε(t) = −1

2

d

dt

∫

V

∥∥V (r, t)
∥∥2

2
d3r (16)

and enstrophy

ζ(t) = ν

∫

V

∥∥∇× V (r, t)
∥∥2

2
d3r . (17)

The averaging is performed by integrating over the whole
space V because the flow is statistically homogeneous
along all axes. For incompressible flows we have ε(t) =
ζ(t). However, restricting the computational space re-
sults in numerical diffusion violating this equality. In all

TGV simulations, we set T0 = Lbox/u0 and scale lengths
and velocities with Lbox and u0, respectively. In these
units, the dimensionless penalty coefficient for MPS sim-
ulations is µ = 6.25× 104.
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3

I. INTERSCALE CORRELATIONS OF THE 2-D AND 3-D FLOWS

We provide further details on interscale correlations obtained from Schmidt decompositions of the DNS
results of the TDJ (Re=1000) and TGV (Re=800) flows studied in the main text. In Sec. I A we examine
the Schmidt spectra λα and in Sec. I B we calculate the von Neumann entanglement entropy H(n, t)
following from these spectra.

A. Schmidt spectra

Supplementary Figs. 1 and 2 show the Schmidt spectra of the 2-D TDJ and 3-D TGV flows for different
times and bipartitions n. We have also included in both figures contours corresponding to d99(n, t) used
as a single figure of merit for the overall accuracy of the velocity field in the main text. This shows that
truncating the Schmidt spectra at these values does not discard any relevant interscale correlations of the
flow.

Supplementary Figure 1. Schmidt spectrum of the TDJ. The normalised Schmidt coefficients obtained from
the DNS of each velocity component of the TDJ flow at Re=1000 are shown at times t/T0 = 0.25, 0.75, 1.25, 1.75
(left to right), for each of the 9 bipartitions available on the 1024× 1024 DNS grid. The Schmidt coefficients are
sorted in descending order and are normalised such that the sum of their squares equals 1. The black, dashed lines
denote the d99(n, t) as used in the main text.
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Supplementary Figure 2. Schmidt spectrum of the TGV. The normalised Schmidt coefficients obtained from
the DNS of each velocity component of the TGV flow for Re=800 are shown at times t/T0 = 0.2, 0.8, 1.4, 2 (left
to right) for each of the 7 bipartitions available on the 256× 256× 256 DNS grid. The Schmidt coefficients are
sorted in descending order and are normalised such that the sum of their squares equals 1. The black, dashed lines
denote the d99(n, t) as used in the main text.
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B. Entanglement entropy

We adopt the standard definition of the von Neumann entanglement entropy H(n, t) from quantum
information theory. For a given spectrum λα = λα(n, t) this is defined as

H(n, t) = − 1

E(n, t)

d(n)∑

α=1

(λα(n, t))2 log
[
(λα(n, t))2/E(n, t)

]
, (S1)

E(n, t) is the normalisation factor E(n, t) =
∑d(n)
α=1(λα(n, t))2.

The entanglement entropy for the 2-D TDJ flow shown in Supplementary Fig. 3a shifts towards
bipartitions between coarser length scales (i.e. lower n) with increasing time. This behaviour is consistent
with a 2-D inverse energy cascade [1] where energy is carried from fine to coarse length scales as time
progresses, e.g. through vortex merging. These dynamics are particularly pronounced for the cross-stream
u2 velocity component, for which a large number of fine scale disturbances become energised by the shear
and grow in size (t/T0 ≈ 0.25, 0.75) until the eventual collapse of the jet and the saturation of the shear
layer (t/T0 ≈ 1.25, 1.75). At later times no further growth of the disturbances occur. Remarkably, these
physics are visible in the dynamics of the entanglement entropy. At t/T0 = 0.25 the entanglement entropy
is large for all bipartitions between n = 1 and n = 7 indicating significant correlations between all length
scales. At later times (t/T0 = 1.25, 1.75), when the energy increasingly flows towards coarser length scales,
also the entanglement entropy shifts towards lower n bipartitions as shown in Supplementary Fig. 3a.
For the 3-D TGV flow shown in Supplementary Fig. 3b the opposite happens. There, fine length

scales become energised with increasing time. Correspondingly, the entanglement entropy increases at
larger values of n with increasing time. This increase is consistent with the hypothesis of a direct energy

