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Chapter 0

Introduction

The modern world is filled with internet enabled devices. Where we used to
depend on paper record we now rely on digital back ups. Connecting to the inter-
net used to be a priviledged luxury; it is now an essential part of many industries.
Climate change needs our society to reduce high emission travel, to do this busi-
nesses need alternative ways to communicate. Those methods of communication
rely on strong internet connections. The recent COVID-19 pandemic has shown
us just how vital it is to be able to connect with each other when we can not
be in the same place as shown by Király, Potenza, Stein, et al. in [1]. But it is
not just our wellbeing from social interaction that has relied on the internet dur-
ing the pandemic. Businesses have relied on internet communication to continue
working and education has continued online. In order for these internet services
to function users need to receive a strong enough connection for their devices to
work.

In this thesis I will investigate the possible approaches for modelling the prop-
agation of elctromagnetic waves that support WiFi. I will then discuss the issues
with current available models and improvements which can be made.

I then go on to develop the theory of ray launching and my own ray launch-
ing method i. My ray launching method takes a generalised approach outputting
information necessary to compute the power but not the power itself. I will show
that this significantly reduces the time taken to compute the power for multiple
parameter sets. An additional advantage of this method is that it enables us to

iRay launching is the method of using straight lines to find the pathways of waves.
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compute functions which otherwise could only be numerically estimated.
I will show the suitability of this method for optimisation problems. I demon-

strate an analytic optimisation approach using a Lagrange multiplier approach for
discovering the best choice of antenna gains. I then discuss two possible numerical
approaches to optimising the transmitter location which can be used in isolation
or for improved results in combination.

The main result from this thesis is the development of the generalised approach
to ray launching. This approach opens the field up to more areas of research and
speeds up computations in existing areas.

10



Chapter 1

Problem context

Wireless internet communications first entered homes in 1997 [2]. Since then
society has become increasingly more dependent on the internet. Studies [3, 4]
by the office for national statistics showed that between 1998 and 2020 the per-
centage of households with internet access in the UK increased from 9% to 96%.
This high level of demand for wireless communication has resulted in the develop-
ment of faster and stronger connections. Understanding the propagation of WiFi
and predicting coverage makes it quicker and cheaper for industry to develop new
technologies - in contrast to extensive physical experiments.

Recent technology developments have led to wireless communication using
higher frequency waves, smaller cells, and smart antennas. This project looks
at frequencies from 2.4 GHz and higher, where wavelengths are in the range of
centimetres to millimetres. Current systems are usually below 6 GHz, but there
is technology being developed which uses 30 GHz, even 60 GHz, and light (lifi).
Although this newly developed technology uses 60 GHz the aim for this project is
to develop a model which works for higher frequencies to maintain validity for
future technology.

Recent announcements from Offcom in [5, 6] show an increase in the availabil-
ity of the frequency ranges (5 GHz− 6 GHz) and (100 GHz− 200 GHz) for commu-
nication. The extension of the frequency range increases the need for propagation
models which can accurately model electromagnetic waves as these frequencies.

Wireless communication is a key feature in the majority of British homes. The
trend towards using higher frequencies in technologies results in higher atten-
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uation transmitting through objects. To understand this attenuation more it is
necessary to develop a model which can predict the power coverage within the
home.

With the new technology current propagation models face problems with accu-
racy and run times since the wavelengths are so small and often the parameters are
tuned to fit lower frequency measurements. This project will focus on developing
a propagation model that is valid for the small wavelengths.

The project is a Case project joint funded by the Smith Institute and BT.

1.0.1 Industrial partner statement from BT

“BT has millions of customers with wifi homehubs, and envisages a future
in which these will be replaced by 4G femtocells. The frequencies involved
are 2.4 GHz and 5GHz for wifi, and 800 MHz and 3.4GHz for 4G. Typically,
one cell has to provide coverage for a complete house. This means that a
better understanding of how the signal propagates between rooms and floors
is crucial to predicting the service levels which can be provided. Also, the cell
location is usually not ideal (being constrained to a telephone socket position
low on the ground floor), so any research which can predict where better
locations might be is potentially very useful. Thus, BT strongly supports this
project as part of its long-term research strategy."

1.1 The goals of this thesis

The goal of this thesis is to propose a method suitable for modelling the channel
from the propagation of electromagnetic waves in an indoor environment. Multi-
dimensional channel modelling models many aspects of electromagnetic waves as
they travel, such as the angle of arrival, time delay and power. This information is
needed for MIMO (multi-input-multi-output problems), this thesis’ primary focus
is on the field strength and power at the receiving antenna. The model used
should be suitable for frequencies of 2.6 GHz and higher. In the development
of the model I will clarify many of the ambiguous details currently found in ray
launching literature. I have developed a generalised model. I refer to this as the
generalised ray launching method.
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1.1.1 The aim of the generalised ray-launching (GRL) method

The generalised ray-launching method aims to get the information from the
rays which is needed to calculate the electromagnetic field. This information in-
cludes information about how the rays travel around the environment and the
angles and obstacles the rays intersect, this is stored for all the voxels the rays
travel through. Having information, rather than adding field values, means func-
tions of the electromagnetic field can be computed without computing the field
itself. Keeping this history also means that a variation in one parameter does not
require rerunning the an entire simulation.

