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The trace-reinforced ants process does not find shortest paths1

Daniel Kious∗† Cécile Mailler∗‡ Bruno Schapira§2

January 31, 20223

Abstract4

In this paper, we study a probabilistic reinforcement-learning model for ants searching for the5

shortest path(s) between their nest and a source of food. In this model, the nest and the source of food6

are two distinguished nodes N and F in a finite graph G. The ants perform a sequence of random walks7

on this graph, starting from the nest and stopped when first hitting the source of food. At each step8

of its random walk, the n-th ant chooses to cross a neighbouring edge with probability proportional9

to the number of preceding ants that crossed that edge at least once. We say that the ants find the10

shortest path if, almost surely as the number of ants grow to infinity, almost all the ants go from the11

nest to the source of food through one of the shortest paths, without losing time on other edges of the12

graph.13

Our contribution is three-fold: (1) We prove that, if G is a tree rooted at N whose leaves have been14

merged into node F , and with one edge between N and F , then the ants indeed find the shortest path.15

(2) In contrast, we provide three examples of graphs on which the ants do not find the shortest path,16

suggesting that in this model and in most graphs, ants do not find the shortest path. (3) In all these17

cases, we show that the sequence of normalised edge-weights converge to a deterministic limit, despite a18

linear-reinforcement mechanism, and we conjecture that this is a general fact which is valid on all finite19

graphs. To prove these results, we use stochastic approximation methods, and in particular the ODE20

method. One difficulty comes from the fact that this method relies on understanding the behaviour at21

large times of the solution of a non-linear, multi-dimensional ODE.22

1 Introduction and main results23

Context: It is believed that ants are able to find shortest paths between their nest and a source of food24

with no other means of communication than the pheromones they lay behind them. This phenomenon25

has been observed empirically in the biology literature (see, e.g., [GADP89, DAGP90, MJT+13]), and26

reinforcement-learning has been proposed as a model for describing it (see, e.g. [MJT+13]). In the survey27

of [DS04, Chapter 1], this phenomenon is called stigmergy: “ants stimulate other ants by modifying the28

environment via pheromone trail updating”.29

In this paper, we study a probabilistic reinforcement-learning model for this phenomenon of ants30

finding shortest path(s) between their nest and a source of food. In this model, which was introduced in31

our previous paper [KMS], the nest and the source of food are two nodes N and F of a finite graph G,32

and the ants perform successive random walks starting from N and stopped when first hitting F . The33

distribution of the n-th ant’s walk depends on the trajectory of the previous n−1 random walks in a way34

that models ants leaving pheromones on the edges they cross: each edge has a weight which is equal to 135

at the start and which increases by 1 at time n if and only if the n-th ant has deposited pheromones on36
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that edge. The transition probabilities of the random walk of the (n + 1)-th ant are proportional to the37

edge-weights at time n. The reinforcement is thus linear.38

In [KMS], the ants deposit pheromones only on their way back: i.e. when they come back to the nest39

after having hit F . Two cases are studied in [KMS]:40

• In the “loop-erased” ant process, or model (LE), ants come back to the nest following the loop-41

erasure of the time-reversed version of their forward trajectory.42

• In the “geodesic” ant process, or model (G), they come back following the shortest path between F43

and N within the trace of their forward trajectory (ties are broken uniformly at random).44

The conjecture is that, under these two versions of the model, when time goes to infinity, almost all ants45

go from N to F through a shortest path, i.e. the ants indeed find the shortest path(s) between their nest46

and the food. This conjecture is proved in [KMS] for model (LE) in the case when G is a series-parallel47

graph, and in the model (G) in the case when G is a five-edge graph called the lozenge.48

Main contribution: In this paper, we look at the same model but assuming that ants deposit49

pheromones on their way forwards to the food, i.e. the weight of an edge increases by one at time n if50

and only if the n-th ant has crossed this edge at least once on its way from N to F . We call this model51

the “trace-reinforced” ant process, or model (T). In the biology literature, all cases of ants depositing52

pheromones on their way forwards, backwards or both are considered (see [DS04, Chapter 1]).53

Maybe surprisingly, this small change to the reinforcement rule leads to a drastically different be-54

haviour: indeed, we prove that, in the trace-reinforced ant process, in general, the ants do not find the55

shortest path(s) between their nest and the source of food, except in some very particular cases. Indeed,56

in Theorem 1.3, we show that on a family of graphs called “tree-like”, in which there is a unique edge57

between N and F (N and F are at distance 1), the ants do find the shortest path. However, one can find58

graphs, with N and F at distance one, which are not tree-like and such that the ants do not find shortest59

paths (see Proposition 1.4, Theorem 1.5 and Proposition 1.6).60

The fact that ants do not always find shortest paths when depositing pheromones only on their way61

forward has been observed empirically on ants (see [DS04, Section 1.1.2]): “The observation of real ant62

colonies has confirmed that ants that deposit pheromone only when [going forward] to the nest are unable63

to find the shortest path between their nest and the food source”. Our analysis proves that the model64

introduced in [KMS] exhibits the same behaviour.65

Our second main finding, which might also be surprising at first glance, is that although we use a66

linear reinforcement mechanism (see the discussion below), in all the graphs we consider, the sequence of67

normalised edge-weights converges to a deterministic limit. In fact, we conjecture that this is a general68

phenomenon, and that on all graphs with no multiple edges linked to node F , the sequence of the69

normalised weights converges almost surely to a deterministic limit:70

Conjecture 1.1. If, for all n ≥ 0, for all e ∈ E, we let We(n) denote the weight of edge e at time n,71

then there exists a deterministic family (χe)e∈E such that (We(n)/n)e∈E → (χe)e∈E almost surely when72

n → +∞. Furthermore, if in addition the distance between N and F is at least 2, then χe > 0 for all73

e ∈ E.74

Discussion: Other probabilistic reinforcement models inspired by urns exist in the probability lit-75

erature. As far as we know these models are all self-reinforced random walks models with super-linear76

reinforcement; see for example Le Goff and Raimond [LGR18] and Erhard, Franco and Reis [EFR19].77

The ant process can be seen as a “path formation” model: the quantity of interest is the subgraph78

of G obtained by removing from G all edges whose normalised weight converges to zero. If this limiting79

graph is different from G, then we say that “some path(s) has formed”.80

Another model for path formation is the Pólya urns with graph based interactions of Benäım, Ben-81

jamini, Chen and Lima [BBCL15] and its generalisation to WARMs of [VDHHKR16]. In the latter (and in82
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more recent paper on the same model such as Hirsch, Holmes and Kleptsyn [HHK20]), only super-linear83

reinforcement is considered because it leads to path formation; in contrast, it is believed that, under84

linear reinforcement, the limiting graph would be equal to G. In [CH21], Couzinié and Hirsch consider85

the sub-linear WARM model. They show that, for bounded degree (possibly infinite graphs), if the re-86

inforcement is sufficiently weak, or if G = Z, then the limiting edge-weights exist and are deterministic.87

In [BBCL15], and later [CL14] and [Lim16], the cases of sub-linear, super-linear and linear reinforcement88

are considered. In the linear case, if the original graph G is regular and not bipartite, then the vector of89

normalised weights converges almost surely to a non-deterministic limit.90

Given these examples from the literature, it is quite surprising that in the ant process, with linear91

reinforcement, the vector of normalised weights always converges to a deterministic limit. In fact, this92

difference of behaviour can be observed when looking at the simplest probabilistic model with linear93

reinforcement: (generalised) Pólya urns. A d-colour Pólya urn of replacement matrix R = (Ri,j)1≤i,j≤d94

is defined as follows: at time zero, there is one ball of each colour in the urn, and at every time step, we95

pick a ball uniformly at random among the balls in the urn, and if its colour was i, we return it to the urn96

together with Ri,j balls of colour j (∀1 ≤ j ≤ d). If R is the identity, it is known (see Markov [Mar17]) that97

the vector Û(n) whose coordinates are the number of balls of each colour divided by n converges almost98

surely to a Dirichlet(1, . . . , 1)-distributed random variable. In contrast, if the matrix R is irreducible,99

then Û(n) converges almost surely to a deterministic limit (see Janson [Jan04] and the references therein).100

Interestingly, in a not-yet-available paper [HK] (whose results have been announced), Holmes and101

Klepstyn also exhibit a linear reinforcement model which, on some graphs, converges to a deterministic102

limit. A result that resonates with Conjecture 1.1.103

A similarity between this paper, the Pólya urns with graph-based interaction of [BBCL15] and the104

WARMs of [VDHHKR16] is the method of proof since we also use stochastic approximation. In particu-105

lar, we use the ODE method for stochastic approximation, and apply results from Benäım [Ben99] and106

Pemantle [Pem07]. However, the analysis of these stochastic approximations in the different examples of107

graphs we consider is quite different from the one in [BBCL15] and [VDHHKR16]. In fact, as we later108

explain in more details, each of our examples requires an ad-hoc argument, which suggest that proving109

our conjecture on the convergence of edge-weights in great generality is a difficult open problem.110

That said, we prove a general result ensuring that on any finite graph, the sequence of normalised111

edge weights is a stochastic approximation, in a sense which is recalled in Definition 2.3 below, with112

a vector field F which is Lipschitz on a suitable convex compact subspace of the Euclidean space (see113

Proposition 2.7).114

1.1 Definition of the model and main results115

Let G = (V,E) be a finite (undirected) graph with vertex set V and edge set E, with two distinct marked116

nodes called N (for “nest”) and F (for “food”). We define a sequence (W(n) = (We(n))e∈E)n≥0 of117

random weights for the edges of G recursively as follows:118

• At time zero, all weights are equal to 1, i.e. We(0) = 1 for all e ∈ E.119

• Given W(n), we sample a random walk (X(n+1)

i )i≥0 on G according to the following distribution:120

– the walk starts at node N , i.e. X(n+1)

0 = N ,121

– it stops when first hitting F , i.e. P(X(n+1)

i+1 = F |X(n+1)

i = F ) = 1 for all i ≥ 0,122

– for all i ≥ 0, for all u ∈ V \ {F}, v ∈ V ,123

P(X(n+1)

i+1 = v|X(n+1)

i = u) =
W{u,v}(n)∑

u′∼uW{u,u′}(n)
1{u,v}∈E ,124

where u′ ∼ u if there is an edge linking the vertices u′ and u.125
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We let γ(n+ 1) be the set of edges that were crossed at least once by the random walk X(n+1); we126

call this the “trace” of the (n+ 1)-th walker. For all e ∈ E, we set We(n+ 1) = We(n) + 1e∈γ(n+1).127

We call this process the “trace-reinforced” ant process on G.128

In our first result, we focus on graphs that are “tree-like” in the following sense:129