Supplementary Figure 3. Von Neumann entanglement entropy between length scales in the TDJ and
TGV flows. The entanglement entropy at each of the bipartitions of TDJ (a) and TGV (b) calculated from the
DNS solutions are illustrated at various times. The 1024× 1024 grid of the DNS of the TDJ are bipartitioned
along 9 length scales, while 7 bipartitions are used for the 256× 256× 256 grid DNS of the TGV. A symmetry
exists between the u1 and u2 components of the TGV velocity field, which makes them overlap within (b).



6

cascade in 3-D turbulent flows [2], where vortex stretching transports energy to progressively finer and
finer length scales until the Kolmogorov microscale is reached and the energy starts being dissipated
by viscosity. However, unlike in the 2-D TDJ case, the outflow of energy is not accompanied by a
corresponding reduction of interscale correlations. Instead, the entanglement entropy increases with time
for all bipartitions. This is a result of the disorder due to the collapse of the TGV into the various
worm-like vortical structures discussed in the main text. We finally note that both of these behaviours for
the 2-D TDJ and the 3-D TGV are consistent with the dynamics of d99 studied in the main text.
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II. MATRIX PRODUCT STATE REPRESENTATION

We describe how function values are encoded in the matrix product state (MPS) format in Sec. IIA.
The number of degrees of freedom of the MPS format is given in Sec. II B, and Sec. II C derives Eq. (2) of
the main text by performing a Schmidt decomposition in the MPS format.

A. Encoding flows as matrix product states

We consider a flow in a K-dimensional cube with edge length Lbox and each spatial dimension is
discretised by 2D grid points. The whole K-dimensional grid thus comprises 2KD equally spaced points
rq. First we introduce a one-to-one mapping between the grid point vectors rq and a tuple of positive
integers,

rq ↔ (q1, q2, . . . , qK) , (S2)

where qi ∈ {0, . . . , 2D − 1} is the index of the grid point in the direction êi. The binary representation
(. . .)2 of these indices qi requires D bits,

qi =
(
σi1, σ

i
2, . . . , σ

i
D

)
2
, (S3)

where σin ∈ {0, 1}, n = 1, . . . , D, and σi1 and σiD are the most and least significant bits, respectively. For
notational simplicity, we denote the velocity components by u, omitting the subscript for the Cartesian
component. Furthermore, we ignore the time dependence of u for the moment. The discretisation renders
the velocity components into functions of the grid points rq. Due to the one-to-one mapping in Eq. (S2),
they can also be regarded as functions of the indices qi, u(rq) ≡ u(q1, . . . , qK), and hence ultimately of
σin. However, there is a freedom in the order of mapping σin into rq. We group all indices associated with
the same bit:

ωn =
(
σ1
n, σ

2
n, . . . , σ

K
n

)
2
, (S4)

such that ωn ∈ {0, . . . , 2K − 1}. We approximate the discrete function values u(rq) by an MPS defined as
follows:

u(rq) ≈ Aω1Aω2 · · ·AωD , (S5)

where the matrices Aωn have dimensions d(n− 1)× d(n) with n = 1, . . . , D,

d(n) = min
(
ΓK-D(n), χ

)
(S6)

and ΓK-D(n) = min
(
2Kn, 2K(D−n)), cf. Γ3-D(n) in the main text. Note that d(0) = d(D) = 1, and thus

the MPS evaluates to a number. Each matrix Aωn in this MPS represents a particular length scale, and
the amount of interscale correlations captured by the MPS is controlled via the bond dimension χ. If χ is
set to χ = 2KbD/2c, the relationship in Eq. (S5) becomes exact.