I use a mesh Ω̂ to discretise the environment Ω, each voxel in Ω̂ has a corre-
sponding sparse matrix. This is stored as a dictionary of sparse matrices, and can
be used as a multi-dimensional array. Each sparse matrix contains the history of
the rays which entered the corresponding voxel in the mesh, to account for all

interactions. The number of rows is Na =

 NRe︸︷︷︸
number of
reflections

NRa︸︷︷︸
number of

rays

+1

 and the number

of columns is Nb =

 NSur︸︷︷︸
number of
surfaces

NRe + 1

. The dictionary of sparse matrices Ω̂ is

the ray-launcher output from the method which is denoted Y (Ω) ∈ CNxNyNzNaNb.
Nx,Ny and Nz are the number of pieces the domain is split into in the x, y and z

axes respectively.

Y (Ω) contains the angles the rays hit the obstacles, and the distance the rays
travelled to the grid point from the source. The positioning of the terms in Y (Ω)

indicates which obstacles in the environment were hit, by which rays and the angle
they were hit with.

Most propagation simulations calculate power but suppose instead the user
wants a different property given by a function of the power. Denote the power
by P (Y (Ω̂), par) this is calculated using the information from the GRL method
Ω̂ and additional information about the obstacle and antenna properties which
will be referred to as “par". Suppose a user wants to compute another function
f(P (Y (Ω), par)), such as the average power or maximum or minimum power.
Then instead of finding P then f , they can be combined into g and the users
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desired output can be found in one evaluation,

g(Y (Ω), par) = f(P (Y (Ω), par)).

This is particularly useful for maximising f over par as it shows how the inputs
par go into g.
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1.1.2 Thesis outline

This thesis can be separated into parts, the ray launching theory, the ray launch-
ing simulations, the optimisation theory and optimisation simulations. To aid
the reader in navigating the thesis I have constructed a chart of dependencies.
Throughout the thesis there are some chapters which consider several variations
in cases. I will outline these in a similar way in these chapters.

There is a large amount of notation used for calculations and illustrating code,
to help the reader I have included a table of notation table A.1.

The interdisciplinary nature of the project has occasionally lead to conflicting
standards in notation. It is for the benefit of readers from a mathematical and
engineering background that I have tried through out the thesis to define where
engineering and mathematical notation is used. One of the most frequent conflicts
that occurs is the use of the imaginary number; I have adopted the convention of
using the notation i in this thesis.

Problem con-
text chapter 1

Background of
the problem
chapter 2

Problem State-
ment chapter 3

Ray-launching
calculations
chapter 4

The algorithm
structure of the
GRL method
chapter 5

Case studies for
ray simulations
chapter 6

Optimisation
theory chap-
ter 7

Simulations for
optimisation
calculations
chapter 8

Future Work
chapter 9

Conclusions
chapter 10

Figure 1.1.1: Outline of the dependencies of chapters within the thesis
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Chapter 2

Background of the problem

In this section I will review the background to the indoor Wifi propagation
problem. This will incorporate a literature review.

2.1 Summary of current approaches

The models described in this project consider electromagnetic wave propaga-
tion. They are used to predict the strength of the wave emanating from a source
over the environment in which the wave is propagating.

Iskander and Yun gave a good review in [7] of the methods for modelling
high-frequency electromagnetic wave propagation. There was also a more specific
review article Fuschini, Vitucci, Barbiroli, Falciasecca, and Degli-Esposti in [8]
comparing propagation models for indoor propagation, in this review Fuschini,
Vitucci, Barbiroli, Falciasecca, and Degli-Esposti address the need for computing
the multidispersive characteristics which come with calculating the field as op-
posed to calculating the signal to noise ratio which can be faster to calculate but
less informative. Here I use the work from both reviews to summarise empirical
models (section 2.1.1), statistical models (section 2.1.3), and theoretical models
(section 2.2). Since then there has been further development into the wave models
for the frequency ranges(2.4 GHz to 30 GHz), including more work on theoretical
models (section 2.2), using the volumetric equivalence principal, ray-tracing, fi-
nite difference and finite element and boundary element methods and statistical
models (section 2.1.3).
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2.1.1 Empirical model

Empirical models for propagation assume the model takes a certain form and
then determines the parameters in the model by taking measurements. These
models often assume a quadratic loss with distance from the transmitter, originat-
ing from the idea of loss over a sphere of propagation as discussed in section 3.4.1.
In many cases the measurements do not match this model due to the additional
loss occurring from obstacle interactions, in cluttered environments this is often
accounted for by increasing the power in loss over distance to 1

rp
an example of

this can be found in [9]. These are fairly simple and fast to run but performing
experiments to take the measurements can cost a lot both financially in equipment
and in time. Another disadvantage of these models is that they cannot be used for
different environments since the parameters are tuned to a dataset. As a result
this makes it difficult to use these models for evaluating the quality of wireless
communication coverage, since it is not clear whether a result which is good for
one domain will transfer to well to a different domain.