Definition 1.2. We say that a graph G = (V,E) with two marked nodes N and F is tree-like if the graph130

whose vertex set is V \ {F} and whose edge set is E minus all edges that contain F is a tree (i.e. a graph131

with no cycle).132

Theorem 1.3. Assume that G = (V,E) is tree-like and that the edge a = {N,F} belongs to E with133

multiplicity 1. Then, almost surely when n→ +∞,134

Wa(n)

n
→ 1 and

We(n)

n
→ 0, for all e ∈ E \ {a}.135

In other words, following this reinforcement algorithm, the ants eventually find the shortest path136

between their nest and the source of food, i.e. the proportion of ants that go from N to F by only crossing137

the edge {N,F} is asymptotically equal to one, and the proportion of ants that cross any other edge138

asymptotically equals zero.139

Note that if the edge {N,F} appears with multiplicity ` in E (i.e. there are ` edges from N to F in140

parallel), then it is easy to deduce from Theorem 1.3 that the normalised weights of all other edges go to141

zero almost surely, and the weights of the ` edges from N to F converge almost surely, as a `-tuple, to a142

Dirichlet random variable with parameters (1, . . . , 1).143

A natural extension of the set of tree-like graphs is the set of series-parallel graphs, which were144

considered for instance in [HJ04] and in our previous paper [KMS]. One could then ask whether the145

previous theorem extends to this class of graphs, that is, if the distance from the source to the food is146

one, do the weights of all edges not directly connected to both N and F go to zero? Maybe surprisingly,147

the answer is no. Indeed our next result provides a counter-example, which is depicted by Figure 1 and148

which we call the cone graph.149

Proposition 1.4. Let G be the graph of Figure 1. If we let Wi(n) be the weight of edge i at time n (using150

the numbering of edges of Figure 1) and W(n) = (Wi(n))1≤i≤4, then almost surely when n→ +∞,151

W(n)

n
→ (1, 1/3, 1/3, 0).152

The following result shows that Theorem 1.3 does not extend to tree-like graphs where N and F are153

at (graph-)distance at least 2 from each other. For two integers p ≥ 1 and q ≥ 1, we define the (p, q)-path154

graph as the graph with two parallel paths between N and F , one of length p and one of length q (see155

Figure 2).156
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Theorem 1.5. Let G = (V,E) be the (p, q)-path graph. We let a1, . . . , ap (resp. b1, . . . , bq) denote the157

edges of the path of length p (resp. q), numbered from the closest to the nest to the closest to the food.158

If min(p, q) ≥ 2, then, almost surely for all 1 ≤ k ≤ p and 1 ≤ ` ≤ q,159

lim
n→+∞

Wak(n)

n
→ αk and lim

n→+∞

Wb`(n)

n
→ β`,160

where (α, β) is the unique solution in (0, 1)2 of161 {
αp + βq = 1

αp(1− α) = βq(1− β).
(1.1)162

Note that, if p = q ≥ 2, the solution of (1.1) is explicit and given by α = β = 2−1/p.163

Now to give further support to our conjecture that normalised edge weights always converge to a164

deterministic limit (when the edges connected to F are simple), we look at the lozenge graph in Figure 3;165

this example, which was also considered in [KMS], is different from all other cases so far, in the sense that166

it does not belong to the class of “series-parallel” graphs.167

Proposition 1.6. Let G be the lozenge graph of Figure 3. If we let Wi(n) denote the weight of edge i168

at time n (with the edges numbered as in Figure 3), and W(n) = (Wi(n))1≤i≤5, then almost surely as169

n→ +∞, we have170

W(n)

n
→ (w∗, 1/2, 1/2, w∗, 1/2),171

where w∗ is the unique solution of 2x3 + 4x2 − 2x− 3/2 = 0 in (0, 1).172

The fact that the limiting weights of edges 2 and 5 are equal to 1/2 should not come as a surprise.173

Indeed, by symmetry they must be equal (assuming they are deterministic), and since each ant reinforces174

exactly one of these two edges at each step, their common value has to be 1/2. Similarly for the edges 1175

and 4, except that since each ant can reinforce both of them, one has now w∗ > 1/2. However, the fact176

that the limiting weight of edge 3 equals 1/2 seems to be merely a coincidence.177

Notation: Given some filtration (Fn)n≥0, and Z some random variable, we will use the notation En[Z]178

to denote the conditional expectation of Z with respect to Fn.179

Acknowledgements: We thank three anonymous referees for their careful reading of the paper180

and their constructive comments. Preliminary investigations on the problems treated in this paper were181

carried out by Yassine Hamdi, a student at École Polytechnique at the time, during an undergraduate182

research internship at the University of Bath, under the supervision of CM (see [Ham20] for Yassine’s183

internship report). The authors are grateful to Yassine for the time he spent on these questions, and to184

both the École Polytechnique and the University of Bath for making this internship possible.185

2 Preliminaries186

2.1 Urn processes187

We state here a result concerning (generalized) Pólya urn processes. Given a function G : [0, 1]→ [0, 1], we188

call G-urn process, a process (Xn)n≥0 with integer values, such that almost surely Xn+1 ∈ {Xn, Xn + 1},189

and for all n ≥ 0,190

P(Xn+1 = Xn + 1 | X0, . . . , Xn) = G(X̂n),191

with X̂n := Xn
n+2 . In general we will assume that it starts from 1 at time 0, i.e. that X0 = 1, but we192

shall also consider other initial conditions. We then say that it starts from some value k at time m, if we193

condition the process on the event {Xm = k}.194
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Informally Xn corresponds to the number of (say) red balls after n draws in a Pólya urn with two195

colours, where at each step, we draw a ball in the urn at random, and replace it into the urn with an196

additional ball of the same colour. At each draw, the probability to pick a red ball is G(p) if the proportion197

of red balls in the urn is p.198

We will need the following standard result (which follows for instance from Corollary 2.7 and Theo-199

rem 2.9 in [Pem07]).200

Proposition 2.1. Let (Xn)n≥0 be a G-urn process, with G a C1-function. Then almost surely (X̂n)n≥0201

converges towards a stable fixed point of G, that is a (possibly random) point p ∈ [0, 1], such that G(p) = p202

and G′(p) ≤ 1.203

In particular if there exists c > 0, such that G(x) > x, for all x ∈ (0, c) (resp. G(x) < x for all204

x ∈ (1− c, 1)), then almost surely lim infn→∞ X̂n ≥ c (resp. lim sup X̂n ≤ 1− c).205

We shall also use the following corollary.206

Corollary 2.2. Let (Xn)n≥0 be an integer valued process adapted to some filtration (Fn)n≥0, such that207

almost surely for all n ≥ 0, Xn+1 ∈ {Xn, Xn + 1}, X0 = 1, and for some function G : [0, 1]→ [0, 1],208

P(Xn+1 = Xn + 1 | Fn) ≥ G(X̂n), (2.1)209

with X̂n := Xn
n+2 . If there exists η, c > 0, such that G(x) > (1 + η)x, for all x ∈ (0, c), then almost surely210

lim infn→∞ X̂n ≥ c.211

Proof. For ε ∈ (0, η), consider Gε : [0, 1] → [0, 1], a C1 function such that x < Gε(x) ≤ (1 + η)x, for212

all x ∈ (0, c − ε), Gε(x) ≤ (1 + η)x, for x ∈ (c − ε, c), and Gε ≡ 0 on [c, 1]. By assumption on G, one213

has G(x) ≥ Gε(x), for all x ∈ [0, 1]. It follows that (Xn)n≥0 stochastically dominates a Gε-urn process,214

and applying Proposition 2.1, we deduce that almost surely lim inf X̂n ≥ c − ε. Since this holds for all215

ε ∈ (0, c), the result follows.216

In our applications, the process (Xn)n≥0 will often be one coordinate of a higher-dimensional process217

(Xn)n≥0, and (Fn)n≥0 will simply be the natural filtration of the process (Xn)n≥0.218

2.2 Stochastic approximation and the ODE method219

We use the following definition for a stochastic approximation (note that we do not seek for the most220

general definition here, but it will be sufficient for our purpose).221

Definition 2.3. A stochastic approximation is a process (Xn)n≥0, adapted to some filtration (Fn)n≥0,222

with values in a convex compact subset E ⊆ Rd, for some d ≥ 1, that satisfies an equation of the type223

Xn+1 = Xn +
F (Xn) + ξn+1 + rn

n+ 2
, for all n ≥ 0, (2.2)224

where the vector field F : E → R is some Lipschitz function, the noise ξn+1 is Fn+1-measurable and225

satisfies En[ξn+1] = 0, for all n ≥ 0, and the remainder term rn is Fn-measurable and satisfies almost226

surely ‖rn‖ ≤ C/n, for some deterministic constant C > 0.227

Remark. The fact that we assume E to be a convex compact subset of Rd enables to easily extend F into228

a Lipschitz continuous function defined on Rd, simply by composing it with the orthogonal projection229

on E . We then fall into the setting of Benäım [Ben99], and we can rely on its results. Thus in the230

following, we will identify F with its Lipschitz extension on Rd, as defined here.231

Remark. The choice of renormalisation factor equal to 1
n+2 in Equation (2.2) is arbitrary and can be232

replaced 1
n+3 (as in Sections 4 and 6). In Sections 4 and 6, we explain why the chosen renormalisation is233

the most convenient.234
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The idea underlying the ODE method is that the trajectories of a stochastic approximation asymp-235

totically follow the solutions of the differential equation236

ẏ = F (y). (2.3)237

We recall that if for x ∈ Rd, we let (Φt(x))t≥0 be the (unique because F is Lipschitz) solution of (2.3)238

starting at x, then this defines a flow, in the following sense.239

Definition 2.4. LetM be some metric space. A flow (or semi-flow) onM is an application Φ : R+×M→240

M, such that Φ0 = Id, and Φt+s(x) = Φt ◦ Φs(x), for all s, t ≥ 0, and x ∈M.241

• A subset A ⊂M is said to be invariant, if Φt(x) ∈ A, for all x ∈ A and all t ≥ 0.242

• An attractor is a set A that admits a neighbourhood U ⊂M, such that243

∩t≥0∪s>tΦs(U) = A.244

We will frequently use the following result due to Benäım [Ben99, Prop. 4.1, Rk. 4.5, Prop. 5.3, Th.245

5.7] (see also e.g., [Pem07, Prop. 2.10 and Th. 2.15]).246

Theorem 2.5. Let (Xn)n≥1 be a stochastic approximation. If there exists a deterministic constant C > 0,247

such that almost surely supn≥1 ‖ξn‖ ≤ C, then almost surely, the limiting set L(X) = ∩n≥0∪m≥n{Xm} is248

invariant by the flow of the ODE (2.3), connected, and the flow of the ODE restricted to L(X) admits no249

other attractor than L(X) itself.250

We will also use the following corollary of Theorem 2.5:251

Corollary 2.6. Under the assumptions of Theorem 2.5, if there exist a set U ⊆ E and p ∈ U such that252