B. Degrees of freedom

The number of degrees of freedom (DOF) of the MPS representation (S5) is given by [3]

DOF = 2K
D∑

n=1

d(n−1)d(n)−
D−1∑

n=1

d(n)2, (S7)

where the first sum is the total number of parameters in Eq. (S5). The second sum in Eq. (S7) represents
the intrinsic gauge degrees of freedom of the MPS format, and therefore the DOF are always smaller
than the number of MPS parameters. For χ = 2KbD/2c, the DOF are equal to the number of grid points:
DOF = 2KD.
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C. Schmidt decomposition

Next we show that the MPS representation of u in Eq. (S5) is consistent with the representation in Eq.
(2) of the main text. To this end we note that the gauge degrees of freedom allow one to bring the MPS
in Eq. (S5) to mixed canonical form [4],

u(rq) ≈
d(n)∑

α=1

λα

[
Âω1 · · · Âωn

]
α

[
B̂ωn+1 · · · B̂ωD

]
α
, (S8)

where λ1 ≥ λ2... ≥ λd(n) are the Schmidt coefficients. The matrices Âωn and B̂ωn have the same
dimensions as Aωn , and satisfy the relations

2K−1∑

ωn=0

(
Âωn

)t
Âωn = 1 , (S9)

2K−1∑

ωn=0

B̂ωn
(
B̂ωn

)t
= 1 , (S9)

where (·)t denotes the matrix transpose, and 1 is the identity matrix. Defining

Rα(Xk) =
[
Âω1 · . . . · Âωn

]
α
,

fα(xl) =
[
B̂ωn+1 · . . . · B̂ωD

]
α
, (S10)

we can cast Eq. (S8) into the form

u(rq) =

d(n)∑

α=1

λαRα(Xk)fα(xl) , (S11)

when χ is maximal. The grid points Xk (coarse grid) and xl (fine grid) are defined through the mapping
in Eq. (S2) and the integer values

Xk : qi =
(
σi1, . . . σ

i
n, 0, . . . , 0

)
2
, (S12)

and

xl : qi =
(
0, . . . , 0, σin+1, . . . , σ

i
D

)
2
, (S13)

respectively. By definition we have rq = Xk + xl, and Eq. (S9) implies the orthonormality conditions
∑

k

Rα(Xk)Rβ(Xk) =
∑

l

fα(xl)fβ(xl) = δαβ , (S14)

where δαβ is the Kronecker delta. Writing Eq. (S11) for all three Cartesian velocity components and
explicitly re-introducing the time dependence of ui, λα, R(α) and f(α), we obtain Eq. (2) of the main
text.
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III. MATRIX PRODUCT STATE REPRESENTATION OF SHOCK WAVES

In the following we analyse how well MPS approximate hump-solutions of the one-dimensional Burgers’
equation. First we introduce Burgers’ equation and present its known mathematical solution in Sec. III A.
Then in Sec. III B we derive the solution of Burgers’ equation for an initial δ function. We show that this
so-called hump-solution has, in general, an exponentially accurate MPS representation in Sec. III C. In
the special case of vanishing viscosity, this hump solution becomes a triangular wave, i.e. a prototypical
shock-wave. We provide the exact MPS description for this shock-wave in Sec. IIID.

A. Burgers’ equation and its analytical solution

Burgers’ equation [5, 6] is given by

∂u

∂t
= ν

∂2u

∂x2
− u∂u

∂x
(S15)

where u = u(x, t). This equation simplifies by defining a function w = w(x, t) via

u(x, t) = −2ν
1

w

∂w

∂x
(S16)

= −2ν
∂ log(w)

∂x
, (S16)

also known as the Hopf-Cole transformation [7, 8], which leads to the heat equation

∂w

∂t
= ν

∂2w

∂x2
. (S17)

