
        

University of Bath

PHD

Soliton dynamics in lithium niobate nano-waveguides

Rowe, Will

Award date:
2022

Awarding institution:
University of Bath

Link to publication

Alternative formats
If you require this document in an alternative format, please contact:
openaccess@bath.ac.uk

Copyright of this thesis rests with the author. Access is subject to the above licence, if given. If no licence is specified above,
original content in this thesis is licensed under the terms of the Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC-ND 4.0) Licence (https://creativecommons.org/licenses/by-nc-nd/4.0/). Any third-party copyright
material present remains the property of its respective owner(s) and is licensed under its existing terms.

Take down policy
If you consider content within Bath's Research Portal to be in breach of UK law, please contact: openaccess@bath.ac.uk with the details.
Your claim will be investigated and, where appropriate, the item will be removed from public view as soon as possible.

Download date: 23. May. 2023

https://researchportal.bath.ac.uk/en/studentTheses/8cb02ce4-4e7a-4350-9c79-0a61055fb66a


Soliton dynamics in lithium niobate

nano-waveguides

submitted by

William R. Rowe

for the degree of Doctor of Philosophy

of the

University of Bath

Department of Physics

August 2021

COPYRIGHT

Attention is drawn to the fact that copyright of this thesis rests with the author. A

copy of this thesis has been supplied on condition that anyone who consults it is

understood to recognise that its copyright rests with the author and that they must

not copy it or use material from it except as permitted by law or with the consent of

the author.

This thesis may be made available for consultation

within the University Library and may be

photocopied or lent to other libraries for the purposes

of consultation with effect from. . . . . . . . . . . . . . . . (date)

Signed on behalf of the Faculty of Science . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



In Maxwell you may have some pride,

but in truth your lecturers lied.

Credit for his equations,

with their standard notations,

go in fact to O. Heaviside.

i



ii



Abstract
Quadratic solitons have ridden the wave of recent interest in applications of frequency

conversion and supercontinuum generation in particular. In recent years advances in

fabrication of smaller χ(2) waveguides with lower loss has made experimental quadratic

soliton research more feasible, stoking significant theoretical interest in them.

Here we will start by studying solitons due to quadratic nonlinearity only. We derive

soliton existence criteria which allow us to identify five regimes of soliton existence.

Using perturbation theory we predict the emission of non-solitonic radiation from

these solitons due to their interaction with the linear dispersion of the system and other

dispersive waves. We investigate two distinct lithium niobate nanowaveguide structures

and analyse their modelled dispersion to assess their potential for quadratic soliton

research. We find our two candidate waveguides provide all five existence regimes

making them ideal for experimental investigation. Our numerical simulations of pulse

propagation in these structures show good agreement with our analytic predictions for

soliton existence and their dynamics.

We improve the generality of our work by including cubic nonlinear terms in our

next model. We show that two-component solitons supported by quadratic and cubic

nonlinearity may undergo soliton self-frequency shift due to the Raman effect in lithium

niobate. Our analytic predictions of temporal and spectral shifts match up remarkably

closely with numerical simulations of soliton propagation. In some cases we see that

extreme Raman shifting brings about instabilities in the soliton not reported elsewhere.

These instabilities are associated with the two-component soliton shifting towards the

boundary of its existence, a process that we show does not happen in Kerr solitons.

In our final model we highlight a particular feature of lithium niobate nanowaveguides

that we have observed while researching them. The focus of this work is the avoided

crossings found between certain mode pairs in these waveguides. We therefore introduce

an additional mode to our model such that the second harmonic component of the

soliton can exist in the avoided crossing between the two modes centred at this

frequency. The key advantage that these avoided crossings offer is the opportunity for

modal group velocity matching which is essential for low power soliton existence and

efficient frequency conversion in short pulses. This model also automatically includes

the dispersion of nonlinearity seen in the modelled system. Continuous wave solutions

are found to exist in this system and exhibit modulation instability over the majority of

their existence domain. We find soliton solutions in this system and make comparisons

between their existence and that of the continuous wave solutions. In general the

spectral structure of these solitons is not simple and we find the core and tail frequencies

often differ.
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Chapter 1

Introduction

The study of solitons started in a report of 1844 in which a water-wave, produced by

a boat moving in a narrow channel, was observed to propagate ‘apparently without

change’ and was dubbed a solitary wave [1]. It was not until 1965 when work in plasma

physics revealed their particle-like nature, showing that a collision between two solitary

waves left them intact and deflected from their original path, that they were first called

solitons [2]. Since then the study of solitons has spread from the previously mentioned

hydrodynamics [3] and plasma physics [2] into many fields including gravitational

theory [4] and Bose-Einstein condensates [3].

Optical solitons have garnered significant interest since they were first proposed more

than 50 years ago [5]. These are broadly split into spatial and temporal varieties

characterised by light confinement in space and time respectively. A spatial soliton

is therefore a light beam propagating without diffracting where a temporal soliton is

an optical pulse which does not disperse as it propagates [6]. Research in this area

has become very diverse with the discovery of many disparate types of optical soliton

including dark [7], spatiotemporal [8], Bragg [9] and quadratic solitons [10] to name

just a few [6].

Of the various types of optical soliton the most well studied are those arising from cubic

(χ(3)) nonlinearity [6,11]. This is in part because all materials display χ(3) nonlinearity

making these solitons most generally applicable [12]. The mechanism supporting these

solitons results from the intensity dependent change to the material refractive index,

known as the Kerr effect, which provides spatial self-focusing [5] or temporal self-phase

modulation [7, 13]. Under this effect a beam, which at low power would ordinarily

diffract, can, at higher power, propagate without spreading, thanks to exactly balanced
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intensity induced self-focusing [6]. The equivalent is true for dispersion in pulses which

maybe counterbalanced by intensity induced self-phase modulation [11]. The result,

in each of these cases, is a light structure, either beam or pulse, which propagates

without change [6]. In the field of optics, χ(3) solitons are often referred to as Kerr

solitons after their supporting mechanism. System losses and other perturbations mean

in reality that there will be some change to the soliton as it propagates. These changes

are often small and/or predictable and physicists are still happy to call these structures

solitons [11, 14]. The work in this thesis concerns temporal solitons and so from here

these will be the focus of our discussion.

Two particularly important phenomena observed in the dynamics of temporal Kerr

solitons are resonant (or Cherenkov) radiation and soliton self-frequency shift [15, 16].

Theory of Cherenkov radiation from Kerr solitons is based on a principle of phase

matching between the soliton and dispersive waves in the system [16, 17]. For phase

matching to be possible a significant contribution from dispersion of third-order or

higher must be present in the system [17]. This is often found where group velocity

dispersion (GVD) is small and higher orders of dispersion are therefore larger in

comparison, i.e. close to a zero-GVD point [18]. The effect of this is that the

soliton continuously radiates dispersive waves at the phase matched frequency as it

propagates [17]. Further frequency conversion is possible through interactions of the

soliton with other pre-existing dispersive waves [19,20]. These processes together have

been found to produce significant spectral broadening, particularly in conjunction with

the Raman effect [21–24].

Raman scattering or the Raman effect is a process in which light is scattered by

lattice vibrations in the material through which it is propagating [12]. In pulses with

sufficient spectral breadth this scattering can be stimulated by frequencies within the

pulse in a process known as intrapulse Raman scattering [11]. The result of this is a

continuous downshifting of the soliton central frequency, called soliton self-frequency

shift, which has been shown to broaden the output spectrum of modelled pulses in

numerical simulations in line with experiment [11,15,25–27]. This has even been shown

to take place in systems with sharply peaked Raman response, for example in air-core

fibres [28]. In purely Kerr systems this effect has been thoroughly studied providing

analytic expressions for the expected frequency shift [11,15].

In 1973 [13] it was discovered that temporal Kerr solitons could be produced in

optical fibres with anomalous dispersion. Wide ranging applications soon followed

including supercontinuum generation (SCG) [11, 15, 29, 30], pulse compression [31],

soliton lasers [32] and telecommunications [33]. SCG is the process of producing an
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extremely broad optical spectrum from relatively spectrally-narrow initial input and is

of particular relevance to this thesis [15]. Phenomena including Cherenkov radiation

and soliton self-frequency shift first understood in theoretical Kerr soliton research were

found to be key mechanisms driving the spectral broadening of SCG in fibre [15]. This

understanding was crucial in directing research and applications in this area [15].

Even greater interest in this subject was ignited in the year 2000 when SCG in photonic

crystal fibre (PCF) was reported [34]. These novel optical fibres have intricately

engineered cladding which allows for highly tunable dispersion and makes them a

versatile platform for a multitude of applications [35]. Their transverse microstructure

also provides PCFs with the significant benefit of increased effective nonlinearity

produced by the strongly guiding structure and small core size [34]. These key

attributes were crucial in the commercialisation of supercontinuum sources, used in

countless research settings today [15].

Many of the characteristics that made PCFs an interesting platform for SCG and

soliton research two decades ago are present in the χ(2) nanowaveguides under

development today. One promising example of these and most relevant to this

work are those made from lithium niobate (LiNbO3, LN). This long-studied optical

material has strong χ(2) nonlinearity and a broad transparency window from 400 nm-

4 µm [36]. The strong guidance LN nanowaveguides gives rise to significant geometric

dispersion allowing sensitive engineering of the guided mode dispersion useful for

many applications including SCG [37–39]. This dispersion engineering also makes

feasible direct phase and/or group velocity (GV) matching between different modes

at fundamental frequency (FF) and second harmonic (SH) frequencies [40] which is

important for high efficiency χ(2) processes in short optical pulses. Many of these

nanowaveguide platforms have a small mode area which serves to increase the effective

nonlinear response and hence reduce input powers for nonlinear applications [41]. In

addition to these similarities, some properties of LN nanowaveguides give them the

potential to outperform PCFs in certain applications of nonlinear optics. The χ(2)

nonlinear response of LN gives hope of broader spectra at lower powers and their

small size gives the possibility of miniaturisation not possible with PCFs. In recent

years fabrication of these nanostructures has improved with production of waveguides

with propagation losses as low as 0.027dB/cm now possible [42], making loss in short

waveguides negligible. Another significant advancement is the periodic poling of the

thin films used to make these nanowaveguides which has been achieved with submicron

periods [43]. These waveguides are now being fabricated with increasing precision for

various experimental investigations [44–46].
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As LN nanowaveguides have become an established platform many simulations [47–50]

and experiments [39,51–54] have been done to characterise their potential for nonlinear

optics. As a result, there is more need than ever for a comprehensive analysis of

nonlinear pulse dynamics in such structures. Though self-action of light [10] and

solitons [55] were predicted in χ(2) systems in 1967 and 1974 respectively it was not until

the 1990s that the first experimental observations were made [56, 57]. Following this,

χ(2) systems have been shown to support a great variety of solitons many analogous to

those found in for χ(3) nonlinearity [14]. The purely χ(2) system supports solitons by

continuous conversion between the FF and its SH, in both directions [14]. This is most

simply understood by considering the regime of large phase-mismatch between the FF

and SH where the χ(2) response reduces to an effective Kerr nonlinearity, known as

the cascaded Kerr limit [14, 58, 59]. The drawback of this cascaded limit is that the

effective nonlinearity scales inversely with the large phase mismatch [14]. Solitons do

exist outside this limit but analysis in this regime has so far been less complete. Solitons

have also been found to exist in systems with simultaneous χ(2) and χ(3) nonlinearities.

In particular the case where these nonlinearities are in opposition and so compete for

dominance has been well studied [14,60].

Dynamics of temporal χ(2) solitons have only been partially studied. For example,

theory of Cherenkov radiation has been extended to χ(2) systems in the cascaded Kerr

limit [48,61] and to Kerr systems with χ(2) included as a perturbation [52]. The analysis

has not yet been done for a χ(2) system outside of the cascaded limit. The Raman effect

is even less well studied in χ(2) systems. Some work has been done to simulate the effects

of Raman pulse propagation in systems with both χ(2) and χ(3) [50, 62]. However no

analysis of intrapulse Raman scattering has been done in systems with both quadratic

and cubic nonlinearities. Good theoretical understanding of these phenomena in χ(2)

systems is essential for LN nanowaveguides to reach their full potential in nonlinear

optics applications particularly as applications including pulse compression and SCG

are now experimentally viable [44–46,50,62–65].

1.1 Thesis structure

The two chapters following this introduction provide a summary of prior research and

background theory that underpin the work presented in the subsequent chapters. The

aim of chapter 2 is to give the reader the necessary background in temporal soliton

theory. We briefly touch on their history and present the rough steps we use to

derive a generalised equation for light propagation in waveguide modes coupled by
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both quadratic and cubic nonlinearities. We then move to discuss the most relevant

theoretical results in relation to Kerr solitons and introduce quadratic solitons in

the cascading limit. Chapter 3 gives an overview of LN nanowaveguides in the

context of current χ(2) waveguides research. We explain the benefits of lithium

niobate on insulator (LNOI) nanowaveguides and why we choose these as our prime

example throughout this thesis. For completeness relevant linear and nonlinear optical

properties of LN are given along with those for silica.

Chapters 4-6 present our research with each chapter containing a different model

of solitons in χ(2) waveguides and the ensuing results. Chapter 4 models solitons

experiencing χ(2) nonlinearity only, outside of the cascading limit. We develop existence

criteria for the two-component solitons along with analysis of resonant radiation from

them. Chapter 5 builds on the previous chapter by including χ(3) nonlinearities in the

two mode model. We analyse effects of intra-pulse Raman scattering introduced as a

perturbation to the two-component solitons. In many cases our simulations show these

solitons to be robust to large shifts in frequency and velocity. Under certain conditions

the Raman shift forces the solitons to approach the boundary of their own existence

uncovering a previously unknown instability. In chapter 6 we focus on an interesting

feature of certain LN nanowaveguides by modelling the effects of an avoided mode

crossing between two modes at the SH. This model uses three coupled field envelope

equations and allows for the possibility of direct GV matching between FF and SH

components. We find continuous wave solutions exist which are mostly unstable with

respect to modulations. We also find that soliton exist and in general have an interesting

spectral structure with different frequencies in their core and their tails.

The final chapter concludes this thesis by summarising the key results of our research.

Here we put the work in context together and discuss the outlook and prospects for

future work in the area.
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Chapter 2

Temporal Optical Solitons

A pulse in any physical medium will, in general, undergo dispersion whereby it broadens

in time as it propagates. This broadening occurs because pulses are inherently multi-

frequency and group velocity is frequency dependent. In optics this linear effect is

known as group velocity dispersion (GVD). Under the right circumstances the effects

of dispersion may be balanced by nonlinearity in the system [3]. This phenomenon,

sometimes called ‘self-trapping’ [5] can allow pulses to propagate over long distances

without significant change and such pulses are known as solitons. This chapter is

dedicated to discussion of optical solitons. We intend to inform the reader of previous

theoretical and experimental work in this area and put our research, presented in

subsequent chapters, into context. We will also derive key results that are essential

in understanding the background to our research. To keep the discussion relevant we

mainly focus on temporal optical solitons.

2.1 A brief history

Optical solitons were not possible until the realisation of the laser in 1960 [66]. It

wasn’t long until self-trapping of optical beams was proposed [5] introducing the first

possibility of optical solitons. It was shown that, in systems with cubic (Kerr or χ(3))

nonlinearity, a beam (or equally a pulse) of light can become trapped by an effective

potential produced by its own intensity profile. With the precise intensity profile that

exactly counteracts diffracting (or dispersing) effects in the material, the beam (pulse)

will propagate unchanged for long distances. Since then a great deal of research has

been done on Kerr solitons, most notably in fibre optics [11].
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Figure 2-1: Cross-section of generic waveguide.

Shortly after self-action in Kerr systems was first proposed [5] it was theorised that

a similar effect should be possible in crystals with quadratic (χ(2)) nonlinearity [10].

It was not until much later that this was confirmed experimentally [67], after which,

interest in quadratic solitons really took off [14]. This area has seen renewed activity

more recently due to advances in nano-structured device fabrication using χ(2) materials

[68–70]. It is now possible to produce nanowaveguides (and more complex devices)

from crystalline materials with χ(2) nonlinearity [41]. One example of such a crystal

is lithium niobate (LiNbO3 or LN), a versatile optical material with strong χ(2)

nonlinearity [36, 71]. We give a detailed discussion of these nanowaveguides and the

optical properties of LN in chapter 3.

2.2 Linear mode guidance

We begin by considering a generic waveguide structure with a transverse cross-section

in the xy plane which is assumed constant in the direction of propagation z. The

simplest waveguides have two regions, a core surrounded by the cladding [72]. An

example of such a structure is given in fig. 2-1. For this structure to guide light over

long distances the refractive index in the core must be higher than in the cladding [72].

In order to analyse light propagation in these structures we start with Maxwell’s

equations describing electric, ~E , and magnetic, ~B, fields in a non-magnetic material

with no free charges,
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∇ · ~D = 0, (2.1a)

∇ · ~B = 0, (2.1b)

∇× ~E = −1

c

∂ ~B
∂t
, (2.1c)

∇× ~B =
1

c

∂ ~D
∂t
, (2.1d)

where c is the speed of light in vacuum. We define the displacement field as

~D = ε0

[
~E + ~P

]
(2.2)

where ε0 is the permittivity of free space and we write polarisation as a power series

in the electric field,

~P = χ̂(1)...~E︸ ︷︷ ︸
~PL

+ χ̂(2)...~E2 + χ̂(3)...~E3 + . . .︸ ︷︷ ︸
~PN

.
(2.3)

χ̂(n) is the nth order susceptibility tensor (of rank n+ 1) of the relevant material and
...

represents a tensor product.

We chose to define our fields in terms of its Fourier components, for example the electric

field becomes,

~E =
1

2
√

2π

∫ ∞
0

E(~r, ω)e−iωtdω + c.c., (2.4)

where quantities in bold represent vectors and with similar expressions for ~D, ~B and

~P.

For now we consider only low amplitude electric fields such that the linear polarisation

dwarfs contributions from nonlinear ones (~PL � ~PN ). This puts us firmly in the

linear regime allowing us to neglect ~PN . Taking the curl of Eq. (2.1c) and substituting

Eq. (2.1d) we find

∇×∇×Eω =
ω2

c2
Dω, (2.5)

where we add subscript ω to remind us that these quantities are frequency dependant.

Maing the approximation that the solution is separable we use an ansatz of the form,

Eω =
∑
j

Ãω,j
eω,j(x, y)√

Nω,j

eiβ̃ω,jz (2.6)
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splitting Eω into transverse mode profiles, eω,j and amplitudes, Ãω,j . The sum

is performed over all relevant modes of the waveguide labeled by the mode index

subscripts j with propagation constants β̃ω,j and normalisation factors Nω,j . (Mode

profiles, eω,j may not be normalised and we include their normalisation factors for

generality. If they are normalised then Nω,j = 1) In the linear case, ignoring

propagation losses which we assume are small, the amplitudes Ãω,j are constant in z,

and therefore we find from Eq. (2.5) that the modes are characterised by the eigenvalue

equation,

L̂ej = 0, (2.7)

where the operator

L̂ =

−∂
2
y + β̃2

ω,j − ε0ε(ω/c)
2 ∂y∂x iβ̃ω,j∂x

∂y∂x −∂2
x + β̃2

ω,j − ε0ε(ω/c)
2 iβ̃ω,j∂y

iβ̃ω,j∂x iβ̃ω,j∂y −∂2
x − ∂2

y − ε0ε(ω/c)
2

 ,
(2.8)

and where ε = 1 + χ(1) is the material permittivity. The linear modes are solutions of

Eq.(2.7) when the boundary conditions of the waveguide cross-section are accounted

for. The modes of a waveguide form the natural basis for light propagating in that

structure. In this work we solve Eq. (2.7) using a commercially available finite element

eigen-solver (COMSOL Multiphysics) as briefly described in section 2.7.3.

2.3 Nonlinear wave equation

To this model of linear mode guidance we add nonlinearity as a perturbation. Assuming

a small change in refractive index we neglect any impact on the transverse modes eω,j

and instead allow the amplitude Ãω,k to slowly vary in z. Thus, our ansatz becomes,

Eω(r) =
∑
j

Ãω,j(z)
eω,j(x, y)√

Nω,j

eiβ̃ω,jz. (2.9)

We then use the Lorentz reciprocity theorem [73] to show that the evolution of the field

envelope for mode k follows,

∂Ãω,k
∂z

=
iωε0

4
√
Nω,k

e−iβkz
∫

e∗ω,k · PNdΩ, (2.10)

9



where we have kept nonlinear polarisation PN general. We define the normalisation

factor as

Nω,k =
1

4

∫
ek × h∗k + e∗k × hkdΩ, (2.11)

which makes |A|2 power with units of Watts. More detail in this derivation is given in

appendix A.1.

In this thesis we focus on modeling systems where second and third order nonlinearities

dominate and higher order terms are neglected. Doing this, the nonlinear polarisation

is given by,

~PN = χ(2)...~E2 + χ(3)...~E3. (2.12)

Substituting this expression into (2.10) we can derive (see appendix A.2) a nonlinear

field envelope equation in the time domain for mode k,

i
∂Ak
∂z

=−
[
βk(i∂t′)− βk0 − i

1

vg
∂t′
]
Ak+

−
∑
j,p

[
γ

(−)
kjpAjApe

i[∆β−0 −∆ω−/vg ]ze−i∆ω
−t′

+ 2γ
(+)
kjpA

∗
jApe

i[∆β+
0 −∆ω+/vg ]ze−i∆ω

+t′
]

−
∑
j,p,l

[
γ

(−−)
kjpl AjApAle

i[∆β−−0 −∆ω−−/vg ]ze−i∆ω
−−t′

+ 3γ
(+−)
kjpl A

∗
jApAle

i[∆β+−
0 −∆ω+−/vg ]ze−i∆ω

+−t′+

+ 3γ
(++)
kjpl A

∗
jA
∗
pAle

i[∆β++
0 −∆ω++/vg ]ze−i∆ω

−−t′
]
.

(2.13)

Here we have shifted to operate in a reference frame moving with a reference velocity

vg (which we choose later based on our requirements) such that t′ = t − z/vg. We’ve

defined the field envelope in the time domain as

Ak =
1√
2π
e−i[βk0z+ωkt]

∫ ∞
∞

Ãk(δ)e
i[β̃k(δ)z−δt]dδ, (2.14)

where we have introduced frequency detuning δ = ω−ωk. ωk is the reference frequency

for mode k. The modal propagation constants are modelled as a Taylor expansion in δ

(which is usually valid for small enough frequency detunings, δ)

β̃k(δ) =
∑
m=0

βkm
δm

m! (2.15)

where βkm =
∂mβ̃k(ω)

∂ωm

∣∣∣∣
ωk

. Which when we do a Fourier Transform to convert into the
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time domain gives

βk(i∂t′) =
∑
m=0

βk,m
m!

[i∂t′ ]
m . (2.16)

The parameters ∆β±0 , ∆β±±0 , ∆ω± and ∆ω±± are the propagation constant and

frequency shifts collected for the various nonlinear terms and are all defined in appendix

A. The effective second and third order nonlinearity coefficients are γ
(±)
kjp and γ

(±±)
kjpl

respectively. These are calculated from nonlinear modal overlap integrals as detailed

in appendix A.2.

