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Summary

In this thesis, we investigate a family of fast-slow Hamiltonian systems, which is
parametrised by a small scale parameter ε, indicating the typical timescale ratio of
the fast and slow degrees of freedom. It is known that the family of mechanical sys-
tems converges for ε→ 0 to a homogenised system. In this thesis, we are interested in
the situation where ε is small but positive.

A significant part of this thesis is devoted to the rigorous derivation of the second-
order corrections to the homogenised degrees of freedom. They can be decomposed
into explicitly given terms that oscillate rapidly around zero and terms that consti-
tute the average evolution of the corrections, which are given as the solution to an
inhomogeneous linear system of differential equations.

Furthermore, based on the second-order asymptotic expansion, we investigate the
energy of the fast degrees of freedom from a thermodynamic point of view. More
specifically, we define and expand a temperature, an entropy, and an external force and
show that they satisfy to leading- as well on average to second-order thermodynamic
energy relations similar to the first and second law of thermodynamics.

Finally, we analyse the second-order asymptotic expansion of the slow degrees of
freedom for a specific test model from a numerical point of view. Supported by sim-
ulations, we examine their approximation error on short and long time intervals and
compare their total computation time with that of the slow solution to the original
system of similar accuracy.
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Chapter 1

Introduction

Molecular dynamics simulations are computer simulations that calculate the discrete
evolution of interacting particles whose interactions are modelled by physical laws, for
consecutive points in time. Whether in supporting the development of new vaccines
against the SARS-Cov-2 coronavirus [4], analysing the mechanical properties of new
metamaterials [126], or investigating the physical basis of the function of large biological
macromolecules [63], molecular dynamics simulations are powerful and ubiquitous tools
in many of the applied sciences.

The motivation for this research project comes from the realisation that although
the potential of large-scale molecular dynamics simulations is enormous, their utility is
still limited because of the substantial computational costs associated with them. Al-
though supercomputers have become increasingly more powerful over the last decades,
we are unfortunately still unable to perform all-atom molecular dynamics simulations of
engineering sized objects such as a drop of water which comprises roughly 1021 atoms.
In 2008 the Lawrence Livermore National Laboratory’s BlueGene/L supercomputer
was extended from about 130 000 CPUs to about 210 000 CPUs and hence allowed
to run one of the most extensive molecular dynamics simulations to date. According
to [44], this simulation took “a couple of days” to simulate a cube with 2.5µm edge
length comprising 1012 particles for 10 ps. The authors claim that under the assump-
tion of the doubling of computer power every 18 months, simulations on engineering
scales (cubes of 2.5 cm edge length for 1 ms) can be fully resolved in about 60 to 100
years. The assumed doubling of computer power is related to “Moore’s law”. It was
posited in 1965 by Gordon Moore [89] and states that the number of transistors on an
integrated circuit doubles periodically, which was a major reason for the exponential
growth of computer power in the last decades. It seems today, however, that the rate
with which computer power increases slowed down significantly in recent years [54, 103],
and it is unclear if or when its exponential growth comes to an end. To further scale
molecular dynamics simulations, approaches besides simply increasing the number of
CPUs in supercomputers are explored. From a technical point of view, already today,
further scaling can be achieved by simulating molecular processes on GPUs [116] or
ASICs [109] instead of on CPUs, and in future, maybe quantum computers [97] allow
molecular dynamics simulations to reach their full potential. However, it is clear that
the software, or more specifically the underlying mathematical theory [42, 79] used
to derive molecular dynamics simulations, has to improve in a similar way, to derive
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all-atom molecular dynamics simulations on engineering scales in the near future. The
improvement of the mathematical theory is the underlying motivation of this research
project.

The scalability issue of molecular dynamics simulations arises from two compound-
ing problems. Firstly, even small macroscopic systems require the simulation of a
(potentially) large number of particles. Secondly, the simulation of molecular struc-
tures requires a step size in the numerical integration scheme that ranges in the order
of 10−15 seconds to accurately replicate the fast molecular vibrations of the real-world
physical system.

From an applications point of view, one is usually only interested in deriving the
conformal motion of molecules, i.e., the dynamical change of the macroscopic shape,
and not in analysing the exact evolution of the fast molecular vibrations. This fact
provides an opportunity for the development of mathematical formalisms that describe
only the macro-scale evolution of the dynamical system without fully resolving the fast
micro-scale vibrations.

Fast-slow mechanical systems can be used to model physical processes that evolve
simultaneously on different scales in space and time. They find application in modelling
the dynamics of molecules where the fast degrees of freedom represent the fast molecular
vibrations, and the slow degrees of freedom represent the slow conformal motion of a
molecule.

In [22], Bornemann analyses a specific family of fast-slow mechanical systems that
is parametrised by a small scale parameter ε. This scale parameter quantifies the scale
ratio of the typical timescale of the fast and slow degrees of freedom. Most importantly,
through homogenisation in time, he describes how to derive a mechanical system that
governs the effective evolution of the original system’s slow, macro-scale dynamics.
Thus, a rigorous mathematical description of a molecule’s conformal motion can be
derived by modelling its dynamics as a fast-slow mechanical system and a subsequent
application of the homogenisation theory as presented in [22].

The family of fast-slow mechanical systems analysed in [22] and the accompanying
homogenisation theory thus provides an excellent foundation for the theoretical im-
provement of molecular dynamics simulations, which is the primary goal of this work.

1.1 The general fast-slow mechanical system

We will summarise the central statement of the homogenisation theory presented in [22].
It will be discussed in more detail as Theorem 4.1 in Chapter 4 of this work.

The fast-slow mechanical system analysed in [22] consists of a smooth Riemannian
configuration manifold M with metric 〈·, ·〉 and smooth potential functions U, V : M →
R. For a sequence ε→ 0, the dynamics of the system is described by the Lagrangian

Lε(x, ẋ) = 1
2 〈ẋ, ẋ〉 − V (x)− ε−2U(x), ẋ ∈ TxM. (1.1)

The “strong” potential U characterises the fast dynamics of the system and is assumed
to constrain spectrally smooth to a nondegenerate critical submanifold N = U−1(0) ⊂
M . If the initial positions are chosen such that xε(0) = x∗ ∈ N and the initial velocities
are convergent in Tx∗M , i.e., ẋε(0)→ v∗ ∈ Tx∗M , then there exists, for any finite time

2



interval [0, T ], a unique solution xε of the Euler-Lagrange equations corresponding
to (1.1) that oscillates rapidly around the critical submanifold N ⊂M .

Let x0 ∈ N be the unique solution of the Euler-Lagrange equations corresponding
to the homogenised Lagrangian

Lhom(x, ẋ) = 1
2 〈ẋ, ẋ〉 − V (x)− Uhom(x), ẋ ∈ TxN, (1.2)

with initial data x0(0) = x∗ ∈ N and ẋ0(0) = Q(x∗)v∗ ∈ Tx∗N . Here, the homogenised
potential Uhom can be derived from the Hessian of U and (x∗, v∗).

If x0 is non-flatly resonant up to order three, then the sequence xε converges uni-
formly to x0 in [0, T ].

It is important to note that the dynamics of x0 on the submanifold N ⊂ M char-
acterises the slow, macro-scale evolution of the system (1.1). Thus, from a molecular
dynamics point of view, if xε describes the dynamics of a molecule, then the function
x0 describes its conformal motion.

1.2 The simplified fast-slow mechanical system

Due to the generality of the fast-slow mechanical system 1.1, the proof of the homogeni-
sation result requires a deep, differential geometric understanding of the problem, which
would complicate the analysis in the main body of this work considerably. To avoid the
related technical difficulties, we will study in this thesis instead a simplified fast-slow
mechanical system, parametrised by a small scale parameter 0 < ε < ε0 <∞, which is
governed by the Lagrangian

Lε(x, ẋ) = 1
2 |ẋ|

2 − V (x)− ε−2U(x), ẋ ∈ TxM, (1.3)

on a Euclidean configuration space M = Rm. We assume that x = (y, z) ∈ Rn ×
Rr = Rm, where y represents the slow and z represents the fast degrees of freedom.
Furthermore, the dynamics is prescribed by the smooth potential functions V = V (y)
and

U(x) = 1
2 〈H(y)z, z〉 , with H(y) = diag(ω2

1(y), . . . , ω2
r (y)),

where the smooth functions ωλ ∈ C∞(Rn) (λ = 1, . . . , r) are uniformly positive. For the
unique derivation of the ε-dependent coordinates yε and zε through the corresponding
Euler-Lagrange equations we consider ε-independent initial values

yε(0) = y∗, ẏε(0) = p∗, zε(0) = 0, żε(0) = u∗. (1.4)

The particular choice zε(0) = 0 ensures that the energy of the system is independent
of ε and uniformly bounded,

Eε = 1
2 |ẏε|

2 + 1
2 |żε|

2 + V (yε) + ε−2U(yε, zε) = 1
2 |p∗|

2 + 1
2 |u∗|

2 + V (y∗) = E∗.

By applying the homogenisation theory presented in [22], one can derive a homogenised
system governed by the Lagrangian

Lhom(x, ẋ) = 1
2 |ẋ| − V (x)− Uhom(x), ẋ ∈ TxN, (1.5)
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where

Uhom(x) =
r∑

λ=1

θλ∗ωλ(y), with θλ∗ =

∣∣uλ∗
∣∣2

2ωλ(y∗)
, λ = 1, . . . , r. (1.6)

Furthermore, let xε = (yε, zε) be the unique solution to the Euler-Lagrange equations
corresponding to (1.3) with initial values given by (1.4), and let y0 be the unique
solution to the Euler-Lagrange equations corresponding to (1.5) with initial values
given by y0(0) = y∗ and ẏ0(0) = p∗. It follows from Theorem 4.1, that for every
finite time interval [0, T ] one obtains for ε → 0 the strong convergence yε → y0 in

C1([0, T ],Rn) and the weak∗ convergences ε−1zε
∗
⇀ 0 and żε

∗
⇀ 0 in L∞([0, T ],Rr).

In comparison with the general fast-slow mechanical system (1.1), system (1.3) is
easier to analyse but retains all the essential characteristics from system (1.1). The
splitting x = (y, z) can be understood as a representation of x in the neighbourhood
of N , where y ∈ N and z ∈ TyN⊥. In particular, the critical submanifold N ⊂ M in
(y, z) coordinates is given by N = {(y, z) ∈ Rn × Rr : z = 0}.

1.3 Summary of the main results

The simplified fast-slow mechanical system (1.3) is a particular mathematical model
in the context of the general fast-slow mechanical system (1.1). Concerning molecular
dynamics, the important conformal motion of a molecule is thus figuratively represented
by the dynamics of the slow degrees of freedom yε. The less important fast molecular
vibrations are analogously figuratively represented by the fast degrees of freedom zε.
Thus, we are primarily interested in deriving information about yε. With yε → y0 in
C1([0, T ]), y0 is an approximation of yε for small ε. In applications, working with y0

instead of yε has the advantage that its numerical computation from (1.5) is significantly
faster than that of yε because the step-size in a numerical integration scheme can be
chosen larger than what would be required to calculate yε from (1.3). This fact comes,
however, with a trade-off. The approximation error ‖yε − y0‖ depends on the scale
parameter ε. It is a fixed parameter determined by the underlying physical system that
the model aims to represent. In the case of a small ε, the error made by approximating
yε by y0 might be an acceptable compromise to resolve the scalability issue mentioned
earlier. However, a problem arises if ε is not small enough so that an approximation
of yε by y0 is still acceptable for applicational purposes and thus a costly computation
of yε directly is necessary. For example, in [22, Chap. III §2] the author applies the
homogenisation theory to derive the conformal motion of a butane molecule where the
scale parameter is ε ≈ 0.25. Unsurprisingly, the approximation error is relatively large
and increases considerably in time (see Figure 4-3), which makes it rather unsuitable
to describe the conformal motion of the molecule for long time intervals.

The first goal of this research project is thus to extend the homogenisation theory of
fast-slow mechanical systems as presented in [22] by deriving a higher-order asymptotic
expansion of yε without resolving zε. Inspired by the formal asymptotic analysis derived
in [22, Appendix C] we obtain a second-order asymptotic expansion by first transform-
ing the fast degrees of freedom (zε, żε) into action-angle variables (θε, φε). Subsequently,
we use weak convergence techniques to derive the second-order asymptotic expansion of
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the transformed system’s degrees of freedom. For example, in the case of yε, the second-
order asymptotic expansion takes the form yε = y0+ε2 (ȳ2 + [y2]ε)+ε2yε3, where yε3 → 0
in C([0, T ],Rn). Here, the function y0 is the leading-order term, derived from (1.5), the
function ȳ2 is the slow component of the second-order correction, which can be derived
as the solution to an inhomogeneous linear system of differential equations, and [y2]ε

is the fast component of the second-order correction, which consists of explicitly given
rapidly oscillating terms that converge weakly∗ to zero in L∞([0, T ],Rn).

Besides extending the homogenisation theory presented in [22], we will analyse
the system from a thermodynamic point of view. Statistical mechanics provides a
theory that allows for the derivation of slowly evolving, macro-scale quantities such as
temperature, entropy, and external forces from the fast, micro-scale dynamics in large-
scale interacting particle systems. By contrast, the relation of temperature, entropy,
external forces, and energy is described by classical thermodynamics.

Our second goal in this research project is to apply concepts from classical thermo-
dynamics and statistical mechanics to derive additional knowledge about the simplified
fast-slow mechanical system. Our primary motivation for the thermodynamic analysis
is that it can potentially facilitate the development of new integration methods for
large-scale molecular dynamics simulations.

In its inception statistical thermodynamics was formulated by Boltzmann [21],
Gibbs [45], and Hertz [55] for ergodic Hamiltonian systems that are slowly perturbed

by external agents. By decomposing the total energy Eε into E
‖
ε and E⊥ε such that

Eε = E
‖
ε +E⊥ε , the energy E⊥ε (zε, żε; yε) = 1

2 |żε|2 +ε−2U(yε, zε) describes the evolution
of the fast subsystem consisting of (zε, żε) under a slow, external perturbation described
by the dynamics of yε. By applying Hertz thermodynamic theory to the fast subsystem,
we can identify a temperature Tε, an entropy Sε, and an external force Fε, where the
dynamical information of all fast degrees of freedom is compressed in the two terms Tε
and Sε, while essential dynamical information of the slow degrees of freedom are given
by Fε. Based on the second-order asymptotic expansion of the system’s degrees of free-
dom, we can similarly expand the energy E⊥ε = E⊥0 +ε[E⊥1 ]ε+ε2

(
Ē⊥2 + [E⊥2 ]ε

)
+ε2E⊥ε3 ,

the temperature Tε = T0 +O(ε), the entropy Sε = S0 + ε[S1]ε + ε2
(
S̄2 + [S2]ε

)
+ ε2Sε3,

and the external force Fε = F0 +O(ε), where E⊥ε3 , Sε3 → 0 in C([0, T ]). We will show
that to leading-order, the thermodynamic quantities satisfy an energy relation akin to
the first and second law of thermodynamics (in the sense of Carathéodory [123]) given
by

dE⊥0 =
n∑

j=1

F j0dy
j
0 + T0dS0.

Here, the entropy to leading-order S0 is constant if and only if all weighted frequency
ratios θλ∗ωλ(y0)/ωµ(y0) (λ, µ = 1, . . . , r) are constant. Note that θλ∗ and ωλ(y0) charac-
terise the homogenised potential Uhom (see equation (1.6)). In the case of a constant
S0, i.e., dS0 = 0, the dynamics to leading-order can be interpreted as an adiabatic ther-
modynamic process, and otherwise as a non-adiabatic thermodynamic process. In the
first case, the force acting on y0 can thus easily be derived from E⊥0 , otherwise rather
complicated contributions from the fast degrees of freedom, represented by T0dS0, ad-
ditionally affect the dynamics of y0. Furthermore, by considering the average dynamics
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to second-order for fixed (y0, p0), a comparable energy relation of the form

dĒ⊥2 =
n∑

j=1

F j0dȳ
j
2 + T0dS̄2,

can be identified. In this case, the entropy expression S̄2 is not constant, i.e., dS̄2 6= 0,
and one can therefore interpret the averaged second-order dynamics as a non-adiabatic
thermodynamic process. As a result, the force in the resulting equations of motion for
ȳj2 is not just given by F j0 but comprise other terms that originate from T0dS̄2.

Finally, our third goal is to analyse the second-order asymptotic expansion of yε from
a numerical point of view. On the basis of a specific test model we will compute yε, y0,
and y0 + ε2(ȳ2 + [y2]ε) and demonstrate the increased importance of y0 + ε2(ȳ2 + [y2]ε)
as an approximation of yε, instead of y0 alone, over short and long time intervals.
Moreover, by deriving the maximal step-sizes such that certain theoretical approxi-
mation errors are still satisfied, we will show that the numerical derivation of y0 and
y0 + ε2(ȳ2 + [y2]ε) is up to two orders of magnitude faster than that of yε to similar
accuracy.

1.4 Outline of the thesis

Chapter 2 provides a summary of some mathematical background theory related to the
main content of this work. In the first part of Chapter 2, we give a brief overview of some
techniques used to analyse systems on multiple-scales. The first method we will discuss
is the WKB method, which was popularised in the context of quantum mechanics as
a semi-classical approximation to the canonical quantum mechanics. Furthermore, we
show how the WKB method is only a particular mathematical scheme in the general
theory of multiple-scale asymptotics. We demonstrate their equivalence for a specific
example and describe the typical difficulty of secular growth that often appears in the
context of a multi-scale analysis. Next, we introduce the averaging method, which was
pioneered by Lagrange and Laplace to study the perturbation of the elliptic trajectory
of the Earth around the Sun due to gravitational influence from the Moon and other
large planets in our solar system. Finally, we show how a multi-scale approach is used in
the context of the homogenisation theory of partial differential equations. Furthermore,
in the second part of Chapter 2, we describe some of the mathematical theories that
will be used in the main body of this thesis. We start by giving a quick overview
of the weak convergence theory. Subsequently, we describe the application of multi-
scale methods to Hamiltonian systems, known as the perturbation theory of integrable
Hamiltonian systems, and discuss how the concept of adiabatic invariants is connected
to the thermodynamic theory.

Chapter 3 contains essential information about the mechanical foundation of ther-
modynamics. In particular, we introduce the classical equilibrium thermodynamic
theory and explain how Gibbs’ and Hertz’ views on thermodynamics provide the the-
oretical foundation for a thermodynamic interpretation of the fast-slow mechanical
system analysed in the main body of this work. Since the simplified fast-slow me-
chanical system can be interpreted in the limit ε → 0 as a thermodynamic system in
equilibrium, and thus the thermodynamic interpretation to higher-order as a thermo-
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dynamic system out-of-equilibrium, we will additionally provide essential information
on the modern formulation of nonequilibrium thermodynamic processes in mechanical
systems through the GENERIC framework [95].

Chapter 4 serves as a preamble to the main body of the work. It includes a detailed
discussion of the general fast-slow mechanical system and exemplifies how previous
attempts tackled the corresponding homogenisation problem with techniques from the
analysis of systems that evolve on multiple scales. Furthermore, the chapter provides
reviews of other related works, including the application of Theorem 4.1 to derive
the conformal motion of the butane molecule in molecular dynamics. Moreover, we
summarise a manuscript by Li and Reina [81] that discusses the connection between the
simplified fast-slow mechanical system and the thermodynamic theory, which directly
precedes the analysis in the main body of this thesis.

Chapters 5 and 6 form the main body of this thesis. In each of these chapters, we
present a research article that originated from the author’s research project.

In Chapter 5 we analyse the simplified fast-slow mechanical system (1.3) in the case
of one fast and one slow degree of freedom, i.e., n, r = 1. We derive the second-order
asymptotic expansion of the system’s degrees of freedom and analyse the corresponding
expanded energy from a thermodynamic point of view.

Chapter 6 generalises the model from Chapter 5 and analyses the simplified fast-
slow mechanical system (1.3) in the case of r fast and n slow degrees of freedom,
n, r ∈ N. In this case, resonance effects play a crucial role that makes the analysis
much more convoluted. Additionally to the derivation of the second-order asymptotic
expansions and the thermodynamic analysis of the system, we analyse, supported by
simulations, the second-order asymptotic expansion of the slow degrees of freedom of
a specific test model from a numerical point of view.

Finally, Chapter 7 contains the author’s conclusions and a brief outlook on possible
future research directions.
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Chapter 2

Mathematical theory

The mathematical theory regarding the analysis of multiple-scale problems has a long
history. Thus, many mathematical methods have been developed to extract the essen-
tial macroscopic dynamics and higher-order asymptotic expansion from systems that
fundamentally evolve on different scales in time and space. The following chapter pro-
vides a general introduction to different multi-scale methods and will serve as a basis
for the mathematical theory used in the main body of this thesis.

2.1 Multi-scale methods

Famous examples of multiple-scale methods include the WKB method, the method
of multiple-scale asymptotics, the averaging method, the homogenisation of elliptic
partial differential equations, or the perturbation theory of integrable Hamiltonian
systems. These are very general methods that can be applied in various mathematical
frameworks and are accompanied by mathematical theories of varying degrees of rigour.
In the following, we will summarise these multi-scale methods to give the reader a short
introduction into the asymptotic analysis of systems evolving on different scales and
display how the approach used in the main body of this thesis (Chapters 5 and 6)
integrates into the rich theory of multi-scale methods. This section is partially derived
from the presentation in [98] which gives an excellent overview of different multi-scale
methods for ordinary-, partial-, and stochastic-differential equations.

2.1.1 WKB method

The WKB approximation is a mathematical approximation method that has been
known under different names since the early 19th century [43]. Starting in 1923 with
Jeffreys’ work on developing a general method of approximating solutions to linear,
second-order differential equations [59], Wentzel, Kramers, and Brillouin popularised
the WKB method around 1926 in the application to quantum mechanics [73, 124]. It
is a simple but powerful tool to derive a global approximation to the solution of linear
differential equations, where the highest derivative is multiplied by a small parameter
ε. Mechanical systems described by differential equations of such kind are commonly
known as singularly perturbed mechanical systems. The problem with these systems is
that the type of equation substantially changes as ε → 0, typically leading to highly
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oscillatory solutions of these problems. The analysis of these solutions in the limit ε→ 0
has to be asymptotic, or at least oblivious to the micro-scale aspect of the solution. A
general ansatz for the asymptotic analysis is given in the form of an exponential series

y(x) ∼ exp

[
1

ε

∞∑

n=0

εnSn(x)

]
, ε→ 0. (2.1)

Ansatzes of this form are the starting formulas from which all WKB approximations are
derived. This presentation of the WKB method is based on [13]. Other great introduc-
tions into the WKB method are given in [43, 86, 87]. The following example illustrates
how the asymptotic ansatz (2.1) can be used to derive approximate information about
the solution to singularly perturbed mechanical systems.

Example 2.1 (Approximate solution to the Schrödinger equation). The evolution of a
wave function ψ describing the probability amplitude of a quantum mechanical system
is governed by the Schrödinger equation

i~
∂ψ(x, t)

∂t
= Hψ(x, t), (2.2)

where H = p̂2

2m + V (x, t) is the system’s Hamiltonian, p̂ = −i~∂/∂x is the momentum
operator and ~ = h/2π is the reduced Plank constant (h = 6.626 070 15× 10−34 J · s).
If the potential V (x, t) is time independent, then a separation of variables can be
used to find a solution to the Schrödinger equation. To this end, we insert the ansatz
ψ(x, t) = φ(x)f(t) into (2.2) and divide both sides by φ and f respectively, provided
they are bounded away from zero everywhere. We find, that for a constant E called
the energy of the system, the following equations must be satisfied

df(t)

dt
= − i

~
f(t)E, − ~2

2m

d2φ(x)

dx2
+ V (x)φ(x) = Eφ(x).

While the first equation is easily solved for f(t) = f(0) exp(−iEt/~) the second equa-
tion, the stationary Schrödinger equation, is of the general form

ε2φ′′ = Q(x)φ, (2.3)

where ε is a small parameter (here ε = ~) and Q is related to the system’s potential
(here Q(x) = 2m(V (x)− E)). An approximate solution to the stationary Schrödinger
equation can be found by inserting the WKB ansatz (2.1) into (2.3). By comparing
powers of ε we derive a sequence of equations which determine S0, S1, . . ., i.e.

O(1) : S′0
2

= Q(x), O(ε) : 2S′0S
′
1 + S′′0 = 0. (2.4)

From this we can infer that

S0(x) = ±
∫ x

0

√
Q(y) dy, S1(x) = −1

4
ln(Q(x)).

The coefficient functions S0 and S1 give rise to a pair of approximate solutions to
the Schrödinger equation, one for each sign of S0. The general solution is a linear
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combination of the two, given by

φ(x) ∼ c1Q
−1/4(x) exp

[
1

ε

∫ x

0

√
Q(y) dy

]
+c2Q

−1/4(x) exp

[
−1

ε

∫ x

0

√
Q(y) dy

]
, (2.5)

for ε → 0, where c1 and c2 are to be determined by the initial or boundary condi-
tions. Expression (2.5) describes the leading-order WKB approximation of the solu-
tion to (2.3). It differs from the exact solution by terms of order ε in regions where
Q(x) 6= 0. Notice that, depending on the sign of Q, the leading-order WKB approxima-
tion is either rapidly oscillating or, requiring that ψ is square integrable, exponentially
decreasing. The behaviour in the exponential decreasing regime is known, and exper-
imentally shown, as quantum tunnelling. To find a more accurate approximation to
the solution of (2.3) the coefficient functions Sn (n ≥ 2) must be determined similarly
to (2.4). 4

Example 2.1 shows how solutions to singularly perturbed mechanical systems are
often rapidly oscillating. These rapid oscillations are one of the main reasons why the
numerical integration of such systems is computationally expensive.

2.1.2 Multiple-scale asymptotics

Another method to approximate solutions of perturbed systems, which generalises the
WKB method, are multiple-scale methods. They have a long history that at least dates
back to the work of Kuzmak [75] and Luke [82] in the late 1950s, in which they were
applied to study asymptotic solutions of second-order differential equations with slowly
varying coefficients.

In the following, we will introduce the two-scale method, which is a special case of
the general multiple-scale method and is used to derive an approximate solution to a
system that evolves on two disparate scales in time. The idea of the two-scale method
is to introduce a new variable τ = εt, which defines a new long timescale. Although the
solution y(t) is a function of t alone, both variables t and τ are treated as independent
variables. Formally, the multiple-scale method consists of an asymptotic expansion of
the form

y(t) = Y0(t, τ) + εY1(t, τ) + · · · .
Similar to the WKB method, the goal is to derive the coefficient functions Y0, Y1,
. . ., which constitute the asymptotic expansion of y. This section is based on the
presentation of the multiple-scale analysis in [13]. Other useful literature on multiple-
scale asymptotics can be found in [14, 66].

The following provides an example of how to apply the multiple-scale expansion to
derive an approximation of the solution to a slowly perturbed system. It shows how the
multiple-scale expansion is a generalisation of the WKB method and illustrates how
overcoming the typical problem of secular growth often requires some ingenuity in the
application of the method.

Example 2.2 (Two-scale expansion for the perturbed harmonic oscillator). We are
interested in analysing the solution of a slowly perturbed harmonic oscillator, given by
the differential equation

ÿ(t) + ω2(εt)y(t) = 0. (2.6)
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By introducing the new variable τ = εt, we can rewrite equation (2.6) into the standard
WKB equation

ε2y′′ + ω2(τ)y = 0,

where y′′ is the second derivative with respect to the new variable τ . Then, the WKB
approximation to first-order is given by (2.5) as

y(τ) ∼ c1ω
−1/2(τ) exp

[
i

ε

∫ τ

0
ω(s) ds

]
+ c2ω

−1/2(τ) exp

[
− i
ε

∫ τ

0
ω(s) ds

]
, ε→ 0.

(2.7)
Let us now derive an approximate solution using a multiple-scale expansion. We insert
y(t) = Y0(t, τ) + εY1(t, τ) + · · · into (2.6) and equate equal powers of ε to derive

O(1) :
∂2Y0

∂t2
+ ω2(τ)Y0 = 0, O(ε) :

∂2Y1

∂t2
+ ω2(τ)Y1 = −2

∂2Y0

∂t∂τ
. (2.8)

The most general real solution for the O(1) equation in (2.8) is given by

Y0(t, τ) = A(τ)eiω(τ)t +A∗(τ)e−iω(τ)t,

where A(τ) is an arbitrary complex function of τ . Substituting this expression into the
O(ε) equation in (2.8) gives

∂2Y1

∂t2
+ω2(τ)Y1 = −2ieiω(τ)t

[
d

dτ
(Aω) + itAω

dω

dτ

]
+ 2ie−iω(τ)t

[
d

dτ
(A∗ω)− itA∗ωdω

dτ

]
.

Solving for Y1 in the above equation results in a solution that is unbounded as t→∞.
This phenomenon is called secular growth. Because exp(±iω(τ)t) are solutions to the
homogeneous equation, the coefficients of these terms must be zero to avoid secular
growth. Since the variable t is present in the square bracket, this is only possible if
A(τ) ≡ 0, implying, that the solution to (2.6) is trivial.

This problem illustrates a crucial feature of the multiple-scale expansion. If the
long timescale variable τ is linearly proportional to the short timescale t (τ = εt),
then the multiple-scale expansion will fail unless the frequency of the unperturbed
oscillator is constant. To derive a solution without secular growth, one can transform
the problem into another equation, now with fixed frequency but with an additional
small perturbation term.

To this end we introduce the new time variable T = 1
ε

∫ τ
0 ω(s) ds. In terms of the

new time variable T , the differential equation (2.6) reads

d2y

dT 2
+ y + ε

ω′(τ)

ω2(τ)

dy

dT
= 0. (2.9)

To derive an approximate solution to equation (2.9) using a multiple-scale expansion,
one makes the ansatz y(t) = Y0(T, τ) + εY1(T, τ) + · · ·. The sequence of partial differ-
ential equations now reads

O(1) :
∂2Y0

∂T 2
+ Y0 = 0, O(ε) :

∂2Y1

∂T 2
+ Y1 = − ω

′(τ)

ω2(τ)

∂Y0

∂T
− 2

ω

∂2Y0

∂T∂τ
.
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By substituting the solution at order O(1) given by Y0(T, τ) = A(τ)eiT + A∗(τ)e−iT

into the differential equation at order O(ε) we derive

∂2Y1

∂T 2
+ Y1 = −ieiT

[
2

ω

dA

dτ
+
ω′(τ)

ω2(τ)
A

]
+ ie−iT

[
2

ω

dA∗

dτ
+
ω′(τ)

ω2(τ)
A∗
]
.

This time, secular growth of Y1 can be avoided by setting the expressions in the square
brackets equal to zero for all τ . This can be achieved for A(τ) = cω−1/2(τ), where c is
an arbitrary constant. With this expression for A(τ), the leading-order multiple-scale
expansion Y0 is given by

Y0(T, τ) = c1ω
−1/2(τ)eiT + c2ω

−1/2(τ)e−iT , (2.10)

and with T = 1
ε

∫ τ
0 ω(s) ds, we derive again the WKB solution (2.7). 4

The multiple-scale expansion is very generic and can be applied to many problems
in the theory of multiple-scale analysis. Some examples are found in atmosphere-
ocean sciences [84], mathematical finance [41], or the homogenisation theory of partial
differential equations [14].

Although the multiple-scale expansion allows for an analysis of complicated sys-
tems on different scales, the approach is still formal and always requires a rigorous
justification, which is often difficult to obtain.

2.1.3 Averaging method and near-identity transformations

The averaging method, which dates back to the second half of the 18th century, provides
a technique that can be used to derive macroscopic information about the dynamics of
perturbed systems. By that time, it was assumed that the Earth’s trajectory around
the Sun follows an elliptic orbit due to Newton’s second law of motion. However,
measurements deviated considerably from the theoretical projections. To explain these
deviations, Lagrange [76] and Laplace [77] considered perturbations of the elliptic tra-
jectory due to the influence of the Moon and the large planets in our solar system. They
developed mathematical theories based on averaging procedures to study this gravita-
tional three-body problem as a perturbation of the two-body problem. Since then,
many theories on the mathematical treatment of perturbed dynamical systems have
been developed, and many textbooks on this topic have been written, for instance [66,
104, 119]. The following summary of the averaging method for ordinary differential
equations is from [104].

The goal is to study a dynamical system under the influence of a small perturbation,
characterised by a small parameter ε. In general, such problems in regular perturbation
theory can be formulated by an initial value problem of the type

ẋ = f(x, t, ε), x(0) = a, (2.11)

where x,a ∈ D ⊂ Rn, t ∈ [0,∞), ε ∈ (0, ε0]. Suppose that

lim
ε↘0

f(x, t, ε) = f(x, t, 0),

exists uniformly on D × I with I ⊂ [0, A] ⊂ [0,∞). Then, one can associate the
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unperturbed problem
ẏ = f(y, t, 0), y(0) = a, (2.12)

and one wants to know the relation between the solution to (2.11) and (2.12). This
becomes important, if one cannot compute a solution to (2.11), but a solution to (2.12)
is available. Under certain assumptions on f , one can derive information about the
solution to (2.11) from (2.12) on a timescale of order O(1). For example, if f is given
in form of a Taylor expansion

f(x, t, ε) = f0(x, t) + εf1(x, t) + · · ·+ εkfk(x, t) + εk+1f [k+1](x, t, ε),

then (2.11) and (2.12) read

ẋ = f0(x, t) + δ(ε)f [1](x, t, ε), x(0) = a, (2.13)

and
ẏ = f0(y, t), y(0) = a. (2.14)

Following [104, Lemma 1.5.3], an application of the Gronwall Lemma reveals that if
x solves (2.13) and y solves (2.14), where f0 and f [1] are Lipschitz continuous with
respect to x ∈ Rn, continuous in (x, t, ε), and f [1](x, t, ε) = O(1) on the timescale of
order O(1), one has

‖x(t)− y(t)‖ = O(δ(ε)), (2.15)

on the timescale of order O(1).

To extend the timescale of validity, more sophisticated methods must be used, for
instance the method of periodic averaging. First, the authors of [104] present how to
transform the perturbed equation (2.13) into the form

ẋ = εf1(x, t) + ε2f [2](x, t, ε), x(0) = a. (2.16)

This form illustrates, how x varies only by a small amount on the timescale O(1).
If additionally, f1 and f [2] are T -periodic in t, then x will remain close to its time
average. This is the basic idea of the method of periodic averaging. It can be applied
to derive information about x from its time average on a timescale of order O(ε−1).
By averaging over t (while holding x constant) the averaged equation reads

ż = εf̄1(z), z(0) = a, (2.17)

with

f̄1(z) =
1

T

∫ T

0
f1(z, s) ds.

If f1 is Lipschitz continuous and f [2] is continuous, one can show [104, Thm. 2.8.1]
that the solution of (2.16) remains close to the solution of (2.17) for a time interval of
order O(ε−1):

‖x(t)− z(t)‖ = O(ε) for 0 ≤ t ≤ 1/ε. (2.18)

The proof is based on near-identity transformations [19], which play an essential role
in deriving higher-order periodic averaging approximations.

The periodic averaging method to higher-order allows for deriving an approximation
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to the solution of (2.16) such that the error (2.18) is of order O(εk) over time intervals
of order O(ε−1) or, under more restrictive assumptions, weaker O(εk−j) error estimates
for longer time intervals of order O(ε−j−1). In the latter case one has to make a trade-
off between orders of accuracy and orders of time of validity. For higher-order periodic
averaging, it is assumed [104, Chap. 2.9] that x = x(a, t, ε) is a solution to

ẋ = εf1(x, t) + · · ·+ εkfk(x, t) + εk+1f [k+1](x, t, ε),

with x(a, 0, ε) = a and period T in t. Then, there exists a near-identity transformation
U such that

x = U(y, t, ε) = y + εu1(y, t) + · · ·+ εkuk(y, t), (2.19)

which is also periodic in t, where y is a solution to

ẏ = εg1(y) + · · ·+ εkgk(y) + ε[k+1]g[k+1](y, t, ε).

Here, the functions ui and gi are calculated by means of an algorithm in the following
order: g1,u1, g2,u2, . . . , gk,uk, were g1 equals the average f̄1 of f1.

Let z be a solution to

ż = εg1(z) + · · ·+ εkgk(z), (2.20)

and let ξ be defined via the truncated near-identity transformation Û , where

ξ = Û(z, t, ε) = z + εu1(z, t) + · · ·+ εk−1uk−1(z, t).

Then, according to [104, Thm. 2.9.1], the estimate

‖x(a, t, ε)− ξ(a, t, ε)‖ = O(εk), (2.21)

holds for times of order O(ε−1) and small ε. The ui are higher-order asymptotic
expansions of x and the gi are (in general non-unique [104, Sec. 3.4]) functions that
are constructed through some averaging procedure. To make the trade-off between
orders of accuracy and orders of time of validity, the gi (i = 1, . . . , j − 1) must be zero
for sufficiently large j ≤ k.

Additional information about the solution to the perturbed system can be derived
if it is Hamiltonian, and hence (2.11) is given as Hamilton’s equations. To simplify
the evolution equations, it is then often useful to transform the system, for instance,
through the introduction of action-angle variables (cf. Section 2.2.2). The equations
of motion are then typically given in the standard form

ṙ = εf [1](r,θ, ε), θ̇ = ω0(r) + εω[1](r,θ, ε), (2.22)

where r ∈ Rn, θ ∈ Rm, and f [1] and ω[1] are 2π-periodic in θ. It is notable, that
system (2.22) reveals a clear scale separation between the slow variables r and the fast
angle variables θ. For m = 1, system (2.22) can be transformed (see [104]) into the
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form

ẋ = εX1(x, φ), x(0) = x0,

φ̇ = ω0(x), φ(0) = φ0.

By calculating the average of X1 over the angle φ, i.e.

X̄1(·) =
1

2π

∫ 2π

0
X1(·, ϕ)dϕ,

one can show (see [104, Thm. 7.8.4]), that for (z, ζ) as the solution of

ż = εX̄1(z), z(0) = x0,

ζ̇ = ω0(z), ζ(0) = φ0,

the error estimate
‖x(t)− z(t)‖ = O(ε), (2.23)

holds on the timescale of order O(ε−1). Furthermore, it holds that φ(t) = ζ(t) +
O(εteεt).

It is important to note that if X̄1(z) ≡ 0, the solution z(t) ≡ x0 is constant,
and (2.23) implies, that x is constant of order O(ε) for a long timescale of order
O(ε−1). This “almost” invariant property simplifies the asymptotic description of so-
lutions to (2.22) considerably, and in this case x is called adiabatic invariant (see
equation (2.41)).

To compare the method of multiple-scale asymptotics with the averaging method,
we will apply the latter to the model of the perturbed harmonic oscillator (Example 2.2)
and show how both methods derive the same leading-order term in the asymptotic
expansion.

Example 2.3 (Averaging method applied to the perturbed harmonic oscillator). We
are interested in deriving the leading-order dynamics of x, which is a solution to the
differential equation

ẍ+ ω2(εt)x = 0.

We start by determining the fast and slow components of the system so that after a
transformation the respective equations of motion are given in standard form (2.22).
To this end we set ẋ = ωy and differentiate to derive ẍ = ω̇y+ωẏ. Then, we transform
(x, y) 7→ (r, φ) so that

x = r sin(φ), y = r cos(φ),

and solve for ṙ and φ̇ in ẋ = ωy and ẍ = ω̇y + ωẏ, which yields

ṙ = − ω̇
ω
r cos2(φ), φ̇ = ω +

ω̇

ω
sin(φ) cos(φ).

With τ = εt we compute

ṙ = −ε 1

ω

dω

dτ
r cos2(φ), φ̇ = ω + ε

1

ω

dω

dτ
sin(φ) cos(φ),
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which is a system of differential equations in standard form (2.22). By averaging over
φ we obtain

˙̄r = − ε

2ω

dω

dτ
r̄.

After integration, we obtain r̄(t)ω1/2(εt) = r0ω
1/2(0) and thus r(t) = r̄(t) + O(ε) on

the timescale of order O(ε−1).
In the original coordinates, this reads

x(τ) = c1ω
−1/2(τ)eiφ(τ) + c2ω

−1/2(τ)e−iφ(τ) +O(ε),

where φ(τ) = 1
ε

∫ τ
0 ω(s) ds, which coincides with the leading-order multiple-scale ex-

pansion (2.10). 4
Higher-order approximations can be derived by introducing near-identity trans-

formations (2.19) and by solving higher-order averaged differential equations such
as (2.20). In the case of one angle variable, this will give an improved error estimate
of order O(εk) on time intervals of order O(ε−1).

In the case of multiple angle variables, resonances can occur, which lead to the so-
called “small divisor problem”. The derivation of the higher-order correction terms in
the near-identity transformation (2.19), for instance, the first-order term u1, requires
the division by a linear combination of the angle variables, which, in the resonant case,
can lead to a division by zero, making the term not well-defined. More information
about the small divisor problem can be found in [104, Chap. 7]. Problems with small
divisors are much more difficult to study but can be analysed in connection with the
KAM (Kolmogorov–Arnol'd–Moser) theorem [5, 78, 110].

2.1.4 Homogenisation

Another method of analysing the macroscopic properties emerging from a microscopic
model is known under the name of the homogenisation theory of partial differential
equations. Here, powerful tools from functional analysis, such as weak convergence
methods, are used to derive an effective representation of the underlying oscillatory
model. It was used in [22] in the context of the general fast-slow mechanical system to
derive the homogenised Lagrangian (1.2) from the original Lagrangian (1.1). The weak
convergence method can be thought of as an averaging procedure and was pioneered in
the analysis of heterogeneous materials [90]. The following example of the application
of the homogenisation theory is partially taken from [98]. More information about the
homogenisation theory can be found in [32, 61].

Example 2.4 (Homogenisation of composite materials with heterogeneities). The ho-
mogenisation theory can be used, for example, to study the heat conduction on the
macroscopic scale of composite materials which exhibit heterogeneities that vary rapidly
on the microscopic length scale ε. The heat conduction can be described by the elliptic
boundary value problem for the temperature field uε(x):

−∇ · (A(x/ε)∇uε(x)) = f(x) for x ∈ Ω, uε = 0 for x ∈ ∂Ω, (2.24)

with f ∈ L2(Ω), Ω ⊂ Rn, and A(y) is 1-periodic. The goal of the homogenisation
theory is to describe the temperature field uε in the limit ε → 0. It corresponds to
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a system in which the heterogeneities become infinitesimal small. One can show [61],
that the temperature field in the limit ε → 0 is governed by a homogenised model,
which is characterised by a thermal conductivity tensor Ā with constant coefficients.
It takes the form

−∇ ·
(
Ā∇u0(x)

)
= f(x) for x ∈ Ω, u0 = 0 for x ∈ ∂Ω. (2.25)

The constant homogenised conductivity tensor Ā is given by the formula

Ā =

∫

Td

(
A(y) +A(y)∇χ(y)T

)
dy,

where the vector field χ : Td → Rd is the weak solution to the so-called cell problem

−∇y ·
(
∇yχAT

)
= ∇y ·AT , χ is 1-periodic. (2.26)

For the derivation of the homogenised solution u0, one must solve two elliptic PDEs:
the cell problem (2.26), which is required for the derivation of Ā and the Dirichlet
problem (2.25). Most importantly, these PDEs do not involve the parameter ε. These
two PDEs can be used for a rigorous analysis or a numerical treatment. The advantage
of deriving a homogenised model is significant for numerical treatments because it does
not incorporate the rapidly varying component and a solution is hence much cheaper
to compute than the direct numerical solution from (2.24).

For deriving the homogenised model, one makes a two-scale ansatz of the form

uε(x) = u0

(
x,
x

ε

)
+ εu1

(
x,
x

ε

)
+O(ε2), (2.27)

where x represents the slow (macroscopic) scale and y = x/ε the fast (microscopic) scale
of the problem. Similar to Section 2.1.2, one replaces in (2.24) the temperature field uε
with the two-scale ansatz (2.27) and derives a succession of partial differential equations
for different orders of ε from which the homogenised model can be derived [98].

By solving the resulting equations for successive orders of ε one derives the asymp-
totic expansion

uε(x) = u0(x) + εχ
(x
ε

)
· ∇u0(x) +O(ε2). (2.28)

Finally, one can show, that

uε ⇀ u0 weakly in H1
0 (Ω), uε → u0 strongly in L2(Ω). (2.29)

4

2.2 Essential mathematical theory

After introducing some famous examples of multi-scale methods, we will summarise
the mathematical theory used in the main body of this thesis. We will show through
small examples how the following mathematical theories are applied in practice, which
should provide a good understanding of how they are all combined in Chapters 5 and 6.

17



2.2.1 Weak convergence

The theory outlined in [22] uses weak convergence techniques to derive the homogenised
Lagrangian (1.2) from the original fast-slow Lagrangian (1.1). Likewise, the theory
in the main body of this work will use weak convergence techniques. To make the
unfamiliar reader accustomed to these techniques, we will briefly introduce the theory
of weak convergence.

The final statement in the above introduction to homogenisation (2.29) is about
the solution to the original system (2.24) and its weak convergence to the solution of
the homogenised system (2.25), i.e., uε ⇀ u0 weakly in H1

0 (Ω). From the asymptotic
expansion (2.28) it is clear that uε → u0 strongly in L2(Ω). However, the gradient is
of the form

∇uε(x) = ∇u0(x) + (∇χ)
(x
ε

)
· ∇u0 +O(ε),

where χ is a periodic function, and therefore we do not have ∇uε → ∇u0 in L2(Ω).

This fact might be clearer if we consider for example uε(t) = u0(t) + ε sin(t/ε)
with u̇ε(t) = u̇0(t) + cos(t/ε). While uε → u0 in L2([0, 1]) we have u̇ε → u̇0 + 1/2 in
L2([0, 1]) by the Riemann–Lebesgue lemma. However, we would like to relate u̇ε in
the limit ε → 0 just to u̇0. The weak convergence theory provides a solution to this
problem by defining a weaker form of convergence in general Banach spaces.

For the definition of weak convergence, we assume that X is a Banach space. We
denote by X∗ the collection of all linear functionals L : X → R, which is called the dual
space. Then, by definition, a sequence {xε} ⊂ X converges weakly to x0 ∈ X, written
xε ⇀ x0, if

L(xε)→ L(x0) ∀L ∈ X∗.
In particularly if X = Lp(Ω), where p ∈ [0,∞) the sequence {xε} ⊂ Lp(Ω) converges
(by definition) weakly to x0 ∈ Lp(Ω) if

∫

Ω
xε(t)φ(t) dt→

∫

Ω
x0(t)φ(t) dt ∀φ ∈ Lq(Ω),

where 1/p + 1/q = 1. One can show that in this case (Lp(Ω))∗ = Lq(Ω). With this
definition of convergence it follows, that u̇ε ⇀ u̇0 in L2([0, 1]).

The case p =∞, which is used in the main body of this thesis (Chapters 5 and 6)
requires special attention. In particular, the dual space of L∞(Ω) is the space of all
finitely additive signed measures [36, Thm. IV.8.16], which is a rather difficult space to
work with. However, L∞(Ω) is the dual space of L1(Ω), i.e., (L1(Ω))∗ = L∞(Ω). This
can be used to define a weaker notion of convergence in L∞(Ω), the weak∗ convergence.

In general, let X be a Banach space. A sequence {Lε} ⊂ X∗ is said to weakly∗

converge to L0 ∈ X∗, written Lε
∗
⇀ L0, if

Lε(x)→ L0(x) ∀x ∈ X.

A weaker form of convergence in L∞(Ω) can now be defined by regarding L∞(Ω) =
(L1(Ω))∗. By definition, a sequence {xε} ⊂ L∞(Ω) converges weakly∗ to the limit
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x0 ∈ L∞(Ω), written xε
∗
⇀ x0, if

∫

Ω
xε(t)φ(t) dt→

∫

Ω
x0(t)φ(t) dt ∀φ ∈ L1(Ω).

An instructive equivalent definition of weak∗ convergence in L∞(Ω) is given by the
following lemma [22, Chap. I, Lemma 1].

Lemma 2.5. A sequence {xε} ⊂ L∞(Ω) converges weakly∗ to a limit x0 ∈ L∞(Ω), if
and only if the following two properties hold:

(i) the sequence is bounded in L∞(Ω),

(ii) for every open rectangle I ⊂ Ω the corresponding integral mean value converges,

1

|I|

∫

I
xε(t) dt→ 1

|I|

∫

I
x0(t) dt.

With this lemma, the weak∗ convergence of a sequence in L∞(Ω) can be visualised
as a convergence of averages. Therefore, it is a helpful tool to ignore rapid fluctuations
in a convenient way.

A delicate point of weak∗ convergence is that nonlinear functionals are not weakly∗

sequentially continuous. In other words, given a nonlinear continuous function f : R→
R, there is in general,

xε
∗
⇀ x0 ; f(xε)

∗
⇀ f(x0). (2.30)

This was already demonstrated with u̇ε(t) = u̇0 + cos(t/ε), where with f(x) = x2, it

follows that u̇ε
∗
⇀ u̇0 in L∞([0, 1]) but u̇2

ε
∗
⇀ u̇2

0 + 1/2 in L∞([0, 1]). This lack of weak∗

sequential continuity is the reason for a lot of unexpected results and makes the study
of problems with rapidly fluctuating solutions rather difficult.

The following two crucial lemmas [22, Chap. I, Principle 3 and 4], which will find
regular application in the main body of this thesis, show the importance of the notion
of weak∗ convergence.

Lemma 2.6 (Alaoglu Theorem). Let {xε} be a bounded sequence in the space L∞(Ω).
Then, there is a subsequence {ε′} and a function x0 ∈ L∞(Ω), such that

xε′
∗
⇀ x0 in L∞(Ω).

Lemma 2.7 (An Extended Arzelà-Ascoli Theorem). Let {xε} be a bounded sequence
in the space C0,1(Ω̄) of uniformly Lipschitz continuous functions. Then, there is a
subsequence {ε′} and a function x0 ∈ C0,1(Ω̄), such that

xε′ → x0 in C(Ω̄), ∂xε′
∗
⇀ ∂x0 in L∞(Ω).

The partial derivatives ∂xε and ∂x0 are classically defined almost everywhere.

The crucial point in Lemmas 2.6 and 2.7 is, that one only needs to know, that
a sequence {xε} is bounded in L∞(Ω) or C0,1(Ω̄) to conclude, that there exists a
subsequence {xε′} which converges in their respective spaces.
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2.2.2 Perturbation theory of integrable Hamiltonian systems

The perturbation theory of integrable Hamiltonian systems is essential in understanding
the theory in the main body of this thesis. Thus, we will illustrate in the following its
derivation and application in more detail. This section is based on the presentation
in [17] and [18]. Other useful literature on this topic can be found in [7] and [85].

Lagrangian dynamics

For a system of N point masses, its configuration in any point in time is described
by 3N coordinates, for instance Cartesian coordinates xi (i = 1, 2, . . . , 3N), with the
convention that

r1 = (x1, x2, x3), r2 = (x4, x5, x6), . . . , rN = (x3N−2, x3N−1, x3N ),

where rj , (j = 1, 2, . . . , N) is the distance vector of a generic point. In general, the
system may be under kinematic constraints, making some of the coordinates dependent
on others. These constraints among the coordinates are characterised by p equations
of the form

fm(x1, x2, . . . , x3N , t) = 0, m = 1, 2, . . . , p.

In this case the system will only depend on n = 3N − p free coordinates. These n free
coordinates are called generalised coordinates, usually denoted by qk (k = 1, 2, . . . , n).
As a consequence, the coordinates xi are uniquely defined by the generalised coordinates

xi = xi(q1, q2, . . . , qn, t), i = 1, 2, . . . , 3N.

The time derivative of the qk, denoted as q̇k, are called generalised velocities. With the
generalised coordinates and velocities, the evolution of the system corresponds to the
motion of a point of coordinates (q1, q2, . . . , qn), in a n-dimensional space Q; called the
configuration space.

The Lagrangian of a system is a function

L = L (x1, x2, . . . , x3N ; ẋ1, ẋ2, . . . , ẋ3N , t) = T − V,

where

T =
1

2

3N∑

i=1

mi

(
dxi
dt

)2

,

is the kinetic energy and V = V (x1, x2, . . . , x3N , t) is the potential energy of the system.
From the Lagrangian, Newton’s equations of motion

miẍi = −∂V
∂xi

, (i = 1, 2, . . . , 3N),

can be written as
∂L

∂xi
− d

dt

∂L

∂ẋi
= 0, (i = 1, 2, . . . , 3N). (2.31)

The so-called Lagrange’s equations (2.31) follow from Hamilton’s principle. The prin-
ciple states that the motion of a system between two points in time t1 and t2 is such
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as to make the action integral

I =

∫ t2

t1

L (q1, q2, . . . , qn; q̇1, q̇2, . . . , q̇n, t) dt,

stationary for independent variations of the qk’s with the condition that they vanish at
the times t1 and t2. One can show [17], that indeed

δI = 0 ⇐⇒ ∂L

∂xi
− d

dt

∂L

∂ẋi
= 0.

One fundamental characteristic of Lagrangians is, that they are not unique. In
fact, by replacing L → L + Ḟ in the action integral, where Ḟ is the time derivative of
a function F = F (q1, q2, . . . , qn; q̇1, q̇2, . . . , q̇n; t), Lagrange’s equations derived through
Hamilton’s principle remain unaffected because the variation at the endpoints does not
change. As a consequence, both Lagrangians L and L + Ḟ govern the evolution of
the same mechanical system.

Another fundamental characteristic of Lagrangians is that they are invariant under
an arbitrary coordinate transformation. One can thus try to find a new set of coordi-
nates that simplify the equations of motion and thus the process of finding a solution
to the system.

Integral of motion

Let us define the expression

H :=

n∑

k=1

∂L

∂q̇k
q̇k −L . (2.32)

If the Lagrangian does not explicitly depend on time, it follows from Lagrange’s equa-
tions (2.31) that H ≡ const. and thus H is a constant of motion of the system. By
defining the momentum conjugate to the generalised coordinate qk as

pk :=
∂L

∂q̇k
, (2.33)

we see, that
∑n

k=1 pkq̇k equals twice the kinetic energy, and therefore

H = T + V = E = const.

H is called the Hamiltonian of the system and the constant value E is called the energy
of the system.

Hamiltonian dynamics

In (2.32) we defined the Hamiltonian H =
∑n

k=1 pkq̇k − L which is a constant of
motion. Now, the differential of (2.32) is given by

dH =

n∑

k=1

q̇kdpk + pkdq̇k −
∂L

∂qk
dqk −

∂L

∂q̇k
dq̇k.
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Because of (2.33) the coefficients of dq̇k mutually cancel and with Lagrange’s equations
one derives

q̇k =
∂H
∂pk

, ṗk = −∂H
∂qk

(k = 1, 2, . . . , n). (2.34)

These equations are called Hamilton’s equations, or canonical equations. The special
structure of (2.34) can be written in a matrix form called symplectic. For a Hamiltonian
system with n degrees of freedom, one defines the column vector z with 2n components,
such that

zi = qi, zi+n = pi (i = 1, 2, . . . , n),

the column vector ∂H/∂z also with 2n components, such that

(
∂H
∂z

)

i

=
∂H
∂qi

,

(
∂H

∂z

)

i+n

=
∂H
∂pi

,

and the 2n× 2n square matrix

J =

(
0 1
−1 0

)
, (2.35)

where 0 is the n×n matrix with vanishing elements and 1 is the n×n identity matrix.
Then, the symplectic form of (2.34) is given by

ż = J
∂H
∂z

.

Canonical transformation

The central problem in the analysis of Hamiltonian systems is the integration of the
canonical equations (2.34). Since there are no general rules on how to integrate these
equations, one usually tries to simplify the system either by investigating if additional
integrals of motion exist, which would reduce the order of the system, or perform a
transformation of variables that makes it easier to integrate the system.

To simplify the system through a transformation of variables, one can use the fact
that two Lagrangians L and L + Ḟ describe the same mechanical system. Let us call
Qi and Pi (i = 1, 2, . . . , n) the set of the new canonical variables and K the Hamiltonian
in the new variables. Then

Qi = Qi(q1, q2, . . . , qn; p1, p2, . . . , pn, t), Pi = Pi(q1, q2, . . . , qn; p1, p2, . . . , pn, t).

To ensure that the new variables Qi and Pi are canonical variables, the action integral
must be stationary. This can be achieved by imposing

n∑

k=1

pkq̇k −H(q,p, t) =
n∑

k=1

PkQ̇k −K(Q,P , t) +
dS

dt
, (2.36)

where S is an arbitrary function of the “old” and “new” variables. To satisfy (2.36)

22



for S = S0(q1, q2, . . . , qn, Q1, Q2, . . . , Qn, t), it must be the case that

pk =
∂S0

∂qk
, Pk = − ∂S0

∂Qk
, K = H+

∂S0

∂t
. (2.37)

The function S0 is called the generating function of the canonical transformation and
for S0 = S0(q,Q, t), the new canonical variables can be derived through the equations
in (2.37). There are however, in total four different ways of how to pair a set of “old”
and “new” variables. The corresponding four generating functions are given by

S0 = S0(q,Q, t),

S1 = S1(q,P , t) = S0(q,Q, t) +QP ,

S2 = S2(p,Q, t) = S0(q,Q, t)− qp,
S3 = S3(p,P , t) = S0(q,Q, t) +QP − qp,

which can be used for a canonical change of variables.

Action-angle variables

Hamiltonian systems allow for a canonical change of variables that transform the orig-
inal degrees of freedom into a new set of degrees of freedom without changing the
system’s dynamics. Therefore, it is often desirable to find a new set of variables that
simplify the analysis of the system under consideration. For periodic systems, a partic-
ular set of new canonical variables are the so-called action-angle variables. For example,
in the case of a harmonic oscillator, the trajectories in phase space are closed and thus
enclose some volume that remains constant during the system’s evolution. The volume
and the angle with respect to, for example, the rightward horizontal uniquely define a
point on the trajectory and can thus be used as a new set of variables.

We use the generating function to determine the canonical transformation of the
generalised coordinate and momentum (q, p) into action-angle variables (θ, φ). To find
the canonical transformation into action-angle-variables we assume that the new canon-
ical variables are given by Q = φ and P = θ and choose the generating function S1 for
which holds

p =
∂S1

∂q
, φ =

∂S1

∂θ
. (2.38)

Furthermore, we assume that the Hamiltonian in the new variables only depends on
the action θ. In this case,

φ̇ =
∂H
∂θ

= ω, θ̇ = −∂H
∂φ

= 0,

hence θ ≡ θ∗ = const. and φ = ωt+φ∗. Here, ω is the angular frequency of the motion
and 2π/ω is the period in time. It follows from (2.38) that

∂φ

∂q
=

∂

∂q

(
∂S1

∂θ

)
=

∂

∂θ

(
∂S1

∂q

)
=
∂p

∂θ
.
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Thus,
∂

∂θ

∮
p dq =

∮
∂p

∂θ
dq =

∮
dφ = 2π,

and hence

θ =
1

2π

∮
pdq.

We see that 2πθ is the measure of the area bounded by the phase curve for the harmonic
oscillator.

Example 2.8 (Action-angle variables of the harmonic oscillator). For the Hamiltonian

H =
1

2
p2 +

1

2
ω2q2 = E∗,

the action variable is given by

θ =
1

2π

∮
p dq =

1

π

∫ +q̄

−q̄

√
2E∗ − ω2q2 dq =

E∗
ω
,

where ±q̄ are the roots of 2E∗ − ω2q̄2 = 0, i.e., the coordinates of the points where
the motion is inverted. Hence, the Hamiltonian in action-angle variables is given by
H = θω. This implies that, p =

√
2θω − ω2q2 and since ∂φ/∂q = ∂p/∂θ, the angle

variable is given by

φ =

∫ q

0

∂p

∂θ
dq =

∫ q

0

√
ω

2θ − ωq2
dq = arcsin

(
q

√
ω

2θ

)
.

It follows that the original variables in terms of the action-angle variables take the form

q =

√
2θ

ω
sin(φ), p =

√
2θω cos(φ). (2.39)

In this case, the relation between (q, p) and (θ, φ) has been obtained without resorting
to the generating functions. The first two generating functions would be given in this
example as

S1(q, θ) =

∫ q

0
p dq =

∫ q

0

√
2θω − ω2q2 dq = θ arcsin

(
q

√
ω

2θ

)
+
q

2

√
2ωθ − ω2q2,

S0(q, φ) = S1(q, θ)− θφ = S1 − θ arcsin

(
q

√
ω

2θ

)
=
q

2

√
2ωθ − ω2q2

=
q

2

√
ω2q2

sin2(φ)
− ω2q2 =

1

2
ωq2 cot(φ).