(i) almost surely, L(X) ⊆ U , and253

(ii) for all w ∈ U , the solution of the ODE (2.3) started at w converges to p,254

then L(X) = {p} almost surely.255

Proof. First note that either L(X) = {p} or there exists a (possibly random) point x ∈ L(X) \ {p}. In256

the first case, the conclusion of Corollary 2.6 holds trivially. In the second case, we show that (i) and257

(ii) together with Theorem 2.5 imply that p ∈ L(X). Indeed, by (i), we have that x ∈ U . Thus, by (ii),258

the solution t 7→ Φ(t) of the ODE started at x converges to p when time goes to infinity. Theorem 2.5259

ensures that L(X) is invariant by the flow of the ODE, and thus that Φ(t) ∈ L(X) for all t ≥ 0. Since260

L(X) is closed (as the intersection of closed sets), this implies that limt→+∞Φ(t) = p ∈ L(X), as claimed.261

Finally, by Theorem 2.5, the flow restricted to L(X) admits no other attractor than L(X) itself, and by262

(ii), p is an attractor of the ODE restricted to L(X) ⊆ U ; this implies that L(X) = {p}, as required.263

2.3 The process of edge weights seen as a stochastic approximation264

Consider a finite graph G = (V,E), with two marked vertices N and F . Recall that W(n) = (We(n))e∈E265

denotes the sequence of the weights of the edges of the graph after n steps of the trace-reinforced ant266

process, and let Fn := σ(W(0), . . . ,W(n)).267

For any edge e ∈ E, and any n ≥ 0, we let Xe(n) := We(n)
n+1 , and X(n) = (Xe(n))e∈E . Next for any268

w ∈ [0, 1]E , and any e ∈ E, we let pe(w) be the probability that the edge e belongs to the trace of a269

random walk on the graph G endowed with the weights w, starting from N and killed at F . Then we270

define F : [0, 1]E → [0, 1]E , by271

Fe(w) := pe(w)− we, for any e ∈ E. (2.4)272
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Given w ∈ [0, 1]E , we set273

πw(x) :=
∑
e∼x

we, for all x ∈ V,274

where e ∼ x means that we sum over all edges e ∈ E that have x ∈ V as endpoint, and recall that275

this defines a reversible measure for the random walk on G endowed with the weights w. We also let276

S(G) be the number of self-avoiding paths from N to F in G, which we number in some arbitrary order:277

c1, . . . , cS(G). For i = 1, . . . ,S(G), we define278

Ei :=
{
w ∈ [0, 1]E : πw(N) ≥ 1, and we ≥

1

S(G)
for all e ∈ ci

}
.279

Note that each Ei is a convex compact subset of [0, 1]E . Then we further define,280

E := conv

(
S(G)⋃
i=1

Ei

)
=


S(G)∑
i=1

λiwi :

∑
i λi = 1, and λi ≥ 0, for all i

wi ∈ Ei, for all i

 , (2.5)281

the convex hull of the union of the Ei’s, which is also a convex compact subset of [0, 1]E . One has the282

following general fact.283

Proposition 2.7. The function F is Lipschitz on the space E. Furthermore the process (X(n))n≥0 is a284

stochastic approximation on E. More precisely,285

X(n+ 1) = X(n) +
1

n+ 2
(F (X(n)) + ξ(n+ 1)), (2.6)286

where for any e ∈ E, ξe(n+ 1) := 1{We(n+ 1) = We(n) + 1} − pe(X(n)).287

Remark. We stress that the proof of this result works in a wider setting, including the two variants of288

the process considered in our previous paper [KMS].289

Proof. For the first part, we use a coupling argument. For all w,w′ ∈ E , we define (Xn)n≥0 as the290

random walk on G equipped with edge-weights w, and (X ′n)n≥0 as the random walk on G equipped with291

edge-weights w′. Both walks start at N and are killed when they first reach F . We couple (Xn)n≥0 and292

(X ′n)n≥0 until the first time when they differ, in a way that maximises the probability that they stay293

equal after each step. We let τ be the random time when the walks first differ. If τF denotes the first294

time when (Xn)n≥0 hits F , then295

‖F (w)− F (w′)‖∞ = max
e∈E
|Fe(w)− Fe(w′)|296

≤ max
e∈E
|pe(w)− pe(w′)|+ ‖w −w′‖∞ ≤ P(τ ≤ τF ) + ‖w −w′‖∞297

≤
∑
k≥0

P(Xk = X ′k, Xk+1 6= X ′k+1, k < τF )+‖w −w′‖∞298

=
1

2

∑
x∈V

∑
k≥0

P(Xk = X ′k = x, k < τF )
∑
e∼x

∣∣∣∣ we
πw(x)

− w′e
πw′(x)

∣∣∣∣+‖w −w′‖∞, (2.7)299

300

where the first inequality is obtained from (2.4) using the triangle inequality, the second inequality is a301

general fact which holds for any coupling of the two walks, since if an edge is crossed by only one of the302

two walks, then necessarily τ ≤ τF , and the last equality in (2.7) holds because our coupling maximises303
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the probability of the two walks staying equal. From (2.7), we get304

‖F (w)− F (w′)‖∞ ≤ 1

2

∑
x∈V

∑
k≥0

P(Xk = X ′k = x, k < τF )
∑
e∼x

(
|we − w′e|
πw(x)

+ w′e
|πw′(x)− πw(x)|
πw(x) · πw′(x)

)
305

+‖w −w′‖∞306

≤ 1

2

∑
x∈V

∑
k≥0

P(Xk = x, k < τF )

(∑
e∼x |we − w′e|
πw(x)

+
|πw′(x)− πw(x)|

πw(x)

)
307

+‖w −w′‖∞308

≤
∑
x∈V

Gw(N, x)

πw(x)
·
∑
e∼x
|we − w′e|+‖w −w′‖∞,309

with Gw(·, ·) the Green’s function on the graph G endowed with the weights w (i.e. the mean number of310

visits to the second argument for a random walk starting from the first argument, up to its hitting time311

of F ). Using the reversibility of the measure πw, we deduce that (see e.g. [LP05, Exercise 2.1(e)]),312

Gw(N, x)

πw(x)
=
Gw(x,N)

πw(N)
(∀x ∈ V ).313

Using also that Gw(x,N) ≤ Gw(N,N), we get314

‖F (w)− F (w′)‖∞ ≤
Gw(N,N)

πw(N)

∑
x∈V

∑
e∼x
|we − w′e|+‖w −w′‖∞ ≤

(
1 +

2Gw(N,N)

πw(N)

)
· ‖w −w′‖1,315

with ‖w−w′‖1 =
∑

e∈E |we −w′e|. Now by definition, for w ∈ E , one has πw(N) ≥ 1, and we claim that316

Gw(N,N) is also bounded by a positive constant independent of w (only depending on the graph G).317

Indeed, by [LP05, Eq. (2.4)], for a random walk starting from N , the number of returns to N before318

hitting F is a geometric random variable with mean πw(N)/C(G,w)(N,F ), where C(G,w)(N,F ) denotes319

the effective conductance between N and F in the graph G endowed with the weights w. Moreover, by320

definition of E , for any w ∈ E , there exists a self-avoiding path from N to F such that all the edges321

on this path have a weight larger than S(G)−2 (we recall that S(G) denotes the number of self-avoiding322

paths between N and F in G). Such a path has an effective conductance larger than (hmax(G) ·S(G)2)−1,323

where hmax(G) denotes the maximal length of a self-avoiding path from N to F in G. By Rayleigh’s324

monotonicity principle, we also have C(G,w)(N,F ) ≥ (hmax(G) · S(G)2)−1. Finally, note that πw(N) is325

bounded by the degree of N , say dG(N). In total, this implies that, for all w,w′ ∈ E ,326

‖F (w)− F (w′)‖∞ ≤ K(G) · ‖w −w′‖1,327

with K(G) := 1+2
(
1 + dG(N) · hmax(G) ·S(G)2

)
, a constant which only depends on the graph G. This328

concludes the proof of the fact that F is Lipschitz on E .329

Since (2.6) is straightforward by definition of the model, it only remains to show that X(n) belongs330

to E , for all n ≥ 0. The fact that πX(n)(N) ≥ 1 follows from the fact that, by definition of the model, at331

each step at least one of the edges incident to N is reinforced. Furthermore, at each step, at least one of332

the self-avoiding paths from N to F is reinforced, which implies that, at any time n ≥ 0, at least one of333

these self-avoiding paths has been reinforced at least n/S(G) times. In other words, for all n ≥ 0, X(n)334

belongs to at least one of the Ei’s, and thus X(n) belongs to E as claimed.335

2.4 Case when N and F are at distance one336

In this section, we prove the following general fact: if N and F are at distance 1, then the only simple337

paths from N to F which “survive” asymptotically are those of length one. In other words, asymptotically,338

almost all of the ants reach F by last crossing one of the edges that connect N and F . However, it is not339

true in general that the only edges which survive are those from N to F ; the cone graph of Proposition 1.4340

is a counter-example.341
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Figure 4: The graph G(k, `).

Proposition 2.8. Assume that G is a finite graph with two marked vertices N and F , connected by at342

least one edge. Let (W(n))n≥0 be the process of edge-weights of the trace-reinforced ant-process on G.343

Then for any edge e connected to F but not to N , one has We(n)/n→ 0 almost surely.344

Proof. First note that it is enough to prove the result in the case when there is a unique edge a = {N,F}345

(i.e. it has multiplicity one). Indeed, if {N,F} has multiplicity m ≥ 2, then, by definition of the ant346

process, at most one of these m edges belongs to the trace of each ant. Hence, the process obtained by347

adding the weights of theses edges into one weight is the ants process on the graph in which the m parallel348

edges have been merged into one edge with initial weight m.349

Assume that w is such that wa /∈ {0, 1}. Let G′ be the graph obtained by removing edge a from G:350

i.e. G′ = (V,E′) where E′ = E \ {a}. We equip the edges of G′ with the weights (we)e∈E′ , and let CG′(w)351

denote the conductance between N and F in G′ equipped with these weights. We denote pa(w) the352

probability to reinforce the edge a when the weights over the graph are given by w. With this notation,353

we have354

pa(w) =
wa

wa + CG′(w)
.355

We let k denote the number of edges connected to N in G′, and ` denote the number of edges connected356

to F in G′. We define the graph G(k, `) as the graph with vertex set {N,F, P} and with edge set {N,P}357

with multiplicity k and {P, F} with multiplicity ` (see Figure 4). We equip the k edges between N and P358

in G(k, `) with the same weights as the k edges connected to N in G′, and the ` edges between P and F359

in G(k, `) with the same weights as the ` edges connected to F in G′. The graph G(k, `) can be obtained360

from G′ by merging all vertices different from N and F into one node called P , or equivalently by adding361

edges between all pair of vertices disjoint of N and F , and assigning an infinite weight to all edges not362

connected to N or F . By Rayleigh’s monotonicity principle (see [LP05, §2.4]), the conductance CG(k,`)(w)363

of G(k, `) is at least equal to the conductance of G′.364

The conductance of G(k, `) with these weights is given by365

CG(k,`)(w) =

∑
e∈E′ : N∼e

we
∑

e∈E′ : F∼e
we∑

e∈E′ : N∼e
we +

∑
e∈E′ : F∼e

we
≤ k(1− wa)
k + 1− wa

,366

where X ∼ e denotes that the vertex X is an endpoint of e, where we have used that for all e ∈ E′,367

we ≤ 1, and also that
∑

e∈E : F∼ewe = 1, and thus368 ∑
e∈E′ : F∼e

we = 1− wa.369

Therefore,370

pa(w) ≥ wa

wa + k(1−wa)
k+1−wa

.371
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Thus, (Wa(n))n≥0 stochastically dominates a G-urn process with372