2.4 Kerr solitons

First we will consider the well studied Kerr system which will form the basis of our

introduction to systems supporting solitons, the perturbations that may be introduced

and their effects. To model a Kerr system we take Eq. (2.13) keeping only a single

guided mode and hence dropping any modal subscripts (e.g. k). Retaining χ(3)

nonlinearity only to model a purely Kerr system we find our wave equation ((2.13))

becomes,

i
∂A

∂z
=
β2

2
∂t′A− γ|A|2A, (2.17)

where we have kept dispersion terms up to second-order and dropped any nonlinear

terms far from phase-matching (phase mismatched terms will couple inefficiently and

their contributions will therefore be negligible). We have set our reference frame

velocity to the group velocity of the mode at the reference frequency, vg = 1/β1 and

simplified notation such that γ = γ(+−).

It is common practice to normalise this system to simplify mathematical analysis and

numerical simulation. We do this here by making the substitutions

zd =
2t20
|β2|

, ξ =
z

zd
,

τ =
t′

t0
, U =

√
|γ|zdA,

(2.18)

where zd is the dispersion length and t0 is a characteristic timescale often set to a typical

pulse duration. We have defined zd as double that commonly used in Kerr systems [11]

in favour of the scaling usually used in quadratic systems which we will use throughout

this thesis. Thus we arrive at the nonlinear Schrödinger equation (NLS),

i∂ξU + ∂2
τU + U |U |2 = 0. (2.19)

11



We have chosen sign(γ) = 1 which is true for the silica glass in optical fibres where this

model is applied most relevantly. ∂2
τU is the GVD term which acts to spread pulses

in time as they propagate. For the possibility of soliton existence we then require that

sign(β2) = −1 (i.e. GVD opposing nonlinearity) which sets GVD to anomalous. Pulses

of sufficiently high power will experience significant contribution from the nonlinear

term, U |U |2.

Looking for soliton solutions using the ansatz U = V0(τ)eiQξ where Q is the stationary

soliton propagation constant. ∂ξV0 = 0 as V0 is the soliton profile that doesn’t change

as it propagates and must therefore satisfy

[−Q+ ∂2
η ]V0 + V0|V0|2 = 0. (2.20)

The fundamental soliton solution has been found analytically with the form [11]

V0 =
√

2Q sech(
√
Qη). (2.21)

An example soliton profile is plotted in Fig. 2-2 (a) showing the characteristic sech

shape. Further analysis can be done to show this system is invariant under the Galilean

transform [74],

U → Uei
ν
2
η+i ν

2

4
ξ,

τ → τ − νξ = η.
(2.22)

This then means we have a solution for solitons with non-zero inverse velocity ν,

U(η) = V0e
iµξ+i ν

2
η, (2.23)

where the soliton propagation constant µ = Q+ ν2/4 [11]. The term inverse velocity is

commonly used through literature on temporal solitons. Use of the word inverse is to

distinguish this parameter from a true velocity of an object moving in space per unit

time. Temporal solitons move in time per unit of distance propagated.

2.4.1 Tail analysis

So we have our soliton solutions with parameters µ and ν but we’d like to work out

what values these parameters can take. To this end we analyse the tails of the soliton,

where the amplitude is low. Here we require that the solitons decay exponentially as

12



Figure 2-2: (a) Kerr soliton profile for Q = 1 and ν = 0. (b) Kerr soliton existence
criterion plotted in the soliton parameter space, the µ-ν plane.

we move away from their centre such that

V = ae−θη, (2.24)

where a is a small amplitude. Substituting this into Eq. (2.19) we find[
−µ+ iνθ +

1

2
θ2

]
a = 0, (2.25)

where the nonlinear term (of the order a3) has been neglected. For exponential decay

we require θ to have a positive real part which is only satisfied when

µ >
ν2

4
. (2.26)

This inequality constrains the existence of solitons to a particular region of their

parameter space, the µ-ν plane. We have plotted this existence criterion in Fig. 2-

2 (b) where we see it maps to a parabolic area on the µ-ν plane. It is inside this shaded

region that localised solitons can exist. An alternative way of viewing these conditions

is by considering the soliton propagation constant (or wave-number) compared to that

of the linear waves in the system. The conditions we derive here are equivalent to

requiring that the soliton propagation constant must exist outside the allowed range

of linear waves in the system [16]. If the soliton propagation constant does match

with wave-numbers of allowed linear waves they will be resonant and the soliton will

produce radiation at this matched wave-number [16]. This will be discussed further in

the following section.
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2.4.2 Resonant Radiation

Considering the interaction of the soliton with other waves in the system models have

been developed to study the emission of resonant radiation from them. Here we will

consider two perturbations to the soliton, the addition of higher-order dispersion and

the inclusion of some pump waves external to the soliton. To model these our system

becomes,

i∂ξU + ∂2
τU + iε3∂

3
τU + U |U |2 = 0. (2.27)

The additional term here is third-order dispersion where ε3 is small, which is typically

sufficient to test our model of higher order dispersion [15]. We use the ansatz

U = [V (η) + ψ(η, ξ) + p(η)eiφp(η,ξ)]eiµξ, (2.28)

where V is the soliton solution as before. ψ is the resonant radiation generated by

the perturbations and p is the pump wave amplitude. The phase of the pump wave,

φp = q(δp)ξ−δpη where q(δ) = −µ−νδ−δ2−ε3δ
3 such that the pump wave is a linear

solution of Eq. (2.27) at frequency detuning δp. Having done this substitution we then

make a Fourier transform into the frequency domain where we find,

i∂ξψ̃ + q(δ)ψ̃ + [2ψ̃ ∗ Ṽ ∗ Ṽ ∗ + ψ̃∗ ∗ Ṽ ∗ Ṽ ] =ε3δ
3Ṽ+

−2p̃ ∗ Ṽ ∗ Ṽ ∗eiφp − p̃∗ ∗ Ṽ ∗ Ṽ e−iφp .
(2.29)

The functions f̃(δ) denote Fourier transforms of functions f(η) and convolutions

between functions are denoted using the ∗ symbol. As ψ̃ and p are small, higher

order terms in these function are very small and so can be neglected. We see that this

equation represents an oscillator, on the left hand side, driven by the terms on the

right hand side. The bracketed terms on the left hand side can be neglected as they

represent the convolution between functions separated in frequency, the only overlap is

therefore in their tails, which will produce a very small contribution.

As discussed briefly in the previous section (2.4.1) the robustness of the soliton occurs

because it does not match wave-numbers with linear waves in the system [16]. However,

now that we have included perturbations to our system we can no longer assume

the soliton will remain intact. Considering just the perturbation due to third-order

dispersion without a pump wave present (i.e. p = 0), our oscillator equation simplifies

such that

i∂ξψ̃ + q(δ)ψ̃ = ε3δ
3Ṽ . (2.30)
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Using the anzats ψ̃ = Ã(ξ, δ)eiqξ we find

i∂ξÃe
iqξ = ε3δ

3Ṽ , (2.31)

and we can match wave-numbers between driven and driving terms to find

q(δ) = 0 (2.32)

which is our condition for resonant radiation. Detuning in frequency slightly from

this exact phase-matching condition we expect the emitted radiation to oscillate with

propagation distance. The period of this oscillation will be set by the phase mismatch

between the soliton and the radiation at that frequency.

Including the pump wave perturbation only (i.e. ε3 = 0) and following similar analysis

yields

i∂ξÃe
iqξ = 2p̃ ∗ Ṽ ∗ Ṽ ∗eiφp − p̃∗ ∗ Ṽ ∗ Ṽ e−iφp . (2.33)

where by matching wave-numbers again we find two additional resonance conditions

q(δ) = ±q(δp), (2.34)

for radiation due to an external pump wave. These conditions have been used

extensively in previous work to predict the frequency of resonant radiation in Kerr

systems [15–18].

2.4.3 Raman effect

The final important frequency conversion effect studied in Kerr solitons that we will

outline here is that of Raman scattering. Analysis of the NLS including Raman as a

perturbation has been done and starts with the system [11,15],

i∂ξU + ∂2
τU + [1− fR]U |U |2 + fR

∫ ∞
−∞

R(τ ′ − τ)|U |2dτ ′. (2.35)

This is the most common way to see these terms included in the NLS. We find it more

useful to rearrange the nonlinear terms giving the form,

i∂ξU + ∂2
τU + U |U |2 = εR(U), (2.36)
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where perturbation to the NLS due to the Raman effect is included as the perturbation

εR(U) =fRU

∫ ∞
−∞

[∆(τ ′ − τ)−R(τ ′ − τ)]|U |2dτ ′. (2.37)

Here fR is the fraction of material χ(3) response attributed to Raman effect and ∆(τ) is

the Dirac delta function. The Raman function for a material with N lattice resonances

is

R(τ) =Θ(τ)
N∑
n=1

fn
τ2

1,n + τ2
2,n

τ1,nτ2
2,n

sin
( τ

τ1,n

)
e−τ/τ2,n , (2.38)

where fn is the fractional contribution from the nth resonance. Each resonance has

characteristic times τ1,n and τ2,n and Θ(τ) is the Heaviside step function. In silica

glass this function is typically modeled with a single resonance with τ1,1t0 = 12.2fs,

τ2,1t0 = 32fs and f1 = 1.

Modeling solitons in this system it is typical to use the ansatz

U = [V (η, µ, ν) + a(ξ, η)]eiφ,

η = τ −
∫
νdξ,

φ =

∫
µdξ,

(2.39)

where the soliton parameters µ and ν are now functions of ξ but this ansatz replicates

our model of Kerr solitons as described in section 2.20 when soliton parameters µ

and νare constant. a is a small term which permits radiation from the soliton and

corrections to its shape. As before V is the soliton solution of (2.19).

Substituting this ansatz into (2.36) we write the result as a matrix equation

P̂ ~X + Ĵ~a = ~εR (2.40)

where we have defined

~a =

[
a

a∗

]
, ~X =

[
V

V ∗

]
, ~εR =

[
εR(V )

ε∗R(V )

]
,

Ĵ =

[
−µ− iνδη + δ2

η + 2|V |2 V 2

[V ∗]2 −µ+ iνδη + δ2
η + 2|V |2

]
,

P̂ = i

[
µ̇∂µ + ν̇∂ν 0

0 −µ̇∂µ − ν̇∂ν

]
.

(2.41)
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Here we use the short hand µ̇ = ∂ξµ and ν̇ = ∂ξν for the shifts in the soliton parameters

which we are aiming to find expressions for. We can then project this equation onto

the zero eigenvectors of Ĵ† ( Ĵ† = Ĵ as Ĵ is self-adjoint) to eliminate the Ĵ term. The

zero eigenvectors are

~v1 = ∂η ~X, ~v2 =

[
V

−V ∗

]
(2.42)

which leaves us with a set of two equations

µ̇A1 + ν̇B1 = C1

µ̇A2 + ν̇B2 = C2

(2.43)

where we’ve defined

Aj = i

∫ ∞
−∞

~vj∂µV dη,

Bj = i

∫ ∞
−∞

~vj∂νV dη,

Cj =

∫ ∞
−∞

~vjεR(V )dη.

(2.44)

where the subscript j is either 1 or 2. Solving these equations together allows us to

find the general form for the shift in both soliton parameters

µ̇ =
B1C2 − C1B2

A1B1 −A2B1
,

ν̇ =
B1C2 − C1B2

A1B1 −A2B1
.

(2.45)

For work in fibre optics it has often been beneficial at this point to approximate the

Raman response in silica as a linear response in frequency such that

εR(V ) = V τR∂η
[
|V |2

]
,

τR = fR

∫
τR(τ)dτ = 0.0073.

(2.46)

This is valid assuming the soliton is spectrally narrow compared with the resonance

peak frequency of the silica (13THz). Making this substitution and computing the
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integrals we can recover the main results for Raman shifting Kerr solitons [15]

ν̇ =
32

15
τRQ

2, (2.47a)

µ̇ =
ν

2
ν̇, (2.47b)

δ̇ = −16

15
τRQ

2. (2.47c)

To do this we use the symmetry properties of the integrands of Aj , Bj and Cj to

eliminate certain terms and the standard integrals∫ ∞
−∞

sech2(x)dx = 2,∫ ∞
−∞

xsech2(x) tanh(x)dx = 1,∫ ∞
−∞

sech4(x) tanh2(x)dx =
4

15
.

(2.48)

The meaning of Eqs. (2.47) is not immediately obvious but we can gain some insight

by considering our derived parameter Q = µ − ν2/4. Finding its rate of change with

respect to ξ we find

Q̇ = µ̇− ν

2
ν̇. (2.49)

Using Eq. (2.47b) we see that Q̇ = 0. The path of the soliton in the µ-ν plane therefore

follows the trajectory µ = Q + ν2/4 which is exactly parallel with the boundary of

soliton existence set by Eq. (2.26) because Q is constant.

Thus far we have discussed a system modeling light propagation in a single guided

mode experiencing χ(3) nonlinearity. In the subsequent sections in this chapter we

will introduce models for different systems including the effects of χ(2) nonlinearity.

In the following chapters we will extend the previous work outlined in this section on

perturbations to Kerr solitons to model solitons in systems with χ(2) nonlinearity.
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2.5 χ(2) solitons

Solitons have also been found in systems with χ(2) nonlinearity only. This system is

described by the normalised system of two coupled field envelope equations [14],

i∂ξUf = r2∂
2
τUf − U∗fUseiκξ,

i∂ξUs = [−is1∂τ + s2∂
2
τ ]Us −

U2
f

2
e−iκξ.

(2.50)

This system of equations may be derived by considering two modes in Eq. (2.13),

one centred at the fundamental frequency ωf and the other at the second harmonic

frequency ωs.Full details of this derivation are given in appendix A.4. Similar to the

NLS case, terms far from phase-matching are neglected and the equations normalised

to ease analysis of the system. Here Uf and Us are the envelope functions of fields at the

fundamental frequency (FF) and second harmonic (SH) respectively which in general

are in different guided modes of the waveguide. r2 and s2 are the GVD parameters

for the FF and SH respectively and we have neglected dispersion of higher orders.

s1 = (βs1−βf1) zdt0 is the walk-off parameter which encodes the group velocity mismatch

between the FF and SH. κ = [βs0 − 2βf0]zd is the phase mismatch parameter setting

the difference in phase velocities between FF and SH. We have neglected the χ(3) terms

in Eq. (2.13) as we are considering the case where χ(2) is dominant.

Looking for soliton solutions of the form

Uf = Vf (η)eiµξ,

Us = Vs(η)ei[2µ−κ]ξ,
(2.51)

where η = τ − νξ as before we find we must solve

[−µ− iν∂η + r2∂
2
η ]Vf + V ∗f Vs = 0,

[−2µ+ κ+ i[s1 − ν]∂η + s2∂
2
η ]Vs +

V 2
f

2
= 0.

(2.52)

It is not immediately obvious that this system should have soliton solutions. However,

assuming FF and SH are group velocity matched (s1 = 0) and soliton inverse velocity
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is zero (ν = 0) we make the substitutions,

Vf = µV̄f ,

Vs = µV̄s,

η =
η̄
√
µ

r̄2 = r2sign(µ)

s̄2 = s2sign(µ)

ᾱ =
[2µ− κ]

µ

(2.53)

and we reformulate our system of equations slightly to find

−V̄f + r̄2∂
2
η̄ V̄f + V̄ ∗f V̄s = 0, (2.54a)

−ᾱV̄s + s̄2∂
2
η̄ V̄s +

V̄ 2
f

2
= 0. (2.54b)

In the limit that ᾱ is large and positive we see that Eq. (2.54b) becomes V̄s ≈ V̄ 2
f /2ᾱ

where we have neglected the GVD parameter s̄2. Substituting this back into Eq. (2.54a)

we get,

−V̄f + r2∂
2
η̄ V̄f +

V̄f |V̄f |2

2α
= 0, (2.55)

which we recognise has the same form as the NLS, Eq. (2.20). It therefore has the

same form of solutions. This limit of large positive ᾱ is known as the cascading Kerr

limit. This term originates in the idea that the interaction ’cascades’ back and forward

between the FF and SH and the name has stuck for describing this limit. Analytic

expressions for solutions of Eqs. (2.54) have been found as an asymptotic series in the

parameter ᾱ−1 and are [14]

V̄f = 2ᾱ1/2sech(
√

2η̄) + 4s̄2ᾱ
−1/2tanh2(

√
2η̄)sech(

√
2η̄) + ...,

V̄s = 2sech2(
√

2η̄) + s̄2ᾱ
−1[16sech2(

√
2η̄)− 20sech4(

√
2η̄)] + ....

(2.56)

We note that for large positive ᾱ we must simultaneously have both µκ < 0 and

|κ/µ| � 1. The cascaded limit has commonly been adopted in theoretical work on

this system because of its convenience. We can see however that the nonlinear term

now scales roughly as 1/κ. Therefore a trade off exists between the convenience of the

cascaded limit, where large |κ/µ| is necessary, and stronger effective nonlinearity as a

result of smaller |κ|.
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Outside the cascaded limit, soliton solutions of Eq. (2.52) still exist but analytic

expressions for these solutions have only been found in very specific cases [14]. To find

solutions generally we may use numerical methods such as Newton-Raphson (detailed

in this chapter in section 2.7.2 ) or shooting method. These methods require an initial

input and we use the analytic solutions known for the cascaded limit [14]. While we saw

for Kerr solitons a balance between GVD and nonlinearity was required, χ(2) solitons

are inherently more complex. Not only must the GVD of both components balance

with the nonlinear response produced by the interaction of the two but there is also the

impact of phase and GV mismatch to consider. These aspects will be studied in detail

in chapter 4. Analysis of this system outside the cascaded limit has the possibility of

much broader application especially in the field of supercontinuum generation where

behaviour of the SH component is of great interest. It is important to point out

that further analysis is required to assess the stability of these soliton solutions. This

analysis is beyond the scope of the work presented in this thesis but further information

on this topic can be found in previous work [14]. v Fig. 2-3 (a) and (b) show the field

profile for solitons outside and in the cascading Kerr limit respectively. Comparing

the two soliton profiles we see that although their FF components have very similar

widths, the field is much higher in the cascading limit. This demonstrates the reduced

effective nonlinearity in the cascading limit as a result of the 1/κ scaling. We can also

see that the proportion of power in the SH component is much lower in the cascading

limit. Having higher effective nonlinearity and greater proportion of power in the

SH component are what makes working outside the cascading limit so attractive in

frequency conversion applications.

2.6 χ(2) + χ(3) solitons

As all materials exhibit some χ(3) nonlinearity we must include the effects of both χ(2)

and χ(3) nonlinearity together for an even more broadly applicable model [12]. When

the effective χ(2) is much smaller than the effective χ(3) [75] then this can be described

by the system of equations

i∂ξUf = −r2∂
2
τUf − U∗fUseiκξ − Uf [αf |Uf |2 + αc|Us|2],

i∂ξUs = −[is1∂τ + s2∂
2
τ ]Us −

U2
f

2
e−iκξ − Us[αs|Us|2 + αc|Uf |2],

(2.57)

where all symbols have the same meaning as before (Eq. (2.50) etc.) and α’s are set

by the relative effective χ(2) and χ(3) nonlinear coefficients for the waveguide modes in
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Figure 2-3: Quadratic soliton profiles (a) away from and (b) in the cascaded Kerr limit.
Parameters for each panel were (a) r2 = −1, s1 = 0, s2 = −1/2, κ = 1, µ = −1, ν = 0
and (b) r2 = −1, s1 = 0, s2 = −1/2, κ = 1000, µ = −1, ν = 0.

questions. We point out that the relative strength of χ(2) and χ(3) nonlinearities scales

with the field amplitudes and this scaling differs between the two. For this reason in

any particular system, where the values of the α parameters are set, the dominant

nonlinear term depends strongly on the field strength. Therefore inclusion of terms

associated with both χ(2) and χ(3) nonlinearity is necessary.

Once again the full derivation for this model is given in appendix A.4 ending with

Eq. (A.40). We have neglected dispersion of higher order than GVD. No analytic

soliton solutions exist for this system but soliton solutions have been found previously

by numerical methods [14,60] and we do similarly in this thesis .

2.7 Numerical methods

2.7.1 Split-step Fourier method

In certain circumstances some wave equations are analytically solvable and the

propagation of a pulse can be predicted exactly. However in general numerical methods

must be employed [11]. One such method is the split-step Fourier method, which we

use here to simulate pulse propagation in our systems [11]. This method requires that

the governing equation of the system can be written in the form

∂A

∂z
= [D̂ + N̂ ]A, (2.58)
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where D̂ and N̂ are the linear and non-linear operators respectively and z is the

propagation direction [11]. Where the exact solution is known to be,

A(z + h, t) = exp(h[D̂ + N̂ ])A(z, t). (2.59)

In the split-step method the nonlinear and linear operations are applied independently

giving the approximation,

A(z + h, t) ≈ exp(hD̂)exp(hN̂)A(z, t). (2.60)

The error introduced by this approximation reduces with the step-size. So provided a

small enough step-size, h, the error is acceptable for the short propagation distances

that we are using in our work [11].

The splitting of linear and nonlinear terms allows each to be evaluated using the fastest

methods available. It is normally most efficient to solve the linear step in the frequency

domain and the nonlinear step in the time domain. exp(hD̂) is applied in the frequency

domain as,

exp(hD̂)B(z, t) = F−1
T exp[hD̂(−iω)]FTB(z, t), (2.61)

where D̂(−iω) is the Fourier transform of D̂ which is normally found analytically and

B(z, t) = exp(hN̂)A(z, t) [11]. FT is a Fourier transform operator for which one usually

utilises a finite Fourier transform (often called FFT). The nonlinear step is then solved

directly in the time domain [11].

This section outlines the principles behind the split-step method and much more detail

can be found else where [11]. The symmetrised split-step method is a commonly used

adaptation with improved accuracy [11] although for the work presented in this thesis

implementation of this was not necessary. It is important to note that the Fourier

transforms used for the linear step impose periodic boundary conditions on the system.

Following the split-step method is not enough to ensure accurate simulation of

pulse propagation. Those wishing to assess the accuracy of their simulations should

implement checks. In this thesis we implemented checks of conserved quantities such as

energy and photon number (although energy is not a conserved quantity in simulations

including the Raman effect). Another simple check is to re-run simulations with half

the step size and ensure the output is unchanged although this can become slow for

long propagation distances.
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2.7.2 Newton Raphson

While analytic soliton solutions are known for Kerr solitons they have only been found

for quadratic solitons under a very narrow set of conditions (as discussed in section 2.5).

To find solutions of our soliton equations more generally we must employ numerical

methods. The Newton-Raphson method is one such well-known numerical algorithm

used to iteratively approach the root of an equation [76]. Providing that a sufficiently

close initial input is supplied the true solution is rapidly approached with each iteration.

In our systems we use the known analytic solutions as the initial inputs. Typically

this procedure is performed in the time domain which requires derivatives in time

be replaced by numerical derivatives calculated by the finite difference method. This

means the equations are entirely algebraic and allows the Newton-Raphson method to

be employed.