4

Adiabatic invariants

Hamiltonian systems with more than two degrees of freedom are, in general, not in-
tegrable. Hence, searching for first integrals does not help to simplify the system.
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However, there are other methods on how to obtain knowledge of the system. In the
previous section, we were looking for quantities that are exactly invariant along the
solution of the system. Now, we will look for approximate invariant quantities. We
will do so for systems that differ from integrable ones only by a small perturbation (cf.
Section 2.1.3). The small perturbation will be expressed in the form of a slow change
of the system’s degrees of freedom. The slowness will be relative to the system’s char-
acteristic time, for instance, the period with which the system’s degrees of freedom
vary.

Let T be the period of the system and ε� 1. Then, we say that H varies slowly if

∂H
∂t

= O
( ε
T
H
)
.

The above slow change of a Hamiltonian usually occurs when, in addition to depending
on the canonical variables, it also depends on parameters that vary slowly with time. If
y is the vector representing such parameters, then one has ẏ/ ‖y‖ = O(ε/T ). Given a
Hamiltonian H = H(q,p; y1(t), y2(t), . . . , yr(t)) where the parameters yi (i = 1, . . . , r)
are not explicitly known, obviously one could not integrate the 2n equations of mo-
tion. In the case of slowly varying parameters yi(t) with time, it is however possible,
without knowing their explicit form, to construct approximate invariants of motion for
the Hamiltonian system, and then obtain, to a given order of approximation, general
knowledge of the evolution of the system.

The Lorentz pendulum is a typical example of an adiabatic invariant system. It is
a classical pendulum whose length is varied very slowly with respect to the oscillation
period. More precisely, the pendulum’s length changes by an appreciable amount only
in a time equivalent to a very large number of periods. In this case, one shows that
the ratio of the total energy to the oscillation frequency is approximately (in the sense
above) constant when the length varies, i.e., E(y)/ω(y) ≈ const.

We assume that for every fixed y in a specific interval, the canonical equations (2.34)
can be solved in every phase plane, i.e., the projection onto the plane of the phase curve
in the 2n-dimensional phase space, is closed. In this situation, depending on fixed y,
one can define a set of action-angle variables that can be used to derive approximate
integrals of motion.

Note, that the Hamiltonian is not constant in the case of a slowly varying y. In
this case

pi =
∂S0

∂qi
, θi = −∂S0

∂φi
,

still define canonical transformations but the θi and φi are no longer action-angle
variables, in particular the θi are not constant anymore. The Hamiltonian in the new
variables is given by

K = H(θ,y) +
∂S0

∂t
= H(θ,y) +

r∑

i=1

∂S0

∂yi
ẏi,

where K does not contain the angle variables φi since for every fixed y the system is
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integrable. Hamilton’s equations are then given by

φ̇i =
∂K
∂θi

=
∂H
∂θi

+
r∑

k=1

∂2S0

∂yk∂θi
ẏk = ωi(y) +

r∑

k=1

∂2S0

∂yk∂θi
ẏk, (2.40a)

θ̇i = − ∂K
∂φi

= −
r∑

k=1

∂2S0

∂yk∂φi
ẏk. (2.40b)

As already emphasized, the θi are not constant; they correspond, up to a constant
factor of 2π to the area bounded in the corresponding (qi, pi) planes by the trajectories
H = const. In general, these areas vary with changing y. However, if y varies slowly,
the θi vary little and can be considered, to good approximation, as constant. In this
case, the θi are called adiabatic invariant.

Adiabatic invariant for one degree of freedom systems

We call a function F (q, p, y) adiabatic invariant if, for any η > 0 it is possible to find
an ε0 such that for any 0 < ε < ε0

|F (q(t), p(t), y(t))− F (q(0), p(0), y(0))| ≤ η, 0 < t <
1

ε
. (2.41)

In the following example, we assume that the parameter yε is continuously differ-
entiable and varies adiabatically.

Example 2.9 (Adiabatic invariant for the perturbed harmonic oscillator). Let us spec-
ify the model in 2.40 and assume that yε(t) = εt. Then, the canonical equations in
action-angle variables for the one-dimensional perturbed harmonic oscillator take the
form

φ̇ε = ω(yε) + ε
ω′(yε)
2ω(yε)

sin(2φε), θ̇ε = −εθεω
′(yε)

ω(yε)
cos(2φε). (2.42)

We assume initial conditions φε(0) = 0 and θε(0) = θ∗. The canonical equations cannot
be solved exactly, but one can make the ansatz

φε(t) = φ0(t) +O(ε), θε(t) = θ0(t) +O(ε).

By substituting into (2.42) and equating powers of ε, we have to leading-order

φ̇0 = ω(y), θ̇0 = 0,

from which we infer that

φ0 =

∫ ·

0
ω(y) dt, θ0 ≡ θ∗.

If in (2.39) we substitute θ0 and φ0 for θε and φε then we obtain qε and pε with errors
of order ε

qε =

√
2θ∗
ω(yε)

sin

(∫ ·

0
ω(yε) dt

)
+O(ε), pε =

√
2θ∗ω(yε) cos

(∫ ·

0
ω(yε) dt

)
+O(ε).
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This approximate solution coincides again with the WKB solution and the multiple-
scale solution.

Moreover, with the Hamiltonian

H(qε, pε; yε) =
1

2
p2
ε +

1

2
ω(yε)

2q2
ε = E(yε),

we see that the volume

Γ(yε) =
E(yε)

ω(yε)
= θ∗ +O(ε),

is an adiabatic invariant. 4
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Chapter 3

Thermodynamic theory

In the previous chapter, we discussed some mathematical techniques used to analyse
systems that evolve on multiple scales. These techniques are fundamentally based on
successively extracting first the most dominant dynamics on the macroscopic scale and
then the less significant higher-order dynamics on the finer scales of the system. While
the macroscopic dynamics can be derived relatively easily, the derivation of the higher-
order dynamics is more convoluted, indicating a more complicated evolution at finer
scales. In the main body of this work (Chapters 5 and 6), we derive the second-order
asymptotic expansion to the solution of the simplified fast-slow mechanical system 1.2
and interpret the evolution at first- and second-order from a thermodynamic point of
view.

Thermodynamics is often viewed as a macroscopic description of the evolution of
infinitely many particles. While this is often true in practice, it is important to realise
that a different characterisation is at the core of thermodynamics: thermodynamics
assumes that the system under consideration exhibits a clear separation of time scales.
These time scales can be interpreted as slow elastic motion coupled to fast thermal vi-
brations. This coexistence of time scales in the underlying microscopic system is crucial,
for example, for the scale-bridging to macroscopic thermodynamics in the GENERIC
framework [95]; there, projection operators are used to separate the fast from the slow
time scales. The number of particles is usually very large but this aspect is, in the view
of this thesis’ author, only secondary to the separation of time scales, which underpins
thermodynamics. For this reason, we will study in the main body of this work only
small systems with a few degrees of freedom which, most importantly, exhibit a clear
separation of time scales. The results will show that a meaningful thermodynamic in-
terpretation can be given which can potentially be used to improve the simulation of
such systems.

The thermodynamic theory provides a way by which to describe the interaction
of specific macroscopic quantities which evolve slowly in time and are fundamentally
related through the exchange of energies. In this way, the simplification through a
thermodynamic interpretation is based on the identification of the slow degrees of
freedom in the system, which are related to these specific slow macroscopic quantities,
and on a subsequent description of their interaction using thermodynamic laws.

The theory of statistical mechanics provides valuable tools by which to extract
slowly evolving macroscopic quantities from fast microscopic motion. Often physical

28



systems are modelled on the microscopic level based on a large number of interacting
particles that usually range in the scale of the Avogadro number. Such a large number
of particles cannot be analysed in detail. The paramount importance of mathematical
techniques that extract the macroscopic dynamics based on microscopic models be-
comes apparent by realising that the important information of large-scale interacting
particle systems can often be compressed in a handful of macroscopic quantities.

Often, thermodynamic and statistical mechanic concepts are applied together to
describe a system composed of many fast particles by some macroscopic quantities
that follow thermodynamic laws.

The homogenisation procedure discussed by Bornemann in his monograph [22] ex-
emplifies how to extract the slow macroscopic dynamics of a fast-slow mechanical sys-
tem. This homogenisation procedure is based on convergences of time averages which
resemble average operations in statistical mechanics.

Altogether, the general idea in this thesis is to better understand and improve
molecular dynamics simulations, which are based on fast-slow mechanical systems,
in which macroscopic quantities are extracted through a homogenisation procedure
that resemble techniques used in statistical mechanics, by studying and describing the
interaction and evolution of these macroscopic quantities through thermodynamic laws.

We will start to trail this chain of ideas by applying it first to a fast-slow mechanical
system with two degrees of freedom before expanding on these ideas and applying them
to fast-slow mechanical systems with many degrees of freedom. At this point, Hertz’
view on thermodynamics plays a crucial role because his theory can be applied to
systems with very few degrees of freedom. In fact, his thermodynamic theory, as
presented in [55], can be applied to slowly evolving Hamiltonian systems, which are
ergodic. The number of degrees of freedom is not essential.

To provide the reader with a solid mathematical background of the classical and
modern thermodynamic theory as well as essential statistical mechanical concepts, in-
cluding Hertz’ view of thermodynamics, we will in the following summarise key aspects
that will become important in the understanding of the central part of this thesis,
presented in Chapters 5 and 6.

3.1 Equilibrium thermodynamics

The thermodynamic theory aims to characterise macroscopic properties and behaviour
of systems with many degrees of freedom without making assumptions about their
microscopic properties. The generic example for a system in which the thermodynamic
theory can be applied is a certain number of gas particles trapped in a given volume
bounded by the impenetrable walls of a cylinder and an adjustable piston (see Figure 3-
1).

Typically, the number of gas particles in such a system is enormous, N ∼ 1023,
which makes their treatment, based on classic mechanical theory, impossible. The
number of the microscopic degrees of freedom in the system is of the order 6× 1023

(three position and three momentum degrees of freedom per particle). To solve such
a system classically, one would need to solve Newton’s second law of motion for each
particle, which is out of reach, even for today’s supercomputers. Moreover, even if
one could solve the governing equations of motion for each particle, there is no way
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Figure 3-1: Generic system of gas particles trapped in a cylinder with a piston. N is
the number of particles in the system, V is the volume of the cylinder, E is the energy
in the system, and pext is the external pressure acting on the system.

of measuring the system’s initial conditions, and thus one cannot identify a unique
solution. Furthermore, an important property in the thermodynamic theory is that
relevant problems usually involve components that evolve on very different timescales.
For example, in studying the effect on the system when gas particles in a cylinder are
compressed by a moving position or the phase transition from a liquid to a gas phase of
a medium, timescales from 1× 10−15 seconds up to several seconds must be considered,
which pose many obstacles in their analytical and numerical treatment.

The thermodynamic theory and statistical mechanic theory were developed to solve
this problem. They are not concerned with describing the dynamics of the microscopic
degrees of freedom in the system but rather with deriving relations between the macro-
scopic quantities characterising the system as a whole. Some of these characterising
quantities are the number of particles in the system N , the volume V bounded by the
walls of the cylinder and the piston, external effects on the system such as the external
pressure pext, the internal energy U of the system, the temperature T of the system,
the pressure p within the system, or the chemical potential µ of the gas.

Many textbooks have been written that illustrate how to derive the relations be-
tween the macroscopic quantities in thermodynamic systems. Especially noteworthy
are [27, 40, 48, 107, 123]. Here, the presented summary is based on the explanations
in [15, 48].

3.1.1 Classical thermodynamic ensembles

The relation of these macroscopic quantities can only be well-defined when the system is
in an equilibrium state. This is a particular state of the system, which is reached after a
certain time has passed following an external perturbation of the system. Once equilib-
rium is reached, the system will stay in equilibrium, and the values of the macroscopic
quantities remain constant until the system experiences again some external influence.
For a system out-of-equilibrium, some macroscopic quantities cannot be defined. For
example, only if equilibrium is reached is the temperature and the pressure equal ev-
erywhere, and only then it makes sense to talk about the temperature or the pressure
of the system.

The macroscopic quantities that characterise thermodynamic systems come in two
classes: extensive and intensive. Extensive quantities scale proportionally with the
amount of matter in the system; intensive quantities do not. Extensive quantities are,
for example, N , V , or U . They will double in a compound system when a wall is
removed, separating two identical systems in equilibrium. On the other hand, T , p, or
µ will remain unchanged.

Furthermore, depending on the interaction with the environment, one distinguishes
three classes of thermodynamic systems.
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1. Isolated system. This is a system in which the walls of the cylinder enclosing
the gas particles neither exchange matter (particles) nor energy (heat) with its
environment. The natural macroscopic quantities to describe this system are the
internal energy U , the number of particles N , and the volume V . In an isolated
system, U and N are conserved, but V can be changed. Once it is fixed and
the system reaches equilibrium, all other thermodynamic quantities, such as the
pressure p and the temperature T , can be derived.

2. Closed system. This is a system in which the walls of the cylinder allow for a
continuous exchange of heat with the environment (i.e. the outside world) but
do not allow for an exchange of matter. In this case, the number of particles
remains fixed, but the system is in thermal contact with the environment. For
a fixed volume, it will exchange heat until the system reaches equilibrium, at
which point the system’s and the environment’s temperature are identical. The
macroscopic quantities in this system are typically the number of particles N ,
the volume V , and the temperature T of the system.

3. Open system. This is a system that exchanges heat and matter with the envi-
ronment. For a fixed volume V , equilibrium is reached when both the temperature
T and the chemical potential µ of the system and the environment are equal. In
this case, the macroscopic quantities describing the system are the temperature
T , the volume V , and the chemical potential µ.

In all cases, it is assumed that the environment, which is also regularly referred to
as a reservoir or a heat bath, has an infinite heat capacity, i.e., its temperature will
remain constant regardless of the system in thermal contact.

Often, one analyses a family of isolated, closed, or open systems that differ only in
their microscopic states, such as the position of the particles. In the case of isolated
systems, this family is called the micro-canonical ensemble or the NV E-ensemble. In
the case of closed systems, it is called the canonical ensemble or equivalently the NV T -
ensemble, and in the case of open systems, it is called the grand canonical ensemble or
the µV T -ensemble [27].

In studying equilibrium thermodynamic processes, one assumes that the change of
the macroscopic quantities happens so slowly that the system is in thermodynamic
equilibrium at all times. These idealised thermodynamic processes in the manifold of
equilibrium states are called quasi-static processes. When a system changes fast, then
it is not in equilibrium. The analysis of systems out-of-equilibrium and the process of
their equilibration is a subject of ongoing research [95] and will be shortly introduced
in Section 3.2.

3.1.2 Experimental and statistical foundation of thermodynamics

Not all macroscopic quantities for a given thermodynamic system are independent of
each other, there exist relations between them. Mathematical theories based on ther-
modynamic experiments and statistical mechanic considerations have been developed
to derive and explain these relations. From the experimental side, the thermodynamic
theory is built on postulates derived from experiments and theoretical trial-and-error
work. Like Newton’s law of motion in classical mechanics, we know that they agree

31



with our experimental reality of the world because they have not been falsified by any
experiments. On the other hand, from the statistical mechanic side, the thermody-
namic theory is built on theoretical considerations only, without needing experimental
input.

Experimental foundation of thermodynamics

In the following, we will summarise the thermodynamic theory based on thermody-
namic postulates as presented by Callen in [27, p. 283f.], the self-proclaimed “thermo-
dynamic reference most frequently cited in physics research literature”.

One starts with the most simple thermodynamic model in thermodynamic equi-
librium, i.e., an isolated system that is macroscopically homogeneous, isotropic, large
enough so that surface effects can be neglected, not acted on by electric, magnetic, or
gravitational fields. In [27], the quantities that describe the macroscopic properties of
the thermodynamic system, such as the volume V or the number of particles N , are
uniformly denoted by Xi (i = 1, . . . , `).

The first postulate is based on the observation that all macroscopic systems evolve
towards states determined by intrinsic properties and not by the system’s history.
These terminal states are independent of the initial conditions and, by definition, time-
independent.

Postulate 1. There exist particular states (called equilibrium states) that, macro-
scopically, are characterised completely by the specification of the internal energy U
and a set of extensive parameters Xi (i = 1, . . . , `) later to be specifically enumerated.

By phenomenological considerations, the state concept in Postulate 1, together with
various forms of energy exchange, leads to the definition of work and heat, as well as a
balance equation of the internal energy U , i.e., the first law of thermodynamics:

dU = δW + δQ.

The symbol δ is used instead of d because δW and δQ are not differentials of state
variables but small amounts of heat or work.

Given some equilibrium thermodynamic state of a system, the central problem is
to determine the new equilibrium state of the system when internal constraints of an
isolated, composite system are removed, i.e., the determination of the thermodynamic
quantities, for which the new, unconstrained system is again in thermodynamic equi-
librium.

Callen argues that the simplest reasonable formal solution to the fundamental prob-
lem of thermodynamics can be treated by considering the equilibrium criterion in terms
of an extremum principle.

Postulate 2. There exists a function (called the entropy S) of the extensive param-
eters, defined for all equilibrium states, and having the following property. The values
assumed by the extensive parameters in the absence of a constraint are those that
maximise the entropy over the manifold of constrained equilibrium states.
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Postulate 3. The entropy of a composite system is additive over the constituent
subsystems (whence the entropy of each constituent system is a homogeneous first-order
function of the extensive parameters). The entropy is continuous and differentiable and
is a monotonically increasing function of the energy.

Postulate 4. The entropy of any system vanishes in the state for which

T := (∂U/∂S)X1,...,X` = 0.

The second postulate implies the fundamental equation

S = S(U,X1, . . . , X`), (3.1)

and by solving for U , which is possible by Postulate 3, one obtains the energy repre-
sentation

U = U(S,X1, . . . , X`). (3.2)

As a consequence, the total differential is given by

dU =
∑̀

i=1

PidXi + TdS,

with the temperature and thermodynamic force

T = T (S,X1, . . . , X`) =

(
∂U

∂S

)

X1,...,X`

,

Pi = Pi(S,X1, . . . , X`) =

(
∂U

∂Xi

)

X1,...,Xi−1,X+1,...,X`

,

where the thermodynamic quantities in subscript are kept fixed during a thermody-
namic process. At this point, T and the Pi cannot be interpreted as the usual tem-
perature and usual mechanical variables. As explained by Callen in [27], their usual
thermodynamic interpretation is a consequence of the entropy maximum principle, the
second postulate. For a system in equilibrium with an external reservoir, one can derive
for sufficiently slow quasi-static processes that

δQ = TdS and Pi = P ext
i ,

where Pi is the thermodynamic force (such as the thermodynamic pressure) and P ext
i

the external mechanical force (such as the mechanical pressure).

These four postulates are already enough to derive some well-known thermodynamic
relations, such as the Euler equation

U = TS +
∑̀

i=i

PiXi,
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or the Gibbs-Duhem equation

SdT +
∑̀

i=i

XidPi = 0.

Similar to classical mechanics, where the Legendre transformation is used to ex-
press a mechanical system in two equivalent formalisms (Lagrangian and Hamiltonian
formalism), it can be used to transform the fundamental equations (3.1) and (3.2) into
a form that is more convenient for practical applications. In experiments, it is pos-
sible to fix the temperature but not the entropy. Thus, for a theoretical description
of thermodynamic experiments, a theory based on closed systems is preferred. The
Legendre transformation can be applied to transition from an NV E-ensemble to an
NV T -ensemble.

For example, for a gas or a fluid, the following well-known thermodynamic potentials
are obtained by Legendre transformation: the Helmholtz free energy

F = U − TS,

the enthalpy
H = U + PV,

or the Gibbs free energy
G = U − TS + PV.

Statistical mechanic foundation

The extensive parameters like energy, volume, and number of moles have all physical
meanings, but entropy has not. Statistical mechanics provides an interpretation of
the entropy and thus a heuristic justification of the extremum principle of equilibrium
thermodynamics.

The core principle of statistical mechanics can be formulated on the basis of the
fundamental postulate of statistical mechanics. According to Callen [27], it reads: “The
assumption of equal probability of all permissible microstates is the fundamental postu-
late of statistical mechanics.” Here, “all permissible microstates” has to be understood
as the states of the system that are consistent with the external constraints.

To illustrate this postulate, let us come back to the generic thermodynamic example
of gas particles enclosed by the walls of a cylinder and a piston (Figure 3-1). We assume
that the system is in thermodynamic equilibrium. The state space of the gas particles
is confined to the left part of the cylinder. By moving the piston some distance to the
right, the particles can occupy a larger state space under the new unconstrained system.
The number of new microstates shares uniform probability of occupation and increases
to the maximum permitted by the remaining constraints. After a while, the system will
find itself again in thermodynamic equilibrium. This occupation of a larger state space
is reminiscent of the maximum entropy postulate. This suggests that the entropy can
be identified with the number of microstates, consistent with the imposed macroscopic
constraints. Since the entropy is an extensive quantity, it is additive, while the number
of microstates is multiplicative. To resolve this inconsistency, one defines the entropy
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as the logarithm of the number of microstates corresponding to given macrostates,

S = kB log(Ω), (3.3)

where Ω is the number of microstates consistent with the macroscopic constraints. The
constant prefactor is chosen to obtain agreement with the Kelvin scale of temperature.
This is the essence of statical mechanics in the microcanonical ensemble. Thus, in
the microcanonical formulation, the calculation of the entropy amounts to counting
the number of microstates for given macroscopic constraints. In practice, however,
describing a thermodynamic system in the microcanonical ensemble is not particularly
useful because the number of microstates corresponding to a given macrostate is not
easily derivable.

An experimentally more suitable description of thermodynamic systems is given in
the form of the canonical ensemble. In the canonical ensemble, a system of interest is
assumed to be in thermal contact with a reservoir of a given temperature. Here, the
system plus reservoir is considered an isolated system in which the principle of equal
probability of microstates applies. For the system alone, the microstates then do not
have the same probability. As the system is assumed to be in equilibrium with the
reservoir, its temperature is fixed, but the energy can attain all possible values. Thus,
the realisations of distinct microstates have distinct probabilities, i.e., the system does
not spend the same fraction of time in each state. The key to finding the probability
distribution for the subsystem is to regard it as a composite system together with the
heat bath. Then, the fundamental postulate of statistical mechanics applies to the
whole system, which can be regarded as an isolated system. For discrete energy states,
the probability of the subsystem being in state j is the fraction of the total number of
states in which the subsystem is in state j, i.e.

fj =
Ωres(Etot − Ej)

Ωtot(Etot)
,

where Ωres and Ωtot represent the number of microstates for a given energy. Equiva-
lently, using the entropy formulation one gets

fj =
exp

(
k−1
B Sres(Etot − Ej)

)

exp
(
k−1
B Stot(Etot)

) .

A Taylor expansion can then be used to expand the entropy expression in the numerator
around Etot − U , where U is the average value of the energy of the subsystem. One
derives the expression

fj = eβF e−βEj ,

where β = 1/(kBT ) is proportional to the inverse temperature of the system and
F = U − TS is the Helmholtz potential of the system. The Helmholtz potential plays
the role of a state independent normalisation factor and can be derived with the formula

∞∑

j=0

fj = eβF
∞∑

j=0

e−βEj = 1.
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It is customary to define the canonical partition function

Z :=
∞∑

j=0

e−βEj = e−βF . (3.4)

The canonical partition function plays an important role in the thermodynamic theory.
It can be used, for example, to derive the average energy in the system:

U =
∞∑

j=0

Ejfj =
∞∑

j=0

Eje
−βEj/

∞∑

j=0

e−βEj = − d

dβ
log(Z). (3.5)

With (3.4), it then follows that U = F + TS = F − T (∂F/∂T ), confirming the validity
of (3.5).

For a continuous energy spectrum, the probability fj is replaced by a probability
density function of the form

f(E) =
1

Z
e−βED(E), (3.6)

where D(E) is a function describing the density of states, i.e., D(E)dE = “number of
states in the interval D(E)”. Naturally, the sum in this case is replaced by an integral
over all possible energies.

The probability density allows us to derive statistical conclusions of large-scale
interacting particle systems. Applied to classical mechanical systems, the energy E for
a one particle system in three dimensions plays the role of the Hamiltonian function
H(x, y, z, px, py, pz). Then, the one particle partition function takes the form

z1 =
1

h3

∫
e−βH dx dy dz dpx dpy dpz.

Gibbs first postulated this expression of the partition function in a series of articles [27]
in the Journal of the Connecticut Academy between 1875 and 1878. The constant h was
introduced to make comparisons to empirical thermophysical data. For an n-degree of
freedom system, the partition function takes the form

Z =

∫
e−βH

n∏

j=1

(
dqj

h1/2

dpj

h1/2

)
.

The monatomic classical ideal gas enclosed in a container with fixed volume (Fig-
ure 3-1) provides a simple example for the significance of the partition function.

Example 3.1 (Partition function of the ideal gas). The model consists of a collection
of N point masses, in a container of volume V , maintained at a temperature T by
bithermal contact with a reservoir. It is assumed, that there is no interaction between
the point masses, thus the potential function is zero. The one particle partition function
is then given by

z1 =
1

h3

∫∫∫
dx dy dz

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
e−

β(p2x+p
2
y+p

2
z)

2m dpx dpy dpz =
V

h3
[2πmkBT ]3/2 .
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As a consequence, the partition function of the whole system takes the form

Z =
zN1
N !

,

where N ! is a correction factor accounting for the indistinguishability of the point
masses. With equation (3.5) it follows that

U =
3N

2
T, (3.7)

revealing a relation of the internal energy and the temperature of the system. Further
analysis can be done [16, Sec. 1.8] to derive the following constitutive equation for the
ideal gas

pV = NT,

where V is the volume of the container and p the pressure in the container. This
relation provides a good approximation of the behaviour of many gases under many
conditions. 4

Remark 3.2. The one particle partition function z1 illustrates an important property.
Each quadratic term in the energy expression (p2

x + p2
y + p2

z)/2m contributes the same

value, which is proportional to T 1/2, to the partition function. This is an example of
the much more general “equipartition theorem” of classical statistical mechanics [27,
Sec. 16-11].

3.1.3 Thermodynamic interpretation of fast-slow mechanical systems

Formula (3.3) is called the Boltzmann entropy and connects the entropy of a thermo-
dynamic system with the number of microstates consistent with the macroscopic con-
straints. Today, there are many other expressions of entropy that similarly express a
notion of “information” in physical systems, such as, Kolmogorov-Sinai entropy, topo-
logical entropy, conditional entropy, von Neumann entropy, Shannon entropy, Gibbs
entropy, or Bekenstein-Hawking entropy. They all arise in different contexts of mathe-
matics or physics. Gibbs was the first one that gave the Boltzmann entropy a heuristic
meaning in the context of many degrees of freedom mechanical systems. Later on, Hertz
clarified the derivation of Gibbs’ entropy expression for slowly perturbed mechanical
systems.

Many textbooks illustrate the thermodynamic theory based on deterministic mod-
els, including Gibbs’ and Hertz’ views on thermodynamics. A non-comprehensive list
is given by [16, 40, 107, 123].

Gibbs’ view on thermodynamics

Although described in a modern framework, many of the thermodynamic concepts
discussed in Sections 3.1.1 and 3.1.2 were already derived by Clausius, Maxwell, and
Boltzmann, the principal founders of thermodynamics. Their application in deriving
statistical information of many degrees of freedom mechanical systems can be attributed
to G. W. Gibbs. In 1902, Gibbs published the book “Elementary Principles in Sta-
tistical Mechanics” [45], with the aim to distil the latest findings in the development
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of the thermodynamic theory and to bring it into a logical order. This work is today
considered the foundation of modern statistical mechanics. Gibbs based his theory on
mechanical systems that are described by Hamiltonian dynamics in which the degrees of
freedom are uniformly distributed on the energy surface H(q1, . . . , qn, p1, . . . , pn) = E
(1 � n < ∞). He realised that for large particle systems, one could not measure the
exact configuration of the system in time. Thus, Gibbs abandons the deterministic
study of the system and instead analyses the statistical properties of an ensemble of
states. Instead of working with the exact state in phase space at time t, he is consid-
ering the probability that at time t, the system’s state will belong to a specific subset
of the phase space. In his analysis, he derives an expression for the entropy in the
canonical ensemble as a function of the phase space volume. More precisely, if Γ is
the volume enclosed by a trajectory in phase space, then the entropy in the canonical
ensemble is given by

Scan = log

(
∂Γ

∂E

)
.

His book is mainly based on analysing the canonical ensemble. However, he devotes
some chapters to the discussion of the microcanonical ensemble. Here, he similarly
derives the entropy as a function of the phase space volume, i.e.

Sth = log(Γ).

While Scan is the entropy for large systems in the canonical ensemble, it leads
to contradictory implications when applied to small systems. In fact, for systems of
one degree of freedom, it leads to a notion of negative absolute temperature, which
is impossible according to the fundamental postulates of thermodynamic [27, p. 29].
This observation was already known to Gibbs [45]. Nevertheless, in modern literature, a
negative absolute temperature was used to explain the phenomenon of dark-energy [24].
However, in [37] these impossible findings are rectified by pointing out that Scan can
only be interpreted as an entropy in very large systems, and the contradiction can
be resolved by considering Sth as the correct entropy expression for small and large
systems. In fact, it can be shown [16, Sec. 2.11], that Scan = Sth in the limit of infinitely
many particles. This follows from the principle of concentration of measure [68]. In
this regard, Sth describes the entropy for small and large mechanical systems, while
Scan is valid only for large mechanical systems.

3.1.4 Hertz’ view on thermodynamics

In Hertz’ 1910s work [55], he commented on Gibbs’ book and remarked that “it is
almost impossible to find any new fundamental thought that is not covered in Gibbs’
work”. Thus, his goal in the manuscript [55] was not to derive new insight into the
thermodynamic theory of mechanical processes but rather to simplify the access to the
theory, in particular from the microcanonical point of view. His ideas are based on
geometric considerations in the phase space. In the following, we will briefly introduce
Hertz’ view on thermodynamics, which is an essential component in the main body of
this work. A more detailed description can be found in the appendices to the articles
presented in Chapters 5 and 6. This introduction summarises the thermodynamic
theory for ergodic Hamiltonian systems as presented by Berdichevsky in [16].
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Similar to Gibbs, Hertz’ derivation of thermodynamic properties of mechanical
systems is based on the assumption that they are described by Hamiltonian dynamics
and that they are ergodic. In particular, his derivation is deterministic in nature, and
the number of degrees of freedom is not essential; thus, it can be applied to systems
with very few degrees of freedom.

Assumption 1 (Hamiltonian). Through Liouville’s theorem, the Hamiltonian char-
acter of a 2n-degrees of freedom mechanical system ensures that the motion in phase
space is incompressible, i.e., it conserves the volume of every 2n-dimensional region. It
plays the role of the fixed energy in the microcanonical ensemble.

Assumption 2 (Ergodicity). The ergodic theory, as a new branch of mathematical
science, has been developed to formalise the equilibrium thermodynamic theory for
mechanical systems governed by Hamiltonian dynamics [52, 68, 112]. On the one hand,
the macroscopic quantities in equilibrium thermodynamics are, by definition, time-
independent. On the other hand, Hamiltonian systems are time-dependent. Ergodicity
is required to “remove” the time dependence of the system and instead use quasi-
static geometrical properties in phase space to make the connection to equilibrium
thermodynamics. By Definition [16], a Hamiltonian system is ergodic if it has only
one invariant measure on the energy surface Σ = {x ∈ R2n : H(x) = E}. It is shown
in [16] that every Hamiltonian system has at least one invariant measure on the energy
surface. Let A be a (2n − 1)-dimensional region on the (2n − 1)-dimensional energy
surface Σ. Then, one invariant measure is given by

µ(A) =

∫
A

dσ
|∇H|∫

Σ
dσ
|∇H|

,

where dσ is a surface element on the energy surface. The uniqueness in the definition
of ergodicity is challenging to show. Thus, only a handful of systems are known to be
ergodic [111]. Hence, in practice, ergodicity in large mechanical systems is often only
assumed. Nevertheless, through the equipartition theorem [16, Sec. 1.4] (cf. Exam-
ple 3.1), it is possible to numerically test and confidently assume that a mechanical
system is ergodic. Note that µ defines a probability distribution on the energy surface,
which provides a way by which to analyse mechanical systems from a probabilistic
point of view.

The ergodic theory offers an alternative approach to justify the fundamental postu-
late of statistical mechanics by virtue of one crucial property: almost every trajectory
of ergodic Hamiltonian systems covers the whole energy surface. While trajectories
of non-ergodic systems are uniquely identified by their initial values (Figure 3-2a),
trajectories of ergodic Hamiltonian systems are independent of their initial values (Fig-
ure 3-2b).

In ergodic Hamiltonian systems, it is not necessary to study time-dependent trajec-
tories in phase space. Instead, the thermodynamic character of a large-scale interacting
particle system can be studied through the geometrical change of only one object, the
energy surface in phase space. Hertz’ view on thermodynamics is based on this idea.

Remark 3.3. There are indications that the rather challenging to prove property of
ergodicity can be relaxed. According to [16, p.26] numerical simulations show that some
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(a) One trajectory in a non-ergodic sys-
tem. The trajectory will not cover the
whole energy surface.

(b) One trajectory in an ergodic system.
The trajectory will eventually cover
the whole energy surface.

Figure 3-2: Representation of trajectories in a two degrees of freedom ergodic and non-
ergodic system.

thermodynamic properties like the equipartition of energy may be achieved long before
a trajectory covers the whole energy surface. This might indicate that there are other
mechanisms besides ergodicity for the thermodynamical laws to be true. Moreover,
in [28] the authors show that Boltzmann’s principle can be obtained from conditions
that are weaker than the ergodic hypothesis. They suggest a weak ergodic hypothesis in
which the average temperature and pressure have to satisfy certain average conditions,
which are simple corollaries if ergodicity was assumed.

Regarding the extensive parameters Xi (i = 1, . . . , `) in Section 3.1.2 (which we
will in the following denote by yj (j = 1, . . . , n)), Hertz’ geometrical derivation of the
classical thermodynamic theory aims to describe the macro-behaviour of a thermody-
namic system resulting from a slow change of external parameters. Here, slowly varying
means in comparison to the rate of change of the generalised coordinates and momenta.
This is expressed in the first and second law of thermodynamics, which are intrinsically
related to the thermodynamic postulates described in Section 3.1.2. The first law states
that the change of a system’s energy is due to work done by the system and a change of
heat of the system. If dQ is the change of heat of a system and dW =

∑
j Fjdyj is the

work done by the system, where Fj are forces exerted by the system for an infinitesimal
displacement of the variables yj , then the first law of thermodynamics takes the form

dE = dW + dQ. (3.8)

The second law establishes the difference between the energy supplies dW and dQ. It
states that there exists some function S = S(E, y) such that dQ = TdS. S is called
the entropy of the system, and T is called the temperature of the system.

A special case exhibits a process without heat exchange dQ = 0. These processes
are called adiabatic thermodynamic processes. These processes are idealised thermo-
dynamic processes in which the entropy remains invariant during a change of the ther-
modynamic parameters, i.e., S(E, y) = const. Hence, a slow change of the external
variables affects the system’s energy but does not produce any heat. In an adiabatic
process all work dW is converted into a change of energy dE = dW . The particular
simple form of the entropy S(E, y) = const. will play an essential role in the description
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of large-scale interacting particle systems in the Chapters 4, 5, and 6.

The connection to ergodic Hamiltonian systems can now be made in the following
way. The energy E corresponds to the Hamiltonian H. The system’s temperature is
proportional to the time average of the system’s kinetic energy, implying a relation to
the speed of the particles. To calculate this time average, one would need to derive the
trajectory for every particle, which is generally not possible. However, the ergodicity
assumption allows exchanging the time average of a trajectory with the space average
over the energy surface in phase space. This relation is known as the Birkhoff-Khinchin
theorem [122]. This equivalence holds in ergodic systems because almost every trajec-
tory covers the whole energy surface. It is unnecessary to know the evolution of a
trajectory; only knowledge of the energy surface is essential. Due to Gauss’ theorem,
the space average over the energy surface can then be related to the volume enclosed
by the energy surface.

As described before, the Boltzmann entropy is of the form S = log(Ω). Here, Ω is the
number of microstates compatible with the given macrostate. For the microcanonical
ensemble, Gibbs and Hertz derived an expression of the entropy in terms of the phase
space volume Γ, i.e., S = log(Γ). It is clear from equation (2.42) that for a slow change
of an external parameter, the phase space volume is an adiabatic invariant. Therefore,
in the limit ε → 0, meaning in an infinite separation of fast and slow timescales, the
phase space volume is constant, implying a constant entropy and thus no heat exchange
in the system.

Berdichevsky shows in [16] how the model of the Lorentz pendulum can be in-
terpreted in a thermodynamic sense. His reasoning similarly applies to the following
model of a perturbed harmonic oscillator.

Example 3.4 (Entropy and temperature for the harmonic oscillation with varying
frequency). Let us consider the Hamiltonian

H(q, p, y) =
1

2
p2 +

1

2
ω(y)2q2,

where y is a slowly varying parameter. For fixed y, the Hamiltonian is constant and
hence H(q, p, y) = E = const. Then, the trajectory in phase space is an ellipse given
by the relation

p2

2E
+

q2

2E/ω2(y)
= 1.

The volume enclosed by the trajectory of (q, p) in phase space is therefore given by
Γ(E, y) = 2πE/ω(y). It can be used to derive the temperature and entropy of the
system using the formulas

T (E, y) =
Γ(E, y)

∂Γ(E, y)/∂E
, S(E, y) = log(Γ(E, y)) + C, (3.9)

which follow from the Birkhoff-Khinchin theorem and Gauss’ theorem. The derivation
of the here presented terms for temperature and entropy is explained in more detail
in Chapters 5 and 6 of this work and is based on Hertz’ geometric description of
thermodynamic relations in ergodic Hamiltonian systems (Figure 3-3).
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With Γ(E, y) = 2πE/ω(y) the temperature and entropy (3.9) take the form

T (E, y) = E, S(E, y) = log

(
E

ω(y)

)
+ C. (3.10)

If y varies slowly, then the system’s evolution can be considered a quasi-static process,
and for every instance in time, the formulas in (3.10) describe the thermodynamic state
of the system.

Figure 3-3: Sketch of Hertz’ geometric derivation of thermodynamic relations in the
phase space of ergodic Hamiltonian systems.

4

3.2 Nonequilibrium thermodynamics

A general framework to analyse non-equilibrium thermodynamic processes is based
on the GENERIC (General Equation for the Non-Equilibrium Reversible-Irreversible
Coupling). It was first proposed by Grmela and Öttinger in [49, 96]. Here, the presented
summary is based on [95].

The theory is based on the idea that a nonequilibrium thermodynamic process
evolves for t → ∞ to a thermodynamic process in equilibrium that minimises the
Helmholtz free energy. This evolution, from a nonequilibrium process to an equilibrium
process, can be modelled in general by the Ginzburg-Landau equation

dx

dt
= −M δΦ

δx
, (3.11)

where x represents a set of independent variables required for a complete description
of the nonequilibrium process, Φ = Φ(x, T ) is the Helmholtz free energy, T is the
absolute temperature, and M is a positive definite linear-operator. Equation (3.11)
can be interpreted as a gradient flow, which models the evolution of x to a function
x0 so that (δΦ/δx)(x0) = 0, i.e., x0 minimises the Helmholtz free energy in the limit
t→∞, which corresponds to an equilibrium thermodynamic process. The GENERIC
is a specification of (3.11) which allows describing in a very general way the dynamics
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of x while it approaches the equilibrium process x0. The GENERIC is

dx

dt
= L

δE

δx
+M

δS

δx
, (3.12)

where E and S are potentials that have the physical meaning of total energy and total
entropy.

Firstly, in equation (3.12) the term LδE/δx describes the nondissipative or re-
versible kinematics of the problem. Here, L is a linear operator that describes the
geometric structure of the process. It defines a Poisson bracket

{A,B} :=

〈
δA

δx
, L
δB

δx

〉
, (3.13)

where 〈·〉 denotes the scalar product and A and B are sufficiently regular functions.
The Poisson bracket (3.13) defines a Poisson geometric structure, if the antisymmet-
ric property {A,B} = −{B,A} and the Jacobi identity {A, {B,C}} + {B, {C,A}} +
{C, {A,B}} = 0 hold. A simple example that satisfies these properties is given by the
symplectic matrix

L =

(
0 1
−1 0

)
, (3.14)

which describes the dynamics of a Hamiltonian time-evolution (cf. equation (2.35)).
If, L satisfies in addition the complementary degeneracy requirement

L(x) · δS(x)

δx
= 0, (3.15)

then L is called a Poisson operator. In the GENERIC framework, (3.15) expresses
the reversible component of a thermodynamic process. More precisely, the functional
form of the entropy is such that it cannot be affected by the operator generating the
reversible process.

Secondly, in equation (3.12) the term MδS/δx describes the dissipative or irre-
versible kinematics of the system. Here, M is a linear operator and can be understood
as a friction matrix. It defines the bracket

[A,B] :=

〈
δA

δx
,M

δB

δx

〉
.

The linear operator M is assumed to be symmetric [A,B] = [B,A] and to satisfy the
positivity condition [A,A] ≥ 0 for all sufficiently smooth functions A and B. More-
over, to guarantee energy conservation in an isolated system the GENERIC framework
requires that

M(x) · δE(x)

δx
= 0, (3.16)

which ensures that all dissipated mechanical energy is converted back into internal
energy.

These are the four components of the GENERIC framework. In general, the three
components L, E, and S are relatively easy to derive for a specific model, while the
derivation of M is relatively difficult to derive and requires structural model knowledge.
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In the following, we will examine a simple example (cf. Exercise 3 in [95]) of
how to apply the GENERIC framework to describe the evolution of a system out-of-
equilibrium in the limit t→∞ to a system in equilibrium. More complex examples are
presented in [96]. These comprise, for instance, classical hydrodynamics, nonisothermal
kinetic theory of polymeric fluids, or kinetic theory for the polymer contribution of heat
transport.

Example 3.5 (GENERIC applied to the canonical thermodynamic system). Let there
be gas particles enclosed in a container. A movable wall separates the container into two
compartments of different volumes, each filled with the same number of gas particles,
N1 = N2 = N . The whole system is thus separated into two subsystems. The container
walls do not allow for any interaction with the environment, but the subsystems can
exchange heat through the movable wall (Figure 3-4). Let the entropy of the whole

Figure 3-4: Canonical thermodynamic system in the GENERIC framework.

system be given by the function S(E, V,N) and let the mass of the wall be m and its
motion is assumed to be frictionless. Let x = (q, v, E1, E2), where q is the horizontal
position of the centre of mass of the separating wall, and v its velocity. Then

E(x) =
1

2
mv2 + E1 + E2,

is the total energy of the system and

S(x) = S(E1, qA,N) + S(E2, (qmax − q)A,N) ,

is the total entropy of the system, where A is the cross-section and qmax is the length
of the container. Then, we have

∂E(x)

∂x
= (0,mv, 1, 1)T ,

∂S(x)

∂x
=

((
p1

T1
− p2

T2

)
A, 0,

1

T1
,

1

T2

)T
,

where pi = Ti∂S/∂Vi is the pressure [16, p.39] of subsystem i = 1, 2. The Poisson
matrix L can be derived by considering the position q of the wall as governed by
standard Hamiltonian dynamics. In L this can be expressed by the antisymmetric
operator (3.14). Additional terms need to be added to satisfy the degeneracy condition
and antisymmetry. Altogether, L is given by

L =
1

m




0 1 0 0
−1 0 p1A −p2A
0 −p1A 0 0
0 p2A 0 0


 ,
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where p1 = p1(q, E1, E2) and p2 = p2(q, E1, E2) are the pressure functions. The sym-
metric friction matrix M is chosen as

M =




0 0 0 0
0 0 0 0
0 0 α −α
0 0 −α α


 ,

which describes the heat exchange through some parameter α and satisfies the degen-
eracy condition (3.16). The resulting evolution equations are given as

dq

dt
= v,

dE1

dt
= −p1Av + α

(
1

T1
− 1

T2

)
,

dv

dt
=

1

m
(p1 − p2)A,

dE2

dt
= p2Av − α

(
1

T1
− 1

T2

)
.

According to [95, p. 468f], all oscillations in the system will be damped because they
induce a temperature difference and hence a heat flux with entropy production. Conse-
quently, the system will converge in the limit t→∞ to a steady state in thermodynamic
equilibrium. 4
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Chapter 4

Model specific theory

After introducing in Chapter 2 some typical mathematical methods that are used in
the derivation of asymptotic expansions of solutions to multiple-scale problems and
some general mathematical tools that will be used in the main body of this work,
we focused in Chapter 3 on the modern mathematical treatment of the analysis of
thermodynamic systems. In the following chapter, we will concentrate on the specific
mathematical theory around the general fast-slow mechanical system (1.1) as well as
on the simplified fast-slow mechanical system (1.3) which forms the basis of the main
body of this work as presented in Chapters 5 and 6.

We begin this chapter with a detailed review of Bornemann’s work, which appears
in [22]. This includes a presentation and a sketch of proof of the main theorem re-
garding the homogenisation of the general fast-slow mechanical system (1.1), which
we will refer to as Theorem 4.1. We continue with two further sketches of proofs of
the homogenisation result; the first one is based on ideas by Keller and Rubinstein
as presented in [65], who use a multiple-scale expansion to derive the leading-order
asymptotic expansion of the solution to a singularly perturbed wave equation, while
the second one is based on near-identity transformations as discussed by Bornemann
in [22, Appendix C]. What follows is a discussion of the benefits and drawbacks of the
three sketches of proofs regarding the homogenisation of fast-slow mechanical systems,
which extends the analysis by Kevorkian and Cole in [66]. Next, we discuss model
related examples and generalisations. In particular, we learn how the dynamics of the
butane molecule can be modelled by means of the general fast-slow mechanical sys-
tem (1.1) and compare how well the conformal motion of the molecule is approximated
by the solution of the homogenised fast-slow system for large and small scale parameter
ε. Subsequently, a section about further development in the analysis and homogenisa-
tion in time of fast-slow systems can be found. Notably, we discuss Evans and Zhang’s
work [39] which illustrates how ideas from the proof of Theorem 4.1 can be used to show
that the phase-space volume enclosed by the energy surface of slowly evolving ergodic
Hamiltonian systems are adiabatic invariant, which provides a rigorous justification of
Hertz’ view of thermodynamics. Finally, we summarise Li and Reina’s work [81] which
discusses the thermodynamic properties of fast-slow mechanical systems that can be
analysed by Theorem 4.1 and finish the chapter by transitioning into the main body of
this work through an important discussion about the key ideas used and main results
obtained in Chapters 5 and 6.
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4.1 Homogenisation in time of fast-slow mechanical sys-
tems

We start by stating and decomposing the main theorem regarding the homogenisation
of the general fast-slow mechanical system as presented by Bornemann in [22] in order
to separate it from previously derived theory and the theory presented in Chapters 5
and 6.

Theorem 4.1 (Theorem 1 in [22]). For a sequence ε → 0, consider the family of
mechanical systems given by the Lagrangian

Lε(x, ẋ) = 1
2〈ẋ, ẋ〉 − V (x)− ε−2U(x), ẋ ∈ TxM. (4.1)

The potential U is assumed to constrain spectrally smooth to a nondegenerate critical
submanifold N ⊂ M. Let the initial positions be fixed on the critical submanifold,
xε(0) = x∗ ∈ N , and the initial velocities convergent in Tx∗M, ẋε(0) → v∗ ∈ Tx∗M.
Then, for a finite time interval [0, T ], there exists a unique sequence xε of solutions of
the Euler-Lagrange equations corresponding to Lε.

Let Uhom be the homogenization of U with respect to the limit initial values (x∗, v∗).
We denote by xhom the unique solution of the Euler-Lagrange equations corresponding
to the homogenized Lagrangian

Lhom(x, ẋ) = 1
2〈ẋ, ẋ〉 − V (x)− Uhom(x), ẋ ∈ TxN,

with initial data xhom(0) = x∗ ∈ N and ẋhom(0) = Q(x∗)v∗ ∈ Tx∗N .

If xhom is non-flatly resonant up to order three, the sequence xε converges uniformly
to xhom on [0, T ].

Theorem 4.1 is based on a description of a family of mechanical systems on a
smooth Riemannian configuration manifold governed by the Lagrangian Lε. This is a
very general description of a natural mechanical system [7, p.19] and generalises the
summary of Lagrangian mechanics described in Section 2.2.2.

The corresponding equations of motion on the Riemannian configuration manifold
are given by the Euler-Lagrange equations [1, Prop. 3.7.4]

∇ẋε ẋε + gradV (xε) + ε−2 gradU(xε) = 0, (4.2)

where the covariant derivative ∇ denotes the Levi-Cività connection of the Riemannian
manifold M [1, Sec. 2.7]. In the case of a Euclidean configuration space M = Rm with
standard Euclidean metric, the Euler-Lagrange equations take the form

ẍε +∇V (xε) + ε−2∇U(xε) = 0.

Conditions on initial values

The energy corresponding to the Lagrangian (4.1) is given by

Eε = 1
2 〈ẋε, ẋε〉+ V (xε) + ε−2U(xε),
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where 〈ẋε, ẋε〉 = gij(xε)ẋ
i
εẋ
j
ε and G = (gij) is the covariant tensor of second-order

defined by the metric 〈·, ·〉. In case of a Euclidean configuration manifold, G is the
identity matrix, i.e., gij(x) = δij .

In studying singular limits of a family of mechanical systems, it is physically rea-
sonable to assume an energy that is uniformly bounded in ε, i.e., Eε ≤ E∗. This is a
condition on the initial values. For this reason, the initial values in Theorem 4.1 are
chosen such that the initial positions are fixed, and the initial velocities converge as
ε→ 0,

xε(0) = x∗, lim
ε→0

ẋε(0) = v∗ ∈ Tx∗M.

To ensure the equi-boundedness of the energy, the condition U(x∗) = 0 must be sat-
isfied. It is mentioned by Bornemann in [22, p. 19] that the particular choice of fixed
initial positions can be replaced by converging initial positions. This would generalise
Theorem 3.2 but reduce the simplicity and elegance of the statement.

The critical submanifold

Critical in Theorem 4.1 is the set of x ∈M where the potential U vanishes. According
to [22], one defines for a non-negative potential U ≥ 0 the compact submanifold N =
{x ∈ M : U(x) = 0} ⊂ M . It is a smoothly embedded n-dimensional submanifold in
M . If N is such that N = {x ∈ M : DU(x) = 0} and the Hessian H of U fulfils the
nondegeneracy condition

kerH(x) = TxN, x ∈ N, (4.3)

then N is called a nondegenerate critical manifold of U and the potential U is called
constraining to N . An equivalent equation to (4.3) is

rangeH(x) = TxN
⊥, x ∈ N. (4.4)

Conditions (4.3) and (4.4) ensure that for all x ∈ N the configuration space can be
decomposed into mutually orthogonal subspaces such that M = kerH(x)⊕rangeH(x).
This decomposition allows to define the orthogonal projections from TxM into TxN

⊥

and TxN :

P (x) : TxM → TxN
⊥, Q(x) : TxM → TxN, x ∈ N. (4.5)

Spectrally smooth constraint potentials

For x ∈ N , the Hessian H(x) of U(x) is a self-adjoint linear operator on TxM ; and thus,
it is diagonalisable, but it is not always smoothly diagonalisable [64, Chap. 2, Example
5.3]. However, to ensure that the homogenisation problem is uniquely solvable, the
spectrum of H has to be arranged in a continuous way [117].

For this reason, Theorem 4.1 requires that the Hessian H of U has a smooth spectral
decomposition. Let a potential U constrain to a smooth n-dimensional non-degenerate
critical submanifold N . If the Hessian H of U has a smooth spectral decomposition on
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N , i.e.

H(x) =
r∑

λ=1

ω2
λ(x)Pλ(x), x ∈ N, (4.6)

where the smooth fields ω2
λ : M → R represent all nonzero eigenvalues of the Hessian

H, and Pλ : TM → TxN
⊥ are smooth orthogonal projections of TxM onto mutually

orthogonal subspaces of TxN
⊥, then the potential U is said to constrain spectrally

smooth to N . Note, that the projection P in (4.5) is thus given by P =
∑

λ Pλ.

Without loss of generality, one can assume that the eigenvalues ω2
λ(x) are mutually

non-identical on N since otherwise one could combine the corresponding eigenprojec-
tions. The integers

nλ = trPλ = dim rangePλ ∈ N,
r∑

λ=1

nλ = r = m− n,

are constant on N and sum up to the codimension r = m−n of the critical submanifold
N .

Non-resonance conditions

Theorem 4.1 relies on imposing certain non-resonance conditions on the normal fre-
quencies ωλ. In general, x is called resonant of order j ∈ N, if there exists a tr ∈ [0, T ],
such that

γ1ω1(x(tr)) + · · ·+ γsωs(x(tr)) = 0, |γ1|+ · · ·+ |γs| = j, (4.7)

with integer coefficients γλ ∈ Z. Similarly, Bornemann defines x to be non-flatly
resonant of order j ∈ N, if there exists a tr ∈ [0, T ] such that x is resonant of order
j ∈ N at tr ∈ [0, T ] and

d

dt
(γ1ω1(x(tr)) + · · ·+ γsωs(x(tr))) 6= 0. (4.8)

Theorem 4.1 is thus valid even if xhom is resonant on N . Only a considerably weaker
form of non-resonance condition, the so-called non-flatly resonance condition (4.8),
must be satisfied. Geometrically, each resonance relation (4.7) constitutes a hypersur-
face in the critical submanifold N . If x is non-flatly resonant, then these hypersurfaces
cross only transversally, and thus there is no accumulation point of resonances.

The statement of the homogenisation result

Finally, the homogenisation result describes how to derive a new effective Lagrangian
with the homogenised potential Uhom. To define this potential one introduces, using
the projections in (4.6), the constants

θλ∗ =
〈Pλ(x∗)v∗, Pλ(x∗)v∗〉

2ωλ(x∗)
, λ = 1, . . . , s, (4.9)

49



and defines the homogenised potential as

Uhom(x) =
s∑

λ=1

θλ∗ωλ(x), x ∈ N. (4.10)

4.1.1 Original sketch of proof based on weak convergence techniques

The proof of Theorem 4.1 is split into 16 Lemmas that collectively prove the theorem.
They are distributed into four major steps.

Step 1: Equi-boundedness

The first step utilises the equi-boundedness of the energy to derive information about
the solution xε in the limit ε → 0. By the equi-boundedness of the energy, it follows
from the extended Arzelà-Ascoli theorem 2.7, that for a subsequence of ε→ 0,

xε → x0 in C0([0, T ],Rm), ẋε
∗
⇀ ẋ0 in L∞([0, T ],Rm),

and that x0 takes values on the submanifold N .

The uniform convergence of xε → x0 implies that for sufficiently small ε all tra-
jectories are within a tubular neighbourhood of N . This allows to introduce tubular
coordinates in the neighbourhood of N [1, Thm. 2.7.5] (see Figure 4-1). More precisely,
for y ∈ N there exists an orthonormal basis {e1, . . . , er} of the normal bundle TN⊥,

ei(y) ∈ TyN⊥, 〈ei(y), ej(y)〉 = δij ,

and coefficient functions zn+1, . . . , zn+r such that for z = zn+1e1(y) + · · · + zn+rer(y)
there exists a unique representation of x ∈M as an element of this neighbourhood, by

x = expy(z), y ∈ N, z ∈ TyN⊥,

where “exp” denotes the geodesic exponential map [1, p. 149].

For a given set of local coordinates (y1, . . . , yn) of the manifold N , one can define
the tubular coordinates

(x1, . . . , xm) = (y1, . . . , yn; zn+1, . . . , zn+r).

With y = (y1, . . . , yn; 0, . . . , 0) and z = (0, . . . , 0; zn+1, . . . , zn+r), this coordinate sys-
tem has a linear structure and one can use the simplified notation

x = y + z, y ∈ N, z ∈ TyN⊥. (4.11)

It then follows from the equi-boundedness of the energy that

yε → x0, ẏε
∗
⇀ ẋ0, ε−1zε

∗
⇀ 0, żε

∗
⇀ 0.

By multiplying the equations of motion (4.2) with Q(yε) (see Definition (4.5)), the
dynamics is projected onto TyεN , from which one can obtain that ÿε = O(1). The
boundedness of ÿε then allows to apply the extended Arzelà-Ascoli theorem which

50



implies for a subsequence the even stronger convergence

yε → x0, ẏε → ẋ0, ÿε
∗
⇀ ẍ0.

Similarly, multiplying the equations of motion (4.2) with P (yε) (see Definition (4.5)),
the dynamics is projected onto TyεN

⊥, from which one can obtain that

z̈ε + ε−2Hεzε = O(1), (4.12)

where Hε is the Hessian of Uε.

Figure 4-1: Sketch of tubular coordinates in a neighbourhood of N .

Step 2: The weak virial theorem

The second step of the proof of Theorem 4.1 concerns the distribution of energy in the
constrained and the normal motion. First one defines the quadratic expressions

Σε = ε−2zε ⊗Gεzε, Πε = żε ⊗Gεżε.

Furthermore, one defines the kinetic energy T
‖
ε , the potential energy U

‖
ε , and the total

energy E
‖
ε of the constrained motion by

T ‖ε = 1
2gij(yε)ẏ

i
εẏ
j
ε, U‖ε = V (yε), E‖ε = T ‖ε + U‖ε .

And the kinetic energy T⊥ε , the potential energy U⊥ε , and the total energy E⊥ε of the
normal motion

T⊥ε = 1
2gij(yε)ż

i
εż
j
ε , U⊥ε = 1

2ε
−2 〈H(yε)zε, zε〉 , E⊥ε = T⊥ε + U⊥ε .
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Since Σε = O(1) and Πε = O(1), by Alaoglu’s theorem 2.6 one concludes that for a
subsequence

T⊥ε = 1
2 tr Πε

∗
⇀ T⊥0 = 1

2 tr Π0,

U⊥ε = 1
2 tr(HεΣε)

∗
⇀ U⊥0 = 1

2 tr(H0Σ0).

Furthermore, by a Taylor expansion it can be shown that the total energy Eε decom-

poses into Eε = E
‖
ε + E⊥ε +O(ε) and furthermore that

E‖ε → E
‖
0 = 1

2 〈ẋ0, ẋ0〉+ V (x0), E⊥ε → E⊥0 = E0 − E‖0 .

The central result of this step is the proof of the so-called weak virial theorem. It
states that because of the (perturbed) harmonic dynamics of zε (4.12), the quadratic
expression of the normal position and velocity are related by the Hessian in the limit
ε → 0, i.e., Π0 = H0Σ0, which implies the equi-partitioning of the kinetic and the
potential energy of the normal motion

T⊥0 = U⊥0 . (4.13)

This follows from differentiating the function Ξε = żε⊗Gεzε and Alaoglu’s theorem. It
is called weak virial theorem because of its similarity to the virial theorem in classical
mechanics [1, p. 242ff.]. The weak virial theorem is then used to derive the abstract
limit equation for the constraint dynamics. More specifically, it is given by

∇ẋ0 ẋ0 + FV (x0) + F hom
U (t) ⊥ Tx0N,

where at this point the homogenised force

F hom
U (t) = 1

2 gradH(x0(t)) : Σ0(t),

is not known. It can be derived by projecting (4.2) onto TxεN
⊥ and taking the weak∗

limit.

Step 3: Adiabatic invariance of the normal actions

The third step starts by using the smooth spectral decomposition to decompose the
normal motion into

zε =
r∑

λ=1

zελ with zελ = Pελzε,

where Pελ = Pλ(yε). It follows equivalently from (4.12), by multiplication with Pελ,
that

z̈ελ + ε−2ω2
ελzελ = O(1),

where ωελ = ωλ(yε). These are thus equations of perturbed harmonic oscillators. If
there are essentially no resonances of order two and three along the limit x0, i.e., if
ω0λ 6= ω0µ almost everywhere, it is shown, that

ε−2zελ ⊗ zεµ ∗⇀ 0, żελ ⊗ żεµ ∗⇀ 0, λ 6= µ, (4.14)
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and furthermore, if ω0λ + ω0µ 6= ω0ν almost everywhere, that

ε−2ziελz
j
εµż

k
εν
∗
⇀ 0, żiελż

j
εµż

k
εν
∗
⇀ 0, (4.15)

for all indices λ, µ, and ν and i, j, and k. Thus, quadratic off-diagonal interactions as
in (4.14) and cubic interactions as in (4.15) vanish on average in the limit ε→ 0.