G(x) =
x

x+ k(1−x)
k+1−x

.373

Note that G(x) = x if and only if x ∈ {0, 1}, and one can compute that G′(0)= (k + 1)/k > 1. Thus374

Corollary 2.2 shows that Wa(n)/n converges almost surely to 1, and as a consequence one also has that375

We(n)/n converges almost surely to 0 for all e connected to F different from a. This concludes the376

proof.377

3 Proof of Theorem 1.3378

First note that Proposition 2.8 implies that Wa(n)/n→ 1, almost surely. Note also that by definition of379

the model, it now suffices to show that the normalised weight of all the other edges connected to N go to380

zero almost surely, as the weight of any edge e in the tree is always smaller than the weight of the unique381

edge connected to N on the path from e to N .382

So let e be some edge connected to N , which is different from a. By assumption, the graph G is a383

tree rooted at N and whose leaves have been merged into F . Thus, since the ants are stopped when384

first hitting F , the first time each ant crosses the edge e has to be from N to the other extremity of e.385

Moreover, if an ant crosses the edge a it is stopped immediately. This implies that the probability to386

cross e before reaching F on G is smaller than on the graph consisting only of the two edges a and e (in387

parallel between N and F ). This gives for all n ≥ 0, almost surely,388

P(We(n+ 1) = We(n) + 1 |W(n)) ≤ We(n)

We(n) +Wa(n)
=

Ŵe(n)

Ŵe(n) + Ŵa(n)
, (3.1)389

where we recall that we write Ŵ (n) = W (n)/(n + 2). Now let ε > 0 be fixed. We know that almost390

surely, for n large enough, Ŵa(n) ≥ 1 − ε. On the other hand on the event when Ŵa(n) ≥ 1 − ε, for all391

n larger than some integer n0, we know by (3.1) that (We(n))n≥n0 is dominated by a G-urn process with392

G(x) = x/(x+ 1− ε). Then Proposition 2.1 shows that almost surely, lim supn→∞ Ŵe(n) ≤ ε. Since this393

holds for all ε > 0, this concludes the proof.394

4 The cone395

We first note that by Proposition 2.7 and the specific features of the cone, the process Ŵ(n) := W(n)/(n+396

2) is a stochastic approximation on the space397

E ′ = {w = (w1, . . . , w4) ∈ E : w1 + w4 = 1, w4 ≤ w2 + w3},398

with E as defined in (2.5). More precisely, for all n ≥ 0, we have399

Ŵ(n+ 1) = Ŵ(n) +
1

n+ 3

(
F (Ŵ(n)) + ξn+1

)
,400

with ξn+1 some martingale difference, and for all 1 ≤ i ≤ 4, Fi(w) = pi(w) − wi, where pi(w) is the401

probability that edge i belongs to the trace of a random walk on the graph endowed with weights w,402

which starts from N and is killed at F .403

Remark. Note that, for the cone graph, it is convenient to define Ŵ(n) as W(n)/(n + 2) rather than404

as W(n)/(n + 1). This is because, by definition of the process, for all n ≥ 0, W1(n) + W4(n) = n + 2;405

indeed, W1(0) +W4(0) = 2 and, at each step we increase exactly one of W1(n) and W4(n) by one.406
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To calculate p2 (and thus p3, by symmetry), we decompose according to the first step of the ant: to407

reinforce edge 2, it has to either go straight through edge 2 (in which case, no matter what it does later,408

edge 2 will be reinforced), or go through edge 3. In the latter case, the second step of the ant has to be409

either through edge 2 (edge 2 gets reinforced no matter what happens next) or back through edge 3, in410

which case we start again. Hence,411

p2(w) =
w2

w1 + w2 + w3
+

w3

w1 + w2 + w3

(
w2

w2 + w3 + w4
+

w3

w2 + w3 + w4
p2(w)

)
.412

Solving this in terms of p2(w) gives413

p2(w) =
w2(w2 + 2w3 + w4)

(w1 + w2 + w3)(w2 + w3 + w4)− w2
3

.414

To calculate p1(w), we use the electrical networks method (see, e.g. [LL10]) to see that the probability,415

starting from N , to cross edge 1 before edge 4 is w1 divided by the total conductance between N and F .416

The latter conductance is given by w1 + (w2+w3)w4

w2+w3+w4
, which gives417

p1(w) =
w1

w1 + (w2+w3)w4

w2+w3+w4

.418

Thus, the coordinates of the function F are given by419

F1(w) =
w1

w1 + (w2+w3)w4

w2+w3+w4

− w1 F2(w) =
w2(w2 + 2w3 + w4)

(w1 + w2 + w3)(w2 + w3 + w4)− w2
3

− w2420

F4(w) = −F1(w) F3(w) =
w3(2w2 + w3 + w4)

(w1 + w2 + w3)(w2 + w3 + w4)− w2
2

− w3.421

422

Now our aim is to use the ODE method and for this we proceed in 4 steps:423

(1) we first remind that lim Ŵ1(n) = 1 almost surely as n→ +∞, thanks to Proposition 2.8,424

(2) we prove that lim infn→+∞ Ŵ2(n) ∧ Ŵ3(n) > 0 (where x ∧ y denotes the minimum of x and y),425

(3) we prove that for any w in U := {w ∈ E : w1 = 1, w2w3 6= 0}, the solution of ẏ = F (y) started at426

w, converges to (1, 1/3, 1/3, 0),427

(4) we finally apply Corollary 2.6, together with (1), (2) and (3) to conclude.428

For (2), note that, if w ∈ E ′, w1 → 1, w2 → 0, and w4 → 0, then429

(w1 + w2 + w3)(w2 + w3 + w4)− w2
3 ∼ w2 + w3 + w4 + w2w3 + w3w4 ∼ w2 + w3 + w4,430

because w2w3 = o(w3) and w3w4 = o(w3). This implies431

F2(w) ∼ w2(w2 + 2w3 + w4)

w2 + w3 + w4
− w2 =

w2(w2 + 2w3 + w4)− w2(w2 + w3 + w4)

w2 + w3 + w4
=

w2w3

w2 + w3 + w4
.432

433

Finally, since, for all w ∈ E ′, w4 ≤ w2 + w3, we get that, as w1 → 1, w4 → 0 and w2 → 0,434

F2(w) ≥ w2w3(1 + o(1))

2(w2 + w3)
≥ w2 ∧ w3

4
(1 + o(1)).435

In other words, there exists ε > 0 such that, for all w ∈ E ′ with w2 ≤ ε, and w1 ≥ 1− ε,436

F2(w) ≥ w2 ∧ w3

8
. (4.1)437

By symmetry, for all w ∈ E ′ such that w3 ≤ ε, and w1 ≥ 1− ε,438

F3(w) ≥ w2 ∧ w3

8
. (4.2)439
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Thus, if we set H(x) = 9x1x≤ε/8, by Equations (4.1), and (4.2), and since Ŵ1(n) → 1 almost surely as440

n → ∞, we get that, for all sufficiently large n, the random variable Φ(n) := W2(n) ∧W3(n) satisfies441

almost surely on the event when W2(n) 6= W3(n),442

P
(
Φ(n+ 1) = Φ(n) + 1 |W(n)

)
≥ H

(
Φ̂(n)

)
, (4.3)443

with Φ̂(n) := Φ(n)/n. This is however not sufficient to apply Corollary 2.2, since when W2(n) = W3(n),444

one has Φ(n+ 1) = Φ(n) + 1, only when both edges 2 and 3 are reinforced at the next step, which holds445

with smaller probability. To overcome this issue, we introduce the following quantity:446

Ψ(n) := Φ(n) +
n−1∑
k=0

1{W2(k) = W3(k), W2(k + 1) 6= W3(k + 1)}.447

Note that contrarily to Φ, the function Ψ increases by one unit as soon as at least one of the two edges448

2 or 3 is reinforced, whatever their weights are at this time (in particular this holds even when they are449

equal). Therefore, (4.1) and (4.2) imply that, almost surely for all sufficiently large n,450

P
(
Ψ(n+ 1) = Ψ(n) + 1 |W(n)

)
≥ H

(
Φ̂(n)

)
. (4.4)451

We now claim that almost surely one has Φ(n) ∼ Ψ(n) as n → +∞, which by Corollary 2.2 implies452

lim inf Φ(n) > 0, because H ′(0) = 9/8 > 0.453

In fact we prove a stronger statement: almost surely for all n large enough,454

Ψ(n) ≤ Φ(n) + Φ(n)
3/4. (4.5)455

To see this, set456

Zn := max(W2(n),W3(n))−min(W2(n),W3(n)) (∀n ≥ 1).457

Note that, conditionally on the event that edge 2 or 3 is reinforced but not both, the one with largest458

weight is more likely to be reinforced than the other. This implies that the process (Zk)k≥0 taken at its459

jump times (i.e. the times k = 0 and all k ≥ 1 such that Zk 6= Zk−1) stochastically dominates a simple460

random walk (rSRWn)n≥0 on Z+ = {0, 1, . . . } reflected at 0. We let L(n) denote the number of times461

(Zk)k≥0 returns to zero before time n, i.e.462

L(n) =
n∑
k=0

1{Zk = 0},463

and N(n) the number of jump times of (Zk)k≥0 during its first L(n) excursions out of zero (equivalently464

the number of times only one of the two edges 2 or 3 is reinforced before the last time before n when465

the weights of edges 2 and 3 are equal). Then, for all integers n, L(n) is stochastically dominated by the466

number of returns to the origin of (rSRWk)k≥0 before time N(n). Moreover, by definition,467