The Newton-Raphson method can be explained most clearly in 1 dimension. Consider

a well-behaved function f(x) which has a root at x = xroot. Making an initial guess

x0 6= xroot and taking a Taylor series of f(x = x0) to first order

f(x0) + f ′(x0)[x1 − x0] = 0 (2.62)

where f ′(x) = df/dx and x1 is the point where the tangent of f(x0) crosses the x

axis, which is to be determined. Generalising this formula for any iteration N and

rearranging for the unknown xN+1 gives,

xN+1 = xN −
f(xN )

f ′(xN )
. (2.63)

An example of such an iteration is illustrated in Fig. 2-4. Iterating this function,

xN+1 → xroot. When changes in xN+1 become sufficiently small from one iteration

to the next the process can be terminated leaving the last xN+1 as the numeric

approximation of xroot.

In the multivariate case where variable x is replaced by vector X, Eq. (2.63) becomes

XN+1 = XN − Ĵ−1
NRf(XN ). (2.64)

where the Newton-Raphson Jacobian,

ĴNR =
df

dX

∣∣∣∣
X=XN

(2.65)
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Figure 2-4: Graphical representation of a single 1D Newton-Raphson iteration. The
function f(x) is shown in blue. The black dashed-line shows the tangent of f(x) at xN
and the black dotted-line marks x = xN .
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The process of deriving this Jacobian is given in detail in Appendix B for the soliton

solutions of Eq. (2.52).

2.7.3 COMSOL as an eigenvalue mode solver

In this work we solve Eq. (2.7) using a commercially available finite element eigen-solver

(COMSOL Multiphysics). This software finds the guided mode profiles, eω,j , and the

corresponding effective refractive indices neff,j(ω) for a given waveguide cross-section.

It is straightforward then to find the propagation constants, β̃ω,j = Re(neff,j(ω))ω/c.

In order to simulate the dispersion of these waveguides we include the frequency

dependant refractive index of each material in the waveguide simulations and compute

their properties over a wide range of frequencies. To simulate pulse propagation in these

structures the simulated β̃ω,j is then fitted with a Taylor expansion as in Eq. (2.15)

which can then be used in numerical propagation methods as described in section 2.7.1.
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Chapter 3

Lithium niobate nanowaveguides

In this thesis we keep our analysis general and therefore applicable to many types of

waveguide with quadratic nonlinearity. At various points however, we will find it useful

and instructive to employ the specific example of lithium niobate on insulator (LNOI)

nanowaveguides. In this chapter we will briefly review several types of χ(2) waveguide

and explain why we use LNOI nanowaveguides as our prime example. This would be

incomplete without setting out the relevant material properties of lithium niobate (LN)

and silica glass (the insulator) which we do towards the end of this chapter.

3.1 Waveguides with quadratic nonlinearity

The majority of previous work on temporal Kerr solitons has been based on the mature

and versatile platform of silica optical fibres [11,15]. The silica glass used to construct

such fibres provides the χ(3) nonlinear response required to produce Kerr solitons [11].

However, a bulk χ(2) nonlinear response is not possible in an amorphous material

and therefore conventional silica optical fibres are not suitable for quadratic soliton

research. Although some research has shown it is possible to produce a write χ(2)

grating in silica fibres using powerful lasers [77]. A bulk χ(2) nonlinear response occurs

only in crystalline materials with broken inversion symmetry (asymmetric with respect

to inversion) [12]. Research towards waveguides with quadratic nonlinearity has, in

recent years, produced many potential platforms.

The most promising quadratic waveguide platforms include LN [36, 41, 68, 71],

aluminium nitride [69, 78] and gallium phosphide nanowaveguides [70, 79] as well as
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silicon nitride waveguides with photo-iduced χ(2) gratings [80–83]. There has also been

work to integrate χ(2) materials into fibre optics, for example periodically poled lithium

niobate siungle-crystal fibres [84] hollow core optical fibres with 2D materials grown in

the core [85]. The variety in these examples shows the huge scope and potential for

the future of χ(2) nonlinear waveguides. In particular, the choice of core material will

impact dispersion and loss in the waveguide as well as the fabrication processes and

attainable precision. The diverse selection of potential platforms provide choice and

flexibility for many different applications.

From the point of view of quadratic soliton research the most compelling candidate

platforms are the monolithic nanowaveguides [41,70,78,80]. Although these platforms

are still in their infancy, there have been significant advances in fabrication precision [41]

and reductions in waveguide loss in recent years [71]. These types of device offer the

advantage of dispersion engineering thanks to their strong guidance. They also exhibit

field enhancement, leading to a higher effective nonlinear response and hence lower

power requirements [36, 41, 71]. Furthermore, they benefit from their small size which

allows integration of multiple elements into compact devices [71].

3.2 Lithium niobate on insulator nanowaveguides

In this section we discuss those nanowaveguides made from LN. Known for its strong

χ(2) response as well as broadband optical transparency from 400 nm up to 4 µm, LN

is a versatile optical material [36]. For these reasons and others LN has been utilised

in a multitude of optics applications for many years [36].

Many types of LN nanowaveguides have been investigated over the past decade. Most

notable of these include diffused (titanium-diffused, proton-exchanged and reverse

proton exchange), thin-film and ridge waveguides [36]. In this work we will principally

use the example of lithium niobate on insulator (LNOI) ridge waveguides. These

structures are fabricated from a single crystal LN thin-film bonded to silica-coated LN

substrate [41]. The thin-film is then subjected to ion beam milling and chemical etching

processes to form a nano-structured LN ridge core, clad with air on top and the silica

(SiO2) substrate underneath [41]. A diagram of such a structure is given in Fig. 3-1

certain features of which are dependant on the fabrication methods used. The side wall

angle, θ, can be chosen by adjusting the parameters of the etching processes used [41].

The thickness of the remaining LN is also a variable parameter that can be tuned to

a desired value within reason again depending on fabrication procedure [41]. The high
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Figure 3-1: Cross-section of a typical LNOI nanowaveguide structure. θ marks the side
wall angle.

core-cladding index contrast makes these structures strongly guiding and give several

key advantages over bulk LN. Firstly, sensitive dispersion engineering is possible as

dispersion is dominated by waveguide geometry rather than material dispersion which

allows for dispersion engineering by varying the waveguide dimensions [40]. Secondly,

the highly confined guided modes produce a higher effective nonlinear response than

equivalent weakly guiding structures [86]. This can be further enhanced by careful

modal design, made possible by the strong guidance in these structures [86]. Fabrication

of these structures has developed to the point that low-loss LNOI nanowaveguides can

be reliably produced with high precision [41]. All these factors together make LNOI

nanowaveguides great potential platforms for temporal quadratic soliton research.

3.3 Optical properties of Lithium Niobate

3.3.1 Refractive Index

The crystal structure of LN is interesting for several reason. Firstly LN is uniaxial, this

means that light propagating in a particular direction through the crystal experiences a

polarisation dependent refractive index (also known as birefringence) [87]. As a result
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the refractive index is well modeled by a tensor of the form,

n̂ =

no 0 0

0 no 0

0 0 ne

 (3.1)

where no and ne are the ordinary and extraordinary refractive indices respectively.

These parameters are frequency dependent and have been found to follow the Sellmeier

equations [87],

n2
o = 4.9048− 0.11768

0.0475− λ2
0

− 0.027169λ2
0,

n2
e = 4.582− 0.099169

0.044432− λ2
0

− 0.02195λ2
0

(3.2)

where λ0 is the wavelength given in microns (valid between 440 nm and 3.4 µm ). These

parameters are plotted in Fig. 3-2 (a) along with the group index, ng and group velocity

dispersion (GVD) parameter β2 in panels (b) and (c) respectively. With respect to any

refractive index, n these parameters are defined as,

ng = n+ ω
dn

dω
,

β2 =
1

c

[
2

dn

dω
+ ω

d2n

dω2

]
.

(3.3)

We can see that properties for both axes follow the same general trend with a fairly

constant offset in both refractive index and group index. For LN grown by different

methods and with different dopants these Sellmeier coefficients have been found to vary

slightly [88].

3.3.2 Quadratic Nonlinearity

Secondly LN has a crystal structure lacking inversion symmetry and as a result produces

a χ(2) nonlinear response [12]. The tensor d̂ is often used instead of χ̂(2) where the

elements 2dijk = χ̂
(2)
ijk [12]. The subscripts i, j and k can each independently take on

the crystal directions X, Y or Z [87]. In general these are different from the spacial

coordinates in which we define our waveguide x, y and z as shown in Fig. 2-1. As d̂ is

a rank three tensor it is often written down in the form of a 3× 6 matrix, dil, which is

possible due to symmetry arguments [11]. As LN belongs to the C3v point group it is
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Figure 3-2: Optical properties of LN (a) refractive indices (b) group indices (c) GVD
parameters β(2). Red and blue lines show properties for ordinary and extraordinary
axes respectively. (d) Raman response function shown as imaginary and real parts of
R̃(ω) in red and blue respectively where R̃(ω) is the Fourier transform of R(t).
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possible to apply more symmetry arguments and further reduce dil such that [12],

dil =

 0 0 0 0 dZX −dY Y
−dY Y dY Y 0 dZX 0 0

dZX dZX dZZ 0 0 0

 . (3.4)

In this notation l represents combinations of jk according to

jk : XX Y Y ZZ Y Z,ZY ZX,XZ XY, Y X

l : 1 2 3 4 5 6
. (3.5)

In this way the second-order nonlinear optical susceptibility of LN is defined entirely

by the three elements dY Y , dZX and dZZ . We note that for LN the dZZ term is much

larger than the others [87]. We assume these material susceptibilities are constant

in the frequency range relevant to this work. This is a valid approximation as the

frequency dependence of the modal effective nonlinearities is dominated by the change

in modal overlap which is much larger than any change in material susceptibilities.

These effective nonlinearities are then calculated at the central frequencies of the FF

and SH components. Deviations from these frequencies are small and so dispersion

of the effective nonlinearities can often be neglected too. In this work we model so

called X-cut lithium niobate with the crystal direction Z oriented along the x spatial

coordinate direction. This means that light in quasi-TE waveguide modes interact

via the dominant susceptibility term dZZ , and thus produce the largest effective χ(2)

response.

3.3.3 Cubic Nonlinearity

All materials produce a χ(3) nonlinear response and LN is no exception [12]. For

pulses of sufficiently long duration (and narrow spectrum) the χ(3) material response

may be treated as instantaneous [11]. However as pulses become shorter the different

physical mechanisms that contribute to the total χ(3) response must be modelled

separately [11]. In this work we consider the effects of electronic Kerr effect and the

Raman effect. The electronic Kerr effect is caused by the third-order an-harmonic

polarisation of the electrons in a material [11]. The stimulated Raman effect is an

in-eleastic process by which optical waves interact with the material lattice vibrations.

This causes a shift of the optical wave in energy and hence frequency [11]. As they

result from these very distinct mechanisms these two χ(3) processes occur on different

time scales. The electronic Kerr effect can be treated as instantaneous and the Raman
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effect as delayed [15]. The Raman effect is often included into models by the addition

of a fractional frequency dependent χ(3) term as described in section 2.4.3 for Kerr

solitons [11]. This approach is commonly taken when working with short optical

pulses [15].

The current literature does not provide a comprehensive study of all the χ(3)

tensor elements in LN. However, use of quasi-TE modes in X-cut LN means the

ZZZZ element of the χ(3) tensor is dominant and this term has been found to be

1.4× 104 pm2/V2 for long duration pulses [89]. The Raman response of LN is also not

thoroughly studied with various values of fractional Raman contribution to be found

in the literature (0.14-0.95) [89]. We choose a mid-value of 0.5 as used in previous

work also modelling short pulse propagation in LN nanowaveguides [49]. The structure

of LNs Raman response is often quoted as having N = 4 resonances with τ1t0 =

[21, 19.3, 15.9, 8.3]fs, τ2t0 = [544, 1021, 1361, 544]fs and fn = [0.635, 0.105, 0.02, 0.24]

[89]. The Raman response modelled by these four resonances in LN is given in Fig. 3-2

(d) in the frequency domain.

3.4 Optical properties of silica glass

Silica glass is amorphous and is therefore optically isotropic and its refractive index is

well modelled as a scalar, nSi. The dispersion of the material refractive index has been

fit to the Sellmeier equation [11,90],

n2
Si(ω) = 1 +

3∑
j=1

Bjω
2
j

ω2
j − ω2 (3.6)

where the resonance weightings are B1 = 0.6961663, B2 = 0.4079426, B3 = 0.8974794.

The resonances are centered at wavelengths, λ1 = 0.068 404 3 µm, λ2 = 0.116 241 4 µm,

λ3 = 9.896 161 µm where λj = 2πc/ωj . This fitting was done against measurements

made between 210 nm-3.71 µm [90] and is plotted in Fig. 3-3 (a). Once again we include

the derived material properties of group index and GVD in panels (b) and (c).

Due to its amorphous crystal structure silica glass has zero χ(2) response. χ(3)

nonlinearity in silica glass has been found to give nonlinear index coefficient, n2 in

the range 2.2-3.4 × 10−20m2/W which gives χ(3) = 4ε0cn
2
Sin2/3 = 160 − 250pm2/V2

at 1500nm. Raman response of silica is well studied after decades of ultra-short

pulse research in fibre optics. The fractional Raman response, fR = 0.18 with a

broad resonance centred at around 13Thz well modelled by a single resonance with
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Figure 3-3: Optical properties of silica glass (a) refractive index (b) group index (c)
GVD parameter β(2) and (d) Raman response function with imaginary and real parts
of R̃(ω) shown in red and blue respectively where R̃(ω) is the Fourier transform of
R(t).
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τ1t0 = 12.2fs, τ2t0 = 32fs [11]. This Raman response function is plotted in Fig. 3-3

(d) in the frequency domain. As explained in section 2.4.3 Raman response in silica is

often modelled as a linear frequency response for pulses that are sufficiently specrally

narrow. Looking at Fig. 3-3 (d) it is clear why this is possible as the low frequency

Raman response is clearly close to linear.
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Chapter 4

Temporal quadratic solitons and

their interactions with dispersive

waves in lithium niobate

nanowaveguides

In this chapter, we present analysis and modeling of soliton propagation in waveguides

with quadratic nonlinearity. Criteria for solitons to exist in such waveguides are

developed and two example nanowaveguide structures are simulated as proof of

concept and are found to support soliton and quasi-soliton existence in the normal

dispersion regime. Interactions between quadratic solitons and dispersive waves are

analysed giving predictions closely matching our soliton propagation simulations. The

example structures are found to support five different regimes of soliton and quasi-

soliton existence. Pulse propagation in these example waveguides has been simulated

confirming the possibility of soliton generation at experimentally accessible powers.

Simulations of multi-soliton generation, Cherenkov radiation and quasi-solitons with

opposite signs of dispersion in the fundamental and second harmonic are also presented

here. This work develops theory of important frequency conversion phenomena with

potential to enhance understanding of broadband supercontinuum generation in χ(2)

waveguides.

The majority of this chapter is copied verbatim from the published manuscript with

the same name [91]. All theoretical analysis and numerical simulation was performed

by myself. The manuscript was written predominantly by myself with the editing of
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Dr. Andrey Gorbach and contributions by Prof. Dmitry Skryabin. All figures were

prepared by myself.

4.1 Model

Here we start by continuing our analysis from section 2.5 where we derived Eq. (2.50) by

assuming two pulsed light fields are excited in different modes of the waveguide centred

at a fundamental frequency (FF), ωf and its second harmonic (SH), ωs = 2ωf . We will

reiterate the meaning and definition of symbols here for clarity and convenience.

The propagation constant, βm(ω), for waveguide mode m, is related to the effective

refractive index of that mode, neff,m, by

βm(ω) = ωneff,m(ω)/c (4.1)

where m = f and m = s label the waveguide mode chosen for the FF and SH

respectively. The jth derivative of βm with respect to frequency is therefore

βmj =
djβm
dωj

=
1

c

[
j

dj−1neff,m
dωj−1

+ ω
djneff,m

dωj

]
(4.2)

The evolution of the field envelopes is described by:

i∂ξUf = −Df (i∂τ )Uf − UsU∗f eiκξ,

i∂ξUs = −Ds(i∂τ )Us −
U2
f

2
e−iκξ,

(4.3)

where the time coordinate is shifted to move with the FF group velocity and normalised

by the approximate pulse duration, t0, giving τ = [t− zβf1]/t0. The spatial coordinate

z has been normalised by the dispersion length zd = 2t20/|βf2| to give ξ = z/zd. The

phase mismatch, κ = [βs(2ωf ) − 2βf (ωf )]zd (Note that in literature κ is sometimes

defined with the opposite sign). From the definition of βm in Eq. (4.1) it follows that

κ = 2zdωf [neff,s(2ωf )− neff,f (ωf )]. (4.4)
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The dispersion operators are found by taking a Taylor series,

Df (i∂τ ) = −
+∞∑
j=2

rj [i∂τ ]j ,

Ds(i∂τ ) = +s1[i∂τ ]−
+∞∑
j=2

sj [i∂τ ]j ,

(4.5)

The walk-off parameter s1 = zd/zw where zw = t0/[βs1 − βf1] is the walk-off length.

The remaining dispersion coefficients are,

rj = − zd

tj0 j!
βfj ,

sj = − zd

tj0 j!
βsj ,

(4.6)

for integers j ≥ 2. It should be noted that r2 = ±1. The dispersion of each mode at

frequency detuning δ = [ω − ωf ]t0 = [ω − ωs]t0 is therefore given by

Df (δ) = −
+∞∑
j=2

rjδ
j ,

Ds(δ) = s1δ −
+∞∑
j=2

sjδ
j ,

(4.7)

Fields are scaled such that Uf =
√

2ρ2zdAf and Us = ρ2zdAs where |Af,s|2 are

intensities in Watts. The effective non-linear coefficient [38],

ρ2 =
ε0ωf

4
√
NsNf

∫∫
n

#»e s

[
χ̂(2)... #»e 2

f

]
dΩn, (4.8)

where #»e f,s are the electric field profiles of the chosen FF and SH waveguide modes

respectively. χ̂2 is the second-order nonlinear tensor of the χ(2) material in the

waveguide and Ωn is the cross section of the χ(2) material, over which the integral

is performed. The normalisation factors, Nm = [1/4]
∫∫
w[ #»em×

#»

h∗m] + [ #»e ∗m×
#»

hm]dΩw,

where
#»

hm is the magnetic field profile for the mode m and Ωw is the cross section of

the whole waveguide, over which the integral is performed (not only the χ(2) material).

38



4.2 Soliton theory

4.2.1 Tail analysis

We first consider soliton solutions of the system in Eq. (4.3) with dispersion up to

second-order only such that:

Df (δ) = − r2δ
2,

Ds(δ) = s1δ − s2δ
2.

(4.9)

Solitons are sought in the form of localized pulses co-propagating with a common

inverse velocity ν:

Uf = Vf (η)eiµξ,

Us = Vs(η)ei[2µ−κ]ξ,
(4.10)

where Vf and Vs are the soliton field profiles. The transverse coordinate, η = τ − νξ,
moves with the soliton inverse velocity ν, and µ is the soliton propagation constant as

we had before in chapter 2.5. µ and ν are the soliton family parameters. Substituting

into Eq. (4.3) and requiring a non-dispersive soliton solution (∂ξVf = ∂ξVs = 0) gives,

[−µ− iν∂η + r2∂
2
η ]Vf + VsV

∗
f = 0,[

− 2µ+ κ+ i[s1 − ν]∂η + s2∂
2
η

]
Vs +

V 2
f

2
= 0.

(4.11)

As discussed in section 2.5 in the cascaded Kerr limit, neglecting walk-off (i.e. s1 = 0)

and with zero soliton inverse velocity (ν = 0), these coupled equations simplify to

the nonlinear Schrödinger equation (NLS). With the appropriate combination of FF

dispersion and phase-mismatch signs, such that r2κ < 0, bright soliton solutions are

known to exist with the form given in Eq. (2.56). In this limit the FF component is

much greater than the SH and the soliton peak power increases with |µ| [14].

Requiring that any soliton solution must be localised gives the opportunity for further

analysis as we showed for Kerr solitons in section 2.4.1. To meet this requirement

both components of the soliton must be exponentially decaying far from their centres.

This can be enforced by setting the form of each soliton profile, Vf = afe
−θf |η| and

Vs = ase
−θs|η|, for |η| � 1. Operating far from the centre of the soliton, af,s are some

small amplitudes, therefore Eq. (4.11) can be linearised. Then requiring that θf and θs

have positive real parts ensures exponential decay and yields conditions for localisation

39



Figure 4-1: Solution space of the nonlinear Schrödinger equation. Equilibrium saddle
and centres marked by black cross and dots respectively. Non-static orbits are shown in
grey. The separatrix between orbits around a single and both centres is marked in red.
Equilibrium points are CW solutions, orbits are periodic solutions and the separatrix
is the soliton solution. This example is produced for µ = 1, ν = 0.

of the soliton as,

4r2µ > ν2, (4.12)

4s2[2µ− κ] > [ν − s1]2. (4.13)

These conditions 4.12 and 4.13 are required to ensure the exponential decay in the

tails of the FF and SH components respectively. While these are required conditions

they are not sufficient for soliton existence. We propose that another condition is the

existence of a continuous wave (CW) solution to act as the centre of the homoclinic

orbit corresponding to the soliton solution. This can be best understood by considering

the system of the Kerr soliton, the nonlinear Schrödinger equation as discussed in

chapter 2.4. We can plot the solutions that exist in this system on the V -∂ηV plane, an

example of such a plot is given in Fig. 4-1. We can see that there are three equilibrium

points in this diagram, two centres and one saddle point. These points mark the

positions of the CW solutions in the system, the saddle point is the trivial case of

zero field. We can also see that there are three types of trajectories: those encircling

one centre, those encircling two centres and the separatrix between these other two

orbit types which connects to the saddle point itself. Orbits around one and two

centres correspond to different types of periodic wave solutions. The separatrix is the
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homoclinic orbit and corresponds to the soliton where its tails are in the saddle point.

We also point out the symmetry about the line V = 0 which reflects the V → −V
symmetry in the NLS.

This is where we get our requirement of CW solution existence for soliton existence

(i.e. the CW solution must exist as it acts as a centre around which a homoclinic orbit

and therefore soliton exists). Extending this requirement to the χ(2) system is simple

but difficult to visualise as the solutions now have two components which in general

are complex. This makes plotting a χ(2) equivalent of Fig. 4-1 very challenging.

In order to derive a condition for the existence of a CW solution we look at CW solution

itself, found by others [92] to be

Ūf = ±
[
2µ{2µ− κ}

] 1
2 ,

Ūs = µ,
(4.14)

where Uf = Ūfe
iµξ and Us = Ūse

i[2µ−κ]ξ. As the system (Eq. (4.3)) is invariant under

the global phase-shift transformation

(Uf , Us)→ (Ufe
iφ, Use

2iφ), ∀φ (4.15)

both Uf and Us can be chosen to be real (at ξ = 0), and therefore have a fixed phase

difference of either 0 or π. So the CW solution in Eq. (4.14) is only valid when it

satisfies this fixed phase difference. As µ is real, Ūs will always be real. For Ūf to be

real however,

µ[2µ− κ] > 0 (4.16)

is required, giving our condition for the existence of a CW solution.