Furthermore, one defines the kinetic energy T⊥ελ, the potential energy U⊥ελ and the
total energy E⊥ελ of the normal λ-component as

T⊥ελ = 1
2gij(yε)ż

i
ελż

j
ελ, U⊥ελ = 1

2ε
−2ω2

ελ 〈zελ, zελ〉 , E⊥ελ = T⊥ελ + U⊥ελ.

Then, one shows, that the energy of the normal motion splits as E⊥ε =
∑

λE
⊥
ελ +O(ε)

and by defining σλ = tr(P0λΣ0P0λ) one shows the equi-partitioning of the energy in
the limit ε→ 0, i.e.

T⊥ελ
∗
⇀ T⊥0λ = 1

2ω
2
0λσλ, U⊥ελ

∗
⇀ U⊥0λ = 1

2ω
2
0λσλ, E⊥ελ

∗
⇀ E⊥0λ = ω2

0λσλ,

which follows from the properties of the trace and the weak virial theorem. Finally, by
defining the action of the normal λ-component as

θλε =
E⊥ελ
ωελ

,

property (4.15) is used to show its adiabatic invariance

θλε → θλ∗ = const., (4.16)

which follows from the weak∗ limit Ė⊥ελ
∗
⇀ Ė⊥0λ, and the square and cubic weak conver-

gences (4.14) and (4.15).

Because of the weak∗ convergence of Ė⊥ελ, it follows from the extended Arzelà-Ascoli
theorem, that E⊥ελ converges uniformly and thus, with θλ∗ as given by (4.9), one infers
that

tr(P0λΣ0P0λ) = σλ =
θλ∗
ω0λ

. (4.17)

Step 4: Identification of the limit mechanical system

The final step concerns the abstract limit equation and relates the up till now un-
known force field F hom

U to the homogenised potential Uhom as defined in (4.10). By
differentiating the spectral decomposition of the Hessian (4.6), one shows that

Q(x0)F hom
U = gradN Uhom(x0).

For the proof, three facts are used: equation (4.17), Pµ ·∂yiPλ ·Pµ = 0, and θλ∗ ≡ const.
Finally, since xhom is non-flatly resonant, it follows that x0 = xhom for all t ∈ [0, T ]. In
particular this shows that the limit is unique which allows to discard the extraction of
a subsequence altogether.
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Remarks to Theorem 4.1

Before the formulation of Theorem 4.1, many other homogenisation results have been
obtained for less general fast-slow mechanical systems. They were usually derived
for systems on the Euclidean configuration space M = Rm and excluded resonant
behaviour.

The introduction of the general metric in Theorem 4.1 is a source of difficult to
control nonlinearities. Thus, weak convergence techniques were used in the proof of
Theorem 4.1, which allow for a detailed analysis of these nonlinearities. Moreover,
the detailed analysis provides a rigorous mathematical foundation for analysing the
resonance behaviour of the solution to the system. While they can exhibit resonances of
orders two or three almost everywhere, only a weaker form of non-resonance condition,
i.e., non-flatly resonant of orders two and three, is required. According to Bornemann,
it seems that the non-flatly resonant condition cannot be relaxed any more. In [22, §1.8]
a counterexample is presented that illustrates how the limit dynamics is not unique if
xhom is not non-flatly resonant. In this case, the smooth spectral decomposition of
the Hessian H of U is not unique. The author notes that it seems difficult to define
a general notion of “natural” smooth spectral decomposition that implies the “right”
limit dynamics.

Previously related theory

Theorem 4.1 is very general and can thus be applied to very general fast-slow mechan-
ical systems. Before the work of Bornemann in [22], many other less general systems
were analysed that ultimately provided the essential mathematical foundation for The-
orem 4.1. In the following, some of the prior works will be presented.

Submanifold of codimension r = 1

One of the first mathematical works related to the homogenisation problem covered by
Theorem 4.1 can be found in [102]. Here, the authors consider a constrained mechanical
system in the configuration space M = Rm. They proved that for initial values x∗ ∈ N
and v∗ ∈ Tx∗N , the dynamics of the system realises holonomic constraints for all
potentials U constraining to N . That is, for v∗ ∈ Tx∗N , the homogenised potential is
zero, Uhom ≡ 0, and the dynamics is constrained to xhom ∈ N . Moreover, the authors
showed that the motion in the limit ε → 0 differs from the Hamiltonian dynamics
constrained to the manifoldN for initial values v∗ /∈ Tx∗N , that have an energy bounded
independently of ε, i.e., they showed, that for general initial velocities the homogenised
potential is not zero.

Independently, but also for a submanifold of codimension r = 1, the homogenisation
result can be found in [72] where the authors used informal averaging procedures in
combination with the virial theorem and adiabatic invariance. Based on this result,
the authors of [22] used weak convergence techniques to make the arguments rigorous.
These ideas were conducive in Steps 2 and 3 of the proof of Theorem 4.1.

The case of a submanifold of codimension r = 1 was also discussed in the work of
van Kampen [62]. His derivation of the homogenised potential is based on the WKB
method. Unfortunately, the thus derived conclusions are mathematically inconsistent,
which was pointed out and improved on in [22].
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Submanifold of codimension r ≥ 1

The first study in the general case of a submanifold of codimension r ≥ 1 was conducted
by Takens in [117]. Under the assumption that there are no resonances of second- or
third-order and that the potential U constrains spectrally smooth to a critical sub-
manifold N ⊂M , he derived the homogenised potential 4.10. His method is based on
a rather explicit representation of the normal oscillations and the Riemann-Lebesgue
lemma. The smooth constraint of the potential U is a critical assumption in his deriva-
tion of Uhom. If the system fails to constrain spectrally smooth, then the uniqueness of
the limiting solution is not ensured. This behaviour was coined by Koiller [71] “Tak-
ens chaos”. The homogenised Lagrangian Lhom does only depend on the fixed initial
position x∗ and the limit initial velocity v∗. In particular, the details of the limiting
process ẋε → v∗ do not matter. Takens showed, by means of an example, that if the
system does not constrain spectrally smoothly, then for ẋε(0) = (0, η), the limits for
ε→ 0 and η → 0 do not commute. Hence, the limit equation depends on the choice of
the limit sequence and is therefore not unique.

4.1.2 Alternative sketch of proof based on multiple-scale asymptotics

The analysis of a closely related system to the Lagrangian (4.1) can be found in the
work of Keller and Rubinstein [65], who aim to homogenise the wave equation

utt = ∆u− ε−2Vu(u), u(x, 0) = g(x), ut(x, 0) = h(x), (4.18)

where x ∈ Rn, u ∈ Rm, and V (u) ≥ 0 is a smooth real-valued function. It is assumed
that V achieves its minimum value V (u) = 0 for u ∈ N , where N ⊂ Rm is a smooth
n-dimensional closed connected manifold. They furthermore assume that V (u) > 0
and Vu(u) 6= 0 for u /∈ N . Their goal is to determine the asymptotic behaviour as
ε→ 0 of the solution u(x, t, ε) of (4.18).

To derive the asymptotic behaviour of u as ε → 0, they make a multiple-scale
ansatz of the form

u(x, t, ε) = u0(x, t) + εu1(x, t) + ε2u2(x, t) +O(ε3).

In view of the factor ε−2 multiplying Vu, they infer that the wave motion in any direction
normal to N will be of high frequency. Therefore, they define the rapidly varying phase
function ϕ = (ϕ1, . . . , ϕm−n) where ϕi(x, t) = ε−1θi(x, t) for i = 1, . . . ,m − n. Then,
the multiple-scale ansatz becomes

u(x, t, ε) = u0(x, t) + εu1(x, t, ϕ) + ε2u2(x, t, ϕ) +O(ε3).

This multiple-scale expansion can directly be applied to the general fast-slow me-
chanical system in Section 1.1. Instead of considering u(x, t, ε), one considers u(t, ε).
The multiple-scale ansatz then reads

u(t, ε) = u0(t) + εu1(t, ϕ) + ε2u2(t, ϕ) +O(ε3), (4.19)

where ϕ = (ϕ1, . . . , ϕm−n) with ϕi(t) = ε−1θi(t) for i = 1, . . . ,m− n.
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It follows, that the time derivatives are given by

∂tu
i = uit + ε−1uiϕj∂tθj ,

∂2
t u

i = uitt + 2ε−1uitϕj∂tθj + ε−1uiϕj∂
2
t θj + ε−2uiϕjϕk(∂tθj)(∂tθk),

where, using Einstein’s notation, summation over double indices is implied.

By inserting (4.19) into (4.18) and equating to zero the terms of order ε−2, ε−1,
and ε0 one derives the equations

Vu(u0) = 0, (4.20)

(∂tθj)(∂tθk)u
1
ϕjϕk

+ Vuu(u0)u1 = 0, (4.21)

(∂tθj)(∂tθk)u
2
ϕjϕk

+ Vuu(u0)u2 (4.22)

= −u0
tt − 2(∂tθj)(∂tu

1
ϕj )− (∂2

t θj)u
1
ϕj − 1

2Vuuu(u0)u1u1.

It follows from (4.20) that u0(t) ∈ N . To solve (4.21), one introduces the orthonormal
basis nj(u

0), j = 1, . . . ,m− n of normal vectors to N at u0 and li(u
0), i = 1, . . . , n of

tangent vectors to N at u0. The vectors nj(u
0) can be chosen to be the eigenvectors

of Vuu(u0),
Vuu(u0)nj = ω2

j (u
0)nj , j = 1, . . . ,m− n.

Then, one can write u1 in the form

u1(t, ϕ) =
n∑

i=1

ai(t, ϕ)li(u
0(t)) +

m−n∑

j=1

bj(t, ϕj)nj(u
0(t)). (4.23)

Substituting this into (4.21) yields

(∂tθr)(∂tθk)
n∑

i=1

aiϕrϕk li +
m−n∑

j=1

(∂tθj)
2bjϕjϕjnj +

m−n∑

j=1

Vuunjbj = 0, (4.24)

where one uses the fact that Vuuli = 0 because Vu(u) = 0 on N , so all tangent
derivatives of Vu are zero.

By taking the inner product of (4.24) with lp and with ns one gets

(∂tθr)(∂tθk)apϕrϕk = 0, (4.25)

(∂tθs)
2bsϕsϕs + ω2

sbs = 0. (4.26)

Since ai and bj must be bounded, one has to choose, according to (4.25), the function
ai independent of ϕ, i.e., ai(t, ϕ) = Ai(t). Moreover, the solution to (4.26), takes the
form

bj(t, ϕj) = Bj(t) cos(ϕj) + Cj(t) sin(ϕj),

which implies that
(∂tθj)

2 = ω2
j (u

0).
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To determine the Bj and Cj one makes again an ansatz of the form

u2(t, ϕ) =

n∑

i=1

a2
i (t, ϕ)li(u

0) +

m−n∑

j=1

b2j (t, ϕj)nj(u
0). (4.27)

By inserting (4.27) into (4.22), taking the inner product of the resulting equation with
lp and use (4.23) for u1 one obtains

(∂tθj)(∂tθk)a
2
pϕjϕk

= lp(u
0) ·


−u0

tt −
1

4
Vuuu(u0)

m−n∑

j=1

(B2
j + C2

j )njnj


+ P (t, ϕ),

where P (t, ϕ) represents terms which are periodic in the ϕj with mean value zero. In
order to derive a bounded solution for a2

p the term independent of ϕ on the right has
to vanish. Thus,

lp(u
0) · u0

tt +
1

4

m−n∑

j=1

lpnjnjVuuu(u0)(B2
j + C2

j ) = 0, p = 1, . . . , n.

This is an evolution equation for u0(t), but the B2
j + C2

j are not yet defined.

To determine Bj and Cj one uses (4.27) in (4.22) and takes the inner product of
the resulting equation with np to get

ω2
p(u

0)
[
b2pϕpϕp + b2p

]

= np(u
0) ·
[
−u0

tt −
1

2
Vuuu(u0)u1u1 − 2(∂tθj)(∂tu

1
ϕj )− (∂2

t θj)u
1
ϕj

]
,

for p = 1, . . . , n. The terms on the right-hand side which are proportional to sin(ϕp)
and cos(ϕp) must vanish in order that the solution b2p be a bounded function of the ϕp.
This yields the conditions

2(∂tθp)(∂tCp) + (∂2
t θp)Cp +

n∑

i=1

Vuuu(u0)npnpliAiBp = 0, (4.28)

−2(∂tθp)(∂tBp)− (∂2
t θp)Bp +

n∑

i=1

Vuuu(u0)npnpliAiCp = 0. (4.29)

By multiplying (4.28) by Cp and (4.29) by Bp one can obtain the following equation
for B2

p + C2
p :

∂t [(∂tθp)
(
B2
p + C2

p)
]

= 0, p = 1, . . . ,m− n.
Except for the initial conditions, one has at this point everything to determine u0.
No further than the leading-order asymptotic expansion has been derived by Keller
and Rubinstein in [65]. The just presented multiple-scale expansion applied to the
general fast-slow mechanical system correctly determines the homogenised potential
Uhom. According to Bornemann, with this method, however, it is more difficult to
study aspects of resonances and estimates of remainders.
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4.1.3 Alternative sketch of proof based on near-identity transforma-
tions

To study the solution to the general fast-slow mechanical system (1.1) asymptotically,
Bornemann also presents in [22, Appendix C] how to apply techniques from the pertur-
bation theory of integrable Hamiltonian systems [7, Chap. 6] to the simplified fast-slow
mechanical system (1.3). As discussed in Section 2.1.3, the averaging method aims
to eliminate the fast dependence on the angle variable of the equations of motion for
increasing order of ε by averaging the equations of motion with respect to the fast
variable. The solution to this averaged differential equation is used in a near-identity
transformation that approximates the original solution to the perturbed system up to
desired order. While solving the averaged equation gives estimates on time intervals
of order O(ε−1) (see equation (2.21)), it is not necessary to derive the average terms if
one is only interested in timescales of order O(1). Similar to equation (2.15), a differ-
ential equation with the leading-order term is enough to derive asymptotic information
about the original solution for timescales of order O(1). This process was used in [22,
Appendix C] to derive asymptotic information about the solution to the simplified
fast-slow mechanical system (1.3) with V ≡ 0.

More specifically, Bornemann considers in [22] a mechanical system on a Euclidean
configuration space M = Rm whose dynamics is described by the singularly perturbed
system of Newtonian equations of motion

ẍε + ε−2 gradU(xε) = 0. (4.30)

By splitting the coordinates according to x = (y, z) ∈ Rn × Rr = Rm, he specifies the
potential U by the quadratic expressions

U(x) = 1
2 〈H(y)z, z〉 , H(y) = diag(ω2

1(y), . . . , ω2
r (y)),

where ωλ are smooth uniformly positive functions. Denoting by (η, ζ) the canonical
momenta corresponding to the positions (y, z), the energy is thus given by

Eε =
1

2
|ηε|2 +

1

2
|ζε|2 +

1

2
ε−2

r∑

λ=1

ω2
λ(yε)(z

λ
ε )2.

By introducing particular action-angle variables (θε, φε) for the fast degrees of free-
dom (zε, ζε) so that

zλε = ε

√
2θλε
ωλ(yε)

sin(ε−1φλε ), ζλε =
√

2θλεωλ(yε) cos(ε−1φλε ),

the system can be brought into standard form. The transformation (zε, ζε) 7→ (φε, θε)
is generated by the generating function

S0(zε, φε; yε) =
ε−1

2

r∑

λ=1

ωλ(yε)(z
λ
ε )2 cot(ε−1φλε ). (4.31)

The transformation is however symplectic only for fixed yε. For this reason, one has to
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extend the generating function to

S(yε, pε, zε, φε) = pTε yε + S0(zε, φε; yε). (4.32)

Then, the missing transformation of the momenta ηε is given by

ηjε =
∂S

∂yjε
= pjε + ε

r∑

λ=1

θλε · ∂jωλ(yε)

2ωλ(yε)
sin(2ε−1φλε ).

Now, the transformation (yε, ηε; zε, ζε) 7→ (yε, pε;φε, θε) is symplectic on the whole
phase space.

The energy transforms into the expression

Eε =
1

2
|pε|2 +

r∑

λ=1

θλεωλ(yε) + ε
n∑

j=1

r∑

λ=1

θλε p
j
ε · ∂jωλ(yε)

2ωλ(yε)
sin(2ε−1φλε )

+
ε2

8

n∑

j=1

(
r∑

λ=1

θλε · ∂jωλ(yε)

ωλ(yε)
sin(2ε−1φλε )

)2

,

and the equation of motion take the form

φ̇λε =
∂Eε
∂θλε

, θ̇λε = −∂Eε
∂φλε

, ẏjε =
∂Eε

∂pjε
, ṗjε = −∂Eε

∂yjε
,

which are presented in [22] as

φ̇λε = ωλ(yε) + ε
n∑

j=1

pjε · ∂jωλ(yε)

2ωλ(yε)
sin(2ε−1φλε ) +O(ε2),

θ̇λε = −
n∑

j=1

θλε p
j
ε · ∂jωλ(yε)

ωλ(yε)
cos(2ε−1φλε )

+ε
r∑

µ=1

F 1
λµ(yε, pε, θε)(sin(2ε−1(φµε − φλε )) + sin(2ε−1(φµε + φλε ))),

ẏjε = pjε + ε

r∑

λ=1

θλε · ∂jωλ(yε)

2ωλ(yε)
sin(2ε−1φλε ),

ṗjε = −
r∑

λ=1

θλε · ∂jωλ(yε) + ε

r∑

λ=1

F 2
jλ(yε, pε, θε) sin(2ε−1φλε ) +O(ε2).

Here, F 1
λµ(y, p, θ) and F 2

jλ(y, p, θ) are smooth functions in the variables y, p, and θ. The
initial values transform to

φε(0) = 0, θλε (0) = θλ∗ =

∣∣uλ∗
∣∣2

2ωλ(y∗)
, yε(0) = y∗, pε(0) = p∗.
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First-order approximation. Bornemann introduces the near-identity transforma-
tion

Θλ
ε = θλε + ε

n∑

j=1

θλε p
j
ε · ∂jωλ(yε)

2ω2
λ(yε)

sin(2ε−1φλε ), Θε(0) = θ∗.

The equations of motion of the original system then take the form

φ̇λε = ωλ(yε) +O(ε), Θ̇λ
ε = O(ε), ẏjε = pjε +O(ε), ṗjε = −

r∑

λ=1

Θλ
ε · ∂jωλ(yε) +O(ε),

and for the limit system they are given by

φ̇λ0 = ωλ(y0), φ0(0) = 0,

Θ̇λ
0 = 0, Θ0(0) = θ∗,

ẏj0 = pj0, y0(0) = y∗, (4.33a)

ṗj0 = −
r∑

λ=1

Θλ
0 · ∂jωλ(y0), p0(0) = p∗. (4.33b)

One concludes, using Gronwall’s inequality, that for t = O(1),

φε = φ0 +O(ε), Θε = θ∗ +O(ε), yε = y0 +O(ε), pε = ẏ0 +O(ε),

and after transforming back

θε = θ∗ +O(ε), yε = y0 +O(ε), ẏε = ẏ0 +O(ε).

Note, that equations (4.33a) and (4.33b) are the homogenised equations of motion
corresponding to the Euler-Lagrange equations for the homogenised Lagrangian (1.5).

Second-order approximation. For the second-order approximation Bornemann re-
quires that there are no resonances of order two

ωλ(y) 6= ωµ(y), y ∈ Rn, λ 6= µ. (4.34)

As remarked in Section 2.1.3, this is to avoid difficulties related to the problem with
small divisors.

He introduces the near-identity transformation of the action variables

Θλ
ε = θλε + ε

n∑

j=1

θλε p
j
ε · ∂jωλ(yε)

2ω2
λ(yε)

sin(2ε−1φλε )

+
ε2

2

r∑

µ=1
µ6=λ

F 1
λµ (yε, pε, θε)

(
cos
(
2ε−1

(
φµε − φλε

))

ωµ(yε)− ωλ(yε)
+

cos
(
2ε−1

(
φµε + φλε

))

ωµ(yε) + ωλ(yε)

)
,

with initial value
Θε(0) = θ∗ +O(ε2),

which is not well-defined if the non-resonance assumption (4.34) was not assumed.
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The near-identity transformation for the angle variables is given by

Φλ
ε = φλε + ε2

n∑

j=1

pjε · ∂jωλ(yε)

4ω2
λ(yε)

cos(2ε−1φλε ), Φε(0) = O(ε2).

The resulting equations of motion take the form

Φ̇λ
ε = ωλ(yε) +O(ε2),

Θ̇λ
ε = εF 3

λ (yε, pε,Θε) sin(2ε−1Φλ
ε ) + εF 4

λ (yε, pε,Θε) sin(4ε−1Φλ
ε ) +O(ε2),

ẏjε = pjε + ε
r∑

λ=1

F 5
jλ(yε, pε,Θε) sin(2ε−1Φλ

ε ) +O(ε2),

ṗjε = −
r∑

λ=1

Θλ
ε · ωλ(yε) + ε

r∑

λ=1

F 6
jλ(yε, pε,Θε) sin(2ε−1Φλ

ε ) +O(ε2),

where F 3
λ (y, p,Θ), F 4

λ (y, p,Θ), F 5
jλ(y, p,Θ), and F 6

jλ(y, p,Θ) abbreviate expressions
smoothly dependent on y, p, and θ. To eliminate the fast angle variables at order
O(ε), he furthermore introduces another near-identity transformation of the form

Iλε = Θλ
ε + ε2F

3
λ (yε, pε,Θε)

2ωλ(yε)
cos(2ε−1Φλ

ε ) + ε2F
4
λ (yε, pε,Θε)

4ωλ(yε)
cos(4ε−1Φλ

ε ),

Y j
ε = yjε + ε2

r∑

λ=1

F 5
jλ(yε, pε,Θε)

2ωλ(yε)
cos(2ε−1Φλ

ε ),

P jε = pjε + ε2
r∑

λ=1

F 6
jλ(yε, pε,Θε)

2ωλ(yε)
cos(2ε−1Φλ

ε ),

with initial values

Iε(0) = θ∗ +O(ε2), Yε(0) = y∗ +O(ε2), Pε(0) = p∗ +O(ε2),

from which he obtains the equations of motion

Φ̇λ
ε = ωλ(yε) +O(ε2),

İλε = O(ε2),

Ẏ j
ε = P jε +O(ε2),

Ṗ jε = −
r∑

λ=1

Iλε · ∂jωλ(yε) +O(ε2).

By comparing again with the limit equation, one concludes, using the Gronwall
inequality, that for t = O(1),

Φε = φ0 +O(ε2), Iε = θ∗ +O(ε2), Yε = y0 +O(ε2), Pε = ẏ0 +O(ε2),
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which implies in the original variables that

φε = φ0 +O(ε2),

θλε = θλ∗ − ε
n∑

j=1

θλ∗ ẏ
j
0 · ∂jωλ(y0)

2ω2
λ(y0)

sin(2ε−1φλ0) +O(ε2),

yε = y0 +O(ε2),

ẏjε = ẏj0 + ε
r∑

λ=1

θλ∗ · ∂jωλ(y0)

2ωλ(y0)
sin(2ε−1φλ0) +O(ε2),

zλε = ε

√
2θλ∗

ωλ(y0)
sin(ε−1φλ0) +O(ε2),

żλε =
√

2θλ∗ωλ(y0) cos(ε−1φλ0) +O(ε).

4.1.4 Review of the three sketches of proofs

The derivation of the asymptotic solution to the fast-slow system (4.30) is crucially
based on the transformation of the fast degrees of freedom (z, ζ) into action-angle vari-
ables using generating functions. By using generating functions for the transformation
it is ensured that the transformed variables still conform to the Hamiltonian dynamics.
The derivation of the generating functions (4.31) and (4.32) follow from the discus-
sion in Section 2.2.2. In particular, the derivation of the angle variable φ requires the
evaluation of an integral of the form

φ =
∂

∂θ

∫ q

pdq, (4.35)

where θ is the action variable. In the case of the fast-slow system (4.30), the evaluation
of the integral can easily be done, and the resulting system of differential equations for
(θ, φ) is in standard form so that near-identity transformations can be used to derive an
asymptotic solution to the system. If the system is more complicated, the evaluation
of the integral becomes more difficult.

Kevorkian et al. analyse in [66, 67] systems which exhibit strictly nonlinear solutions
with similar techniques. They remark that the integral (4.35) is the primary difficulty in
the transformation into action-angle variables. Moreover, they note that these integrals
are not even elliptic integrals in some cases, and even if they lead to elliptic integrals,
their evaluations are complicated. For this reason, the authors analyse in [67] the
emerging error when replacing the oscillatory terms by a Fourier series representation
or by approximating the potentials by polynomial fits so that elliptic functions can be
used in the analysis of the integral (4.35).

Furthermore, the authors show that for strictly nonlinear oscillatory systems, the
leading-order asymptotic expansion of the solution using near-identity transformations
for the action-angle variables and approximations using multiple-scale asymptotics co-
incide. Indeed, comparing the two alternative sketches of proofs of Theorem 4.1, as
presented in Sections 4.1.2 and 4.1.3, this statement also applies to the fast-slow sys-
tem (4.30). In general, the difficulty of evaluating the integral (4.35) appears as well in
the application of the multiple-scale expansion if the angle variables are ε-dependent,
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as presented in [66, 67]. In Section 4.1.2 however, the multiple-scale expansion was used
with angle variables ϕ = (ϕ1, . . . , ϕm−n), where ϕi(t) = ε−1θi(t) for i = 1, . . . ,m − n,
where the θi are ε-independent. If they were ε-dependent, the same difficulty regarding
the integral (4.35) would emerge (see [66, 67]).

According to Kevorkian et al., there is no particular advantage, at least to leading-
order, in transforming the system first into standard form as opposed to analysing
the system directly by multiple-scale asymptotics. However, since the action is an
adiabatic invariant, the calculations of higher-order terms are significantly simpler for
a system in standard form. As mentioned in [67] however, comparison of higher-order
expansions is a nontrivial undertaking because the solutions have different structures.
This becomes particularly obvious by referring to [104, Chap. 3.4], which discusses the
non-uniqueness of the higher-order terms in the near-identity transformation.

In contrast, Bornemann neither uses near-identity transformations nor a multiple-
scale expansion for the proof of Theorem 4.1. He relies on weak convergence techniques,
which are powerful tools in functional analysis. They can be thought of as limit av-
eraging operators. Thus, they combine taking the limit to derive the leading-order
asymptotic expansion while simultaneously averaging out the oscillatory dynamics of
the fast-slow system. Bornemann notes [22, Appendix C], that this method is much
easier to handle than the other methods, in particular in the presence of resonances.
As it becomes evident from the multiple-scale expansion, he notes that formulas easily
mess up and cannot easily be generalised to systems covered by Theorem 4.1. In par-
ticular, he suggests, that with a multiple-scale expansion, it is more difficult to study
aspects of resonances and estimations of remainders. A comparison of different multi-
scale methods applied to systems that exhibit resonances and the analysis thereof can
be found in [91].

In the main body of this work, we will follow Bornemann’s line of thought and
similarly use weak convergence techniques. However, we will transform the fast sub-
system into action-angle variables first so that the system is given in standard form to
control the adiabatic invariants in the system, which will be important for the thermo-
dynamic interpretation, and to simplify the derivation of the higher-order asymptotic
expansions [66, Chap. 5.2.2]. Although the application of weak convergence methods
to derive a higher-order asymptotic expansion to the solution of the simplified fast-slow
mechanical system (1.3) is rather cumbersome, it opens up the possibility to later gen-
eralise the theory to systems similar to the general fast-slow mechanical system (1.1)
and to deal with the problem of small divisor as a result of resonances, as remarked in
Section 2.1.3.

4.2 Model related examples and generalisations

After analysing Theorem 4.1, which provides the mathematical foundation of this work,
and the presentation of three different sketches of proofs, we will finally present some
examples and generalisations that can be found in the modern literature.
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Homogenisation of a specific class of potentials

In [22] it is explained, that in applications, the constraining potential U in Theorem 4.1
is often of the form

U(x) =

r∑

λ=1

|ψλ(x)|2 , x ∈M,

with smooth scalar functions ψλ : M → R. In this case the critical submanifold is given
by

N = {x ∈M : U(x) = 0} = {x ∈M : ψ1(x) = · · · = ψr(x) = 0}.
We assume that the gradient vectors Dψλ(x) are linearly independent for all x ∈ N .
Then, the submanifold N has codimension r = dimTxN

⊥ and the basis field for the
normal bundle of N is given by span{Dψλ(x) : λ = 1, . . . , r} = TxN

⊥ for all x ∈ N .
The second derivative of U in this case takes the form

D2U(x) =
r∑

λ=1

Dψλ(x)⊗Dψλ(x), x ∈ N.

In the case of codimension r = 1, the smooth spectral decomposition (4.6) is given
by ω(x) = ‖Dψ(x)‖ for x ∈ N and the projection matrix P = ω−2(x)Dψ(x)⊗Dψ(x).
In the case of codimension r > 1, it can be derived by computing an orthonormal basis
of TxN

⊥ and corresponding frequency functions ωλ(x).

4.2.1 The butane molecule

One realistic model of a physical system with constraining potentials as discussed
in the previous paragraph is given by the butane molecule in the united atom rep-
resentation. Bornemann exemplifies in [22] how in this case, the butane molecule,
CH3−CH2−CH2−CH3, is represented by four point masses given by the four CH
groups. The position of these CH groups is given by the coordinate x = (x1, x2, x3, x4)
where xi ∈ R3, i = 1, . . . , 4. Therefore, the configuration space is the 12-dimensional
space M = R12. The dynamics of the molecule is assumed to be governed by the
Lagrangian

L (x, ẋ) = 1
2〈Gẋ, ẋ〉 − Vweak(x)− Vstrong(x), x ∈ R12, ẋ ∈ R12. (4.36)

Here, G denotes the mass matrix

G = diag(m1,m1,m1,m2,m2,m2,m2,m2,m2,m1,m1,m1),

where the mass of the CH3 group is given by m1 = 15 u and of the CH2 group by
m2 = 14 u, where “u” denotes the atomic mass unit 1 u = 1.660 54× 10−27 kg. The
strong potential is given by the bond-stretching and the bond-angle potentials,

Vstrong(x) =

3∑

k=1

Vbs(xk, xk+1) + Vba(x1, x2, x3) + Vba(x2, x3, x4).
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The bond-stretching potential Vbs is modelled as a spring,

Vbs(xk, xk+1) =
α

2
(|xk − xk+1| − r0)2,

where |·| denotes the Euclidean length in R3 (see Figure 4-2a). The particular value of
the equilibrium length r0 and the constant α are given in [22].

The bond-angle potentials Vbs are given by

Vba(xk, xk+1, xk+2) =
β

2
(cosφ− cosφ0)2,

where φ = φ(xk, xk+1, xk+2) denotes the angle between the bonds connecting xk with
xk+1, and xk+1 with xk+2 (see Figure 4-2b). The particular value of the equilibrium
angle φ0 and the constant β are given in [22].

The weak potential is given by the torsion-angle potential

Vweak(x) = Vtor(cos(θ(x))),

with
Vtor(c) = γ(1.116− 1.462c− 1.578c2 + 0.368c3 + 3.156c4 + 3.788c5),

where the value of the constant γ can be found in [22]. The torsion angle θ =
θ(x1, x2, x3, x4) is the angle between the two planes spanned by x1, x2, x3 and x2, x3, x4

(see Figure 4-2c).

(a) Bond-stretching force (b) Bond-angle force (c) Torsion-angle forces

Figure 4-2: Representation of the three different forces in the butane molecule.

This model of the butane molecule is of the form suitable to apply Theorem 4.1
which states that the homogenised Lagrangian is of the form

Lhom(x, ẋ) = 1
2〈Gẋ, ẋ〉 − Vweak(x)− Uhom(x), x ∈ N, ẋ ∈ TxN. (4.37)

In this example the strong potential Vstrong is constraining spectrally smooth to the
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equilibrium manifold of “frozen” bond-lengths and bond-angles

N = {x ∈ R12 : |x1 − x2| = |x2 − x3| = |x3 − x4| = r0,

φ(x1, x2, x3) = φ(x2, x3, x4) = φ0},

of codimension r = 5. Hence, the configuration space for the remaining degrees of
freedom is 7-dimensional. Taking into account conservation of linear momentum and
angular momentum, the effective configuration space is one-dimensional. It can be
parametrised by the torsion angle θ ∈ [0, 2π) or by the total length of the molecule
r14 = |x1 − x4|.

As mentioned in the introduction, the error between the solution to the original and
the homogenised system depends on the scale parameter ε, which represents the typical
timescale ratio of the fast and slow degrees of freedom. As presented by Bornemann
in [22], by numerically calculating the fast frequencies corresponding to the strong
potential Vstrong, the maximal frequency is given by τfast ≈ 0.25 ps, while the typical
timescale of the slow motion is given by τslow ≈ 1 ps. This yields a scale ratio of ε ≈ 0.25,
which cannot be considered as small. The relative large scale ratio causes large errors
when comparing the length of the molecule derived from solving the original system
with the one derived from solving the homogenised system, which becomes evident
in Figure 4-3. In Figure 4-3a, the length of the butane molecule in the original and
the homogenised motion are compared. They diverge significantly the longer time
progresses. If one artificially decreases the scale ratio ε, Figure 4-3b reveals that the
original and homogenised length of the molecule virtually coincide and exemplifies that
the error depends on the scale parameter ε alone.

To derive the lengths of the molecule in Figure 4-3, the following parameters where
chosen in (4.36) and (4.37): m1 = m2 = 1, α = 83.7, β = 43.1 r0 = 1.53, φ0 = 109.5°,
and

x(0) = (−a1, 0, b1, c1, 0, d1,−c1, 0,−d1, a1, 0,−b1),

ẋ(0) = (−a2, b2,−c2, d2,−b2, e2,−d2,−b2,−e2, a2, b2, c2),

where a1 = 0.117745, b1 = 1.92189, c1 = d1 = 0.540937, a2 = 0.150282, b2 = 1.33735,
c2 = 0.247396, d2 = 1.58239, and e2 = 0.994607. These values were partially taken
from [22] and the initial conditions were determined so that the molecule is centred at
the origin, takes values in N , the linear and angular momentum are zero in all three
spatial dimensions, and that only one fast mode is exited through the initial velocity.

4.2.2 Projective thermostatting

Jia and Leimkuhler analyse in [60] the butane molecule in the framework of Theo-
rem 4.2.1 from a thermodynamic point of view. Essential in the proof of Theorem 4.1
is the equipartition of the kinetic and potential energy of the normal motion in the
limit ε→ 0, equation 4.13. However, according to [60], the equipartition of the energy
of the whole system is not given. In a similar context, Boltzmann [20] and Jeans [57,
58] conjectured early on that the timescale for sharing the energy among the fast vi-
brational modes might grow exponentially with the vibrational mode, i.e., the high
frequencies are essentially decoupled from the slow frequencies. This poses problems in
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Figure 4-3: Comparison of the total length r14 of the butane molecule for different
values of ε. Blue: original motion. Orange: homogenised motion.

the numerical analysis of molecules, especially when fast thermodynamic equilibration
of the whole system is necessary.

The authors of [60] suggest employing thermostatting of parts of the system to
accelerate the exchange of energy and thus to faster attain thermodynamic equilibrium
for the whole system, which can accelerate computer simulations. Depending on the
use case, they show how to apply the projected thermostatting technique to either the
slow or the fast degrees of freedom.

In general, they analyse a system of the form

H =
pTM−1p

2
+ V (q) + σU(q),

where M is a mass matrix and σ is a constant parameter. The fast and slow dynamics
of the system can be obtained in two different ways.

Strong and weak potentials. Here, σ = 1/ε2, ε � 1, and σU can be used to
represent the strong potential term associated with constraints such as the bond-length
or the bond-angle in molecular dynamics. This case coincides with the discussion of
the butane molecule in Section 4.2.1.

Fast and slow variables. In this example, the system is composed of heavy and
light particles with a corresponding separation of the degrees of freedom. In this case
σ = 0 and the mass matrix is of the form

M =

(
Mf 0
0 Ms

)
, p = (pTf , p

T
s )T ,

where Mf �Ms. Then, the Hamiltonian can be written in the form

H =
pTfM

−1
f pf

2
+
pTsM

−1
s ps
2

+ V (q).

Both situations can be combined by decomposing the general momenta. One can define
a projection P , such that the momenta decompose into p = Pp+Qp, where Q = I−P
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(cf. Definition 4.5). Then, the Hamiltonian is of the form

H =
pTP TM−1Pp

2
+
pTQTM−1Qp

2
+ V (q) + σU(q).

With this projection, projective thermostatting can be accomplished which is de-
scribed by the Hamiltonian

HNosé =
pTP TM−1Pp

2s2
+
pTQTM−1Qp

2
+ V (q) + σU(q) +

π2

2µ
+ gfkBT ln(s), (4.38)

where gf is the trace of the projection matrix P .

Jia and Leimkuhler’s main observation is that the microcanonical density function
of the system with Hamiltonian (4.38), when integrated with respect to the auxiliary
thermostatting variables (s, π), reduces to the canonical density distribution e−H/(kBT )

in the physical variables (cf. equation (3.6)). They demonstrate with numerical exam-
ples that by applying projective thermostatting, full equilibrium of the whole system
can be established faster than without projective thermostatting. This suggests that
the ergodicity assumption appears valid for the whole system, and fast sampling of the
system can be achieved.

4.2.3 Langevin dynamics of fast-slow systems

Reich considers in [101] thermally embedded systems of the form

d

dt
q = M−1p,

d

dt
p = −∇qU(q)− γp+M1/2ξ(t),

where the potential U is of the form U(q) = V (q) + 1
2ε2
g2(q), γ is a positive friction

constant, and ξ is a Gaussian white noise process with zero mean and variance

〈ξi(t)ξj(t+ τ)〉 = 2γkBTδijδ(τ), i, j = 1, . . . , 3N,

where kB is the Boltzmann constant, T is the temperature of the heat bath, and 〈·〉
denotes the average over all realisations of the stochastic process ξ(t). Such a model
is frequently used in molecular dynamics [3]. The author derives reduced equations
of motion by transforming the system into action-angle variables and by applying the
principle of averaging to the corresponding transformed stochastic differential equation.
The goal is to derive smoothed (averaged) Langevin equations of motion that have
solutions (Q(t), P (t)) such that the average over all realisations of the stochastic process
ξ(t) satisfies

〈Q〉(t) = lim
ε→0
〈〈q〉√ε〉(t), 〈P 〉(t) = lim

ε→0
〈〈p〉√ε〉(t),

over timescales of order one. He furthermore shows, that if γ ≡ 0, i.e., there is no
stochastic contribution, the functions Q and P derived through the averaging operation
described by Reich in [101], coincide with the slow degrees of freedom in Theorem 4.1.
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The author derives the smoothed equations of motion

d

dt
Q = M−1P,

d

dt
P = −∇QV (Q)− J∇Q

√
G(Q)M−1G(Q)T − γP + ξ(t)−G(Q)Tλ,

d

dt
J = −γJ +

Ξx(t)ξx(t)√
G(Q)M−1G(Q)T

,

0 = g(Q),

where G(q) is the Jacobian of g(q), ξx(t) = dΞx(t)/dt, and ξx(t) is a Gaussian white
noise process with zero mean and variance

〈ξx(t)ξ(t+ τ)〉 = 2γkBTδ(τ).

His proof is based on rewriting the equations of motion in terms of local coordinates.
To this end, he decomposes the dynamics into fast and slow, i.e., he defines the fast
variables by x = g(q) and the slow variables by y = b(q) and defines implicitly a
decomposition of the momenta

p = pxG(q)T + pyB(q)T ,

where B(q) is the Jacobian of b(q) and G(q)B(q)T = 0. With this decomposition, the
system is described in the form of fast and slow degrees of freedom. The fast degrees
of freedom are then transformed into action-angle variables. The transformed system
is now in standard form, allowing him to use the averaging principle to derive averaged
equations of motion. Transforming back into Cartesian coordinates, he derives the
desired result.

4.2.4 Friction and gyroscopic forces

Bornemann shows in [22] how Theorem 4.1 can be generalised to systems subject to
friction and gyroscopic forces. This can be achieved by considering a mechanical system
governed by the Lagrangian

Lε(x, ẋ) =
1

2
〈ẋ, ẋ〉 − V (x)− ε−2U(x), ẋ ∈ TxM, (4.39)

subject to an external force of the form

F (x, ẋ) ∈ TxM, ẋ ∈ TxM.

The equations of motion are then given by

∇ẋε ẋε + gradV (xε) + ε−2 gradU(xε) = F (xε, ẋε),

where the covariant derivative ∇ denotes the Levi-Cività connection of the Riemannian
manifold M . To derive some information in the limit ε→ 0, it is required that

F (xε, ẋε)
∗
⇀ F (x0, ẋ0).
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The most general force, that guarantees this weak∗ continuity is affine in the veloci-
ties [34, Thm. I.1.1]

F (x, ẋ) = F0(x)−K(x) · ẋ,
where K : TM → TM is a field of linear operators. To ensure a bounded energy, the
potential corresponding to the force F0 must be bounded from below, and the linear
operator K is assumed to be nonnegative, i.e., 〈K(x)v, v〉 ≥ 0 for all v ∈ TxM . Without
loss of generality, one can set F0 = 0 and absorb the force term into V . By splitting
K = A + S, where A is a self-adjoint operator, and S is a skew-adjoint operator, one
derives

F (x, ẋ) = Ffric(x, ẋ) + Fgyro(x, ẋ),

where the viscous friction is given by Ffric(x, ẋ) = −A(x)ẋ and the gyroscopic force is
given by Fgyro(x, ẋ) = −S(x)ẋ.

Bornemann shows in [22], that for the mechanical system (4.39), subjected to the
external force Ffric(x, ẋ) + Fgyro(x, ẋ), where the force field Ffric of viscous friction is
κ-isotropic normal to N , i.e., there is a real constant κ ≥ 0 such that 〈A(x)v, v〉 =
κ 〈v, v〉 for all x ∈ N and v ∈ TxN⊥, the solution xε under similar assumptions as in
Theorem 4.1 converges to a solution of the non-autonomous Lagrangian

L κ
hom(x, ẋ, t) =

1

2
〈ẋ, ẋ〉 − V (x)− e−κtUhom(x), ẋ ∈ TxN,

subject to the projected external forces Q(x)Ffric(x, ẋ) + Q(x)Fgyro(x, ẋ) and initial
values xhom(0) = x∗ ∈ N and ẋhom(0) = Q(x∗)v∗ ∈ Tx∗N . Here, the homogenised
potential Uhom coincides with (4.10).

4.3 Further development in the analysis and homogenisa-
tion in time of fast-slow systems

Since the release of Bornemann’s monograph [22] the homogenisation in time and gen-
eral analysis of fast-slow mechanical systems has been further developed and found
applications in other mathematical areas. In the following, we will present some recent
applications and illustrate current research activities in this direction.

4.3.1 Averaging and adiabatic invariance

In [39], Evans and Zhang present how homogenisation techniques provide elegant proofs
of already known mathematical results. Apart from deriving a simple description of
the dynamics of Kapitsa’s inverted pendulum and its generalisations in the limit of
an infinitely fast oscillating excitation of the system, they analyse the slowly varying
multiple degrees of freedom Hamiltonian system of the form

ẋε =
1

ε
DpH(pε,xε, t), ṗε = −1

ε
DxH(pε,xε, t), (4.40)

for 0 ≤ t ≤ T with xε(0) = x∗ and pε(0) = p∗. Provided that the dynamics is
uniquely ergodic, the authors rigorously exemplify how the homogenisation theory can
be used to show that the phase space volume enclosed by the trajectory of the solution
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to (4.40) is an adiabatic invariant. To this end, they introduce the Liouville measure
on the energy surface Σ(t) = {(p,x) ∈ R2n : H(p,x, t) = E(t)} given by

µ(t)(A) :=
1

Z(t)

∫

Σ(t)∩A

1

|DzH|
dH2n−1,

where the normalisation factor Z takes the form Z(t) :=
∫

Σ(t)
1

|DzH|dH
2n−1. Since

sup0≤t≤T |pε| , |xε| ≤ C, which can be shown using Gronwall’s inequality, there exists
a Young measure σ(t) such that for a subsequence {ε′} (not relabelled)

F (pε,xε, t) ⇀ F̄ :=

∫

Σ(t)
F (p,x, t) dσ(t),

for every continuous function F . Moreover, σ satisfies

sptσ(t) ⊆ Σ(t), {H(·, t), σ(t)} = 0. (4.41)

Under the assumption that the Liouville measure µ(t) is the unique Borel probability
measure µ that satisfies (4.41), i.e., the dynamics is uniquely ergodic, it follows that

Ht(pε,xε, t)→
1

Z(t)

∫

Σ(t)

Ht

|DzH|
dH2n−1,

and consequently, for the time derivative of the phase space volume Φ̇ε that

Φ̇ε(t) =

∫

Σε(t)

Ht(pε,xε, t)−Ht(p,x, t)

|DzH|
dH2n−1 ⇀ 0.

As a result, Φε → Φ∗ in C([0, T ]) and Φ∗ is constant. Thus, the phase space volume
of ergodic Hamiltonian systems, which evolve slowly in time, are adiabatic invariant.
By relating the phase space volume with the entropy of the system, the arguments
presented in [39] provide a rigorous justification of Hertz’ view on thermodynamics as
discussed in Chapters 5 and 6.

4.3.2 Equilibration of energy in fast-slow systems

Ergodicity is an important property of mechanical systems to reach statistical equilib-
rium. However, in fast-slow mechanical systems, the phase space volume of an ergodic
fast subsystem is an adiabatic invariant. This impedes the equilibration of the whole
system’s energy because the mixing of energies associated with the fast and slow sub-
system is limited. Shah, Turaev, Gelfreich, and Rom-Kedar analyse in [108] how a
sudden violation of the ergodicity of the fast subsystem enables the whole system to
reach statistical equilibrium.

To this end, the authors analyse (among others) a system of one particle confined
to a two-dimensional rectangular box. The particle of mass m is assumed to perform
elastic collisions with its environment and has a velocity with fast vertical and a slow
horizontal component, giving rise to the fast and slow dynamics of the system. Per-
pendicular to the right wall of the box, a horizontal bar of mass M reaches a certain
distance into the box, which is attached to a spring, allowing it to slowly oscillate
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vertically in a harmonic way.

If the particle does not touch the bar, no energy can be transmitted between the
particle and the bar, and thus no statistical equilibrium of the whole system can be
reached. In this case, the fast subsystem is ergodic, and the phase space volume of
the fast subsystem is an adiabatic invariant. If the particle reaches the bar, it will
oscillate in a region above or below the bar. If the particle oscillates above the bar, the
particle will not be found below the bar, and vice versa. Thus, the particle’s dynamics
is not ergodic anymore, and in particular, the particle interacts with the bar. Every
time the particle collides with the bar, energy is transmitted from or to the particle.
In the case of a finite mass ration m/M > 0, the authors of [108] show in simulations
that an equilibration of the particle’s and the bar’s kinetic energies takes place. This
suggests that in the region of the box where the particle’s dynamics is not ergodic,
the whole system reaches statistical equilibrium, and thus it can be concluded that the
whole system is ergodic. Through adiabatic approximation, the authors furthermore
derive an effective potential that describes the dynamics of the bar, which expresses the
particle-bar interaction to high accuracy without the need of simulating the dynamics
of the particle explicitly. For m/M → 0, the authors also show that the bar’s dynamics
can be described by a probabilistic process.

The author’s results can be viewed in a broader context of statistical mechan-
ics. While the fast dynamics governs, in general, the motion of many particles, the
slow macroscopic dynamics describes certain averages over the fast microscopic sys-
tem. When the structure of the fast subsystem suddenly changes, for example, from
a gas to a liquid phase, a phase transition occurs, and the microscopic phase space
structure near the phase transition exhibits both chaotic (gas phase) and ordered (liq-
uid phase) components. These two components naturally affect the slow macroscopic
dynamics of the system and thus play an essential role in the equilibration process
between microscopic and macroscopic variables.

4.3.3 Mixed quantum-classical molecular dynamics

As described in Section 4.2.1, a fast-slow mechanical system can be used to describe the
dynamics of molecules if one assumes that their evolution is sufficiently well described
by mechanical motion. However, such a description is fundamentally flawed if one tries
to simulate processes that are of quantum mechanical nature, such as the transfer of
protons in enzymes, clusters, or matrices [22]. Since a full quantum mechanical de-
scription of such processes is not feasible, mixed quantum-classical molecular dynamic
models are used in real-life applications to simulate most of the molecule classically
and some limited aspects based on quantum mechanical considerations [12, 25, 33].

For example, Bornemann shows in [22], that such a mixed quantum-classical de-
scription of a molecule can be modelled by the non-linearly coupled Schrödinger equa-
tion

ÿjε = −〈∂jH(yε)ψε, ψε〉 , j = 1, . . . , n, (4.42a)

iεψ̇ε = H(yε)ψε, (4.42b)

complemented by suitable initial conditions. Here, the quantum motion of ψε(t, ·) ∈
L2(R3) is described by the quantum Hamiltonian H(y) = −∆x + V (y, x), with V
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given as an interaction potential, which is parametrised by the slow degrees of freedom
yε ∈ Rn. The system of differential equations (4.42) generalises the fast-slow mechanical
system (4.1). While yε describes the classical slow dynamics of atomic groups with mass
M = 1 of the molecule, the previously finite dimensional fast degrees of freedom zε
are replaced by an infinite dimensional fast probability density function ψε describing
the dynamics of particles with mass m = ε2 � 1. Under certain assumptions on
H Bornemann shows [22], that for ε → 0 there exist a finite time T and functions
yε ∈ C2 ([0, T ],Rn) and ψε ∈ C1([0, T ], L2(R3)) which are the unique solutions to (4.42)
with respect to suitable initial conditions. Moreover, from H and the initial conditions
one can calculate the Born-Oppenheimer potential UBO which resembles (4.10), and
derive a unique solution yBO ∈ C2 ([0, T ],Rn) to the Born-Oppenheimer equation

ÿjBO = −∂jUBO(yBO), j = 1, . . . , n.

According to [22, Thm. 3, Chap. IV], if yBO is non-flatly resonant up to order two, then
yε → yBO in C1([0, T ],Rn). The proof of this result resembles the proof of Theorem 4.1.

The Born-Oppenheimer approximation can be seen as a semiclassical approximation
of the full quantum mechanical description of the system. System (4.42) generalises
the simplified fast-slow mechanical system (1.3), where the fast degrees of freedom are
replaced by an infinite-dimensional fast element in L2(R3). Furthermore, a treatment
of system (4.42) on general Riemannian manifolds, similar to the general fast-slow
mechanical system (4.1), can be found in [121]. Here, additional constraining potentials
that change the shape along the submanifold are analysed, which is a typical situation
in the application of mixed quantum-classical molecular dynamics.

4.3.4 Permuting quantum eigenmodes

The form of the eigenvalues corresponding to the quantum Hamiltonian H in (4.42)
plays a crucial role in the construction of the Born-Oppenheimer potential UBO and
hence in the classical slow evolution yBO of the molecule. They are determined by
yε and H, and specifically by the interaction potential V (y, x). In [35], Duca, Joly,
and Turaev analyse a one-dimensional Schrödinger equation in L2((0, 1),C) similar to
(4.42b), i.e.,

i∂tu(t, x) = −∂2
xxu(t, x) + V (t, x)u(t, x),

for x ∈ (0, 1) and t > 0, complemented by suitable initial conditions. For a specific
slowly evolving potential function V , the authors can control the evolution of the
quantum system. More precisely, first, the potential function increases from zero and
forms a very high and localised potential wall forming two distinct chambers left and
right to the potential wall, which captures the probability density function u in either
of these chambers. Then, the potential wall moves slowly into the direction of the
captured probability density so that the capturing chamber decreases in volume before
it slowly vanishes to zero again. This process alternates the adiabatic and non-adiabatic
dynamics of u and thus allows the authors to change and control the system’s state
through quasi-adiabatic variation of the potential. The process exemplifies that through
a careful, slow change of the potential, much more general and diverse types of adiabatic
processes are possible than previously thought.
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4.4 Detailed research description

Finally, we will discuss the manuscript [81] by Li and Reina, which directly precedes
the analysis in the main body of this thesis. In their manuscript, the authors simi-
larly combine the homogenisation theory of fast-slow mechanical systems as presented
by Bornemann in [22] and the equilibrium thermodynamic theory as presented by
Berdichevsky in [16], which primarily rests on Hertz’ view of thermodynamics in me-
chanical systems. Because of the direct significance, it provides a suitable transition
into the main body of this work. For this reason, we will summarise the essential points
discussed in [81].

Li and Reina study in [81] the macroscopic derivation of the reversible elastody-
namic description of solids based on mechanical systems that are governed by Hamil-
tonian dynamics on the microscopic scale. Their work comprises the analysis and
simulation of a simplified two-dimensional solid, modelled in terms of 100×20 indistin-
guishable masses that are equally spaced on a rectangular pattern and connected via
elastic springs with their nearest and next-to-nearest neighbours (see Figure 4-4).

Figure 4-4: Two-dimensional mass-spring model of a solid beam as analysed in [81].

The leftmost point masses are fixed, the point masses at the top and bottom can
only move horizontally, and the rightmost point masses are free. Through a normal
mode analysis [11, 29, 53], they derive a suitable coordinate system, in which the
m = 4000 = 2 × 100 × 20 degrees of freedom can be decomposed into n = 2 slow
and r = 3998 fast generalised coordinates that characterise the macroscopic elastic
behaviour and the microscopic thermal vibrations. The typical timescale ratio between
these two scales is defined by a small scale parameter ε and taking the limit ε → 0
corresponds to a coarse-graining to the macroscopic level. The upscaling is based on
the homogenisation results as presented by Bornemann in [22] and the thermodynamic
results as presented by Berdichevsky in [16]. They show that in the limit ε → 0 the
dynamics of the n slow degrees of freedom is governed by a homogenised Hamiltonian,
and the information of all r fast degrees of freedom is encoded as a fixed constant that
represents the entropy of the system.

The analysis of the two-dimensional mass-spring model is preceded by a discussion
of an illustrative example, which reveals the relation of the homogenisation result pre-
sented in [22] and the thermodynamic results as presented in [16]. This illustrative
example will be discussed in the following section.
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4.4.1 An illustrative example

The illustrative example presented by Li and Reina in [81] is given by a two degrees
of freedom mechanical system of the form of the simplified fast-slow mechanical sys-
tem 1.2, which is interpreted as an isolated thermodynamic system 1. Here, the first de-
gree of freedom yε describes the macro-scale variable (representing the elastic vibration)
and the second degree of freedom zε describes the micro-scale variable (representing
the thermal vibration). Their dynamics is governed by the Hamiltonian

Hε =
1

2
ẏ2
ε +

1

2
ż2
ε +

1

2
ω2y2

ε +
1

2

ω̃2(yε)

ε2
z2
ε , (4.43)

where ω > 0 is constant and the function ω̃ > 0 is smooth and of order O(1). The
corresponding equations of motion

ÿε = −ω2yε − ε−2ω̃(yε)ω̃
′(yε)z2

ε , (4.44a)

z̈ε = −ε−2ω̃2(yε)zε, (4.44b)

are complemented by initial values

yε(0) = y∗, ẏε(0) = p∗, zε(0) = 0, żε(0) = u∗, (4.45)

where a value u∗ ≥ 0 is analogous to a finite constant temperature along the sequence
ε→ 0.

The fast-slow mechanical system (4.43) can be homogenised according to Theo-
rem 4.1. In particular, all steps of the proof of Theorem 4.1 apply. From the proof of
Theorem 4.1, it is clear that zε exhibits oscillatory motion whose amplitude and pe-
riod decreases, while yε maintains a finite amplitude and frequency. According to [81],
this is in agreement with the interpretation of yε as the elastic behaviour and zε as
the temperature behaviour of a solid. This property of zε coincides with the macro-
scopic thermodynamic perception that the amplitude and the thermal vibrations be-
come macroscopically negligible. Moreover, Theorem 4.1 illustrates that the evolution
of yε in the limit ε→ 0 strongly differs from the one that would be obtained by naively
replacing zε by zero in the expression of the Hamiltonian (4.43). In making the connec-
tion to real-world physical systems, this would correspond to comparing an object at
absolute zero temperature with an object at non-zero temperature, which analogously
exhibit strong differences in their properties. The authors of [81] ascribe this behaviour
to the fact that nonlinear functionals are not weakly∗ sequentially continuous (recall
property (2.30)), i.e.

lim
ε→0

[(zε
ε

)2
]
6=
[
lim
ε→0

(zε
ε

)]2
,

which is an important feature in the proof of Theorem 4.1. Thus, although zε → 0 as
ε → 0, its initial velocity u∗, interpreted as the temperature, plays an important role
in the limit dynamics in the form of the adiabatic invariance θ∗ (see equations (4.9)
and (4.10)).

As remarked below Lemma 2.5, the weak∗ limit is visualised as the convergence
of averages. This notion gives additional physical insight into the model, as it corre-
sponds to the time average operation that is common in statistical mechanics to obtain
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macroscopic observables from the underlying microscopic motion.

Important in the proof of Theorem 4.1 is Step 2, the proof of the weak virial
theorem, and the related equipartition of the kinetic and potential energy of the fast
degrees of freedom in the limit ε→ 0. This equipartition of the energy (see Remark 3.2)
is an essential property of thermodynamic systems and is a result of the ergodicity
assumption, which is naturally given for a system with one fast degree of freedom.

Another important similarity can be found by the concept of adiabatic thermody-
namic processes and adiabatic invariance. Step 3 of the proof of Theorem 4.1 describes
the derivation of adiabatic invariants in the fast subsystem. In equilibrium thermo-
dynamics, an adiabatic thermodynamic process is a process without a change in heat,
dQ = TdS ≡ 0, i.e., for T > 0, a process with constant entropy S. As described in
Section 4.16, the function θε is an adiabatic invariant, i.e., θε → θ∗ as ε → 0, and
θ∗ is an invariant of motion. The value θ∗ is proportional to the phase space volume
enclosed by the trajectory on the energy surface and is denoted as the action of the
orbit in Hamiltonian dynamics (see Section 2.2.2). From equation (4.44b) it is evident
that the evolution of the fast variable zε is slowly perturbed by the dynamics of an
external agent yε. In the limit ε → 0, this perturbation becomes infinitely slow but
is otherwise isolated from its environment. The system can then be considered as a
sequence of states in thermodynamic equilibrium, where y0 is constant and equal to
its instantaneous value. These processes are called quasi-static adiabatic processes in
classical thermodynamic (see Section 3.1.1) and are characterised by a constant en-
tropy [123, Chap. 1.4]. It is also shown in [16, p. 29] and [81], that every invariant of
motion is necessarily a function of θ∗. Since there is only a single adiabatic invariant
(up to functions of such quantities), θ∗ and the entropy are related. The relation can
be made, by assigning S = log(θ∗), so that the entropy is an extensive quantity in the
limit of infinitely many particles.

Coarse-grained evolution

As described by Li and Reina in [81], the homogenised energy in the limit ε → 0 is
given by

E0 =
1

2
ẏ2

0 +
1

2
ω2y2

0 + E⊥0 (θ∗, y0) =: K0(ẏ0) + U0(θ∗, y0),

where

K0(ẏ0) =
1

2
ẏ2

0, and U0(θ∗, y0) =
1

2
ω2y2

0 + E⊥0 (θ∗, y0).

Thus, the equation of motion in the limit ε→ 0 takes the form

ÿ0 = −∂U0(θ∗, y0)

∂y0
, (4.46)

which is complemented by the initial values (4.45). Note, that according to Newton’s
second law of motion, F = ∂U0(θ∗, y0)/∂y0 is the applied force on y0.