Ψ(n)− Φ(n) =

n−1∑
k=0

1{W2(k) = W3(k), W2(k + 1) 6= W3(k + 1)} ≤ 1 + L(n). (4.6)468

During each excursion out of the origin, the probability to hit level N 5/8 is equal to N−5/8, by a standard469

Gambler’s ruin estimate. Moreover, by Hoeffding’s inequality, for any N ≥ 1, the probability for a simple470

random walk started at level N 5/8 to hit 0 before time N is bounded by 2N exp(−N 1/4/2). Therefore the471

probability that (rSRWk)k≥0 returns more than N 3/4/2 times to the origin before time N is bounded by472

(1 −N−5/8)N
3/4/2 + 2N exp(−N 1/4/2) ≤ exp(−N 1/8/4), for all large N . Using the Borel-Cantelli lemma,473
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Figure 5: The vector field F (w) on E ∩ {w1 = 1} in the cone case.

we deduce that, almost surely for all large N , (rSRWk)k≥0 returns at most N 3/4/2 times to the origin474

before time N . This implies that, almost surely for all large n,475

L(n) ≤ 1

2
N(n)

3/4. (4.7)476

On the other hand, during each excursion of the process (Zk)k≥0 out of zero, the process (Φ(k))k≥0477

increases by at least half the number of jumps made by (Zk)k≥0 during this excursion. It follows that478

N(n) ≤ 2Φ(n), for all n ≥ 0, and together with (4.6) and (4.7), this concludes the proof of (4.5), and479

thus of point (2).480

(3) Let w ∈ U , and let Φ(t) = (Φ1(t),Φ2(t),Φ3(t),Φ4(t)) be the solution of ẏ = F (y) started at w.481

We need to prove that Φ(t)→ (1, 1/3, 1/3, 0).482

For all w ∈ U , we have483

F2(w) =
w2(w2 + 2w3)

(1 + w2 + w3)(w2 + w3)− w2
3

− w2 and F3(w) =
w3(2w2 + w3)

(1 + w2 + w3)(w2 + w3)− w2
2

− w3.484

Note that F2(w) = 0 if and only if w2 = 0 or485

w2 + 2w3 = (1 + w2 + w3)(w2 + w3)− w2
3 ⇔ w3 = w2

2 + 2w2w3.486

Similarly, F3(w) = 0 if and only if w3 = 0 or w2 = w2
3 +2w2w3. Thus, for all w ∈ E ∩{w1 = 1}, F (w) = 0487

if and only if w2 = w3 = 0 or w2w3 6= 0 and488 {
w3 = w2

2 + 2w2w3

w2 = w2
3 + 2w2w3

⇔

{
w3 − w2 = w2

2 − w2
3

w2 = w2
3 + 2w2w3

⇔

{
w3 = w2

1 = 3w2

489

i.e. w2 = w3 = 1/3. Thus the only zeros of F on E ′ ∩ {w1 = 1} are (1, 0, 0, 0) and (1, 1/3, 1/3, 0). Similar490

calculations show that F2(w) > 0 if and only if w2 < w2
3/(1 − 2w3), and F3(w) > 0 if and only if491

w3 < w2
2/(1 − 2w2). In Figure 5, we plot the vector field (F2(1, w2, w3, 0), F3(1, w2, w3, 0)) with w2 on492

the horizontal axis and w3 on the vertical axis. The blue curve is where F2 = 0, the purple curve where493
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F3 = 0. Note that [0, 1]2 \ ({w3 = w2
2/(1− 2w2)}∪{w2 = w2

3/(1− 2w3)}) has four connected components:494

on the bottom-left one, F2, F3 > 0, on the top-right one, F2, F3 < 0, on the bottom right one, F2 < 0495

while F3 > 0, and, finally, on the top-left one, F2 > 0 while F3 < 0.496

Thus, any solution of the ODE started in U converges to (1, 1/3, 1/3, 0), as claimed.497

(4) Finally, we prove that Ŵ(n) → (1, 1/3, 1/3, 0) almost surely as n → +∞. For this we apply498

Corollary 2.6: in Steps (1) and (2), we have shown that limn→+∞ Ŵ1(n) = 1 and lim infn→+∞ Ŵ2(n) ∧499

Ŵ3(n) > 0. This implies that almost surely the limiting set L(W) of the process (Ŵ(n))n≥0 is contained500

in U . Then (3) and Corollary 2.6 imply that L(W) = {(1, 1/3, 1/3, 0)}, as wanted.501

5 Two parallel paths: proof of Theorem 1.5502

Recall that, in Theorem 1.5, the graph G = (V,E) is the (p+ q)-path graph of Figure 2. In this section,503

we assume that min(p, q) ≥ 2. We let a1, . . . , ap denote the p edges on one of the paths from N to F504

(ordered from N to F , i.e. a1 links to N while ap links to F ), and b1, . . . , bq denote the edges on the other505

path from N to F (also ordered from N to F ).506

Finally, for all e ∈ E = {a1, . . . , ap, b1, . . . , bq}, we let We(n) denote the weight of edge e at time n507

and set W(n) = (Wa1(n), . . . ,Wap(n),Wb1(n), . . . ,Wbq(n)), for all n ≥ 0.508

The proof of Theorem 1.5 uses the ODE method, as for the cone graph in the previous section.509

We roughly follow the same steps here, but there are some important differences. We first show in510

Subsection 5.1 that almost surely the limiting set L(W) of the sequence of normalised weights Ŵ(n) :=511

W(n)/(n + 1), is contained in (0, 1]p+q. Then, in Subsection 5.2, we give an explicit expression for the512

vector field F appearing in the stochastic approximation satisfied by (Ŵ(n))n≥0. In this section, we513

also define a sequence of compact sets (Kn)n≥0 in [0, 1]p+q, which we prove to be decreasing. Then in514

Subsection 5.3, we show that L(W) ⊆ Kn, for all n ≥ 0, and finally in Subsection 5.4, we prove that the515

intersection of the Kn’s is reduced to a single point, which is precisely the limiting point arising in the516

statement of Theorem 1.5.517

5.1 Proof that none of the edges has a limiting weight equal to zero518

We prove here the following result.519

Proposition 5.1. Let p and q be integers such that min(p, q) ≥ 2. If G = (V,E) is the (p, q)-path graph,520

then there exists a constant cp,q > 0, such that almost surely for all e ∈ E,521

lim inf
n→+∞

We(n)

n
> cp,q.522

This proposition is proved by induction on k for ak ∈ {a1, . . . , ap} and by induction on ` for b` ∈523

{b1, . . . , bq}. We prove the base case separately in the following lemma.524

Lemma 5.2. In the (p + q)-path graph, if q ≥ 2, then there exists c > 0, such that almost surely,525

lim infn→+∞Wa1(n)/n ≥ c, and by symmetry, if p ≥ 2, then almost surely, lim infn→+∞Wb1(n)/n ≥ c.526

Proof. For all n ≥ 0, we have527

P(Wa1(n+ 1) = Wa1(n) + 1 |W(n)) = P(a1 ∈ γ(n+ 1) |W(n)) =
Wa1(n)

Wa1(n) + 1∑q
i=1Wbi

(n)−1

. (5.1)528

Note that, by definition of the model, for all n ≥ 0, we have either ap ∈ γ(n+ 1) or bq ∈ γ(n+ 1) but not529

both. This implies that, for all n ≥ 0,530

Wap(n) +Wbq(n) = n+ 2.531
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By definition of the model again, we have that ap ∈ γ(n+ 1)⇒ ap−1 ∈ γ(n+ 1)⇒ · · · ⇒ a1 ∈ γ(n+ 1),532

and bq ∈ γ(n+ 1)⇒ bq−1 ∈ γ(n+ 1)⇒ · · · ⇒ b1 ∈ γ(n+ 1), which imply that, for all n ≥ 0,533

Wap(n) ≤Wap−1(n) ≤ · · · ≤Wa1(n) ≤ n+ 1 and Wbq(n) ≤Wbq−1(n) ≤ · · · ≤Wb1(n) ≤ n+ 1.534

Thus, (5.1) implies that535

P(Wa1(n+ 1) = Wa1(n) + 1 |W(n)) ≥ Wa1(n)

Wa1(n) + 1
q(n+1)−1

=
Z(n)

Z(n) + 1/q
,536

where we have set Z(n) := Wa1(n)/(n + 1), for all n ≥ 0. This implies that (Wa1(n))n≥0 stochastically537

dominates a G-urn process, where, for all z ∈ [0, 1],538

G(z) =
z

z + 1/q
.539

Note that G(z) = z if and only if z = 0 or z = 1− 1/q (which is positive because q ≥ 2, by assumption);540

furthermore, one can check that G is C1 and G′(0) = q > 1, implying that the normalized G-urn process541

converges almost surely to c := 1 − 1/q > 0, when n → +∞, by Proposition 2.1. This concludes the542

proof.543

Proof of Proposition 5.1. We prove the result by induction on k ∈ {1, . . . , p}. The case k = 1 follows544

from Lemma 5.2. Assume the result holds true for some k < p, i.e. there exists c ∈ (0, 1/2) such that545

almost surely lim inf Wak(n)/n > c. Let us define the events546

Em := {Wak(n) ≥ cn, ∀n ≥ m} (m ≥ 1).547

Then,
⋃
mEm holds almost surely.548

Let τn be the time when edge ak is reinforced for the n-th time (so by definition Wak(τn) = n + 1).549

Note that by definition τn ≥ n for all n ≥ 1. Thus, for all n ≥ m, on Em, using that Wak−1
(τn) ≤ τn + 1550

and τn ≤ (n+ 1)/c, one has551

Wak(τn)

Wak(τn) +Wak−1
(τn)

≥ c(n+ 1)

c(n+ 1) + n+ 1 + c
≥ c/2.552

It follows that, almost surely on the event Em, if the weight of ak+1 is zero, then, for all n ≥ m, the τn-th553

ant makes at least a geometric number of crossings of edge ak, with success probability ν := 1−c/2, before554

jumping across edge ak−1. Consequently, on Em, and for n ≥ m, the probability to reinforce edge ak+1555

at time τn is at least 1− (1− ρ(n))Xn , where (Xn)n≥0 is a sequence of i.i.d. geometric random variables556

with parameter ν, and557

ρ(n) =
Wak+1

(τn)

Wak+1
(τn) + n+ 1

.558

Thus, letting uk+1(n) = Wak+1
(τn)/(n+ 1), we find559

E[Wak+1
(τn+1)−Wak+1

(τn) | Fτn ] ≥ E[1− (1− ρ(n))Xn |Wak+1
(τn)] = 1− ν(1− ρ(n))

1− (1− ν)(1− ρ(n))
560

=
ρ(n)

1− (1− ν)(1− ρ(n))
=

uk+1(n)

uk+1(n) + ν
,561

562

with (Fi)i≥0 the natural filtration of the process, and where we used that ExXn = νx/(1− (1− ν)x) for563

all x ∈ (0, 1). It follows that on the event Em, the process (Wak+1
(τn))n≥m stochastically dominates a564