The conditions for localisation and CW solution existence provide the criteria for

localised soliton existence. Graphical representations of these criteria are given in

Fig. 4-2 for various dispersion parameters. Each condition on soliton existence is

represented by a shaded region in these plots and solitons may exist where all three

regions overlap. The five examples given in Fig. 4-2 (a-e) represent distinct regimes of

soliton existence. In these examples r2 = −1 has been chosen setting normal dispersion

in the FF, which is the case for the rest of this work. With normal dispersion set in

the FF, solutions in Eq. (2.56) are valid when κ is large and positive.

Fig. 4-2 panels (a - c) show regimes in which the phase-mismatch, κ, is positive.

Conversely panels (d) and (e) show regimes of κ < 0. In this text these regimes
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Figure 4-2: Plots of localisation conditions, Eq. (4.12) and (4.13), against soliton
parameters µ and ν. Conditions in Eq. (4.12) and (4.13) are marked as shaded regions
(in color red and blue respectively) and bounded by solid and dashed lines respectively.
Grey shaded regions bounded by dotted lines mark where CW solutions exist according
to the condition in Eq. (4.16). Parameter r2 = −1 throughout and (a) s2 = −0.8, κ = 4,
s1 = −2. (b) s2 = −0.8, κ = 2, s1 = −5. (c) s2 = 0.8, κ = 4, s1 = 2. (d) s2 = −0.8,
κ = −2, s1 = −1. (e) s2 = 0.8, κ = −4, s1 = 1.

will be referred to by their panel labels (i.e. the regime in Fig. 4-2 panel (a) is regime

A).

Regimes A, B and D (shown in Fig. 4-2 (a), (b) and (d) respectively) have areas where

all three shaded regions overlap. These regimes are therefore expected to support

soliton existence. The difference between these regimes is the range of |µ| for which

solitons are predicted. In regime A solitons are predicted for all negative µ whereas in

regime B solitons are only expected to be possible when |µ| exceeds a certain threshold
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value. The key difference between regimes A and B is the shift of the SH localisation

condition (Eq. 4.13) due to non-zero group velocity mismatch parameter s1. The

overlap of FF and SH localisation conditions down to |µ| = 0 is determined by the

condition,

κ > −s2
1/4s2. (4.17)

Regime D also exhibits a threshold |µ| value for soliton existence but in this regime the

threshold is set by the CW solution criterion (Eq. 4.16). This threshold is therefore

µ = κ/2.

It is clear that there are no areas where all three conditions overlap in regime C (shown

in Fig. 4-2 (c) ). In this regime the dispersion in the FF and SH have opposite signs.

Previous work investigating this regime [93] has predicted the existence of quasi-solitons

where the FF component is localised but the SH has oscillating tails that do not decay

far from the centre of the pulse. The existence of these quasi-solitons requires the

localisation in the FF and the CW solution to exist but doesn’t require localisation in

the SH. We therefore expect the existence of these quasi-solitons for all µ < 0 in regime

C. It follows that similar quasi-solitons should exist below the threshold in regime B

where the condition for SH localisation is not met (but the other two conditions are

met).

Finally regime E exists where κ < 0 and opposite signs of dispersion in the FF and

SH. Although clearly similar to regime C, in this regime a threshold for quasi-soliton

existence is predicted. Here for negative µ, when |µ| < |κ/2| no solitons or quasi-

solitons are expected to exist. However for |µ| > |κ/2| the condition for CW solutions

is met but SH localisation is not. Therefore we predicted the existence of quasi-solitons

here.

We suggest the term ‘hard’ threshold to describe a threshold set by the CW solution

existence criterion (4.16), as in regimes D and E. Under this threshold no solitons or

quasi-solitons are predicted at all. The term ‘soft’ threshold is suggested to describe a

threshold set by the SH localisation condition Eq. (4.13) as in regime B, where below

the threshold quasi-solitons exist.

4.2.2 Interaction with dispersive waves

In the previous section we have discussed the existence of solitons and quasi-solitons

under the condition of constant group velocity dispersion (GVD) (Eq. (4.9)). Relaxing

this condition to allow for the more general case of non-constant GVD, gives the
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opportunity for analysis of perturbations to the soliton. We presented a similar analysis

for Kerr solitons is section 2.4.2. Consider additional dispersion terms such that

Eq. (4.9) becomes,

Df (δ) = −r2δ
2 + Cf (δ),

Ds(δ) = s1δ − s2δ
2 + Cs(δ),

(4.18)

where Cf (δ) and Cs(δ) are the corrections to the constant GVD of the FF and SH

respectively. If these corrections are small the constant GVD soliton solutions should

still be approximate solutions. Practically speaking these terms often become relevant

close to a zero-GVD point. To analyse this, dispersive waves (DWs) are included into

the solution as perturbations of the form,

Uf = [Vf (η) + af (η, ξ)]eiµξ,

Us = [Vs(η) + as(η, ξ)]e
i(2µ−κ)ξ,

(4.19)

where af and as are small perturbations to the solitons such that |af/Vf | � 1 and

|as/Vs| � 1. Considering these perturbations as a linear combination of, generated

(resonant) and existing (pump) DWs, giving

af = ψf + pfe
iφf (δf ),

as = ψs + pse
iφs(δs),

(4.20)

where pf,s is the real amplitude of the pump DWs, φf (δf ) = qf (δ)ξ − δfη and similar

for φs. ψf are the generated resonant DWs . In general af,s, pf,s and ψf,s are all

functions of η and ξ. δf,s is the frequency detuning of the pump DWs in the FF and

SH respectively and the dispersion in the reference frame of the soliton is

qf (δ) = Df (δ)− µ− νδ,

qs(δ) = Ds(δ)− 2µ+ κ− νδ.
(4.21)
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Substituting Eq. (4.19) and (4.20) into Eq. (4.3) and taking the Fourier transform

gives,

[i∂ξ + qf (δ)] ψ̃f + [Ṽs ∗ ψ̃∗f + Ṽ ∗f ∗ ψ̃s]

= Cf (δ)Ṽf (δ)

− Ṽs(δ) ∗ p̃f (δ)e−iqf (δf )ξ

− Ṽ ∗f (−δ) ∗ p̃s(δ)eiqs(δs)ξ,

[i∂ξ + qs(δ)] ψ̃s + [Ṽf ∗ ψ̃f ]

= Cs(δ)Ṽs

− Ṽf ∗ p̃f (δ)eiqf (δf )ξ

(4.22)

where f̃(δ) denotes the Fourier transform of any function f(t) and f(t) ∗ g(t) denotes a

convolution of functions f(t) and g(t). The left-hand side acts as an oscillator driven by

the terms on the right-hand side. As ψ̃f,s and Ṽs,f are all localised functions centred far

from eachother in frequency and therefore their convolution (second terms on left-hand

side of Eq. (4.22)) will only make small contributions to the resonant frequencies of the

system. For this reason these terms are neglected in the following analysis.

Cherenkov radiation

In the case of a system initially free from DWs (pf = ps = 0), Eq. (4.22) simplifies to

the driven oscillator equations,

[i∂ξ + qf (δ)] ψ̃f = Cf (δ)Ṽf ,

[i∂ξ + qs(δ)] ψ̃s = Cs(δ)Ṽs.
(4.23)

Taking ψf of the form ψf ∝ eiqf ξ−iδτ (and similar for ψs) and matching wavenumbers

between the oscillating and driving terms gives the resonant conditions

qf (δ) = 0,

qs(δ) = 0.
(4.24)

Where these conditions hold true the soliton is resonant with DWs in the system.

Radiation with the wave vector, qf,s (and corresponding frequency detuning, δ)

satisfying these conditions will be emitted from the soliton. This process is known

as resonant or Cherenkov radiation [19]. In the previous section solitons were found to

be possible in regimes A, B and D. With corrections to the constant GVD (Cf (δ) and
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Cs(δ)), these solitons become resonant with DWs in the system and emit Cherenkov

radiation. As they are no longer localised the solitons become quasi-solitons.

Similar analysis can be applied to the quasi-solitons in regimes B, C and E. We find that

SH dispersion (s1 and s2) acts as the perturbation in this case. With these terms set to

zero a soliton solution exists. Reinstating these terms produces resonances between the

soliton and DWs in the system and quasi-solitons are predicted. At these resonances

Cherenkov radiation is expected, this can also be interpreted as the oscillating tails of

the soliton. The addition of further dispersive terms Cf (δ) and Cs(δ) may shift the

frequency of this Cherenkov radiation.

Pumped radiation

Any waves in the system that are not part of the soliton may perturb the soliton leading

to emission of DWs at new frequencies. Here they are referred to as pump DWs , pf and

ps, in the FF and SH respectively. This includes any deliberately introduced pump into

the system or radiation previously emitted by the soliton in question or other solitons

in the system. In the following analysis pump DWs are assumed to be continuous wave

and are therefore delta functions in frequency with appropriate frequency detuning

and amplitude such that they have a significant overlap with the soliton function. This

allows their convolutions to be evaluated simply giving,

[i∂ξ + qf (δ)] ψ̃f =− pf Ṽs(−δf )e−iqf (δf )ξ

− psṼ ∗f (−δs)eiqs(δs)ξ,

[i∂ξ + qs(δ)] ψ̃s =− pf Ṽf (δf )eiqf (δf )ξ,

(4.25)

with the resonant conditions,

qf (δ) = −qf (δf ),

qf (δ) = qs(δs),

qs(δ) = qf (δf ).

(4.26)

This radiation is produced by the interaction of the soliton and the pump DWs, and will

therefore be referred to as pumped radiation. For a pump DW with a small detuning

from the FF central frequency two resonant conditions exist, one in the FF and one

in the SH. A pump DW with a small detuning from the SH central frequency, has one

possible resonance in the FF.

Considering the specific case of previously emitted Cherenkov radiation, where qf (δf ) =

0 or qs(δs) = 0. Substitution into Eq. (4.26) shows that, the Cherenkov conditions from
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Eq. (4.24) are reproduced. This shows that previously emitted Cherenkov radiation

can not produce new frequencies when interacting with the soliton it was emitted from.

While no new frequencies are produced it does show that interaction between a soliton

and its own resonant radiation will stimulate the emission of further radiation at the

resonant frequency. In general, Cherenkov radiation emitted by one soliton interacting

with a different soliton (with different central frequency, µ or ν) would produce new

frequencies.

4.3 Solitons in nanowaveguides

4.3.1 Waveguide Simulation

In the previous section we have seen that existence of soliton and quasi-soliton solutions

depends strongly on the waveguide parameters. In this section we present simulated

data for two waveguide structures. These data are analysed from the point of view of

soliton and quasi-soliton existence as discussed in the previous section. This section

is intended to clearly show how the generic theory presented so far maps onto specific

waveguide geometries that can be experimentally realised.

We will investigate two example waveguide structures based on LN cores. The first is a

lithium niobate on insulator (LNOI) structure consisting of a ridge of lithium niobate

(LN) on a silica substrate, [41, 94, 95] shown in Fig. 4-3(a). Simulated data is given

in Figs. 4-4 (a-c) for this structure. Fig. 4-4 (a) shows the neff data for simulated FF

and SH modes in the structure. Two guided modes of this structure were selected that

provide modal phase matching between the FF and SH. The insets show the transverse

mode profiles of the chosen modes showing they are a fundamental mode at the FF

and a higher order mode at the SH. From Eq. (4.1) Phase-matching occurs when both

modes have the same effective index, neff . The phase-mismatch parameter, κ, is shown

in Fig. 4-4 (b) and is zero at phase-matching. It is clear that in the LNOI structure

phase-matching occurs at around 1550nm.

Another important waveguide parameter to consider is the group velocity mismatch

parameter, s1. This is plotted in Fig. 4-4 (b). In the LNOI structure it is clear that s1

rapidly decreases as wavelength increases but does not reach zero for the wavelengths

shown. This low group velocity mismatch was achieved by tuning the dimensions of

the structure thus tuning the dispersion of the two modes. Fig. 4-4 (c) shows the GVD

parameters β2 for both FF and SH modes. Both modes show slowly varying GVD and
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Figure 4-3: Example nano-waveguide geometry cross-sections where h and w label the
height and width of the waveguides respectively and θ labels the side wall angle. (a)
LNOI nano-waveguide and (b) free standing lithium niobate and microfibre (hybrid)
structure.

with no zero-GVD points, the GVD of both modes remains normal for the wavelength

range shown. The regimes of soliton existence outlined in the previous chapter are

indicated in Fig. 4-4 (c) by shaded areas and labeled with their corresponding letters.

This waveguide supports regimes B and D for a broad range of wavelengths. From this

we would expect solitons to be possible in this waveguide structure but with ‘soft’ or

‘hard’ thresholds depending on the regime (determined by wavelength).

Simulated data for a hybrid waveguide structure is shown in figures 4-4 (d-f). This

structure consists of a suspended LN core with a silica microfibre resting on top, the

cross-section is shown in Fig. 4-4 (b). The upper part of the LN core has been treated

with a process known as proton exchange [40]. This process is done to reduce the χ(2)

nonlinear response of the LN locally in order to increase the nonlinear overlap integral

and therefore boost the overall effective nonlinear response between the waveguide

modes. This layer is labeled ’P-LN’ in figure 4-4. This compound structure has been

found to produce interesting dispersion thanks to hybridisation between guided modes

of its two constituent parts. More details about this structure can be found in previous

work [38, 40, 96]. Fig. 4-4 (d) shows simulated neff data for FF and SH modes in

this waveguide. Insets are included showing the transverse mode profiles. The phase-

mismatch and group velocity mismatch parameters are plotted in Fig. 4-4 (e). The

GVD parameters for both modes are plotted in Fig. 4-4 (f).

Comparison with the data from the LNOI structure shows clear differences. The
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Figure 4-4: Simulated data for two waveguides geometries shown in Fig. 4-3. LNOI
waveguide, neff (a), κ and s1 (b) and β2 (c) plotted against the FF wavelength λf .
Data shown for structure with h = 350nm, w = 500nm and θ = 70◦. For free standing
lithium niobate and microfibre (hybrid) structure, neff (d), κ and s1 (e) and β2 (f).
Data shown for structure with h = 300nm, w = 470nm, microfibre diameter of 1100nm
and θ = 83.5◦. Solid and dashed curves (red and blue in colour) are for FF and SH
modes respectively. Dotted black lines mark κ = 0, s1 = 0 and β2 = 0. Insets in (a)
and (d) show the FF (upper) and SH (lower) mode profiles. Shaded regions mark the
different soliton supporting regimes labeled (A-E).
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hybrid structure shows a broad wavelength range where both κ and s1 are low. The

GVD parameter for the SH also changed much more rapidly in the hybrid structure,

exhibiting a zero-GVD point near the centre of the wavelength range shown here. This

zero-GVD point results in a change of sign of the SH dispersion making regimes in which

FF and SH have opposite signs of dispersion available. Again the soliton regimes in this

structure are plotted as shaded areas in Fig. 4-4 (f). This structure provides 3 broad

wavelength ranges where regimes A, C and E exist. Therefore we would expect to

find solitons and quasi-solitons without any threshold in regimes A and C respectively.

Quasi-solitons with a ‘hard’ threshold are expected in regime E. These two waveguide

structures are therefore expected to exhibit all five of the predicted soliton regimes.

4.3.2 Pulse propagation

Using the data for the example nanowaveguides we can simulate the propagation

of pulses in these structures using the split-step Fourier method as described in

section 2.7.1. In these simulations dispersion has been taken as a Taylor expansion

truncated to third-order such that the corrections to constant GVD are Cf (δ) = −r3δ
3

and Cs = −s3δ
3. This approximation of dispersion as truncated Taylor expansion is

accurate close to the pulse central frequencies and allows the effects of correction terms

Cf and Cs to be demonstrated.

In this section we present XFROG (cross-correlation frequency-resolved optical gating)

spectrograms of pulses after propagation. An XFROG spectrogram is a well-known

method for resolving both temporal and spectral features of a pulse simultaneously

[19,30]. Here the XFROGs are produced with the numerical integration of

I(t, ω) = ln

∣∣∣∣∫ +∞

−∞
Aref (t′ − t)Uf,s(t′)e−iωt

′
∣∣∣∣ dt′, (4.27)

where Aref is the envelope of a Gaussian reference pulse. The duration of this pulse

will set the resolution in time and frequency of the XFROG and is chosen to strike a

balance between these two competing factors. The plots for the analytic predictions

of Cherenkov radiation are included for comparison using µ values estimated from the

initial input pulses of the simulations. In all the simulations present here the emitted

Cherenkov radiation matches closely with the resonance predictions.

In Fig. 4-5 the waveguides and wavelengths have been chosen such that each panel

(a-e) represents each regime (A-E). The input pulse for each simulation was set as in

Eq. (2.56) for the FF field and zero in the SH field. Soliton parameters were chosen
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to set these pulses at experimentally attainable power levels while allowing Cherenkov

radiation to be clearly visible.

Fig. 4-5 (a) shows a soliton formed after propagation of a FF pulse in regime A in

the hybrid structure. Although the input pulse used to generate the soliton here had

a peak power of 1.1kW we found soliton generation was possible for all peak powers

attempted (lowest attempted was 15W peak power). The resonance predictions in this

panel shows both the dispersion truncated to second order and third order. As expected

for a localised soliton there are no resonances present when dispersion is truncated to

second order. With third order dispersion added there is a single resonance predicted

in the tail of the soliton, away from its centre where low intensity Cherenkov radiation

is observed.

Figures 4-5 (b) and (c) show quasi-solitons formed in the LNOI and hybrid structures

respectively. In both cases soliton component in the FF is localised but the SH is

strongly emitting Cherenkov radiation. The wavelength of this radiation matches

closely with that expected from the resonance predictions. This type of quasi-soliton

is predicted below the threshold in regime B and for all powers in regime C. At high

powers solitons localised in both FF and SH are expected in regime B but due to the

large walk-off (s1) in the LNOI structure this threshold is estimated to be 500MW

peak power and therefore experimentally unattainable. Both these quasi-solitons are

expected to emit Cherenkov radiation without the inclusion of third order dispersion

which was verified. With the addition of third-order dispersion the wavelength of the

resonances were shifted and in the case of regime C one resonance was actually removed

entirely leaving the quasi-soliton shown in Fig. 4-5 (c).

Figures 4-5 (d) and (e) show pulses after propagation in regimes D and E respectively.

Both of these regimes exhibit a ‘hard’ threshold under which no solitons or quasi-

solitons are expected. In simulating pulse propagation in both of these regimes

with many different initial conditions we were unable to find either solitons or quasi-

solitons at low powers. Typically we found that a nonlinear pulse would form having

components in the FF and SH. This pulse would exhibit some aspects of a soliton and

quasi-soliton such as Cherenkov radiation and the SH component staying locked to the

FF component. These nonlinear pulses are however not solitons as they disperse as

they propagate. Non-solitonic pulses emitting resonant radiation has been predicted

before in previous work [98, 99]. In these regimes we did not observe formation of

solitons at low powers even with the addition of SH pulses in the initial conditions.

Fig. 4-6 (a) shows a soliton after propagation in regime D. The initial conditions for
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Figure 4-5: XFROG plots of pulses after simulated propagation in nanowaveguide
structures. Each panel consists of FF (right) and SH (left). Resonance predictions
are included above XFROG plots for comparison. Wavevectors of DWs are shown
as solid lines (blue and red in colour, truncated to third and second order dispersion
respectively). Soliton wavevectors are shown as dot-dashed line (green in colour).
Resonances occur where these lines intersect, and are marked by vertical dotted lines.
Panels (a), (c) and (e) are in the hybrid structure, panels (b) and (d) are in the LNOI
structure. Unlabeled features are linear waves that did not form part of the soliton.
Input pulse peak power, duration, central wavelength and propagation distance are:
(a) 1.1kW, 140fs, 1525nm, 20mm. (b) 1.9kW, 560fs, 1530nm, 10mm. (c) 760W, 180fs,
1460nm, 10mm. (d) 14kW, 560fs, 1580nm, 30mm. (e) 1.2kW, 120fs, 1430nm, 10mm.
Animations of propagation dynamics are given in the dataset for this thesis [97].
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this simulation was a numerically calculated soliton solution. This was necessary as

the analytical solution (Eq. (2.56)) is no longer a good approximate solution in this

regime. This result shows that for extremely ‘high’ powers solitons can exist in regime

D. This high power is set by the hard threshold in this region.

It has not been possible to generate a quasi-soliton in regime E. Attempts to excite

quasi-solitons in this regime has resulted in quasi-solitons with a different central

frequency, in a range that isn’t in regime E. An example of this type of soliton is

shown in Fig. 4-6 (b). We expect that exciting solitons in this regime is particularly

difficult due to strong Cherenkov radiation expected from quasi-solitons in this regime

destabilising any potential solitons. The near by existence of different regimes where

soliton existence was more favourable is also expected to make soliton generation here

more challenging.

Fig. 4-6 (c) shows the result after propagation of a broad higher power pulse in regime

A. The input field in the FF was of the form of the analytic soliton solutions (Eq. (2.56))

increased by a scale factor and zero in the SH. Multiple solitons are visible near t = 0

with one of them emitting Cherenkov radiation. A soliton/pulse at around t = 12ps

can be seen emitting its own Cherenkov radiation which is labeled as ‘pump’. This

radiation interacts with one of the solitons near t = 0, perturbing it and acting as a

pump for further radiation. This further radiation can be seen labeled with ‘pumped

radiation’, and coincides with the resonance predictions. We can be sure that this

pumped radiation is distinct from Cherenkov radiation as it begins to be formed as the

soliton begins to interact with the pump waves.

Previous literature in this area suggests peak input powers of a few kW [94] are

experimentally achievable for similar waveguides and wavelengths. This suggests that

it should be experimentally possible to generate many of the solitons and quasi-solitons

simulated here. It is important to highlight that the solitons predicted and simulated

in Fig. 4-5 (a) experience normal GVD (β2 > 0) in both the FF and SH. As Kerr

solitons cannot exist for normal GVD [14] any experimentally observed solitons in this

frequency range could only be due to χ(2) nonlinearity.

4.4 Summary

The existence of temporal solitons in generic χ(2) waveguides has been investigated.

Conditions for the existence of localised solitons have been analysed and five distinct

regimes of soliton and quasi-soliton existence have been identified. Two nanowaveguide
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Figure 4-6: XFROG plots of pulses after simulated propagation in nanowaveguide
structures. Each panel consists of FF (right) and SH (left). Resonance predictions are
included above XFROG plots for comparison. Wavevectors of DWs are shown as solid
lines (blue, truncated to third order dispersion). Soliton wavevectors are shown as dot-
dashed line (green). Dashed lines (red) show the wavevectors of the soliton interacting
with pump frequencies. Resonances occur where these lines intersect. Vertical dotted
lines mark the resonance wavelengths. Panels (b) and (c) are in the hybrid structure
with initial pulses in regimes E and A respectively, panel (a) is in the LNOI structure in
regime D. Initial pulse parameters: peak powers of FF and SH, pulse duration, central
wavelength and propagation distance are (a) 6.3MW, 19MW, 16fs, 1580nm and 10mm.
(b) 17kW, 21kW, 25fs, 1430nm and 15mm. (c) 2.7kW, 0W, 390fs, 1530nm and 26mm.
Animations showing the dynamics in these simulations are given in the dataset for this
thesis [97].
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structures were simulated and all five regimes were found to exist for different

wavelengths in these two waveguides. Predictions for soliton and quasi-soliton existence

have been confirmed by pulse propagation simulation in the proposed nanowaveguide

structures. Importantly we find that these structures support solitions and quasi-

solitons at experimentally accessible powers.