The potential U0 exhibits properties shared with the internal energy U . According
to the first and second law of thermodynamics 3.8, dU = Fdy + TdS, where y is
a kinematic variable and F a work conjugate force, T the temperature, and S the
entropy. With S = log(θ∗) ≡ const., the equilibrium thermodynamic relation of (4.46)
becomes apparent by noting that F = ∂U(S, y)/∂y.
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4.4.2 Coarse-graining of the two-dimensional mass-spring model

The illustrative example described above was extended in [81] to analyse the two-
dimensional mass-spring model similarly from a thermodynamic point of view. To this
end, the authors analyse the governing equations of motion [M ]{ü} = [K]{u}, where
{u} represents the positions of the point masses in Cartesian coordinates, [M ] is the
mass matrix, and [K] is the stiffness matrix, given as the Hessian of the potential energy.
Based on a normal mode analysis, the modes define an orthonormal basis {p1, . . . , pm},
each with their associated eigenvalue indicating the frequency of the mode. Through
the transformation matrix P , a set of transformed degrees of freedom is computed,
{x} := [P ]−1{u}, that exhibit a splitting xε = (yε, zε) ∈ Rn × Rr = Rm, where ε is the
emergent scale parameter, and yε are the slow and zε are the fast degrees of freedom,
which are assumed to be ergodic. Thus, for fixed yε, almost every trajectory of zε covers
the whole energy surface defined by E⊥ε (zε, żε; yε) = E⊥0 . Independent of the number
of fast degrees of freedom, ergodic systems have a single adiabatic invariant [81] (up to
functions thereof): the phase space volume θε(E

⊥
0 , y0). It compresses the information

of the r fast degrees of freedom into one term, which is constant in the limit ε→ 0. It
thus simplifies the equations of motion for the slow degrees of freedom y0, which will
depend on a single constant scalar θ∗ instead of r fast degrees of freedom.

Coarse-grained evolution

Similar to the illustrative example, the total energy converges in the limit ε→ 0 to

E0 = K0(ẏ0) + U0(θ∗,y0),

where K0(ẏ0) = 1
2 ẏ

T
0 Mẏ0 and θ∗ ≡ const. The equations of motion for the slow degrees

of freedom are then given by

Mÿ0 = −∂U0(θ∗,y0)

∂y0
= −

(
∂U0

∂y0

)

θ∗

.

For the coarse graining procedure only ergodicity and strong scale separation of the
fast and slow degrees of freedom was assumed. According to [81], the strong scale
separation is related to the choice of coordinate system. The relation of entropy and
θ∗ follows the same reasoning as for the illustrative example. Because of the ergodic-
ity assumption, the average of the kinetic energy of each fast degree of freedom will
be mutually identical, naturally leading to a unique temperature value. Again, with
equation (3.8), we have dU =

∑
j Fjdyj + TdS, with dS = 0 and Fj = ∂U(S,y)/∂yj .

4.4.3 Scale-bridging of fast-slow systems in a thermodynamical set-
ting

The illustrative example and the mass-spring model discussed by Li and Reina in [81]
show how the work of Bornemann [22] and Hertz [55] can be combined to provide a
thermodynamic interpretation of the systems’ dynamics. In particular, they reveal how
the homogenised systems can be regarded as systems in thermodynamic equilibrium.

The authors of [81] remark that it is, in general, surprising that the homogenised
dynamics of the fast-slow mechanical system (4.43) maintains a potential structure.
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This is a consequence of the complete separation of timescales in the limit ε→ 0, and
they believe that out-of-equilibrium behaviour is expected when analysing the dynamics
to higher-order in ε.

Such out-of-equilibrium behaviour for higher-order expansions is also hypothesised
in [113]. Here, an isothermal stochastic particle system governed by Langevin dynamics
is studied, where an external agent λ is varied slowly. In that example, it is similarly
shown that the work performed by the external agent is equal to the change of the free
energy in the quasi-static limit λ̇→ 0, and it is assumed that complex, non-equilibrium
properties can be observed at higher-order.

Similar remarks were made by Öttinger in [95, p. 3]. He says that “The rele-
vant variables beyond equilibrium are found by separating fast and slow variables and
keeping only the slowest ones. By neglecting the fast variables, one should expect
to introduce errors determined by the ratio of short to long timescales, which is zero
in equilibrium thermodynamics and small but finite in beyond-equilibrium thermo-
dynamics.” He furthermore adds that violations of the Onsager-Casimir symmetry
relations [95, Sec. 3.2.1] are expected of at least second-order ratio. This also sug-
gests that nonstandard thermodynamic properties can be expected at a higher-order
asymptotic expansion.

Detailed description of the main body of this work

In the following main body of this thesis, Chapters 5 and 6, we will analyse the second-
order asymptotic expansion of the solution to the simplified fast-slow mechanical sys-
tem (1.3) from a thermodynamic point of view.

The simplified fast-slow mechanical system is general enough to generalise the il-
lustrative example discussed in Section 4.4.1 but simple enough to focus only on the
rigorous analysis of the second-order asymptotic expansion without expending much
effort on technical difficulties associated with the general fast-slow mechanical sys-
tem (1.1). The simple fast-slow mechanical system starts from a given decomposition
of the system’s degrees of freedom into fast and slow degrees of freedom similar to
equation (4.11) in Step 1 of the proof of Theorem 4.1 or the normal mode analysis of
the mass-spring model discussed in Section 4.4.2.

The rigorous derivation of the second-order asymptotic expansion follows the spirit
of the proof of Theorem 4.1. In particular, weak convergence techniques are used to
make the connection with the time-averaging operator in classical statistical mechanics.

Moreover, the fast degrees of freedom are transformed into action-angle variables
to make the dependence on the action variables explicit (cf. equation (4.46)) and
to simplify the derivation of the second-order asymptotic expansion, as remarked in
Section 4.1.4.

As described in Section 2.1.3, higher-order asymptotic expansions face the problem
of small divisors. In Chapter 6 this is avoided by imposing certain non-resonance
conditions. Using weak convergence techniques, these non-resonance conditions can
be weakened in a subsequent research project, with the expense of a more technical
derivation of the asymptotic expansion.

In general, the results of Chapters 5 and 6 provide a deeper understanding of the
thermodynamic properties of fast-slow mechanical systems. Similar to the presentation
in [81], the discussion in Chapter 5 focuses on a simple illustrative example that is
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generalised in Chapter 6 of this thesis.
Chapter 5 comprises the analysis of a two degrees of freedom fast-slow mechan-

ical system similar to the illustrative example 4.43. It serves as a minimal example
to collect information about the derivation and thermodynamic interpretation of the
second-order asymptotic expansion of solutions to (1.3). The analysis in Chapter 5 ex-
tends the analysis of the illustrative example 4.43 and gives the second-order asymptotic
expansion a thermodynamic interpretation. The second-order asymptotic expansion of
yε allows to approximate the slow degree of freedom to higher-order and gives insight
into the thermodynamic understanding of mechanical systems beyond equilibrium. The
analysis in Chapter 5 provides a rigorous derivation of the equilibrium thermodynamic
properties that are only sketched in [81]. Furthermore, it is shown that the thermo-
dynamic description to second-order is more involved and therefore does not provide
an easy way to interpret the derived terms from a thermodynamic point alone. At
the moment, the thermodynamic interpretation presents interesting insight into the
dynamics to second-order but does not serve any other purpose.

Chapter 6 comprises the analysis of the simplified fast-slow mechanical system (1.3),
which is a generalisation of the fast-slow system from Chapter 5. Similar to the previ-
ous chapter, it covers the derivation of the second-order asymptotic expansion of the
solution to the fast-slow mechanical system, this time with an arbitrary number of fast
and slow degrees of freedom. Again, the second-order asymptotic expansion is derived
through weak convergence techniques to make the connection to the time-averaging
operator in statistical mechanics. To avoid the problem of small divisors, certain non-
resonance conditions are imposed. Apart from deriving the second-order asymptotic
expansion a thermodynamic interpretation of the leading- and second-order asymptotic
expansion is provided. The fast subsystem is, in general, not ergodic, which is a result
of the diagonal structure of the potential. This exemplifies that unlike stated in [16,
Chap. 1.10], the phase space volume is not always an adiabatic invariant. In the system,
the leading-order entropy term reveals, that it is an adiabatic invariant if and only if
there exist constants cλµ > 0 such that ωλ(y0(t)) = cλµωµ(y0(t)) for all t ∈ [0, T ]. Only
in this case, the homogenised equations of motion for the slow degrees of freedom and
the derivation of the force via thermodynamic considerations coincide. Otherwise, com-
plicated interactions of the fast and slow degrees of freedom prevail in the limit ε→ 0
and an easy derivation of the slow degrees of freedom using adiabatic invariances is not
given. Note that for the leading-order interpretation, the non-resonance assumptions
are irrelevant. Similar to the system analysed in Chapter 5, the interpretation of the
second-order asymptotic expansion from a thermodynamic point of view gives insight
into beyond-equilibrium thermodynamic processes. At least partially, an energy de-
composition according to the first and second law of thermodynamics can be identified.
However, the other terms do not have any thermodynamic meaning and thus require
further investigation. For current applications, there is no immediate benefit apparent.
The simulation of an interesting but otherwise arbitrary test model primarily serves
as a numerical confirmation of the rather complex proof of the main theorem. Indeed,
computation time can be reduced by deriving the second-order asymptotic expansion,
but the application is limited to systems of the form of the simplified fast-slow me-
chanical system. It serves as a building block for the analysis of more general fast-slow
mechanical systems.
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Chapter 5

Emergence of a nonconstant
entropy for a fast-slow
Hamiltonian system in its
second-order asymptotic
expansion

In this chapter, we study the simplified fast-slow mechanical system as presented in
Section 1.2 in the case of one fast and one slow degree of freedom. Within our frame-
work, it provides the simplest description of a fast-slow mechanical system which allows
for a thermodynamic analysis on different scales. The here presented article resulted
from joint work with Karsten Matthies and Johannes Zimmer, which was submitted to
Nonlinearity for publication and is currently under revision. Additionally, it is available
on the arXiv [69].

5.1 Outline of the article

The following article is subdivided into two parts. In the first part, we use weak
convergence techniques to rigorously derive the second-order asymptotic expansion of
the system’s degrees of freedom. In the second part, we analyse the system from a
thermodynamic point of view.

The first part starts by assigning the generalised momenta ηε = ẏε and ζε = żε so
that the model problem can be described in Hamiltonian form by the four degrees of
freedom yε, ηε, zε, and ζε.

To derive the second-order asymptotic expansion we transform the fast degrees
of freedom (zε, ζε) into action-angle variables (θε, φε). As described in the previous
chapters, θε represents the volume enclosed by the trajectory of (zε, ζε) in phase space.
It plays a crucial role in the interpretation of the system from a thermodynamic point
of view. To derive a canonical transformation (zε, ζε) 7→ (θε, φε), we use the theory of
generating functions, which also involves a transformation ηε 7→ pε, to ensure that the
system in the new variables is symplectic as a whole.
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Afterwards, we prove the existence and uniqueness of a solution to the resulting
canonical equations for the transformed degrees of freedom using the Picard-Lindelöf
theorem.

It will turn out, that the second-order asymptotic expansion is given as

yε = y0 + ε2(ȳ2 + [y2]ε) + ε2yε3,

pε = p0 + ε2(p̄2 + [p2]ε) + ε2pε3,

φε = φ0 + ε2(φ̄2 + [φ2]ε) + ε2φε3,

θε = θ∗ + ε[θ1]ε + ε2(θ̄2 + [θ2]ε) + ε2θε3,

where yε3, p
ε
3, φ

ε
3, θ

ε
3 → 0 in C([0, T ]). Here, the expressions in square brackets are

functions which oscillate rapidly around zero and the expressions with an overbar define
the average dynamics of the second-order asymptotic expansion. We therefore introduce
the scaled residual terms

yε2 :=
yε − y0

ε2
, pε2 :=

pε − p0

ε2
, φε2 :=

φε − φ0

ε2
, θε2 :=

θε1 − [θ1]ε

ε
,

where

θε1 :=
θε − θ∗
ε

, [θ1]ε := −θ∗p0ω
′(y0)

2ω2(y0)
sin(2ε−1φ0),

in which the functions yε2, pε2, φε2, and θε2 carry information about the original second-
order asymptotic expansion in their leading-order expression. As such, our goal is to
analyse these expressions in the limit ε→ 0.

As discussed before, weak convergence methods can be used together with Alaoglu’s
theorem and the extended Arzelà-Ascoli theorem to derive such information. To apply
Alaoglu’s theorem we show that the sequences {yε2}, {pε2}, {φε2}, and {θε2} are bounded

in L∞([0, T ]). This allows to extract subsequences such that yε2
∗
⇀ ȳ2, pε2

∗
⇀ p̄2,

φε2
∗
⇀ φ̄2, and θε2

∗
⇀ θ̄2 in L∞([0, T ]). To derive the evolution equation for ȳ2, p̄2,

and φ̄2 we use the extended Arzelà-Ascoli theorem. Since the second-order asymptotic
expansions exhibit rapidly oscillating terms, the sequences {yε2}, {pε2}, and {φε2} are not
bounded in C0,1([0, T ]). Therefore, we subtract the rapidly oscillating terms, which can
be derived through integration by parts, and apply the extended Arzelà-Ascoli theorem
to show that yε2 − [y2]ε → ȳ2, pε2 − [p2]ε → p̄2, and φε2 − [φ2]ε → φ̄2 in C0,1([0, T ]) and
obtain a system of differential equations characterising the evolution of ȳ2, p̄2, and
φ̄2. To derive an expression for θ̄2, a less convoluted derivation through the energy
expression can be used.

Lastly, since Alaoglu’s theorem and the extended Arzelà-Ascoli theorem derive in-
formation only for subsequences of {yε2− [y2]ε}, {pε2− [p2]ε}, and {φε2− [φ2]ε}, it remains
to show that this information holds for the whole sequence. Since the resulting system
of differential equations for ȳ2, p̄2, and φ̄2 has a unique solution independent of ε, we
infer that indeed, the derived limit holds true for the whole sequence.

In the second part, we analyse the system from a thermodynamic point of view.
The interpretation from a thermodynamic point of view becomes evident by writing

the system’s energy Eε as the sum of two distinct energy expressions E⊥ε and E
‖
ε where
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E
‖
ε = Eε − E⊥ε with

E⊥ε (zε, żε; yε) =
1

2
|żε|2 +

1

2
ε−2ω2(yε)z

2
ε .

The energy E⊥ε characterises the fast dynamics of the system, which resembles the
energy of a harmonic oscillator whose frequency is slowly perturbed by the evolution of
yε. As such, a thermodynamic interpretation of the system can be obtained in a similar
way as described in Example 3.4. Note that the system of a one-dimensional harmonic
oscillator is ergodic. Therefore, the thermodynamic theory for ergodic Hamiltonian
systems based on the work of Boltzmann, Gibbs, and Hertz can be used to define
a temperature Tε, an entropy Sε, and an external force Fε in the fast subsystem.
Combined with the second-order asymptotic expansion derived in the first part, a
similar expansion of the energy and the thermodynamic quantities is possible, giving
rise to a thermodynamic interpretation of the system at different scales. In particular,
we derive E⊥ε = E⊥0 + ε[E⊥1 ]ε + ε2(Ē⊥2 + [E⊥2 ]ε), Tε = T0 + O(ε), Sε = S0 + ε[S1]ε +
ε2(S̄2 + [S2]ε), and Fε = F0 + O(ε) and obtain to leading-order as well as on average
to second-order (for fixed (y0, p0)) an energy relation akin to the first and second law
of thermodynamics:

dE⊥0 = F0dy0 + T0dS0, dĒ⊥2 = F0dȳ2 + T0dS̄2.
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Abstract

A system of ordinary differential equations describing the interaction of a fast and a slow particle is
studied, where the interaction potential Uε depends on a small parameter ε. The parameter ε can be
interpreted as the mass ratio of the two particles. For positive ε, the equations of motion are Hamiltonian.
It is known [6] that the homogenised limit ε → 0 results again in a Hamiltonian system with homogenised
potential Uhom. In this article, we are interested in the situation where ε is small but positive. In the first part
of this work, we rigorously derive the second-order correction to the homogenised degrees of freedom, notably
for the slow particle yε = y0 + ε2(ȳ2 + [y2]ε). In the second part, we give the resulting asymptotic expansion
of the energy associated with the fast particle E⊥ε = E⊥0 + ε[E⊥1 ]ε + ε2(Ē⊥2 + [E⊥2 ]ε), a thermodynamic
interpretation. In particular, we note that to leading-order ε → 0, the dynamics of the fast particle can be
identified as an adiabatic process with constant entropy, dS0 = 0. This limit ε → 0 is characterised by an
energy relation that describes equilibrium thermodynamic processes, dE⊥0 = F0dy0 + T0dS0 = F0dy0, where
T0 and F0 are the leading-order temperature and external force terms respectively. In contrast, we find that
to second-order ε2, a nonconstant entropy emerges, dS̄2 6= 0, effectively describing a non-adiabatic process.
Remarkably, this process satisfies on average (in the weak∗ limit) a similar thermodynamic energy relation,
i.e., dĒ⊥2 = F0dȳ2 + T0d

¯̄S2.

1 Introduction

Fast-slow Hamiltonian systems constitute a class of mechanical systems in which the interacting degrees of
freedom evolve on different timescales. As such, they play a fundamental role in the description of molecular
processes. A motivational example for such a molecular process is the motion of a molecule in a solvent,
where the typical fast evolution of the lightweight solvent molecules is in stark contrast to the slow conformal
motion of the heavyweight molecule. To analyse this molecular process, one heavily relies on accurate computer
simulations. Typical molecular dynamic simulations update the position of each degree of freedom, according to
Newton’s law of motion, iteratively for each time step. In practice, however, these simulations become quickly
infeasible because of the large number of solvent molecules that constitute the system, which can easily range in
the tens of thousands, and the small time step that is essential to capture their fast motion accurately. In light
of these computational problems, there is a strong need for mathematical formalisms that establish effective
and computable approximate models for the given fast-slow Hamiltonian system.

A fundamental strategy in deriving such mathematical formalisms is the introduction of a scale-parameter
ε into the model (representing, for instance, the mass ratio). One can then approach the fast-slow system
by considering the limit ε → 0 and thus derive a homogenised model that is, in some sense, oblivious to the
small-scale motion in the system. Although computationally more favourable, this homogenised model must be
understood as an idealised approximation to the originally given system only. However, to approximate natural
phenomena more realistically, an analysis away from the limit ε→ 0 is necessary.

In this article, we study a fast-slow Hamiltonian system away from the limit ε → 0 by expanding it to
second-order in ε. For small but positive ε > 0, the most dominant small-scale motions enter again into
the finer approximate model. To address the related computational problems, we explore a new approach
by considering the fast-slow dynamics as a thermodynamic process in which the fast degrees of freedom are
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described by a notion of temperature and entropy. More precisely, we study a simple fast-slow Hamiltonian
system with four degrees of freedom. By keeping a molecular dynamic picture in mind, we can regard it as a
system of one fast particle that is coupled to one slow particle. We assume that their interaction is governed by
the Lagrangian (1) below, for which the homogenised limit ε→ 0 has been derived by Bornemann [6]. We point
out that the corresponding homogenised Lagrangian describes the average dynamics of the slow particle only;
yet, the fast particle’s effect enters as a computable constant into the homogenised limit. This constant results
in a homogenised evolution that can be interpreted, from a thermodynamic perspective (as already pointed
out in [12]), as an idealised thermodynamic process, i.e., an adiabatic process with constant entropy which
satisfies the thermodynamic relation (3). Remarkably, we show in this work that a higher-order homogenisation
approach leads to a more general thermodynamic description of the system. Specifically, continuing the work
of Bornemann, we rigorously derive the second-order expansion in ε of the system’s dynamics which can be
formulated as a second-order two-scale expansion. It then turns out that a nonconstant entropy appears at
second-order, which satisfies the thermodynamic relation (4).

Our model problem is a simple fast-slow Hamiltonian system which falls into the class of mechanical systems
described by the Lagrangian

Lε(x, ẋ) = 1
2 〈ẋ, ẋ〉 −Wε(x), ẋ ∈ TxM, (1)

where M is the configuration space, taken to be a smooth Riemannian manifold with metric 〈·, ·〉 and Wε : M →
R is a smooth potential function of the form

Wε(x) = V (x) + ε−2U(x).

Taking the limit ε→ 0, the above system converges to a system with a strong constraining force (see, e.g., [18]).
More precisely, if U is non-negative and coercive, the second term in Wε constrains the motion in the limit
ε→ 0 to a critical submanifold N = U−1(0) ⊂ M , which characterises the large-scale evolution of the system.
This limit system, i.e., the homogenised limit, can be seen as the lowest order approximation in ε of the
original system. To derive a more accurate approximation of the mechanical system, which includes the most
dominant small-scale interactions into the approximate model, a detailed analysis of the motion in a small
neighbourhood around N is necessary. For this reason, we derive in the first part of this work a higher-order
approximation of system (1) for small but non-zero ε. Since a more accurate approximation of the mechanical
system increases the computational complexity, we analyse the resulting motion subsequently in the vicinity
of N from a thermodynamic point of view, with the intention of deriving a mathematical formalism that can
improve current numerical integration schemes.

We recall existing results for system (1) in the limit ε→ 0, established by Bornemann [6] in a very elegant
framework. In short, if the initial data is chosen such that the total energy is uniformly bounded as ε → 0,
then the solutions xε of the equations of motion oscillate on a time-scale of order O(ε) within a distance of
order O(ε) to the submanifold N . Moreover, the sequence of solutions xε converges uniformly to a function x0

of time, taking values in N , where x0 is the unique solution to the Euler-Lagrange equations corresponding to
the homogenised Lagrangian

Lhom(x, ẋ) = 1
2 〈ẋ, ẋ〉 − V (x)− Uhom(x), ẋ ∈ TxN, (2)

where Uhom can be derived from the Hessian of the constraining potential U . We point out that the limit
evolution is in general not the original Hamiltonian motion constrained to the submanifold N ; instead, for
generic initial data the small-scale oscillatory motion in the neighbourhood of N gives rise to information which
persists in the limit ε→ 0. In other words, the limit Hamiltonian depends on the structure of U near N .

The interaction of a fast and a slow particle is one of the simplest models falling into the class of Hamiltonian
mechanical systems described by (1); here ε can be interpreted as the stiffness of the underlying potential
resulting in the two disparate timescales. To visualise this system in the context of (1), we describe the fast
particle by z and the slow particle by y. The interaction can then be pictured in x = (y, z) coordinates as a
motion governed by a potential which is flat in the direction of y and steep in the direction of z, taking without
loss of generality the minimum of this potential as 0. A motion starting on the zero level set (the submanifold
N) with non-vanishing velocity component in direction y will oscillate rapidly around N . The homogenised
limit (2) then describes the motion in the limit ε→ 0.

The primary motivation for studying a simple fast-slow Hamiltonian system of two particles is that it
is the simplest possible system that can potentially exhibit thermodynamic effects. Indeed, one of the core
assumptions of thermodynamics is that the system under consideration has a clear separation of scales (such as
conformal motion described by elasticity combined with fast oscillations described by temperature). The number
of particles does not have to be large or infinite. Indeed, the physicist Paul Hertz developed a thermodynamic
theory [10] for Hamiltonian systems under a slow external perturbation. Specifically, he introduced an entropy,
using a notion of temperature as developed by Boltzmann. The book by Berdichevsky [5] gives an excellent
introduction to this theory.
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If one applies the theory of Hertz to our prototypical two-dimensional system (5), one can interpret the
dynamics associated with zε as a fast subsystem that is slowly being perturbed by the motion resulting from
the slow subsystem governed by yε. On an energy level, this is reflected by the total energy Eε(yε, ẏε, zε, żε),
which can be decomposed into the fast subsystem’s energy E⊥ε (zε, żε; yε) and the slow subsystem’s energy

E
‖
ε = Eε − E⊥ε , respectively. Hertz’ theory then allows to describe the fast subsystem from a thermodynamic

point of view, using a notion of temperature Tε, entropy Sε and external force Fε (the force that yε exerts on
zε). With ε as a scale-parameter, the model allows for a detailed analysis of the system on different scales in
time and space. In the first part of this article, we rigorously derive a higher order asymptotic expansion beyond
the limit system (2). For instance, the expansion of the slow particle takes the form yε = y0 + ε2(ȳ2 + [y2]ε),
where ȳ2 is the (slow) averaged and [y2]ε is the rapidly oscillating component of the second-order expansion. In
conjunction with Hertz’ theory, we similarly apply, in the second part of this article, the asymptotic expansion
to the fast subsystem’s energy and the thermodynamic quantities, i.e., E⊥ε = E⊥0 + ε[E⊥1 ]ε + ε2(Ē⊥2 + [E⊥2 ]ε),
Tε = T0+O(ε), Sε = S0+ε[S1]ε+ε2(S̄2+[S2]ε) and Fε = F0+O(ε). By analysing the limit ε→ 0 one finds, that
the entropy associated with the fast subsystem remains constant during the motion, i.e., dS0 = 0. Hence, in the
limit of infinite separation of time-scales, the evolution of the fast subsystem is adiabatic, which is by definition
an idealised thermodynamic process with constant entropy [23, Chapter 1.4]. This is above all reflected in the
energy relation which resembles the equation that describes equilibrium thermodynamic processes, i.e.,

dE⊥0 = F0dy0 + T0dS0 = F0dy0. (3)

Furthermore, the model allows for a detailed thermodynamic analysis away from the limit ε → 0. We show in
this article that on scale ε2, a nonconstant entropy appears, dS̄2 6= 0, which satisfies on average (in the weak∗

limit) a similar thermodynamic energy relation, i.e.,

dĒ⊥2 = F0dȳ2 + T0d
¯̄S2. (4)

Hence, in this very simple situation, the system is described to leading-order by an effective energy (which is not
the näıve limit, as shown in [6]) with constant entropy, while a nonconstant entropy appears to second-order.

We remark that the thermodynamic interpretation uses the formulas developed by Hertz. The derivation of
the second-order correction is rigorous, using methods of weak convergence. The method of weak convergence is
an effective tool for averaging oscillatory behaviour in partial differential equations. The macro-scale dynamics
(effective dynamics for yε) can be viewed as the averaged motion of the mechanical system. Various other
asymptotic and averaging methods have been developed to describe situations when singular perturbations
cause rapid, micro-scale fluctuations in the solution. Often an asymptotic description — involving an explicit
ansatz for the oscillatory part of the solution — is necessary to analyse the dynamics for ε > 0. Some examples
are provided by the perturbation theory of integrable Hamiltonian systems [3], the WBK method [13] or multiple-
scale-asymptotics [4]; modern presentations for several of these approaches include [11] and [16].

While we have the simplest model for atomistic interaction in mind, the setting is potentially more broadly
applicable; notably in cases where the homogenisation theory outlined above and related work as in [17] finds
relevance, such as the problem of deriving the guiding centre motion is plasma physics [7], the elimination of
fast molecular vibration in classical molecular dynamics [19] or in the description of quantum-classical models
in quantum-chemistry [6]. This homogenisation approach was recently used in [12] to coarse-grain the coupled
thermoelastic behaviour of solids from the atomistic scale.

1.1 The model problem

For a small scale-parameter 0 < ε < ε0, we study a family of mechanical systems described by the Lagrangian

Lε(yε, zε, ẏε, żε) = 1
2 ẏ

2
ε + 1

2 ż
2
ε − 1

2ε
−2ω2(yε)z

2
ε , (5)

on the two-dimensional Euclidean configuration space M = R2. This system is a simplified version of the model
problem introduced in [6, §1.2.1]. The corresponding Newtonian equations of motion take the form

ÿε = −ε−2ω(yε)ω
′(yε)z

2
ε , (6a)

z̈ε = −ε−2ω2(yε)zε. (6b)

We assume that ω ∈ C∞(R) is a uniformly positive function, i.e., there is a constant ω∗ > 0 such that

ω(y) ≥ ω∗, for all y ∈ R, (7)

and consider ε-independent initial values,

yε(0) = y∗, ẏε(0) = p∗, zε(0) = 0, żε(0) = u∗. (8)
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Notice that the particular choice zε(0) = 0 makes the conserved energy Eε of the system independent of ε,

Eε = 1
2 ẏ

2
ε + 1

2 ż
2
ε + 1

2ε
−2ω2(yε)z

2
ε = 1

2p
2
∗ + 1

2u
2
∗ = E∗. (9)

We are primarily interested in the time evolution of the slow degree of freedom yε. The following theorem [6,
Theorem 1, Chapter I §2] shows that yε converges in the limit ε→ 0 to a function y0 which is given as the solution
to a second-order differential equation. The constant θ∗ in the effective potential is of the form θ∗ = u2

∗/2ω(y∗),
with y∗ and u∗ as in (8). We will later see that θ∗ is proportional to the action of the fast subsystem in the
limit ε→ 0. As a consequence, some information of the fast subsystem is retained in the slow evolution of y0.

Theorem 1.1 (Bornemann, [6]). Let y0 be the solution to the second-order differential equation

ÿ0 = −θ∗ω′(y0),

with initial values y0(0) = y∗, ẏ0(0) = p∗. Then, for every finite time interval [0, T ], one obtains the strong
convergence

yε → y0 in C1([0, T ])

and the weak∗ convergences ε−1zε
∗
⇀ 0 and żε

∗
⇀ 0 in L∞([0, T ]).

We extend the theory developed in [6] by deriving rigorously the second-order asymptotic expansion for
the solution of the equations of motion (6) and interpret the corresponding expansion of the energy (9) from
a thermodynamic point of view. A crucial step in the derivation of these expansions is the introduction of
action-angle variables for the rapidly oscillating degrees of freedom (zε, żε) 7→ (θε, φε), which also involves a
transformation of the generalised momentum ẏε 7→ pε to preserve the symplectic structure on the phase-space
as a whole.

1.2 Main results

The main results in this work can be stated as follows:

1. There is a second-order asymptotic expansion of the variables yε, pε, θε φε introduced in the previous
paragraph and defined precisely in Section 3; this expansion is of the form

yε = y0 + ε[ȳ1]ε + ε2[ȳ2]ε + ε2yε3,

pε = p0 + ε[p̄1]ε + ε2[p̄2]ε + ε2pε3,

θε = θ∗ + ε[θ̄1]ε + ε2[θ̄2]ε + ε2θε3,

φε = φ0 + ε[φ̄1]ε + ε2[φ̄2]ε + ε2φε3,

where for i ∈ {1, 2},

[ȳi]
ε := ȳi + [yi]

ε ∗⇀ ȳi in L∞((0, T )), yε3 → 0 in C([0, T ]),

[p̄i]
ε := p̄i + [pi]

ε ∗⇀ p̄i in L∞((0, T )), pε3 → 0 in C([0, T ]),

[θ̄i]
ε := θ̄i + [θi]

ε ∗⇀ θ̄i in L∞((0, T )), θε3 → 0 in C([0, T ]),

[φ̄i]
ε := φ̄i + [φi]

ε ∗⇀ φ̄i in L∞((0, T )), φε3 → 0 in C([0, T ]).

In other words, for each variable the second-order asymptotic expansion is characterised — to leading-
order by the theory developed in [6] (Theorem 1.1) — to i-th order by a decomposition into a slow term,
indicated by an overbar, which constitutes the average motion of the i-th order expansion, and a fast term,
indicated by square brackets, which oscillate rapidly and converge weakly∗ to zero — and by a residual
term, indicated with a subscript three, that converges uniformly to zero. In particular, we show that

[ȳ1]ε = 0, [p̄1]ε = 0, [θ̄1]ε = [θ1]ε, [φ̄1]ε = 0, (10)

and that (φ̄2, θ̄2, ȳ2, p̄2) is given as the solution to an inhomogeneous linear system of differential equations
(Theorem 3.2). Moreover, the rapidly oscillating functions [θ1]ε, [y2]ε, [p2]ε, [θ2]ε and [φ2]ε, are explicitly
given in Definition 3.1.

Finally, we show that this expansion can be interpreted as a nonlinear version of a two-scale expansion,
which we briefly introduce in Appendix A.

2. Using the framework of Hertz [10], we define a temperature Tε, an entropy Sε and an external force Fε
for the fast subsystem based on a scaling of space and time of the fast degree of freedom zε, such that
in the limit ε → 0, the system is in thermal equilibrium (see Appendix B.4). In combination with the
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analytic result discussed under 1, we decompose the total energy Eε into the energy associated with the
fast particle E⊥ε and the residual energy E

‖
ε = Eε−E⊥ε , and expand, similar to above E⊥ε , E

‖
ε , Tε, Sε and

Fε into the form

E⊥ε = E⊥0 + ε[Ē⊥1 ]ε + ε2[Ē⊥2 ]ε + ε2E⊥ε3 ,

E‖ε = E
‖
0 + ε[Ē

‖
1 ]ε + ε2[Ē

‖
2 ]ε + ε2E

‖ε
3 ,

Sε = S0 + ε[S̄1]ε + ε2[S̄2]ε + ε2Sε3 ,

Tε = T0 +O(ε),

Fε = F0 +O(ε),

where for i ∈ {1, 2},
[Ē⊥i ]ε := Ē⊥i + [E⊥i ]ε

∗
⇀ Ē⊥i in L∞((0, T )), E⊥ε3 → 0 in C([0, T ]),

[Ē
‖
i ]ε := Ē

‖
i + [E

‖
i ]ε

∗
⇀ Ē

‖
i in L∞((0, T )), E

‖ε
3 → 0 in C([0, T ]),

[S̄i]
ε := S̄i + [Si]

ε ∗
⇀ S̄i in L∞((0, T )), Sε3 → 0 in C([0, T ]).

The characterisation of the i-th order expansion is similar to above; moreover, it follows from (9) that

Eε = E⊥0 + E
‖
0 = E∗, [Ē⊥1 ]ε + [Ē

‖
1 ]ε = 0, [Ē⊥2 ]ε + [Ē

‖
2 ]ε = 0, E⊥ε3 + E

‖ε
3 = 0.

In Section 4 we show that

[Ē⊥1 ]ε = [E⊥1 ]ε, [Ē
‖
1 ]ε = [E

‖
1 ]ε, [S̄1]ε = [S1]ε,

and interpret the asymptotic expansion from a thermodynamic point of view. In particular, we show that
to leading-order the entropy expression remains constant, i.e., dS0 = 0, and consequently the dynamics
can be interpreted as an adiabatic process characterised by an energy relation that defines processes in
thermodynamic equilibrium,

dE⊥0 = F0dy0 + T0dS0 = F0dy0. (11)

In contrast, we show that the averaged second-order dynamics, i.e., the dynamics in the weak∗ limit,
indicated by an overbar, represents a non-adiabatic process with an averaged nonconstant entropy, dS̄2 6= 0,
that similarly to above satisfies relations akin to equilibrium thermodynamics, despite being beyond the
limit ε→ 0,

dĒ⊥2 = F0dȳ2 + T0d
¯̄S2, (12)

where ¯̄S2 indicates the averaged second-order entropy expression ignoring interactions with its first-order
expansion. Finally, we show in Theorem 4.1 that the evolution of (ȳ2, p̄2) is governed by equations which
resemble Hamilton’s canonical equations,

dȳ2

dt
=
∂Ē2

∂p0
,

∂p̄2

dt
= −∂Ē2

∂y0
,

for Ē2 = Ē⊥2 + Ē
‖
2 , which are complemented by the ε-independent initial values

ȳ2(0) = −[y2]ε(0), p̄2(0) = −[p2]ε(0).

In summary, Theorem 1.1 shows that the family of mechanical systems (5) converges as ε→ 0 to a mechanical
system, which is again Hamiltonian in nature. Based on our asymptotic expansion result, we show that the
leading-order entropy expression according to Hertz [10] is constant (cf. equation (11)) and that a nonconstant
entropy appears in the second-order expansion (cf. equation (12)). We refer to the recent study [12], which
inspired our analysis. There, a classic thermodynamic description of the elastodynamics of solids is derived
by studying thermoelastic coupling for bars of various lengths, thus explicitly controlling the value of ε. The
authors then observe that in the limit ε→ 0, the dynamics are Hamiltonian, while dissipation occurs for larger
values of ε. The study [12] also combines methods of [6] and [10].

Outline of the paper

Section 2 contains preliminary steps for the analysis of the model problem. We introduce action-angle vari-
ables for the rapidly oscillating degree of freedom and prove the existence and uniqueness of a solution to the
transformed model problem. Section 3 includes the proof of the second-order asymptotic expansion of yε, pε, θε
and φε. After deriving the leading-order expansion, we introduce some notation that simplifies the subsequent
analysis of the first- and second-order expansion. In Section 4 we introduce the thermodynamic quantities
and give their detailed interpretation in the context of the model problem. The second-order expansion can
be represented as a nonlinear version of a two-scale expansion, which we introduce in Appendix A. Finally, in
Appendix B we describe how the thermodynamic quantities can be derived for the model problem using Hertz’
original method.
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2 The model problem in action-angle variables

To analyse the dynamics of yε and zε for 0 < ε < ε0, a detailed asymptotic analysis is required. We build on [6,
Appendix A], which introduces action-angle variables and uses tools from the perturbation theory of integrable
Hamiltonian systems (as presented, for instance, in [3]), to derive the asymptotic behaviour of yε and zε to
first-order. We will expand the results and determine the explicit form of the second-order correction. As in [6],
we start by rephrasing the governing perturbed system of Newtonian equations (6). We denote by (ηε, ζε) the
canonical momenta corresponding to the positions (yε, zε). Then the equations of motion (6), together with the
velocity relations

ẏε = ηε, żε = ζε,

are given by the canonical equations of motion belonging to the energy function

Eε(yε, ηε, zε, ζε) = 1
2η

2
ε + 1

2ζ
2
ε + 1

2ε
−2ω2(yε)z

2
ε . (13)

To take the oscillatory character of zε into account, we introduce particular action-angle variables (θε, φε)
for the fast degrees of freedom (zε, ζε),

zε = ε

√
2θε
ω(yε)

sin(ε−1φε), ζε =
√

2θεω(yε) cos(ε−1φε). (14)

The transformation (zε, ζε) 7→ (θε, φε) can be found using the theory of generating functions [2, §48]. For
fixed yε, the transformation is generated by the function

S0(zε, φε; yε) = 1
2ε
−1ω(yε)z

2
ε cot(ε−1φε),

via ζε = ∂S0/∂zε and θε = −∂S0/∂φε. It turns out, however, that this transformation is symplectic only for
fixed yε. Therefore, we have to modify the position yε or the momentum ηε. The extended generating function
S(yε, pε, zε, φε) = pεyε + S0(zε, φε; yε) does not transform the position variable yε = ∂S/∂pε but changes the
momentum ηε such that the transformation remains symplectic on the phase space as a whole. The missing
transformation of the momentum ηε is thus given by

ηε =
∂S

∂yε
= pε + ε

θεω
′(yε)

2ω(yε)
sin(2ε−1φε).

By construction, the resulting transformation (yε, ηε; zε, ζε) 7→ (yε, pε;φε, θε) is symplectic on the whole phase
space. The energy function (13) transforms to the expression

Eε =
1

2
p2
ε + θεω(yε) + ε

θεpεω
′(yε)

2ω(yε)
sin(2ε−1φε) +

ε2

8

(
θεω
′(yε)

ω(yε)
sin(2ε−1φε)

)2

. (15)

Thus, by the canonical formalism, the equations of motion take the form

φ̇ε =
∂Eε
∂θε

, θ̇ε = −∂Eε
∂φε

, ẏε =
∂Eε
∂pε

, ṗε = −∂Eε
∂yε

,

which, after some calculations, are given by

φ̇ε = ω(yε) + ε
pεω
′(yε)

2ω(yε)
sin(2ε−1φε) + ε2 θε (ω′(yε))

2

4ω2(yε)
sin2(2ε−1φε), (16a)

θ̇ε = −θεpεω
′(yε)

ω(yε)
cos(2ε−1φε)− ε

θ2
ε (ω′(yε))

2

4ω2(yε)
sin(4ε−1φε), (16b)

ẏε = pε + ε
θεω
′(yε)

2ω(yε)
sin(2ε−1φε), (16c)

ṗε = −θεω′(yε) + ε
θεpε (ω′(yε))

2

2ω2(yε)
sin(2ε−1φε)− ε

θεpεω
′′(yε)

2ω(yε)
sin(2ε−1φε) (16d)

+ ε2 θ
2
ε (ω′(yε))

3

4ω3(yε)
sin2(2ε−1φε)− ε2 θ

2
εω
′(yε)ω′′(yε)
4ω2(yε)

sin2(2ε−1φε).

The initial values, as given in (8), transform to

φε(0) = 0, θε(0) = θ∗ =
u2
∗

2ω(y∗)
, yε(0) = y∗, pε(0) = p∗. (17)
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2.1 Existence and uniqueness of a solution to the model problem

Let us denote the right-hand side of (16) as Fε : R4 → R4. By assumption, ω ∈ C∞(R) and therefore Fε ∈
C∞(R4,R4) for 0 < ε < ε0 < ∞. In particular, Fε is locally Lipschitz continuous. Hence, by the standard
existence and uniqueness theory for ordinary differential equation (see, for example, [20]), there exists a 0 <
T <∞ such that the initial value problem (16)–(17) has a unique solution

(φε, θε, yε, pε) ∈ C∞([0, T ],R4), (18)

for fixed 0 < ε < ε0.

3 Second-order asymptotic expansion

In this section, we rigorously derive the second-order asymptotic expansion for φε, θε, yε and pε. The equations
in (16) are used to derive the leading-order expansions in 3.1, before we reformulate them in 3.2 to derive jointly
the first- and second order expansion in 3.3 and 3.4.

3.1 Leading-order expansion

Let us analyse the sequence of solutions (18) for ε → 0. The right-hand side of (16) is oscillatory and has in
particular a highly oscillatory leading-order term. As a consequence, the sequences {dφε/dt}, {θε}, {dyε/dt},
{dpε/dt} are bounded in the space C0,1([0, T ]) of uniformly Lipschitz continuous functions, while sequences
of higher-order derivatives (in particular {d2θε/dt

2}, which will require special attention in the later part of
this work) become unbounded as ε → 0. It follows from the extended Arzelà-Ascoli Theorem [6, Principle 4,
Chapter I §1] that we can extract a subsequence, not relabelled, and functions θ0 ∈ C0,1([0, T ]) and φ0, y0, p0 ∈
C1,1([0, T ]), such that

φε → φ0 in C1([0, T ]), φ̈ε
∗
⇀ φ̈0 in L∞((0, T )), (19a)

θε → θ0 in C([0, T ]), θ̇ε
∗
⇀ θ̇0 in L∞((0, T )), (19b)

yε → y0 in C1([0, T ]), ÿε
∗
⇀ ÿ0 in L∞((0, T )), (19c)

pε → p0 in C1([0, T ]), p̈ε
∗
⇀ p̈0 in L∞((0, T )). (19d)

By taking the limit ε→ 0 in equation (16a), (16c) and (16d) and the weak∗ limit in (16b) we deduce that

φ̇0 = ω(y0), θ̇0 = 0, ẏ0 = p0, ṗ0 = −θ∗ω′(y0), (20)

and in particular θ0 ≡ θ∗ (compare with (17)). Moreover, since the right-hand side of the limit equation,
ÿ0 = −θ∗ω′(y0), does not depend on a chosen subsequence, we can discard the extraction of subsequences
altogether [6, Principle 5, Chapter I §1].

3.2 Reformulation of the governing equations

For the subsequent part of this work, it is convenient to introduce a notation that simplifies the system of
differential equations (16); namely, for Lε := log (ω(yε)) and k, l ∈ N0, we define

Dk
tD

l
yLε :=

dk

dtk
∂lLε
∂ylε

.

Then (16) reads in the new notation

φ̇ε = ω(yε) +
ε

2
pεDyLε sin(2ε−1φε) +

ε2

4
θε(DyLε)

2 sin2(2ε−1φε), (21a)

θ̇ε = −θεpεDyLε cos(2ε−1φε)−
ε

4
θ2
ε(DyLε)

2 sin(4ε−1φε), (21b)

ẏε = pε +
ε

2
θεDyLε sin(2ε−1φε), (21c)

ṗε = −θεω′(yε)−
ε

2
θεpεD

2
yLε sin(2ε−1φε)−

ε2

4
θ2
εDyLεD

2
yLε sin2(2ε−1φε). (21d)
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Furthermore, by solving equation (21c) for pε and insert the resulting expression into (21a), (21b) and (21d),
the equations of motion take the final form

φ̇ε = ω(yε) +
ε

2
DtLε sin

(
2ε−1φε

)
, (22a)

θ̇ε = −θεDtLε cos(2ε−1φε), (22b)

ẏε = pε +
ε

2
θεDyLε sin(2ε−1φε), (22c)

ṗε = −θεω′(yε)−
ε

2
θεDtDyLε sin(2ε−1φε). (22d)

3.3 First- and second-order expansion

To analyse the dynamics of the model problem away from the limit ε→ 0, a higher-order asymptotic expansion
in ε is required. As already pointed out in 10, the first-order expansion is only non-zero for θε and hence of
limited use. For this reason, we expand yε, pε, θε and φε up to second-order in ε.

We first define particular functions that appear in the first- and second-order expansion before we state the
theorem that embodies the first main result 1.

Definition 3.1. Let (φε, θε, yε, pε) be the solution to (16)–(17) and (φ0, θ0, y0, p0) be as in (19). With the
notation introduced in Section 3.2, we define the functions

θε1 :=
θε − θ∗
ε

, φε2 :=
φε − φ0

ε2
, yε2 :=

yε − y0

ε2
, pε2 :=

pε − p0

ε2
, θε2 :=

θε1 − [θ1]ε

ε
, (23)

[θ1]ε := −θ∗DtL0

2ω(y0)
sin(2ε−1φ0), [φ2]ε := − DtL0

4ω(y0)
cos(2ε−1φ0),

[y2]ε := −θ∗DyL0

4ω(y0)
cos(2ε−1φ0), [p2]ε :=

d

dt

(
θ∗DyL0

4ω(y0)

)
cos(2ε−1φ0)

and

[θ2]ε := −θ∗DyL0[y2]ε − p0

ω(y0)
[p2]ε +

θ2
∗(DyL0)2

16ω(y0)
cos(4ε−1φ0)− θ∗DtL0

ω(y0)
φ̄2 cos(2ε−1φ0).

The functions θε1, φε2, yε2 and pε2 as defined in (23) describe scaled versions of the residual motion of the
originally given degrees of freedom and their homogenised versions. The corresponding subscript indicates the
scaling order and marks their relevancy in the first- and second-order expansion. To determine the relevant term
in the second-order expansion for θε, we similarly define by θε2 the scaled residual motion of θε and its first-order
expansion, which is derived in a two-step procedure via θε1. As hinted before in 1, the second-order expansions
consists of oscillating and non-oscillating terms. The oscillating terms are denoted by expressions in square
brackets, as in the remainder of the definition. The non-oscillatory terms are characterised in the following
theorem, which is the main analytic result of this article. One key result is that the non-oscillatory terms of
the second-order expansion, marked by an overbar and subscript 2, satisfy a system of ordinary differential
equations.

Theorem 3.2. The functions specified in Definition 3.1 satisfy

θε1 − [θ1]ε → 0 in C([0, T ]),
d

dt
(θε1 − [θ1]ε)

∗
⇀ 0 in L∞((0, T )), (24)

φε2 − [φ2]ε → φ̄2 in C([0, T ]),
d

dt
(φε2 − [φ2]ε)

∗
⇀

dφ̄2

dt
in L∞((0, T )), (25)

yε2 − [y2]ε → ȳ2 in C([0, T ]),
d

dt
(yε2 − [y2]ε)

∗
⇀

dȳ2

dt
in L∞((0, T )), (26)

pε2 − [p2]ε → p̄2 in C([0, T ]),
d

dt
(pε2 − [p2]ε)

∗
⇀

dp̄2

dt
in L∞((0, T )) (27)

and
θε2 − [θ2]ε → θ̄2 in C([0, T ]), (28)
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where (φ̄2, θ̄2, ȳ2, p̄2) is the unique solution to the inhomogeneous linear system of differential equations

dφ̄2

dt
= ω′(y0)ȳ2 +

θ∗(DyL0)2

8
− (DtL0)2

8ω(y0)
, (29a)

dθ̄2

dt
=

d

dt

θ∗(DtL0)2

8ω2(y0)
, (29b)

dȳ2

dt
= p̄2 −

θ∗DyL0DtL0

4ω(y0)
, (29c)

dp̄2

dt
= −ω′(y0)θ̄2 − θ∗ω′′(y0)ȳ2 −

θ2
∗DyL0D

2
yL0

8
+
θ∗DtL0DtDyL0

4ω(y0)
, (29d)

with ε-independent initial values

φ̄2(0) = −[φ2]ε(0), θ̄2(0) = −[θ2]ε(0), ȳ2(0) = −[y2]ε(0), p̄2(0) = −[p2]ε(0). (30)

The results in Theorem 3.2 are central in two different ways. Firstly, it will be crucial for the thermodynamic
interpretation we develop in the second part of this article. Secondly, it is interesting for computational purposes.
That is, in simulating a natural evolution of a light particle coupled to a heavy particle, their mass ratio ε
will be small but finite and enters into the underlying model through potentials of different strengths. The
result above says that rather than solving the coupled system directly, which is restricted to a small step
size to ensure numerical stability, the approximation to second-order can be computed by combining explicitly
known oscillatory functions (as given in Definition 3.1) with the solution of an inhomogeneous linear system of
differential equations, as given in Theorem 3.2.

The proof of Theorem 3.2 is given in the next section. We remark that we will give a thermodynamic
interpretation for the equations (29c) and (29d) governing the evolution of the slow particle in terms of a
constraining second-order energy expression. This formulation is given in (53) in Theorem 4.1 below.

At last, we want to give an alternative formulation of the uniform convergence results in Theorem 3.2 in terms
of a nonlinear version of two-scale convergence. Appendix A gives a brief introduction to two-scale convergence,
including the definition of two-scale convergence with respect to the nonlinear transformation φ−1

0 ◦ π.

Corollary 3.3. With the notation introduced in Appendix A, the uniform convergences in Theorem 3.2 are
equivalent to the following strong two-scale convergences with respect to φ−1

0 ◦ π:

φε2
φ−1
0 ◦π−−−−→

2
φ̄2 + [φ2] in C([0, T ]× S), θε2

φ−1
0 ◦π−−−−→

2
θ̄2 + [θ2] in C([0, T ]× S),

yε2
φ−1
0 ◦π−−−−→

2
ȳ2 + [y2] in C([0, T ]× S), pε2

φ−1
0 ◦π−−−−→

2
p̄2 + [p2] in C([0, T ]× S),

θε1
φ−1
0 ◦π−−−−→

2
[θ1] in C([0, T ]× S),

where (φ̄2, θ̄2, ȳ2, p̄2) is the unique solution to the initial value problem (29)–(30) and where for t ∈ [0, T ] and
s ∈ S we define

[θ1](t, s) := −θ∗DtL0(t)

2ω(y0(t))
sin (2πs) , [φ2](t, s) := − DtL0(t)

4ω(y0(t))
cos(2πs),

[y2](t, s) := −θ∗DyL0(t)

4ω(y0(t))
cos(2πs), [p2](t, s) :=

d

dt

(
θ∗DyL0(t)

4ω(y0(t))

)
cos(2πs)

and

[θ2](t, s) := −θ∗DyL0(t)[y2](t, s)− p0(t)

ω(y0(t))
[p2](t, s) +

θ2
∗(DyL0(t))2

16ω(y0(t))
cos(4πs)− θ∗DtL0(t)

ω(y0(t))
φ̄2(t) cos(2πs).

Proof. The equivalence follows from Theorem 3.2 and [21, Proposition 2.4].

3.4 Proof of Theorem 3.2

This section comprises lemmas that collectively prove Theorem 3.2. They are stated separately but should be
understood in the context of Theorem 3.2 above.

Lemma 3.4. There exists 0 < C <∞ and 0 < ε0 <∞, where ε0 = ε0(φ∗, θ∗, y∗, p∗, ω, C), such that 0 < C ≤ φ̇ε
for all 0 < ε < ε0 small enough.
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Proof. The claim follows directly from (7) and (22a).

Remark. Henceforth, we assume that 0 < ε < ε0 is small enough, so that the conclusion of Lemma 3.4 applies.

Lemma 3.5. Let {uε} and {ψε} be bounded sequences in C0,1([0, T ]) and C1,1([0, T ]) respectively and 0 < C ≤
ψ̇ε. Then, for all a, b ∈ [0, T ]

∫ b

a

uε sin(ε−1ψε) dt = O(ε),

∫ b

a

uε cos(ε−1ψε) dt = O(ε).

Proof. Integration by parts gives for 0 < ε < ε0 small enough

∣∣∣∣∣

∫ b

a

uε exp

(
iψε
ε

)
dt

∣∣∣∣∣ ≤ ε
∣∣∣∣
uε(a)

ψ̇ε(a)

∣∣∣∣+ ε

∣∣∣∣
uε(b)

ψ̇ε(b)

∣∣∣∣+ ε

∣∣∣∣∣

∫ b

a

d

dt

(
uε

ψ̇ε

)
exp

(
iψε
ε

)
dt

∣∣∣∣∣ = O(ε).

The claim follows by considering real and imaginary part separately and the isometric isomorphism [8, p. 154]

Ck−1,1([0, T ]) ∼= W k,∞((0, T )).

Lemma 3.6. Let u ∈ C2(R>0 × R3) and (φε, θε, yε, pε) be the solution to (16)–(17). Then, the sequence of
functions {uε}, where uε := u(φ̇ε, θε, ẏε, yε), satisfies for all a, b ∈ [0, T ]

∫ b

a

u̇ε cos(2ε−1φε) dt→ 1

2

∫ b

a

[DtL0 (ω(y0)∂1u0 − θ∗∂2u0) + θ∗ω
′(y0)∂3u0] dt

and ∫ b

a

u̇ε sin(2ε−1φε) dt = O(ε).

Proof. The equations in (22) imply after some calculations that

u̇ε = ∂1uε

(
ẏεω
′(yε) +

ε

2
D2
tLε sin(2ε−1φε) +DtLεφ̇ε cos(2ε−1φε)

)
− ∂2uεθεDtLε cos(2ε−1φε)

− ∂3uε
(
θεω
′(yε)− θεω′(yε) cos(2ε−1φε)

)
+ ∂4uεẏε.

The claim follows from the uniform convergence results in (19), Lemma 3.5 and the trigonometric identities

2 cos(x) cos(y) = cos (x+ y) + cos (x− y) , 2 cos(x) sin(y) = sin (x+ y)− sin (x− y) .

Lemma 3.7. The sequences {θε1}, {φε2}, {yε2} and {pε2} are uniformly bounded in L∞((0, T )).

Proof. In the following proof, the constant 0 ≤ C < ∞ is dependent on T but independent of ε and can take
on different values from line to line. Let t ∈ [0, T ] and 0 < ε < ε0 small enough and let

M1 := sup
0<ε<ε0

sup
h∈[0,1]

‖ω′((1− h)yε + hy0)‖L∞((0,T )), M2 := sup
0<ε<ε0

sup
h∈[0,1]

‖ω′′((1− h)yε + hy0)‖L∞((0,T )).

We apply Lemma 3.5 to equation (22a),

|φε2(t)| =
∣∣∣∣
∫ t

0

φ̇ε2 ds

∣∣∣∣ ≤
1

ε2

∣∣∣∣
∫ t

0

ω(yε)− ω(y0) ds

∣∣∣∣+
1

2ε

∣∣∣∣
∫ t

0

DsLε sin(2ε−1φε) ds

∣∣∣∣ ≤M1

∫ t

0

|yε2| ds+ C, (31)

then to equation (22b),

|θε1(t)| =
∣∣∣∣
∫ t

0

θ̇ε1 ds

∣∣∣∣ =
1

ε

∣∣∣∣
∫ t

0

θεDsLε cos(2ε−1φε) ds

∣∣∣∣ ≤ C, (32)

to equation (22c),

|yε2(t)| =
∣∣∣∣
∫ t

0

ẏε2 ds

∣∣∣∣ ≤
∫ t

0

|pε2| ds+
1

2ε

∣∣∣∣
∫ t

0

θεDyLε sin(2ε−1φε) ds

∣∣∣∣ ≤
∫ t

0

|pε2| ds+ C, (33)
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and finally to equation (22d),

|pε2(t)| =
∣∣∣∣
∫ t

0

ṗε2 ds

∣∣∣∣ ≤
1

ε2

∣∣∣∣
∫ t

0

θεω
′(yε)− θ∗ω′(y0) ds

∣∣∣∣+
1

2ε

∣∣∣∣
∫ t

0

θεDsDyLε sin(2ε−1φε) ds

∣∣∣∣

≤ 1

ε

∣∣∣∣
∫ t

0

ω′(yε)θ
ε
1 ds

∣∣∣∣+
θ∗
ε2

∣∣∣∣
∫ t

0

ω′(yε)− ω′(y0) ds

∣∣∣∣+ C

≤ 1

ε

∣∣∣∣
∫ t

0

ω′(yε)θ
ε
1 ds

∣∣∣∣+ θ∗M2

∫ t

0

|yε2| ds+ C. (34)

Furthermore, integration by parts in combination with equation (22b) and Lemma 3.5 and 3.6 imply

1

ε

∣∣∣∣
∫ t

0

ω′(yε)θ
ε
1 ds

∣∣∣∣ =
1

ε

∣∣∣∣
∫ t

0

ω′(yε)
∫ s

0

θ̇ε1 dr ds

∣∣∣∣ =
1

ε2

∣∣∣∣
∫ t

0

ω′(yε)
∫ s

0

θεDrLε cos(2ε−1φε) dr ds

∣∣∣∣

≤ 1

2ε

∣∣∣∣
∫ t

0

θεDsLε

φ̇ε
ω′(yε) sin(2ε−1φε) ds

∣∣∣∣+
1

2ε

∣∣∣∣
∫ t

0

ω′(yε)
∫ s

0

d

dr

(
θεDrLε

φ̇ε

)
sin(2ε−1φε) dr ds

∣∣∣∣ ≤ C. (35)

By combining the inequalities (33)–(35) we obtain

|yε2(t)| ≤ C + θ∗M2

∫ T

0

∫ T

0

|yε2| dr ds.

Finally, a variation of the classical Grönwall inequality (see [14, p. 383]) implies that

|yε2(t)| ≤ C exp
(
θ∗M2T

2
)
,

for t ∈ [0, T ], which together with (31)–(35) yields the uniform bound for {θε1}, {φε2}, {yε2} and {pε2}.

Lemma 3.8. The sequence {θε2} is uniformly bounded in L∞((0, T )).

Proof. According to Lemma 3.7, the sequences {θε1}, {φε2}, {yε2} and {pε2} are uniformly bounded in L∞((0, T )).
Therefore, writing

θε = θ∗ + εθε1, φε = φ0 + ε2φε2, yε = y0 + ε2yε2, pε = p0 + ε2pε2

and expanding the energy function (15) up to second-order in ε gives Eε = E0 + εEε1 +O(ε2) with

E0 :=
1

2
p2

0 + θ∗ω(y0), Eε1 := ω(y0)θε1 +
θ∗DtL0

2
sin(2ε−1φ0),

for 0 < ε < ε0 small enough. According to (20), the energy E0 is constant. It follows from (9) that Eε = E0 = E∗
and thus Eε1 = O(ε). This yields the claim as

θε1 − [θ1]ε = O(ε).

Due to the oscillatory character of the problem, Lemma 3.8 shows that the first-order asymptotic expansion
in θε is expressed by a high-frequency term which represents small-scale oscillations of order ε. Averaging over
these oscillations, that is, taking the weak∗ limit shows that on average θε1 has zero effect on the first-order macro-
scale dynamics. In the following, Lemma 3.9, 3.10 and 3.11 provide information about the decomposition of the
second-order asymptotic expansion of φε, θε, yε and pε into high-frequency terms with zero average contribution
and terms with non-zero average contribution, specifying the macro-scale dynamics to second-order.

Lemma 3.9. Let u0, ψ0 ∈ C1([0, T ]) and let {uε}, {ψε} be sequences in C1([0, T ]) such that the sequences {u̇ε},
{ε−1 (uε − u0)}, {ε−2(ψε − ψ0)} and {ε−1(ψ̇ε − ψ̇0)} are bounded in L∞((0, T )). Then for vε such that

vε := uε cos(ε−1ψε)− u0 cos(ε−1ψ0),

the sequence {ε−1vε} is bounded in L∞((0, T )) and in particular

vε → 0 in C([0, T ]), v̇ε
∗
⇀ 0 in L∞((0, T )).
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Proof. By writing

wε := (uε − u0) exp(iε−1ψε)− u0 exp(iε−1ψ0)(1− exp(iε−1(ψε − ψ0)))

and

ẇε =
(

(u̇ε − u̇0) + iε−1ψ̇ε(uε − u0) + iε−1u0(ψ̇ε − ψ̇0)
)

exp(iε−1ψε)

− (u̇0 + iε−1u0ψ̇0)(1− exp(iε−1(ψε − ψ0))) exp(iε−1ψ0),

the assumptions imply that the sequences {ε−1wε} and {ẇε} are bounded in L∞((0, T ),C), which yields directly
the uniform convergence of vε = <(wε) to zero. The weak∗ convergence of v̇ε = <(ẇε) follows from [6,
Principle 1, Chapter I §1].