The Okumura and Hata models [10, 11] are two of the most popular empirical
models. However, they both hold only for frequencies much lower than those of
interest to this project; 150 MHz − 1920 MHz, 150 MHz − 1500 MHz respectively.
Many other empirical models use the Okumura and Hata approach, then adapt
the model to the scenario being considered. Extensive measurements have been
made to determine the loss in various spacees, for example in [12–16]. These
approximations work well for open uncluttered environments but wave effects
such as reflection, transmission and diffraction have an increased impact on prop-
agation when considering indoor environments due to the closed and cluttered
environment. In [17], Bose and Heng Foh adapt an Okumara-Hata model to an
indoor propagation scenario identifying receiver locations. Indoor propagation
for high frequency was modelled by Cai, Zhang, Zhang, Fan, Li, and Pedersen in
[18], however these results are very specific to the environment measured, and it
is difficult to translate the results to improve understanding for a different envi-
ronment. A full 3D model for indoor-indoor propagation is considered by Ullah,
Kamboh, Hossain, and Danish in [19] but this model is based on measurements,
so it is difficult to determine how the model will vary if a different location is used.
This model also requires the receiver location to be known, which makes under-
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standing coverage over an entire environment very computationally expensive.
Models considering the case of no line of sight path are considered in [20, 21] by
Zhao, Li, and Shi, Ali, Razak, Hidayab, Azman, Jasmin, and Zainol. These em-
pirical approaches provide good models for specific types of environment, but the
aim within this project is to build a model which is not rigid to the environment.
To use the above approaches would involve building a framework incorporating
many models, this would still have the restriction of not being suitable for future
technologies.

The radio communications sector of the International Telecommunications Union
(ITU-R) has some recommendations for modelling electromagnetic propagation.
The models in these recommendations are empirical models which are derived
from field measurements much like the propagation models discussed above. The
recommendations give formulas for calculating electromagnetic propagation but
do not include the derivations of the models. The set of recommendations most
closely related to the problem in this project is [22] and [23]. These recommen-
dations cover frequencies of 30MHz to 100GHz and therefore cover the ranges
of interest to this project. These standards do not provide recommendations for
future technology which could consider higher frequencies.

In [23] Radio communications sector, ITU (ITU-R) consider short-range prop-
agation outdoors, the smallest scale they consider is propagation within streets,
with buildings being considered as one obstacle. These distances are larger than
the distances being considered inside a building in this project and the properties
of the domain are very different since the environment is not closed.

In [22] ITU-R consider indoor domains so the distances and the physical prop-
erties of the obstacles are similar to those considered in this project. There are
measured coefficients for the power loss through transmission, and reflection,
from different materials which may be useful as input parameters to the model
(chapter 5). However the equations recommended are empirical. They have a
general model, with coefficients in the formulas, which have been calculated by
taking measurements at multiple sites then finding the best fit. This model gives
an estimate for the power loss, but does not give an idea of the difference in
coverage between environments which could be done by using statistical mod-
els (section 2.1.3). For specific sites they recommend that new measurements be
taken. For this project a suitable model would be one which can be adapted to
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different environments and give us an idea of the differences between the envi-
ronments. It is for this reasons the power loss equations they give will not be used
in this project.

2.1.2 Machine learning

Some attempts have been made to improve on empirical models using machine
learning [24–26]. The use of machine learning has mostly been used in a similar
way to the empirical models. Assuming a certain form for the propagation then
using machine learning to estimate the parameters. This field has potential for
being very useful and reducing the quantity of measurements required, however
if the initial model is assumed wrong the machine learning can not make up for
this. I urge caution when using these models; the reliability of the data is key to
a successful outcome. If data driven models are used on an environment with dif-
ferent characteristics, to that in which the data was taken, then the model maybe
incorrectly calibrated. The nature of machine learning makes it difficult to pick up
these sorts of errors.

2.1.3 Statistical models

Due to the lack of knowledge about the physical parameters which determine
the environment recent research has looked to model these properties stochasti-
cally. Models for the time delay in communicating between antennas have had
significant contributions from Turin, Clapp, Johnston, Fine, and Lavry, Suzuki,
Hashemi, Saleh, Hata, and Valenzuela in [27–30] respectively. But this project has
a stronger interest in the average coverage over time.

A probabilistic approach from Budaev in[31] is applied to the transport equa-
tion and the Helmholtz equation which together model wave propagation. This
approach can be used to upgrade results from classical ray-tracing. However this
approach does require detailed information about the boundary in order to formu-
late boundary conditions; this approach does not lend itself well to investigating
different materials of the boundary and different antenna types.

When the phase change is modelled randomly using ray-tracing each point is
the sum of random vectors with the amplitude being of interest. Abdi, Hashemi,
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and Nader-Esfahani in [32] find a closed form expression of the envelope proba-
bility density function of the sum of sinusoids. This closed-form is given both as
an indefinite integral and an infinite Laguerre series. The advantage of this form
is that it avoids time consuming Monte-Carlo simulations.

2.2 Analytical models

Electromagnetic wave propagation can be modelled using Maxwell’s equations
for electromagnetism (more details in section 3.1). The finite difference time do-
main (FDTD) method, is one process for approximating solutions to this. Another
new method for approximating solutions to Maxwell’s equations is volume electric
field integral equation (VEFIE) methods.

From Maxwell’s equations the Helmholtz equation (2.2.1) can be derived for
the case of monochromatic waves in a homogeneous media. The Helmholtz equa-
tion for a variable φφφ with wavenumber k is,

∆φφφ+ k2φφφ = 000. (2.2.1)

It is not always possible to find an exact solution to the Helmholtz equation.
Therefore, there are many numerical methods which are used to find approximate
solutions, such as the boundary element method (BEM), the finite element method
(FEM), and ray-tracing. Research in this area is fairly extensive and methods have
been used to approximate wireless communication coverage, such as[33, 34].