The interaction of solitons with higher order dispersion terms has been predicted

to produce Cherenkov radiation from both FF and SH soliton components. Soliton

propagation simulations have confirmed these predictions. Radiation due to dispersive

wave pumps has also been predicted and simulated. The wavelengths of this radiation

in simulation coincide closely with those expected from analytic predictions. The

generation of multiple solitons and quasi-solitons under opposite signs of dispersion

has also been simulated for experimentally attainable peak powers.

This model is intended to provide a useful theoretical basis for low-power soliton

generation in χ(2) waveguides. We hope that our analysis provides the possibility of

optimising soliton-assisted frequency conversion in LN nanowaveguides. Work similar

to this done on Kerr solitons in optical fibres paved the way for applications including

supercontinuum generation (SCG) [15]. We expect applying this work in a χ(2) nano-

waveguides should allow for the production of broader-spectrum supercontinua at lower

powers.
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Chapter 5

Raman solitons in waveguides

with simultaneous quadratic and

Kerr nonlinearities

In this chapter we analyse Raman-induced self-frequency shift in two-component

solitons supported by both quadratic and cubic nonlinearities. Treating Raman terms

as a perturbation, we derive expressions for soliton velocity and frequency shifts of the

fundamental frequency (FF) and second harmonic (SH) soliton components. We find

these predictions compare well with simulations of soliton propagation. We also show

that Raman shifting can cause two-component solitons to approach the boundary of

their own existence and subsequently trigger soliton instabilities. In some cases these

instabilities are accompanied by an almost complete transfer of power to the SH, and

emergence of a single-component Kerr solitonic pulse.

This chapter is largely copied verbatim from the published paper of the same name

[100]. Mathematical analysis and numerical simulation were performed by myself with

guidance from Dr. Andrey Gorbach and Prof. Dmitry Skryabin. All figures were

produced by myself and the text was written by me with editing and suggestions from

Dr. Andrey Gorbach and Prof. Dmitry Skryabin.
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5.1 Model

As introduced in chapter 2 we consider a waveguide with a fixed cross-section in the

xy plane perpendicular to the direction of propagation z. The FF and SH fields are

expressed as Af exp(iβfz− iωf t) and As exp(iβsz− iωst), respectively. Here, ωs = 2ωf ,

Af and As are the field envelopes, t is time and z is distance along the waveguide.

|Af,s|2 are scaled to be measured in Watts. βf and βs are the propagation constants

defined as,

βk(ω) =
∑
m=0

[ω − ωk]m

m!
βkm, βkm =

∂mβk
∂ωm

∣∣∣∣
ωk

, (5.1)

where k is either f or s denoting the FF or SH respectively.

In this chapter we include both χ(2) and χ(3) nonlinearities and therefore for our base

model we start with the system described in section 2.6 and add purturbations due to

the Raman response. We normalise these fields by defining the dispersion length of

the FF component, zd = 2t20/|βf2| where t0 is a characteristic time scale, typically the

FF pulse width. Our amplitudes therefore become the normalised envelope functions,

Uf =
√

2ρ2zdAf and Us = ρ2zdAs. ρ2 is the effective χ(2) nonlinearity coupling the two

modes, which we define later. Propagating along the waveguide these field envelopes

evolve as,

i∂ξUf+r2∂
2
τUf + U∗fUse

iκξ

+Uf
[
αf |Uf |2 + αc|Us|2

]
= εf (Uf , Us),

i∂ξUs+is1∂τUs + s2∂
2
τUs +

U2
f

2
e−iκξ

+Us
[
αs|Us|2 + αc|Uf |2

]
= εs(Uf , Us).

(5.2)

where we have defined the normalised coordinates ξ = z/zd, in the direction of

propagation and τ = [t − βf1z]/t0, the transverse time coordinate moving with the

group velocity of the fundamental field.

We define the normalised dispersion parameters,

r2 = − zd
2t20

βf2, s2 = − zd
2t20

βs2, (5.3)

the walk-off parameter, s1 = [βs1 − βf1]zd/t0 and the phase-mismatch parameter,

κ = [βs(ωs) − 2βf (ωf )]zd. The coefficients αk are defined by the balance between

the effective χ(3) and χ(2) nonlinearities and dispersion length zd with,

αf =
3ρ3,f

2ρ2
2zd

, αs =
3ρ3,s

ρ2
2zd

, αc =
3ρ3,c

ρ2
2zd

. (5.4)
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ρ3,f , ρ3,s, ρ3,c are the effective χ(3) nonlinearities in the FF mode, SH mode and

between the two modes respectively. We note that αf,s,c are set both by the waveguide

geometry via ρ2 and ρ3,f,s,c and the input pulse parameters through t0 via zd. Effective

nonlinearities are calculated taking overlap integrals of the appropriate spacial mode

profiles with the nonlinear material [40, 101],

ρ2 =
ε0ωf

4Nf

√
Ns

∫
#»e s · χ̂(2)... #»e 2

f dΩn,

γkjpl =
ε0ωk

16
√
NkNjNpNl

∫
#»e ∗k · χ̂(3)... #»e ∗j

#»e p
#»e l dΩn,

(5.5)

where electric field profiles of FF and SH modes are #»e f and #»e s respectively. Nk

is the normalisation factor for the mode k. χ̂(2) and χ̂(3) are the material χ(2) and

χ(3) nonlinear tensors respectively and Ωn is the cross-sectional area of the nonlinear

material in the waveguide. ρ3,f = γffff , ρ3,s = γssss and ρ3,c = 2γfssf = γsffs.

On the right hand side of Eq. (5.2) we have additional terms, εf and εs, which must be

zero for perfect soliton solutions to exist in the system (see seciton 5.2). We use these

terms to include the delayed Raman response into our model by setting,

εf (Uf , Us) =fRUf

∫ ∞
−∞

[∆(τ ′ − τ)−R(τ ′ − τ)]×

[αf |Uf (τ ′)|2 + αc|Us(τ ′)|2]dτ ′,

εs(Uf , Us) =fRUs

∫ ∞
−∞

[∆(τ ′ − τ)−R(τ ′ − τ)]×

[αs|Us(τ ′)|2 + αc|Uf (τ ′)|2]dτ ′,

(5.6)

where ∆(τ) is the Dirac delta function and fR is the fraction of the total material χ(3)

response that is attributed to delayed Raman response which for lithium niobate (LN)

we use fR = 0.5 [49, 89] as discussed in section 3.3.3. For silica the Raman fraction is

known to be fR = 0.18 [29]. The Raman response function of the nonlinear material,

R(τ) =Θ(τ)
N∑
n=1

fn
τ2

1,n + τ2
2,n

τ1,nτ2
2,n

sin
( τ

τ1,n

)
e−τ/τ2,n , (5.7)

where Θ(τ) is the Heaviside step function [28]. fn is the fractional contribution of the

nth resonance to the overall Raman response function. The sum is performed over the N

resonances of the material each of which has its own characteristic response times τ1 and

τ2. For LN we model R(τ) using N = 4 resonances with τ1t0 = [21, 19.3, 15.9, 8.3]fs,

τ2t0 = [544, 1021, 1361, 544]fs and fn = [0.635, 0.105, 0.02, 0.24] [89]. In Silica R(τ)
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Figure 5-1: Real (dashed blue) and imaginary (solid red) parts of the Raman response
spectra, R(ω), for LN and silica in the upper and lower plots respectively.

is typically modeled with N = 1 resonances with τ1t0 = 12.2fs, τ2t0 = 32fs and

fn = 1 [24]. The resulting Raman response of both LN and silica are plotted in

Fig. 5-1 in the frequency domain.

5.2 two-component solitons

First we analyse Eq. (5.2) without Raman (εf = εs = 0). Looking for soliton solutions

Vf and Vs, we use the ansatz

Uf = Vf (η, µ, ν)eiµξ,

Us = Vs(η, µ, ν)ei[2µ−κ]ξ.
(5.8)

where as before η = τ − νξ is the retarded time, µ is the nonlinear shift to the

propagation constant and ν is the inverse soliton velocity. These two soliton parameters

can be chosen freely, however, the relative size of µ and ν are restricted by the criteria,

4r2µ > ν2,

4s2[2µ− κ] > [ν − s1]2,
(5.9)
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which ensure exponential localisation in the FF and SH component respectively as

discussed in chapter 4 (addition of χ(3) terms does not alter these results as the system

is linearised during the tail analysis ). These existence criteria can be visualised in the

µ-ν plane as the areas above (below) two parabolas, in the case of anomalous (normal)

dispersion, r2 = 1, s2 > 0 (r2 = −1, s2 < 0). Both criteria must be satisfied for solitons

to exist and this occurs in the region where the two parabolic areas overlap as discussed

in chapter 4. See figure 4-2 for visual representation of these criteria.

Substitution of our ansatz in Eq. (5.8) into Eq. (5.2) results in,

Ŝ ~X = 0, (5.10)

which we have written in matrix form for convenience where

Ŝ =


A C∗ B 0

C D 0 0

B∗ 0 A∗ C

0 0 C∗ D∗

 , ~X =


Vf

Vs

V ∗f
V ∗s

 , (5.11)

with matrix elements

A =− µ− iν∂η + r2∂
2
η

+ αf |Vf |2 + αc|Vs|2,

B =Vs/2,

C =Vf/2,

D =− 2µ+ κ+ i[s1 − ν]∂η + s2∂
2
η

+ αs|Vs|2 + αc|Vf |2.

(5.12)

Previous work has identified soliton solutions in this system of equations [14, 60].

Importantly localised soliton solutions are possible when the sign of dispersion in

FF and SH are the same as discussed in section 4.2 [91]. We note two results of

particular relevance for this work on bright temporal solitons. Firstly, in the case of

anomalous dispersion many families of soliton solutions exist with only one, known

as ‘C-type’, being stable [60]. Secondly, in the case of normal dispersion where χ(3)

and χ(2) nonlinearities are in opposition, only one family of soliton exists, below a

certain peak power [60]. In both cases these solitons are non-zero in both FF and SH

components which in this work we refer to as two-component solitons.

For these two-component solitons there are three regimes worth noting here. Firstly
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the Kerr limit when χ(3) nonlinearity dominates (Vf |Vf |2αf � V ∗f Vs) and the majority

of the soliton power resides in the FF component. Secondly the cascaded Kerr limit

where χ(2) nonlinearity is dominant (Vf |Vf |2αf � V ∗f Vs and Vf |Vf |2αc � V 2
f ) and

phase mismatch is large, |κ| � |µ|, with the correct sign such that κr2 < 0. In this

regime the interaction between SH and FF can be approximated as a cascaded Kerr

term in the FF giving rise to solitons similar in form to those in the true Kerr limit

and with a negligible SH component [14]. Lastly is the quadratic limit, where χ(2)

nonlinearity is dominant and phase mismatch is small. This regime is characterised by

a more even distribution of power between the FF and SH and neither component is

negligible.

We find two-component soliton solutions to Eq. (5.10) using a Newton-Raphson method

(see section 2.7.2 for more details) with the known analytic quadratic soliton solution

(in the cascading limit) as the initial condition [14]. Taking the Fourier Transform

of these solutions we then find the frequency of the spectral peaks, ω′f and ω′s of the

FF and SH components respectively. We define the normalised frequency shift of each

component from their reference frequencies as δf = [ω′f − ωf ]t0 for the FF and δs

similarly for the SH component. We note that these definitions place no constraint on

the shift of the SH relative to the FF, therefore the peak frequency of the SH component

may not necessarily be twice that of the FF, as shown in Fig. 5-2 (a). In this figure we

plot δf and δs/2 as a function of inverse soliton velocity ν. Only where the two plotted

functions coincide is the peak frequency of the SH component exactly double that of

the FF. There is a clear difference between the quadratic and Kerr limits illustrated in

Fig. 5-2 (a) and (b) respectively. Considering the relative powers in each component for

each regime this difference can be easily understood. In the Kerr limit the majority of

the soliton power resides in the FF component and so behaviour of the SH is dominated

by its interaction with the FF, thus δs is locked at exactly twice δf . Conversely in the

quadratic regime where the power is more evenly shared between both components, we

see the spectral shifts are not dominated by a single component. The different signs of

dispersion in each of Fig. 5-2 (a) and (b) govern the sign of the gradient of δf and δs.

Figs. 5-2 (c) and (d) plot δf and δs/2 as a function of soliton parameter µ. The

difference between these two panels is the inverse soliton velocity, ν. The importance of

this difference becomes clear when we consider the soliton existence criteria in Eq. (5.9).

Looking first at panel (c), where ν = 0, we notice that δf = δs/2 = 0 for the range of

µ shown. In panel (d) however, where ν = 1, the behaviour is not as simple. For large

µ values we see that δf 6= δs/2 which is expected from panel (a). For smaller µ values

however we see that δs shifts rapidly as µ approaches the boundary of soliton existence
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Figure 5-2: Frequency shift of soliton components as a function of ν and µ, calculated
by Newton-Raphson method. δf and δs/2 are plotted by solid (red) and dashed (blue)
lines respectively. Panels are representative of solitons in the (a) quadratic limit with
anomalous dispersion (µ = 5, κ = 0, s1 = 0, r2 = 1, s2 = 1/4) and (b) Kerr limit with
normal dispersion (µ = −2, κ = 300, s1 = 0, r2 = −1, s2 = −1/4 ). Panels (c) and (d)
show data for solitons in the quadratic limit with anomalous dispersion (κ = 0, s1 = 0,
r2 = 1, s2 = 1/16). Inverse soliton velocity, ν = 0 and ν = 1 in panels (c) and (d)
respectively. The black dotted line marks boundary of soliton existence for the given ν
found using Eq. (5.9) ( µ = 0 and µ = 2 in panels (c) and (d) respectively). t0 = 100fs
throughout.
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without much change in δf . Unlike in Kerr solitons we see that there is no simple

relationship between changes in ν and µ and the spectral shifts in two-component

solitons. There is a complicated dependence reflecting the balance of power between

and dispersion of each component.

5.3 Raman shift theory

Now we consider the effects of a small but non-zero Raman response (εf 6= 0, εs 6= 0)

following a similar analysis to that given for Kerr solitons in section 2.4.3. To

accommodate this change our ansatz in Eq. (5.8) becomes,

Uf = [Vf (η, µ, ν) + af (ξ, η)]eiφ,

Us = [Vs(η, µ, ν) + as(ξ, η)]ei2φ−iκξ,
(5.13)

where we now allow µ and ν to slowly vary with ξ. Our transverse coordinate,

η = τ −
∫
νdξ, keeps pace with the soliton as its inverse velocity ν changes. φ =

∫
µdξ

allowing for the phase of the soliton to evolve as the propagation constant µ changes

with ξ. We introduce the small terms af � Vf and as � Vs to allow for corrections

to the soliton profile and radiation from the solitons. Now the soliton parameters ν

and µ can vary we expect that the position of the soliton will move on the µ-ν plane

where without Raman the soliton was previously a static point. The trajectory that

the soliton takes and how it interacts with the existence criteria in Eq. (5.9) will be

discussed in Sec. 5.4.1.

Writing our governing equation in matrix form we find,

Ŝ ~X + P̂ ~X + Ĵ~a = ~ε, (5.14)

where Ŝ and ~X are defined as before and

P̂ = i


G 0 0 0

0 G 0 0

0 0 −G∗ 0

0 0 0 −G∗

 , ~a =


af

as

a∗f
a∗s

 ,

Ĵ =


M N H R

N∗ T R W

H∗ R∗ M∗ N∗

R∗ W ∗ N T ∗

 , ~ε =


ε̄f

ε̄s

ε̄∗f
ε̄∗s

 ,
(5.15)
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with the matrix elements

G = [∂ξµ]∂µ + [∂ξν]∂ν ,

M = −µ− iν∂η + r2∂
2
η + 2αf |Vf |2 + αc|Vs|2,

N = V ∗f + αcV
∗
s Vf ,

H = Vs + αfV
2
f ,

R = αcVsVf ,

T = −[2µ− κ] + i[s1 − ν]∂η + s2∂
2
η

+ 2αs|Vs|2 + αc|Vf |2,

W = αsV
2
s .

(5.16)

We have kept terms up to the order of ~a, smaller terms have been neglected. As ~ε is

also a small quantity, terms proportional to ~ε~a are very small and so are neglected. We

also introduce the notation ε̄f = εf (Vf , Vs) and ε̄s = εs(Vf , Vs).

Recognising from before that Ŝ ~X = 0, we reduce the left hand side in Eq. (5.14) to

two terms. To make further progress we project Eq. (5.14) onto the zero eigen-vectors

of Ĵ† = Ĵ ( as Ĵ is self-adjoint). So Eq. (5.14) becomes

(~vn, P̂ ~X) + (~vn, Ĵ~a) = (~vn, ~̄ε), (5.17)

where the term Ĵ~a vanishes by construction. n is either 1 or 2 such that ~vn is one of

the two zero-eigenvectors of Ĵ ,

~v1 = ∂η ~X, ~v2 =


Vf

2Vs

−V ∗f
−2V ∗s

 . (5.18)

The results of projecting Eq. (5.14) on to ~v1 and ~v2 are respectively,

Im

∫ ∞
−∞

[∂ηV
∗
f ][GVf ] + [∂ηV

∗
s ][GVs]dη

= −Re

∫ ∞
−∞

[∂ηV
∗
f ]ε̄f + [∂ηV

∗
s ]ε̄sdη,

Re

∫ ∞
−∞

V ∗f [GVf ] + 2V ∗s [GVs]dη

= Im

∫ ∞
−∞

V ∗f ε̄f + 2V ∗s ε̄sdη.

(5.19)
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Using these two equations we find the shift of our two soliton parameters µ and ν to

be,

ν̇ =
∂ν

∂ξ
=
C2A1 − C1A2

B2A1 −B1A2
,

µ̇ =
∂µ

∂ξ
=
C1B2 − C2B1

B2A1 −B1A2
,

(5.20)

where we introduce the parameters,

A1 =Im

∫ ∞
−∞

[∂ηV
∗
f ][∂µVf ] + [∂ηV

∗
s ][∂µVs] dη,

B1 =Im

∫ ∞
−∞

[∂ηV
∗
f ][∂νVf ] + [∂ηV

∗
s ][∂νVs] dη,

C1 =Im

∫ ∞
−∞

[∂ηV
∗
f ]ε̄f + [∂ηV

∗
s ]ε̄s dη,

A2 =Re

∫ ∞
−∞

V ∗f [∂µVf ] + 2V ∗s [∂µVs] dη,

B2 =Re

∫ ∞
−∞

V ∗f [∂νVf ] + 2V ∗s [∂νVs] dη,

C2 =Re

∫ ∞
−∞

V ∗f ε̄f + 2V ∗s ε̄s dη.

(5.21)

We point out that these parameters are themselves all µ and ν dependent through Vf

and Vs. From Eq. (5.20) we integrate over ξ using numerical soliton profiles Vf (µ, ν) and

Vs(µ, ν) to find the inverse soliton velocity, ν(ξ) and the soliton propagation constant

µ(ξ). As a result of the ν and µ dependence of Vf and Vs, accurate calculation of these

shifts requires repeated evaluation of Eq. (5.20) with Vf and Vs being updated on each

iteration for the current shifted µ and ν values.

Once ν(ξ) and µ(ξ) are known we can then calculate the temporal shift of the soliton

τs(ξ) =

∫ ξ

0
ν(ξ′)dξ′. (5.22)

and the shift in the peak frequency of each soliton component,

δ̇k =
∂δk
∂ξ

= [∂νδk]ν̇ + [∂µδk]µ̇, (5.23)

where k is either f or s for FF or SH respectively. Both ∂νδk and ∂µδk can in general

be computed numerically for each soliton component as described in Sec. 5.2.
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5.3.1 Kerr Limit

It is useful to consider the Kerr limit and observe how our results in Eq. (5.20) and

(5.23) converge to the well-known results for pure Kerr solitons. In the Kerr limit we

neglect Us and require anomalous dispersion ( r2 = 1). With these changes our model

in Eq. (5.2) becomes the nonlinear Schrödinger equation (NLS),

i∂ξUf + ∂2
τUf + αfUf |Uf |2 = εf (Uf , 0), (5.24)

which is invariant under the Galilean transform [74]

Uf → Uf exp(i
v

2
η + i

v2

4
ξ),

τ → τ − νξ = η.

(5.25)

The NLS has known solutions for solitons of velocity ν [74],

Uf (η) = V0 exp(iµξ + i
ν

2
η) (5.26)

where we have defined the real soliton profile [11],

V0 =

√
2Q

αf
sech(

√
Qη), (5.27)

where Q = µ − ν2/4. From our previous ansatz, Eq. (5.8), we can see that

Vf = V0 exp(iνη/2). Making this substitution into our predictions of Raman shift

in Eq. (5.19) and remembering to neglect Vs terms we find,∫ ∞
−∞

η

2
V0ν̇[∂ηV0]− ν

2
V0

[
µ̇[∂µV0] + ν̇[∂νV0]

]
dη

=

∫ ∞
−∞
−2αfτRV

2
0 [∂ηV0]2dη,

(5.28)

and ∫ ∞
−∞

V0

[
µ̇[∂µV0] + ν̇[∂νV0]

]
dη = 0 (5.29)

where we have kept only the terms that contribute after taking real and imaginary

parts. We use the approximate, small bandwidth form of the Raman response in silica

ε̄f = VfτR∂η[αf |Vf |2] where τR = fR
∫
τR(τ)dτ = 0.0073 [19]. By substitution of

Eq. (5.29) and (5.27) into Eq. (5.28) and integrating we restore the known result for
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the Kerr limit in silica [11,29],

ν̇ =
32

15
τRQ

2, (5.30)

where we have used the integrals∫ ∞
−∞

xsech2(x) tanh(x)dx = 1,∫ ∞
−∞

sech4(x) tanh2(x)dx =
4

15
.

(5.31)

Similarly integration of Eq. (5.29) gives,

µ̇ =
ν

2
ν̇, (5.32)

and therefore we restore

µ(ξ) = Q+
[ν(ξ)]2

4
, (5.33)

as expected from the Galilean transform in Eq. (5.25).

From Eq. (5.25) we know that a change in inverse soliton velocity, ν, results in a

subsequent change to the solitons frequency δf = −ν/2. Using this we can find the

rate of frequency shift,

δ̇f = [∂νδf ]ν̇ = −16

15
τRQ

2, (5.34)

which also agrees with known results for the Kerr limit in silica as discussed in

section 2.4.3 [11,29].