G-urn process (starting from Wak+1
(τm)), with G(x) := x

x+ν . Since G(x) > x for all x ∈ (0, c/2), it follows565

from Lemma 2.1 that almost surely lim inf uk+1(n) ≥ c/2. We deduce the induction step, using that by566

hypothesis, lim sup τn/n ≤ 1/c.567
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5.2 The stochastic algorithm and a sequence of decreasing compact subspaces.568

Recall that we set Ŵ(n) := W(n)/(n + 1), for all n ≥ 0. Note also that, by definition of the model, for569

all n ≥ 0,570

Ŵ(n) ∈ E ′ := {w ∈ E : wap = 1− wbq , wbq ≤ wbq−1 ≤ · · · ≤ wb1 , wap ≤ wap−1 ≤ · · · ≤ wa1},571

with E as defined in (2.5). Moreover, for all n ≥ 0, we have572

Ŵ(n+ 1) = Ŵ(n) +
1

n+ 2

(
F (Ŵ(n)) + ξn+1

)
,573

with ξn+1 some martingale difference and with F as defined in (2.4). More specifically the coordinates of574

F can be computed explicitly here, and are given by, for all 1 ≤ k ≤ p and 1 ≤ ` ≤ q, for all w ∈ E ′,575

Fak(w) =
Sak(w)

Sak(w) + Sbq(w)
− wak and Fb`(w) =

Sb` (w)

Sb` (w) + Sap (w)
− wbk , (5.2)576

where we have defined, for any w ∈ [0, 1]E , m ∈ {a, b}, and s an integer such that 1 ≤ s ≤ p if m = a,577

and 1 ≤ s ≤ q if m = b,578

Sms (w) =
1∑s

i=1
1

wmi

. (5.3)579

Note that, for all 1 ≤ k ≤ p, Sak(w) = 0 if and only if wai = 0 for some 1 ≤ i ≤ k, and for all 1 ≤ ` ≤ q,580

Sb` (w) = 0 if and only if wbi = 0 for some 1 ≤ i ≤ `.581

To prove Theorem 1.5, we use the ODE method and thus start by studying the solutions of the582

equation ẏ = F (y). To do so, we define a sequence (Kn)n≥0 of decreasing compact subsets of E ′ such that583

(A) for all n ≥ 0, L(W) ⊆ Kn, and (B) the intersection of all these compacts is {w∗}, where w∗ak = αk584

and w∗b` = β`, with (α, β) as in Theorem 1.5. We prove (A) in Section (5.3), and (B) in Section 5.4. In the585

rest of this section, we define the sequence (Kn)n≥0 and show that it is decreasing, i.e. that Kn+1 ⊂ Kn586

for all n ≥ 0. For this we need some additional notation. For all u,v ∈ E ′, we let587

Hak(u,v) =
Sak(u)

Sak(u) + Sbq(v)
and Hb`(u,v) =

Sb` (u)

Sb` (u) + Sap (v)
,588

for all 1 ≤ k ≤ p and 1 ≤ ` ≤ q. Recall further that by Proposition 5.1, there exists a constant cp,q > 0,589

such that almost surely590

L(W) ⊆ {w : we ≥ cp,q, for all e ∈ E}. (5.4)591

We also define w∗ as the limiting vector appearing in the statement of Theorem 1.5. More precisely, we592

have593

w∗ak = αk, and w∗b` = β`, (5.5)594

for all 1 ≤ k ≤ p, 1 ≤ ` ≤ q, with (α, β) the unique solution of the system (1.1) in (0, 1)2 (existence and595

uniqueness of the solution for this system of equations will be proved later, at the end Subsection 5.4).596

We then define u(0) and v(0) by597

u(0)
ak

= uk0, u(0)

b`
= u`0, and v(0)

ak
= v(0)

b`
= 1,598

for all 1 ≤ k ≤ p, 1 ≤ ` ≤ q, with u0 chosen arbitrarily so that599

0 < u0 < min(1− 1/q, α, β, cp,q).600

The fact that we choose u0 ≤ min(α, β) entails in particular601

0 < u(0)
e ≤ w∗e , for all e ∈ E.602
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Next we define inductively two sequences (u(n))n≥0 and (v(n)))n≥0, by603

u(n+1) = H(u(n),v(n)), and v(n+1) = H(v(n),u(n)).604

Finally, we define the sequence (Kn)n≥0 by605

Kn := {w ∈ E ′ : u(n)
e ≤ we ≤ v(n)

e , for all e ∈ E} (∀n ≥ 0).606

We prove now that this sequence is decreasing, that is, Kn+1 ⊂ Kn, for all n ≥ 0. More precisely, we607

prove that, for all n ≥ 0,608

u(n) < H(u(n),v(n)) = u(n+1) (5.6)609

v(n) > H(v(n),u(n)) = v(n+1). (5.7)610
611

We reason by induction on n: first note that, for all 1 ≤ k ≤ p and 1 ≤ ` ≤ q,612

Sak(u(0)) = uk0
1− u0
1− uk0

and Sb` (v
(0)) =

1

`
,613

which implies, using that 1− u0 > 1/q,614

u(1)
ak

= Hak(u(0),v(0)) =
uk0(1− u0)

uk0(1− u0) + (1− uk0)/q
>

uk0/q

uk0/q + (1− uk0)/q
= uk0 = u(0)

ak
,615

and616

v(1)ak
= Hak(v(0),u(0)) < 1 = v(0)

ak
.617

Similarly, for all 1 ≤ ` ≤ q,618

u(1)

b`
> u(0)

b`
and v(1)

b`
< v(0)

b`
.619

We now proceed to the induction step and assume that, for some n ≥ 1 u(n)
e > u(n−1)

e and v(n)
e < v(n−1)

e for620

all e ∈ E. We then simply observe that, for all e ∈ E,621

u(n+1)
e = He(u

(n),v(n)) > He(u
(n−1),v(n−1)) = u(n)

e ,622

and623

v(n+1)
e = He(v

(n),u(n)) < He(v
(n−1),u(n−1)) = v(n)

e ,624

which proves the induction step, and thus concludes the proofs of (5.6) and (5.7). In other words we just625

have proved that (Kn)n≥0 is indeed a sequence of decreasing sets.626

5.3 Proof that L(W) ⊆ Kn, for all n ≥ 0.627

We use an induction argument. Note first that by (5.4) and the definition of K0, one has almost surely628

L(W) ⊆ K0, using also the hypothesis u0 ≤ cp,q. We now prove the induction step, i.e. that almost629

surely, if L(W) ⊆ Kn, for some n ≥ 0, then also L(W) ⊆ Kn+1.630

To do so, we first look at Fak(w) for 1 ≤ k ≤ p and w such that ue ≤ we ≤ ve for all e ∈ E: we have631

Fak(w) =
Sak(w)

Sak(w) + Sbq(w)
− wak ≥

Sak(u)

Sak(u) + Sbq(v)
− wak = Hak(u,v)− wak .632

Thus, if ue ≤ we ≤ ve for all e ∈ E and633

wak < Hak(u,v),634

then Fak(w) > 0. Also, for all 1 ≤ k ≤ p, if ue ≤ we ≤ ve for all e ∈ E and635

wak > Hak(v,u),636
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then Fak(w) < 0. The same argument leads to637

wb` < Hb`(u,v) =⇒ Fb`(w) > 0;638

wb` > Hb`(v,u) =⇒ Fb`(w) < 0,639
640

for all 1 ≤ ` ≤ q, and if ue ≤ we ≤ ve for all e ∈ E. These facts imply that, for all n ≥ 0, and for any641

w ∈ Kn, the flow of the ODE ẏ = F (y) started at w converges to Kn+1. Therefore if we already know642

that L(W) ⊆ Kn, then it means that L(W)∩Kn+1 is an attractor of the flow restricted to L(W). Thus643

by Proposition 2.5, we deduce that L(W) ⊆ Kn+1.644

Altogether this proves that L(W) is almost surely included in the intersection of all the Kn’s.645

5.4 Identification of the intersection of the Kn’s.646

We show here that the intersection of the Kn’s is reduced to the single point w∗, which appears as the647

limiting vector in the statement of Theorem 1.5 (see also (5.5) above).648

Since the sequences (u(n)
e ) and (v(n)

e ) are all monotonic and bounded, they all converge. We let649

u∗ = limn→+∞ u
(n) and v∗ = limn→+∞ u

(n). Because H is continuous on E ′, we have650

u∗ = H(u∗,v∗), and v∗ = H(v∗,u∗).651

The equation u∗ = H(u∗,v∗) can be written as, for all 1 ≤ k ≤ p, 1 ≤ ` ≤ q,652

u∗ak =
Sak(u∗)

Sak(u∗) + Sbq(v
∗)

and u∗b` =
Sb` (u

∗)

Sb` (u
∗) + Sap (v∗)

.653

Using that Sa1 (u∗) = u∗a1 and Sb1(u
∗) = u∗b1 , this implies that654

u∗a1 = 1− Sbq(v∗) =: α and u∗b1 = 1− Sap (v∗) =: β, (5.8)655

and, for all 2 ≤ k ≤ p, 2 ≤ ` ≤ q,656

u∗ak =
Sak(u∗)

Sak(u∗) + 1− u∗a1
and u∗b` =

Sb` (u
∗)

Sb` (u
∗) + 1− u∗b1

.657

We first show by induction that this implies u∗ak = αk and u∗b` = β` for all 1 ≤ k ≤ p and 1 ≤ ` ≤ q.658

Indeed, if for some 1 < k ≤ p, and all 1 ≤ i < k, u∗ai = αi, then659

u∗ak =

(
1
u∗ak

+ 1−αk−1

αk−1(1−α)

)−1
(

1
u∗ak

+ 1−αk−1

αk−1(1−α)

)−1
+ 1− α

=
1

1 + (1− α)
(

1
u∗ak

+ 1−αk−1

αk−1(1−α)

) ,660

and a straightforward calculation yields that u∗ak = αk, as claimed. The proof of u∗b` = β` for all 1 ≤ ` ≤ q661

is similar.662

Since (u∗,v∗) also satisfies the symmetric equation v∗ = H(v∗,u∗), we get that663

v∗a1 = 1− Sbq(u∗) =: ᾱ and v∗b1 = 1− Sap (u∗) =: β̄, (5.9)664

and v∗ak = ᾱk, v∗b` = β̄` for all 1 ≤ k ≤ p and 1 ≤ ` ≤ q. Using this into (5.8), and using the definition of665

Sp and Sq (see (5.3)), we get666

α = 1− 1∑q
i=1 β̄

−i and β = 1− 1∑p
i=1 ᾱ

−i .667
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Similarly, using the fact that u∗ak = αk and u∗b` = β` for all 1 ≤ k ≤ p and 1 ≤ ` ≤ q, together with668