In the case of the integral equation methods (BEM, VEFIE), fast multipole
methods can be used to speed up the simulations [].

I will briefly overview FDTD approximations to solutions for Maxwell’s equa-
tions and FEM and BEM approximations to solutions to the Helmholtz equation.
It is assumed that the reader already has a knowledge of standard FDTD, FEM and
BEM methods; I will explain VEFIE methods more since these are specific to mod-
elling electromagnetism. I will discuss the ray-tracing method more thoroughly
than the other methods since this is the most commonly used method for high-
frequency WiFi propagation modelling and I will be using the method as part of
my model in this thesis.
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2.2.1 Finite difference time domain (FDTD) method for Maxwell’s

Equations

Gorce, Runser, and Roche in [35] predict WiFi coverage by using a FDTD
method to approximate solutions to Maxwell’s equations. Their method requires
the mesh spacing to be smaller than the wavelength divided by six. This very small
mesh size has the result that they do not run their simulation for frequencies of
2.4 GHz and above due to the computational load. Instead they use their method
on a lower frequency as a process of understanding coverage areas, rather than
predicting them.

Rodríguez Sánchez, Enciso Aguilar, Sosa Pedroza, et al. in [36] use FDTD to
predict the coverage for 2.45 GHz frequency, however, to be able to do this with
good accuracy their method requires a mesh size smaller than 2.04 cmi. In the case
of a large environment the number of elements required to approximate the wave
field becomes very large, since the number of elements is xmax−xmin

h
∗ ymax−ymin

h
∗ zmax−zmin

h

= (xmax−xmin)∗(ymax−ymin)∗(zmax−zmin)
h

. Although their method successfully manages to
predict the coverage in the environment it is at a high computational cost making
it an unsuitable approach for this project, especially since I want to be able to
make predictions at frequencies higher than this and use the prediction as part of
an optimisation process. This approach is not used since the frequencies of interest
are 2.4 GHz.

2.2.2 Computational cost of solving the Helmholtz equation

A constant number of degrees of freedom per wavelength is needed to approx-
imate solutions of the Helmholtz equation (2.2.1).

On a one-dimensional mesh with mesh size h and a piecewise polynomial with
fixed degree the total number of degrees of freedom ∼ 1

h
. In d-dimensions a

piecewise polynomial on a d-dimensional mesh with fixed degree has the total
number of degrees of freedom ∼ 1

hd
.

To accurately approximate oscillatory functions with wavelength 2π
k

on such

iA wave with frequency 2.45 GHz in free space where light travels at 2.992 792 458× 109 m s−1

has wavelength λ = 2.992 792 458 × 109 ms−1

2.45 × 109 Hz
≈ 1.2 cm. Therefore the mesh spacing given by the

wavelength divided by six is h = 1.2 cm
6 ≈ 2.04 cm.
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an approximation space I need 2π
k
∼ h, i.e. h ∼ 1

k
. Therefore the total number

of degrees of freedom for a numerical method approximating solutions to the
Helmholtz equation in d-dimensions is O(kd).

The up-front computational cost for FD and FEM numerical methods is there-
fore at least O(kd). When using BEM to solve a d-dimensional problem to get
approximations to the solutions on a (d − 1)-dimensional domain and therefore
the cost is proportional to kd−1. Ihlenburg [37, pages 132-134] shows that the
cost for FEM is in fact larger than kd due to a pollution term. This is shown
specifically for the FEM by Ihlenburg and Babuška, in [38], where they show for a
one-dimensional model the numerical error is polluted, when k2h is not small.

Finite element method & boundary-element method

The finite element method (FEM) is a common method for approximating so-
lutions to the Helmholtz equation. However it is more commonly used for ap-
proximating acoustic and lower frequency problems. In [39, pages 147-154], Jin
describes the use of the finite element method for modelling electromagnetic prop-
agation in three dimensions, however, this is a formulation not a simulation and
does not consider the computational load of implementing the method.

The boundary element method (BEM) is very similar to the finite element
method using elements to solve the integral equations with boundary values.
In[40] Kagami and Fukai use the boundary element method to reduce the num-
ber of elements required in comparison to the finite element method. Salon and
D’Angelo, Salon in [41, 42] use a hybrid of FEM and BEM to get more accurate
results for propagation.

The fast multipole method can also be combined with BEM to speed up the
computations as shown in [43–47].

In the case of modelling high frequency electromagnetic propagation FEM and
BEM are often rejected in favour of faster methods due to the constraints on the
spatial resolution.

The FEM and BEM methods encounter a problem at the high frequencies which
are considered in this project since the wave number k becomes very large and
therefore the number of mesh points required becomes large as described in the
computational cost described in section 2.2. In the cases when the wavelength
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gets very small, this makes computing the numerical approximation very difficult.

These methods also struggle with complicated geometries and require the do-
main to be known and defined. Since this project considers complicated domestic
environments where not all parameters are known, this makes these approaches
unsuitable.

This project is looking to develop a model that extends to the frequencies much
higher than 2.4 GHz which will work on complicated geometries, therefore these
methods are not used.