Remark. Lemma 3.8 and Lemma 3.9 imply the convergence (24).

Lemma 3.10. There exists a subsequence {ε′} and functions φ̄2, ȳ2, p̄2 ∈ C0,1([0, T ]) such that the conver-
gences (25)–(27) hold.

Proof. By taking the time derivative of the functions φε2 − [φ2]ε, yε2 − [y2]ε and pε2 − [p2]ε, we obtain

d

dt
(φε2 − [φ2]ε) =

ω(yε)− ω(y0)

ε2
+
d

dt

(
DtLε

4φ̇ε

)
cos(2ε−1φε)−

d

dt

(
[φ2]ε +

DtLε

4φ̇ε
cos(2ε−1φε)

)
, (36)

d

dt
(yε2 − [y2]ε) =

pε − p0

ε2
+
d

dt

(
θεDyLε

4φ̇ε

)
cos(2ε−1φε)−

d

dt

(
[y2]ε +

θεDyLε

4φ̇ε
cos(2ε−1φε)

)
, (37)

d

dt
(pε2 − [p2]ε) = −θ∗

ω′(yε)− ω′(y0)

ε2
− θε1 − [θ1]ε

ε
ω′(yε) (38)

− d

dt

(
θεDtDyLε

4φ̇ε

)
cos(2ε−1φε)−

d

dt

(
[p2]ε1 −

θεDtDyLε

4φ̇ε
cos(2ε−1φε)

)

+
d

dt

(
θ∗DtL0

4ω2(y0)
ω′(yε)

)
cos(2ε−1φ0)− d

dt

(
[p2]ε2 +

θ∗DtL0

4ω2(y0)
ω′(yε) cos(2ε−1φ0)

)
,

where we write [p2]ε = [p2]ε1 + [p2]ε2 with

[p2]ε1 :=
θ∗DtDyL0

4ω(y0)
cos(2ε−1φ0), [p2]ε2 := −θ∗DtL0DyL0

4ω(y0)
cos(2ε−1φ0).

For the derivation of equation (38), we note that in

dpε2
dt

= −θ∗
ω′(yε)− ω′(y0)

ε2
− θε − θ∗

ε2
ω′(yε)−

d

dt

(
θεDtDyLε

4φ̇ε

)
cos(2ε−1φε) +

d

dt

(
θεDtDyLε

4φ̇ε
cos(2ε−1φε)

)
,

we can rewrite the second term on the right-hand side by introducing [θ1]ε, i.e.,

θε − θ∗
ε2

ω′(yε) =
θε1 − [θ1]ε

ε
ω′(yε)−

d

dt

(
θ∗DtL0

4ω2(y0)
ω′(yε)

)
cos(2ε−1φ0) +

d

dt

(
θ∗DtL0

4ω2(y0)
ω′(yε) cos(2ε−1φ0)

)
.

By Lemma 3.7, 3.8 and 3.9, the sequences {φε2 − [φ2]ε}, {yε2 − [y2]ε} and {pε2 − [p2]ε} are bounded in the
space C0,1([0, T ]) of uniformly Lipschitz continuous functions. The claim follows after successive applications
of [6, Principle 4, Chapter I §1].

Lemma 3.11. Under the subsequence extracted in Lemma 3.10, we obtain the convergence (28), where θ̄2 is of
the form

θ̄2 = − p0

ω(y0)
p̄2 − θ∗DyL0ȳ2 −

θ2
∗(DyL0)2

16ω(y0)
+
θ∗(DtL0)2

4ω2(y0)
. (39)

Proof. By Lemma 3.10 we can write

φε = φ0 + ε2
(
φ̄2 + [φ2]ε

)
+ ε2φε3, yε = y0 + ε2 (ȳ2 + [y2]ε) + ε2yε3,

θε = θ∗ + ε[θ1]ε + ε2θε2, pε = p0 + ε2 (p̄2 + [p2]ε) + ε2pε3,
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where φε3, y
ε
3, p

ε
3 → 0 in C([0, T ]). An expansion of the energy function (15) up to second-order in ε gives

Eε = E0 + εEε1 + ε2Eε2 + ε2Eε3 , where Eε3 → 0 in C([0, T ]), and

E0 :=
1

2
p2

0 + θ∗ω(y0),

Eε1 := ω(y0)[θ1]ε +
θ∗p0ω

′(y0)

2ω(y0)
sin(2ε−1φ0),

Eε2 := p0 (p̄2 + [p2]ε) + θ∗ω
′(y0) (ȳ2 + [y2]ε) + ω(y0)θε2 +

θ2
∗(DyL0)2

8
sin2(2ε−1φ0)

+ θ∗DtL0

(
φ̄2 + [φ2]ε

)
cos(2ε−1φ0) +

[θ1]εDtL0

2
sin(2ε−1φ0)

= ω(y0)
(
θε2 − [θ2]ε − θ̄2

)
.

It follows from (9) that Eε = E0 = E∗ and by Lemma 3.8 that Eε1 = 0. This implies that Eε2 + Eε3 = 0 and
hence Eε2 = −Eε3 → 0 in C([0, T ]). The claim follows with the identity

θ∗DtL0[φ2]ε cos(2ε−1φ0) +
[θ1]εDtL0

2
sin(2ε−1φ0) = −θ∗(DtL0)2

4ω(y0)
.

Lemma 3.12. The extraction of a subsequence in Lemma 3.10 can be discarded altogether and (φ̄2, θ̄2, ȳ2, p̄2)
is the unique solution to the initial value problem (29)–(30).

Proof. The differential equations (29a), (29c) and (29d) follow from (25)–(27) by taking the weak∗ limit in
combination with Lemma 3.6 and 3.9, and [6, Lemma 1, Chapter I §1]. To prove formula (29b), we differentiate
equation (39) with respect to time and use equation (29c) and (29d) together with

D2
tL0 = −θ∗ω′(y0)DyL0 + ẏ2

0D
2
yL0.

The initial values (30) can be derived from the uniform convergence in (25)–(28). Furthermore, since the right-
hand side of (29) — and therefore the solution (φ̄2, θ̄2, ȳ2, p̄2) ∈ C∞([0, T ],R4) — does not depend on the chosen
subsequence, [6, Principle 5, Chapter I §1] allows us to discard the extraction of subsequences altogether.

4 Thermodynamic expansion and interpretation

We now give a thermodynamic interpretation of the analytic result presented in Theorem 3.2. Thermodynamic
effects can, in principle, occur when a separation of scales exist; Hertz developed a thermodynamic theory for
Hamiltonian systems with slowly varying external parameter [10]. The model considered in this article is an
example of this kind if we restrict the analysis to the fast particle (variable zε) and consider the slow particle
(variable yε) as an external parameter. The question we want to address in this section is “Can we replace
the dynamics of the fast particle with a thermodynamic description in terms of temperature and entropy?” An
answer to this question could potentially lead to new algorithms that reduce the computational complexity of
large-scale molecular dynamics simulations either by allowing for a larger step size or reducing the system’s
dimensions. Although a larger step size can be used to integrate the system of differential equations (29), which
decreases the computational complexity, a reduction in the dimension of the model problem is not expected
because a new algorithm would only involve a substitution of two degrees of freedom, i.e., the generalised
position and momentum of one particle, by two thermodynamic state variables. Nonetheless, we study this
problem to develop a first thermodynamic understanding. As it turns out, even in this simple model problem,
an interesting adiabatic/non-adiabatic characteristic emerges through a higher-order asymptotic expansion.

For a thermodynamic interpretation of the system, we will regard the fast particle zε as the system’s thermal
vibrations, acting on the slow particle yε, which represents the system’s elastic dynamics.

As such, we will mainly focus our thermodynamic analysis on the energy associated with the fast particle

E⊥ε , in contrast to the residual energy E
‖
ε , which describes the remaining part of the system. Both energies can

be read of from the total energy (9), i.e.,

E⊥ε = 1
2 ż

2
ε + 1

2ε
−2ω2(yε)z

2
ε , E‖ε = Eε − E⊥ε . (40)

Note that the evolution of the fast degree of freedom zε is governed by the energy E⊥ε = E⊥ε (zε, żε; yε), which
is subject to a dynamically varying external parameter given by the evolution of the slow degree of freedom
yε. This framework allows us to apply the theory developed by Hertz [5]. From a lengthy analysis, which we
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describe in the Appendix B, we derive for ε > 0 the following expressions for the temperature Tε, the entropy
Sε and the external force Fε in the fast subsystem:

Tε = θεω(yε), Sε = log(θε) + C, Fε = θεω
′(yε), (41)

where C is an arbitrary constant. In combination with the second-order expansion derived in Theorem 3.2 we
will analyse the asymptotic properties of the thermodynamic expressions above, by expanding yε and θε in (41),
which in turn defines higher-order asymptotic expansions of the form Tε = T0 + O(ε), Fε = F0 + O(ε) and
Sε = S0 + ε[S̄1]ε + ε2[S̄2]ε + ε2Sε3 with Sε3 → 0 in C([0, T ]), where

T0 := θ∗ω(y0), F0 := θ∗ω
′(y0) (42)

and

S0 := log(θ∗) + C, [S̄1]ε :=
[θ1]ε

θ∗
, [S̄2]ε :=

θ̄2 + [θ2]ε

θ∗
− 1

2

(
[θ1]ε

θ∗

)2

. (43)

Analogously, by substituting (14) into (40), we expand the energy of the fast subsystem E⊥ε = θεω(yε) =
E⊥0 + ε[Ē⊥1 ]ε + ε2[Ē⊥2 ]ε + ε2E⊥ε3 where E⊥ε3 → 0 in C([0, T ]) and

E⊥0 := θ∗ω(y0), [Ē⊥1 ]ε := ω(y0) [θ1]
ε
, [Ē⊥2 ]ε := θ∗ω

′(y0) (ȳ2 + [y2]
ε
) + ω(y0)

(
θ̄2 + [θ2]

ε)
. (44)

4.1 Leading-order thermodynamics: constant entropy

We show in this section, following Bornemann [6], that to leading-order (limit ε→ 0), the resulting thermody-
namic process is adiabatic or, in other words, a thermodynamic process with constant entropy.

4.1.1 Thermodynamics of the limit process

As an aside, we briefly sketch how the thermodynamic nature of the problem considered in this article materi-
alises in the thermodynamic principles that underpin the proof of Theorem 1.1. This observation is independent
of the conclusions we will draw about the adiabatic nature of the limit process.

Firstly, the proof in [6] uses the equi-partitioning of E⊥ε in the weak∗ limit. To illustrate this, we consider
the quantity Ξε := żεzε, which is of order ε and hence converges uniformly to zero. Its time derivative is given
by

Ξ̇ε = z̈εzε + ż2
ε = −ε−2ω2(yε)z

2
ε + ż2

ε = −2U⊥ε + 2K⊥ε , (45)

where U⊥ε is the potential and K⊥ε kinetic energy of the fast degree of freedom. It follows from [6, Principle 1,
Chapter I §1] that (45) converges weakly∗ to 0 = −U⊥0 +K⊥0 , which implies the equipartition of the energy E⊥0
into kinetic and potential energy, i.e., U⊥0 = 1

2E
⊥
0 and K⊥0 = 1

2E
⊥
0 .

Secondly, the proof in [6] utilises the adiabatic invariance of the action θε → θ∗ in the limit ε→ 0, see (19b).
The action, which was used in the transformation into action-angle variables (14), takes the form of the energy-
frequency ratio θε = E⊥ε /ω(yε). Since the time evolution of the energy E⊥ε and the external variable yε are
in general independent, the adiabatic invariance of the action reveals their dependence in the limit ε → 0, as
θ∗ = E⊥0 /ω(y0).

4.1.2 Leading-order thermodynamics: Adiabatic invariance

The concept of adiabatic invariance finds applications in the analysis of slowly perturbed dynamical systems,
where one is primarily interested in the derivation of the effective evolution of the system. It emerged in celestial
mechanics in the form of the perturbation theory of Hamiltonian dynamical systems [2, Chapter 10], and can
be found in many other fields. In particular, adiabatic invariance plays a crucial role in thermodynamics.
There, adiabatic processes are idealised models in the limit of an infinite separation of timescales and are, by
definition, processes with constant entropy. Thus, for adiabatic processes, the entropy reveals, similar to above,
a dependence of the internal energy E and the external parameter y, as S(E, y) = const. An introduction to
the thermodynamic theory as developed by Hertz can be found in Appendix B.

Let us now have a closer look at θ∗ = const. Naturally, every function of θ∗ = E⊥0 /ω(y0) is a constant of
motion. On the other hand, every differentiable invariant of motion must be a function of θ∗. This follows from
a contradiction argument [5, Chapter 1.5], which we sketch for the reader’s convenience. Assume that there is
another invariant S(E⊥0 , y0) with Ṡ = 0. Then with E⊥0 = E⊥0 (θ∗, y0) we can write, with slight abuse of the
notation, S(E⊥0 (θ∗, y0), y0) = S(θ∗, y0). Taking the time derivative we get

0 =
dS

dt
=

∂S

∂θ∗
θ̇∗ +

∂S

∂y0
ẏ0 =

∂S

∂y0
ẏ0.
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Since in general ẏ0 6= 0, it follows that ∂S/∂y0 = 0 and hence S = S(θ∗). Therefore, since the entropy is a
constant of motion for an adiabatic thermodynamic process, we can conclude that in the limit ε→ 0 the entropy
is a function of θ∗, i.e., S = S(θ∗).

In fact, by comparing this result with the leading-order expansion of the temperature, entropy and external
force in the model problem as derived in (42) and (43), i.e.

T0 = θ∗ω(y0), S0 = log(θ∗) + C, F0 = θ∗ω
′(y0), (46)

we observe, that S0 = S0(θ∗) = const. and hence reason that the limit process is adiabatic. This is in particular
a result of the external parameter y0, which affects the fast system to leading-order only slowly. The energy in
the limit ε→ 0 (see equation (44)) is given by E⊥0 (y0) = θ∗ω(y0), and therefore (cf. equation (57))

dE⊥0 = F0dy0 + T0dS0 = F0dy0, (47)

which coincides with the qualitative intuition presented in Section B.1. Note that by action and reaction, the
force exerted on the fast subsystem F0 is equal but of opposite sign to the force acting on the environment
ÿ0 = −F0 (see also (20)).

4.2 Second-order thermodynamics

4.2.1 Rescaling of the process

Recall that our main goal is to derive a higher-order effective evolution of the slow degree of freedom yε. With
a thermodynamic description, we aim to supplement the most dominant motion of yε, i.e. y0, by an effective
description of the interacting fast particle zε, which can be thought of as thermal vibrations acting on yε. For
the slow degree of freedom, the typical timescale is of order O(1), whereas for the fast degree of freedom zε it
is of order O(1/ε). We remark that for the thermodynamic analysis, it is important to shift the viewpoint —
while the overarching aim is to derive thermodynamic corrections to the slow subsystem, from a thermodynamic
point of view, the analysis has to focus on the fast system with its exposure to the slow external agent.

To derive this dualistic viewpoint, we introduce a scaling of zε in space and time such that its typical time-
and length-scale is of order O(1) and consequently ẏε = O(ε). We show in Appendix B that the dynamics of
zε is then described by a prototypical thermodynamic model, namely a slowly perturbed harmonic oscillator,
which is in the limit of an infinite separation of timescale in thermal equilibrium. Here, in the limit ε → 0,
the change of the external agent y0 is regarded as infinitely small, and the constant value θ∗ is geometrically
given as the phase space volume enclosed by the energy surface for a fixed value of y0 (see [5] or [10]). In this
context, a thermodynamic process can be defined as a sequence of thermodynamic equilibrium states in which
y0 is static for every instance in time but dynamically changing in the course of the sequence. Such processes
are called quasi-static adiabatic processes in classical thermodynamics [23, Chapter 1.4], and are characterised
by a constant entropy. In contrast, processes with nonconstant entropy involve a fast change of the external
parameter, as noted in [5, Chapter 1.2].

4.2.2 Higher-order thermodynamic properties

Using this scaling of space and time of zε as worked out in Appendix B, we can derive the temperature T0 and
external force F0 based on the time average of specific quantities for fixed energy E⊥0 and external parameter
y0. To analyse the thermodynamic properties for dynamically changing E⊥0 and y0, we will focus on the
original scaling as in (40) and regard the evolution as a quasi-static thermodynamic process. Inspired by the
equipartitioning of the energy E⊥0 (see (45)), we take the weak∗ limit as the corresponding averaging operator
in the original scaling to derive thermodynamic quantities.

Therefore, we calculate the average contribution of the higher-order micro-scale oscillations in E⊥ε and Sε
by taking the weak∗ limit of the asymptotic expansion terms [Ē⊥1 ]ε, [Ē⊥2 ]ε, [S̄1]ε and [S̄2]ε in (43) and (44).
This yields

[Ē⊥1 ]ε
∗
⇀ 0 in L∞((0, T )), [Ē⊥2 ]ε

∗
⇀ Ē⊥2 := θ∗ω

′(y0)ȳ2 + ω(y0)θ̄2 in L∞((0, T )), (48)

[S̄1]ε
∗
⇀ 0 in L∞((0, T )), [S̄2]ε

∗
⇀ S̄2 :=

θ̄2

θ∗
−
(
DtL0

4ω(y0)

)2

in L∞((0, T )). (49)

We can now define the second-order average energy and entropy

Ē⊥ε := E⊥0 + ε2Ē⊥2 , S̄ε := S0 + ε2 ¯̄S2, (50)

where ¯̄S2 := θ̄2/θ∗. Note that we do not include the second term of the weak∗ limit of [S̄2]ε in (49) in the

definition of ¯̄S2, since this term does not appear in the energy expansion. It describes the effect of the first-
order fast dynamics on the second-order dynamics, which does not affect the average second-order energy
correction Ē⊥2 .
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To analyse the thermodynamic properties of Ē⊥ε for ε > 0, we focus now on the second-order expansion
term Ē⊥2 . The appropriate temperature, entropy and external force can be read off from (48) and (49),

T0 = θ∗ω(y0), ¯̄S2 = θ̄2/θ∗, F0 = θ∗ω
′(y0). (51)

Note that the entropy in this case is not constant. This can be explained by the second-order correction of the
external parameter yε, which exhibits according to Theorem 3.2 a decomposition into a slowly varying component
ȳ2 and a rapidly varying component [y2]

ε
. By considering Ē⊥2 = Ē⊥2 ( ¯̄S2, ȳ2) we obtain (cf. equation (55))

dĒ⊥2 = F0dȳ2 + T0d
¯̄S2, (52)

which agrees with the qualitative discussion of Section B.1 below.
Finally, let us inspect how the thermodynamic energy balance is realised in the total second-order energy

correction of Eε. Analogous to the decomposition above (40), we split the total energy Eε in (15) into E⊥ε and

E
‖
ε , i.e., Eε = E

‖
ε + E⊥ε , where

E‖ε =
1

2
p2
ε +

ε

2
θεpεDyLε sin(2ε−1φε) +

ε2

8
θ2
ε(DyLε)

2 sin2(2ε−1φε).

We then use the expressions derived in Theorem 3.2 to expand E
‖
ε = E

‖
0 + ε[Ē

‖
1 ]ε + ε2[Ē

‖
2 ]ε + ε2E

‖ε
3 , where

E
‖ε
3 → 0 in C([0, T ]) with

E
‖
0 :=

1

2
p2

0, [Ē
‖
1 ]ε :=

θ∗
2
DtL0 sin(2ε−1φ0)

and

[Ē
‖
2 ]ε := p0 (p̄2 + [p2]

ε
) +

θ2
∗(DyL0)2

8
sin2(2ε−1φ0) + θ∗DtL0

(
φ̄2 + [φ2]ε

)
cos(2ε−1φ0) +

[θ1]εDtL0

2
sin(2ε−1φ0).

As before, we take the weak∗ limit to determine the average energy correction at first- and second-order, and
find

[Ē
‖
1 ]ε

∗
⇀ 0 in L∞((0, T )), [Ē

‖
2 ]ε

∗
⇀ Ē

‖
2 := p0p̄2 +

(
θ∗DyL0

4

)2

− θ∗(DtL0)2

4ω(y0)
in L∞((0, T ))

and define the averaged residual energy Ē
‖
ε := E

‖
0 + ε2Ē

‖
2 . The following theorem shows how the Hamiltonian

character of the model problem and the thermodynamic interpretation materialise for the averaged total second-

order energy correction Ē2 = Ē
‖
2 + Ē⊥2 .

Theorem 4.1. Let (y0, p0) be as in (19) and (ȳ2, p̄2) be as in Theorem 3.2. Let Ē2 be the averaged total
second-order energy correction

Ē2

(
ȳ2, p̄2,

¯̄S2; y0, p0

)
= Ā(p̄2; y0, p0) + F0(y0)ȳ2 + T0(y0) ¯̄S2,

with

Ā(p̄2; y0, p0) = p0p̄2 +

(
θ∗ω′(y0)

4ω(y0)

)2

− T0(y0)

(
p0ω

′(y0)

2ω2(y0)

)2

,

and

T0(y0) = θ∗ω(y0), F0(y0) = θ∗ω
′(y0), ¯̄S2 = ¯̄S2(y0, p0) =

1

2

(
p0ω

′(y0)

2ω2(y0)

)2

+ C ¯̄S2
,

where

C ¯̄S2
= −1

2

(
p∗ω′(y∗)
2ω2(y∗)

)2

− 5θ∗ω′(y∗)2

16ω3(y∗)
+
p2
∗ω
′′(y∗)

4ω3(y∗)
− p2

∗ω
′(y∗)2

4ω4(y∗)
.

Then, the differential equations (29c) and (29d) and the constituent equations (59) take the form

dȳ2

dt
=
∂Ē2

∂p0
,

∂p̄2

dt
= −∂Ē2

∂y0
and F0 =

∂Ē2

∂ȳ2
, T0 =

∂Ē2

∂ ¯̄S2

. (53)

Proof. The claim follows directly from (29c) and (29d).
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Remark. We point out that (53) gives a thermodynamic interpretation of the slow second-order evolution derived
in Theorem 3.2. Moreover, with the special initial values as in (30), one finds that Ē2 ≡ 0, in accordance with

equation (9). In this special case, the second-order energy correction Ē2

(
ȳ2, p̄2,

¯̄S2; y0, p0

)
≡ 0 acts as a

constraint on the system and ε2 in the expansion can be regarded as a Lagrange multiplier. Additionally, note
that the expression for ¯̄S2 was chosen as the part of the averaged second-order energy correction that does not
include the self-interaction with the averaged first-order correction and that corresponds to the appropriate
expression found in Ē⊥2 . Finally, note that the term

T0(y0)

(
p0ω

′(y0)

2ω2(y0)

)2

can be found both in Ā and in ¯̄S2, which indicates an energy exchange of heat and work in the averaged total
second-order energy correction Ē2.

5 Conclusion

In this paper, we analysed a simple fast-slow Hamiltonian system with an energy function of the form

Eε(yε, ẏε, zε, żε) = 1
2 ẏ

2
ε + 1

2 ż
2
ε + 1

2ε
−2ω2(yε)z

2
ε ,

where yε is the slow and zε is the fast degree of freedom and 0 < ε < ε0 is a parameter determining the scale
separation. This fast-slow Hamiltonian system was introduced and studied in [6], where a theory is established
to describe the dynamics of yε in the limit ε→ 0, i.e., the coarse-grained dynamics of the system.

In the first part of this paper, we gave a more nuanced description of the dynamics for a small but non-zero
ε, by deriving the second-order correction of the system’s dynamical evolution. The second-order expansion can
be decomposed into a highly oscillatory term with zero mean and a remainder; remarkably, the remainder can
be characterised explicitly in the form of an inhomogeneous linear system of differential equations as shown in
Theorem 3.2. This gives, in principle, a computationally tractable way to simulate the dynamics efficiently to
accuracy ε2. Moreover, the expansion can be interpreted in a two-scale sense (see Appendix A). Furthermore,
in Theorem 4.1 we provided a thermodynamic interpretation of the slow second-order evolution derived in
Theorem 3.2.

In the second part of this paper, we investigated the fast subsystem with energy function

E⊥ε (zε, żε; yε) = 1
2 ż

2
ε + 1

2ε
−2ω2(yε)z

2
ε ,

which we interpret as the system of a harmonic oscillator in which the frequency is slowly perturbed by yε.
After appropriate scaling, the perturbation disappears in the limit ε→ 0, and the resulting system is a standard
harmonic oscillator with one degree of freedom, which is a simple example of an ergodic Hamiltonian system.
Hence, in the limit, we can regard the system studied here as a thermodynamic system evolving in a sequence
of thermodynamic equilibrium states. (Here, we use a setting developed by Hertz [10] which, despite being
described beautifully in [5], seems little known, and is thus sketched in Appendix B.) Based on this observation,
we defined for ε > 0 a temperature Tε, an external force Fε and an entropy Sε of the fast subsystem E⊥ε .

Using the results from the first part of this paper, we expanded E⊥ε , Tε, Fε and Sε and showed that the
first and second law of thermodynamics (according to Carathéodory) are satisfied in the expansion of E⊥ε . In
particular, we found that the leading-order expansion of E⊥ε exhibits a constant entropy, dS0 = 0, and hence
describes an adiabatic thermodynamic process, as shown in (47),

dE⊥0 = F0dy0 + T0dS0 = F0dy0.

The form of the entropy in this adiabatic limit is given in (46) by

S0 = log(θ∗) + C.

Moreover, we showed that the averaged second-order expansion of the fast subsystem E⊥2 defines a non-adiabatic
process, characterised by a non-constant entropy, dS̄2 6= 0, see (52). Remarkably, this entropy satisfies for fixed
(y0, p0) the equation

dĒ⊥2 = F0dȳ2 + T0d
¯̄S2,

which is only expected in thermal equilibrium ε→ 0, though it is shown here to hold true beyond that limit.
The non-constant entropy to second-order is given in (51) by

¯̄S2 = θ̄2/θ∗.

In summary, the limit process is described by an energy which is not the näıve energy that one obtains by
setting zε ≡ 0, as shown by Bornemann [6], and is characterised by a constant entropy, while a nonconstant
entropy appears only at second-order.
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A Interpretation of the analytic expansion as two-scale convergence

The convergence results in Theorem 3.2 exhibit scale separations that are characteristic of the theory of two-
scale convergence. In this appendix, we give a summary of the theory and introduce a nonlinear version of
two-scale convergence, which is used in Corollary 3.3.

A.1 Two-scale convergence

The theory of two-scale convergence was first introduced by Nguetseng [15]. We follow here the presentation
in [1] and [21], though restricted to the one-dimensional case. We denote by S the set S := [0, 1) equipped with
the topology of the 1-dimensional torus, and identify any function on S with its S-periodic extension on R.

In general, a bounded sequence {uε} of functions in L2(Ω) is said to weakly two-scale converge to u ∈
L2(Ω× S), symbolically indicated by uε

2
⇀ u, if and only if

lim
ε→0

∫

Ω

uε(t)ψ
(
t, ε−1t

)
dt =

∫∫

Ω×S
u(t, s)ψ(t, s) dt ds,

for any smooth function ψ : R× R→ R which is S-periodic with respect to the second argument.

A.2 Two-scale decomposition

For any ε > 0, one can decompose a real number t ∈ R as t = ε[N (t/ε) +R(t/ε)], where

N (t) := max{n ∈ Z : n ≤ t}, R(t) := t−N (t) ∈ S.

If ε is the ratio between two disparate scales, N (t/ε) and R(t/ε) may then be regarded as a coarse-scale and
a fine-scale variable, respectively. Besides this two-scale decomposition, one defines a two-scale composition
function:

hε(t, s) := εN (t/ε) + εs ∀(t, s) ∈ R× S, ∀ε > 0.

The two-scale composition function can be written as hε(t, s) = t+ ε[s−R(t/ε)], and thus

hε(t, s)→ t uniformly in R× S, as ε→ 0.

Definition A.1 (Two-scale convergence, [21]). Let S and hε be defined as above. A sequence of functions {uε}
in Lp(R) with 1 ≤ p ≤ ∞ two-scale converges strongly respectively weakly (weakly star for p =∞), denoted by
uε −→

2
u, uε −⇀

2
u, uε

∗−⇀
2
u, respectively, to a limit u0(t, s) in Lp(R× S) if it satisfies the following corresponding

relation:

uε −→
2
u in Lp(R× S) ⇔ uε ◦ hε −→ u in Lp(R× S), ∀p ∈ [1,∞];

uε −⇀
2
u in Lp(R× S) ⇔ uε ◦ hε −⇀ u in Lp(R× S), ∀p ∈ [1,∞);

uε
∗−⇀
2
u in L∞(R× S) ⇔ uε ◦ hε ∗−⇀ u in L∞(R× S).

For any domain Ω ⊂ R, two-scale convergence in Lp(Ω×S) is then defined by extending functions to R \Ω
with vanishing value.

It is shown in [21] that this definition of two-scale convergence is equivalent to the definition first introduced
in [15]. However, it is more versatile. In particular, it allows defining two-scale convergence in C0.

A.3 Two-scale convergence in C0

Some modifications are needed to extend the definition of two-scale convergence in [21] to C0, for in general the
function uε◦hε is discontinuous with respect to t ∈ R and s ∈ S, even if uε is continuous. One therefore replaces
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uε◦hε by a continuous function, Lεuε, constructed via linear interpolation with respect to each argument. More
precisely, for (t, s) ∈ R× S and w : R× S → R, we define

(Iεw)(t, s) := w(εN (t/ε), s) +R(t/ε)[w(εN (t/ε) + ε, s)− w(εN (t/ε), s)],

(Jw)(t, s) := w(t, s)− s
(

lim
r→1−

w(t, r)− w(t, 0)

)
.

Then, for v : R→ R, the linear interpolation is defined as

Lεv := (J ◦ Iε)(v ◦ hε).

Thus, v ◦ hε is piecewise constant with respect to t, whereas Lεv is piecewise linear and continuous with
respect to t and periodic in s, i.e.,

lim
r→1−

(Lεv)(t, r) = (Lεv)(t, 0) ∀t ∈ R.

Note that if v ∈ C0(R), then Lεv ∈ C0(R× S).
We say that uε strongly two-scale converges to u in C0([0, T ]× S) if and only if

Lεuε → u in C0([0, T ]× S).

A.4 Nonlinear two-scale convergence

The two-scale convergence theory is a generalisation of the weak∗ convergence theory which retains information

about the oscillatory character of uε in the limit ε→ 0. For instance, we have sin(2πε−1t)
2
⇀ sin(2πs). Notice,

however, that sin
(
2πε−1φ(t)

) 2
⇀ 0 for any nonlinear function φ. To derive a non-zero two-scale limit in such

a case, we introduce a nonlinear change of coordinates that temporarily annihilates the nonlinearity so that
the standard two-scale limit can be taken before it is reintroduced into the two-scale limit. This procedure is
expressed in the following definition. Note that the constant π was chosen to normalise the period of the rapidly
oscillating functions in Corollary 3.3.

Definition A.2 (Two-scale convergence with respect to φ−1
0 ◦ π). Let {uε} ⊂ C([0, T ]) and u ∈ C([0, T ]× S).

We say that uε two-scale convergences with respect to φ−1
0 ◦ π to u in C([0, T ] × S) if uε ◦ φ−1

0 ◦ π two-scale
converges to u ◦ (φ−1

0 ◦ π, Id) in C([0, π−1φ0(T )]× S), i.e.,

uε
φ−1
0 ◦π−−−−→

2
u in C([0, T ]× S) ⇐⇒ uε(φ

−1
0 (πr))

2−→ u(φ−1
0 (πr), s) in C([0, π−1φ0(T )]× S).

With this definition at hand, we can express the uniform convergence results of Theorem 3.2 using the
notation of two-scale convergence. Rephrasing the weak∗ convergence results in Theorem 3.2 in a similar way
requires more notation. It is for this reason that we do not pursue the analysis any further.

B Hertz’ approach to thermodynamics

As the theory of Hertz does not seem to be very well known, we recall the thermodynamic setting and the
theory here, following the presentation in [5].

B.1 The first and second law of thermodynamics

Hertz considers a thermodynamic system under a slowly changing external parameter y. A typical example
is a vessel filled with gas, where y indicates the height of a piston that compresses the gas. In line with
Hertz’ analysis, we considered for the problem studied in this article the fast subsystem with energy E⊥ε as
a thermodynamic system under a slowly changing external parameter represented by yε. We point out that
Hertz’ theory is based on dynamical systems which are inherently reversible in time and are thus regarded as
idealised thermodynamic systems. As such, on a macro-scale level, the dynamics is described by the first and
second law of thermodynamics, where the second law is given in Carathéodory’s form.

The first law states that for every infinitesimal thermodynamical process dy, one can introduce the work
of an external force dA = Fdy and the heat supply dQ such that the sum dA + dQ is the differential of some
energy function E,

dE = dA+ dQ. (54)
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The second law of thermodynamics states that, for reversible processes, there are two functions of state,
namely the absolute temperature T and the entropy S such that

dQ = TdS.

Hence, the first and second law of thermodynamics combined read

dE = Fdy + TdS. (55)

Equation (55) can be reduced to the statement that there exists an entropy S = S(E, y) such that the constitutive
equations

1

T
=
∂S(E, y)

∂E
and F = −T ∂S(E, y)

∂y
(56)

are satisfied.
The special case of a process without heat exchange, dQ = 0, is called an adiabatic process. In this case, all

work dA is converted into a change of energy,
dE = dA, (57)

or, equivalently, the entropy of the system stays constant,

S(E, y) = const. (58)

Remark. With E = E(S, y) the constitutive equations (56) read equivalently

T =
∂E(S, y)

∂S
and F =

∂E(S, y)

∂y
. (59)

B.2 Derivation of thermodynamics from mechanics

We will give a first intuitive and informal explanation of the macroscopic thermodynamic behaviour for micro-
scopic mechanical systems of Hamiltonian nature. Let H(z, ζ; y) be a Hamiltonian, where z and ζ denote the
generalised coordinate and generalised momentum respectively, and where y is an external parameter. If we
divide the external parameter into a slowly varying component s and a rapidly varying component r, then the
time derivative of the Hamiltonian can be written as

dH

dt
=
∂H

∂s

ds

dt
+
∂H

∂r

dr

dt
. (60)

This equation expresses the balance of the energy on the micro-scale in the same way as the first law of
thermodynamics (54) does on the macro-scale. By comparing these two equations, one can reason that the
first term on the right of (60) represents the work of an external force dA = Fdy for an adiabatic process. It
corresponds to the case of a slowly varying external parameter y, which conserves the entropy, dQ = TdS = 0.
On the other hand, if y has a rapidly varying component, then the entropy changes. Hence, we can identify the
last term in (60) with the heat supply of the system averaged over time to obtain the macro-scale effect of the
micro-scale motion.

This informal and qualitative derivation of thermodynamic properties in Hamiltonian systems can be devel-
oped into a quantitative theory for ergodic Hamiltonian systems, as discussed in the following section.

B.3 Thermodynamic description of a slowly perturbed harmonic oscillator

We now sketch how Hertz’ theory makes the previous informal arguments precise in the case of a harmonic
oscillator with slowly perturbed frequency. There, the dynamics of the generalised position zε and momentum
ζε are governed by a Hamiltonian of the form

H⊥ε (zε, ζε; yε) = 1
2ζ

2
ε + 1

2ω
2(yε)z

2
ε , (61)

where yε(t) = y(εt) is a slow external parameter with ẏε = O(ε). For ε = 0, the unperturbed Hamiltonian is
given by

H⊥0 (z0, ζ0; y∗) = 1
2ζ

2
0 + 1

2ω
2(y∗)z

2
0 , (62)

where y0(t) = y(0) = y∗ is constant. Let the corresponding canonical equations be complemented by the initial
values z0(0) = 0 and ζ0(0) =

√
2E⊥∗ , where E⊥∗ is a constant energy level such that H⊥0 (z0(t), ζ0(t), y∗) ≡ E⊥∗ .

The solution of the unperturbed system is thus given by

z0(t) =

√
2E⊥∗

ω(y∗)
sin (ω(y∗)t) , ζ0(t) =

√
2E⊥∗ cos (ω(y∗)t) . (63)

We note that the unperturbed Hamiltonian H⊥0 is ergodic, as trajectories in phase-space coincide with the whole
energy surface.
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B.3.1 Derivation of T and S via time-averaging

For an ergodic Hamiltonian system, the temperature in thermal equilibrium is defined via the time average,
indicated by angle brackets 〈·〉, of twice the kinetic energy,

〈
ζ0
∂H⊥0
∂ζ0

〉
,

relating the temperature to the “speed” of the system’s degrees of freedom. The temperature T for the sys-
tem (62) is hence of the form

T (E⊥∗ , y∗) :=

〈
ζ0
∂H⊥0 (z0, ζ0; y∗)

∂ζ0

〉
:= lim

θ→∞
1

2θ

∫ +θ

−θ
2E⊥∗ cos2 (ω(y∗)t) dt = E⊥∗ . (64)

The system’s entropy can then be derived from the first constitutive equation in (56), namely

S(E⊥∗ , y∗) = log
(
E⊥∗
)

+ f(y∗),

where f(y∗) is a constant of integration with respect to E⊥∗ . To find the function f , we use the second equation
in (56), with the macro-scale external force F defined as the time average of the micro-scale force:

F (E⊥∗ , y∗) :=

〈
∂H⊥0 (z0, ζ0; y∗)

∂y∗

〉
= E⊥∗

ω′(y∗)
ω(y∗)

.

Therefore,

S(E⊥∗ , y∗) = log

(
E⊥∗
ω(y∗)

)
+ C, (65)

where C is an integration constant. Note that there are various definitions of entropy in the classical thermo-
dynamic literature and (65) coincides with a definition for infinitely large systems [5, Chapter 1.5].

B.3.2 Derivation of T and S via ensemble-averaging

In this subsection, we sketch the derivation of an equivalent expression for the entropy, (74) below, as given by
Hertz, still for the perturbed harmonic oscillator. Since this section is essentially a modern reformulation of [10]
applied to a particular case, we only sketch the argument and dispense with rigour.

As the harmonic oscillator is ergodic, it admits a unique invariant measure, given by

µ(A) =

∫

A

dσ

|∇H⊥0 |∫

Σ

dσ

|∇H⊥0 |

, (66)

where A ⊆ Σ is a region on the level set Σ = {(z0, ζ0) ∈ R2 : H⊥0 (z0, ζ0; y∗) = E⊥∗ }, dσ is an area element on
the energy surface and

|∇H⊥0 | =
[(

∂H⊥0
∂z0

)2

+

(
∂H⊥0
∂ζ0

)2
]1/2

.

By the ergodic theorem of Birkhoff and Khinchin, see, e.g., [22], the invariant measure µ can be used to find
the time average in (64) simply by integration, without knowing the trajectory, since all the quantities on the
right-hand side of equation (66) are known,

T (E⊥∗ , y∗) =

〈
ζ0
∂H⊥0 (z0, ζ0; y∗)

∂ζ0

〉
=

∫

Σ

ζ0
∂H⊥0
∂ζ0

dσ

|∇H⊥0 |∫

Σ

dσ

|∇H⊥0 |

. (67)

The numerator can be evaluated by noting that ∂H⊥0 /∂ζ0 is the second component of the vector ∇H⊥0 and
hence

nζ :=
∂H⊥0 /∂ζ0
|∇H⊥0 |

, (68)

is the second component of the outer unit vector n = ∇H⊥0 /|∇H⊥0 | on the energy surface. Therefore, we can
write the numerator in the form

∫

Σ

ζ0
∂H⊥0
∂ζ0

dσ

|∇H⊥0 |
=

∫

Σ

ζ0nζ dσ =

∫

H⊥0 (z0,ζ0;y∗)≤E⊥∗
d(z0, ζ0) =: Γ(E⊥∗ , y∗), (69)
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which follows from Gauss’ theorem, where Γ(E⊥∗ , y∗) is the phase-space volume enclosed by the trajectory of (63)
and is also known as the action of the orbit in Hamiltonian dynamics [9]. To derive the denominator in (68),
we calculate the derivative of Γ(E⊥∗ , y∗) with respect to E⊥∗ . We find

Γ(E⊥∗ + ∆E⊥∗ , y∗)− Γ(E⊥∗ , y∗) =

∫

E⊥∗ ≤H⊥0 (z0,ζ0;y∗)≤E⊥∗ +∆E⊥∗

d(z0, ζ0) ≈
∫

H⊥0 (z0,ζ0;y∗)=E⊥∗

∆ndσ,

where ∆n is the distance between the energy surface H⊥0 (z0, ζ0; y∗) = E⊥∗ and H⊥0 (z0 +nz∆n, ζ0 +nζ∆n; y∗) =
E⊥∗ + ∆E⊥∗ . A Taylor expansion gives ∆n = ∆E⊥∗ /|∇H⊥0 |, and hence

∂Γ(E⊥∗ , y∗)
∂E⊥∗

=

∫

H⊥0 (z0,ζ0;y∗)=E⊥∗

dσ

|∇H⊥0 |
. (70)

Combining equations (67)–(70), the temperature T can thus be expressed in terms of the phase-space volume
Γ(E⊥∗ , y∗),

T (E⊥∗ , y∗) =
Γ(E⊥∗ , y∗)

∂Γ(E⊥∗ , y∗)/∂E⊥∗
. (71)

According to equation (56) we integrate (71) with respect to E⊥∗ and obtain as formula for the entropy,

S(E⊥∗ , y∗) = log
(
Γ(E⊥∗ , y∗)

)
+ f(y∗).

It remains to show that the function f is constant. To see this, we investigate the dependence of S on y∗ and
will, similar to above, use equation (56). Employing again the Birkhoff–Kinchin Theorem, we calculate

F (E⊥∗ , y∗) =

〈
∂H⊥0 (z0, ζ0; y∗)

∂y∗

〉
=

∫

Σ

∂H⊥0
∂y∗

dσ

|∇H⊥0 |∫

Σ

dσ

|∇H⊥0 |

. (72)

For the numerator, we calculate the derivative of Γ(E⊥∗ , y∗) with respect to y∗. Similarly to before, we have

Γ(E⊥∗ , y∗ + ∆y∗)− Γ(E⊥∗ , y∗) =

∫

H⊥0 (z0,ζ0;y∗+∆y∗)≤E⊥∗
d(z0, ζ0)−

∫

H⊥0 (z0,ζ0;y∗)≤E⊥∗
d(z0, ζ0)

≈
∫

H⊥0 (z0,ζ0;y∗)=E⊥∗

∆n dσ,

where ∆n is the distance between the energy surface H⊥0 (z0, ζ0; y∗) = E⊥∗ and H⊥0 (z0 + nz∆n, ζ0 + nζ∆n; y∗ +
∆y∗) = E⊥∗ . A Taylor expansion gives

∆n = − 1

|∇H⊥0 |
∂H⊥0
∂y∗

∆y∗

and we obtain
∂Γ(E⊥∗ , y∗)

∂y∗
= −

∫

H⊥0 (z0,ζ0;y∗)=E⊥∗

∂H⊥0
∂y∗

dσ

|∇H⊥0 |
. (73)

Combining equations (70), (72) and (73) we obtain

F (E⊥∗ , y∗) =

〈
∂H⊥0
∂y∗

〉
= − ∂Γ(E⊥∗ , y∗)/∂y∗

∂Γ(E⊥∗ , y∗)/∂E⊥∗
.

We thus find the desired formula for the entropy,

S(E⊥∗ , y∗) = log
(
Γ(E⊥∗ , y∗)

)
+ C, (74)

where C is an arbitrary constant. This is a key result of Hertz: the entropy of a Hamiltonian system under the
influence of a slowly varying parameter is, up to a constant, the logarithm of the phase space volume.

B.4 Thermodynamic description of the model problem

In Section B.3, we derived the thermodynamic properties of a perturbed harmonic oscillator in the limit of in-
finitesimal small perturbations. This case corresponds to a situation where the motion of the external parameter
is infinitely slow and can thus be regarded as constant.

For the model problem (5), we expect to see thermodynamic effects as a description of the fast subsystem.
Now, however, the slow parameter is not constant. We nevertheless derive a description using a suitable mapping
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to the harmonic oscillator studied in Section B.3. On this behalf, let us now introduce a scaling that focuses on
the dynamics of the slow parameter. Here, the external parameter will affect the system dynamically of order
one, while the frequency of the harmonic oscillator becomes infinitely high.

The energy of the slowly perturbed harmonic oscillator in (61) is given by

E⊥ε (zε(t), ζε(t); yε(t)) = 1
2ζ

2
ε (t) + 1

2ω
2(y(εt))z2

ε(t). (75)

We introduce a scaling in space and time of the form

zε(t) = ε−1z̃ε(εt), ζε(t) = ζ̃ε(εt) and τ = εt. (76)

With this scaling, the new energy takes the form

Ẽ⊥ε (z̃ε(τ), ζ̃ε(τ); ỹε(τ)) = 1
2 ζ̃

2
ε (τ) + 1

2ε
−2ω2(ỹε(τ))z̃2

ε(τ), (77)

which corresponds to the energy of the fast subsystem in our model problem (13). This establishes the mapping
between perturbed harmonic oscillator and the problem under consideration.

For (75), Section B.3 describes how to derive the temperature, entropy and external force in the limit ε→ 0.
They are given by

T (E⊥∗ , y∗) =
Γ(E⊥∗ , y∗)

∂Γ(E⊥∗ , y∗)/∂E⊥∗
, S(E⊥∗ , y∗) = log

(
Γ(E⊥∗ , y∗)

)
+ C, F (E⊥∗ , y∗) = − ∂Γ(E⊥∗ , y∗)/∂y∗

∂Γ(E⊥∗ , y∗)/∂E⊥∗
,

where the phase space volume is

Γ(E⊥∗ , y∗) = 2π
E⊥∗
ω(y∗)

.

In analogy, we define in the case of (77) with a time-dependent external parameter yε and energy E⊥ε the
temperature, entropy and external force as

Tε(E
⊥
ε , yε) :=

Γε(E
⊥
ε , yε)

∂Γε(E⊥ε , yε)/∂E⊥ε
, Sε(E

⊥
ε , yε) := log

(
Γε(E

⊥
ε , yε)

)
+ Cε, Fε(E

⊥
ε , yε) := − ∂Γε(E

⊥
ε , yε)/∂yε

∂Γε(E⊥ε , yε)/∂E⊥ε
,

where Cε is an arbitrary constant and Γε is the time dependent phase-space volume derived from (14),

Γε(E
⊥
ε , yε) = 2πε

E⊥ε
ω(yε)

.

Since entropy is an extensive property, it scales with the size, according to (76). To compare it with intensive
quantities and to avoid a divergent entropy in the limit ε → 0, the constant in the entropy has to be chosen
accordingly, for example Cε = − log(Γε(E

⊥
∗ , y∗)). With (14), the phase-space volume Γε can be written as

Γε(t) = 2πεθε(t)

and consequently with E⊥ε = θεω(yε) we obtain the desired final thermodynamic formulas in (41):

Tε = θεω(yε), Sε = log(θε) + Cε, Fε = θεω
′(yε). (78)
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[1] Grégoire Allaire. Homogenization and two-scale convergence. SIAM J. Math. Anal., 23(6):1482–1518, 1992.

[2] V. I. Arnol'd. Mathematical methods of classical mechanics, volume 60 of Graduate Texts in Mathematics.
Springer-Verlag, New York, [1989?]. Translated from the 1974 Russian original by K. Vogtmann and A.
Weinstein, Corrected reprint of the second (1989) edition.

[3] Vladimir I. Arnold, Valery V. Kozlov, and Anatoly I. Neishtadt. Mathematical aspects of classical and
celestial mechanics, volume 3 of Encyclopaedia of Mathematical Sciences. Springer-Verlag, Berlin, third
edition, 2006. [Dynamical systems. III], Translated from the Russian original by E. Khukhro.

[4] A. Bensoussan, J.-L. Lions, and G. Papanicolaou. Asymptotic analysis for periodic structures. AMS Chelsea
Publishing, Providence, RI, 2011. Corrected reprint of the 1978 original [MR0503330].

[5] Victor L. Berdichevsky. Thermodynamics of chaos and order, volume 90 of Pitman Monographs and Surveys
in Pure and Applied Mathematics. Longman, Harlow, 1997.

23

106



[6] Folkmar Bornemann. Homogenization in time of singularly perturbed mechanical systems, volume 1687 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1998.

[7] Folkmar A. Bornemann and Christof Schütte. Homogenization of Hamiltonian systems with a strong
constraining potential. Phys. D, 102(1-2):57–77, 1997.

[8] David Gilbarg and Neil S. Trudinger. Elliptic partial differential equations of second order. Classics in
Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

[9] Herbert Goldstein. Classical mechanics. Pearson, third edition, 2013. Addison-Wesley Series in Physics.
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5.2 Conclusion

In the article, we analysed the simplified fast-slow mechanical system in the case of one
fast and one slow degree of freedom.

In the first part, we derived the second-order asymptotic expansion of the system’s
degrees of freedom. We showed that the second-order terms are given by rapidly
oscillating terms that converge weakly∗ to zero in L∞([0, T ]) and a remainder. As the
rapidly oscillating terms are explicitly given, and the derivation of the remainder only
requires the integration of a slow system of differential equations, the second-order
asymptotic expansion can be used to derive a better approximation of the system’s
degrees of freedom without the expense of calculating the fast oscillations to second-
order.

In the second part, we analysed the system from a thermodynamic point of view.
In particular, we investigated the fast subsystem with the energy function

E⊥ε (zε, żε; yε) =
1

2
ż2
ε +

1

2
ε−2ω2(yε)z

2
ε ,

which can be interpreted as a system of a one-dimensional harmonic oscillator whose
frequency slowly changes in time. Based on Gibbs’ and Hertz’ view of thermodynamics
in mechanical systems, the ergodicity of this subsystem allows deriving thermodynamic
quantities. In particular, we define a temperature Tε, an entropy Sε, and an external
force Fε for the fast subsystem with energy E⊥ε . By using the second-order expansion
derived in the first part of the article, we expand E⊥ε , Tε, Sε, and Fε and obtain, to
leading-order an energy relation akin to the first and second law of thermodynamics

dE⊥0 = F0dy0 + T0dS0 = F0dy0.

Here, the entropy expression S0 is constant, dS0 = 0, thus characterising the dynamics
to leading-order as an adiabatic thermodynamic process.

To second-order we find for fixed (y0, p0), on average, a similar energy relation of
the form

dĒ⊥2 = F0dȳ2 + T0d
¯̄S2.

This time, the averaged second-order entropy expression ¯̄S2 is not constant. Thus,
the dynamics to second-order can be interpreted as a non-adiabatic thermodynamic
process.

This concludes the main part of the article. This simple two degrees of freedom
model serves as a template for the general higher degrees of freedom model, which will
be discussed in the next chapter.

In the article, the concept of a nonlinear version of two-scale convergence was in-
troduced. This concept resulted from an earlier attempt to analyse the system using
the theory of two-scale convergence, which was abandoned predominantly because the
theory is primarily designed for problems with less regularity, such as solutions to el-
liptic PDEs in L2(Ω). As such, proving strong two-scale convergence in C([0, T ] × S)
requires the introduction of some additional mathematical technicalities, which can be
avoided by using the technique presented in the article. The extension to a nonlinear
version of two-scale convergence is only one of the additional technicalities.
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This extension is somewhat related to the problem of secular growth discussed in
the introduction. In fact, in Example 2.2 secular growth appeared because the ansatz
y(t) = Y0(t, τ)+εY1(t, τ)+· · · involved the fast timescale t and the slow timescale τ = εt,
which is linear in t. As it turns out however, the oscillatory component requires a fast
timescale T = 1

ε

∫ τ
0 ω(s) ds which is nonlinear in t. The secular growth in Example 2.2

disappeared when introducing this timescale. In fact, for small times t� 1 the simple
timescale t is a good approximation for T because T = 1

ε

∫ τ
0 ω(τ) ds ≈ ω(τ)t, but not

for longer periods in time. Similarly, a test function ψ(t, ε−1t) in the theory of two-scale
convergence is not in resonance with functions of the form uε(t) = f(ε−1φ(t)) for f

periodic and φ nonlinear. For example, we have sin(ε−1t)
2
⇀ sin(y) in L2(Ω× 2π) but

sin(ε−1t2)
2
⇀ 0 in L2(Ω × 2π) and thus does not retain any information in the limit

ε → 0. Choosing test functions that are in resonance with the nonlinear argument

solves this issue. For example, we would have sin(ε−1t2)
√
t−⇀

2
sin(y) in L2(Ω× 2π).
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Chapter 6

Second-order fast-slow dynamics
of non-ergodic Hamiltonian
systems: Thermodynamic
interpretation and simulation

In this article we study the simplified fast-slow mechanical system as presented in
Section 1.2 in the case of r fast and n slow degrees of freedom (n, r ∈ N). It generalises
the framework from the previous chapter. Therefore, the derivation of the second-
order asymptotic expansion of the system’s degrees of freedom and the thermodynamic
interpretation are similar. Additionally, this article exhibits a chapter in which we
analyse the second-order asymptotic expansion of the slow degrees of freedom from
a numerical perspective. The article presented in this chapter has been published in
Physica D: Nonlinear Phenomena [70].

6.1 Outline of the article

The following article is subdivided into three parts. The first part covers the derivation
of the second-order asymptotic expansion of the system’s degrees of freedom. The
second part investigates how the system can be interpreted from a thermodynamic
point of view. Finally, the third part displays the quality and practicality of using the
second-order asymptotic expansion of the slow degrees of freedom in simulations.

In the analysis of the simplified fast-slow mechanical system with more than one
fast degrees of freedom, certain non-resonance conditions have to be imposed, which are
described at the beginning of the article, to ensure that the second-order asymptotic
expansions are well-defined.

The first part starts by introducing the generalised momenta ηε = ẏε and ζε = żε
so the that the model can be described in a Hamiltonian context. Here and in the
following we will assume that yε ∈ Rn with components yjε (j = 1, . . . , n) and zε ∈ Rr
with components zλε (λ = 1, . . . , r). The transformation of the fast degrees of freedom
into action-angle variables follows the same process via the generating function as
described in the previous chapter. After transforming (yε, ηε, zε, ζε) 7→ (yε, pε, φε, θε)
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into a new set of canonical variables it is shown, using Picard-Lindelöf theorem, that
the corresponding Hamilton’s equations supplemented with suitable initial values have
a unique solution.

To derive the second-order asymptotic expansion of the transformed system’s de-
grees of freedom we define, similar to the previous chapter,

yjε2 :=
yjε − yj0
ε2

, pjε2 :=
pjε − pj0
ε2

, φλε2 :=
φλε − φλ0
ε2

, θλε2 :=
θλε1 − [θλ1 ]ε

ε
,

where

θλε1 :=
θλε − θλ∗

ε
, [θλ1 ]ε := −θ

λ
∗ 〈p0,∇ωλ(y0)〉

2ω2
λ(y0)

sin(2ε−1φλ0),

and apply Alaoglu’s theorem and the extended Arzelà-Ascoli theorem to analyse their
limit for ε → 0. In particular, we show that the sequences {yjε2 }, {pjε2 }, {φλε2 }, and
{θλε2 } are bounded in L∞([0, T ]). It follows from Alaoglu’s theorem that for a subse-

quence yjε2
∗
⇀ ȳj2, pjε2

∗
⇀ p̄j2, φλε2

∗
⇀ φ̄λ2 , and θλε2

∗
⇀ θ̄λ2 in L∞([0, T ]). To derive the

evolution equations for ȳj2, p̄j2, and φ̄λ2 we apply the extended Arzelà-Ascoli theorem to

the sequences {yjε2 − [yj2]ε}, {pjε2 − [pj2]ε}, and {φλε2 − [φλ2 ]ε}. For the derivation of θ̄λ2 we
cannot use the energy function as in the previous chapter. Using the energy function
in the previous chapter was possible because at this point θ̄2 was the only unknown
variable at second-order and thus, an inversion of the energy as a function of θ̄2 could
be used. In the case of θ̄λ2 for λ = 1, . . . , r with r > 1, a single energy equation is not
enough to solve for multiple θ̄λ2 (λ = 1, . . . , r). For this reason, a very tedious path of
deriving the limit of {θλε2 − [θλ2 ]ε} was taken, partially with the help of the extended
Arzelà-Ascoli theorem. Finally, since the resulting system of differential equations for
ȳj2, p̄j2 (j = 1, . . . , n) and φ̄λ2 (λ = 1, . . . , r) has a unique solution, it follows, that the
convergence does not only hold for subsequences but for the sequence as a whole.

In the second part, we interpret the system from a thermodynamic point of view.
We will follow along the lines of the last chapter. It is important to note that the fast
subsystem in the case of multiple fast degrees of freedom is not ergodic. Therefore, the
derivation of temperature, entropy, and external force cannot happen directly through
Hertz’ theory. By replacing the time average of trajectories, needed to define, for
example, the temperature of the system, by the ensemble average, i.e., the average
over the whole energy surface, a temperature expression can be derived that describes
the system as a whole. The results from the first part can then be used to derive a
thermodynamic description of the fast subsystem at different scales.

In the third part we compare, for a specific test model, yjε and yj0 + ε2(ȳj2 + [yj2]ε)
from a numerical point of view. In particular, we illustrate the superior approximation
quality on short and long time frames of yj0 + ε2(ȳj2 + [yj2]ε) over yj0 alone. Moreover, by

deriving the maximal step-sizes for the calculation of yjε and its asymptotic expansion
to leading- and second-order, so that certain theoretical error bounds are still satisfied,
we exemplify, how yj0 + ε2(ȳj2 + [yj2]ε) can be calculated significantly faster than yjε to
similar accuracy. Using the maximal step-size ensures that in each case the shortest
total runtime is compared under the theoretical error bound.
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a b s t r a c t

A class of fast–slow Hamiltonian systems with potential Uε describing the interaction of non-ergodic
fast and slow degrees of freedom is studied. The parameter ε indicates the typical timescale ratio of
the fast and slow degrees of freedom. It is known that the Hamiltonian system converges for ε → 0
to a homogenised Hamiltonian system. We study the situation where ε is small but positive.

First, we rigorously derive the second-order corrections to the homogenised (slow) degrees of
freedom. They can be decomposed into explicitly given terms that oscillate rapidly around zero
and terms that trace the average motion of the corrections, which are given as the solution to an
inhomogeneous linear system of differential equations.

Then, we analyse the energy of the fast degrees of freedom expanded to second-order from a
thermodynamic point of view. In particular, we define and expand to second-order a temperature,
an entropy and external forces and show that they satisfy to leading-order, as well as on average to
second-order, thermodynamic energy relations akin to the first and second law of thermodynamics.

Finally, we analyse for a specific fast–slow Hamiltonian system the second-order asymptotic
expansion of the slow degrees of freedom from a numerical point of view. Their approximation quality
for short and long time frames and their total computation time are compared with those of the
solution to the original fast–slow Hamiltonian system of similar accuracy.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Many scientists in physics, chemistry and materials science resort to computer simulations to study real-world dynamical processes.
These simulations open up the possibility to quickly and inexpensively iterate through different experimental setups, thus hugely
reducing cost in the form of time and labour and allow a level of insight into small- and large-scale processes that were out of
reach decades ago. In chemical physics or materials science, for example, scientists frequently analyse large scale molecular dynamics
simulations to predict properties of large dynamical systems based on mathematical models that aim to describe the dynamical
evolution of the constituent particles. In simulating these systems, one typically encounters two problems that severely impede their
scalability. Firstly, the simulation of molecular structures requires a step size in the numerical integration scheme that ranges in the
order of 10−15 seconds to accurately replicate the fast molecular vibrations in the system. Secondly, even small macroscopic systems
of interest require the integration of a potentially large number of particles. Even more, the two problems often compound and pose
a challenging obstacle in the scalability and utility of molecular dynamic simulations.

From an applications point of view, one is often not interested in analysing the exact evolution of the fast molecular vibrations,
but in the slow conformal motion that embodies the macroscale dynamics of the system. Here lies an opportunity to bypass at least
partly the scalability issues by advancing the understanding of these systems and a subsequent development of numerical integration
schemes that describe only the average evolution of the dynamical system without fully resolving the small-scale vibrations.

Fast–slow Hamiltonian systems provide a simplified fundamental description of large-scale interacting particles systems, where the
system’s degrees of freedom evolve on different scales in time and space. They can be used, for example, to model the evolution
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E-mail addresses: M.Klar@bath.ac.uk (M. Klar), K.Matthies@bath.ac.uk (K. Matthies), creina@seas.upenn.edu (C. Reina), jz@ma.tum.de (J. Zimmer).
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of molecules where the slow degrees of freedom represent the conformal motion and the fast degrees of freedom represent the
high-frequency molecular vibrations [1]. There is a vast body of literature for averaging general dynamical systems, not necessarily
of Hamiltonian type, for example, using Young measures [2]. Applications of such fast–slow systems arise, for example, in models of
plasticity [3]. Recent work on averaging of Hamiltonian fast–slow systems and connections with adiabatic invariants include [4–6]
and references therein. Similar averaging techniques are also relevant to understand equilibration in springy billiards [7]. For general
references to averaging, we refer the reader to [8–10].