Equation (5.9), we get669

ᾱ = 1− 1∑q
i=1 β

−i and β̄ = 1− 1∑p
i=1 α

−i .670

Note that671

α = 1− 1∑q
i=1 β̄

−i ⇔ 1− α =
β̄q(1− β̄)

1− β̄q
, (5.10)672

and, similarly,673

β̄ = 1− 1∑p
i=1 α

−i ⇔ 1− β̄ =
αp(1− α)

1− αp
. (5.11)674

For all integer p ≥ 2 and x ∈ [0, 1], we let675

fp(x) = 1− 1∑p
i=1 x

−i = 1− xp(1− x)

1− xp
.676

With this notation, we have α = fq(β̄) and β̄ = fp(α) (and similarly for ᾱ and β), and thus677

α = fq ◦ fp(α) and ᾱ = fq ◦ fp(ᾱ).678

We now show that fp is a contraction for all p ≥ 2, implying that fp ◦ fq is also a contraction, and thus679

admits a unique fixed point, which implies α = ᾱ (and thus β = β̄).680

Lemma 5.3. For all p ≥ 2, the function fp : [0, 1]→ R defined by681

fp(x) := 1− xp(1− x)

1− xp
,682

is a contraction.683

Proof. First note that fp can be extended to a continuous function on [0, 1] by setting fp(1) = 1− 1/p. To684

prove that fp is a contraction, we show that there exists ε > 0 such that, for all x ∈ [0, 1], |f ′p(x)| ≤ 1− ε.685

First note that, for all x ∈ [0, 1),686

f ′p(x) = −x
p−1(xp+1 − (p+ 1)x+ p)

(1− xp)2
.687

For all ε > 0, we have that688

f ′p(x) ≤ 1− ε ⇔ x2p − (p+ 1)xp + pxp−1 ≤ 1− ε− 2(1− ε)xp + (1− ε)x2p689

⇔ 0 ≤ 1− ε− pxp−1 + (p− 1 + 2ε)xp − εx2p =: ϕ(x).690
691

To understand ϕ(x) on [0, 1], we look at its derivative: for all x ∈ [0, 1],692

ϕ′(x) = −p(p− 1)xp−2 + p(p− 1 + 2ε)xp−1 − 2pεx2p−1 = xp−2ψ(x),693

where694

ψ(x) = −p(p− 1) + p(p− 1 + 2ε)x− 2pεxp+1.695

Note that ψ′(x) = p(p− 1 + 2ε)− 2p(p+ 1)εxp is non-negative if and only if696

xp ≤ p(p− 1 + 2ε)

2p(p+ 1)ε
.697

For all ε small enough, the right-hand side of this inequality is larger than one (because p ≥ 2), implying698

that for such ε, ψ′(x) is non-negative and thus ψ is non-decreasing on [0, 1]. And thus, for all x ∈ [0, 1],699

ψ(x) ≤ ψ(1) = 0. Therefore, since ϕ′(x) = xp−2ψ(x), we get that ϕ′(x) ≤ 0 for all x ∈ [0, 1], and thus ϕ700

is non-increasing on [0, 1]. This implies that ϕ(x) ≤ ϕ(0) = 1− ε, and thus concludes the proof.701
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We have thus proved that α = ᾱ and β = β̄, where we recall that (α, β) is the unique solution of702

α = fq(β) and β = fp(α) in (0, 1)2, i.e.703 {
α = 1− βq(1−β)

1−βq

β = 1− αp(1−α)
1−αp .

(5.12)704

It only remains to show that (α, β) is also a solution of (1.1), and that it is the unique solution of (1.1)705

on (0, 1)2. Since (α, β) is a solution of (5.12), we get that706

(1− α)(1− βq) = βq(1− β) ⇒ 1− α = βq(2− α− β),707

and, similarly,708

(1− β)(1− αp) = αp(1− α) ⇒ 1− β = αp(2− α− β).709

This implies710

2− α− β =
1− β
αp

=
1− α
βq

,711

and thus (α, β) satisfies the second equation of (1.1). Furthermore,712

αp + βq =
1− β

2− α = β
+

1− α
2− α− β

= 1,713

implying that (α, β) is solution of (1.1).714

To prove that (1.1) has a unique solution on (0, 1)2, we show that any solution of (1.1) on (0, 1)2715

is also a solution of (5.12) (since the latter has a unique solution on (0, 1)2, this concludes the proof).716

Indeed, if (α, β) ∈ (0, 1)2 is a solution of (1.1), then717

1− α =
βq(1− β)

αp
=
βq(1− β)

1− βq
,718

which implies the first equation of (5.12). The second equation of (5.12) can obtained similarly. Therefore,719

if (α, β) is a solution of (1.1), then it is also a solution of (5.12), which concludes the proof of Theorem 1.5.720

6 The lozenge: proof of Proposition 1.6721

First recall that, by Proposition 2.7 and the specificities of the lozenge graph, if we let Ŵ(n) = W(n)
n+2722

(∀n ≥ 0), then, for all n ≥ 0, Ŵ(n) ∈ E ′, where723

E ′ := {w = (w1, w2, w3, w4, w5) ∈ E : w2 + w5 = 1, w1 + w4 ≥ 1, w2 ≤ w1 + w3, w5 ≤ w3 + w4},724

with E as defined in (2.5). The first condition (w2 +w5 = 1) is satisfied by Ŵ(n) because, by definition of725

the model, each ant reinforces either edge 2 or edge 5 but not both. The second condition (w1 +w4 ≥ 1)726

is redundant with the fact that w ∈ E (it is the same condition as πw(N) ≥ 1). The third condition727

(w2 ≤ w1 +w3) holds because each ant that reinforces edge 2 also reinforces either edge 1 or edge 3. The728

fourth condition is the symmetric of the third one.729

Remark. As in Section 4, it is convenient to define Ŵ(n) as W(n)/(n+2) rather than as W(n)/(n+1).730

This is because with the former definition, we have Ŵ2(n) + Ŵ5(n) = 1 for all n ≥ 0, which is not true731

with the latter definition (although it holds asymptotically as n→ +∞).732
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Moreover, for all n ≥ 0,733

Ŵ(n+ 1) = Ŵ(n) +
1

n+ 3

(
F (Ŵ(n)) + ξn+1

)
,734

with ξn+1 some martingale difference, and where Fi(w) = pi(w)−wi, with pi(w) = P(ei ∈ γn+1 | Ŵ(n) =735

w) (note that this probability does not depend on n).736

The first step in the proof of Proposition 1.6 is to compute these probabilities pi(w), for 1 ≤ i ≤ 5. A737

straightforward calculation, which we carry out in Section A, shows that for all w ∈ E ′,738

p1(w) =
w1

w1 + w4
+

w4

w1 + w4
·

w1
w3+w4+w5

(
w4

w1+w4
+ w3

w1+w2+w3

)
1− w2

4
(w1+w4)(w3+w4+w5)

− w2
3

(w1+w2+w3)(w3+w4+w5)

739

p2(w) =
w2(w1(w3 + w4 + w5) + w3w4)

(w1 + w4)(w3 + w2w5 + w1w4
w1+w4

)
740

p3(w) =
w3

(
w1

w1+w2+w3
+ w4

w3+w4+w5

)
w1 + w4 −

(
w2

1
w1+w2+w3

+
w2

4
w3+w4+w5

) . (6.1)741

742

By symmetry, we also have p4(w) = p1(w4, w5, w3, w1, w2) and p5(w) = p2(w4, w5, w3, w1, w2). Further-743

more, since, by definition of the model, each ant reinforces either edge 2, or edge 5, but not both, we have744

p2(w) = 1− p5(w). Note also that, for all w ∈ E ′,745

F2(w) = p2(w)− w2 =
w2w5(

w1
w1+w4

− w2)

w3 + w2w5 + w1w4
w1+w4

, (6.2)746

and747

p3(w) =
w3(α+ β)

α(w3 + w2) + β(w3 + w5)
, (6.3)748

with749

α :=
w1

w1 + w2 + w3
, and β :=

w4

w3 + w4 + w5
, (6.4)750

where by convention we set α = 0 when w1 = 0, and similarly β = 0, when w4 = 0.751

The second step is the following fact.752

Lemma 6.1. Almost surely lim infn→+∞
W1(n)
n > 0, and by symmetry lim infn→+∞

W4(n)
n > 0 almost753

surely.754

Proof. Note that for all w ∈ E ′,755

p1(w)

w1
≥ 1

w1 + w4
+

w2
4

w1 + w4
· 1

(w3 + w4 + w5)(w1 + w4)− w2
4

.756

When w1 → 0, we have w4 → 1 because 1− w1 ≤ w4 ≤ 1 for all w ∈ E ′. Using in addition the fact that757

w3 + w5 ≤ 2 for all w ∈ E ′, we get that758

lim inf
w1→0

p1(w)

w1
≥ 3

2
,759

and then the result follows from Corollary 2.2.760

We next prove the following result.761
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Lemma 6.2. For all w ∈ E ′, one has762

(i) If w2 <
w1

w1+w4
, then F2(w) > 0, and if w2 >

w1
w1+w4

, then F2(w) < 0.763

(ii) If w2 ≥ w1
w1+w4

, and 0 < w1 < w4, then F1(w)w4 − F4(w)w1 > 0. Likewise, if w2 ≤ w1
w1+w4

, and764

w4 < w1 < 1, then F1(w)w4 − F4(w)w1 < 0.765

Proof. The first claim follows directly from (6.2). For the second claim, note that if w2 ≥ w1
w1+w4

, then766

with the notation of (6.4), one has λ1 ≤ w1

w1+
w1

w1+w4
+w3

, and if in addition w1 < w4, we get767

λ1 ≤
w1

w1 + w1
w1+w4

+ w3
<

w4

w4 + w4
w1+w4

+ w3
≤ λ4,768

since w2 ≥ w1
w1+w4

is equivalent to w5 ≤ w4
w1+w4

(using that for w ∈ E , w5 = 1 − w2). Then, we get using769

(6.1), and again λ4 ≥ λ1, and w4 > w1,770

F1(w)w4 − F4(w)w1 = p1(w)w4 − p4(w)w1771

=
w1w4

w1 + w4


w4λ4
w1+w4

+ w3w4
(w1+w2+w3)(w3+w4+w5)

1− w4λ4
w1+w4

− w2
3

(w1+w2+w3)(w3+w4+w5)

−
w1λ1
w1+w4

+ w3w1
(w1+w2+w3)(w3+w4+w5)

1− w1λ1
w1+w4

− w2
3

(w1+w2+w3)(w3+w4+w5)

 > 0,772

773

proving the first statement of (ii). The second statement follows from similar arguments.774