2.2.3 Volume electric field integral equations

The volume electric field integral equations (VEFIE) are derived from Maxwell’s
equations. This is a developing area of interest exploiting the volumetric equiva-
lence principle [48, pages 92-94]. The volumetric equivalence principle replaces
the point source with an equivalent source using the conservation laws of electric
charge and magnetic flux. Kavanagh and Brennan explore the accuracy of VEFIE
in [49–51] where they look to improve the time compared to computing a full
wave equation solution whilst trying to stay as accurate. They use a Green’s func-
tion approach to get the volume problem and solve for the electric field converting
the results to power at the end. Their key outcome is that they yield results with
similar accuracy to FDTD methods but with improved computational efficiency.
Applying the method of moments to the VEFIE approach in [51] enables the use
of the fast Fourier transform which also speeds up the computation time for the
simulations.

Kavanagh and Brennan look at a wide range of frequencies, ranging up to
2.4 GHz in their preliminary investigation [49] then upto 3 GHz [50]. Then a fuller
validation for 10 MHz to 3 GHz, for 2D models in [52] and more details on the 3D
version of VEFIE in [53]. In their preliminary investigation [49] they compare
their results to those from ray-tracing and in [50] they compare to experimental
measurements. In both they find there is a good agreement between the two
results. These models experience similar problems with mesh spacing to the FDTD
methods. Since this project is interested in frequencies higher than 3 GHz further
investigation will be required to justify whether the two methods still have a good
agreement.
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Although the integral equation approach for VEFIE and BEM can be sped up
using fast multipole methods and the method of moments there is a limit to the
speed up these can provide. The computational cost of the methods therefore re-
mains high in order to keep the accuracy of simulations the same as the frequency
gets higher.

2.2.4 Ray-tracing approximation for the Helmholtz equation

The idea of the method is to solve for the high-frequency limit to the solution
to the Helmholtz equation. This is done by decomposing the wave problem into
a path calculation and a field or power calculation (section 3.2). The first part
considers the pathway; this is modelled using straight lines (or rays) as an ap-
proximation to the waves. The rays are reflected within the environment and in
many models the geometric theory of diffraction [54] (GTD) and uniform theory
of diffraction [55] (UTD) are used to model diffraction as well. The trajectories of
the rays are then used to make approximations of the amplitude and phase of the
wave.

There are commercial packages for ray-tracing such as Wireless InSite [56]
which is reviewed by Šuka, Simić, and Pejović in [57]; however, since the method
isn’t shown used in these packages I can not improve upon them, hence they are
not used in this project.

New technology and smart antennas implement the use of high frequency
(2.4 GHz to 6 GHz) waves. The change towards this frequency range makes the
ray-tracing approximation a suitable model for wifi coverage (section 3.4).

Performing a full ray tracing model in a 3D environment can be computation-
ally costly. 2D approaches in many outdoor environments can get good approxi-
mations. The lack of ceiling outdoors results in the role of reflections in the z-axis
playing a less significant factor in the propagation path than for indoor propa-
gation. Examples of 2D ray-tracing approaches which have given good results
when compared to measurements can be found in [58, 59]. There are several
approaches which approximate the 3D model by taking a 2D approach and ex-
tending it. These are often referred to as 2.5D or 2D plus models. Examples can
be found in [60–63]. These models work best in outdoor environments, since this
research is focused primarily on indoor propagation I will focus on building a full
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3D model.

The shooting and bouncing ray method (SBR) [64–68] is one of the most
popular ray tracing techniques. The method was originally developed for mod-
elling propagation within a cavity but has since become a standard ray tracing
method for many environments. The initial application of the method traces rays
around a cavity until they return to the opening of the cavity. Many rays are traced
and the combination of their paths is used to determine the total field at the cav-
ity opening. In a noncavity environment the rays are bounced and traced until
they reach either a known receiver location, or an end criteria such as a maxi-
mum reflection number or minimum field/power value. The computational cost
of this method is high but it is very good at providing coverage results. Adaptions
to the method can be used to account for the space between rays and to avoid
any double counting such as those discussed in later in this section.There are also
approaches to reduce the computational cost of this method. For example using
space divisions to reduce the number of objects the intersection test requires, these
approaches determine the cell a ray hits then test for intersections on obstacles
within that cell, and some examples can be found in [7, 69–71]. A similar ap-
proach to the space divisions is to use bounding volumes, in this approach instead
of stepping through cells the intersection tests are performed with all bounding
volumes, followed by then determining the intersection object within the volume,
examples can be found in [72, 73].

The image method [7] finds the image point of a receiver with respect to
an object and uses this to find the reflection point which joins the receiver to
the transmitter. If the image point cannot be joined to the transmitter without
another intersection then a second image point is considered. This is continued
iteratively until there is a path between the receiver and transmitter. The approach
for finding the reflection point is similar to the approach in chapter 4, however,
I do not move the point to join up with a receiver location. Some techniques
for improving the speed of this method are mentioned in [7], the first being the
hybrid method. The image method can be used as a way to find a path between
a known receiver and transmitter. One of the most popular methods for speeding
up ray tracing is to use visualisation areas or visualisation trees. These methods
preprocess the environment to determine which obstacles can be hit in sequence
to each other. When then completing the ray tracing the intersections only need to
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be tested with obstacles that can be hit following the previous obstacle. Examples
of these visualisation area techniques can be found in [74, 75].