For the general case, where the Raman response is not simply linear over the bandwidth

of the soliton (as in LN) or where the SH component is significant, the Raman shifts

can be calculated numerically. Doing this for LN, we find that in the Kerr limit the

FF component of the two-component soliton shifts in frequency at the same rate as

a Kerr soliton of the same peak power. In the quadratic limit, when the soliton has

a significant SH component, we find that the FF frequency shift differs significantly

from that expected for a Kerr soliton of the same peak power. This trend is illustrated

in Fig. 5-3. We compare solitons of the same peak power as Eq. (5.34) shows us the

simple relationship between δ̇f and Q (which from Eq. (5.27) is proportional to soliton

peak power) in the Kerr limit.
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Figure 5-3: Rate of frequency shift, δ̇f , predicted by Eq. (5.23) for two-component
solitons and Kerr solitons in LN nanowaveguides; shown as solid (red) and dotted
(black) curves respectively (for ν = 0). For the two-component solitons we plot the
peak power as |Af |2 + |As|2. Insets compare soliton power profiles at high and low
powers. FF and SH of the two-component solitons are plotted as solid (red) and
dashed (blue) curves respectively. Kerr soliton power profile shown as dotted (black)
curve with the same total peak power. We found that δ̇s/2 very closely followed the
same trend as δ̇f for the two-component soliton in this case.
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5.4 Simulations

In order to assess their validity outside of the Kerr limit and linear Raman response

regime, we have compared our predictions in Eq. (5.22) and (5.23) with numerical

simulations of Eq. (5.2) using the split-step Fourier method. We use numerical

soliton solutions as the initial inputs for both the simulations and predictions. In

these comparisons we chose dispersion and soliton parameters that are feasible in LN

nanowaveguides at reasonable input powers. These waveguides are discussed in more

detail in chapter 3.

We present four typical examples of such comparisons in Fig. 5-4 which are

representative of two soliton limits each in two dispersion regimes. In two of these

examples, panels (a) and (c), dispersion is anomalous and phase mismatch of κ = 0

and κ = 300 provide both quadratic and cascaded Kerr limits respectively. The other

two examples, panels (b) and (d), explore the normal dispersion regime again with

quadratic and cascaded Kerr limits represented. We ensure the Raman term is a

perturbation to the soliton equation by operating in the quadratic and cascaded Kerr

regimes. This keeps all Kerr terms, including Raman, relatively small. We also used

an initial inverse soliton velocity, ν = 0 such that the input pulse was not shifted from

the reference frequencies initially(i.e. δf = δs = 0 at ξ = 0).

Figs. 5-4 (a) and (b) show remarkable similarity between prediction and simulation

for Raman shifting quadratic two-component solitons under anomalous and normal

dispersion respectively. These examples are particularly important as they validate

our predictions outside of the Kerr limit, in regimes where the SH soliton component

is similar in power to that of the FF. In figs. 5-4 (c) and (d) the phase mismatch,

κ is set such that the solitons are in the cascaded Kerr regime with very small SH

components. In these examples we see a qualitative agreement between our predictions

and simulations. The reason some predictions do not match the simulations more

closely, we believe is largely down to spectral cut-off of the soliton due to the sharp

Raman peak in LN [28]. The sharp Raman peaks in LN are clear when compared

with silica in Fig. 5-1. This has been seen before in solitons in air-core fibres where a

significant portion of the initial pulse propagates as non-solitonic radiation [28]. The

soliton formed and propagating in the simulation is therefore not necessarily the same

as the input soliton for which the predictions are made.

We point out that although the Raman frequency shift is always towards lower

frequencies as expected, the temporal shift of the soliton is dependant on the sign
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Figure 5-4: Simulated soliton propagation in time and frequency domains shown in the
upper and lower plots in each panel respectively. The FF and SH are shown on the
right and left sides of each panel respectively. Dashed lines show time and frequency
shifts predicted by Eq. (5.22) and (5.23). Insets show the relative input soliton power
plotted in the time domain for FF (solid red) and SH (dashed blue). Panels (a) and (b)
show solitons in the quadratic limit with anomalous and normal dispersion respectively.
Panels (c) and (d) show solitons in the cascaded Kerr limit with anomalous and normal
dispersion respectively. Parameters used in each panel are: (a) µ = 5, ν = 0, κ = 0,
s1 = 0, r2 = 1, s2 = 1/4. (b) µ = −5, ν = 0, κ = 0, s1 = 0, r2 = −1, s2 = −1/4.
(c) µ = 2, ν = 0, κ = −1000, s1 = 10, r2 = 1, s2 = 1/4. (d) µ = −2, ν = 0,
κ = 300, s1 = 0, r2 = −1, s2 = −1/4. For all of these simulations we used an input
FF wavelength of 1500nm ( ωf = 200THz), characteristic time scale, t0 = 100fs and
αf = 0.0007, αs = 0.008, αc = 0.005.
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of dispersion. Under anomalous dispersion lower frequencies travel slower and so as

the soliton shifts to lower frequencies it slows down moving in the positive time direction

(arriving late). Under normal dispersion the opposite is true (and the soliton arrives

early).

5.4.1 Soliton Instabilities

We now consider the soliton trajectory in the µ-ν plane, predicted by Eq. (5.20), in

relation to the soliton existence criteria given in Eq. (5.9). Doing so prompts us to

ask two questions; does the trajectory of the soliton approach the boundary of soliton

existence and if so, what happens to the soliton when it does?

Considering Kerr solitons, only one existence criterion is relevant which is similar to

that of the FF with anomalous dispersion (r2 = 1). The criterion for soliton existence

is therefore 4µ > ν2. We note that Kerr solitons follow the trajectory described by

Eq. (5.33), which we notice is always tangential to the existence boundary, µ = Q+ν2/4.

This is not a coincidence and is due to the simple relation between the shift in soliton

frequency and inverse velocity, ν, given by the Galilean transform in Eq. (5.25) as

discussed in chapters 2.4 and 5.3.1. A Raman shifting Kerr soliton experiencing

constant GVD therefore does not approach the boundary of soliton existence (as we

discussed in section 2.4.3). Under non-constant GVD however cancellation of the soliton

self-frequency shift has been seen [21].

In the case of two-component solitons experiencing constant GVD however, the relation

between frequency and inverse velocity shifts is not so simple. There are also two

existence criteria that must both be satisfied and which in general do not coincide. It

is therefore unclear whether a Raman shifting two-component soliton will approach the

boundary of soliton existence.

Here we give two examples that demonstrate that two-component solitons can approach

the boundary of existence. In these examples we use systems where the group velocity

dispersion in the SH component is significantly smaller than in the FF ( s2 � r2). These

parameters are chosen as a simple means of narrowing the region of soliton existence,

as shown in figs. 5-5 (a) and 5-6 (a), thus reducing the shift required to approach the

existence boundary. Tracking the soliton as it shifts in µ and ν we find that initially

the soliton shifts parallel to the FF localisation boundary, and therefore approaches the

boundary existence which in these cases is the boundary of SH localisation. Close to this

boundary we find our predictions in Eq. (5.20) break down as calculation of updated
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soliton solutions becomes more difficult. After this we must rely on our simulations to

see the resulting dynamics.

In the example in Fig. 5-5 (a)-(c), dispersion is anomalous and we find that the soliton

appears to recoil [21] to avoid the existence boundary, as shown in panel (a) where the

soliton trajectory (red dotted line) rapidly shifts downward near the SH localisation

boundary. At the point marked with a cross in figs. 5-5 (a)-(c) the soliton abruptly

changes trajectory, shifting down in µ and very little in ν, still approaching the existence

boundary. In Fig. 5-5 (c) we see that this recoil in the µ-ν plane is accompanied by

a rapid frequency shift of the SH component, shown in the simulated spectrum and

replicated remarkably closely by our predictions. We note that this frequency shift

is similar to that shown in Fig. 5-6 (a) where δs rapidly shifts as µ reduces and the

soliton approaches the existence boundary. In this example we see the majority of the

soliton energy is transferred to the SH as shown clearly in Fig. 5-5 (b) where again our

predictions closely follow the initial stages of the simulation. After the two-component

soliton is destabilised a purely Kerr soliton appears to form in the SH with minimal

energy in the FF component. Comparing the predicted spectral and temporal shifts

for a SH Kerr soliton of the same peak power (solid red lines) with the simulations in

Fig. 5-5 (c) we see they match very closely. In Fig. 5-5 (a) we plot the trajectory on the

µ-ν plane predicted for this Kerr soliton which we find is tangential to the boundary of

existence as expected. We therefore conclude that, the outcome of this two-component

soliton instability is the birth of a Kerr soliton in the SH.

Under normal dispersion the soliton initially behaves similarly, shifting towards the

boundary of SH existence as shown in Fig. 5-6 (a). In this case however we do not see

any recoil of the soliton in the µ-ν plane at the position marked by the cross. As there

is no recoil in the µ-ν plane, we predict no rapid spectral shift. This is confirmed by

simulations in Fig. 5-6 (c) where the rapid frequency shift seen in the SH occurs well

after our predictions stop and therefore after the soliton has shifted out of its region of

existence. Once again we see a large transfer of energy from the FF to the SH which

is presented in Fig. 5-6 (b), although not as complete as in the anomalous dispersion

case. We can see from the simulation in Fig. 5-6 (c) that the SH and remaining FF

components disperse after the instability which can be seen in the time domain. In

the frequency domain we see simultaneously the production of broad spectrum in the

SH. We do not expect a Kerr soliton in the SH as this is not possible under normal

dispersion.

We have also run predictions and simulations of systems where r2 � s2 and find similar

results. The major difference in these cases is that the power is transferred to the FF
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Figure 5-5: Comparison of predictions and simulations of soliton instabilities in the
case of |r2| > |s2| under anomalous dispersion with the same parameters as Fig. 5-4
(a) except with s2 = 1/16. Soliton existence analysis is shown in panel (a), shaded
regions mark where each soliton existence criterion is met. The two-component soliton
trajectory in the µ-ν plane predicted by Eq. (5.20) is included as the dotted (red) curve.
Solid (blue) curve in panel (a) shows the predicted trajectory of the Kerr soliton in
the SH after the two-component soliton becomes unstable. Panel (b) plots fractional
energy in each component of the soliton as a function of propagation distance. Data
from the simulated soliton propagation are plotted as solid (red) and dashed (blue)
curves for the FF and SH respectively. Fractional energies predicted by our analysis for
FF and SH shown as dotted (red) and dot-dashed (blue) lines respectively, calculated
from numerical solitons for the predicted ν and µ values. Panel (c) plots simulated
propagation of the solitons in each example. Top and bottom rows of this panel show
the spectral and temporal evolution respectively, SH and FF are shown on the left and
right columns respectively. Trajectory of the soliton predicted by Eq. (5.23) and (5.22)
are plotted as dashed (black) curves in the spectral and temporal plots respectively.
Solid (red) curves in panel (c) plot predictions for a Kerr soliton in the SH after the
two-component soliton becomes unstable. Insets plot relative input soliton power in
the time domain for FF (solid red) and SH (dashed blue). Circles mark the initial
soliton position, crosses mark a point part way along the solitons propagation.
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Figure 5-6: Comparison of predictions and simulations of soliton instabilities in the
case of |r2| > |s2| under normal dispersion with parameters as in Fig. 5-4 (b) but
with s2 = −1/20. Data plotted here are the same as described in Fig. 5-5 except no
prediction is made for a Kerr soliton as this is not expected under normal dispersion.
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rather than the SH during the instability development. Examples of simulations and

predictions made in this regime are given in Fig. 5-7 and Fig. 5-8 for anomalous and

normal dispersion respectively. Under anomalous dispersion we once again see that

our predictions and simulations match very closely in Fig. 5-7 but in this case we do

not observe the formation of a Kerr soliton after the energy has transferred to the FF

component. We can clearly see the pulse broadens in the temporal domain showing

that this pulse is not a soliton. Fig. 5-8 does not show such a close match between our

predictions and numerical simulations. The rapid shift in energy to and frequency shift

in the FF component occur after longer propagation that expected from our predictions.

The predictions do match the simulations qualitatively however as the replicate both

the magnitude of the frequency shift and change in the pulse velocity very well. The

reason for this mismatch between simulations and predictions in unclear although as

we discussed before this could be due to spectral cut-off occurring in our simulations

meaning that the simulated soliton is not exactly the one we had intended.

These predictions show strong similarity to results seen for Kerr solitons under non-

constant GVD [21]. In this case however as we are dealing with two component solitons

it is possible to have new dynamics. One example of this is the formation of a Kerr

soliton in the SH component under anomalous dispersion as in Fig. 5-5.

5.5 Summary

In this work we have developed theory of Raman induced self-frequency shift in two-

component solitons accounting for both χ(2) and χ(3) nonlinearities. Our analysis

predicts the acceleration and accompanying frequency shift of each soliton component.

Expressions for the temporal and propagation constant shifts have also been presented.

Known results for purely Kerr solitons have been reproduced by analysing two-

component solitons in the Kerr limit and we show how our results differ outside this

limit. Our predictions are validated by comparison with numerical simulation of soliton

propagation in LN nanowaveguides which show good qualitative agreement in every

case and remarkable quantitative agreement in some cases.

We have proposed that two-component Raman solitons may approach the boundary of

their own existence which we show does not happen in Kerr solitons. We have described

a few scenarios of the unstable dynamics of the two-component solitons induced by the

Raman effect shifting the soliton frequency towards the boundary of its existence. Our
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Figure 5-7: Comparison of predictions and simulations of soliton instabilities in the
case of |s2| > |r2| under anomalous dispersion with parameters as in Fig. 5-4 (a) but
with µ = 20 and s2 = 20. Data plotted here are the same as described in Fig. 5-5
except no prediction is made for a Kerr soliton as this is not expected under normal
dispersion.
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Figure 5-8: Comparison of predictions and simulations of soliton instabilities in the
case of |s2| > |r2| under normal dispersion with parameters as in Fig. 5-4 (b) but with
µ = −15 and s2 = −40. Data plotted here are the same as described in Fig. 5-5 except
no prediction is made for a Kerr soliton as the pulse appears to spread after the power
is transferred to the FF component.
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theory predicts the initial stage of this process and matches remarkably closely with

simulations.

The predictions made here can be applied to future work on ultrashort pulses in

systems with χ(2) and χ(3) nonlinearity. In particular, theory of two-component Raman

solitons may prove useful in the engineering and understanding of new sources of

supercontinuum generation and frequency conversion. These results also show the

potential of this system to produce novel soliton dynamics.
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Chapter 6

Solitons near avoided mode

crossings in χ(2) nanowaveguides

We present a model for χ(2) waveguides accounting for three modes, two of which make

an avoided crossing at the second harmonic (SH) wavelength. We introduce two linearly

coupled pure modes and adjust the coupling to replicate the waveguide dispersion

near the avoided crossing. Analysis of the nonlinear system reveals continuous wave

(CW) solutions across much of the parameter-space and prevalence of its modulational

instability. We also predict the existence of avoided-crossing solitons, and study

peculiarities of their dynamics and spectral properties, which include formation of

a pedestal in the pulse tails and associated pronounced spectral peaks. Mapping

these solitons onto the linear dispersion diagrams, we make connections between their

existence and CW existence and stability. We also simulate the two-color soliton

generation from a single frequency pump pulse to back up its formation and stability

properties.

The majority of this chapter is copied verbatim from the published manuscript of the

same name [102]. Numerical simulations and theoretical analysis were carried out by

myself. Figures were prepared by myself with guidance from Dr. Andrey Gorbach and

Prof. Dmitry Skryabin. The text was written by myself and Dr. Andrey Gorbach.
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6.1 Introduction

As we saw in chapter 4, for efficient soliton generation phase and group velocity

matching (GVM) between the fundamental and second harmonic wavelengths are

required [91]. Quasi-phase matching (QPM) can be achieved with periodic polling,

a technique which is well understood in lithium niobate (LN) [41,44,45]. GVM in LN,

however, is more difficult to achieve. It is well known that bulk LN has the zero of

its group velocity dispersion (GVD) around 1.9µm, as shown in Fig. 3-2 (c) [64, 88],

making GVM between wavelengths in the near-infrared and visible range impossible.

This is where the strong geometric dispersion of LN nano-waveguides can be used to

shift the zero-GVD point to shorter wavelengths making GVM possible between the

desired frequencies [39].

Another powerful technique of arranging GVM has been recently proposed for LN nano-

structures [40], which relies on engineering of an avoided crossing between different

guided modes. Strong modification of dispersion induced by avoided crossings is

known to impact existence and properties of solitons. Solitons spectrally centred

near an avoided crossing, and also the impact of the avoided crossing on the soliton

detuned far away from it, have been previously studied in photonic crystal fibers and

microresonators, see, e.g., [103,104] and [105–108], respectively.

Typically, avoided mode crossings occur as the result of interactions between guided

modes supported by different sub-components of a complex structure [40, 103], or

interactions between forward- and backward-propagating modes induced by Bragg

gratings [103, 105]. In microresonators, avoided crossings between different mode

families can also be induced by geometric imperfections [106]. In our study we find

avoided-crossings between quasi-TE and quasi-TM guided optical modes of LN nano-

waveguides. These avoided-crossings appear to be induced by high anisotropy: the

combined effect of the intrinsic material anisotropy of LN and structural properties.

Fig. 6-1(a) shows one example of an avoided-crossing between two modes of the

LN waveguide structure shown in Fig. 6-1(b). Due to the anisotropy, at short

wavelengths higher-order quasi-TM modes appear to have higher effective indices

than the fundamental quasi-TE mode. At long wavelengths, however, as the modes

become less localized and the anisotropy is effectively suppressed, both fundamental

polarizations appear to have larger indices than any other higher-order modes. This

generally results in avoided-crossings between different pairs of quasi-TM and quasi-TE

modes.
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Figure 6-1: Modelled (a) effective refractive indices (neff ) and (c) group indices ng
of three guided modes of (b) LN nano-waveguide structure (top width, w = 600 nm,
ridge height, h = 500 nm and slab thickness d = 100 nm, and wide wall angle θ = 70◦.
X-cut LN is considered with the extraordinary axis oriented vertically on the diagram).
Fundamental TM mode shown in red, two hybridised modes plotted in blue and green
(transverse profiles swap due to hybridisation). Black dotted lines plot neff produced
by our model Eq. (6.4). Symbols mark the positions of the corresponding traverse
mode profile insets (arrows show dominant polarisation and modes closest to the avoid
crossing have no dominant polarisation direction so no arrows are included).

The strong induced dispersion at the anti-crossings causes an abrupt change in the

group index of each mode, allowing GVM between different guided modes across an

optical octave (1250nm - 625nm in our example), as shown in Fig. 6-1 (c). Assuming in

addition a suitable QPM is arranged, we investigate solitons emerging from nonlinear

interactions between the two avoided-crossing modes in the visible (SH frequency)

and the corresponding phase- and group velocity matched mode in the infrared

(fundamental frequency (FF)).

Previous work has been done in mathematically similar systems in which Bragg gratings

couple forward and backward traveling waves, producing gaps in the linear spectrum

of FF and SH fields simultaneously [109–111]. Slow χ(2) solitons (with group velocities
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close to zero physical velocity) are known to exist in such systems. The system we

investigate here is similar in that the avoided-crossing provides a gap in the linear

spectrum of the SH. Notably, the avoided crossing is produced by two co-propagating

modes in our case, and there is only one mode in the FF field. Any solitons will

therefore be fast (close to the speed of light) as we are considering light propagating in

only one direction.

Another important feature of our system is the change in the transverse profiles of the

modes across the avoided-crossing, associated with polarization rotation. The insets in

Fig. 6-1(a) show how the profiles of the modes swap from quasi-TM to quasi-TE (or vice

versa) on either side of the avoided crossing. Effective nonlinear interaction between

FF and SH modes depends on the spatial overlap between the relevant modes [40,91].

We therefore see a dramatic dispersion of the effective nonlinearity between FF and SH

modes, which plays a significant role in the properties of CW solutions and solitons.

6.2 Model

The work in this chapter models the interaction of three modes: a single FF mode

centered around a reference frequency ωf , and two SH avoided crossing modes centered

around the frequency ωs = 2ωf . For the example presented in Fig. 6-1 we select

λf = 2πc/ωf = 1250nm and λs = 2πc/ωs = 625nm, here c is the speed of light.

6.2.1 Linear dispersion

To model dispersion of the FF mode we fit its propagation constant using the Taylor

expansion

βf (δ) = β
(0)
f + β

(1)
f δ +

1

2
β

(2)
f δ2, (6.1)

where δ = ω − ωf is the frequency detuning from the reference frequency ωf . For

our example in Fig. 6-1 we find β
(0)
f = 9.7 × 103mm−1, β

(1)
f = 8.3 ps/mm and

β
(2)
f = −3.6× 10−4ps2/mm.

For the SH avoided crossing modes, instead of fitting directly their dispersion, we adapt

the well-known linear coupler model. The advantage of this approach will become

apparent in the following sub-section, where we introduce nonlinear couplings between

the modes.
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Unlike in many typical avoided crossing setups such as evanescently coupled waveguides

or Bragg gratings (coupled forward- and backward-propagating modes), there is no

natural basis of uncoupled modes in our system. We introduce two artificial ‘pure’

modes SH1 and SH2 by fitting the dispersion of the true guided modes away from

the avoided crossing region, which provides propagation constants crossing at around

625nm:

βsm(δ) = β(0)
s + 2δ

[
β(1)
s + [−1]mβ̄(1)

s

]
, m = 1, 2. (6.2)

Here 2δ = ω−ωs with ωs = 2ωf are the SH frequency detunings about the SH frequency.

For our example β
(0)
s = 2.2× 104mm−1, β

(1)
s = 8.4 ps/mm and β̄

(1)
s = 0.36 ps/mm and

accounts for the difference in group velocities of the SH modes.

The avoided-crossing effect is then introduced via a linear coupling, C, between SH1

and SH2:

−i∂z

[
as1

as2

]
=

[
βs1(ω) C

C βs2(ω)

][
as1

as2

]
. (6.3)

Diagonalising this system gives propagation constants for the avoided crossing modes

SH+ and SH- as

βs± =
βs1 + βs2

2
±
√

[βs1 − βs2]2

4
+ C2. (6.4)

The coupling coefficient C can be obtained by fitting the above propagation constants

βs+ and βs− to the actual dispersion of guided modes in the avoided crossing region.

The inset of Fig. 6-1(a) shows the comparison between the actual dispersion (solid lines)

and dispersion provided by the model in Eq. (6.4) with C = 34mm−1. Close to the

avoided crossing, GVD and higher-orders of dispersion in the SH+ and SH- modes is

dominated by the mode anti-crossing effect, which allows us to limit terms in Eq. (6.2)

to first order.

6.2.2 Nonlinear envelope equations

We complete our model by adding the χ(2) nonlinear coupling between FF and both

SH modes. This means the envelopes of the fundamental, Af , and two SH, As1, As2

fields satisfy

i∂zAf + [iβ̄
(1)
f ∂τ −

1

2
β

(2)
f ∂2

τ ]Af + ρ2A
∗
f [As1 + αAs2] = 0,

i∂zAs1 + [κ− iβ̄(1)
s ∂τ ]As1 + CAs2 +

ρ2

2
A2
f = 0,

i∂zAs2 + [κ+ iβ̄(1)
s ∂τ ]As2 + CAs1 +

ρ2α

2
A2
f = 0.

(6.5)
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Here z is the coordinate along the waveguide, τ = t − zβ
(1)
s is the retarded time

with t being the physical time. β
(1)
s is the average inverse group velocity of the SH

modes, cf. Eq. (6.2), β̄
(1)
f = β

(1)
f − β

(1)
s is the FF inverse group velocity in this moving

frame (β̄
(1)
f = 0.086 ps/mm for our example). The amplitudes, (Af , As1 and As2) are

measured in the units of
√

W, and the respective electric fields are Afe
i(zβ

(0)
f −ωf t) +c.c.,

and Asme
i2(zβ

(0)
f −ωf t) + c.c..