With a mathematical description of a dynamical system in the form of a fast–slow Hamiltonian system, we are able to derive the
conformal motion through homogenisation in time. The theory laid out by Bornemann in [1] enables us to derive the homogenised
evolution of a specific class of fast–slow Hamiltonian systems. More precisely, Bornemann considers a family of mechanical systems,
parametrised by a scale parameter ε, whose Lagrangian is of the form

Lε(x, ẋ) =
1
2 ⟨ẋ, ẋ⟩ − Wε(x), ẋ ∈ TxM, (1)

on a Euclidean configuration space M = Rm with a potential given by

Wε(x) = V (x) + ε−2U(x).

Here, the potential U characterises the fast dynamics of the system. By splitting the coordinates according to x = (y, z) ∈ Rn
×Rr

= Rm,
where y represents the slow and z the fast degrees of freedom, Bornemann showed that system (1) converges as ε → 0 to a system
on a slow manifold N = U−1(0), governed by the Lagrangian

Lhom(x, ẋ) =
1
2 ⟨ẋ, ẋ⟩ − V (x) − Uhom(x), ẋ ∈ TxN, (2)

where Uhom can be derived from the Hessian of U and the initial conditions of x.
System (2) describes the slow, leading-order dynamics of the original system (1). As such, it allows for the integration of the

corresponding equations of motion with a larger step size than what would usually be required for the integration of the original
system. This can speed up the numerical integration significantly.

A crucial aspect of approximating the fast–slow solution of system (1) by a slow solution of system (2) is that the approximation
error depends on the scale parameter ε. This scale parameter is a critical element in the dynamics described by (1). It is determined by
the underlying true natural system that the model aims to represent and indicates the ratio of the typical timescales of the fast and slow
degrees of freedom. In the case of a very small ε, a description of the fast–slow solution of system (1) by a slow solution of system (2)
might be an acceptable trade-off in order to deal with the scalability issue mentioned earlier. However, a problem arises if ε is small,
so that the microscale oscillations severely affect the numerical integration, but not small enough so that the dynamics of system (1)
cannot be sufficiently approximated by the homogenised dynamics given by system (2). In this case, the dynamics of the fast degrees
of freedom contribute much more to the evolution of the whole system than in the case of a very small ε. For example, in [1, Chapter III
§2], the author applies the homogenisation process to derive the conformal motion of a butane molecule, where in the united atom
representation, the scale parameter is ε ≈ 0.25, which cannot be considered as small. It is thus natural to extend the theory presented
in [1] to describe the slow dynamics of the original system on a finer scale, potentially revealing microscale properties in the case of a
scale parameter away from the limit ε → 0. This line of research begins already in [1], where formal asymptotic expansions are derived
in Appendix C.

A further step was developed in [11], where the authors derive a second-order asymptotic expansion to the solution of system (1) in
the case of one fast and one slow degree of freedom, i.e., n = r = 1. Although the model in [11] is rather simple and the fast subsystem is
ergodic, the fast–slow character is sufficient to derive properties of the fine-scale dynamics that are characteristic for thermodynamic
processes. More precisely, for V (x) ≡ 0 and U(x) =

1
2ω

2(y)z2, where ω > 0 is a smooth frequency function, the thermodynamic
character of the model in [11] becomes evident by analysing the fast subsystem, which models the dynamics of the fast degree of
freedom z, as a motion that is perturbed by the evolution of the slow degree of freedom y. This setting allows an interpretation of
the fast subsystem from a thermodynamic point of view. By applying the thermodynamic theory for ergodic Hamiltonian systems,
first developed by Boltzmann and Gibbs [12], and later specified by Hertz [13], one derives expressions for temperature, entropy and
external force in the fast subsystem. Utilising the second-order asymptotic expansion, one can determine the leading-order terms of
these thermodynamic expressions and show that they satisfy a thermodynamic energy relation akin to the first and second law of
thermodynamics. It turns out that the entropy expression to leading-order is constant, suggesting an interpretation of the leading-order
dynamics as an adiabatic thermodynamic process. Remarkably, although away from the limit ε → 0, one finds a similar energy relation
for the averaged second-order terms of the expansion. Most importantly, the entropy expression to second-order is not constant. The
dynamics to second-order can therefore be interpreted as a non-adiabatic thermodynamic process.

In this article, we carry out a comparable study for the case of more than one fast and slow degrees of freedom, with the important
difference that the higher dimensional fast subsystem is non-ergodic. We extend the theory presented in [1] and derive the second-
order asymptotic expansion to the solution of system (1) in the case of an arbitrary finite number of fast and slow degrees of freedom,
i.e., n, r ∈ N. Specifically, we analyse the mechanical system (1) with a smooth potential V = V (y) and U(x) =

1
2 ⟨H(y)z, z⟩, where

H(y) = diag(ω2
1(y), . . . , ω

2
r (y)) for smooth frequency functions ωλ > 0 (λ = 1, . . . , r). Unlike in [11], we have to impose certain

non-resonance conditions to derive the second-order asymptotic expansion. Following the strategy presented in [11], a key element in
the derivation of the second-order asymptotic expansion is a transformation of the fast degrees of freedom into action–angle variables.
By using weak convergence methods we show that the second-order asymptotic expansion of the ε-dependent transformed variables
is given, for instance in the case of yε , as yε = y0 + ε2(ȳ2 + [y2]ε) + ε2yε3, where yε3 → 0 in C([0, T ],Rn) as ε → 0. Here, the function
y0 is the leading-order term derived from system (2), the function ȳ2 is the slow component of the second-order correction, which can
be derived as the solution to an inhomogeneous linear system of differential equations, and the function [y2]ε is the fast component of
the second-order correction, which consists of explicitly given rapidly oscillating terms that converge weakly∗ to zero in L∞([0, T ],Rn).

Furthermore, we interpret the dynamics of the fast subsystem, which is composed of the fast degrees of freedom, from a
thermodynamic point of view. This is based on the thermodynamic theory for Hamiltonian systems formalised by Hertz [13] and
used in [11]. More precisely, by decomposing the total energy Eε into the energies E∥

ε and E⊥
ε such that Eε = E∥

ε + E⊥
ε , we consider

2
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E⊥
ε (zε, żε; yε) as the energy describing the evolution of the fast degrees of freedom zε under a slow, external influence described by

the dynamics of yε . As the fast subsystem is not necessarily ergodic, we follow along the lines of [14] and replace time averages in
the thermodynamic theory by ensemble averages, i.e., averages over uniformly distributed initial values on the energy surface. With
this modification, we apply Hertz’ thermodynamic formalism and derive a temperature Tε , an entropy Sε and an external force Fε for
the fast subsystem. By applying the asymptotic expansion results from the first part of this article, we similarly expand the energy
E⊥
ε = E⊥

0 + ε[E⊥

1 ]
ε
+ ε2

(
Ē⊥

2 + [E⊥

2 ]
ε
)
+ ε2E⊥ε

3 , the temperature Tε = T0 +O(ε), the entropy Sε = S0 + ε[S1]ε + ε2
(
S̄2 + [S2]ε

)
+ ε2Sε3 and

the external force Fε = F0 + O(ε), where E⊥ε
3 , Sε3 → 0 in C([0, T ]). We find that to leading-order the thermodynamic quantities satisfy

an energy relation akin to the first and second law of thermodynamics (in the sense of Carathéodory [15])

dE⊥

0 =

n∑
j=1

F j
0dy

j
0 + T0dS0.

In contrast to the work in [11], the leading-order entropy S0 can be constant or non-constant, depending on the characteristics
of the weighted frequency ratios θλ

∗
ωλ(y0)/ωµ(y0) (λ,µ = 1, . . . , r). Here, we use the definition of the entropy as the logarithm

of the phase space volume where the latter does not have to change slowly; the analysis shows that even in this situation, a
meaningful thermodynamic setting exists. As a consequence, we interpret the dynamics to leading-order as an adiabatic or non-
adiabatic thermodynamic process, respectively. Moreover, by considering the average dynamics to second-order for fixed y0 and p0 = ẏ0,
we similarly find, although away from the limit ε → 0, a comparable energy relation of the form

dĒ⊥

2 =

n∑
j=1

F j
0dȳ

j
2 + T0dS̄2.

Likewise, with a non-constant second-order entropy expression S̄2, we can interpret the averaged second-order dynamics as a
non-adiabatic thermodynamic process.

Finally, we analyse the viability of the second-order asymptotic expansion as a suitable approximation to the slow degrees of freedom
of system (1) from a numerical point of view. More precisely, we choose a specific model from the class of fast–slow Hamiltonian
systems represented by (1) and compare the numerical solution of yε with y0 + ε2(ȳ2 + [y2]ε) in terms of its short- and long-
term approximation quality and computation time. The maximal time frame for which an approximation of yε can be considered
sufficiently accurate significantly increases by using y0 + ε2(ȳ2 +[y2]ε) instead of y0 alone. Moreover, we show that the computation of
y0+ε2(ȳ2+[y2]ε) is up to two orders of magnitude faster (depending on the scale parameter ε) than a computation of yε to comparable
accuracy as a solution to system (1). As described earlier, the reason is that fast oscillations severely affect the runtime for numerically
computing yε from (1). In contrast, the problematic oscillatory term at second-order [y2]ε is given explicitly, and the derivation of y0
and ȳ2 only require a numerical integration of two slow systems of differential equations, which can be solved, in parallel, using a
relatively large step size.

An application of the theory presented in this article may not only improve large-scale molecular dynamics simulations. It can also
find applications in cases where the homogenisation theory outlined above and related work as in [16] are applicable. Some examples
are given by the description of quantum–classical models in quantum-chemistry [1], the problem of deriving the guiding centre motion
in plasma physics [17] or, more recently, the derivation of a coarse-grained description of the coupled thermoelastic behaviour from
an atomistic model in materials science [18].

Finally, we want to point out other thermodynamic analyses based on the fast–slow system governed by the Lagrangian (1). In [19],
the authors extend system (1) by coupling the fast and slow degrees of freedom to an external Nosé–Hoover thermostat and analyse the
thermodynamic equilibration of the system on the fast and slow scale. In a similar line of thought, the authors in [20] expand system (1)
by embedding it into an external heat bath and subsequently analysing the resulting slow dynamics, analogous to the homogenisation
procedure introduced above, in the limit ε → 0.

1.1. Outline of the paper

In Section 2 we introduce the model problem, which establishes the foundation for the analysis in this article, and state necessary
non-resonance conditions, which ensure that the subsequently derived second-order expansion of the solution to the model problem
is well-defined. A summary of our main results is provided in Section 3. We start the analysis of the model problem by introducing a
transformation of the fast degrees of freedom into action–angle variables in Section 4, where we also prove the existence and uniqueness
of a solution of the transformed system. In Section 5 we introduce some notation that simplifies the governing equations of motion and
derive the second-order asymptotic expansion for the transformed degrees of freedom. Subsequently, in Section 6, we define expressions
for the temperature, the entropy and the external force for the fast subsystem and interpret the model from a thermodynamic point
of view. For a test model, the global error for approximating yε by y0 + ε2(ȳ2 + [y2]ε) are analysed on short and long time intervals in
Section 7, where we also compare the runtimes for computing yε , y0 and ȳ2 +[y2]ε . Section 8 provides a short conclusion of this article.
In Appendix A we summarise how the thermodynamic expressions can be derived for the fast subsystem. Finally, in Appendix B we
present some data on the computation times corresponding to the maximal step sizes used in the numerical simulations presented in
this article.

2. The model problem

For a small scale parameter 0 < ε < ε0 < ∞, we study the family of mechanical systems given by the Lagrangian

Lε(x, ẋ) =
1
2 ⟨ẋ, ẋ⟩ − Wε(x), ẋ ∈ TxM, (3)

3
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on a Euclidean configuration space M = Rm. Here and in the following, ⟨·, ·⟩ denotes Euclidean inner products and |·| denotes Euclidean
norms. Splitting the coordinates according to x = (y, z) ∈ Rn

× Rr
= Rm, we specify, following [1], the potential Wε = V + ε−2U by a

smooth potential V = V (y), which is assumed to be bounded from below and

U(x) =
1
2 ⟨H(y)z, z⟩ with H(y) = diag(ω2

1(y), . . . , ω
2
r (y)). (4)

We assume that the smooth functions ωλ ∈ C∞(Rn) are uniformly positive, i.e., there exists a constant ω∗ > 0 such that

ωλ(y) ≥ ω∗, y ∈ Rn, λ = 1, . . . , r. (5)

A componentwise formulation of the equations of motion for the ε-dependent coordinates yε and zε in (3) yields

ÿjε = −∂jV (yε) −
1
2ε

−2 ⟨∂jH(yε)zε, zε
⟩
, j = 1, . . . , n, (6a)

z̈ε = −ε−2H(yε)zε. (6b)

Moreover, we consider the ε-independent initial values

yε(0) = y∗, ẏε(0) = p∗, zε(0) = 0, żε(0) = u∗. (7)

We notice that the energy Eε of the system is independent of ε due to the particular choice zε(0) = 0,

Eε =
1
2 |ẏε|2 +

1
2 |żε|2 + V (yε) + ε−2U(yε, zε) =

1
2 |p∗|

2
+

1
2 |u∗|

2
+ V (y∗) = E∗. (8)

Remark. For the equations in (6)–(8) and below, we will simultaneously make use of the vector notation for the coordinates yε ∈ Rn

and zε ∈ Rr (and related expressions) as well as their componentwise representation yjε (j = 1, . . . , n) and zλε (λ = 1, . . . , r). The index
in the superscript should not be confused with an exponent.

We are primarily interested in the evolution of the slow degrees of freedom yjε (j = 1, . . . , n). The following theorem by Bornemann
shows that yε converges in the limit ε → 0 to a function y0 which is given as the solution to a second-order differential equation.

Theorem 2.1 (Bornemann, [1]). For

Uhom(y0) =

r∑
λ=1

θλ
∗
ωλ(y0), where θλ

∗
=

⏐⏐uλ
∗

⏐⏐2
2ωλ(y∗)

, λ = 1, . . . , r,

let y0 be the solution to the second-order differential equation

ÿj0 = −∂jV (y0) − ∂jUhom(y0), j = 1, . . . , n, (9)

with initial values y0(0) = y∗, ẏ0(0) = p∗. Then, for every finite time interval [0, T ], we obtain the strong convergence

yε → y0 in C1([0, T ],Rn)

and the weak∗ convergences ε−1zε
∗

⇀ 0 and żε
∗

⇀ 0 in L∞([0, T ],Rr ).

Theorem 2.1 shows that the family of mechanical systems (3) converges as ε → 0 to a mechanical system which is again Hamiltonian.

2.1. Non-resonance conditions

As the interaction of multiple oscillating degrees of freedom can lead to resonance effects in the system, we will, similar to [1],
impose suitable non-resonance conditions on the frequencies ωλ to ensure that the second-order asymptotic expansions, which we
will derive in Section 5, are well-defined. We say, referring to the definition stated for example in [21, Section 14.6], that a resonance
of order j ∈ N at y ∈ Rn is given by the relation

γ1ω1(y) + · · · + γrωr (y) = 0, |γ1| + · · · + |γr | = j, (10)

with integer coefficients γλ ∈ Z for λ = 1, . . . , r . Note that the non-degeneracy condition (5) implies that there is no resonance of
order one.

Assumption 1. We assume that the homogenised solution in Theorem 2.1 is non-resonant of order two, i.e., we assume that

γ1ω1(y0(t)) + · · · + γrωr (y0(t)) ̸= 0, |γ1| + · · · + |γr | = 2,

for all t ∈ [0, T ].

Assumption 2. Moreover, we assume that the homogenised solution in Theorem 2.1 is not flatly resonant up to order three. More
precisely, we assume that

d
dt
(γ1ω1(y0(ti)) + · · · + γrωr (y0(ti))) ̸= 0, |γ1| + · · · + |γr | ≤ 3,

for all impact times ti ∈ [0, T ] (i ∈ I ⊂ N, I finite) such that the non-resonance condition (10) holds at y0(ti).
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We remark that Assumption 1 is intentionally chosen to simplify the derivation of the second-order asymptotic expansions (see
remark following Lemma 5.9). Under these simplifications the assumption also ensures, that the second-order asymptotic expansions
derived in Section 5 are well-defined. Assumption 2 is, analogous to [1], a necessary prerequisite for the theory developed below. It
ensures that rapidly oscillating functions of the form exp

(
±iε−1

(
ωλ(yε) − ωµ(yε)

))
and exp

(
±iε−1

(
ωλ(yε) + ων(yε) − ωµ(yε)

))
where

λ,µ, ν = 1, . . . , r , λ ̸= µ converge weakly∗ to zero in L∞([0, T ]). In [1] these functions appear due to interactions of the fast degrees
of freedom caused by the structure of a more general potential U(x) as well as a more general metric ⟨·, ·⟩ and Assumption 2 is used
to derive the leading-order asymptotic expansion of the system’s degrees of freedom. Here, however, these functions appear only due
to small-scale interactions in the second-order asymptotic expansions.

3. Summary of the main results

The goal of this article is to extend the theory developed in [1] by deriving the second-order asymptotic expansion rigorously for
the solution of the equations of motion (6) and interpret the corresponding second-order asymptotic expansion of the energy (8) from
a thermodynamic point of view. Note that the mechanical system (3) is not a classical thermodynamic system. In particular, the fast
subsystem, consisting of the fast degrees of freedom zλε (λ = 1, . . . , r), which we will consider in Section 6 as the thermodynamic
part of the whole system, is in general not ergodic. Finally, we will discuss the numerical implications of the second-order asymptotic
expansion of yε in terms of its approximation error and computational cost.

Our main findings in this article can be summarised as follows.

1. After transforming the rapidly oscillating degrees of freedom into action–angle variables (zε, żε) ↦→ (θε, φε), which also involves
a transformation of the generalised momentum ẏε ↦→ pε , we derive the second-order asymptotic expansion of yε, pε, θε, φε . This
takes the form

yε = y0 + ε[ȳ1]ε + ε2[ȳ2]ε + ε2yε3,

pε = p0 + ε[p̄1]ε + ε2[p̄2]ε + ε2pε3,

θε = θ∗ + ε[θ̄1]
ε
+ ε2[θ̄2]

ε
+ ε2θ ε3 ,

φε = φ0 + ε[φ̄1]
ε
+ ε2[φ̄2]

ε
+ ε2φε3,

where for i ∈ {1, 2},

[ȳi]ε := ȳi + [yi]ε
∗

⇀ ȳi in L∞([0, T ],Rn), yε3 → 0 in C([0, T ],Rn),

[p̄i]ε := p̄i + [pi]ε
∗

⇀ p̄i in L∞([0, T ],Rn), pε3 → 0 in C([0, T ],Rn),

[θ̄i]
ε

:= θ̄i + [θi]
ε ∗

⇀ θ̄i in L∞([0, T ],Rr ), θ ε3 → 0 in C([0, T ],Rr ),

[φ̄i]
ε

:= φ̄i + [φi]
ε ∗

⇀ φ̄i in L∞([0, T ],Rr ), φε3 → 0 in C([0, T ],Rr ).

In other words, for each degree of freedom the second-order asymptotic expansion is characterised – to leading-order by the
theory developed in [1] (Theorem 2.1) – to ith order by a decomposition into a slow term, indicated by an overbar, which
constitutes the average motion of the ith order expansion, and a fast term, indicated by square brackets, which oscillates rapidly
and converges weakly∗ to zero — and by a residual term, indicated with a subscript three, which converges uniformly to zero.
In particular, we show that

[ȳ1]ε = 0, [p̄1]ε = 0, [θ̄1]
ε

= [θ1]
ε, [φ̄1]

ε
= 0,

and that (φ̄2, θ̄2, ȳ2, p̄2) is given as the solution to an inhomogeneous linear system of differential equations (Theorem 5.2).
Moreover, the rapidly oscillating functions [θ1]

ε , [y2]ε , [p2]ε , [θ2]ε and [φ2]
ε are explicitly given in Definition 5.1.

2. In [13], Hertz formalises a thermodynamic theory for fast Hamiltonian systems which are perturbed by slow external agents.
We regard the fast subsystem (zε, żε) as such a thermodynamic system, perturbed by the slow motion of (yε, ẏε). Since the fast
subsystem is not ergodic, we follow along the lines of [14, Chapter 1.10] and replace the time average, which is an essential
component in the thermodynamic theory, by the ensemble average, i.e., the average over uniformly distributed initial values on
the energy surface (see Appendix A), and define, based on Hertz’ formulation, a temperature Tε , an entropy Sε and an external
force Fε for the fast subsystem.
In combination with the analytic result discussed under 1, we decompose the total energy Eε into the energy associated with the
fast subsystem E⊥

ε and its residual energy E∥
ε = Eε − E⊥

ε , and expand, similar to above E⊥
ε , E

∥
ε , Tε , Sε and Fε into the form

E⊥

ε = E⊥

0 + ε[Ē⊥

1 ]
ε
+ ε2[Ē⊥

2 ]
ε
+ ε2E⊥ε

3 ,

E∥

ε = E∥

0 + ε[Ē∥

1 ]
ε
+ ε2[Ē∥

2 ]
ε
+ ε2E∥ε

3 ,

Sε = S0 + ε[S̄1]ε + ε2[S̄2]ε + ε2Sε3,
Tε = T0 + O(ε),
Fε = F0 + O(ε),

where for i ∈ {1, 2},

[Ē⊥

i ]
ε

:= Ē⊥

i + [E⊥

i ]
ε ∗

⇀ Ē⊥

i in L∞([0, T ]), E⊥ε
3 → 0 in C([0, T ]),

[Ē∥

i ]
ε

:= Ē∥

i + [E∥

i ]
ε ∗

⇀ Ē∥

i in L∞([0, T ]), E∥ε

3 → 0 in C([0, T ]),

[S̄i]ε := S̄i + [Si]ε
∗

⇀ S̄i in L∞([0, T ]), Sε3 → 0 in C([0, T ]).

The characterisation of the ith order expansion is similar to 1 and is already discussed, for the case of n = r = 1, in [11].
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In Section 6 we interpret these asymptotic expansions from a thermodynamic point of view. In particular, we show that, to
leading-order, the dynamics can be interpreted as a thermodynamic process characterised by the energy relation

dE⊥

0 =

n∑
j=1

F j
0dy

j
0 + T0dS0.

In contrast to the analysis in [11], we find, provided that θλ
∗

̸= 0 for at least one λ = 1, . . . , r , that the entropy expression to
leading-order is constant, dS0 = 0, if and only if all pairwise weighted frequency ratios θλ

∗
ωλ(y0)/ωµ(y0) (λ,µ = 1, . . . , r) are

constant. In this case, the leading-order dynamics can be interpreted as an adiabatic thermodynamic process. Yet, if any of the
weighted frequency ratios is non-constant, the entropy is non-constant and thus the leading-order dynamics can be interpreted
as a non-adiabatic thermodynamic process. Here we use the definition of entropy given by Hertz in a context where the entropy
is not necessarily the logarithm of an adiabatic invariant. Nevertheless, we show that a meaningful thermodynamic interpretation
can be given.
Furthermore, we show that the averaged second-order dynamics, i.e., the dynamics in the weak∗ limit of the second-order terms,
indicated by an overbar, represents for fixed (y0, p0) a non-adiabatic thermodynamic process with an averaged non-constant
entropy, dS̄2 ̸= 0, which also satisfies relations akin to equilibrium thermodynamics, despite being beyond the limit ε → 0,

dĒ⊥

2 =

n∑
j=1

F j
0dȳ

j
2 + T0dS̄2.

Finally, we show in Theorem 6.1 that the evolution of (ȳ2, p̄2) is governed by equations which resemble Hamilton’s canonical
equations,

dȳ2
dt

=
∂ Ē2
∂p0

,
∂ p̄2
dt

= −
∂ Ē2
∂y0

,

for Ē2 = Ē⊥

2 + Ē∥

2 , which are complemented by the ε-independent initial values

ȳ2(0) = −[y2]ε(0), p̄2(0) = −[p2]ε(0).

3. Finally, we compare in numerical simulations the second-order asymptotic expansion of the slow degrees of freedom y0+ε2(ȳ2+
[y2]ε) with simulations for yε of the original system (6). The latter is computationally expensive, as it requires a numerical
integration of the fast degrees of freedom zε . To this end, we derive numerically the slow motion y0 of the leading-order
system (9) and the average motion ȳ2 of the second-order system (23) and combine them with the explicitly given rapidly
oscillating components [y2]ε of the second-order expansion as specified in Definition 5.1. We find, depending on the value of the
scale parameter ε, that the computation time for the second-order expansion is up to two orders of magnitude faster than the
computation time for the slow degrees of freedom of the original system. Moreover, we show that y0 + ε2(ȳ2 + [y2]ε) provides
an approximation of yε which has significantly better global error bounds on long time intervals than an approximation by y0
alone.

4. The model problem in action–angle variables

To study the dynamics of yε and zε on different scales, a detailed asymptotic analysis is required. Such an analysis was already
presented for the model problem as introduced in Section 2 in the case of one fast and one slow degree of freedom (i.e., n = r = 1)
in [11], which extends the analysis given in [1, Appendix C]. To derive the second-order asymptotic expansion of the solution to
the model problem for arbitrary n, r ∈ N, we analogously start by rephrasing the governing system of Newtonian equations (6) by
transforming the fast degrees of freedom (zε, żε) into action–angle variables (θε, φε).

We denote the canonical momenta corresponding to the positions (yε, zε) as (ηε, ζε). Then, the equations of motion (6), together
with the velocity relations

ẏε = ηε, żε = ζε,

are given by the canonical equations of motion belonging to the energy function

Eε =
1
2
|ηε|

2
+

1
2
|ζε|

2
+ V (yε) +

1
2
ε−2

r∑
λ=1

ω2
λ(yε)(z

λ
ε )

2.

The transformation (zε, ζε) ↦→ (θε, φε) can be found by the theory of generating functions [22] as presented in [1, Appendix C]. For
fixed yε , the generating function is given by

S0(zε, φε; yε) =
1
2ε

r∑
λ=1

ωλ(yε)(zλε )
2 cot(ε−1φλε ),

via ζε = ∂S0/∂zε and θε = −∂S0/∂φε . With this transformation, the fast degrees of freedom (zε, ζε) can be written as

zλε = ε

√
2θλε
ωλ(yε)

sin(ε−1φλε ), ζ λε =

√
2θλε ωλ(yε) cos(ε

−1φλε ).

It turns out, however, that the transformation (zε, ζε) ↦→ (θε, φε) is symplectic only for fixed yε . To derive a transformation that preserves
the symplectic structure on the whole phase-space, one introduces the generalised momenta pε through another transformation
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ηε ↦→ pε . To this end, we define the extended generating function S(yε, pε, zε, φε) = pTε yε + S0(zε, φε; yε) which does not transform the
position yε = ∂S/∂pε , but changes the momentum ηε such that the transformation remains symplectic on the whole phase-space. The
missing transformation of the momentum ηε is given componentwise for j = 1, . . . , n by

ηjε =
∂S

∂yjε
= pjε + ε

r∑
λ=1

θλε · ∂jωλ(yε)
2ωλ(yε)

sin(2ε−1φλε ).

By construction, the resulting transformation (yε, ηε; zε, ζε) ↦→ (yε, pε;φε, θε) is symplectic.
The energy can be expressed in the new coordinates as

Eε =
1
2
|pε|2 + V (yε) +

r∑
λ=1

θλε ωλ(yε) + ε

n∑
j=1

r∑
λ=1

θλε p
j
ε · ∂jωλ(yε)
2ωλ(yε)

sin(2ε−1φλε )

+
ε2

8

n∑
j=1

(
r∑
λ=1

θλε · ∂jωλ(yε)
ωλ(yε)

sin(2ε−1φλε )

)2

.

Thus, by the canonical formalism, the equations of motion take the form

φ̇λε =
∂Eε
∂θλε

, θ̇λε = −
∂Eε
∂φλε

, ẏjε =
∂Eε
∂pjε

, ṗjε = −
∂Eε
∂yjε

,

for λ = 1, . . . , r and j = 1, . . . , n. After some calculations, we find that these equations are given by

φ̇λε = ωλ(yε) + ε

n∑
j=1

pjε · ∂jωλ(yε)
2ωλ(yε)

sin(2ε−1φλε )

+
ε2

8

n∑
j=1

r∑
µ=1

θµε · ∂jωµ(yε) · ∂jωλ(yε)
ωµ(yε)ωλ(yε)

(
cos

(
2ε−1 (φµε − φλε

))
− cos

(
2ε−1 (φµε + φλε

)))
, (11a)

θ̇λε = −

n∑
j=1

θλε p
j
ε · ∂jωλ(yε)
ωλ(yε)

cos
(
2ε−1φλε

)
−
ε

4

n∑
j=1

r∑
µ=1

θµε θ
λ
ε · ∂jωµ(yε) · ∂jωλ(yε)
ωµ(yε)ωλ(yε)

(
sin
(
2ε−1 (φµε − φλε

))
+ sin

(
2ε−1 (φµε + φλε

)))
, (11b)

ẏjε = pjε + ε

r∑
λ=1

θλε · ∂jωλ(yε)
2ωλ(yε)

sin
(
2ε−1φλε

)
, (11c)

ṗjε = −∂jV (yε) −

r∑
λ=1

θλε · ∂jωλ(yε) − ε

n∑
k=1

r∑
λ=1

θλε p
k
ε

2

(
∂j∂kωλ(yε)
ωλ(yε)

−
∂kωλ(yε) · ∂jωλ(yε)

ω2
λ(yε)

)
sin
(
2ε−1φλε

)
−
ε2

8

n∑
k=1

r∑
λ=1

r∑
µ=1

θλε θ
µ
ε · ∂kωµ(yε)
ωµ(yε)

(
∂j∂kωλ(yε)
ωλ(yε)

−
∂kωλ(yε) · ∂jωλ(yε)

ω2
λ(yε)

)
×
(
cos

(
2ε−1 (φµε − φλε

))
− cos

(
2ε−1 (φµε + φλε

)))
. (11d)

The initial values as given in (7) transform to

φε(0) = 0, θλε (0) = θλ
∗

=
|uλ

∗
|
2

2ωλ(y∗)
, yε(0) = y∗, pε(0) = p∗. (12)

4.1. Existence and uniqueness of a solution to the transformed model problem

Let us denote the right-hand side of (11) as Fε:R2m
→ R2m. By assumption ωλ ∈ C∞(Rn) for λ = 1, . . . , r and therefore

Fε ∈ C∞(R2m,R2m) for 0 < ε < ε0 < ∞. In particular, Fε is locally Lipschitz continuous. Hence, by the standard existence and
uniqueness theory for ordinary differential equations (see for example [23]), there exists a T > 0 such that for fixed 0 < ε < ε0 < ∞

the initial value problem (11)–(12) has a unique solution

(φε, θε, yε, pε) ∈ C∞([0, T ],R2m). (13)

5. Asymptotic expansion

In this section, we rigorously derive the second-order asymptotic expansion of φε , θε , yε and pε . We will see, that the leading-order
expansion follows directly from the evolution equations (11). To simplify these equations for the subsequent analysis, we introduce in
Section 5.2 some suitable new notation. We then derive the first- and second-order asymptotic expansion in Section 5.3.
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5.1. Leading-order expansion

We consider a sequence of solutions (13) for ε → 0. The right-hand side of the evolution equations (11) is oscillatory and has
rapidly oscillating terms of leading-order. As a consequence, the sequences {φ̇ε} and {θε} are bounded in C0,1([0, T ],Rr ), and the
sequences {ẏε} and {ṗε} are bounded in C0,1([0, T ],Rn), while sequences of higher-order derivatives (in particular {θ̈ε}, which will thus
require special attention in the later part of this analysis) become unbounded as ε → 0. It follows from the extended Arzelà–Ascoli
theorem [1, Chapter I §1] that we can extract a subsequence, not relabelled, and functions θ0 ∈ C0,1([0, T ],Rr ), φ0 ∈ C1,1([0, T ],Rr )
and y0, p0 ∈ C1,1([0, T ],Rn), such that

φε → φ0 in C1([0, T ],Rr ), φ̈ε
∗

⇀ φ̈0 in L∞([0, T ],Rr ), (14a)

θε → θ0 in C([0, T ],Rr ), θ̇ε
∗

⇀ θ̇0 in L∞([0, T ],Rr ), (14b)

yε → y0 in C1([0, T ],Rn), ÿε
∗

⇀ ÿ0 in L∞([0, T ],Rn), (14c)

pε → p0 in C1([0, T ],Rn), p̈ε
∗

⇀ p̈0 in L∞([0, T ],Rn). (14d)

By taking the limit ε → 0 in Eqs. (11a), (11c) and (11d) and the weak∗ limit in (11b) we deduce that

φ̇λ0 = ωλ(y0), θ̇λ0 = 0, ẏj0 = pj0, ṗj0 = −∂jV (y0) −

r∑
λ=1

θλ
∗

· ∂jωλ(y0),

for λ = 1, . . . , r and j = 1, . . . , n, and in particular that θλ0 ≡ θλ
∗
(compare with (12)). Moreover, since the right-hand side of the limit

equation

ÿj0 = −∂jV (y0) −

r∑
λ=1

θλ
∗

· ∂jωλ(y0)

does not depend on a chosen subsequence, we can discard the extraction of a subsequence altogether (see [1, Principle 5, Chapter I
§1]). Note that the above convergence results extend Theorem 2.1.

5.2. Reformulation of the governing equations

It will be convenient to introduce some notation to simplify the system of differential equations (11). To this end, we define for
f ∈ C∞(Rn), where f = f (y) and y ∈ C∞([0, T ],Rn), the expression

Dk
tD

l
jf :=

dk

dtk
∂ lf
∂ylj
,

for k, l ∈ N0 and j = 1, . . . , n. We will often apply this notation in combination with the function

Lλε := log(ωλ(yε)),

where λ = 1, . . . , r . Then, we can conveniently write, for instance,

DLλε =

n∑
j=1

DjLλε · ej or DtLλε =
⟨
ẏε,DLλε

⟩
=

n∑
j=1

ẏjε · DjLλε , (15)

with ej as the jth standard basis vector in Rn. With these definitions, the equations in (11) read

φ̇λε = ωλ(yε) +
ε

2

⟨
pε,DLλε

⟩
sin(2ε−1φλε )

+
ε2

8

r∑
µ=1

θµε
⟨
DLλε ,DL

µ
ε

⟩ (
cos

(
2ε−1 (φµε − φλε

))
− cos

(
2ε−1 (φµε + φλε

)))
, (16a)

θ̇λε = −θλε
⟨
pε,DLλε

⟩
cos(2ε−1φλε )

−
ε

4

r∑
µ=1

θµε θ
λ
ε

⟨
DLλε ,DL

µ
ε

⟩ (
sin
(
2ε−1 (φµε − φλε

))
+ sin

(
2ε−1 (φµε + φλε

)))
, (16b)

ẏjε = pjε +
ε

2

n∑
λ=1

θλε · DjLλε sin(2ε
−1φλε ), (16c)

ṗjε = −DjV (yε) −

r∑
λ=1

θλε · Djωλ(yε) −
ε

2

r∑
λ=1

θλε
⟨
pε,DDjLλε

⟩
sin(2ε−1φλε )

−
ε2

8

r∑
λ=1

r∑
µ=1

θλε θ
µ
ε

⟨
DLµε ,DDjLλε

⟩ (
cos

(
2ε−1 (φµε − φλε

))
− cos

(
2ε−1 (φµε + φλε

)))
. (16d)

8
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Moreover, solving (16c) with respect to pjε and inserting the result into (16a), (16b) and (16d) brings the equations of motion to their
final form

φ̇λε = ωλ(yε) +
ε

2
DtLλε sin(2ε

−1φλε ), (17a)

θ̇λε = −θλε · DtLλε cos(2ε
−1φλε ), (17b)

ẏjε = pjε +
ε

2

r∑
λ=1

θλε · DjLλε sin(2ε
−1φλε ), (17c)

ṗjε = −DjV (yε) −

r∑
λ=1

θλε · Djωλ(yε) −
ε

2

r∑
λ=1

θλε · DtDjLλε sin(2ε
−1φλε ). (17d)

5.3. First- and second-order expansion

We now define functions that will appear throughout this work and then state the first main result 1.

Definition 5.1. Let (φε, θε, yε, pε) be the solution to (11)–(12) and (φ0, θ0, y0, p0) be as in (14). With Assumption 1 and the notation
introduced above we define for λ = 1, . . . , r and j = 1, . . . , n the functions

θλε1 :=
θλε − θλ

∗

ε
, φλε2 :=

φλε − φλ0

ε2
, yjε2 :=

yjε − yj0
ε2

, pjε2 :=
pjε − pj0
ε2

, θλε2 :=
θλε1 − [θλ1 ]

ε

ε
,

[θλ1 ]
ε

:= −
θλ
∗

· DtLλ0
2ωλ(y0)

sin(2ε−1φλ0 ), [φλ2 ]
ε

:= −
DtLλ0

4ωλ(y0)
cos(2ε−1φλ0 ),

[yj2]
ε

:= −

r∑
λ=1

θλ
∗

· DjLλ0
4ωλ(y0)

cos(2ε−1φλ0 ), [pj2]
ε

:=

r∑
λ=1

d
dt

(
θλ
∗

· DjLλ0
4ωλ(y0)

)
cos(2ε−1φλ0 ),

and

[θλ2 ]
ε

:=

r∑
µ=1

θλ
∗
θ
µ
∗

⟨
Dωµ(y0),DLλ0

⟩
4ω2

λ(y0)
cos(2ε−1φλ0 ) −

θλ
∗

⟨
D2Lλ0 ẏ0, ẏ0

⟩
4ω2

λ(y0)
cos(2ε−1φλ0 ) +

θλ
∗
(DtLλ0)

2

4ω2
λ(y0)

cos(2ε−1φλ0 )

+
(θλ

∗
)2|DLλ0|

2

16ωλ(y0)
cos(4ε−1φλ0 ) −

θλ
∗

· DtLλ0
ωλ(y0)

φ̄λ2 cos(2ε−1φλ0 ) +
θλ
∗

⟨
DV (y0),DLλ0

⟩
4ω2

λ(y0)
cos(2ε−1φλ0 )

+

r∑
µ=1
µ̸=λ

θλ
∗
θ
µ
∗

⟨
DLµ0 ,DL

λ
0

⟩
8

{
cos(2ε−1(φµ0 − φλ0 ))
ωµ(y0) − ωλ(y0)

+
cos(2ε−1(φµ0 + φλ0 ))
ωµ(y0) + ωλ(y0)

}
.

Theorem 5.2. The functions specified in Definition 5.1 satisfy

θ ε1 − [θ1]
ε

→ 0 in C([0, T ],Rr )
d
dt

(
θ ε1 − [θ1]

ε
) ∗

⇀ 0 in L∞([0, T ],Rr ), (18)

φε2 − [φ2]
ε

→ φ̄2 in C([0, T ],Rr )
d
dt

(
φε2 − [φ2]

ε
) ∗

⇀
dφ̄2

dt
in L∞([0, T ],Rr ), (19)

yε2 − [y2]ε → ȳ2 in C([0, T ],Rn)
d
dt

(
yε2 − [y2]ε

) ∗

⇀
dȳ2
dt

in L∞([0, T ],Rn), (20)

pε2 − [p2]ε → p̄2 in C([0, T ],Rn)
d
dt

(
pε2 − [p2]ε

) ∗

⇀
dp̄2
dt

in L∞([0, T ],Rn), (21)

and

θ ε2 − [θ2]
ε

→ θ̄2 in C([0, T ],Rr ), (22)

where (φ̄2, θ̄2, ȳ2, p̄2) is the unique solution to the inhomogeneous linear system of differential equations

dφ̄λ2
dt

= ⟨Dωλ(y0), ȳ2⟩ +
θλ
∗
|DLλ0|

2

8
−

(DtLλ0)
2

8ωλ(y0)
, (23a)

dθ̄λ2
dt

=
d
dt
θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

, (23b)

dȳj2
dt

= p̄j2 −

r∑
λ=1

θλ
∗

· DjLλ0 · DtLλ0
4ωλ(y0)

, (23c)

dp̄j2
dt

= −
⟨
ȳ2,DDjV (y0)

⟩
−

r∑
λ=1

θ̄λ2 · Djωλ(y0) −

r∑
λ=1

θλ
∗

⟨
ȳ2,DDjωλ(y0)

⟩
−

r∑
λ=1

(
θλ
∗

)2 ⟨DLλ0,DDjLλ0
⟩

8
+

r∑
λ=1

θλ
∗

· DtDjLλ0 · DtLλ0
4ωλ(y0)

, (23d)

9
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for λ = 1, . . . , r and j = 1, . . . , n, with ε-independent initial values

φ̄2(0) = −[φ2]
ε(0), θ̄2(0) = −[θ2]

ε(0), ȳ2(0) = −[y2]ε(0), p̄2(0) = −[p2]ε(0). (24)

5.4. Proof of Theorem 5.2

The proof of Theorem 5.2 will use the following Lemmas 5.3 to 5.12. We start by sketching the general strategy of the proof.
Theorem 5.2 states that the first- and second-order asymptotic expansions of φε , θε , yε and pε can be decomposed into rapidly

oscillating terms [θ1]
ε , [φ2]

ε , [y2]ε , [p2]ε and [θ2]
ε , which converge weakly∗ to zero, and slowly evolving terms φ̄2, ȳ2, p̄2 and θ̄2, which

describe the average motion of the second-order expansions and are given as the solution to an inhomogeneous linear system of
ordinary differential equations.

To derive these second-order asymptotic expansions, we specified in Definition 5.1 the scaled first-order residual function θ ε1 and
the scaled second-order residual functions φε2 , y

ε
2, p

ε
2 and θ ε2 by subtracting the leading- and first-order asymptotic expansion terms

from the original solution to the model problem and by scaling these residual terms to appropriate order. The functions φε2 , y
ε
2, p

ε
2 and

θ ε2 carry all the information about the system’s second-order asymptotic expansion in their leading-order expression. We thus analyse
the limit ε → 0 of these terms.

In the proof of Theorem 5.2, we will repeatedly integrate by parts, which requires us to regularly divide by φ̇λε and φ̇λε − φ̇µε (λ ̸= µ).
Lemma 5.3 ensures that the resulting terms are well-defined, provided that the scale parameter ε is small enough.

As the model problem is highly oscillatory, the interacting degrees of freedom can exhibit resonances of different types. Lemmas 5.4–
5.6 clarify how the interaction of a generic function uε with a rapidly oscillating function exp(iε−1ψε) affects their interaction in the
limit ε → 0. Here, uε and ψε are representatives of functions that appear throughout the proof of Theorem 5.2. Lemmas 5.4–5.6 are
used in the derivation of the weak∗ limit of specific rapidly oscillating functions under the non-resonance Assumptions 1 and 2.

Similarly, Lemma 5.7 provides information about the uniform convergence of the term uε exp(iε−1ψε) − u0 exp(iε−1ψ0), which is a
representation of functions that appear throughout the proof of Theorem 5.2. Here, uε exp(iε−1ψε) is rapidly oscillating at leading-order.
By subtracting the leading-order term u0 exp(iε−1ψ0), their difference converges uniformly under certain convergence assumptions on
uε and ψε .

In Lemmas 5.8 and 5.9 we show that the sequences of scaled residual functions {θ ε1 }, {φ
ε
2} and {θ ε2 } are bounded in L∞([0, T ],Rr ), and

{yε2} and {pε2} are bounded in L∞([0, T ],Rn). This is a necessary prerequisite for the analysis of the first- and second-order asymptotic
expansion.

In general, the rapidly oscillating terms [θ1]
ε , [φ2]

ε , [y2]ε , [p2]ε and [θ2]
ε , which do not converge in the limit ε → 0, can be found

through integration by parts. To find the evolution equation for the averaged second-order expansion terms φ̄2, ȳ2, p̄2 and θ̄2, we analyse
in Lemmas 5.10 and 5.11 the time derivatives of the terms φε2 −[φ2]

ε , yε2 −[y2]ε , pε2 −[p2]ε and θ ε2 −[θ2]
ε . They carry information about

the time derivative of φ̄2, ȳ2, p̄2 and θ̄2 in their leading-order asymptotic expansion. Alaoglu’s theorem [1, Principle 3] and the extended
Arzelà–Ascoli theorem [1, Principle 4] justify the extraction of a subsequence such that in the weak∗ limit an evolution equation for
the average dynamics at second-order emerges. However, since the evolution equation has a unique solution, Lemma 5.12 implies that
the extraction of a subsequence can be discarded altogether, meaning the limit holds for the whole sequence.

The following lemmas collectively proof Theorem 5.2. They are stated separately for reference but should be understood in the
context of Theorem 5.2. As mentioned earlier, the problem presented in Section 2 extends the model in [11]. More precisely, it
generalises the model in [11] in two ways. Firstly, by describing the interaction of r fast and n slow degrees of freedom (n, r ∈ N) instead
of the interaction of one fast and one slow degree of freedom. This requires us to impose certain non-resonance conditions. Secondly,
the model in this article includes a slow potential V = V (y) which is absent in [11]. These generalisations make the following proof
much more involved, yet it mimics at its core the proof as presented in [11]. As such, some of the following preparatory lemmas, with
model-specific alterations, can be found in [11]. Nevertheless, we will state and prove these lemmas here for the reader’s convenience.

Lemma 5.3 (Similar to Lemma 3.4 in [11]). There exist constants 0 < C < ∞ and 0 < ε0 < ∞ where ε0 = ε0(φ∗, θ∗, y∗, p∗, ω, C) such
that 0 < C ≤ φ̇λε for λ = 1, . . . , r and 0 < C ≤ |φ̇λε − φ̇µε | for λ,µ = 1, . . . , r, λ ̸= µ, for all 0 < ε < ε0 small enough.

Proof. The claim follows directly from Assumption 1 and (17a). □

Remark. Henceforth, we assume that 0 < ε < ε0 is small enough so that the statements of Lemma 5.3 apply.

Lemma 5.4 (Lemma 3.5 in [11]). Let {uε} be a bounded sequence in C0,1([0, T ]) and {ψε} be a bounded sequence in C1,1([0, T ]) with
0 < C ≤ ψ̇ε . Then, for all a, b ∈ [0, T ]:∫ b

a
uε sin(ε−1ψε) dt = O(ε),

∫ b

a
uε cos(ε−1ψε) dt = O(ε).

Proof. Integration by parts gives for 0 < ε < ε0 small enough⏐⏐⏐⏐∫ b

a
uε exp

(
iψε
ε

)
dt
⏐⏐⏐⏐ ≤ ε

⏐⏐⏐⏐ uε(a)ψ̇ε(a)

⏐⏐⏐⏐+ ε

⏐⏐⏐⏐ uε(b)ψ̇ε(b)

⏐⏐⏐⏐+ ε

⏐⏐⏐⏐∫ b

a

d
dt

(
uε
ψ̇ε

)
exp

(
iψε
ε

)
dt
⏐⏐⏐⏐ = O(ε).

The claim follows by considering the real and imaginary parts separately and the isometric isomorphism Ck−1,1([0, T ]) ∼= W k,∞([0, T ])
(see [24, p. 154]). □
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Lemma 5.5. Let u0 ∈ C2([0, T ]) and ψ0 ∈ C3([0, T ]). Let {uε} be a sequence in C2([0, T ]) and {ψε} be a sequence in C3([0, T ]) such that the
sequences {ε−1(uε − u0)}, {ε−2(ψε −ψ0)} are bounded in L∞([0, T ]). Moreover, let ti ∈ [0, T ] be an impact point in time (see Assumption 2)
with ψ̇0(ti) = 0 and ψ̈0(ti) ̸= 0. Then, for all a, b ∈ [0, T ]:∫ b

a
uε sin(ε−1ψε) dt = O(ε1/2),

∫ b

a
uε cos(ε−1ψε) dt = O(ε1/2).

Proof. We treat the real and imaginary parts separately and write

uε exp(iε−1ψε) = (uε − u0) exp(iε−1ψε) − u0 exp(iε−1ψ0)
(
1 − exp

(
iε−1 (ψε − ψ0)

))
+ u0 exp(iε−1ψ0).

Since the sequences {ε−1(uε − u0)} and {ε−2(ψε − ψ0)} are bounded in L∞([0, T ]), the claim is satisfied for the first two terms on the
right-hand side. Moreover, let η ∈ C∞

0 ([0, T ]) and Uti , Vti be small neighbourhoods around ti such that supp η = Vti , Uti ⊂ Vti and η = 1
in Uti and write∫ b

a
u0 exp(iε−1ψ0) dt =

∫
Vti

u0 exp(iε−1ψ0)η dt +

∫
[a,b]\Uti

u0 exp(iε−1ψ0)(1 − η) dt.

For the second integral we can apply Lemma 5.4 since ti /∈ [a, b] \ Uti , and obtain an error of order O(ε). For the first integral we use
the method of stationary phase to derive∫

Vti

u0 exp(iε−1ψ0)η dt = O(ε1/2).

A detailed description of the method of stationary phase can be found, for example, in [25, §1, Proposition 3], where smoothness of
u0 and ψ0 is assumed. Here, we are only interested in the leading-order asymptotics, for which u0 ∈ C2([0, T ]) and ψ0 ∈ C3([0, T ]) is
sufficient. □

Lemma 5.6 (Generalisation of Lemma 3.6 in [11]). Let u ∈ C2(Rr
>0 × Rr+2n) and (φε, θε, yε, pε) be the solution to (11)–(12). Then, the

sequence of functions {uε} where uε := u(φ̇ε, θε, ẏε, yε) satisfies for all a, b ∈ [0, T ] and k = 1, 2:∫ b

a
u̇ε cos(2kε−1φλε ) dt →

2 − k
2

∫ b

a
DtLλ0

(
ωλ(y0) · ∂λu0 − θλ

∗
· ∂r+λu0

)
+ θλ

∗

n∑
j=1

Djωλ(y0) · ∂2r+ju0 dt

and ∫ b

a
u̇ε sin(2ε−1φλε ) dt = O(ε).

Proof. The equations in (17) imply

u̇ε =

r∑
µ=1

∂µuε ·

(
Dtωµ(yε) +

ε

2
D2
t L
µ
ε sin(2ε−1φµε ) + DtLµε · φ̇µε cos(2ε−1φµε )

)
−

r∑
µ=1

∂r+µuε · θµε · DtLµε cos(2ε−1φµε )

−

n∑
j=1

∂2r+juε ·

⎛⎝DjV (yε) +

r∑
µ=1

θµε · Djωµ(yε) −

r∑
µ=1

θµε · Djωµ(yε) cos(2ε−1φµε )

⎞⎠
+

n∑
j=1

∂2r+n+juε · ẏjε.

The claim follows from the uniform convergence results in (14), Lemmas 5.4 and 5.5 and the trigonometric identities

2 cos(x) cos(y) = cos (x + y)+ cos (x − y) , 2 cos(x) sin(y) = sin (x + y)− sin (x − y) . □

Lemma 5.7 (Similar to Lemma 3.9 in [11]). Let u0, ψ0 ∈ C1([0, T ]) and let {uε}, {ψε} be sequences in C1([0, T ]) such that the sequences
{u̇ε}, {ε−1 (uε − u0)}, {ε−2 (ψε − ψ0)} and {ε−1(ψ̇ε − ψ̇0)} are bounded in L∞([0, T ]). Then, for vε such that

vε := uε exp(iε−1ψε) − u0 exp(iε−1ψ0),

the sequence {ε−1vε} is bounded in L∞([0, T ],C) and in particular

vε → 0 in C([0, T ],C), v̇ε
∗

⇀ 0 in L∞([0, T ],C).

Proof. By writing

vε = (uε − u0) exp(iε−1ψε) − u0 exp(iε−1ψ0)
(
1 − exp

(
iε−1 (ψε − ψ0)

))
11
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and

v̇ε =
(
(u̇ε − u̇0) + iε−1ψ̇ε(uε − u0) + iε−1u0(ψ̇ε − ψ̇0)

)
exp(iε−1ψε)

−
(
u̇0 + iε−1ψ̇0u0

) (
1 − exp

(
iε−1 (ψε − ψ0)

))
exp(iε−1ψ0),

the assumptions imply that the sequences {ε−1vε} and {v̇ε} are bounded in L∞([0, T ],C). This implies directly the uniform convergence
of vε to zero. The weak∗ convergence of v̇ε follows from [1, Principle 1]. □

Lemma 5.8. The sequences {θ ε1 } and {φε2} are uniformly bounded in L∞([0, T ],Rr ), and the sequences {yε2} and {pε2} are uniformly bounded
in L∞([0, T ],Rn).

Proof. In this proof, the constant 0 < C < ∞ depends on T but is independent of ε and can take different values from line to line. Let
t ∈ [0, T ]. For 0 < ε < ε0 small enough and λ = 1, . . . , r let

Mλ
1 := sup

0<ε<ε0
sup

h∈[0,1]
∥Dωλ((1 − h)yε + hy0)∥L∞([0,T ],Rn) ,

Mλ
2 := sup

0<ε<ε0
sup

h∈[0,1]

D2ωλ((1 − h)yε + hy0)

L∞([0,T ],Rn×n) ,

M3 := sup
0<ε<ε0

sup
h∈[0,1]

D2V ((1 − h)yε + hy0)

L∞([0,T ],Rn×n) .

For λ = 1, . . . , r and j = 1, . . . , n we apply Lemma 5.4 to Eq. (17a),⏐⏐φλε2 (t)
⏐⏐ =

⏐⏐⏐⏐∫ t

0
φ̇λε2 ds

⏐⏐⏐⏐ ≤
1
ε2

⏐⏐⏐⏐∫ t

0
ωλ(yε) − ωλ(y0) ds

⏐⏐⏐⏐+ 1
2ε

⏐⏐⏐⏐∫ t

0
DsLλε sin(2ε

−1φλε ) ds
⏐⏐⏐⏐ ≤ Mλ

1

n∑
j=1

∫ t

0

⏐⏐⏐yjε2 ⏐⏐⏐ ds + C, (25)

then to Eq. (17b),⏐⏐θλε1 (t)
⏐⏐ =

⏐⏐⏐⏐∫ t

0
θ̇λε1 ds

⏐⏐⏐⏐ =
1
ε

⏐⏐⏐⏐∫ t

0
θλε · DsLλε cos(2ε

−1φλε ) ds
⏐⏐⏐⏐ ≤ C, (26)

to Eq. (17c),⏐⏐⏐yjε2 (t)⏐⏐⏐ =

⏐⏐⏐⏐∫ t

0
ẏjε2 ds

⏐⏐⏐⏐ ≤

∫ t

0

⏐⏐⏐pjε2 ⏐⏐⏐ ds +
1
2ε

r∑
λ=1

⏐⏐⏐⏐∫ t

0
θλε · DjLλε sin(2ε

−1φλε ) ds
⏐⏐⏐⏐ ≤

∫ t

0

⏐⏐⏐pjε2 ⏐⏐⏐ ds + C, (27)

and finally to Eq. (17d),⏐⏐⏐pjε2 (t)⏐⏐⏐ =

⏐⏐⏐⏐∫ t

0
ṗjε2 (s) ds

⏐⏐⏐⏐
≤

1
ε2

⏐⏐⏐⏐∫ t

0
DjV (yε) − DjV (y0) ds

⏐⏐⏐⏐+ 1
ε2

r∑
λ=1

⏐⏐⏐⏐∫ t

0
θλε · Djωλ(yε) − θλ

∗
· Djωλ(y0) ds

⏐⏐⏐⏐
+

1
2ε

r∑
λ=1

⏐⏐⏐⏐∫ t

0
θλε · DtDjLλε sin(2ε

−1φλε ) ds
⏐⏐⏐⏐

≤ M3

n∑
k=1

∫ t

0

⏐⏐ykε2 ⏐⏐ ds +
1
ε

r∑
λ=1

⏐⏐⏐⏐∫ t

0
θλε1 · Djωλ(yε) ds

⏐⏐⏐⏐+ ⟨θ∗,M2⟩

n∑
k=1

∫ t

0

⏐⏐ykε2 ⏐⏐ ds + C . (28)

After integrating by parts, Eq. (17b) and Lemmas 5.4 and 5.6 imply that

1
ε

r∑
λ=1

⏐⏐⏐⏐∫ t

0
θλε1 · Djωλ(yε) ds

⏐⏐⏐⏐ =
1
ε

r∑
λ=1

⏐⏐⏐⏐∫ t

0
Djωλ(yε)

∫ s

0
θ̇λε1 dr ds

⏐⏐⏐⏐
=

1
ε2

r∑
λ=1

⏐⏐⏐⏐∫ t

0
Djωλ(yε)

∫ s

0
θλε · DrLλε cos(2ε

−1φλε ) dr ds
⏐⏐⏐⏐

≤
1
2ε

r∑
λ=1

⏐⏐⏐⏐∫ t

0

θλε · DsLλε · Djωλ(yε)
φ̇λε

sin(2ε−1φλε ) ds
⏐⏐⏐⏐

+
1
2ε

r∑
λ=1

⏐⏐⏐⏐∫ t

0
Djωλ(yε)

∫ s

0

d
dr

(
θλε · DrLλε
φ̇λε

)
sin(2ε−1φλε ) dr ds

⏐⏐⏐⏐ ≤ C . (29)

By combining the inequalities (27)–(29) we obtain⏐⏐⏐yjε2 (t)⏐⏐⏐ ≤ C + (M3 + ⟨θ∗,M2⟩)

∫ T

0

∫ T

0

n∑
j=1

⏐⏐⏐yjε2 ⏐⏐⏐ ds
12
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and thus
n∑

j=1

⏐⏐⏐yjε2 (t)⏐⏐⏐ ≤ nC + n (M3 + ⟨θ∗,M2⟩)

∫ T

0

∫ T

0

n∑
j=1

⏐⏐⏐yjε2 ⏐⏐⏐ ds.
Finally, a variation of the classical Gronwall inequality (see [26, p. 383]) implies that

n∑
j=1

⏐⏐⏐yjε2 (t)⏐⏐⏐ ≤ nC exp
(
n (M3 + ⟨θ∗,M2⟩) T 2) ,

for t ∈ [0, T ], which together with (25)–(29) yields the uniform bound for {θ ε1 }, {φε2}, {yε2} and {pε2}. □

Lemma 5.9. The sequence {θ ε2 } is uniformly bounded in L∞([0, T ],Rr ).

Proof. We write θ ε1 componentwise as

θλε1 =
1
ε

∫
·

0
θ̇λε dt = −

∫
·

0

θλε · DtLλε
2φ̇λε

d
dt

sin(2ε−1φλε ) dt

and integrate by parts to derive θλε2 = ε−1
(
θλε1 − [θλ1 ]

ε
)

= θλε21 + θλε22 , where

θλε21 :=
1
ε

(
θλ
∗

· DtLλ0
2ωλ(y0)

sin(2ε−1φλ0 ) −
θλε · DtLλε

2φ̇λε
sin(2ε−1φλε )

)
, θλε22 :=

1
ε

∫
·

0

d
dt

(
θλε · DtLλε

2φ̇λε

)
sin(2ε−1φλε ) dt. (30)

The claim then follows from Assumption 1 and Lemmas 5.6 and 5.7. □

Remark. Lemmas 5.7 and 5.9 imply the convergence (18). Moreover, without Assumption 1, the sequence {θλε22 } is not necessarily
bounded in L∞([0, T ]). In fact, by Lemma 5.5 and the definition of θλε227 in the proof of Lemma 5.11, we would have in this case
{θλε22 } = O(ε−1/2).

Lemma 5.10. There exist a subsequence {ε′
} and functions φ̄2 ∈ C0,1([0, T ],Rr ), ȳ2, p̄2 ∈ C0,1([0, T ],Rn) such that the convergences (19)–

(21) hold.