The hybrid method [76–78] uses an initial run of the SBR method with fewer
rays. This then identifies a possible set of obstacles for each ray. The image method
can then be applied to the set of obstacles given by the SBR method. This method
works well when the receiver location is known, since rays implemented by the
image method need only be the ones which correspond to those found to reach the
receiver in the SBR method. Another form of hybrid method combines ray-tracing
with wave solver methods. Examples of this approach can be found in [79–81]

Two other approaches for speeding up ray-tracing involve pre-processing the
environment. These methods include using an angular buffer [82, 83] and visible
layers [69, 84–87]. Both of these methods reduce the number of objects on which
the intersection test needs to be performed, but they rely on the location of the
receiver being known.

These approaches to ray-tracing help to improve the speed and accuracy of the
result given a specific environment. Considering a more general environment with
uncertainty about the obstacles, the ray-tracing method can be used to initialise
statistical models (section 2.1.3).

Ray cones

To account for wavefronts, the rays are often described by cones, examples of
these cones can be found in [88–90]. Hewett analysed these wavefronts in [91]
where different junctions in a Manhattan geometry are considered and the wave-
fronts from ray-tracing with plane reflections are analysed. The Manhattan ge-
ometry provides a predictable repetitive environment which lends itself well to
the theoretical analysis they complete. However, I want to be able to model clut-
ter and scatterers which have a less patterned layout. This paper also considers
a probabilistic approach within a ray cone. Although Hewett is considering an
acoustic rather than electromagnetic problem, both problems can be modelled by
the Helmholtz equation, and Hewett is using rays as the high-frequency approxi-
mation which is similar to ray-tracing in the electromagnetic problem.
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Figure 2.2.1: Rays which have travelled distance r from a source point, with ray
cones of widths ρ which overlap.

The shape of the cones used in ray-tracing changes between models, different
cone shapes encounter different issues with overlapping, under-counting and com-
putation time. A standard cone shape with an end given by a circle in the plane
normal to the ray (Figure 2.2.1), has an error due to the points on the edge of the
circle not being distance r from the centre of the sphere. The error is amplified by
the presence of double counting. Double counting occurs when the ray cones over-
lap and the points present in both cones are accounted for multiple times (over
lap shown in Figure 2.2.1). More complicated shapes can be constructed to avoid
this, these shapes tessellate with each other to ensure no overlapping and as a
result no double counting, unfortunately these can methods be expensive to com-
pute and they are difficult to parallelise. Methods for avoiding double counting
are discussed in section 2.2.4.

Alternative shapes for ray cones are often referred to as ray tubes [67, 89, 92].
The problem of forming ray tubes is very similar to the problem of tessellating
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a sphere found in weather prediction [93]. Using ray tubes avoids the problem
of double counting, however creating these tessellating tubes is computationally
difficult and can create further issues at reflection as the ray tubes struggle to
locate the edge without the neighbouring ray reflecting with the same surface.
The existing ray-tube methods all characterise every point on the surface of the
ray tube by the path of the ray at the centre of the tube. This means that all
points on the surface of the tube are stored as having the reflection history of the
ray and having travelled the distance the ray travelled. This results in the points
on the tube surface which are not on the ray having the incorrect distance and
reflection angles assigned to them. In section 4.3 I look at how to construct ray
cones and how to avoid distance errors for points on the cone. The distance eror
is of particular improtance when considering phase interactions between wave
fronts. I will also discuss a method for avoiding double counting which is adapted
from [94] for a generalised coverage problem. Removing the distance error and
double counting error removes the need for perfectly tessellating ray-tube; I can
therefore reduce the computational complexity by using cones. Using a standard
cone shape instead of a pefectly tessellating ray-tubes also makes the method more
parallelisable.

Double counting

Yun, Iskander, and Zhang in [94] came up with an approach to help to avoid
the double counting of rays as a result of ray cones. As rays intersect obstacles the
co-ordinate of their intersection is stored in a sequence of intersection points. After
reflection when a ray is received at a receiver the sequence of intersection points
is compared with previous intersection sequences already stored at that receiving
location. This sequence is referred to as the characteristic sequence. If the se-
quences match then double counting has occurred and the repeated occurrence is
not stored. Their approach stores an array containing all characteristic sequences
and the term corresponding to the total received field. The comparison of charac-
teristic sequences occurs as each ray is detected by the receiver, if a double count is
detected then the ray being considered is not stored. I will use a similar approach
to avoid instances of double counting. The variation in the approach is that I am
considering coverage over an environment not just a receiver location, instead of
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comparing intersection co-ordinates I will compare the object number sequences
of the intersected obstacles.

The coverage problem requires that every possible receiver location in the envi-
ronment must be able to determine if double counting is occurring and prevent it.
Another result of this coverage requirement is that the check must be performed
at every ray step not just at a final receiver location. Finally, one of the main
variations in my approach is that information is stored for each ray separately,
this allows us to not only prevent double counting at the point of storage but to
determine as a post processing check that double counting definitely didn’t occur.
It should be noted that this approach is only valid when considering reflections
with planar obstacles. If an obstacle is characterised by a curve then it is possible
that multiple rays have the same obstacle intersection sequence and return to the
same point. The curved surfaces could be approximated a using piecewise lin-
ear approximation this removes this double counting issue and allows the use of
the intersection sequence checks, however, there will be an error resulting from
the piecewise approximation and the increase in obstacle pieces will increase the
computational time of the intersection calculations.

Ray launcher requirements

Since I will be using ray launching as part of my own model I will outline some
of the key points required in a ray launcher. I will focus on the needs when pre-
dicting coverage over an environment and not consider a known receiver location.