The QPM period, L, sets the length of LN domains with alternating opposite crystal

orientation [41]. This is assumed to set the phase-mismatch between the FF and SH

modes. This makes the phase mismatch parameter κ = β
(0)
s − 2β

(0)
f + [2π/L] which is

identical for both SH pure modes as we set ωs as the frequency at the centre of the

mode crossing. In the examples below we will closely examine the case of exact phase

matching, κ = 0 but we retain κ in the model equations to keep our analysis general.

In our example system we find the QPM period, L = 3.1 µm which is a feasible polling

length [43].

The nonlinear interaction strength between the FF mode and each of the pure modes

SH1 and SH2 is given by the coefficients ρ2 and ρ2α, respectively. Without loss of

generality we assume 0 ≤ α ≤ 1. Coefficients ρ2 and α can be estimated from the

modal overlaps using the actual SH guided modes of the structure away from the

avoided crossing region. The dispersion of nonlinearity associated with the pronounced

reshaping of the modes (polarization rotations) in the avoided crossing region is fully

incorporated in our model by virtue of the structure of the eigen-vectors of the linear

coupler system in Eq. (6.3). Thus, in the limit of α = 0 the effective interaction strength

between FF and each SH+ and SH- mode varies between zero and full strength across

the avoided crossing region. In the opposite limit of α = 1 the interaction remains

constant. For the example geometry shown in Fig. 6-1(b) we obtain ρ2 = 400 m−1W−1/2

and α = 0.14.

6.3 Continuous wave solutions

To analyse CW solutions of Eq. (6.5) we make the substitutions

Af = Āfe
iµcz−iδτ ,

Asm = Āsme
i2µcz−i2δτ ,

(6.6)
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where m = 1, 2, µc is the propagation constant for CW solutions and Āf and Āsm are

the CW solution amplitudes for the FF and SH modes respectively. Taking this anzats

in the low amplitude limit and therefore linearizing Eq.(6.5) we obtain propagation

constants for FF and SH modes respectively as,

β̄f = β̄
(1)
f δ +

1

2
β

(2)
f δ2,

β̄s± =
κ

2
±
√
C2

4
+ [δβ̄

(1)
s ]2,

(6.7)

which are the analogues of the linear dispersions in Eqs. (6.1) and (6.4) in the rotating

and moving reference frame of our model in Eq. (6.5).

Outside of the low amplitude limit, we then find nonlinear CW solutions of the form:

ρ2
2|Āf |2 =

[µc − β̄f ][2µc − β̄s+][2µc − β̄s−]

[1 + α2][µc − β̄sin]
, (6.8)

Ās1 =
ρ2Ā

2
f

2

2µc − κ− 2β̄
(1)
s δ + αC

[2µc − β̄s+][2µc − β̄s−]
, (6.9)

Ās2 =
ρ2Ā

2
f

2

α[2µc − κ+ 2β̄
(1)
s δ] + C

[2µc − β̄s+][2µc − β̄s−]
. (6.10)

where we have defined the propagation constant at which Āf becomes singular as

β̄sin =
κ

2
+
β̄

(1)
s δ[1− α2]

1 + α2
− αC

1 + α2
. (6.11)

We point out that the requirement of the right hand side of Eq. (6.8) to be non-negative

defines the domains of existence of CW solutions in the µc-δ plane. The lines µc = β̄f ,

2µc = β̄s± and µc = β̄sin mark the boundaries of the regions of CW solution existence,

as illustrated in Fig. 6-2(a).

6.3.1 Modulation instability

To analyse modulation instability (MI) of the CW solutions we update our ansatz in

Eq. (6.6) to

Af = [Āf + εfse
iΩτ + εfae

−iΩτ ]eiµcz−iδτ ,

Asm = [Āsm + εsmse
i2Ωτ + εsmae

−i2Ωτ ]ei2µcz−i2δτ ,
(6.12)
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Figure 6-2: (a) Linear dispersion of FF and SH modes, µc = βf and µc = β± (thick red
(solid) and black (dotted) lines respectively) and line of µc = β̄sin shown in grey. CW
solutions exist in the coloured regions and the colour scale marks the maximum MI
gain. Soliton solutions have been found with the FF frequencies of their peaks in time
in the region hatched by the thin black lines. (b) Full MI gain spectrum for δ = 8.5 THz
as marked by the vertical (dashed) line in (a). (c) Spectrum of FF component from
simulated propagation of CW solution of µc = 4.9 mm−1, δ = 8.5 THz. Predicted MI
gain plotted in white corresponding to white (dotted) horizontal line in (b). All data
for case of exact phase matching (κ = 0).
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allowing for small perturbations ε detuned by frequency Ω. The final subscripts s and

a denote stokes and anti-stokes detuned waves respectively. Keeping terms linear in ε

we form the matrix equation ∂z~ε = Q~ε where

~ε = [εfs, ε
∗
fa, εs1s, ε

∗
s1a, εs2s, ε

∗
s2a]

T,

Q = i



B
(−)
f ρ2(Ās1 + αĀs2) ρ2Ā

∗
f 0 ρ2αĀ

∗
f 0

−ρ2(Ā∗s1 + αĀ∗s2) −B(+)
f 0 −ρ2Āf 0 −ρ2αĀf

ρ2Āf 0 B
(−)
s 0 C 0

0 −ρ2Ā
∗
f 0 −B(+)

s 0 −C
ρ2αĀf 0 C 0 B

(−)
s 0

0 −ρ2αĀ
∗
f 0 −C 0 −B(+)

s


,

B
(±)
f = −µc + β̄

(1)
f [δ ± Ω] +

1

2
β

(2)
f [δ ± Ω]2,

B(±)
s = κ− 2µc − 2β̄(1)

s [δ ± Ω].

(6.13)

The real parts of the eigenvalues of Q give the MI gain in the system. Numerically

computing the MI gain around the SH mode anti-crossing we find it is non-zero across

most of the region. The maximum MI gain is plotted in Fig. 6-2(a) across the µc-

δ plane. The MI gain structure in Ω was generally found to have between two and

six peaks. Examples of this are shown in Figs. 6-2(b) and (c). We verified our MI

predictions by comparison with numeric simulations of CW solution propagation with

the addition of low level white noise to seed the MI. One representative example of this

is given in Fig. 6-2(c), where we can see new frequencies emerging in the simulation in

the regions which coincide with those predicted by our MI gain analysis.

Some simulations of MI were found to produce solitonic pulses after sufficient

propagation distance. These were easily identified as they did not undergo dispersion

and all three components propagated together, not at their respective group velocities.

One example of such a simulation is given in Fig. 6-3 where the same patern of non-

dispersing pulses can be seen to form in all three components confirming they propagate

together and not at their respective group velocities. This group velocity locking is

a clear signature of sustained nonlinear interactions between the three components.

When doing these numerical simulations care must be taken to deal with the periodic

boundary conditions of the simulation introduced by the Fourier transform in the split

step method. There are two common ways to deal with this, either match the size of

the time window with an integer number of periods of the CW wave or add an envelope
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Figure 6-3: Propagation simulation of CW solution (µc = 0.35 mm−1, δ = 8.5 THz)
undergoing MI and subsequent formation of solitons. Panels show ln |As2|, ln |As1| and
ln |Af | from left to right in the time domain. Data for case of exact phase matching
(κ = 0) and only a section of the simulated time window is shown.

function that decays to zero near the edges of the simulation. While these simulation

clearly show the existence of solitons like pulses in this system a better understanding

can be gained from analysis of soliton solutions in the system, which we do in the

following section.

6.4 Solitons

To analyse the existence of solitons in the system we make a new substitution into

Eqs. (6.5) to allow for time dependent solutions

Af = Vf (η)eiµz,

Asm = Vsm(η)e2iµz,
(6.14)

where once again we introduce the reference frame of the soliton with an inverse velocity

ν by defining η = τ − νξ. This gives our model for soliton envelope functions as,

[
−µ+ i[β̄

(1)
f − ν]∂η −

1

2
β

(2)
f ∂2

η

]
Vf + ρ2V

∗
f [Vs1 + αVs2] = 0,[

κ− 2µ− i[β̄(1)
s + ν]∂τ

]
Vs1 + CVs2 +

ρ2

2
V 2
f = 0,[

κ− 2µ+ i[β̄(1)
s − ν]∂τ

]
Vs2 + CVs1 +

ρ2α

2
V 2
f = 0.

(6.15)

Thus the soliton parameters µ and ν uniquely define the soliton solutions. The

frequency shift of the solitons is a function of µ and ν and is independent for the

88



three field components, it is therefore incorporated into the definitions of Vf and Vsm.

We note that we recover our model for CW solutions by setting Vf (η) = Āfe
−iδη and

Vsm(η) = Āsme
−2iδη which shows us that soliton and CW propagation constants are

related by

µc = µ+ νδ. (6.16)

6.4.1 Localisation Analysis

From here we analyse the system to identify criteria for localised solition existence.

To do this we require that far from their centre, the soliton envelope functions decay

exponentially:

Vf (η → ±∞) = afe
−θf |η|,

Vsm(η → ±∞) = asme
−θs|η|.

(6.17)

Linearizing the system in Eq. (6.15) for small amplitude soliton tails, we obtain θf and

θs as functions of the soliton parameters µ and ν. For θf and θs to provide exponential

decay we require that they have non-zero real parts, from which we derive:

µ < −
[β̄

(1)
f − ν]2

2β
(2)
f

, (6.18a)

2µ > κ− C

√√√√1−

[
ν

β̄
(1)
s

]2

, (6.18b)

2µ < κ+ C

√√√√1−

[
ν

β̄
(1)
s

]2

, (6.18c)

as the conditions on localised soliton existence. These conditions are visualised on

the µ-ν plane in Fig. 6-4(a) for our example geometry with κ = 0. The criteria for

localisation of the two SH components, Eqs. (6.18b) and (6.18c), form the upper and

lower bounds of an ellipse meaning that together all three criteria in Eq. (6.18) form

two shaded regions. Localization in all three components is possible where the two

shaded regions overlap.

Extending this analysis to the imaginary parts of θf and θs at the soliton existence
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boundaries we obtain expressions for frequency detuning of the soliton tails,

δf,tail =
ν − β̄(1)

f

β
(2)
f

,

δs,tail =
C

2β̄
(1)
s

[[
β̄

(1)
s

ν

]2

− 1

]−1/2

.

(6.19)

This analysis is equivalent to finding the frequency at which the soliton inverse velocity

and linear group velocity match as the soliton approaches the linear dispersion.

6.4.2 Numerical solutions

Using the Newton-Raphson method we were able to find soliton solutions numerically

across the entire region of their existence, as predicted by our tail analysis in Eq. (6.18)

To analyse the structure of soliton solutions, we find it most instructive to construct

cross-correlation frequency resolved optical gating (XFROG) spectrograms of the

solitons. This is a commonly used technique which allows us to view both temporal

and spectral structure in the soliton simultaneously. Here we produce XFROGs using

I(t, ω) = ln

∣∣∣∣∫ +∞

−∞
dτ ′Aref (τ ′ − τ)A(τ ′)e−iωτ

′
∣∣∣∣ , (6.20)

where Aref is a Gaussian reference pulse envelope, and A is one of either the FF, SH1

or SH2 field envelopes. Using the XFROGs we observed that soliton structure varies

significantly across the existence domain and many of the solitons have a pronounced

frequency chirp, such that frequencies in their tails (|τ | � 0) are different from their

main core (t = 0). These frequency differences are also seen to vary across the three

components of the soliton. An XFROG spectrogram showing an example of such a

soliton is shown in Fig. 6-4 (c). Calculating soliton profiles across their whole existence

domain we use Eq. (6.16) with the FF core frequency of the soliton to map the soliton

existence domain onto the linear dispersion plot in Fig. 6-2(a). Also show in Fig. 6-2(a)

that the solitons exist in a region of CW solution existence, which is consistent with

our earlier observations for two-component χ(2) solitons in chapter 4 [91].

To explain changes of the solitons structure across their domain of existence, it is

instructive to consider solutions along two constant ν lines as shown in Fig. 6-4(a).

These lines are chosen as examples that allow us to discuss three important trends we

observe in the structure of these solitons more generally as a function of µ. The first
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Figure 6-4: Soliton analysis for the case of exact phase matching (κ = 0). (a)
Soliton existence criteria plotted on µ-ν plane shown as shaded red and blue areas for
Eq. (6.18a) (FF) and Eqs. (6.18b) and (6.18c) (SH) localisation respectively. Vertical
solid and dashed lines plot constant ν = −115 fs/mm and ν = −62 fs/mm trajectories
respectively. (b) Energy in FF and aSH1 soliton components as a function of µ. Solid
and dashed lines correspond to the same trajectories as in panel (a). Insets give
zoomed view of low and high µ ends of FF and SH trajectories respectively. Trend
for SH2 follows SH1 closely and is omitted for clarity. (c) XFROG plot of soliton 5 as
marked in the other panels in this figure calculated numerically using Newton Raphson
method. Black curves mark the peak frequency in each component as a function of
time. Gaussian reference pulse used for XFROG had a FWHM of 24fs to get a good
balance between temporal and specral resolution. Red, blue and green lines correspond
to FF, SH1 and SH2 components respectively. Dots labeled with numbers correspond
to the same solitons as plotted in Fig. 6-6(a) and (b).
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Figure 6-5: Soliton structure analysis showing each soliton component plotted on the
µc-δ plane for the case of exact phase matching (κ = 0), thick curves are as in Fig. 6-
2(a). Frequencies, δ, in (a) and (b) are from the temporal peak and tail respectively
of the solitons. Thin lines correspond to same trajectories as in Fig. 6-4(a). Red, blue
and green lines correspond to FF, SH1 and SH2 components respectively. Dots labeled
with numbers correspond to the same solitons as plotted in Fig. 6-6(a) and (b). Grey
crosses in (b) mark soliton tail positions according to Eq. (6.19).
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Figure 6-6: Soliton profiles in the time ((a) and (c)) and frequency domain ((b) and
(d)). (a) and (b) show solitons on the solid line as shown in Fig. 6-4 (a) labeled with
the same numbers. (c) and (d) show solitons on the lower half of the dashed line in
Fig. 6-4 (a). FF, SH1 and SH2 are shown in panels from right to left in red, blue and
green respectively. Evidence of pedestal formation is labeled with ‘ped.’ and the lines
are vertically offset for clarity.

of these occurs in the ν = −115 fs/mm (solid) line as µ approaches its minimum value,

µmin, where we observe a rapid drop in the total energy of each component as shown in

Fig. 6-4(b). This drop occurs as the soliton broadens and drops in peak power as shown

in Fig. 6-6(a). In this limiting case as power drops to zero the soliton becomes a linear

wave packet. This behaviour is consistent with that of a Kerr soliton as µ −→ µmin, for

this reason we will refer to this case a ‘Kerr-like’.

The next case of interest is seen in the ν = −62 fs/mm (dashed) line as µ −→ µmin. In

this case we see a small uptick in energy in the FF component shown in the inset of

Fig. 6-4(b). The reason for this can be seen in the soliton profiles in Fig. 6-6(c) where

we see a pedestal beginning to form in the FF component as it approaches µmin. We

will call this case ‘FF-pedestal’. We also point out that the soliton is not broadening

or decreasing in power as in the Kerr-like case.

The final case occurs in both constant ν lines where we see an uptick in energy in the
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SH components as the solitons approach their maximal µ values, µmax. Once again, we

see the formation of pedestals, this time in the SH components and we give this case

the name ‘SH-pedestal’.

The onset of these pedestals can be observed in the frequency domain where sharp

peaks begin to form as in Fig. 6-6(b) and (d). These peaks are detuned from the

main core of the soliton, as expected from our previous observation of distinct core

and tail frequencies in Fig. 6-4(c). Using both the core and tail frequency detunings

for δ, the two constant ν lines are mapped onto the µc-δ plane in Figs. 6-5(a) and (b),

respectively. These data show very different behaviour of the core and tail frequencies

as a function of µc. The core frequencies change smoothly and remain in the region

of CW solution existence as shown in Fig. 6-2. The tail frequencies change abruptly

as different frequency components in the soliton tail become dominant. We also point

out that these tail frequency data approach the linear dispersion lines at exactly the

points predicted by our analysis in Eqs. (6.19).

As µ −→ µmin we see the core and tail frequencies of the ν = −115 fs/mm (solid)

line approach the same point on the FF linear dispersion showing that in the low

µ limit these solitons approach linear waves in the system. This is not true for the

ν = −62 fs/mm (dashed) line or either line as µ → µmax. We believe the difference

between these cases comes from the approach of the soliton to the boundary of CW

solution existence. As the ν = −62 fs/mm (dashed) line approaches the FF linear

dispersion in its tail frequency, the shift of the soliton body is frustrated by the

boundary of CW solution existence. The soliton core frequency cannot cross this

boundary as CW solution existence is a necessary criteria for soliton existence. The

same behaviour occurs in both lines as µ→ µmax.

Finally, we used numerical methods to simulate pulse propagation in our system. Our

first step was to simulate propagation of numerical soliton solutions. We found these to

be generally stable over distances of tens of millimeters, which are feasible maximum

lengths for such LN nanowaveguides. We have not included these data in a figure as

the propagation of an unperturbed soliton does not provide significant interest. Next,

we simulated the generation of solitons from simple initial pulses, similar to what

might be feasible experimentally. In our simulations we found that solitons could be

generated from a single sech shaped pulse in the FF component. One example of such

a simulation is shown in Fig. 6-7(a). In this example, formation of a soliton is clearly

visible after ∼ 1mm of propagation, suggesting a minimum waveguide length for any

such experimental investigation.
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Figure 6-7: Simulations of soliton generation from simple initial pulses in the FF
component plotted in the time domain. Initial pulses had sech field shape with 33fs
FWHM and 160W peak power. Frequency detuning (a) δ/2π = 13 THz (λ ≈ 1200 nm)
and (b) δ/2π = 2.9 THz (λ ≈ 1230 nm).

According to our results presented in Fig. 6-2(a), solitons predicted solitons mapped

onto the µc − δ plane exist only for certain frequency detunings δ. Our simulations

showed soliton generation was less favourable when shifting the initial pulse away from

this predicted region. An example simulation initialised with a FF pulse outside the

soliton existence region is shown in Fig. 6-7(b). Temporal broadening in all three

spectral components is clearly visible, and the dynamics is very different from the

soliton generated in panel (a).
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6.5 Summary

We have analysed nonlinear CW and soliton solutions in a χ(2) waveguide with two

guided modes making an avoided crossing at the SH frequency. We have developed a

model with two linearly coupled ‘pure’ modes describing the dispersion in the avoided

crossing region. Introducing a difference in effective nonlinearity between each of the

two pure modes and the FF mode, we also model the dispersion of nonlinearity in the

system. We find that CW solutions generally exist within four domains in the plane

of their two parameters: the propagation constant, µc, and the frequency detuning,

δ. Linear dispersion of the FF and the two SH modes, and the additional condition

µc = β̄sin(δ) where CW solutions become singular, together define the boundaries of the

domains. Our analysis shows CW solutions to be unstable with respect to modulation

over the vast majority of their existence domains. In some cases, simulated propagation

of CW solutions with small initial perturbation revealed formation of trains of solitons,

as the result of the instability development. We also derived existence conditions

of the three-component soliton solutions in our system, and obtained corresponding

numerical solutions. Our analysis reveals that solitons generally have frequency chirp

in all three components, with the core of the soliton and its tails generally having

distinct frequencies. Close to their existence domain boundaries, these solitons show

signs of pedestal formation in either SH or FF components, when their tail frequencies

reside in regions of no CW solution existence. This pedestal formation is accompanied

by the formation of spectral peaks as expect but unusually these are not at the same

frequency as the core of the soliton. Finally, we simulated soliton propagation where we

found them to be stable over distances typical for the lengths of LN nano-waveguides.

Generation of solitons from simple, low-power pulses in the FF component was also

successfully simulated, suggesting the potential for experimental studies of soliton

dynamics in such systems.
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Chapter 7

Conclusions and Future work

In this thesis we have presented several models for χ(2) waveguides. In chapter 4

we presented our simplest model where we include two fields interacting by χ(2)

nonlinearity only. We derived existence criteria for localised solitons and showed

that changing linear dispersion in the system can produce five different regions of

soliton and quasi-soliton existence. We presented two examples waveguide geometries

which together provide all five of these existence regions, making these waveguides

potentially useful platforms for future experimental research. In our analysis we

introduced perturbations of higher order dispersion and waves external to the solitons

and predicted resonant radiation from the solitons as a result. Our simulations of soliton

propagation showed remarkable quantitative agreement with our predictions. We hope

that this model can therefore provide a useful theoretical basis for future investigation

into resonant radiation from solitons in χ(2) waveguides. Simulations of soliton and

multi-soliton excitation have been given as a guide for possible future experimental

work on soliton generation in these waveguide structures.

Chapter 5 built on the research of the preceding chapter adding χ(3) nonlinearity to

the model. We have included the Raman effect as a perturbation which allowed us

to develop an understanding of self-frequency shift in two-component solitons. We

predicted acceleration of the soliton and associated frequency shifts in each soliton

component. An expression for the resulting displacement of the soliton in time was

also derived. Taken in the Kerr limit these predictions were found to reproduce those

expected from purely Kerr solitons. Once again we simulated the propagation of

solitons in this system which showed close agreement with our predictions. We also

describe a novel phenomenon in which the Raman shift of the soliton brings it toward
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its existence boundary. We showed that while this isn’t possible in Kerr solitons it

can happen in these two component solitons. Our predictions and simulations of this

process match closely in its early stages. This work is an important extension to our

model and is useful in systems and pulse powers in which the effects of χ(3) nonlinearity

are significant. We expect that this work would be useful to those modeling ultra-short

pulses in systems and situations where χ(2) and χ(3) nonlinearity are of similar strength.

This could be useful for example in the engineering of new sources of SCG or for efficient

frequency conversion.

From our work in chapter 4 we saw that both phase-matching and group velocity

matching are important for low-power soliton generation. When we observed the

avoided mode crossings in our simulations of certain Lithium Niobate structures we

recognised the possibility for modal group velocity matching in these structures which

really interested us. This naturally led to the work in chapter 6 in which we modelled

light propagation in these structures. In our model we reproduced the linear dispersion

of these anti-crossings using two linearly coupled quasi-modes. By introducing a

difference between the nonlinearity in each of the quasi-modes we also replicated the

dispersion of nonlinearity in the two anti-crossing modes. Our analysis of continuous

wave (CW) solutions in the system found that they do not exist over the whole variable

space. We also found these CW solutions have modulation instability (MI) gain over

most of the region that they exist. Our predictions for the MI gain were confirmed by

simulating the propagation of the CW solutions. These simulations also showed solitons

could be generated from these CW solutions with MI after sufficient propagation.