The heat equation has the general mathematical solution

w(x, t) =
1

2
√
πνt

ˆ ∞

−∞
w0(α)e−

(x−α)2

4νt dα (S18)

where w0 denotes the initial function at time t = 0. We obtain w0 from the initial function to Burgers’
equation u0(x) = u(x, 0) by inverting Eq. (S16) for t = 0:

w0(x) = w(x, 0)

= e−
1
2ν

´ x
a
u0(y)dy (S19)

where a can be chosen freely. Using Eq. (S16) we obtain the following solution to Burgers’ equation

u(x, t) =
1

t

´∞
−∞ w0(α)(x− α)e−

(x−α)2

4νt dα
´∞
−∞ w0(α)e−

(x−α)2

4νt dα
(S20)

where w0(α) represents the initial function defined in Eq. (S19).

B. Mathematical solution for initial δ function

Following [9], we investigate the so-called hump solution to the Burgers’ equation. It is produced when
using the δ function initial condition of

u0(x) = Zδ(x− x0), (S21)

where Z is a normalising constant. Plugging this into Eq. (S19) gives

w0(x) = e−
Z
2ν

´ x
a
δ(y−x0)dy. (S22)

We choose a = x0 + ε, where ε→ 0 denotes an infinitesimally small number, so that

w0(x) = e
Z
2ν x ≤ x0 (S23)

w0(x) = 1 x > x0. (S23)
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We split the integration into two parts
ˆ ∞

−∞
w0(α) . . . dα =

ˆ x0

−∞
e
Z
2ν . . . dα+

ˆ ∞

x0+ε

. . . dα (S24)

and, to simplify our notation, we do not explicitly include ε from now on. The evaluation of the integral
in the numerator of Eq. (S20) is straightforward and to evaluate the integral in the the denominator we
make use of the substitution β = (x− α)/(2

√
νt). Ultimately these calculations lead to the result

u(x, t) =

√
ν

t

(e
Z
2ν − 1)e−

(x−x0)2

4νt

√
π +

√
π
2 (e

Z
2ν − 1)erfc(x−x0

2
√
νt

)
, (S25)

where erfc(x) = (2/
√
π)
´∞
x

exp(−α2)dα is the so-called complementary error function.
To analyse the solution (S25) in the limit of ν → 0, we first consider x ≤ x0 for which

lim
ν→0

erfc
(
x− x0
2
√
νt

)
= 2, x < x0 (S26)

lim
ν→0

erfc
(
x− x0
2
√
νt

)
= 1, forx = x0 (S26)

and therefore Eq. (S25) becomes

lim
ν→0

u(x, t) = 0 x ≤ x0. (S27)

For x > x0 we use the x→∞ asymptotic expansion of the complementary error function

erfc(x) =
e−x

2

√
πx

+O(x−3e−x
2

) (S28)

so that for ν → 0

erfc
(
x− x0
2
√
νt

)
≈ 2
√
νt

e−
(x−x0)2

4νt√
π(x− x0)

, x > x0 (S29)

which transforms Eq. (S25) into

u(x, t) =

√
ν

t

(e
Z
2ν − 1)e−

(x−x0)2

4νt

√
π +
√
νt(e

Z
2ν − 1) e

− (x−x0)2

4νt

x−x0

. (S30)

We observe that

lim
ν→0

e−
(x−x0)2

4νt = 0 x > x0 (S31)

lim
ν→0

(
e
Z
2ν−

(x−x0)2

4νt

)
=∞ x0 < x < x0 +

√
2Zt (S31)

lim
ν→0

(
e
Z
2ν−

(x−x0)2

4νt

)
= 1 forx = x0 +

√
2Zt (S31)

lim
ν→0

(
e
Z
2ν−

(x−x0)2

4νt

)
= 0 x > x0 +

√
2Zt. (S31)

Using these limit solutions in Eq. (S30) we get that in the limit ν → 0:

u(x, t) = 0 x ≤ x0 ∧ x > x0 +
√

2Zt (S32)

u(x, t) =
x− x0
t

x0 < x < x0 +
√

2Zt. (S32)