Proof. By taking the time derivative of φλε2 − [φλ2 ]
ε , yjε2 − [yj2]

ε and pjε2 − [pj2]
ε for λ = 1, . . . , r and j = 1, . . . , n we obtain

d
dt

(
φλε2 − [φλ2 ]

ε
)

=
ωλ(yε) − ωλ(y0)

ε2
+

d
dt

(
DtLλε
4φ̇λε

)
cos(2ε−1φλε ) −

d
dt

(
[φλ2 ]

ε
+

DtLλε
4φ̇λε

cos(2ε−1φλε )
)
, (31)

d
dt

(
yjε2 − [yj2]

ε
)

=
pjε − pj0
ε2

+

r∑
λ=1

d
dt

(
θλε · DjLλε

4φ̇λε

)
cos(2ε−1φλε ) −

d
dt

(
[yj2]

ε
+

r∑
λ=1

θλε · DjLλε
4φ̇λε

cos(2ε−1φλε )

)
, (32)

d
dt

(
pjε2 − [pj2]

ε
)

= −
DjV (yε) − DjV (y0)

ε2
−

r∑
λ=1

θλ
∗

Djωλ(yε) − Djωλ(y0)
ε2

−

r∑
λ=1

θλε1 − [θλ1 ]
ε

ε
Djωλ(yε)

−

r∑
λ=1

d
dt

(
θλε · DtDjLλε

4φ̇λε

)
cos(2ε−1φλε ) −

d
dt

(
[pj2]

ε
1 −

r∑
λ=1

θλε · DtDjLλε
4φ̇λε

cos(2ε−1φλε )

)

+

r∑
λ=1

d
dt

(
θλ
∗

· DtLλ0 · Djωλ(yε)
4ω2(y0)

)
cos(2ε−1φλ0 ) −

d
dt

(
[pj2]

ε
2 +

r∑
λ=1

θλ
∗

· DtLλ0 · Djωλ(yε)
4ω2

λ(y0)
cos(2ε−1φλ0 )

)
, (33)

where we used [pj2]
ε

= [pj2]
ε
1 + [pj2]

ε
2 with

[pj2]
ε
1 :=

r∑
λ=1

θλ
∗

· DtDjLλ0
4ωλ(y0)

cos(2ε−1φλ0 ), [pj2]
ε
2 := −

r∑
λ=1

θλ
∗

· DtLλ0 · DjLλ0
4ωλ(y0)

cos(2ε−1φλ0 ).

For the derivation of Eq. (33) note that in the evaluation of ṗjε2 we need to evaluate the expression
r∑
λ=1

θλε · Djωλ(yε) − θλ
∗

· Djωλ(y0)
ε2

=

r∑
λ=1

θλε − θλ
∗

ε2
Djωλ(yε) +

r∑
λ=1

θλ
∗

Djωλ(yε) − Djωλ(y0)
ε2

,

in which we rewrite the first term on the right-hand side by introducing [θλ1 ]
ε , i.e.,

θλε − θλ
∗

ε2
Djωλ(yε) =

θλε1 − [θλ1 ]
ε

ε
Djωλ(yε) +

d
dt

(
θλ
∗

· DtLλ0 · Djωλ(yε)
4ω2

λ(y0)
cos(2ε−1φλ0 )

)
−

d
dt

(
θλ
∗

· DtLλ0 · Djωλ(yε)
4ω2(y0)

)
cos(2ε−1φλ0 ).

By Lemmas 5.7–5.9 the sequence {φε2 −[φ2]
ε
} is bounded in C0,1([0, T ],Rr ) and the sequences {yε2 −[y2]ε} and {pε2 −[p2]ε} are bounded

in C0,1([0, T ],Rn). The claim follows after successive applications of [1, Principle 4]. □
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Lemma 5.11. There exists a further subsequence {ε′
} and a function θ̄2 ∈ C∞([0, T ],Rr ) such that the convergence (22) holds. Moreover,

the component functions θ̄λ2 (λ = 1, . . . , r) satisfy (23b).

Proof. We write θλε2 =
∑2

i=1 θ
λε
2i as in the proof of Lemma 5.9 and [θλ2 ]

ε
=
∑2

i=1[θ
λ
2 ]
ε
i , where [θλ2 ]

ε
i (i = 1, 2) will be defined later in

this proof. We then show that there exist component functions θ̄λ2 :=
∑2

i=1 θ̄
λ
2i and a subsequence {ε′

}, not relabelled, such that for
i = 1

θλε21 − [θλ2 ]
ε
1 → θ̄λ21 in C([0, T ]) (34)

and for i = 2

θλε22 − [θλ2 ]
ε
2 → θ̄λ22 in C([0, T ]),

d
dt

(
θλε22 − [θλ2 ]

ε
2

) ∗

⇀
dθ̄λ22
dt

in L∞([0, T ]). (35)

The convergence result (22) then follows immediately.
Part i = 1: To prove (34), we expand θλε21 in (30), by replacing θλε → θλ

∗
+
(
θλε − θλ

∗

)
, DtLλε → DtLλ0 +

(
DtLλε − DtLλ0

)
and sin(2ε−1φλε ) →

sin(2ε−1φλ0 ) +
(
sin(2ε−1φλε ) − sin(2ε−1φλ0 )

)
, and assign the resulting terms to the functions θλε21j (j = 1, . . . , 5). That is, we derive

θλε21 =
∑5

j=1 θ
λε
21j, where

θλε211 :=
1
ε

(
1

ωλ(y0)
−

1
φ̇λε

)
θλ
∗

· DtLλ0
2

sin(2ε−1φλ0 ),

θλε212 := −
1
ε

(
θλε − θλ

∗

)
· DtLλ0

2φ̇λε
sin(2ε−1φλ0 ),

θλε213 := −
1
ε

θλ
∗

·
(
DtLλε − DtLλ0

)
2φ̇λε

sin(2ε−1φλ0 ),

θλε214 := −
1
ε

θλ
∗

· DtLλ0
2φ̇λε

(
sin(2ε−1φλε ) − sin(2ε−1φλ0 )

)
,

θλε215 := −
1
ε

(
θλε − θλ

∗

)
·
(
DtLλε − DtLλ0

)
2φ̇λε

sin(2ε−1φλ0 )

−
1
ε

(
θλε − θλ

∗

)
· DtLλ0

2φ̇λε

(
sin(2ε−1φλε ) − sin(2ε−1φλ0 )

)
−

1
ε

θλ
∗

·
(
DtLλε − DtLλ0

)
2φ̇λε

(
sin(2ε−1φλε ) − sin(2ε−1φλ0 )

)
−

1
ε

(
θλε − θλ

∗

)
·
(
DtLλε − DtLλ0

)
2φ̇λε

(
sin(2ε−1φλε ) − sin(2ε−1φλ0 )

)
.

Notice that by (17) and Lemma 5.8, we have θλε21j = O(1) for j = 1, . . . , 4 and θλε215 = O(ε). The function θλε21 =
∑5

j=1 θ
λε
21j is composed

of oscillatory and non-oscillatory (averaged) terms. For the proof of (34), we therefore define the corresponding oscillatory term
[θλ2 ]

ε
1 :=

∑4
j=1[θ

λ
2 ]
ε
1j, where

[θλ2 ]
ε
11 := −

θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

cos(4ε−1φλ0 ),

[θλ2 ]
ε
12 := −

θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

cos(4ε−1φλ0 ),

[θλ2 ]
ε
13 :=

(θλ
∗
)2
⏐⏐DLλ0⏐⏐2

8ωλ(y0)
cos(4ε−1φλ0 ) −

r∑
µ=1
µ̸=λ

θλ
∗
θ
µ
∗

⟨
DLµ0 ,DL

λ
0

⟩
4ωλ(y0)

sin(2ε−1φλ0 ) sin(2ε
−1φ

µ

0 ),

[θλ2 ]
ε
14 := −

θλ
∗

· DtLλ0
ωλ(y0)

φ̄λ2 cos(2ε−1φλ0 ) +
θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

cos(4ε−1φλ0 ).

We now define the averaged functions θ̄λ21j (j = 1, . . . , 4) such that for θ̄λ21 :=
∑4

j=1 θ̄
λ
21j the statement in (34) holds. More precisely, we

will show that in the case of j = 1, 2, 3

θλε21j − [θλ2 ]
ε
1j → θ̄λ21j in C([0, T ]),

d
dt

(
θλε21j − [θλ2 ]

ε
1j

) ∗

⇀
dθ̄λ21j
dt

in L∞([0, T ]), (36)

and in the case of j = 4

θλε214 − [θλ2 ]
ε
14 → θ̄λ214 in C([0, T ]). (37)

In the following, we give the detailed proof of the convergences in (36) for the case j = 1. The other cases follow along a similar line
of arguments.
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Case j = 1: We start by defining θ̄λ221, i.e.,

θ̄λ211 :=
θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

,

for λ = 1, . . . , r and use the trigonometric identity 1 − cos(4x) = 2 sin2(2x) to derive

θ̄λ211 + [θλ2 ]
ε
11 =

θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

−
θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

cos(4ε−1φλ0 ) =
θλ
∗
(DtLλ0)

2

4ω2
λ(y0)

sin2(2ε−1φλ0 ). (38)

Moreover, with Eq. (17a) we can write

θλε211 =
1
ε

(
φ̇λε − ωλ(y0)
ωλ(y0)φ̇λε

)
θλ
∗

· DtLλ0
2

sin(2ε−1φλ0 )

=

(
1
ε

ωλ(yε) − ωλ(y0)
φ̇λε

+
DtLλε
2φ̇λε

sin(2ε−1φλε )
)
θλ
∗

· DtLλ0
2ωλ(y0)

sin(2ε−1φλ0 ). (39)

Now, we use Eqs. (38) and (39) to write

θλε211 − [θλ2 ]
ε
11 − θ̄λ211 =

(
uλε1 + vλε1

)
wλε1 , (40)

where

uλε1 :=
1
ε

ωλ(yε) − ωλ(y0)
φ̇λε

, vλε1 :=
DtLλε
2φ̇λε

sin(2ε−1φλε ) −
DtLλ0

2ωλ(y0)
sin(2ε−1φλ0 ), wλε1 :=

θλ
∗

· DtLλ0
2ωλ(y0)

sin(2ε−1φλ0 ).

It follows from Lemmas 5.7 and 5.8, and the system of differential equations (17) that the sequences {ε−1uλε1 }, {u̇λε1 }, {ε−1vλε1 }, {v̇λεj },
{wλε1 } and {εẇλε1 } are bounded in L∞([0, T ]). This implies the uniform convergence, and after an application of [1, Principle 1], the weak∗

convergence in (36).
For the cases j = 2, 3, we only summarise the equations corresponding to (40), from which uλεj , vλε3 and wλεj can be read off. The

convergences as in (36) are then proven similarly to the case j = 1, by applying Lemmas 5.7 and 5.8 (and 5.9 in the case j = 2). The
case j = 4 requires more explanation and is thus again described in greater detail.
Case j = 2: With

θ̄λ212 :=
θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

,

we can write

θλε212 − [θλ2 ]
ε
12 − θ̄λ212 = uλε2 w

λε
2 ,

where

uλε2 :=
[θλ1 ]

ε

ωλ(y0)
−
θλε1

φ̇λε
, wλε2 :=

DtLλ0
2

sin(2ε−1φλ0 ).

Case j = 3: Analogously, with

θ̄λ213 := −
(θλ

∗
)2
⏐⏐DLλ0⏐⏐2

8ωλ(y0)
,

we write

θλε213 − [θλ2 ]
ε
13 − θ̄λ213 =

(
uλε3 + vλε3

)
wλε3 ;

here

uλε3 := −
1
ε

⟨
pε,DLλε

⟩
−
⟨
p0,DLλ0

⟩
φ̇λε

, wλε3 :=
θλ
∗

2
sin(2ε−1φλ0 ),

vλε3 :=

r∑
µ=1

θ
µ
∗

⟨
DLµ0 ,DL

λ
0

⟩
2ωλ(y0)

sin(2ε−1φ
µ

0 ) −
θµε
⟨
DLµε ,DL

λ
ε

⟩
2φ̇λε

sin(2ε−1φµε ).

Case j = 4: For this final case we first define

θ̄λ214 :=
θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

and use φλε = φλ0 + ε2φλε2 (see Definition 5.1) with a trigonometric identity to write

sin(2ε−1φλε ) = sin(2ε−1φλ0 ) cos(2εφ
λε
2 ) + cos(2ε−1φλ0 ) sin(2εφ

λε
2 ).

This allows us to derive the equation

θλε214 − [θλ2 ]
ε
14 − θ̄λ214 = uλε41w

λε
41 + uλε42w

λε
42,
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where

uλε41 :=
[φλ2 ]

ε
+ φ̄λ2

ωλ(y0)
−

1
ε

sin(2εφλε2 )
2φ̇λε

, wλε41 := θλ
∗

· DtLλ0 cos(2ε
−1φλ0 ),

uλε42 :=
1
ε

1 − cos(2εφλε2 )
2φ̇λε

, wλε42 := θλ
∗

· DtLλ0 sin(2ε
−1φλ0 ).

By (17), (19) and Lemma 5.8 we obtain⏐⏐uλε41⏐⏐ ≤

⏐⏐⏐⏐ [φλ2 ]ε + φ̄λ2

ωλ(y0)
−
φλε2

φ̇λε

⏐⏐⏐⏐+
⏐⏐⏐⏐⏐φλε2φ̇λε

∞∑
k=1

(−1)k

(2k + 1)!
(2εφλε2 )2k

⏐⏐⏐⏐⏐ → 0 in C([0, T ])

and ⏐⏐uλε42⏐⏐ ≤

⏐⏐⏐⏐⏐φλε2φ̇λε
∞∑
k=1

(−1)k

(2k)!
(2εφλε2 )2k−1

⏐⏐⏐⏐⏐ = O(ε),

which implies the uniform convergence in (37).
Part i = 2: To prove (35) we expand θλε22 in (30), by writing out the time derivative and using the equations

φ̈λε = Dtωλ(yε) +
ε

2
D2
t L
λ
ε sin(2ε

−1φλε ) + DtLλε · φ̇λε cos(2ε
−1φλε )

and

D2
t L
λ
ε =

⟨
D2Lλε ẏε, ẏε

⟩
−
⟨
DV (yε),DLλε

⟩
−

r∑
µ=1

θµε
⟨
Dωµ(yε),DLλε

⟩
+

r∑
µ=1

θµε
⟨
Dωµ(yε),DLλε

⟩
cos(2ε−1φµε ).

In this way, we can write θλε22 =
∑8

j=1 θ
λε
22j, where

θλε221 := −
1
ε

∫
·

0

θλε (DtLλε )
2

φ̇λε
cos(2ε−1φλε ) sin(2ε

−1φλε ) dt,

θλε222 := −
1
ε

∫
·

0

θλε · DtLλε · Dtωλ(yε)
2(φ̇λε )2

sin(2ε−1φλε ) dt,

θλε223 :=
1
ε

∫
·

0

θλε
⟨
D2Lλε ẏε, ẏε

⟩
2φ̇λε

sin(2ε−1φλε ) dt,

θλε224 := −
1
ε

∫
·

0

θλε
⟨
DV (yε),DLλε

⟩
2φ̇λε

sin(2ε−1φλ0 ) dt,

θλε225 := −
1
ε

r∑
µ=1

∫
·

0

θλε θ
µ
ε

⟨
Dωµ(yε),DLλε

⟩
2φ̇λε

sin(2ε−1φλε ) dt,

θλε226 :=
1
ε

∫
·

0

(θλε )
2
⟨
Dωλ(yε),DLλε

⟩
2φ̇λε

cos(2ε−1φλε ) sin(2ε
−1φλε ) dt,

θλε227 :=
1
ε

r∑
µ=1
µ̸=λ

∫
·

0

θλε θ
µ
ε

⟨
Dωµ(yε),DLλε

⟩
2φ̇λε

cos(2ε−1φµε ) sin(2ε
−1φλε ) dt,

θλε228 := −

∫
·

0

θλε · DtLλε · D2
t L
λ
ε

4(φ̇λε )2
sin2(2ε−1φλε ) dt.

Again, the function θλε22 =
∑8

j=1 θ
λε
22j consists of oscillatory and non-oscillatory terms. To derive the statement in (35), we therefore

define the corresponding oscillatory term [θλ2 ]
ε
2 :=

∑7
j=1[θ

λ
2 ]
ε
2j, where

[θλ2 ]
ε
21 :=

θλ
∗
(DtLλ0)

2

8ω2
λ(y0)

cos(4ε−1φλ0 ),

[θλ2 ]
ε
22 :=

θλ
∗
(DtLλ0)

2

4ω2
λ(y0)

cos(2ε−1φλ0 ),

[θλ2 ]
ε
23 := −

θλ
∗

⟨
D2Lλ0 ẏ0, ẏ0

⟩
4ω2

λ(y0)
cos(2ε−1φλ0 ),

[θλ2 ]
ε
24 :=

θλ
∗

⟨
DV (y0),DLλ0

⟩
4ω2

λ(y0)
cos(2ε−1φλ0 ),
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[θλ2 ]
ε
25 :=

r∑
µ=1

θλ
∗
θ
µ
∗

⟨
Dωµ(y0),DLλ0

⟩
4ω2

λ(y0)
cos(2ε−1φλ0 ),

[θλ2 ]
ε
26 := −

(θλ
∗
)2|DLλ0|

2

16ωλ(y0)
cos(4ε−1φλ0 ),

[θλ2 ]
ε
27 :=

r∑
µ=1
µ̸=λ

θλ
∗
θ
µ
∗

⟨
Dωµ(y0),DLλ0

⟩
8ωλ(y0)

{
cos

(
2ε−1(φµ0 − φλ0 )

)
ωµ(y0) − ωλ(y0)

−
cos

(
2ε−1(φµ0 + φλ0 )

)
ωµ(y0) + ωλ(y0)

}
.

We show that for a subsequence {ε′
} (not relabelled) there exist non-oscillatory functions θ̄λ22j (j = 1, . . . , 8) such that for θ̄λ22 :=∑8

j=1 θ̄
λ
22j, the statement in (35) holds. More precisely, we will prove that for j = 1, . . . , 7

θλε22j − [θλ2 ]
ε
2j → θ̄λ22j in C([0, T ]),

d
dt

(
θλε22j − [θλ2 ]

ε
2j

) ∗

⇀
dθ̄λ22j
dt

in L∞([0, T ]), (41)

and for j = 8

θλε228 → θ̄λ228 in C([0, T ]),
dθλε228
dt

∗

⇀
dθ̄λ228
dt

in L∞([0, T ]). (42)

Note that the scaling in θλε228 is different from the scaling in θλε22j (j = 1, . . . , 7). As a consequence, there is no non-converging oscillatory
component that we would have to subtract from θλε228 in order to analyse the limit ε → 0.

We now give a detailed proof of the convergences in (41) for the case j = 1. The other cases are dealt with similarly.
Case j = 1: For λ = 1, . . . , r we start by writing

dθλε221
dt

= −
1
ε

θλε (DtLλε )
2

2φ̇λε
sin(4ε−1φλε ) =

θλε (DtLλε )
2

8(φ̇λε )2
d
dt

cos(4ε−1φλε )

=
d
dt

(
θλε (DtLλε )

2

8(φ̇λε )2
cos(4ε−1φλε )

)
−

d
dt

(
θλε (DtLλε )

2

8(φ̇λε )2

)
cos(4ε−1φλε ),

which we use to derive
d
dt

(
θλε221 − [θλ2 ]

ε
21

)
=

d
dt

(
θλε (DtLλε )

2

8(φ̇λε )2
cos(4ε−1φλε ) − [θλ2 ]

ε
21

)
−

d
dt

(
θλε (DtLλε )

2

8(φ̇λε )2

)
cos(4ε−1φλε )

= v̇λε1 − u̇λε1 cos(ε−1ψλε
1 ).

Here, we identified vλε1 := uλε1 cos(ε−1ψλε
1 ) − uλ01 cos(ε−1ψλ0

1 ), where

uλε1 :=
θλε (DtLλε )

2

8(φ̇λε )2
, ψλε

1 := 4φλε ,

according to Lemma 5.7. The necessary assumptions on uλε1 and ψλε
1 are satisfied by (13) and Lemma 5.8. Consequently, it follows that

v̇λε1
∗

⇀ 0 in L∞([0, T ]). Moreover, since {u̇λε1 cos(ε−1ψλε
1 )} is a bounded sequence in L∞([0, T ]), [1, Chapter I. Lemma 1] implies the

equivalence of the weak∗ convergence of the sequence {u̇λε1 cos(ε−1ψλε
1 )} and the integral convergence as in Lemma 5.6. Hence, we

reason that u̇λε1 cos(ε−1ψλε
1 )

∗

⇀ 0 in L∞([0, T ]). We therefore conclude that

d
dt

(
θλε221 − [θλ2 ]

ε
21

) ∗

⇀
dθ̄λ221
dt

:= 0 in L∞([0, T ]).

Finally, with {v̇λε1 } and {u̇λε1 } being bounded sequences in L∞([0, T ]), the convergence in (41) follows for a subsequence {ε′
} from [1,

Principle 4], i.e., an extended version of the Arzelà–Ascoli theorem.
For j = 2, . . . , 6 we only summarise the results, since the arguments follow along the same lines as in the case j = 1 above. In

particular, we always identify terms v̇λεj
∗

⇀ 0 in L∞([0, T ]), according to Lemma 5.7, and terms u̇λεj cos(ε−1ψλε
j )

∗

⇀ ˙̄θλ22j (j = 2, . . . , 6)
according to Lemma 5.6. The cases j = 7, 8 require some different reasoning and are thus explained in more detail.
Case j = 2:

d
dt

(
θλε222 − [θλ2 ]

ε
22

)
=

d
dt

(
θλε · DtLλε · Dtωλ(yε)

4(φ̇λε )3
cos(2ε−1φλε ) − [θλ2 ]

ε
22

)
−

d
dt

(
θλε · DtLλε · Dtωλ(yε)

4(φ̇λε )3

)
cos(2ε−1φλε )

∗

⇀
dθ̄λ222
dt

:=
θλ
∗
(DtLλ0)

3

2ω2
λ(y0)

−
(θλ

∗
)2|DLλ0|

2
· DtLλ0

4ωλ(y0)
in L∞([0, T ]).

Case j = 3:

d
dt

(
θλε223 − [θλ2 ]

ε
23

)
= −

d
dt

(
θλε
⟨
D2Lλε ẏε, ẏε

⟩
4(φ̇λε )2

cos(2ε−1φλε ) + [θλ2 ]
ε
23

)
+

d
dt

(
θλε
⟨
D2Lλε ẏε, ẏε

⟩
4(φ̇λε )2

)
cos(2ε−1φλε )

∗

⇀
dθ̄λ223
dt

:=
(θλ

∗
)2
⟨
DtDLλ0,DL

λ
0

⟩
4ωλ(y0)

−
3θλ

∗

⟨
D2Lλ0 ẏ0, ẏ0

⟩
· DtLλ0

8ω2
λ(y0)

in L∞([0, T ]).
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Case j = 4:

d
dt

(
θλε224 − [θλ2 ]

ε
24

)
=

d
dt

(
θλε
⟨
DV (yε),DLλε

⟩
4(φ̇λε )2

cos(2ε−1φλε ) − [θλ2 ]
ε
24

)
−

d
dt

(
θλε
⟨
DV (yε),DLλε

⟩
4(φ̇λε )2

)
cos(2ε−1φλε )

∗

⇀
dθ̄λ224
dt

:=
3θλ

∗

⟨
DV (y0),DLλ0

⟩
· DtLλ0

8ω2
λ(y0)

in L∞([0, T ]).

Case j = 5:

d
dt

(
θλε225 − [θλ2 ]

ε
25

)
=

d
dt

⎛⎝ r∑
µ=1

θλε θ
µ
ε

⟨
Dωµ(yε),DLλε

⟩
4(φ̇λε )2

cos(2ε−1φλε ) − [θλ2 ]
ε
25

⎞⎠
−

r∑
µ=1

d
dt

(
θλε θ

µ
ε

⟨
Dωµ(yε),DLλε

⟩
4(φ̇λε )2

)
cos(2ε−1φλε )

∗

⇀
dθ̄λ225
dt

:=

r∑
µ=1

3θλ
∗
θ
µ
∗

⟨
Dωµ(y0),DLλ0

⟩
· DtLλ0

8ω2
λ(y0)

+
(θλ

∗
)2|DLλ0|

2
· DtLλ0

8ωλ(y0)
in L∞([0, T ]).

Case j = 6:

d
dt

(
θλε226 − [θλ2 ]

ε
26

)
= −

d
dt

(
(θλε )

2
⟨
Dωλ(yε),DLλε

⟩
16(φ̇λε )2

cos(4ε−1φλε ) + [θλ2 ]
ε
26

)

+
d
dt

(
(θλε )

2
⟨
Dωλ(yε),DLλε

⟩
16(φ̇λε )2

)
cos(4ε−1φλε )

∗

⇀
dθ̄λ226
dt

:= 0 in L∞([0, T ]).

Case j = 7: Analogous to the previous cases we write

d
dt

(
θλε227 − [θλ2 ]

ε
27

)
=

d
dt

⎛⎜⎝ r∑
µ=1
µ̸=λ

θλε θ
µ
ε

⟨
Dωµ(yε),DLλε

⟩
8φ̇λε

{
cos

(
2ε−1(φµε − φλε )

)
φ̇
µ
ε − φ̇λε

−
cos

(
2ε−1(φµε + φλε )

)
φ̇
µ
ε + φ̇λε

}
− [θλ2 ]

ε
27

⎞⎟⎠
+

r∑
µ=1
µ̸=λ

d
dt

(
θλε θ

µ
ε

⟨
Dωµ(yε),DLλε

⟩
8φ̇λε (φ̇

µ
ε + φ̇λε )

)
cos

(
2ε−1(φµε + φλε )

)

−

r∑
µ=1
µ̸=λ

d
dt

(
θλε θ

µ
ε

⟨
Dωµ(yε),DLλε

⟩
8φ̇λε (φ̇

µ
ε − φ̇λε )

)
cos

(
2ε−1(φµε − φλε )

)
.

We identify, similar to the case j = 1, the first term on the right-hand side with v̇λε7 . Then, it follows from Lemma 5.7 that v̇λε7
∗

⇀ 0 in
L∞([0, T ]). Moreover, we identify the summands in the remaining two sums on the right-hand side with functions

u̇λµε7± cos(ε−1ψ
λµε

7± ) :=
d
dt

(
θλε θ

µ
ε

⟨
Dωµ(yε),DLλε

⟩
8φ̇λε (φ̇

µ
ε ± φ̇λε )

)
cos

(
2ε−1(φµε ± φλε )

)
,

for λ,µ = 1, . . . , r , λ ̸= µ. Together with (17) we expand the time derivative in u̇λµε7± and find, based on the non-resonance
Assumptions 1 and 2, and Lemmas 5.4 and 5.5, that u̇λµε7± cos(ε−1ψ

λµε

7± )
∗

⇀ 0 in L∞([0, T ]). All together, we conclude that

d
dt

(
θλε227 − [θλ2 ]

ε
27

) ∗

⇀
dθ̄λ227
dt

:= 0 in L∞([0, T ]).

Finally, we use [1, Principle 4] to derive the uniform convergence for a subsequence {ε′
} in (41).

Case j = 8: The convergences in (42) follow for a subsequence {ε′
} (not relabelled) from [1, Principle 4] and

dθλε228
dt

= −
θλε · DtLλε · D2

t L
λ
ε

8(φ̇λε )2
+
θλε · DtLλε · D2

t L
λ
ε

8(φ̇λε )2
cos(4ε−1φλε )

∗

⇀
dθ̄λ228
dt

:= −
θλ
∗

· DtLλ0 · D2
t L
λ
0

8ω2
λ(y0)

in L∞([0, T ]),

where we used Lemma 5.4 for the weak∗ convergence.
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Now, by combining the cases j = 1, . . . , 8 notice that
8∑

j=1

dθ̄λ22j
dt

=
θλ
∗
(DtLλ0)

3

2ω2
λ(y0)

−
θλ
∗

· DtLλ0 · D2
t L
λ
0

2ω2
λ(y0)

+
(θλ

∗
)2
⟨
DtDLλ0,DL

λ
0

⟩
4ωλ(y0)

−
(θλ

∗
)2|DLλ0|

2
· DtLλ0

8ωλ(y0)

= −
d
dt

(
θλ
∗
(DtLλ0)

2

4ω2
λ(y0)

−
(θλ

∗
)2
⏐⏐DLλ0⏐⏐2

8ωλ(y0)

)
,

where we used

D2
t L
λ
0 =

⟨
D2Lλ0 ẏ0, ẏ0

⟩
−
⟨
DV (y0),DLλ0

⟩
−

r∑
µ=1

θµ
∗

⟨
Dωµ(y0),DLλ0

⟩
.

Finally, Eq. (23b) follows with

dθ̄λ2
dt

=

2∑
i=1

dθ̄λ2i
dt

=

4∑
j=1

dθ̄λ21j
dt

+

8∑
j=1

dθ̄λ22j
dt

. □ (43)

Remark. It would be desirable to complement the uniform convergence result in (37) by a weak∗ convergence result of the form

d
dt

(
θλε214 − [θλ2 ]

ε
14

) ∗

⇀
dθ̄λ214
dt

in L∞([0, T ]).

This would allow us to extend the uniform convergence result in (22) by a weak∗ convergence as in (18)–(21). To this end one would
need to show in the proof of Lemma 5.11, part i = 1, case j = 4, that uλε4 = O(ε). To do so one would need to extend Lemma 5.8 and
show that the sequence {ε−1

(
φλε2 −

(
φ̄λ2 + [φλ2 ]

ε
))

} is bounded in L∞([0, T ]). This would require more notation and would significantly
increase the complexity of this article. We therefore do not pursue this analysis further.

Lemma 5.12. The extraction of a subsequence in Lemmas 5.10 and 5.11 can be discarded altogether and (φ̄2, θ̄2, ȳ2, p̄2) is the unique solution
to the initial value problem (23)–(24).

Proof. The differential equations (23a), (23c) and (23d) follow from (31)–(33) by taking the weak∗ limit in combination with Lemmas 5.6
and 5.7, and [1, Lemma 1]. Formula (23b) follows from (43). The initial values (24) can be derived from the uniform convergences
in (19)–(22). Furthermore, since the right-hand side of (23) — and therefore the solution (φ̄2, θ̄2, ȳ2, p̄2) ∈ C∞([0, T ],R2m) — does not
depend on the chosen subsequence, [1, Principle 5] allows us to discard the extraction of a subsequence altogether. □

5.5. Higher-order asymptotic expansion and restrictions on the timescale

In the following we summarise how to derive higher-order asymptotic expansions of the solution to (11)–(12). Let us assume that we
know the asymptotic expansion up to order k−1 and we want to derive the asymptotic expansion to kth order, i.e., for uε representing
the functions φε , θε , yε or pε , we are looking for an asymptotic expansion of the form

uε = u0 +

k−1∑
ℓ=1

εℓ[ūℓ]ε + εk[ūk]
ε
+ εkuεk+1,

where for ℓ = 1, . . . , k,

[ūℓ]ε := ūℓ + [uℓ]ε
∗

⇀ ūℓ in L∞([0, T ]), uεk+1 → 0 in C([0, T ]).

Two approaches can be used to derive the function [ūk]
ε . They both rely on analysing the leading-order asymptotic expansion of

uεk :=
uε − u0

εk
−

k−1∑
ℓ=1

εℓ−k
[ūℓ]ε.

The first approach relies on deriving [ūk]
ε directly from uεk by applying the fundamental theorem of calculus to the function uε − u0

and subsequently integrating the oscillatory component of the integrand u̇ε − u̇0 by parts to lower the exponent of the denominator
εk. After k iterations by parts and corresponding expansions of the resulting terms, ūk and [uk]

ε can then be derived such that

uεk − [uk]
ε

→ ūk in C([0, T ]).

This method was used to derive the leading-order asymptotic expansion of θ ε21 in Lemma 5.11.
Another approach for the derivation of [ūk]

ε is based on an application of the extended Arzelà–Ascoli theorem. Analogous to
Lemma 5.8, one shows first that the sequence {uεk} is uniformly bounded in L∞([0, T ]). Then, by Alaoglu’s theorem [1, Principle 3],
there exists a subsequence {ε′

} such that uεk
∗

⇀ ūk in L∞([0, T ]). To determine ūk, one chooses [uk]
ε such that the sequence {uεk − [uk]

ε
}

is uniformly bounded in C0,1([0, T ]). Then, according to the extended Arzelà–Ascoli theorem [1, Chapter I §1], there exists a subsequence
such that

uεk − [uk]
ε

→ ūk in C([0, T ]),
d
dt

(
uεk − [uk]

ε
) ∗

⇀
dūk

dt
in L∞([0, T ]),
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from which ūk can be determined as the solution to a system of differential equations. This approach was used to derive the
leading-order asymptotic expansion of φε2 , y

ε
2, p

ε
2 in Lemma 5.10 and θ ε22 in Lemma 5.11.

Remark. Theorem 5.2 provides immediately quantitative estimates on the difference between the original system (φε, θε, yε, pε) and
the limit system (φ0, θ0, y0, p0) of order O(ε) for times up to arbitrary, but fixed T . With the second-order asymptotic expansions
φ0 + ε2(φ̄2 +[φ2]), θ0 + ε[θ1]+ ε

2(θ̄2 +[θ2]), y0 + ε2(ȳ2 +[y2]) and p0 + ε2(p̄2 +[p2]) the result provides error estimates of order better
than O(ε2) over the same timescale. There are other averaging approaches which deal with the differential equation only. A formal
expansion in ε can also derive the equations for the averaged second-order corrections φ̄2, θ̄2, ȳ2, p̄2, then error estimates need to be
obtained separately, e.g., using some Gronwall and integration by parts arguments as described in [8]. The general restriction to finite
timescales cannot be avoided unless the averaged correction terms vanish [8, Chap. 2], which does not hold in our situation.

6. Thermodynamic interpretation

We now give a thermodynamic interpretation of the analytic result presented in Theorem 5.2. The model problem in Section 2
describes the interaction of r (in general non-ergodic) fast and n slow degrees of freedom (n, r ∈ N). A simplified model of one fast
(hence, ergodic) and one slow degree of freedom was already studied in [11], where the authors similarly interpret a fast–slow system
of the kind presented in Section 2 from a thermodynamic point of view. Since the thermodynamic interpretation of the model studied
in [11] includes arguments that are similarly applicable to the more general model considered in this article, we will focus here on the
differences and refer the interested reader for a detailed thermodynamic discussion to [11].

Fundamental in the theory of classical equilibrium thermodynamics is the transfer of energy in the form of work and heat in
thermodynamic processes. This energy transfer is described by the energy relation

dE = dW + dQ =

n∑
j=1

F jdyj + TdS. (44)

In more detail, let E be the energy of a generic thermodynamic system composed of many fast particles, such as gas particles trapped in
a container with a piston. Then, the change of the system’s energy dE is the sum of external work done on the system, dW =

∑n
j=1 F

jdyj,
where F j are external forces exerted on the system by infinitesimal displacements of some external slow variables dyj, and a change of
heat, dQ = TdS, where T is the system’s temperature and dS a change of entropy. Classical statistical mechanics provides the derivation
of thermodynamic quantities such as temperature, entropy and external forces as the slow, average macroscale observations from the
microscale dynamics in the system.

The energy transfer within a thermodynamic system in the form of work and heat also applies to mechanical systems which evolve
within an environment that allow for thermodynamic interactions. A suitable thermodynamic theory for such mechanical systems was
developed by L. Boltzmann and later refined by G. W. Gibbs [12], which was subsequently rederived by Hertz [13]. We will follow
Hertz’ line of thought. His formalisation is based on fast Hamiltonian systems that are slowly perturbed by external agents. In this
setting, his theory describes how to define temperature, entropy and external forces such that the fundamental thermodynamic energy
relation (44) is satisfied.

Applying Hertz’ thermodynamic formalism to the model problem introduced in Section 2, we regard, similar to [11], the subsystem
composed of the fast degrees of freedom zλε (λ = 1, . . . , r) as a thermodynamic system that is slowly perturbed by the interactions with
the slow subsystem composed of yjε (j = 1, . . . , n). Note that the ergodicity assumption for thermodynamic systems is not given for
the fast subsystem. Nevertheless, one can still derive thermodynamic properties if one replaces time-averages with ensemble-averages
(see [14]), which can be derived by averaging the trajectories not only with respect to time but also with respect to initial values
assumed to be uniformly distributed over the energy surface. A more detailed explanation can be found in Appendix A.

In contrast to classical thermodynamic theory, which mainly focuses on the thermodynamic analysis of some fast dynamics that
experiences some slow external influence, such as gas particles trapped in a container with a piston, our focus lies in analysing the
slow dynamics that experiences some external thermodynamic effects through its interaction with the fast subsystem. This focus is
motivated, for instance, by the conformal motion of a molecule in a solvent.

We will focus our attention on the energy associated to the fast degrees of freedom E⊥
ε and the residual energy E∥

ε , which are given
by

E⊥

ε =
1
2
|żε|2 +

1
2
ε−2

r∑
λ=1

ω2
λ(yε)(z

λ
ε )

2, E∥

ε = Eε − E⊥

ε . (45)

The evolution of the fast degrees of freedom is governed by the energy E⊥
ε = E⊥

ε (zε, żε; yε) which is subject to slowly varying external
parameters given by yjε (j = 1, . . . , n). As pointed out in [11], this framework allows us to interpret the model problem from a
thermodynamic point of view by applying the thermodynamic theory of Hertz [13].

By applying Hertz’ thermodynamic formalism to the fast subsystem, which is governed by the energy function E⊥
ε , we derive in

Appendix A, provided that θλ
∗

̸= 0 for at least one λ = 1, . . . , r , the following expressions for the temperature Tε , the entropy Sε and
the external force Fε:

Tε =
1
r

r∑
λ=1

θλε ωλ(yε), Sε =

r∑
λ=1

log

⎛⎝ r∑
µ=1

θµε
ωµ(yε)
ωλ(yε)

⎞⎠ , Fε = Tε
r∑
λ=1

DLλε , (46)

where, according to the notation introduced in (15), the vector DLλε represents the gradient of Lλε = log(ωλ(yε)) with respect to yε ∈ Rn.
The classical thermodynamic concepts of temperature and entropy are commonly described for systems in or near thermodynamic
equilibrium, i.e., for an infinite separation of timescales, so in the limit ε → 0. It is noteworthy that we derive these expressions
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for finite but non-zero ε. Note that the assumption on θλ
∗
ensures, that the system exhibits a genuine scale-separation into fast and

slow dynamics. Moreover, note that the temperature is the arithmetic mean of the frequencies ωλ(yε) (λ = 1, . . . , r) weighted by their
corresponding actions θλε . The entropy provides a measure for the pairwise weighted frequency ratios θλε ωλ(yε)/ωµ(yε) (λ,µ = 1, . . . , r),
while the external force primarily indicates the change of log(ωλ(yε)) with respect to the slow coordinates yε .

In combination with the second-order expansion derived in Theorem 5.2 we can expand Tε , Sε and Fε , and thus determine their
asymptotic properties, i.e., Tε = T0 + O(ε), Fε = F0 + O(ε) and Sε = S0 + ε[S̄1]ε + ε2[S̄2]ε + ε2Sε3 with Sε3 → 0 in C([0, T ]), where

T0 :=
1
r

r∑
λ=1

θλ
∗
ωλ(y0), F0 := T0

r∑
λ=1

DLλ0, S0 :=

r∑
λ=1

log

⎛⎝ r∑
µ=1

θµ
∗

ωµ(y0)
ωλ(y0)

⎞⎠ , [S̄1]ε :=
1
T0

r∑
λ=1

[θλ1 ]
εωλ(y0) (47)

and

[S̄2]ε :=
1
T0

r∑
λ=1

(
θ̄λ2 + [θλ2 ]

ε
)
ωλ(y0) +

1
T0

r∑
λ=1

θλ
∗

⟨Dωλ(y0), ȳ2 + [y2]ε⟩

−

r∑
λ=1

⟨
DLλ0, ȳ2 + [y2]ε

⟩
−

1
2rT 2

0

(
r∑
λ=1

[θλ1 ]
εωλ(y0)

)2

.

We use the expansions derived in Section 5 to analyse the energy E⊥
ε on different scales. To this end, we expand E⊥

ε =
∑r

λ=1 θ
λ
ε ωλ(yε)

and write E⊥
ε = E⊥

0 + ε[Ē⊥

1 ]
ε
+ ε2[Ē⊥

2 ]
ε
+ ε2E⊥ε

3 with E⊥ε
3 → 0 in C([0, T ]), where

E⊥

0 :=

r∑
λ=1

θλ
∗
ωλ(y0), [Ē⊥

1 ]
ε

:=

r∑
λ=1

[
θλ1
]ε
ωλ(y0),

[Ē⊥

2 ]
ε

:=

r∑
λ=1

(
θ̄λ2 + [θλ2 ]

ε
)
ωλ(y0) +

r∑
λ=1

θλ
∗

⟨Dωλ(y0), ȳ2 + [y2]ε⟩ .

6.1. Leading-order thermodynamics

We now analyse the energy E⊥
ε in the limit ε → 0 from a thermodynamic perspective. For ε → 0, the temperature, entropy and

external force are given by the expressions T0, S0 and F0 as in (47).
While the temperature captures the average collective dynamics of the weighted frequencies θλ

∗
ωλ(y0), the entropy depends on the

dynamics of the weighted frequency ratios θλ
∗
ωλ(y0)/ωµ(y0). In contrast to the simplified model in [11], which can be regarded as the

degenerate case of one fast degree of freedom, the entropy S0 is constant if and only if all weighted frequency ratios θλ
∗
ωλ(y0)/ωµ(y0)

(λ,µ = 1, . . . , r) are constant, regardless of the number of fast degrees of freedom. In this case, the motion of the fast degrees of
freedom can be described as a quasi-periodic motion. Thus, the entropy can be considered as an indicator of the homogeneity of the
frequencies with respect to y0 and therefore serves as a measure of chaos for the fast subsystem. In the case of one fast degree of
freedom as in [11], the weighted frequency ratio is naturally constant and hence the entropy remains constant. Therefore, we can
regard – in reference to classical thermodynamic theory – the leading-order dynamics of the fast subsystem in the case of a constant
entropy as an adiabatic thermodynamic process and non-constant entropy as a non-adiabatic thermodynamic process. We remark that
we make this thermodynamic interpretation despite the fact that the fast subsystem is non-ergodic.

Finally, by expressing the leading-order energy of the fast subsystem E⊥

0 =
∑r

λ=1 θ
λ
∗
ωλ(y0) as a function of S0 and y0, it can be

written as

E⊥

0 (S0, y0) = eS0/r
r∏
λ=1

ω
1/r
λ (y0).

As a consequence, the differential is given by

dE⊥

0 =

n∑
j=1

F j
0dy

j
0 + T0dS0, (48)

which coincides with the fundamental thermodynamic energy relation in (44).

6.2. Second-order thermodynamics

In contrast to the ε-independent thermodynamic expressions to leading-order discussed in Section 6.1, the asymptotic expansion
terms to higher-order are ε-dependent. In particular, they contain terms that rapidly oscillate around zero, and terms that yield the
average motion of the higher-order asymptotic expansions. As the thermodynamic theory aims to describe many-particle systems by
their average dynamics, we analyse, similar to [11], the average dynamics of the higher-order asymptotic expansion in E⊥

ε and Sε by
studying the weak∗ limit of [Ē⊥

1 ]
ε , [Ē⊥

2 ]
ε , [S̄1]ε and [S̄2]ε , i.e.,

[Ē⊥

1 ]
ε ∗

⇀ 0 in L∞([0, T ]), [Ē⊥

2 ]
ε ∗

⇀ Ē⊥

2 in L∞([0, T ]),

[S̄1]ε
∗

⇀ 0 in L∞([0, T ]), [S̄2]ε
∗

⇀ S̄2 in L∞([0, T ]),
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where

Ē⊥

2 :=

r∑
λ=1

θ̄λ2ωλ(y0) +

r∑
λ=1

θλ
∗

⟨Dωλ(y0), ȳ2⟩

and

S̄2 :=
1
T0

r∑
λ=1

θ̄λ2ωλ(y0) +
1
T0

r∑
λ=1

θλ
∗

⟨Dωλ(y0), ȳ2⟩ −

r∑
λ=1

⟨
DLλ0, ȳ2

⟩
−

1
16rT 2

0

r∑
λ=1

(
θλ
∗

· DtLλ0
)2

=
Ē⊥

2

T0
−

r∑
λ=1

⟨
DLλ0, ȳ2

⟩
−

1
16rT 2

0

r∑
λ=1

(
θλ
∗

· DtLλ0
)2
. (49)

Note that the expression of the entropy is in this case not constant. Intuitively, this follows from the second-order asymptotic expansion
of the slow degrees of freedom yjε (j = 1, . . . , n). These exhibit according to Theorem 5.2 a decomposition into slowly varying
components ȳj2 and rapidly varying components [yj2]

ε . The existence of this decomposition gives rise to a non-constant entropy discussed
in more detail in [11]. Moreover, we notice that the last term in S̄2 originates from [S̄1]ε , the rapidly oscillating first-order correction
of S0.

Finally, after rearranging (49), we derive for Ē⊥

2 = Ē⊥

2 (S̄2, ȳ2; y0, p0) the expression

Ē⊥

2 := ⟨F0, ȳ2⟩ + T0S̄2 +
1

16rT0

r∑
λ=1

(
θλ
∗

· DtLλ0
)2
.

Now, by analysing the differential of Ē⊥

2 for fixed (y0, p0), which is given by

dĒ⊥

2 =

n∑
j=1

F j
0dȳ

j
2 + T0dS̄2,

we find, similar to (48), a remarkable resemblance to the fundamental thermodynamic relation as presented in Eq. (44).

6.3. Analysis of the total energy

Finally, we inspect how the thermodynamic energy transfer in form of work and heat is realised in the second-order asymptotic
expansion of the total energy Eε . Recalling the analysis above, we split the total energy Eε into E⊥

ε and E∥
ε (compare with (45)),

i.e., Eε = E⊥
ε + E∥

ε , where

E∥

ε :=
1
2
|pε|2 + V (yε) +

ε

2

r∑
λ=1

θλε
⟨
pε,DLλε

⟩
sin(2ε−1φλε ) +

ε2

8

r∑
λ=1

r∑
µ=1

θλε θ
µ
ε

⟨
DLλε ,DL

µ
ε

⟩
sin(2ε−1φλε ) sin(2ε

−1φµε ).

Similar to before, we use the expressions derived in Theorem 5.2 to expand the energy E∥
ε , i.e., E

∥
ε = E∥

0 + ε[Ē∥

1 ]
ε
+ ε2[Ē∥

2 ]
ε
+ ε2E∥ε

3 with
E∥ε

3 → 0 in C([0, T ]), where

E∥

0 :=
1
2
|p0|2 + V (y0), [Ē∥

1 ]
ε

:=
1
2

r∑
λ=1

θλ
∗
DtLλ0 sin(2ε

−1φλ0 )

and

[Ē∥

2 ]
ε

:= ⟨p0, p̄2 + [p2]ε⟩ + ⟨DV (y0), ȳ2 + [y2]ε⟩ +
1
2

r∑
λ=1

[θλ1 ]
εDtLλ0 sin(2ε

−1φλ0 )

+

r∑
λ=1

θλε DtLλ0 cos(2ε
−1φλ0 )(φ̄2 + [φ2]

ε) +
1
8

r∑
λ=1

r∑
µ=1

θλ
∗
θµ
∗

⟨
DLµ0 ,DL

λ
0

⟩
sin(2ε−1φλ0 ) sin(2ε

−1φ
µ

0 ).

To determine the average energy correction at first- and second-order, we take the weak∗ limit and derive E∥ε

1
∗

⇀ 0 in L∞([0, T ]) and

[Ē∥

2 ]
ε ∗

⇀ Ē∥

2 := ⟨p0, p̄2⟩ + ⟨DV (y0), ȳ2⟩ −

r∑
λ=1

θλ
∗
(DtLλ0)

2

4ωλ(y0)
+

r∑
λ=1

(θλ
∗
)2|DLλ0|

2

16
in L∞([0, T ]).

The following theorem shows how the Hamiltonian character of the problem and the thermodynamic interpretation materialise for
the averaged second-order energy correction Ē2 = Ē∥

2 + Ē⊥

2 .

Theorem 6.1. Let (y0, p0) be as in (14) and (ȳ2, p̄2) be as in Theorem 5.2. Let Ē2 be the averaged second-order energy correction Ē2 = Ē∥

2 +Ē⊥

2 ,
where

Ē∥

2 (ȳ2, p̄2; y0, p0) = ⟨p0, p̄2⟩ + ⟨DV (y0), ȳ2⟩ −

r∑
λ=1

θλ
∗

⟨p0,Dωλ(y0)⟩2

4ω3
λ(y0)

+

r∑
λ=1

(θλ
∗
)2 |Dωλ(y0)|2

16ω2
λ(y0)
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and

Ē⊥

2 (ȳ2; y0, p0) =

r∑
λ=1

θ̄λ2 (y0, p0)ωλ(y0) +

r∑
λ=1

θλ
∗

⟨Dωλ(y0), ȳ2⟩ ,

with

θ̄λ2 (y0, p0) =
θλ
∗

⟨p0,Dωλ(y0)⟩2

8ω4
λ(y0)

+ Cθ̄λ2 , Cθ̄λ2 = −
θλ
∗

⟨p∗,Dωλ(y∗)⟩2

8ω4
λ(y∗)

− [θλ2 ]
ε(0).

Then the differential equations (23c) and (23d) take the form

dȳj2
dt

=
∂ Ē2
∂pj0

,
dp̄j2
dt

= −
∂ Ē2
∂yj0

, (50)

for j = 1, . . . , n. Moreover, with the functions T0, S̄2 and F0 given in (47) and (49), which can be interpreted as the temperature, entropy
and external force in the fast subsystem, the energy Ē⊥

2 can be written as

Ē⊥

2 (S̄2, ȳ2; y0, p0) = ⟨F0(y0), ȳ2⟩ + T0(y0)S̄2 +
1

16rT0(y0)

r∑
λ=1

(θλ
∗
)2 ⟨p0,Dωλ(y0)⟩2

ω2
λ(y0)

.

With this notation, the energy Ē⊥

2 satisfies the constituent equations

T0 =
∂ Ē⊥

2

∂ S̄2
, F j

0 =
∂ Ē⊥

2

∂ ȳj2
. (51)

Proof. The evolution equations (50) follow directly from (23c) and (23d). The constituent equations (51) follow from (44). □

Remark. With Eε = E∗ = E0, according to (8), the expansion of the energy Eε = E0 + ε[Ē1]ε + ε2[Ē2]ε + ε2Eε3 implies that
[Ē1]ε = [Ē2]ε = Eε3 ≡ 0 and thus Ē2 ≡ 0. As a consequence, the averaged energy function Ē2 acts as a constraint on the system
and ε2 can be regarded as a Lagrange multiplier. Note that the evolution equations (50) resemble Hamilton’s canonical equations.

7. Simulations

Fast–slow Hamiltonian systems model, for example, the evolution of molecular systems, where the slow degrees of freedom
represent the conformal motion of a molecule and the fast degrees of freedom represent the molecular vibrations. A crucial component
in the fast–slow Hamiltonian system with the Lagrangian of Section 2 is the scale parameter ε. It often represents a fixed parameter
determined by the problem in terms of the ratio of the typical timescales of the fast (here zε) and slow (here yε) degrees of freedom.

In the analysis of molecular systems, one is often primarily interested in the slow conformal motion of molecules. As such, a small
scale parameter ε causes costly overhead in the numerical derivation of yε from (6), since the step size has to be chosen sufficiently small
to account for the fast, oscillatory motion of zε . Theorem 2.1 provides a possible solution to this problem by deriving the homogenised
system (6).

The homogenised system describes the evolution of the slow degrees of freedom y0 only, which can be used to approximate the
evolution of yε . The approximation of yε by y0 comes, however, with a trade-off. On the one hand, one can choose a larger step size
for the computation of y0 from (9) than for that of yε from (6). This significantly reduces the computational cost of the numerical
integration. On the other hand, approximating yε by y0 introduces an approximation error which depends on the scale parameter
ε, namely ∥yε − y0∥L∞([0,T ],Rn) = O(ε2). Therefore, we extend in this article the leading-order asymptotic expansion and derive in
Theorem 5.2 the second-order correction [ȳ2]ε to y0 such that

ε−2(yε − y0) − [ȳ2]ε

L∞([0,T ],Rn) → 0 as ε → 0. Here, [ȳ2]ε takes the

form [ȳ2]ε = ȳ2 + [y2]ε , where ȳ2 traces the average motion of the second-order correction and can be derived as the solution to a
slow system of differential equations (50) and [y2]ε is the explicitly given rapidly oscillating term of the second-order correction.

We compare the global error of approximating yε by y0 and by y0+ε2[ȳ2]ε both on a short and a long time interval, and the associated
computation times for a specific fast–slow Hamiltonian system described in the next paragraph. The key finding is that the computation
of y0 and [ȳ2]ε , which can be done in parallel, is up to two orders of magnitude faster than the computation of yε of similar accuracy.
Moreover, the total computation time for y0 and y0 + ε2[ȳ2]ε is practically identical, while the global error ∥yε − y0 − ε2[ȳ2]ε∥L∞([0,T ],Rn)
is significantly smaller than the global error ∥yε − y0∥L∞([0,T ],Rn) on short as well as on long time intervals.

The test model. We consider a fast–slow Hamiltonian system as described in Section 2, defined on the Euclidean configuration space
M = R4. The test model describes the evolution of two fast and two slow degrees of freedom such that x = (y, z) ∈ R2

× R2
= R4.

Their dynamics is governed by the Lagrangian as described in (3), with

V (yε) =
1
2 (y

1
ε)

4
+

1
2 (y

2
ε)

4, ω1(yε) = 4 + (y1εy
2
ε)

2, ω2(yε) = 2 + sin(y1ε)

and initial values

yε(0) = (1,−0.5), ẏε(0) = (1, 1.2), zε(0) = (0, 0), żε(0) = (3, 2).

We simulate the full solution yε = (y1ε, y
2
ε) and homogenised approximations, in particular the second-order approximation based on

Theorems 2.1 and 5.2. Specifically, we compare the second-order asymptotic expansion y10 + ε2[ȳ12]
ε with the full trajectory of y1ε for

short and long time intervals. Here, the superscript 1 denotes the index of the first component of yε and indicates the first slow degree
of freedom in the system. A similar comparison of the second slow degree of freedom, y2ε and y20 + ε2[ȳ22]

ε , is analogous.
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Fig. 1. Comparison of the full dynamics y1ε as the solution to (6), y10 as the solution to the homogenised limit equation (9) and [ȳ12] as the second-order approximation,
where ȳ12 is derived from (50). The parameter choice is ε = 0.53 .

Fig. 2. Comparison of ε−2(y1ε (t)− y10(t)) and ȳ12(t)+ [y12]
ε(t) on a short time interval t ∈ [0, 1], with y1ε , y

1
0 and ȳ12 as the solutions of (6), (9) and (50), with ε = 0.55 .

The function [y12]
ε is given explicitly in Definition 5.1.

Fig. 1(a) displays the trajectory of y1ε − y10 − ε2[ȳ12]
ε superimposed on y1ε − y10, for a long time interval with final time T = ε−2, where

ε = 0.53. It is evident that the second-order error y1ε − y10 − ε2[ȳ12]
ε is significantly smaller throughout the entire time interval than the

leading-order error y1ε − y10. This becomes even clearer in Fig. 1(b). There, we observe that the leading-order error grows faster than
the second-order error, illustrating the increased importance of the second-order correction [ȳ12]

ε with time.
The reason why an approximation of y1ε by y10 performs worse than an approximation by y10 + ε2[ȳ12]

ε on long time intervals is that
y1ε is highly oscillatory at higher-orders, which is not captured by y10. This difference becomes evident only to higher-order. Fig. 2(a)
illustrates the oscillatory behaviour of y1ε to second-order. Here, we superimpose the second-order correction [ȳ12]

ε
= ȳ12 + [y12]

ε on
top of y1ε2 = ε−2(y1ε − y10) to visualise the oscillatory dynamics to higher-order and illustrate the approximation quality of [ȳ12]

ε for
short time intervals. For this purpose, we integrate system (6), (9) and (50) for the test model with ε = 0.55, on a short time interval
t ∈ [0, 1]. The trajectories of y1ε2 and [ȳ12]

ε are almost indistinguishable; the difference becomes visible only at third-order, as shown
in Fig. 2(b).

Although the error y1ε −y10 − ε2[ȳ12]
ε looks very accurate on short time intervals, the accuracy decreases, as Fig. 2(b) suggest, for long

time intervals. Fig. 3 reveals how this error increases for long time intervals. Here, we integrated (6), (9) and (50) for ε = 0.53, where
T = ε−2.

7.1. Comparison of the execution time

As mentioned earlier, the approximation of y1ε by the homogenisation limit y10 comes with a trade-off. The simulation of y10 is faster
than that of y1ε but introduces an approximation error of order O(ε2). This error can be reduced by approximating y1ε by y10 + ε2[ȳ12]

ε ,
i.e., the second-order asymptotic expansion derived in Theorem 5.2. The leading-order and second-order errors are discussed in the
previous section. We now discuss the computational costs of the simulations in this section.

Before comparing the total runtime for deriving y1ε , y
1
0 and y10 + ε2[ȳ12]

ε , we note that in [ȳ12]
ε

= ȳ12 +[y12]
ε , the function ȳ12 traces the

slow, average motion of the second-order correction term and is given as the solution to (50), while [y12]
ε is the explicitly given rapidly

oscillating term of the second-order correction. Moreover, we point out that the derivation of y10 and ȳ12 can be carried out in parallel.
As such, there is little additional simulational overhead in computing the second-order asymptotic expansion [ȳ12]

ε .
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Fig. 3. The second-order correction [ȳ12]
ε(t) = ȳ12(t)+[y12]

ε(t) and its average motion ȳ12(t) superimposed on y1ε2 (t) = ε−2(y1ε (t)−y10(t)) for t ∈ [0, ε−2
] where ε = 0.53 .

Fig. 4. Graphs of
y1ε2 − [ȳ12]

ε

L∞([0,T ]) versus step size dt2,y1ε for different values of ε. The start of an upwards slope indicates the maximal step size.

To analyse the execution time for simulating y1ε , y
1
0 and y10 + ε2[ȳ12]

ε , we determine the maximal step sizes such that certain
convergence properties are still satisfied. More precisely, we determine the maximal step size dtmax

0,y1ε
to compute y1ε and dtmax

0,y10
to compute

y10 such thaty1ε − y10

L∞([0,T ]) = O(ε2) (52)

and the maximal step size dtmax
2,y1ε

to compute y1ε and dtmax
2,y10,ȳ

1
2
to compute y10 and ȳ12 such that

y1ε − y10 − ε2[ȳ12]
ε

L∞([0,T ]) = O(ε3). (53)

To determine, for instance, dtmax
2,y1ε

, we fix ε and derive y10 and ȳ12 with a small but fixed step size dt2,y10,ȳ12 , and solve system (6) for
increasingly larger dt2,y1ε . This process results in an error plot as shown in Fig. 4. The error is constant for small step sizes dt2,y1ε and
increases after crossing an ε-dependent threshold value. This value expresses the maximal step size dtmax

2,y1ε
which still ensures that

property (53) holds. A similar procedure was applied to determine the step size dtmax
0,y1ε

such that property (52) holds, and conversely to
determine dtmax

0,y10
and dtmax

2,y10,ȳ
1
2
.

With this procedure, we find for ε = 0.5k (k = 2, . . . , 7) the maximal step size such that the properties (52) and (53) are still
satisfied. That is, for the leading-order error (52) we derive dmax

0,y1ε
= O(ε2) and dmax

0,y10
= O(ε), and for the second-order error (53) we

obtain dtmax
2,y1ε

= O(ε3) and dtmax
2,y10,ȳ

1
2

= O(ε3/2). The exact maximal step sizes are listed in Tables 3 and 4 in Appendix B.

With these maximal step sizes, we can determine the average runtime for simulating y1ε , y
1
0 and y10 + ε2[ȳ12]

ε as depicted in Figs. 5(a)
and 5(b). Most significantly, we see that the derivation of the leading-order asymptotic expansion in Fig. 5(a) and the second-order
asymptotic expansion in Fig. 5(b) are up to two orders of magnitude faster than the simulation of y1ε via (6). This directly reflects
the differences in the maximal step sizes as explained above. Moreover, Fig. 5(b) shows that the execution time for simulating y10
as the leading-order approximation and ȳ12 as the averaged second-order correction are comparable. The minimal difference can be
explained by the evolution equation (50), which is more complicated than in (9), resulting in an increase of floating points operations
per time-step.
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Fig. 5. Total runtime to simulate y1ε from (6), y10 from (9) and ȳ12 from (50). The exact computation times are listed in Tables 3 and 4 in Appendix B.