1. Rays should span the whole environment.

• No line of sight paths should be missed.

2. Rays should be reflected.

• Any ray which has a significant impact on the power at a position should
be included regardless of the number of reflections that have occured.

3. Rays which intersect edges should be diffracted.

4. Rays which intersect rough surfaces should be scattered.
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5. When a ray intersects an obstacle part of the ray should travel through the
obstacle and part of the ray should be reflected. This should be accounted
for in transmission and reflection coefficients.

6. No paths should be counted twice.

7. Phase should be accounted for on the rays so that constructive and destruc-
tive interference is considered.

8. The gain from transmitting and receiving antennas should be related to the
direction the ray leaves the source.

9. The method should detect if a ray hits no obstacles and leaves the environ-
ment.

10. The method should take advantage of repeated ray paths when con-
sidering the same environment with varying antenna type or obstacle
materials.

2.3 Difficulties with current approaches

In summary to chapter 2 there are many different approaches to modelling
electromagnetic wave propagation. These approaches encounter different prob-
lems when considering them within the scope of this project.

The numerical methods used for solving the Helmholtz equation and Maxwell’s
equations have a computational cost which grows with the wavenumber k. Empir-
ical methods are only valid for the domain where the measurements were taken.
This leaves ray-tracing as a natural method since the cost is independent of the
wavenumber k, although many rays or complicated cone structures are needed to
get an accurate solution. An additional issue is that ray-tracing does not encom-
pass all the properties of the wave propagation to fully integrated diffraction and
scattering into ray-tracing is very challenging. It is also very sensitive to domain
changes and becomes computationally expensive when attempting to model in
three dimensions.

Ray-tracing and empirical models are the main sources of modelling for the
2.4 GHz frequency propagation. Historically most modelling has been done on
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outdoor domains for lower frequencies since this is useful for cellular connections.
It is assumed that for lower frequencies (< 2.4 GHz) the loss indoors is fairly low
and therefore there is less need to model it than in the cases of larger domains
or higher frequencies. Recent developments in engineering have produced new
antennas which have the facility to radiate at much higher frequencies than pre-
viously (60 GHz and higher). At these frequencies the signal suffers more from
penetration loss through objects. A model which predicts this propagation indoors
is therefore beneficial to making this technology widely available. This project
looks to adapt and build on a ray-tracing and ray-launching approaches to create
a model which predicts the propagation of these ultra-high frequency waves and
can then be used to optimise the location of the source.

The aim of this project is to analyse the accuracy of ray-tracing methods and
then extend and develop the methods into useful predictive tools which can be
used in a domestic user environment.
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Chapter 3

Problem Statement

3.1 Electromagnetism

Wireless communication uses electromagnetic waves to transmit information.
The physical laws for electromagnetism are given by Maxwell’s equationsi. The
derivation below follows the work by Cessenat in 1996 [96] with additional steps
included in the formulation in order to gain an understanding of the equations
modelling electromagnetism.

For the domain Ω ⊆ R3Maxwell’s equations are as follows in equations (3.1.1a)
to (3.1.1d):

− ∂

∂t
( D︸︷︷︸

electric
flux

density

) +∇× H︸︷︷︸
magnetic

field

= J︸︷︷︸
current
density

Maxwell Ampère law, (3.1.1a)

∂

∂t
( B︸︷︷︸

magnetic
flux

density

) +∇× E︸︷︷︸
electric

field

= 000 Maxwell Faraday law, (3.1.1b)

∇ · D = ρ︸︷︷︸
charge
density

Gauss electrical law, (3.1.1c)

∇ · B = 0 Gauss magnetic law, (3.1.1d)

D, E, H, B ∈ R3 arevector fields depending on space and time which are defined
on Ω × R = {(x, b)|x ∈ R3, b ∈ R}. The terms ρ ∈ R and J ∈ R3, and are also

iUsing the international system of units [95]
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defined on Ω×R. The current and charge densities must also satisfy conservation
of charge:

∂

∂t
(ρ) +∇ · J = 0.

Since this project considers electromagnetic propagation in an indoor environ-
ment the domain Ω is free-space; using the electrical engineering terminology,
free-space in this context is air. I assume that air acts as a vacuum and therefore
there’s no conduction. Therefore the waves travel at the speed of light c, permittiv-
ity is ε0 and permeability is µ0. The permeability relates the magnetic flux density
to the magnetic field in the medium [97, page 22]. The permittivity relates the
electric flux density with the electric field in the medium [97, page 23]. The values
for these parameters in free space are given in table 3.1.

Table 3.1: Free space parameters

*Parameter Notation Value Unit Source *

*Permeability in
air

µ0 4π10−7 H m−1 [98, Page 26] *

*Permittivity in
air

ε0
1

36π
10−9 F m−1 [98, page 26] *

*Speed of light c0 2.998 ∗ 108 m s−1 [99] *

When the permittivity and permeability of a medium are complex the imag-
inary components account for the loss through the medium [97, pages 22-23].
No conduction means this loss does not occur and therefore the permeability and
permittivity constants in this instance are real.