As ν grows large, it is straightforward to show that Eq. (S25) approaches the Gaussian

u(x, t) =
Z

2
√
πνt

e−
(x−x0)2

4νt . (S33)

And for ν →∞, this Gaussian will approach a uniform function with an amplitude tending towards zero.
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C. Matrix product state representation of general solution

Here we show that MPS accurately represent the previously derived mathematical solution for the
propagation of an initial δ function with Burgers’ equation. For K = 1 the MPS digit of Eq. (S4) collapses
to the range ωn ≡ σ1

n ∈ {0, 1}. In turn, every grid point can be defined as rq = xq = q/2D, where
q = (ω1, . . . , ωD)2.
The discretised δ-function u0(xq) = Zδ(q − j) with a normalising constant Z and a peak position

j = (b1, . . . , bD)2, bn ∈ {0, 1}, can be represented as an exact MPS (see Eq. (S5)) of bond dimension χ = 1
and factors

Aω1 =

{
Z, ω1 = b1,
0, otherwise, and Aωn =

{
1, ωn = bn,
0, otherwise,

for n = 2, . . . , D.
Time evolution of an initial δ function with Burgers’ equation has the solution of Eq. (S25). The

solution for ν → 0 is a triangular wave which has an exact MPS representation of bond dimension χ = 3,
as shown in the following section. The solution for very large ν is a Gaussian (tending towards a uniform
function for ν →∞), which has an exponentially convergent MPS approximation [10]. For 0 < ν <∞ it
can be shown that the function of Eq. (S20) remains holomorphic in x, and hence regularity arguments
similar to those in [11] can be used to prove an exponential convergence of the polynomial approximation
of Eq. (S20). In turn, polynomials of degree p sampled on an equidistant grid admit an exact MPS
representation [12, Thm. 6] with χ ≤ p + 1, and hence this MPS is also an exponentially converging
approximation of Eq. (S20).
Therefore we conclude that the MPS description of solutions of the initial values problem considered

here are exponentially convergent in the number of parameters used. In other words, an MPS scheme
would require exponentially fewer parameters than e.g. a standard finite differences scheme. For the sake
of concreteness, we illustrate this for the case of ν → 0 in the following section.

D. Triangular waves as matrix product states

Let us analytically derive the MPS representation for the ν → 0 triangular-wave solution of Eq. (S25).
This limit solution is a prototypical shock-wave and (as all shock-waves) it is discontinuous, which slows
down the convergence of both polynomial and Fourier approximations. In contrast, an MPS with a bond
dimension of just 3 can represent this function exactly, as we now demonstrate in this section.
Definition. Given a size 2D and a jump position j ∈ Z which can be represented with bits j =
(b1, . . . , bD)2, bn ∈ {0, 1}, if j ∈ {0, . . . , 2D − 1}, a j-th Heaviside vector is defined elementwise as

θjq ≡ θb1...bDω1...ωD :=

{
1, q ≤ j,
0, otherwise, (S34)

for q = (ω1, . . . , ωD)2, ωn ∈ {0, 1}.
Definition. Given a position j = 0, . . . , J − 1, J ∈ N, a j-th unit vector is defined elementwise as

ejq :=

{
1, q = j,
0, otherwise,

for q = 0, . . . , J − 1.
Lemma. The j-th Heaviside vector can be written as an MPS

θb1...bDω1...ωD = Tω1 · · ·TωD

with bond dimensions d(n) = 2, n = 1, . . . , D − 1, where

Tω1 =
[
eb1ω1

θb1−1ω1

]
, (S35)

Tωn =

[
ebnωn θbn−1ωn
0 1

]
, (S36)
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for n = 2, . . . , D − 1, and

TωD =

[
θbDωD

1

]
. (S37)

Proof. Consider two indices first, and prove that θb1,b2ω1ω2
= θb1−1ω1

+ θb2ω2
eb1ω1

.

• If ω1 > b1, we obtain 0, as expected from (S34).