Analysing soliton solutions in the system we found existence criteria for their existence

in this system, akin to those we found in chapter 4. Using numerical methods we found

these soliton solutions have unusual structure with, in general, different frequencies in

the core and tail. Close to their boundaries of existence we found these solitons show

signs of pedestal formation which we associate with the soliton tail frequency entering

an area of no CW solution existence. Simulation of the soliton propagation showed they

are stable over relevant distances. We also simulated the generation of solitons from the

propagation of simple fundamental frequency pulses which gives hope for experimental

investigation into soliton generation in such systems.

Building on the work presented in this thesis, future work could add the effects of χ(3)

nonlinearity to our model of waveguides with avoided mode crossings. As χ(3) effects

will always become relevant for pulses of high enough power this may be essential in

modelling effects of pulse compression or supercontinuum generation in such systems.

The effects of Raman scattering on soliton in this system would also be interesting.
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As the group velocity of the second harmonic modes rapidly changes through the anti-

crossing it is difficult to predict the effects of the Raman shift on the acceleration of

solitons in this system.

Data associated with the figures presented in chapters 4-6 can be found in the data

archives for their respective publications [112–114]. Data for those figures that have

been produced specially for this thesis and therefore do not appear in these publications

can be found in an aditional data archive [97]
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Appendix A

Derivation of pulse propagation

equations

The purpose of this appendix is to provide more step-by-step derivation of the nonlinear

wave equation as given in chapter 2 section 2.3. As this is the same derivation but with

more detail there may be some repetition and duplication of chapter 2 in this appendix.

A.1 Nonlinearity as a perturbation

Here we start by considering a nonlinear perturbation to the linear modes as derived

in section 2.2. We assume that the change in the refractive index is small such that

no significant impact is made to the transverse mode profiles eω,j but the field evelope

amplitude Ãω,j is no longer constant in z due to nonlinearity. For perturbed solutions

we therefore use the ansatz

Eω(r) =
∑
j

Ãω,j(z)
eω,j(x, y)√

Nω,j

eiβω,jz. (A.1)

We then use the Lorentz reciprocity theorem [73],

∂

∂z

∫
F · êzdΩ =

∫
∇ · FdΩ, (A.2)
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where F = Ē ×H ′∗ + E′∗ × H̄ where the primed fields are those perturbed by ~PN .

Using the vector identity

∇ · [f × g] = [∇× f ] · g − f · [∇× g], (A.3)

Eqs. (2.1c) and (2.1d) and the definition of the normalisation factor

Nω,k =
1

4

∫
ek × h∗k + e∗k × hkdΩ, (A.4)

we find that
∂Ãω,k
∂z

=
iωε0

4
√
Nω,k

e−iβkz
∫

e∗ω,k · PNdΩ. (A.5)

This describes the evolution of the field envelope in mode k under the general nonlinear

polarisation ~PN .

A.2 Quadratic and cubic nonlinearity

If we assume that the nonlinear polarisation is dominated by the second and third order

terms such that,

~PN = χ(2)...~E2 + χ(3)...~E3.. (A.6)

This allows us to find an expression for the frequency components of the nonlinear

polarisation

PN (ω) =
1

2
√

2π

∫
ω1

χ(2)...
[
Eω1Eωa + Eω1E

∗
ωa + E∗ω1

Eωa + E∗ω1
E∗ωa

]
dω1+

1

8π

∫
ω1

∫
ω2

χ(3)...
[
Eω1Eω2Eωa + E∗ω1

Eω2Eωa + Eω1E
∗
ω2
Eωa+

Eω1Eω2E
∗
ωa + E∗ω1

E∗ω2
Eωa + E∗ω1

Eω2E
∗
ωa+

Eω1E
∗
ω2
E∗ωa + E∗ω1

E∗ω2
E∗ωa

]
dω1dω2

(A.7)

where the frequency ωa is set differently in each term such that the total term oscillates

at ω. Considering the frequency of oscillation the second order terms,

Eω1Eωa −→ ωa = ω − ω1 (A.8)

Eω1E
∗
ωa −→ ωa = −ω + ω1 (A.9)

E∗ω1
Eωa −→ ωa = ω + ω1 (A.10)

E∗ω1
E∗ωa −→ ωa = −ω − ω1 (A.11)
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As the frequency ranges are defined from 0 to∞ eqn (A.11) cannot be satisfied. Making

the change of variables ω2 = ω − ω1 in eqn (A.9) it is clear that this term is identical

to eqn (A.10). We are therefore left with with the quadratic nonlinear terms

Eω1Eω− + 2E∗ω1
Eω+

(A.12)

where
ω− = ω − ω1,

ω+ = ω + ω1.
(A.13)

Similar arguments can be made for cubic part of ~PN leaving us with the terms

Eω1Eω2Eω−− + 3E∗ω1
Eω2Eω+− + 3E∗ω1

E∗ω2
Eω++

(A.14)

where
ω−− = ω − ω1 − ω2,

ω+− = ω + ω1 − ω2,

ω++ = ω + ω1 + ω2.

(A.15)

Now we choose to extend E(ω) over the whole frequency domain assuming that it is

zero for negative frequencies E(ω < 0) ≡ 0. This means that the Fourier transform

of the real electric field can be written as F [~E ] = 1
2(E(ω) + E∗(−ω)) where E(ω) is

defined for the entire frequency domain.

From this eqn (A.5) becomes

∂zÃω,k = i

[
1√
2π

∑
j,p

∫ ∞
−∞

[
γ−kjpÃω1,jÃω−,pe

iβ−z

+2γ+
kjpÃ

∗
ω1,jÃω+,pe

iβ+z
]
dω1

+
1

2π

∑
j,p,l

∫ ∞
−∞

∫ ∞
−∞

[
γ−−kjplÃω1,jÃω2,pÃω−−,le

iβ−−z

+3γ+−
kjplÃ

∗
ω1,jÃω2,pÃω+−,le

iβ+−z

+3γ++
kjplÃ

∗
ω1,jÃ

∗
ω2,pÃω++,le

iβ++z
]
dω1dω2

(A.16)

where we have defined the effective quadratic nonlinearities as

γ
(µ)
kjp =

ε0ω

8
√
N1N2N3

Γ
(µ)
kip, (A.17)
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where

Γ
(−)
kjp =

∫
e∗1 · χ(2)...e2e3dΩ,

Γ
(+)
kjp =

∫
e∗1 · χ(2)...e∗2e3dΩ,

(A.18)

where the subscripts 1, 2 and 3 are (ω, k), (ω1, j) and (ωµ, p) respectively and µ is

either + or −. We also have the effective cubic nonlinearities which are defined as

γ
(µρ)
kjpl =

ε0ω

16
√
N1N2N3N4

Γ
(µρ)
kipl , (A.19)

where

Γ
(−−)
kjpl =

∫
e∗1 · χ(3)...e2e3e4dΩ,

Γ
(+−)
kjpl =

∫
e∗1 · χ(3)...e∗2e3e4dΩ,

Γ
(++)
kjpl =

∫
e∗1 · χ(3)...e∗2e

∗
3e4dΩ,

(A.20)

where the subscripts 1, 2, 3 and 4 are (ω, k), (ω1, j), (ω2, p) and (ωµρ, l) respectively

and µρ is either −−, +− or ++. The propagation constants have also been defined as

β− = βj(ω1) + βp(ω−)− βk(ω),

β+ = −βj(ω1) + βp(ω+)− βk(ω),

β−− = βj(ω1) + βp(ω2) + βl(ω−−)− βk(ω),

β+− = −βj(ω1) + βp(ω2) + βl(ω+−)− βk(ω),

β++ = −βj(ω1)− βp(ω2) + βl(ω++)− βk(ω),

(A.21)

If we then introduce,

Ãk(δ = ω − ωk)ei[βk(δ)−βk0]z = ψk(δ), (A.22)
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where βk0 = β(δ = 0). Substituting into (A.16) we get,

i
∂ψk
∂z

= −[βk(δ)− βk0]ψk

− 1√
2π

∑
j,p

∫ ∞
∞

[
γ

(−)
kjpψj(ω1 − ωj)ψp(ω− − ωp)ei∆β

−
0 z

+2γ
(+)
kjpψ

∗
j (ω1 − ωj)ψp(ω+ − ωp)ei∆β

+
0 z
]
dω1

− 1

2π

∑
j,p,l

∫ ∞
∞

∫ ∞
∞

[
γ

(−−)
kjpl ψj(ω1 − ωj)ψp(ω2 − ωp)ψl(ω−− − ωl)ei∆β

−−
0 z+

+3γ
(+−)
kjpl ψ

∗
j (ω1 − ωj)ψp(ω2 − ωp)ψl(ω+− − ωl)ei∆β

+−
0 z+

+3γ
(++)
kjpl ψ

∗
j (ω1 − ωj)ψ∗p(ω2 − ωp)ψl(ω++ − ωl)ei∆β

++
0 z
]
dω1dω2

(A.23)

where we have defined,

∆β−0 = βj0 + βp0 − βk0,

∆β+
0 = −βj0 + βp0 − βk0,

∆β−−0 = βj0 + βp0 + βl0 − βk0,

∆β+−
0 = −βj0 + βp0 + βl0 − βk0,

∆β++
0 = −βj0 − βp0 + βl0 − βk0.

(A.24)

If we then define the propagation constant as a Taylor series,

βk(δ) =
∑
m=0

βkm
δm

m! (A.25)

where βkm =
∂mβk
∂ωm

∣∣∣∣
ωk

, we can make the inverse Fourier transform into the time domain

using the definition,

Ak =
1√
2π

∫ ∞
∞

ψke
−iωtdω =

1√
2π

∫ ∞
∞

ψke
−iδtdδe−iωkt (A.26)

104



applying the inverse Fourier transform to eqn. (A.23) we find,

i
∂Ak
∂z

=−
[
βk(i∂t)− βk0

]
Ak+

−
∑
j,p

[
γ

(−)
kjpAjApe

i∆β−0 ze−i∆ω
−t + 2γ

(+)
kjpA

∗
jApe

i∆β+
0 ze−i∆ω

+t
]

−
∑
j,p,l

[
γ

(−−)
kjpl AjApAle

i∆β−−0 ze−i∆ω
−−t + 3γ

(+−)
kjpl A

∗
jApAle

i∆β+−
0 ze−i∆ω

+−t+

+ 3γ
(++)
kjpl A

∗
jA
∗
pAle

i∆β++
0 ze−i∆ω

−−t
]

(A.27)

where similar to ∆βµρ0 we have defined

∆ω− = ωj + ωp − ωk,

∆ω+ = −ωj + ωp − ωk,

∆ω−− = ωj + ωp + ωl − ωk,

∆ω+− = −ωj + ωp + ωl − ωk,

∆ω++ = −ωj − ωp + ωl − ωk.

(A.28)

We now shift to a moving reference frame where t′ = t − z/vg. ∂t → ∂t′ and

∂z → ∂z − ∂t′/vg. This gives,

i
∂Ak
∂z

=−
[
βk(i∂t′)− βk0 − i

1

vg
∂t′
]
Ak+

−
∑
j,p

[
γ

(−)
kjpAjApe

i[∆β−0 −∆ω−/vg ]ze−i∆ω
−t′ + 2γ

(+)
kjpA

∗
jApe

i[∆β+
0 −∆ω+/vg ]ze−i∆ω

+t′
]

−
∑
j,p,l

[
γ

(−−)
kjpl AjApAle

i[∆β−−0 −∆ω−−/vg ]ze−i∆ω
−−t′

+ 3γ
(+−)
kjpl A

∗
jApAle

i[∆β+−
0 −∆ω+−/vg ]ze−i∆ω

+−t′+

+ 3γ
(++)
kjpl A

∗
jA
∗
pAle

i[∆β++
0 −∆ω++/vg ]ze−i∆ω

−−t′
]

(A.29)

where

βk(i∂t′) =
∑
m=0

βk,m
m!

(i∂t′)
m. (A.30)

Eq. (A.29) describes the evolution of the temporal field envelope any mode k coupled

to any other modes j,p and l via quadratic and cubic nonlinearties.
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A.3 One mode with χ(3) only

Modeling a system with a single mode (or all but one mode is neglected) and only

considering χ(3) nonlinearity many of the terms in Eq. (A.29) simplify. As we only

have one mode we remove the subscripts for simplicity. We see that β+−
0 = 0 and

so is phase-matched where as β−−0 and β++
0 are of the order β0 and so we expect

efficient contribution from only the β+−
0 term and neglect the others. We also see that

∆ω+− = 0 and define γ ≡ γ(+−), we therefore obtain

i
∂A

∂z
=−

[
β(i∂t′)− β0 − i

1

vg
∂t′
]
A− γ|A|2A. (A.31)

We to set our reference frame velocity to that of the group velocity of the reference

frequency our mode such that vg = 1/β1 and truncating dispersion to second order we

get,

i
∂A

∂z
=
β2

2
∂τA− γ|A|2A. (A.32)

It is often useful to normalise the coordinates and field envelopes to characteristic

length scales. We do this here by defining

zd =
2t20
|βf2|

,

ξ =
z

zd
,

τ =
t′

t0
,

U =
√
|γ|zdA.

(A.33)

From this we obtain the nonlinear Schrödinger equation

i
∂U

∂ξ
= sign(β2)∂2

τU − sign(γ)|U |2U. (A.34)

This helps us clearly identify the system properties with any impact on the form of

this equation which are the signs of the relative signs of group velocity dispersion and

nonlinear parameters.

106



A.4 Two mode χ(2) + χ(3)

In this section we shall say that there are two modes of interest, mode f at the

fundamental frequency at ωf and mode s at thesecond harmonic at ωs = 2ωf , which

are close to phase-matching such that ∆β = βs0 − 2βf0 is small (which arises from

∆β−0 and ∆β+
0 with certain mode combinations). β+−

0 = 0 from appropriately paired

mode combinations making the associated terms phase-matched and β−−0 and β++
0 are

large, and so associated terms are not phase-matched. Similarly terms have frequency

detunings ∆ωµρ which are large, meaning those terms are rapidly oscillating and so do

not contribute. Keeping terms that are closely phase-matched (and have zero frequency

detuning) we get,

i
∂Af
∂z

=−
[
βf (i∂t′)− βf0 − i

1

vg
∂t′
]
Af+

− 2γ
(+)
ffsA

∗
fAse

i∆βz − 3Af
[
γ

(+−)
ffffA

∗
fAf + 2γ

(+−)
fssf A

∗
sAs

]
i
∂As
∂z

=−
[
βs(i∂t′)− βs0 − i

1

vg
∂t′
]
As+

− γ(−)
sffA

2
fe
−i∆βz − 3As

[
γ(+−)
ssss A

∗
sAs + 2γ

(+−)
sffs A

∗
fAf

]
(A.35)

we then notice that
2γ

(+)
ffs = γ

(−)
sff ≡ ρ2,

2γ
(+−)
fssf = γ

(+−)
sffs ≡ ρ3c,

(A.36)

and define,

γ
(+−)
ffff = ρ3f ,

γ(+−)
ssss = ρ3s,

zd =
2t20
|βf2|

,

ξ =
z

zd
,

vg =
1

βf1
,

τ =
t′

t0
,

κ = ∆βzd

(A.37)
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which gives,

i
1

zd

∂Af
∂ξ

=−
[
βf (i∂τ/t0)− βf0 − i

1

vg
∂τ/t0

]
Af+

− ρ2A
∗
fAse

iκξ − 3Af
[
ρ3fA

∗
fAf + ρ3cA

∗
sAs

]
i

1

zd

∂As
∂ξ

=−
[
βs(i∂τ/t0)− βs0 − i

1

vg
∂τ/t0

]
As+

− ρ2A
2
fe
−iκξ − 3As

[
ρ3sA

∗
sAs + 2ρ3cA

∗
fAf

]
(A.38)

then we introduce

Uf =
√

2ρ2zdAf , Us = ρ2zdAs (A.39)

we get

i∂ξUf = −Df (i∂τ )Uf − U∗fUseiκξ − Uf [αf |Uf |2 + αc|Us|2],

i∂ξUs = −Ds(i∂τ )Us −
U2
f

2
e−iκξ − Us[αs|Us|2 + αc|Uf |2],

(A.40)

where we have defined

Df =−
∞∑
m=2

rm(i∂τ )m,

Ds =is1∂τ −
∞∑
m=2

sm(i∂τ )m
(A.41)

where
rm = − zd

m!tm0
βfm,

sm = − zd
m!tm0

βsm,

s1 = (βs1 − βf1)
zd
t0
.

(A.42)

We also have

αf =
3ρ3,f

2ρ2
2zd

, αs =
3ρ3,s

ρ2
2zd

, αc =
3ρ3,c

ρ2
2zd

. (A.43)
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Appendix B

Newton-Raphson Jacobian

This appendix is intended to provide an example of the process of deriving the Jacobian

used in the Newton-Raphson method. Here we will derive the Jacobian for the two

field χ(2) only model introduced in section 2.5 and studied in chapter 4. We start from

the system of equations our soliton must satisfy (given in Eq. (2.52) and repeated in

Eq. (4.11)) which we repeat here for convenience:

[−µ− ν∂η + r2∂
2
η ]Vf + V ∗f Vs = 0,

[−2µ+ κ+ i[s1 − ν]∂η + s2∂
2
η ]Vs +

V 2
f

2
= 0.

(B.1)

It helps to remember that we are implementing the Newton-Raphson method as we

want to approach the numerically exact soliton solutions from our initial input. So we

define
Vf = Wf + af ,

Vs = Ws + as,
(B.2)

where Vf and Vs are the exact soliton solutions of Eq. (B.1), Wf and Ws are our initial

(inexact) inputs for the soliton solutions and af and as are some small corrections to

our initial inputs. Substituting these into Eq. (B.1) are keeping terms linear in af and

as we find [
−µ− ν∂η + r2∂

2
η

]
af + a∗fWs + asW

∗
f = −εf ,

[−2µ+ κ− i[s1 − ν]∂η + s2∂
2
η ]as + afWf = −εs,

(B.3)
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where we have defined the total error in our initial inputs as

εf = [−µ− ν∂η + r2∂
2
η ]Wf +W ∗fWs,

εs = [−2µ+ κ+ i[s1 − ν]∂η + s2∂
2
η ]Ws +

W 2
f

2
.

(B.4)

We then split our functions into real and imaginary parts by defining af = afr + iafi,

Wf = Wfr + iWfi, εf = εfr + iεfi and equivalent with subscripts s. Doing this allows

us to split our system of two complex equations into four real equations:[
−µ+Wsr + r2∂

2
η

]
afr + [Wsi + ν∂η]afi +Wfrasr +Wfiasi = εfr,

[−µ−Wsr + r2∂
2
η ]afi + [Wsi − ν∂η]afr +Wfrasi −Wfiasr = εfi,

[−2µ+ κ+ s2∂
2
η ]asr + [s1 − ν]∂ηasi +Wfrafr −Wfiafi,

[−2µ+ κ+ s2∂
2
η ]asi − [s1 − ν]∂ηasr +Wfrafi +Wfiafr.

(B.5)

To evaluate the derivatives in our system we must consider the functions in time η as

discretised functions as they will be represented in the computer. To make progress we

use the finite difference method where derivatives of a function y(x) are computed as

dy(n)

dx
=
y(n+1) − y(n−1)

2δx
,

d2y(n)

dx2
=
y(n+1) − 2y(n) + y(n−1)

δx2
,

(B.6)

where the superscripts index the element of the discretised function and the

discretisation in variable x is δx = x(n)−x(n−1). Applying these to our system Eq. (B.5)
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gives:

a
(n−1)
fr

(
r2

δη2

)
+ a

(n)
fr

(
−2r2

δη2
− µ+W (n)

sr

)
+ a

(n+1)
fr

(
r2

δη2

)
+

a
(n−1)
fi

(
− ν

2δη

)
+ a

(n)
fi W

(n)
si + a

(n+1)
fi

(
ν

2δη

)
+

a(n)
sr W

(n)
fr + a

(n)
si W

(n)
fi = ε

(n)
fr ,

a
(n−1)
fr

(
ν

2δη

)
+ a

(n)
fr W

(n)
si + a

(n+1)
fr

(
− ν

2δη

)
+

a
(n−1)
fi

(
r2

δη2

)
+ a

(n)
fi

(
−2r2

δη2
− µ−W (n)

sr

)
+ a

(n+1)
fi

(
r2

δη2

)
+

−a(n)
sr W

(n)
fi + a

(n)
si W

(n)
fr = ε

(n)
fi ,

a
(n)
fr W

(n)
fr − a

(n)
fi W

(n)
fi +

a(n−1)
sr

(
s2

δη2

)
+ a(n)

sr

(
−2s2

δη2
− (2µ− κ)

)
+ a(n+1)

sr

(
s2

δη2

)
+

a
(n−1)
si

(
(s1 − ν)

2δη

)
+ a

(n+1)
si

(
−(s1 − ν)

2δη

)
= ε(n)

sr ,

a
(n)
fr W

(n)
fi + a

(n)
fi W

(n)
fr +

a(n−1)
sr

(
−(s1 − ν)

2δη

)
+ a(n+1)

sr

(
(s1 − ν)

2δη

)
+

a
(n−1)
si

(
s2

δη2

)
+ a

(n)
si

(
−2s2

δη2
− (2µ− κ)

)
+ a

(n+1)
si

(
s2

δη2

)
= ε

(n)
si .

(B.7)

We see that we also need to consider the boundary conditions for the Jacobian. If we

take η in the range 0-∞ then we can set boundary conditions such that the solitons

real and imaginary parts are even and odd respectively. This requires conditions at

η = 0 of

∂ηa
(n=1)
fr = 0,

∂2
ηa

(n=1)
fr =

2a
(n=2)
fr − 2a

(n=1)
fr

δη2
,

∂ηa
(n=1)
fi =

2a
(n=2)
fi

2δη
,

∂2
ηa

(n=1)
fi = 0,

(B.8)

and similar for asr and asi. We also require that our solitons are localised such that
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they approach zero as η →∞. If this is true then our errors a must also approach zero

so we find conditions for η =∞,

∂ηa
(n=N)
fr =

−a(n=N−1)
fr

2δη
,

∂2
ηa

(n=N)
fr =

−2a
(n=N)
fr + a

(n=N−1)
fr

δη2
.

(B.9)

The Jacobian, ĴNR, using discretisation of time η of N total elements will be a

4N × 4N matrix having elements defined as in Eq. (B.7) with boundary conditions

as in Eqs. (B.8) and (B.9). From inspection of Eq. (B.7) we see that the Jacobian will

be made up of N ×N diagonal and tri-diagonal blocks. We can then write our system

Eq. (B.7) as the matrix equation

ĴNR~a = ~ε (B.10)

where ~a = [afr, afi, asr, asi]
T is a 4N × 1 vector and ~ε is defined similarly. It is then

straight forward to find the corrections

~a = Ĵ−1
NR~ε (B.11)

which can be used to correct the initial guess as in Eq. (B.2). This process can be

iterated until the errors, ~ε, fall below a preset threshold.

Similar derivations can be done for the other systems presented in this work but are

not presented here.
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