As a corollary we get the following:775

Lemma 6.3. Let t 7→ Φ(t) be a solution of the equation ẏ = F (y), starting from some point w ∈ U :=776

{w ∈ E ′ : w1w4 6= 0}. Then limt→∞Φ(t) = (w∗, 1/2, 1/2, w∗, 1/2), where w∗ is the unique solution in [0, 1]777

of the equation 2x3 + 4x2 − 2x− 3
2 = 0.778

Proof. We first show that Φ(t) converges to the setH := E ′∩{w2 = w1
w1+w4

= 1/2}. Denote by (Φi(t))i=1,...,5779

the coordinates of the vector Φ(t), and let780

u(t) = Φ2(t)−
1

2
, and v(t) =

Φ1(t)

Φ1(t) + Φ4(t)
− 1

2
.781

By definition, taking the derivative along the flow, we get782

u′(t) = F2(Φ(t)), and v′(t) =
F1(Φ(t)) · Φ4(t)− F4(Φ(t)) · Φ1(t)

(Φ1(t) + Φ4(t))2
.783

Our aim is to show that h(t) := max(|u(t)|, |v(t)|) is a Lyapunov function, i.e. that it is decreasing, for all784

t smaller than the (possibly infinite) time when it reaches 0, and that it converges to 0. To see this, first785

note that if at some time t, one has 0 ≤ v(t) < u(t), then by Lemma 6.2(i), h′(t) = u′(t) = F2(Φ(t)) < 0.786

By symmetry, if u(t) < v(t) ≤ 0, then h′(t) = −u′(t) < 0. Second, note that, if v(t) < 0 ≤ u(t), then787

by Lemma 6.2, we have u′(t) < 0 and v′(t) > 0, which entails that h is decreasing in a neighborhood788

of t since both its right and left derivatives are negative at this time (it is differentiable if |u(t)| 6= |v(t)|).789

Symmetrically, the same holds if u(t) < 0 ≤ v(t). Finally when u(t) = v(t) 6= 0, we see that u′(t) = 0790

while v′(t) 6= 0, so that in a neighborhood of t, u(t) 6= v(t), and thus by the previous argument h is791

again decreasing in a neighborhood of t. As a consequence, h is decreasing up to the (possibly infinite)792

time when it reaches 0, and thus converges. Note also that the previous arguments show that h has a793

negative right-derivative at any non-zero value, which implies that its only possible limit is zero. This794

indeed implies that Φ(t) converges to the set H := E ′ ∩ {w2 = w1
w1+w4

= 1/2}, as claimed.795

We now prove that Φ(t) converges to the set H′ := H ∩ {w3 = 1/2}. Indeed, observe that for any796

w ∈ H,797

F3(w) =
w3

w3 + 1/2
− w3,798
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thus F3(w) > 0, if w3 < 1/2, and F3(w) < 0 if w3 > 1/2. Since F3 is continuous and E is compact, F3 is799

also positive in a neighborhood ofH∩{w3 ≤ 1/2−ε}, and negative in a neighborhood ofH∩{w3 ≥ 1/2+ε},800

for any fixed ε > 0. Since we also know that Φ(t) converges to H, it follows that it converges to801

H ∩ {1/2− ε ≤ w3 ≤ 1/2 + ε}, for any ε > 0. In other words it converges well to H′, proving the claim.802

Finally, note that for any w ∈ H′, one has803

F1(w) =
1

2
+

1

2
·

w1
1+w1

(
1
2 +

1/2
1+w1

)
1− 1

2
w1

1+w1
− 1/4

(1+w1)2

− w1 =
1

2
+

w1(2 + w1)

2w2
1 + 6w1 + 3

− w1.804

Then one can check that F1(w) > 0 if and only if f(w1) > 0 where, for all x ∈ R,805

f(x) = −2x3 − 4x2 + 2x+
3

2
.806

Note that f is a polynomial of degree 3, it thus has at most three zeros in R. One can check that f ′ is807

positive on ((−2−
√

7)/3, (−2 +
√

7)/3) and non-positive on the complement of this set. Thus, on [0, 1],808

f is non-decreasing on [0, (−2 +
√

7)/3] and non-increasing on [(−2 +
√

7)/3, 1]. Since f(0) = 3/2 > 0 and809

f(1) = −5/2, we get that there exists a unique solution to f(x) = 0 on [0, 1], which we call w∗. Moreover,810

f(x) > 0 for all x ∈ [0, w∗) and f(x) < 0 for all x ∈ (w∗, 1]. The conclusion follows, using again continuity811

of F1 and compactness of H′, as above.812

The proof of Proposition 1.6 now follows from Corollary 2.6. Indeed, by Lemma 6.1, the limiting813

set L(Ŵ ) of the stochastic approximation (Ŵ (n))n≥0 is contained in the set U , which was defined in814

Lemma 6.3. Then Lemma 6.3 and Corollary 2.6 imply that L(Ŵ ) = {(w∗, 1/2, 1/2, w∗, 1/2)}, as wanted.815

A Calculating F in the lozenge case: proof of (6.1)816

We use the same notation as in Section 6. To prove (6.1), we use the electrical networks method (see,817

e.g. [LL10]). We start by calculating p2(w): this is the probability that a random walker on the graph818

with weights w = (wi)1≤i≤5, starting from N , crosses Edge 2 before crossing Edge 5. This is equal to the819

probability that a walker starting from N reaches F2 before F5 on the weighted graph of Figure 6. We820

decompose p2(w) according to the first step of the walker:821

p2(w) =
w1

w1 + w4
· p22(w) +

w4

w1 + w4
· p25(w), (A.1)822

where p22(w) (resp. p25(w)) denotes the probability to reach F2 before F5 starting from P2 (resp. P5) on823

the graph of Figure 6. By classical formulas for random walks on weighted graphs (see, e.g. [LL10]),824

p22(w) =
CP2F2(w)

CP2F2(w) + CP2F5(w)
,825

where CXY (w) is the effective conductance between vertices X and Y when the edge weights are given826

byw. By definition of effective conductances, the effective conductance of a single edge is its weight. Thus,827

CP2F2 = w2. Moreover, the conductance of two edges in parallel is the sum of their effective conductances,828

the effective conductance of two edges in series is the inverse of the sum of the inverses of their effective829

conductances. Using these formulas, we get (see Figure 6 for details)830

CP2F2(w) =

(
w3 + w1w4

w1+w4

)
w5

w3 + w5 + w1w4
w1+w4

.831

24



N

F2 F5

w2
w3

w5

w4w1

P2 P5 F2 F5

w2 w5

P2 P5

w3 +
w1w4

w1+w4⇔
F2 F5

w2

P2

w5

(
w3+

w1w4
w1+w4

)
w3+w5+

w1w4
w1+w4⇔

Figure 6: Notation for the proof of (6.1), and calculation of p22(w), the probability of reaching F2 before
F5 starting from P2.

We thus get832

p22(w) =
w2

w2 +

(
w3+

w1w4
w1+w4

)
w5

w3+w5+
w1w4
w1+w4

=
w2

(
w3 + w5 + w1w4

w1+w4

)
w2

(
w3 + w5 + w1w4

w1+w4

)
+
(
w3 + w1w4

w1+w4

)
w5

=
w2

(
w3 + w5 + w1w4

w1+w4

)
w3 + w2w5 + w1w4

w1+w4

,833

834

because w2 + w5 = 1 for all w ∈ E ′. By symmetry,835

p25(w) = 1−
w5

(
w2 + w3 + w1w4

w1+w4

)
w3 + w2w5 + w1w4

w1+w4

=
(1− w5)

(
w3 + w1w4

w1+w4

)
w3 + w2w5 + w1w4

w1+w4

=
w2

(
w3 + w1w4

w1+w4

)
w3 + w2w5 + w1w4

w1+w4

.836

Thus, (A.1) becomes837

p2(w) =
w1

w1 + w4
·
w2

(
w3 + w5 + w1w4

w1+w4

)
w3 + w2w5 + w1w4

w1+w4

+
w4

w1 + w4
·

w2

(
w3 + w1w4

w1+w4

)
w3 + w2w5 + w1w4

w1+w4

838

=
w2(w1(w3 + w4 + w5) + w3w4)

w3 + w2w5 + w1w4
w1+w4

,839

840

as claimed.841

We now calculate p3(w): we decompose on the first step of the random walker to get842

p3(w) =
w1

w1 + w4
· p32(w) +

w4

w1 + w4
· p35(w), (A.2)843

where p32(w) (resp. p35(w)) is the probability to cross edge 3 before reaching F starting from P2 (resp.844

P5), when the edge weights are given by w. Decomposing over the first weight of a random walker starting845

at P2, we get846

p32(w) =
w1

w1 + w2 + w3
· p3(w) +

w3

w1 + w2 + w3
,847

and similarly for p35(w). Using this in (A.2), we get848

p3(w)849

=
w1

w1 + w4

(
w1

w1 + w2 + w3
· p3(w) +

w3

w1 + w2 + w3

)
+

w1

w1 + w4

(
w4

w3 + w4 + w5
· p3(w) +

w3

w3 + w4 + w5

)
,850

851

which implies852 (
1− w2

1

(w1 + w4)(w1 + w2 + w3)
− w2

4

(w1 + w4)(w3 + w4 + w5)

)
p3(w)853

=
w3

w1 + w4

(
w1

w1 + w2 + w3
+

w4

w3 + w4 + w5

)
.854

855

This indeed gives the formula for p3(w) announced in (6.1).856
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Finally, we show how to calculate p1(w): again, we decompose according to the first step of the walker:857

858

p1(w) =
w1

w1 + w4
+

w4

w1 + w4
· p15(w), (A.3)859

where p15(w) is the probability to cross edge 1 before reaching F starting from P5. Decomposing according860

to the first step again, we get861

p15(w) =
w4

w3 + w4 + w5
· p1(w) +

w3

w3 + w4 + w5
· p12(w)862

=
w4

w3 + w4 + w5

(
w1

w1 + w4
+

w4

w1 + w4
· p15(w)

)
+

w3

w3 + w4 + w5
· p12(w) (A.4)863

864

where p12(w) is the probability to cross edge 1 before reaching F starting from P2. We have used (A.3)865

in the second equality. Finally, we have866

p12(w) =
w1

w1 + w2 + w3
+

w3

w1 + w2 + w3
· p15(w). (A.5)867

Using (A.5) in (A.4) we get868

p15(w) =
w1

w1+w4
· w4
w3+w4+w5

+ w1
w1+w2+w3

· w3
w3+w4+w5

1− w2
4

(w1+w4)(w3+w4+w5)
− w2

3
(w1+w2+w3)(w3+w4+w5)

,869

and we can then use in (A.3) to get the formula for p1(w) announced in (6.1).870
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