7.2. Details of the implementation

To compare the runtime of solving system (6) for yε with an accuracy that describes its evolution up to second-order with both the
leading-order approximation (Theorem 2.1) and second-order approximation (Theorem 5.2), one needs a numerical integration scheme
that allows to solve each of the three systems of differential equations (6), (9) and (50).

We note that system (6) and (9) are given as two autonomous, second-order systems of differential equations. As such, a simple
Velocity-Verlet algorithm, which is frequently used in the numerical integration of molecular dynamic systems, can be used to integrate
these systems. However, system (50) is non-autonomous. Thus, a numerical integration scheme from the family of Runge–Kutta
methods could be used to integrate each of the three systems of differential equations. We notice that system (50) resembles Hamilton’s
canonical equations. In particular, the system is separable, which allows for the implementation of efficient partitioned Runge–Kutta
methods. Furthermore, because of the Hamiltonian structure of systems (6) and (9), it seems natural to apply a symplectic partitioned
Runge–Kutta method as an integration scheme for solving the three systems. On that account, the simulations in this article were
derived on the basis of a second-order symplectic partitioned Runge–Kutta method which combines the following Lobatto IIIA (Table 1)
and Lobatto IIIB (Table 2) tableaux (taken from [27, Chapter IV.5]). Sun [28] proved (also see [29]), that this specific method is symplectic.
A detailed description of the implementation can be found in [30, Chapter 8 and 14].
Table 1
Lobatto IIIA.

0 0 0
1 1/2 1/2

1/2 1/2

Table 2
Lobatto IIIB.

0 1/2 0
1 1/2 0

1/2 1/2

8. Conclusion

In this article, we studied a class of fast–slow Hamiltonian systems with energy functions given by

Eε =
1
2
|ẏε|2 +

1
2
|żε|2 + V (yε) +

1
2
ε−2

r∑
λ=1

ω2
λ(yε)(z

λ
ε )

2,

where yjε (j = 1, . . . , n) are the slow and zλε (λ = 1, . . . , r) are the non-ergodic fast degrees of freedom and 0 < ε < ε0 < ∞ is a
parameter characterising their typical timescale ratio. A simplified version of one fast and one slow degree of freedom was already
studied in [11].

In the first part of this article, we introduced a transformation of the fast degrees of freedom into action–angle variables (zε, żε) ↦→

(θε, φε), which also required a transformation of the momenta ẏε ↦→ pε . We derived subsequently the second-order asymptotic
expansion of the transformed degrees of freedom. Furthermore, we showed that these expansions can be decomposed into terms
that oscillate rapidly around zero and slow terms that trace the average motion of the expansion. While the rapidly oscillating terms
are given explicitly, the slow, average terms are given as solutions to an inhomogeneous linear system of differential equations.

In the second part of this article, we studied the fast subsystem characterised by the energy function

E⊥

ε =
1
2
|żε|2 +

1
2
ε−2

r∑
λ=1

ω2
λ(yε)(z

λ
ε )

2.
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Guided by the thermodynamic theory for ergodic Hamiltonian systems described by Hertz, we regard the dynamics of the fast degrees
of freedom zλε (λ = 1, . . . , r) as a system that is slowly perturbed by the interaction with the slow degrees of freedom yjε (j = 1, . . . , n).
Because the fast subsystem is not ergodic, we followed along the lines of [14] and replaced the time-average in classical statistical
mechanics by an ensemble-average and defined otherwise, following Hertz, the temperature Tε , the entropy Sε and the external force
Fε of the fast subsystem.

Together with the second-order asymptotic expansion derived in the first part of this article, we expanded E⊥
ε , Tε , Sε and Fε . After

analysing the leading-order asymptotic expansion of these terms, we found that they obey an energy relation akin to the first and
second law of thermodynamics (in the sense of Carathéodory)

dE⊥

0 =

n∑
j=1

F j
0dy

j
0 + T0dS0.

In contrast to the case studied in [11], the entropy is not always constant. Indeed, the entropy is constant if and only if all weighted
frequency ratios θλ

∗
ωλ(y0)/ωµ(y0) (λ,µ = 1, . . . , r) are constant. In this case, the fast subsystem’s dynamics is a rigid (quasi-)periodic

motion. We infer that, in the case of a constant entropy, the fast subsystem can be regarded as an adiabatic thermodynamic system,
while in the case of a non-constant entropy, it can be interpreted as a non-adiabatic thermodynamic system.

Remarkably, for the second-order asymptotic expansion we find, for fixed (y0, p0), a thermodynamic energy relation of the form

dĒ⊥

2 =

n∑
j=1

F j
0dȳ

j
2 + T0dS̄2.

With a second-order entropy expression S̄2 that is not constant, we can interpret the averaged second-order asymptotic dynamics as a
non-adiabatic thermodynamic process.

Finally, in the third part of this article, we analysed the model problem from a numerical point of view. In particular, we compared by
means of a specific test model the quality of the short- and long-term approximation of yε by the leading-order asymptotic expansion
y0 and by the second-order asymptotic expansion y0 +ε2[ȳ2]ε . Most importantly we found that the time interval for which y0 +ε2[ȳ2]ε
ceases to be a viable approximation of yε is significantly longer than for an approximation by y0 alone. Moreover, we analysed in a
series of tests how the total runtime of numerically computing yε , y0 and ȳ2 depends on the value of the scale parameter ε. We derived
experimentally the largest step size so that certain convergence properties are still satisfied. In contrast to system (9) and (50), which
only require the integration of slow degrees of freedom and thus allow for choosing a relatively large step size, the integration of
system (6) requires the choice of a relatively small step size to accurately replicate small-scale oscillations in the numerical solution.
As a consequence, we found that the runtime for simulating y0 and ȳ2, and thus for simulating the second-order asymptotic expansion
y0 + ε2[ȳ2]ε , is up to two orders of magnitude faster than the simulation of yε from the original system, for a similar accuracy.

The analysis of this article is restricted to a simple Hamiltonian. A significant limitation of the current analysis is the choice of
the interaction potential U in (4). The diagonal structure implies that fast modes interact only indirectly, through slow modes as
intermediaries, via multiplicative coupling. Such a coupling appears in the Caldeira–Leggett Hamiltonian [31], with Lagrangian

L (y, z, ẏ, ż) =
1
2
Mẏ2 − V (y) +

1
2

r∑
λ=1

mλż2λ −
1
2

r∑
λ=1

mλcλz2λ − y
r∑
λ=1

ωλzλ

with cλ > 0. (Note in the framework of this article, the small parameter would here not be the mass ratio mλ/M , but the limit of
increasing coupling ωλ.) For direct practical applications such as chemical reactions, for example, the evolution of the butane molecule,
an extension of the results presented here to more complex potentials is required. One of the key insights of this paper is the existence
of thermodynamic potentials far from equilibrium, albeit in the special situation of diagonal, or diagonalisable, interaction potentials U .
If this observation holds in greater generality, then this can lead to a better understanding and better computational approaches away
from equilibrium, such as a chain of atoms linked to two reservoirs assigning the outer atoms different temperatures. This is a matter
of future investigation.
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Appendix A. Hertz’ approach to thermodynamics

As mentioned earlier, the authors in [11] analyse a simplified version of the model problem as presented in Section 2 from a
thermodynamic point of view. More precisely, they focus on a system of one fast and one slow degree of freedom, i.e., n = r = 1,
whose fast subsystem is by construction ergodic. That analysis builds on the thermodynamic theory described by Hertz as presented
in [14]. Because of the similarity of the two models, we will focus on the differences in the derivation of the temperature, entropy and
external force as given in (46) and refer the interested reader for a detailed discussion to [11].

A.1. Introduction to thermodynamics for non-ergodic systems

To illustrate the difference in the derivation of the thermodynamic quantities in [11] and here, we recall how the temperature is
derived for the ergodic system studied in [11] and explain why the same approach fails for non-ergodic systems as studied in this
article.

Let us start by analysing the dynamics of a generalised position zε ∈ Rr and momentum ζε ∈ Rr governed by a Hamiltonian of the
form

H⊥

ε (zε, ζε; yε) :=

r∑
λ=1

Hλε (zε, ζε; yε), where Hλε (zε, ζε; yε) :=
1
2
(ζ λε )

2
+

1
2
ω2
λ(yε)(z

λ
ε )

2, λ = 1, . . . , r,

and yε(t) = y(εt) ∈ Rn are slow external parameters with ẏε = O(ε). This setting of a Hamiltonian system which is slowly perturbed
by an external parameter is fundamental in the thermodynamic formulation derived by Hertz. For ε = 0, the unperturbed Hamiltonian
is given by

H⊥

0 (z0, ζ0; y0) =

r∑
λ=1

Hλ0 (z0, ζ0; y0), where Hλ0 (z0, ζ0; y0) =
1
2
(ζ λ0 )

2
+

1
2
ω2
λ(y0)(z

λ
0 )

2, λ = 1, . . . , r,

and y0(t) = y(0) ≡ y∗. With initial values of the form zλ0 (0) = 0 and ζ λ0 (0) =
√
2Eλ

∗
the solutions to the corresponding Hamilton’s

equations are then given for λ = 1, . . . , r by

zλ0 (t) =

√
2Eλ

∗

ω2
λ(y∗)

sin (ωλ(y∗)t) , ζ λ0 (t) =

√
2Eλ

∗
cos (ωλ(y∗)t) . (54)

Moreover, we define the constant total energy

E⊥

∗
:=

r∑
λ=1

Eλ
∗
, where Eλ

∗
:=

1
2
(ζ λ0 )

2
+

1
2
ω2
λ(y∗)(zλ0 )

2, λ = 1, . . . , r.

If r = 1, the trajectory of (z0, ζ0) covers the entire energy surface {(z0, ζ0) ∈ R2:H⊥

0 (z0, ζ0; y0) = E⊥
∗
}. Hence, the system is ergodic.

In this case, which corresponds to the model studied in [11], the temperature in thermal equilibrium is defined via the time average,
indicated by angle brackets ⟨·⟩, of twice the kinetic energy. More precisely, we obtain

Tλ(Eλ∗ , y∗) :=

⟨
ζ λ0
∂Hλ0
∂ζ λ0

⟩
= lim

θ→∞

1
θ

∫ θ

0
2Eλ

∗
cos2(ωλ(y∗)t) dt = Eλ

∗
,

which is unique in the case r = 1.
However, if r > 1, the energies Eλ

∗
(λ = 1, . . . , r) form distinct integrals of motion. This implies that the system is non-ergodic. A

naïve application of the definition of temperature above results in distinct temperature expressions that are unsuitable to describe the
thermodynamic state of the whole system, because their values are in general path-dependent, i.e., Tλ = Eλ

∗
̸= Eµ∗ = Tµ for λ ̸= µ

(λ,µ = 1, . . . , r). Therefore, we define as in [14] the temperature for non-ergodic systems via the ensemble-average. This gives a
unique measure for the thermodynamic state of the whole system.

A.1.1. The Birkhoff–Khinchin theorem for non-ergodic systems
A suitable expression for the temperature, which provides a unique measure for the whole system, can be derived if, in addition to

averaging with respect to time, one averages with respect to all uniformly distributed initial values on the energy surface, making the
temperature path-independent. This ensemble average allows us to define a temperature expression as a measure of the average kinetic
motion of the whole system. We follow [14] for the definition of the ensemble average and its application to Hamiltonian systems. Let
x = x(t, x0) be the parametric form of the trajectory in phase-space starting at the point x0. Then, the average value of some function
φ with respect to any phase trajectory x(t), i.e.,

⟨φ(x)⟩ = lim
θ→∞

1
θ

∫ θ

0
φ(x(t, x0)) dt,

depends, in general, on x0. An ensemble of systems is given by varying initial data x0, independent and identically distributed over the
phase region E ≤ H(x) ≤ E +∆E. The probability density of x0 in this region is constant and is equal to (Γ (E +∆E) − Γ (E))−1.

The ensemble average, E.A. ⟨φ⟩, of the function φ is defined by

E.A. ⟨φ⟩ := lim
∆E→0

1
Γ (E +∆E) − Γ (E)

∫
E≤H(x0)≤E+∆E

lim
θ→∞

1
θ

∫ θ

0
φ(x(t, x0)) dt dx0.
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Suppose that the order of calculation of the integral over x0 and limθ→∞ can be changed. Then

E.A. ⟨φ⟩ = lim
∆E→0

1
Γ (E +∆E) − Γ (E)

lim
θ→∞

1
θ

∫ θ

0

∫
E≤H(x0)≤E+∆E

φ(x(t, x0)) dx0 dt. (55)

The region E ≤ H(x0) ≤ E+∆E is invariant under the action of the phase flow x(t, x0). Hence, in calculating the integral over x0 in (55),
one can make a change of the variables x0 ↦→ x. Since the determinant of this transformation is 1 by Liouville’s theorem, we can write∫

E≤H(x0)≤E+∆E
φ(x(t, x0)) dx0 =

∫
E≤H(x)≤E+∆E

φ(x) dx.

Thus, the integral does not depend on time. For small ∆E, this integral is given by∫
E≤H(x)≤E+∆E

φ(x) dx ≈ ∆E
∫
φ(x)

dσ
|∇H|

.

Therefore, we arrive at an ‘‘analogous’’ version of the Birkhoff–Khinchin theorem: for any Hamiltonian system

E.A. ⟨φ⟩ =

∫
Σ
φ(x) dσ

|∇H|∫
Σ

dσ
|∇H|

. (56)

This version of the Birkhoff–Khinchin theorem reflects the ‘‘average’’ (with respect to initial data) behaviour of non-ergodic Hamiltonian
systems and is thus used to define the temperature in non-ergodic systems.

A.2. Derivation of thermodynamic relations in non-ergodic systems

As we saw in the previous section, the ensemble average of a function can be derived from the equality

E.A. ⟨φ⟩ =

∫
Σ
φ(x) dσ

|∇H|∫
Σ

dσ
|∇H|

,

where Σ = {(z0, ζ0) ∈ R2r :H⊥

0 (z0, ζ0; y∗) = E⊥
∗
}, dσ is a surface element on the energy surface and

|∇H⊥

0 | =

[
r∑
λ=1

(
∂H⊥

0

∂ζ λ0

)2

+

(
∂H⊥

0

∂zλ0

)2
]1/2

.

The temperature for non-ergodic Hamiltonian systems is defined via the ensemble average by

T (E⊥

∗
, y∗) := E.A.

⟨
ζ λ0
∂H⊥

0 (z0, ζ0; y∗)
∂ζ λ0

⟩
=

∫
Σ

ζ λ0
∂H⊥

0

∂ζ λ0

dσ
|∇H⊥

0 |∫
Σ

dσ
|∇H⊥

0 |

. (57)

The numerator can be evaluated by noting that ∂H⊥

0 /∂ζ
λ
0 is the λth component of the vector ∇H⊥

0 and hence

nλζ :=
∂H⊥

0 /∂ζ
λ
0

|∇H⊥

0 |

is the λth component of the outer unit vector n = ∇H⊥

0 /|∇H⊥

0 | on the energy surface. Therefore, we can write the numerator in the
form ∫

Σ

ζ λ0
∂H⊥

0

∂ζ λ0

dσ
|∇H⊥

0 |
=

∫
Σ

ζ λ0 n
λ
ζ dσ =

∫
H⊥
0 (z0,ζ0;y∗)≤E⊥

∗

dn(z0, ζ0) =: Γ (E⊥

∗
, y∗), (58)

which follows from Gauss’ theorem, where Γ (E⊥
∗
, y∗) is the phase-space volume enclosed by the trajectories of (54). To derive the

denominator in (57), we calculate the derivative of Γ (E⊥
∗
, y∗) with respect to E⊥

∗
and find

Γ (E⊥

∗
+∆E⊥

∗
, y∗) − Γ (E⊥

∗
, y∗) =

∫
E⊥
∗ ≤H⊥

0 (z0,ζ0;y∗)≤E⊥
∗ +∆E⊥

∗

dn(z0, ζ0) ≈

∫
H⊥
0 (z0,ζ0;y∗)=E⊥

∗

∆n dσ ,

where ∆n is the distance between the energy surface H⊥

0 (z0 + nz∆n, ζ0 + nζ∆n; y∗) = E⊥
∗

+ ∆E⊥
∗

and H⊥

0 (z0, ζ0; y∗) = E⊥
∗
. A Taylor

expansion gives ∆n = ∆E⊥
∗
/|∇H⊥

0 | and hence

∂Γ (E⊥
∗
, y∗)

∂E⊥
∗

=

∫
H⊥
0 (z0,ζ0;y∗)=E⊥

∗

dσ
|∇H⊥

0 |
. (59)

Combining Eqs. (57)–(59), the temperature T can thus be expressed in terms of the phase-space volume Γ (E⊥
∗
, y∗):

T (E⊥

∗
, y∗) =

Γ (E⊥
∗
, y∗)

∂Γ (E⊥
∗
, y∗)/∂E⊥

∗

. (60)
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Similar to [11] we integrate (60) with respect to E⊥
∗

and obtain for the entropy

S(E⊥

∗
, y∗) = log

(
Γ (E⊥

∗
, y∗)

)
+ f (y∗),

where f (y∗) is a constant of integration with respect to E⊥
∗
. To find the dependence of S on y∗ we follow again the derivation presented

in [11]. Using (56), we calculate for j = 1, . . . , n the external force

Fj(E⊥

∗
, y∗) = E.A.

⟨
∂H⊥

0 (z0, ζ0; y∗)

∂yj∗

⟩
=

∫
Σ

∂H⊥

0

∂yj∗

dσ
|∇H⊥

0 |∫
Σ

dσ
|∇H⊥

0 |

. (61)

For the numerator, we calculate the derivative of Γ (E⊥
∗
, y∗) with respect to yj∗. Similarly to before, we have

Γ (E⊥

∗
, y∗ +∆y∗) − Γ (E⊥

∗
, y∗) =

∫
H⊥
0 (z0,ζ0;y∗+∆y∗)≤E⊥

∗

dn(z0, ζ0) −

∫
H⊥
0 (z0,ζ0;y∗)≤E⊥

∗

dn(z0, ζ0)

≈

∫
H⊥
0 (z0,ζ0;y∗)=E⊥

∗

∆n dσ ,

where ∆n indicates the distance between the energy surface H⊥

0 (z0 + nz∆n, ζ0 + nζ∆n; yj∗ + ∆yj∗) = E⊥
∗

and H⊥

0 (z0, ζ0; y∗) = E⊥
∗
. A

Taylor expansion gives

∆n = −
1

|∇H⊥

0 |

∂H⊥

0

∂yj∗
∆yj

∗

and we obtain
∂Γ (E⊥

∗
, y∗)

∂yj∗
= −

∫
H⊥
0 (z0,ζ0;y∗)=E⊥

∗

∂H⊥

0

∂yj∗

dσ
|∇H⊥

0 |
. (62)

Combining Eqs. (59), (61) and (62) we obtain

Fj(E⊥

∗
, y∗) = E.A.

⟨
∂H⊥

0

∂yj∗

⟩
= −

∂Γ (E⊥
∗
, y∗)/∂y

j
∗

∂Γ (E⊥
∗
, y∗)/∂E⊥

∗

. (63)

We thus find

S(E⊥

∗
, y∗) = log

(
Γ (E⊥

∗
, y∗)

)
+ C . (64)

The constant C is chosen such that the entropy is dimensionless. This is the key result of Hertz’ thermodynamic formulation: the explicit
derivation of the entropy of a Hamiltonian system under the influence of a slowly varying parameter is (up to a constant) the logarithm
of the phase-space volume.

A.3. Application to the model problem

The analysis of the previous section reveals that thermodynamic properties of Hamiltonian systems are intrinsically connected to
the phase-space volume.

In general, the set {x ∈ Rd
: xTΣ−1x ≤ R2

}, where Σ = diag(a21, a
2
2, . . . , a

2
d) with a1, . . . , ad ∈ R, describes a hyperellipsoid in Rd. Its

d-dimensional volume is given by

Γ = Γd|Σ |
1/2Rd, (65)

where Γd is the volume of the d-dimensional hypersphere.
To calculate the phase-space volume for the model problem as presented in Section 2 note, that the set {(z0, ζ0) ∈ R2r :H⊥

0 (z0, ζ0; y∗)
= E⊥

∗
} with

E⊥

∗
=

r∑
λ=1

Eλ
∗

=

r∑
λ=1

1
2
(ζ λ0 )

2
+

1
2
ω2
λ(y∗)(zλ0 )

2, (66)

describes a hyperellipsoid in R2r . Eq. (66) can be written in the form E⊥
∗

= xTΣ−1x with x = (z10 , z
2
0 , . . . , z

r
0, ζ

1
0 , ζ

2
0 , . . . , ζ

r
0 ) and

Σ = diag
(
2, 2, . . . , 2,

2
ω2

1(y∗)
,

2
ω2

2(y∗)
, . . . ,

2
ω2

r (y∗)

)
.

Therefore, with d = 2r and R2
= E⊥

∗
, the volume of the hyperellipsoid (66) is according to (65) given by

Γ (E⊥

∗
, y∗) = Γ2r

(
2E⊥

∗

)r∏r
λ=1 ωλ(y∗)

.

We reason by analogy that the ε-dependent phase-space volume, characterised by the energy of the fast subsystem

E⊥

ε =

r∑
λ=1

Eλε =

r∑
λ=1

1
2
(ζ λε )

2
+

1
2
ε−2ω2

λ(yε)(z
λ
ε )

2,
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is given by

Γε(E⊥

ε , yε) = εrΓ2r

(
2E⊥

ε

)r∏r
λ=1 ωλ(yε)

. (67)

We therefore define, provided that Γε(E⊥
ε , yε) ̸= 0, the temperature, normalised entropy and external force, in analogy to (60), (63) and

(64), as

Tε(E⊥

ε , yε) :=
Γε(E⊥

ε , yε)
∂Γε(E⊥

ε , yε)/∂E⊥
ε

, Sε(E⊥

ε , yε) := log
(
Γε(E⊥

ε , yε)
)
+ Cε, F j

ε(E
⊥

ε , yε) := −
∂Γε(E⊥

ε , yε)/∂y
j
ε

∂Γε(E⊥
ε , yε)/∂E⊥

ε

,

which become with (67) and Cε = − log((2ε)rΓ2r ) for j = 1, . . . , n

Tε =
1
r

r∑
λ=1

θλε ωλ(yε), Sε =

r∑
λ=1

log
(

E⊥
ε

ωλ(yε)

)
, F j

ε = Tε
r∑
λ=1

DjLλε .

Appendix B. Computation times for numerical simulations

For completeness, we present in this section the total computation times corresponding to the maximal step sizes used in the
simulations presented in this article. Tables 3 and 4 illustrate in column y1ε the total runtime for simulations of system (6) with respect
to distinct values of ε and a corresponding maximal step size as discussed in Section 7.1. Similarly, the columns y10 and ȳ12 indicate
the total runtime for simulating systems (9) and (50). We recall that the maximal step size as discussed in Section 7.1 is given for
the leading-order approximation under the theoretical global error (52) by dtmax

0,y1ε
= O(ε2) and dtmax

0,y10
= O(ε), and for the second-order

approximation under the theoretical global error (53) by dtmax
2,y1ε

= O(ε3) and dtmax
2,y10,ȳ

1
2

= O(ε3/2). Note that we always chose identical

step sizes for the derivation of y10 and ȳ12.
The source code for the numerical integration scheme was written in Python version 3.8.5. The simulations of the systems (6), (9)

and (50) as presented in Tables 3 and 4 were performed on a single core Intel R⃝ CoreTM i5-8250U CPU.
Table 3
Computation times in seconds for y1ε and its leading-order asymptotic expansion y10 for maximally viable step sizes that satisfy the theoretical global error (52).

Computation times (s) and maximal step sizes

ε y1ε dtmax
0,y1ε

y10 dtmax
0,y10

0.52 0.0026 1 × 10−2 0.00028 6 × 10−2

0.53 0.0271 1 × 10−3 0.00059 3 × 10−2

0.54 0.0488 5 × 10−4 0.00182 1 × 10−2

0.55 0.2392 1 × 10−4 0.00266 7 × 10−3

0.56 0.7945 3 × 10−5 0.00590 3 × 10−3

Table 4
Computation times in seconds for y1ε , its leading-order asymptotic expansion y10 and averaged second-order correction ȳ12 for maximally viable step sizes that satisfy
the theoretical global error (53). The step sizes for deriving y10 and ȳ12 were chosen identical.

Computation times (s) and maximal step sizes

ε y1ε dtmax
2,y1ε

y10 ȳ12 dtmax
2,y10,ȳ

1
2

0.52 0.013 2 × 10−3 0.0019 0.0037 1 × 10−2

0.53 0.062 4 × 10−4 0.0069 0.0121 3 × 10−3

0.54 0.303 8 × 10−5 0.0258 0.0408 8 × 10−4

0.55 6.122 4 × 10−6 0.0663 0.1017 3 × 10−4

0.56 23.670 1 × 10−6 0.1838 0.3041 1 × 10−4
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6.2 Conclusion

In this article, we analysed the simplified fast-slow mechanical system in the case of r
fast and n slow degrees of freedom (n, r ∈ N).

The first part comprises the derivation of the second-order asymptotic expansion
of the system’s degrees of freedom. We transformed the fast degrees of freedom into
action-angle variables and analysed appropriately scaled residual terms in the limit
ε → 0. Using weak convergence techniques in connection with the Alaoglu theorem
and the extended Arzelà-Ascoli theorem, we derived sufficiently many relations such
that the second-order asymptotic expansion can be uniquely identified. These relations
are used to show that the second-order asymptotic expansions decompose into terms
that oscillate rapidly and converge weakly∗ to zero in L∞([0, T ]) and terms that trail
the average motion of the second-order correction, which are given as the solution to
an inhomogeneous linear system of differential equations.

In the second part, we analysed the fast subsystem characterised by the energy
function

E⊥ε =
1

2
|żε|2 +

1

2
ε−2

r∑

λ=1

ω2
λ(yε)(z

λ
ε )2,

from a thermodynamic perspective. This subsystem can be regarded as a system of
r harmonic oscillators whose frequencies are slowly perturbed by the evolution of yε.
Because the subsystem is not ergodic, we replaced the time-average in the derivation of
the thermodynamic quantities by an ensemble average which allowed us to define a tem-
perature Tε, an entropy Sε, and an external force Fε that describe the thermodynamic
state of the fast subsystem as a whole.

Based on the second-order asymptotic expansion determined in the first part of the
article, we expanded E⊥ε , Tε, Sε, and Fε which allowed us to analyse the thermodynamic
properties of the fast subsystem on different scales. We found that to leading-order, an
energy relation akin to the first and second law of thermodynamics becomes evident

dE⊥0 =
n∑

j=1

F j0dy
j
0 + T0dS0.

Here, the leading-order entropy expression S0 is constant if and only if all weighted
frequency ratios θλ∗ωλ(y0)/ωµ(y0) (λ, µ = 1, . . . , r) are constant. In this case the fast
subsystem’s dynamics can be interpreted as an adiabatic thermodynamic process. If
at least one of the weighted frequency ratios θλ∗ωλ(y0)/ωµ(y0) is not constant, then
the entropy is not constant, and the dynamics can be interpreted as a non-adiabatic
thermodynamic process.

For fixed (y0, p0), a similar energy relation emerges, on average, at second-order

dĒ⊥2 =
n∑

j=1

F j0dȳ
j
2 + T0dS̄2.

In this case, the averaged entropy expression to second-order S̄2 is not constant, which
allows for an interpretation of the averaged dynamics to second-order as a non-adiabatic
thermodynamic process.
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The last part of the article discusses the viability of the second-order asymptotic
expansion as an approximation to the slow dynamics of the system from a numerical
point of view. By means of a specific test model we first compared the quality of y0 and
y0+ε2(ȳ2+[y2]ε) in approximating yε on short and long time intervals. The result shows
that an approximation of yε with y0 + ε2(ȳ2 + [y2]ε) is superior to an approximation
by y0 alone. We then examined the computation times for deriving yε, y0, and ȳ2 from
their respective evolution equations. To this end we determined the maximal step-sizes
for the numerical derivation of yε, y0, and ȳ2 such that certain theoretical error bounds
are still valid. We found that the calculation of y0 and ȳ2 are, depending on ε, up to
two orders of magnitude faster than that of yε. Moreover, y0 and ȳ2 can be calculated
in parallel. As such, using y0 + ε2(ȳ2 + [y2]ε) instead of y0 in simulations does not
involve any additional calculation time.

This concludes the main findings of the article. Additionally, the author of this
thesis wants to comment on the remark below Lemma 5.9 on page 14 of the article. Here
it says, that “without Assumption 1, the sequence {θλε22} is not necessarily bounded in
L∞([0, T ]). In fact, by Lemma 5.5 and the definition of {θλε227} in the proof of Lemma
5.11, we would have in this case {θλε22} = O(ε−1/2)”. Indeed, according to [114, §1,
Prop. 3] and without the non-resonance Assumption 1, the second-order asymptotic
expansion would take the form

θλε = θλ∗ + ε[θλ1 ]ε + ε3/2θλ3/2 + ε2θλε2 , (6.1)

where

θλ3/2(t) =

{
cλµ t = ti,

0 else,

for some constant cλµ ∈ R. Here, ti ∈ [0, T ] is an impact time such that ωλ(y0(ti)) =
ωµ(y0(ti)) for some µ = 1, . . . , r, λ 6= µ.

The fact that the sequence {θλε22} is not necessarily bounded follows from the prob-
lem of small divisors. The test model does not exhibit any resonances in the limit ε→ 0
and thus the problem of small divisors does not occur. However, by altering the test
model slightly, the problem of small divisors becomes apparent. For instance, consider
a fast-slow mechanical system as described in Section 7 of the article [70] presented in
this chapter, defined on the Euclidean configuration space M = R4. The altered test
model describes the evolution of two fast and two slow degrees of freedom such that
x = (y, z) ∈ R2×R2 = R4. Their dynamics is governed by the Lagrangian as described
in Section 7 of the article, with

V (yε) = 1
2(y1

ε)
4 + 1

2(y2
ε)

4, ω1(yε) = 2.5 + (y1
εy

2
ε)

2, ω2(yε) = 2 + sin(y1
ε), (6.2)

and initial values

yε(0) = (1,−0.5), ẏε(0) = (1, 1.2), zε(0) = (0, 0), żε(0) = (3, 2).

The only difference to the model discussed in [70] is ω1; while in the test model ω1(yε) =
2.5+(y1

εy
2
ε)

2 we have in [70] ω1(yε) = 4+(y1
εy

2
ε)

2. Solving the equations of motion for y1
0

and y2
0, it is evident from Figure 6-1a that the graphs of ω1(y0(t)) and ω2(y0(t)) intersect

at t ≈ 0.76205. At this resonance point we have y0(0.76205) ≈ (0.81309187, 0.58520973)
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and thus [θ2]ε becomes singular (see Figure 6-1b). This is an example of the problem
of small divisors because at this point a division by zero occurs in [θ2]ε.

(a) ω1(y0(t)) and ω2(y0(t)) intersect at the
resonance point ti ≈ 0.76205.

(b) At ti ≈ 0.76205 a division by zero oc-
curs in [θλ2 ]ε.

Figure 6-1: Illustration of the problem with small divisor.

As indicated in the article, the here derived expansion to second-order of θε is not
well-defined. Instead, an expansion similar to (6.1) is necessary, which will subsequently
also affect the resulting second-order expansion.

It is important to note that it is not obvious from the given Lagrangian with V , ω1

and ω2 defined as in (6.2), that y0 is resonant in [0, T ]. Only a special combination of
V , ω1 and ω2 and the initial values leads to resonant behaviour. Even more, only after
the numerical derivation of y0 is it possible to verify whether it exhibits resonances.
This limits the application of the here derived theory considerably.
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Chapter 7

Conclusions of this thesis and
outlook

Molecular dynamics simulations are a class of computer simulations that are powerful
tools used in physics, chemistry, or materials science to analyse physical systems from
an atomistic point of view. Analysing real-world physical systems through all-atom
molecular dynamics simulations typically encounter two problems that impede their
scalability.

Firstly, even small macro-scale systems require the integration of a potentially large
number of particles. Secondly, to replicate the fast molecular vibrations in atomistic
models, a very small step size must be chosen in the numerical integration scheme. Even
more, these problems often compound and are thus the main reason why molecular
dynamics simulations are computationally very expensive.

Technological advancement in terms of speed and size of computers was a major
driving force for the scaling of molecular dynamics simulations in the last decades.
“Moore’s law” had a significant impact on this rapid technological advancement. It
postulates a periodic doubling of transistors on an integrated circuit, which directly
translated into an increase in computer power over the last decades. However, such
exponential growth cannot last forever, and the development in recent years suggests
that the increase of computer power is slowing down.

From a hardware point of view, different directions of further scaling molecular dy-
namics simulations are explored, such as the application of GPUs or TPUs. Likewise,
further improvement of the underlying software, specifically the underlying mathemati-
cal theory, is necessary to further scale molecular dynamics simulations in the following
decades. Such an improvement of the underlying mathematical theory was the funda-
mental force that drove this research project.

In the application of molecular dynamics simulations, one is usually not interested
in analysing the fast micro-scale vibrations but rather in the slow macro-scale confor-
mal motion of the molecule. This provides an opportunity to develop mathematical
formalisms that describe the macro-scale dynamics without resolving the micro-scale
motion.

Fast-slow mechanical systems can be used to model the evolution of dynamical
systems that evolve simultaneously on different scales in space and time. They find
application in the modelling of molecular dynamics, where the fast degrees of freedom
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represent the fast molecular vibrations and the slow degrees of freedom the conformal
motion of a molecule.

Bornemann analysed in [22] a fast-slow mechanical system governed by the La-
grangian

Lε(x, ẋ) = 1
2 〈ẋ, ẋ〉 − V (x)− ε−2U(x), ẋ ∈ TxM. (7.1)

He showed that the family of mechanical systems described by (7.1) converges in the
limit ε → 0 to a system on a slow manifold N = U−1(0) ⊂ M , governed by the
homogenised Lagrangian

Lhom(x, ẋ) = 1
2 〈ẋ, ẋ〉 − V (x)− Uhom(x), ẋ ∈ TxN. (7.2)

Thus, (7.2) can be used to calculate the slow macro-scale evolution of (7.1) in a poten-
tially faster way than directly through (7.1).

In this research project, we analysed a simplified model problem from the class of
fast-slow mechanical systems (7.1). More specifically, we assumed that x ∈ Rm is given
as x = (y, z) ∈ Rn × Rr = Rm, where y are the slow and z are the fast degrees of
freedom of the system, whose dynamics is governed by the Lagrangian

Lε(x, ẋ) = 1
2 |ẋ|

2 − V (x)− ε−2U(x), ẋ ∈ TxM. (7.3a)

We specified the dynamical evolution through the potentials V = V (y) and

U(x) = 1
2 〈H(y)z, z〉 , with H(y) = diag(ω2

1(y), . . . , ω2
r (y)), (7.3b)

where ωλ ∈ C∞(Rn), (λ = 1, . . . , r) are uniformly positive smooth functions. The
submanifold N in this case is given by the linear subspace N = {(y, z) ∈ Rn×Rr : z =
0}.

7.1 Central results of the theory developed in this thesis

Our goal in this research project was threefold. Firstly, we aimed to derive a higher-
order asymptotic expansion of yε, the slow solution to the simplified fast-slow mechan-
ical system. Secondly, we were looking to interpret the system on different scales from
a thermodynamic point of view. Thirdly, we analysed the approximation quality and
numerical viability in simulations of the higher-order asymptotic expansion of yε.

In Chapter 5 we analysed the simplified fast-slow mechanical system in the case of
one fast and one slow degree of freedom, i.e., n = r = 1. In the framework of (7.3), it
provides the simplest fast-slow system that could potentially exhibit thermodynamic
effects and serves as a minimalistic model to explore how to extend the derived results
to a higher-dimensional system.

In Chapter 6 we studied the simplified fast-slow mechanical system in the case of r
fast and n slow degrees of freedom (n, r ∈ N). To derive the second-order asymptotic
expansion we transformed the fast degrees of freedom (zε, żε) into action-angle variables
(θε, φε) which also involved a transformation of ẏε 7→ pε to ensure that the system in
the new variables is symplectic as a whole. The second-order asymptotic expansion for
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the transformed variables is given by

yε = y0 + ε2(ȳ2 + [y2]ε) + ε2yε3,

pε = p0 + ε2(p̄2 + [p2]ε) + ε2pε3,

φε = φ0 + ε2(φ̄2 + [φ2]ε) + ε2φε3,

θε = θ∗ + ε[θ1]ε + ε2(θ̄2 + [θ2]ε) + ε2θε3,

where y0, p0, φ0, and θ∗ are the leading-order terms, [θ1]ε, [y2]ε, [p2]ε, [φ2]ε, and [θ2]ε

are explicitly given rapidly oscillating terms that converge weakly∗ to zero, ȳ2, p̄2, φ̄2,
and θ̄2 are terms that trace the average motion at second-order which are given as the
solution to an inhomogeneous linear system of differential equations, and yε3, p

ε
3 → 0 in

C([0, T ],Rn) and φε3, θ
ε
3 → 0 in C([0, T ],Rr).

The thermodynamic interpretation of the system can be derived by considering the
energy of the fast subsystem

E⊥ε =
1

2
|żε|2 +

1

2
ε−2

r∑

λ=1

ω2
λ(yε)(z

λ
ε )2,

which can be viewed as the energy of r harmonic oscillators whose frequencies are slowly
perturbed by the evolution of yε. In the case of r = 1, the fast subsystem is ergodic.
Therefore, the thermodynamic theory for ergodic Hamiltonian systems developed by
early works of Boltzmann and Gibbs, and later specified by Hertz, can be used to derive
thermodynamic quantities such as a temperature Tε, an entropy Sε, and an external
force Fε. In the case r > 1, the fast subsystem is in general not ergodic. To nevertheless
derive expressions for the thermodynamic quantities the time average in the ergodic case
was replaced by the ensemble average, i.e., an average over uniformly distributed initial
values over the energy surface. With this alteration Tε, Sε, and Fε can be derived in the
non-ergodic case. The second-order asymptotic expansion derived in the first part can
be used to similarly expand the energy E⊥ε = E⊥0 + ε[E⊥1 ]ε + ε2

(
Ē⊥2 + [E⊥2 ]ε

)
+ ε2E⊥ε3 ,

the temperature Tε = T0 +O(ε), the entropy Sε = S0 + ε[S1]ε + ε2
(
S̄2 + [S2]ε

)
+ ε2Sε3,

and the external force Fε = F0 +O(ε), where E⊥ε3 , Sε3 → 0 in C([0, T ]).

We found that to leading-order, the thermodynamic quantities satisfy an energy
relation akin to the first and second law of thermodynamics

dE⊥0 =
n∑

j=1

F j0dy
j
0 + T0dS0. (7.4)

Here, the leading-order entropy expression S0 is constant if and only if all weighted
frequency ratios θλ∗ωλ(y0)/ωµ(y0) (λ, µ = 1, . . . , r) are constant. If S0 is constant, the
leading-order dynamics can be interpreted as an adiabatic thermodynamic process. In
the case of a non-constant entropy, it can be interpreted as a non-adiabatic thermo-
dynamic process. For an adiabatic thermodynamic process, the thermodynamic forces
F j0 coincide with the mechanical force acting on yj0.

Additionally, although away from the limit ε→ 0, a similar energy relation for fixed

150



(y0, p0) can be derived for the averaged second-order terms, i.e.

dĒ⊥2 =
n∑

j=1

F j0dȳ
j
2 + T0dS̄2. (7.5)

In this case, the second-order entropy expression is not constant, and thus, the dynamics
to second-order can be similarly interpreted as a non-adiabatic thermodynamic process.

Finally, we analysed the second-order asymptotic expansion of yε from a numerical
point of view. On the basis of a specific test model, we showed the increased importance
of approximating yε by y0 + ε2(ȳ2 + [y2]ε) instead of y0 alone over short and long time
intervals. Additionally, we compared the computation time for yε, y0, and y0 + ε2(ȳ2 +
[y2]ε). To do so, we determined in each case the maximal step size, so that certain
theoretical error bounds are still satisfied. The test results show firstly that the total
runtime of y0 and y0 + ε2(ȳ2 + [y2]ε) are almost identical. This is not surprising as
the computationally expensive term [y2]ε is given explicitly and the derivation of y0

and ȳ2 can be done in parallel. Moreover, we showed, that the calculation of y0 and
y0 + ε2(ȳ2 + [y2]ε) is, depending on ε, up to two orders of magnitude faster than the
calculation of yε which additionally requires the computationally expensive calculation
of the fast evolution of zε.

7.2 Limitations of the theory

As discussed in Section 4.2.1, the leading-order asymptotic expansion, according to
Theorem 4.1, does not provide a sufficiently good approximation of the conformal
motion of the butane molecule (see Figure 4-3). It is thus desirable to apply the theory
developed in Chapters 5 and 6 to derive a higher-order asymptotic expansion of the
conformal motion of the molecule. In the following, we will analyse why the results of
Chapters 5 and 6 cannot be used directly for this purpose and provide ideas on future
research directions on how to extend the theory to accomplish the desired goal.

A critical step in deriving the slow dynamics of the general fast-slow mechanical
system (1.1) is the introduction of tubular coordinates around the critical submanifold
N ⊂ M . More precisely, if xε ∈ M is a point in the neighbourhood of N , then there
exists a coordinate system such that for yε ∈ N , xε can be represented as

xε = yε + zε, yε ∈ N, zε ∈ TyεN⊥.

Here, zε is of the form zε =
∑r

λ=1 z
λ
ε en+λ(yε), where zλε ∈ C∞([0, T ]) (λ = 1, . . . , r) and

{en+λ(yε)}rλ=1 is a yε-dependent orthonormal basis of TyεN
⊥. Since zε = O(ε), Taylor

expansions and projection operators are used to decouple the dynamics of yε and zε.
To avoid these cumbersome steps, the theory derived in Chapters 5 and 6 is based

on the simplified fast-slow mechanical system (7.3). The relation between these two
systems can be illustrated best if one assumes that the critical submanifold N is a linear
submanifold of a Euclidean configuration space M . In particular, in the case of a linear
critical submanifold, a decomposition of xε into fast and slow motion can be found,
so that their respective evolution equations can be derived as Lagrange’s equations
corresponding to a suitable simplified fast-slow mechanical system as analysed in the
main body of this work. On the other hand, if N is not a linear submanifold of M ,
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the relation can, in general, not be made and the respective evolution equations for the
fast and slow degrees of freedom are not of the form as required by the theory derived
in this work.

In the following, we will discuss an example of how a decomposition of xε into fast
and slow motion can be derived in the case of a linear critical submanifold N so that
the corresponding evolution equations are suitable for the theory derived in Chapters 5
and 6, and how the corresponding evolution equations, in the case of a non-linear
critical submanifold N , are more difficult to obtain.

7.2.1 Differential equations on linear manifolds

Let the critical submanifold N be a linear submanifold of M . Then, zε is given by
zε =

∑r
λ=1 z

λ
ε en+λ, where zλε ∈ C∞([0, T ]) (λ = 1, . . . , r) and {en+λ}rλ=1 is a yε-

independent orthonormal basis of TyεN
⊥. Similarly, yε is given by yε =

∑n
j=1 y

j
εej ,

where yjε ∈ C∞([0, T ]) (j = 1, . . . , n) and {ej}nj=1 is a yε-independent orthonormal
basis of TyεN . In particular, we have in this case that 〈ej , en+λ〉 = 0 for j = 1, . . . , n
and λ = 1, . . . , r. The following example shows how crucial this orthogonality property
is in relating the general and the simplified fast-slow mechanical system.

Example 7.1 (Relation of general and simplified fast-slow mechanical system). Let
x = (x1, x2) ∈ R2 be the solution to the Euler-Lagrange equations corresponding to
the Lagrangian

Lε(x, ẋ) =
1

2
|ẋ|2 − ε−2U(x), with U(x) =

1

2
(x1 − x2 − r0)2. (7.6)

This potential is of the form as discussed in Section 4.2 with ψ1(x) := x1 − x2 − r0,
and thus the critical submanifold is given by N = {x = (x1, x2) ∈ R2 : ψ1(x) = 0}.
Let e1 = (1, 1)T and e2 = (1,−1)T . It follows, that span{e2} = TxN

⊥ and with
Dψ1(x) = e2, that the Hessian of U is given by H = Dψ1 ⊗ Dψ1. It can be easily
shown, that He1 = 0e1 and He2 = 2e2, and thus for x ∈ N ,

kerH = span{e1} = TxN, rangeH = span{e2} = TxN
⊥.

The projection matrices P and Q are given by P = 1
2e2 ⊗ e2 and Q = 1

2e1 ⊗ e1, and
the smooth spectral decomposition takes the form H = 2P .

With xε(0) = x∗ := (r0, 0)T and ẋε(0) = (1, 2)T the solution to the Euler-Lagrange
equations corresponding to (7.6) is given by

xε(t) = x∗ +
3

2
te1 −

ε

2
√

2
sin(
√

2ε−1t)e2.

Theorem 4.1 can be applied to derive the homogenised Lagrangian

Lhom(x, ẋ) =
1

2
|ẋ|2 − Uhom(x), with Uhom(x) = θ∗ω1(x),

where θ∗ = 1/(4
√

2), ω1(x) =
√

2, xhom(0) = x∗, and ẋhom(0) = 3/2e1. The solution of
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the homogenised system takes the form

xhom(t) =
3

2
te1 + x∗.

It is evident that the decomposition of xε into fast and slow degrees of freedom is given
by

yε(t) =
3

2
t and zε(t) = − ε

2
√

2
sin(
√

2ε−1t).

The relation with the simplified fast-slow mechanical system can be made with the
ansatz xε = x∗ + yεe1 + zεe2. In particular, the transformed Lagrangian is of the form
given by (7.3), i.e.

Lε(y, z, ẏ, ż) =
1

2
ẏ2 +

1

2
ż2 − ε−2U(y, z), with U(y, z) =

1

2
ω1(y)z2.

The initial conditions become yε(0) = 0, ẏε(0) = 3/2, zε(0) = 0, żε(0) = −1/2, and the
corresponding Euler-Lagrange equations read

ÿε = 0, z̈ε = − 2

ε2
z,

from which yε and zε can be derived. Note, that from this point onwards, the theory
derived in Chapters 5 and 6 can be used to derive the second-order asymptotic expan-
sion of yε and zε and similarly, a thermodynamic interpretation follows naturally. This
relation between general and simplified fast-slow mechanical system can similarly be
observed in the model studied by Li and Reina in [81]. 4

Important in the relation between the general and simplified fast-slow mechanical
system is the equation

|ẋε|2 = ẏ2
ε + 2ẏεżε 〈e1, e2〉+ ż2

ε = ẏ2
ε + ż2

ε ,

where 〈e1, e2〉 = 0 was used. This is a consequence of the assumption that the critical
submanifold N is a linear submanifold of the configuration space M . In the case of
the butane molecule, the critical submanifold N is not linear. This is evident from
the x-dependence of the eigenvalues ωλ(x) (λ = 1, . . . , 5) that characterise the fast
molecular vibrations of the butane molecule [22, §. 2.1]. We will see that in this case,
the relation between the general and simplified fast-slow mechanical system cannot be
made, and thus the theory derived in Chapters 5 and 6 cannot be applied to expand
the conformal motion of the butane molecule to higher-orders in ε.

7.2.2 Differential equations on nonlinear manifolds

Let g(x) = (g1(x), . . . , gr(x))T be a smooth map and let the critical submanifold N be
given as the level set of g(x) = 0, i.e., N = {x ∈ Rm : g1(x) = 0, . . . , gr(x) = 0}, which
is in general a nonlinear submanifold of M . Let us consider the differential equation
on N given by

ẋ = f(x), x(0) = x0, (7.7)
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where f(x) ∈ TxN for all x ∈ N . Since explicit solutions are often not available for
such differential equations, one usually aims to derive numerical solutions instead. To
derive a numerical solution to the differential equation on N , two common classes of
methods can be applied: numerical methods based on local coordinates or based on
projection operators. The following discussion of these methods follows the summary
presented in [50].

Numerical method based on local coordinates

The first method often used in the numerical derivation of a solution to a differential
equation on manifolds is based on local coordinates. For this method it is assumed
that the slow manifold N is locally parametrised by x = η(y). If x is a solution to

ẋ = f(x), (7.8)

and y is a solution to
ẏ = Dη(y)+f(η(y)), (7.9)

where for a linear operator A, the term A+ is defined as A+ := (ATA)−1AT , then the
solutions to (7.8) and (7.9) are related via x(t) = η(y(t)). Let the function

ϕ : Rm → Rm; x 7→ (x1, . . . , xn, g1(x), . . . , gr(x))T ,

be a local diffeomorphism of a neighbourhood Uy ⊂ Rm around y ∈ N . Then, on
W = {y ∈ Rn : (y,0) ∈ ϕ(Uy)} the local parametrisation η is given by η(y) = ϕ−1(y,0).
Although the coordinate chart (Uy, ϕ) exists locally for every y ∈ N (under certain
regularity assumptions), it is in practice often very difficult to derive ϕ−1, and thus
this method is only of limited use.

Numerical method based on projection operators

The principle of the projection method is to apply any numerical integration method
to the differential equation (7.7) without focusing specifically on the submanifold N .
For example, let x̃n ∈ N be the coordinate after the nth time step in the Euler method.
Then, with f(x̃n) ∈ Tx̃nN , one has in general, x̃n+1 = x̃n + hf(x̃n) /∈ N , where h is
a small step size. To ensure, that x̃n+1 is close to a point xn+1 ∈ N , the following
additional constrained minimisation problem

‖xn+1 − x̃n+1‖ → min subject to g(xn+1) = 0,

has to be solved. The standard approach is to introduce Lagrange multipliers, λ =
(λ1, . . . , λr)

T and consider the Lagrangian

L (xn+1, λ) =
1

2
‖xn+1 − x̃n+1‖2 − g(xn+1)Tλ. (7.10)

The projection onto N then becomes evident by considering the Euler-Lagrange equa-
tions corresponding to (7.10) and by noting that Dg(x) ∈ TxN⊥:

xn+1 = x̃n+1 +Dg(x̃n+1)Tλ, g(xn+1) = 0.
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Here, xn+1 is replaced with x̃n+1 in Dg(x) in order to save some evaluations in Dg(x).
The SHAKE and the RATTLE algorithm [38, 42, 99, 100] provide a way by which
to calculate λ and thus correct x̃n+1 in the direction Txn+1N

⊥ until dist(x̃n+1, N) is
sufficiently small.

Figure 7-1: Schematic representation of the SHAKE and RATTLE algorithms.

This method based on projection operators is very general, and no direct knowledge
about the submanifold N is necessary.

7.3 Further extensions of the developed theory

It is conceivable to adapt the developed theory to previous works which focus on the
analysis and homogenisation in time of fast-slow systems as presented, for example, in
Section 4.3. However, in view of this thesis’ author, the most promising extension of the
developed theory can be found in the analysis of the mechanical dynamics of molecules,
such as the butane molecule. The dynamics of the butane molecule (see Section 4.2.1),
represented by the four CH groups in three spatial dimensions, can be described as a
trajectory in the Euclidean configuration space M = R12. The critical submanifold N
of the fast-slow mechanical system describing the dynamics of the butane molecule is a
nonlinear manifold in M . Theorem 4.1 can be applied to derive a homogenised system,
which describes the dynamics of the conformal motion of the molecule. To simulate
this conformal motion, the corresponding Euler-Lagrange equations must be solved on
the submanifold N . However, as presented in Section 4.2.1, the resulting motion on
N does not sufficiently describe the original conformal motion of the molecule (see
Figure 4-3), and thus a higher-order asymptotic expansion of the dynamics on the
critical submanifold N is desired.

Such a higher-order asymptotic expansion of the dynamics of yε requires to do some
calculus on the submanifold N ; after all, some notion of y0 + ε2(ȳ2 + [y2]ε) should be
defined on the submanifold. Thus, a theory of asymptotic expansion of functions on
general smooth manifolds is necessary. Unfortunately, it seems that this problem did
not attract much attention in the mathematical community. In the case of a linear
submanifold, calculus can easily be done, and the theory developed in the main body
of this work can be applied. In the case of a nonlinear submanifold N , a coordinate
chart is necessary to locally do calculus. However, finding an explicit form for the
coordinate chart is often very difficult (cf. [80]). To the best of this thesis’ author’s
knowledge, no coordinate chart is available that describes the critical submanifold of
the butane molecule and thus no equations of motion can be derived to apply the
theory introduced in the main body of this work. Even if such a coordinate chart was
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available, the resulting equations of motion are most likely not of a suitable form to
apply the derived theory.

The following discussion will clarify these problems and suggest possible solutions
that form a basis for potential future research projects.

7.3.1 Further extension based on local coordinates

If a local parametrisation xε = η(θε) of the critical submanifold N of the butane
molecule is available, then an asymptotic expansion of θε can be derived to approximate
xε ∈ N . In particular, if the leading-order term θ0 is available with x0 = η(θ0) ∈ N
and the second-order asymptotic expansion θ0 + ε[θ̄1]ε + ε2[θ̄2]ε, derived by the theory
developed in the main body of this work, such that x̃ε = η(θ0 + ε[θ̄1]ε + ε2[θ̄2]ε) ∈ N ,
then x̃ε is a better approximation of xε on N then x0 alone.

However, finding such a local parametrisation is very difficult and is the topic
of future investigation. Moreover, even if one could find such a parametrisation, an
application of the theory derived in Chapters 5 and 6 is likely to be challenging because
the Lagrangian describing the dynamics of θε is not of the form of the simplified fast-
slow mechanical system (7.3). This problem is probably best demonstrated for the
model of a spring pendulum [83, p.7f], which bears similarity to the interaction of two
connected CH groups of the butane molecule.

Example 7.2 (Local coordinates of the spring pendulum). The spring pendulum con-
sists of a light spring fixed to a vertical plane free to rotate about it and a mass m on
the other end moving under the influence of the spring and gravity.

Figure 7-2: Illustration of the spring pendulum.

The Hamiltonian is given by

H(x, y, px, py) =
1

2m
(p2
x + p2

y) +mgy +
k

2
(r − a)2,

where (x, y) denote the horizontal and vertical component of the position of the mass
relative to the fixed end of the spring, r =

√
x2 + y2 and (px, py) the component of the
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momentum. For k = ε−2, the equations of motion are given by

ẋ =
px
m
, ṗx = − 1

ε2
(r − a)

x

r
,

ẏ =
py
m
, ṗy = −mg − 1

ε2
(r − a)

y

r
.

For ε→ 0, the motion will be constrained to a slow submanifold, where the spring
has a fixed length a. The slow manifold can then be parametrised by the angle θ0 of
the pendulum to the downward vertical and the angular momentum pθ0 = xpy − ypx
can be expressed as

x = a sin(θ0), px =
pθ0
a

cos(θ0),

y = −a cos(θ0), py =
1

pθ0
sin(θ0).

The resulting Hamiltonian describes the dynamics of a rigid pendulum, parametrised
by the slow degree of freedom θ0:

H0 =
1

2ma2
p2
θ0 −mga cos(θ0).

To derive a full decomposition into fast and slow degrees of freedom, we introduce
(r, pr), i.e., the radius and the radial moment pr = (xpx + ypy)/r as the fast degrees of
freedom. The transformed Hamiltonian is then of the form

Hε =
1

2m

(
p2
θ

r2
+ p2

r

)
−mgr cos(θ) +

1

2ε2
(r − a)2. (7.11)

Notice, however, that the resulting Hamiltonian, and thus the related Lagrangian, is
not of the form of the simplified fast-slow mechanical system (7.3), and thus a higher-
order asymptotic expansion of θε according to the theory developed in Chapters 5 and 6
cannot be derived directly. Especially the nonlinear coupling of pθ and r is not treated
by the theory developed in this thesis. However, this system can be homogenised with
Theorem 4.1 due to the possibility of defining a suitable metric which describes the
nonlinear coupling. 4

As the example shows, the theory derived in Chapters 5 and 6 cannot be applied.
An extension to mechanical systems on general Riemannian manifolds, similar to the
general fast-slow mechanical system (1.1) is necessary to analyse systems governed by
a Hamiltonian of the form (7.11) so that a higher-order asymptotic expansion of the
slow degrees of freedom can be derived.

7.3.2 Further extension based on projection operators

Since the local parametrisation of a submanifold is in general not readily available, and
even if it was available, the Lagrangian might not be of the form of the simplified fast-
slow mechanical system (7.3), the most promising method to derive a more accurate
description of the slow dynamics of the butane molecule is via a careful extension of
Theorem 4.1 together with an extension of the SHAKE and RATTLE algorithm.
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To illustrate a possible extension of the theory derived in Chapters 5 and 6, one
could first consider an analogous problem where the local parametrisation is known.
For instance, for x = (x1, x2) ∈ R2, let us analyse the mechanical system

Lε(x, ẋ) =
1

2
|ẋ|2 − ε−2U(x), ẋ ∈ TxN,

where

U(x) =
1

2
(x2

1 + x2
2 − 1)2,

with initial values xε(0) = (1, 0)T and ẋε(0) = (1, 1)T . Then, the critical submanifold
is given by N = {x = (x1, x2) ∈ R2 : x2

1 + x2
2 = 1}. With ψ1(x) = x2

1 + x2
2 − 1, one has

for x ∈ N , D2U = 4P +0Q where P = x⊗x and Q = x⊥⊗x⊥. Moreover, for ω(x) = 2
and θ∗ = 1/4, the homogenised Lagrangian on N is thus given by

Lhom(x, ẋ) =
1

2
|ẋ|2 +

1

2
, ẋ ∈ TxN,

and the initial values read xhom(0) = (1, 0)T and ẋhom(0) = (0, 1)T . The solution to
the homogenised system is given by x0(t) = (cos(t), sin(t)).

To derive a solution for ε > 0 on N , it will be of the form yε = (cos(φε), sin(φε))
T .

This implies that only a higher-order asymptotic expansion of φε is necessary, which
can be derived, for instance, through a multiple-scale expansion. This information can
be used to derive an algorithm which does not use the local parametrisation of N , but
instead only uses knowledge about ψ1, similar to the SHAKE or RATTLE algorithm.

To this end, a multiple-scale expansion as discussed in Section 4.1.2 can be used.
With y0 known, xε can be expanded in the basis vectors spanning Ty0N and Ty0N

⊥.
Then, similar to equation (4.23), xε can be projected with P1 onto Ty0N , to keep only
the slow component of the higher-order asymptotic expansion of xε. Finally, an orthog-
onal projection onto N using P2 can be done via methods analogous to the SHAKE
or RATTLE algorithm. The following illustration 7-3 sketches this idea. The obtained

Figure 7-3: Sketch of a possible extension of the SHAKE and RATTLE algorithm.
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knowledge can then possibly be transferred to derive the second-order asymptotic ex-
pansion of the conformal motion of the butane molecule.

7.3.3 Further extension of the thermodynamic interpretation

The thermodynamic results derived in this thesis provide further insight into the ther-
modynamic interpretation of fast-slow mechanical systems. For fast-slow systems with
ergodic fast subsystems as discussed in Sections 4.4.1 and 4.4.2, it was shown that the
slow dynamics can be separated from the fast dynamics. This separation can be used
to accelerate the simulation of the slow dynamics of the system in particular because
the leading-order entropy expression, describing the collective dynamics of the fast
subsystem, is constant. We analysed if similar results can be derived in a higher-order
asymptotic expansion of the dynamics of the simplified fast-slow mechanical system.

To leading-order, such a separation together with a constant entropy was found only
in cases where the frequency functions of the fast subsystem satisfy certain resonance
properties. The reason for this characteristic difference is that the fast subsystem of
the simplified fast-slow mechanical system is, in general, not ergodic. This is due to
the diagonal structure of the potential, which does not allow for an energy exchange
in the fast subsystem. Future research projects might focus on analysing fast-slow
mechanical systems with more complex potentials, particularly potentials, which allow
for an exchange of energy between the fast degrees of freedom to ensure ergodicity.

The second-order asymptotic expansion provides a first look into the thermody-
namic analysis of fast-slow mechanical systems away from the limit ε→ 0. Although it
provides a more realistic description of the system, more research can provide further
interpretation of the resulting terms and thus potentially improve the simulation of
these systems. The discovery of thermodynamic relations at different orders (see (7.4)
and (7.5)) can be seen as a step into nonequilibrium territory. It is a priori not clear
why such relations across different orders hold. Natural steps for future research are
to examine if such relations hold true to higher-order and extend to other systems.
Finally, a direct analysis of the general fast-slow mechanical system from a thermody-
namic point of view might provide insight into the thermodynamic interpretation of
mechanical systems evolving on general Riemannian manifolds.
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