• If ω1 = b1, we get θb2ω2
. This becomes 0 when ω2 > b2, and 1 when ω2 ≤ b2, which, together with

ω1 = b1, gives q = 2ω1 + ω2 ≤ 2b1 + b2 = j, as expected.

• If ω1 ≤ b1−1, we are left with θb1−1ω1
= 1, but in this case we also have that q = 2ω1+ω2 < 2b1+b2 = j.

All cases are thus in agreement with (S34).
Multiplying the last two factors of the Heaviside MPS, we get

TωD−1TωD =

[
θ
bD−1−1
ωD−1 + θbDωDe

bD−1
ωD−1

1

]
=

[
θ
bD−1,bD
ωD−1,ωD

1

]
.

Similarly, assuming that

Tωn · · ·TωD =

[
θbn...bDωn...ωD

1

]
,

we get the induction step for Tωn−1 · · ·TωD , and eventually, since Tω1 is just one row,

Tω1 · · ·TωD = θb1...bDω1...ωD

as expected.
Definition. From [12] we recall that the linear vector with elements xq = q = (ω1, . . . , ωn)2 can be
expressed as the MPS

xq =
[
1 2D−1ω1

]
· · ·
[
1 2D−nωn
0 1

]
· · ·
[
ωD
1

]

of bond dimension 2.
Theorem. A triangular wave vector with elements

wb1...bDω1...ωD := xq · θb1...bDω1...ω (S38)

can be written as an MPS of bond dimension d(n) = 3, n = 1, . . . , D − 1.
Proof. Multiplying MPS formats of Xq1...qD and θb1...bdq1...qD core by core gives an MPS decomposition
Ŵω1 · · · ŴωD of bond dimension 4. However, this decomposition is redundant. For example, the first
factor reads

Ŵω1 =
[
eb1ω1

eb1ω1
2D−1ω1 θb1−1ω1

θb1−1ω1
2D−1ω1

]
.

However, the elementwise multiplication of a unit vector with any other vector gives just a scaled unit
vector. In particular,

eb1ω1
ω1 = b1e

b1
ω1
.

Therefore, the first factor can be written as

Ŵω1 =
[
eb1ω1

θb1−1ω1
θb1−1ω1

2D−1ω1

]
︸ ︷︷ ︸

Wω1




1 b12D−1 0 0
0 0 1 0
0 0 0 1




︸ ︷︷ ︸
R1

.
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The first factor (of bond dimension d(1) = 3) can be stored as the non-redundant MPS factor of wb1...bDω1...ωD .
The second (constant) factor R1 can be multiplied with the second MPS factor Ŵω2 to continue the
reduction. Assuming that we have already obtained Wω1 , . . . ,Wωn−1 , in the next step we get

Rn−1Ŵωn :=




1 cn−1 0 0
0 0 1 0
0 0 0 1


 ,




ebnωn 2D−nωnebnωn θbn−1ωn 2D−nωnθbn−1ωn
0 ebnωn 0 θbn−1ωn

0 0 1 2D−nωn
0 0 0 1


 ,

where cn−1 is some constant, starting from c1 = b12D−1. This gives

Rn−1Ŵωn =



ebnωn (2D−nbn + cn−1)ebnωn θbn−1ωn (2D−nωn + cn−1)θbn−1ωn
0 0 1 2D−nωn
0 0 0 1


 .

Again, we notice that the first two columns are linearly dependent, so we can write

Rn−1Ŵωn =



ebnωn θbn−1ωn (2D−nωn + cn−1)θbn−1ωn
0 1 2D−nωn
0 0 1




︸ ︷︷ ︸
Wωn




1 2D−nbn + cn−1 0 0
0 0 1 0
0 0 0 1




︸ ︷︷ ︸
Rn

.

Since Rn is the same as Rn−1 except of a single element cn = 2D−nbn + cn−1 at the (1,2) position, the
recursion can continue until ŴωD , and the new factors Wωn with bond dimensions 3 can be used to
construct the non-redundant decomposition.
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