The following conditions in equations (3.1.2a) and (3.1.2b) then apply to the
electric flux density, electric field, magnetic flux density and magnetic field:

D = ε0E, (3.1.2a)

B = µ0H. (3.1.2b)

Since c0 is the speed of light it satisfies c2
0 = 1

µ0ε0
. Substituting equation (3.1.2)

into equation (3.1.1) yields the following equations:

− 1

c2
0

∂E
∂t

+∇× B = µ0J, (3.1.3a)
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∂B
∂t

+∇× E = 000, (3.1.3b)

∇ · E =
ρ

ε0
, (3.1.3c)

∇ · B = 0. (3.1.3d)

Using that ∇ × ∇ × E = −∆E + ∇(∇ · E)ii, and the equations in equa-
tions (3.1.3a) to (3.1.3d), the following wave equations hold:

− 1

c2

∂2

∂t2
E = −∆E +∇

(
ρ

ε0

)
+ µ0

∂J
∂t

, (3.1.4a)

− 1

c2

∂2

∂t2
B = ∆B−∇× (µ0J). (3.1.4b)

3.1.1 Monochromatic Waves

Consider the case where the waves are in a steady state and the frequency is not
changing, these waves are called monochromatic then with ω being the angular
frequency and t the time, the electric and magnetic fields can be written asiii:

E(x, t) = eiωtẼ(x), (3.1.5a)

B(x, t) = eiωtB̃(x). (3.1.5b)

Substituting the electric field and the magnetic flux density from equations (3.1.5a)
and (3.1.5b) into equations (3.1.4a) and (3.1.4b) then gives the following,

eiωt∆Ẽ = −ω2 e
iωt

c2
0

Ẽ +∇
(
eiωtρ

ε0

)
+ µ0e

iωt∂J
∂t

+ eiωtiωµ0J,

eiωt∆B̃ = −ω2 e
iωt

c2
0

B̃−∇×
(
µ0e

iωtJ
)
.

iiUsing the mathematics convention for the vector laplacian ∆uuu =∇(∇ · uuu)−∇× (∇× uuu) and
the scalar laplacian ∆ψ =∇ ·∇ψ which is often denoted∇2 in the engineering literature.

iiii denotes the imaginary number which maybe more commonly known as j for engineers
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Multiply by e−iωt to give the following equations,

∆Ẽ +

(
ω

c0

)2

Ẽ =∇
(
ρ

ε0

)
+ µ0

∂J
∂t

+ iωµ0J,

∆B̃ +

(
ω

c0

)2

B̃ = −∇× (µ0J).

Rescale the co-ordinates x by the length scale L such that Lx = XXX. This length
scaling is used to quantify the computational cost of numerical implementations
using restrictions on the mesh spacing as described in section 2.2.2, an appropriate
length scale would therefore be the maximum length of a straight line contained
within the environment. In terms of the new co-ordinates the equation (3.1.6)
becomes,

L2∆Ẽ +

(
ω

c0

)2

Ẽ =∇
(
ρ

ε0

)
+ µ0

∂J
∂t

.

L2∆B̃ +

(
ω

c0

)2

B̃ = −∇× (µ0J).

Divide equation (3.1.7) by L2 and let φφφ be Ẽ or B̃. Define the nondimensional
wave number k by,

k =
Lω

c
. (3.1.8)

The term k is the scaled wave number describing the pattern of the wave within a
unit environment. The scaling of k makes the term dimensionless. In section 3.5.2
I discuss the typical values for k and the lengthscale restrictions which ensure k to
be large. In the case studies in chapter 6 the exemplar wavenumber is 2.405× 101.
This is a fairly conservative estimate for k since technologies are developing for
smaller wavelengths and most environments would be larger than 3, therefore
more simulations will have k > 2.405× 101 which means the assumption that
k >> 1 is valid.

Modelling the antenna as a point source for all points away from the source
the region is considered source free and the charge and current are therefore zero
in this region (i.e., J = 0, ρ = 0 [96]) and the following holds:

∆φφφ+ k2φφφ = 000, φφφ ∈ {B̃, Ẽ}. (3.1.9)

The equation (3.1.9) is known as the vector Helmholtz equation.
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3.2 Derivation of the Eikonal equation from the

Helmholtz equation

The following derivation shows that in the high frequency case (frequencies
are considered high if their corresponding wavelength is two orders of magnitude
smaller then the length scale describing the environment i.e. L

λ
> 102) solutions

to the Eikonal equation approximate solutions to the Helmholtz equation. This
is particularly useful for this problem since k is large as shown in section 3.5.2,
chapter 6, and table 6.1.

Take the Helmholtz equation (3.1.9) from section 3.1:

∆φφφ+ k2φφφ = 0.

Since both the electric and magnetic field satisfy the Helmholtz equation inde-
pendent of each other they can be modelled separately. Let φφφ(x) be either the elec-
tric or magnetic field, i.e., φφφ ∈ {B̃, Ẽ}. Use the WKB ansatz defined in [100, 101]
that φφφ(x) can be decomposed into its strength (uuu(x) ∈ R3) and phase (S(x) ∈ R)
such that

φφφ(x) = uuu(x)eikS(x). (3.2.1)

Take the Laplacian ∆ of φφφ(x) from equation (3.2.1) to giveiv

∆φφφ(x) = ∆uuu(x)eikS(x) − k2|∇S(x)|2uuu(x)eikS(x)

+ 2ik(∇S(x) ·∇)uuu(x)eikS(x) + ikuuu(x)∆S(x)eikS(x). (3.2.2)

Substitute the expression for ∆φφφ(x) from equation (3.2.2) into equation (3.1.9) to
get

∆φφφ(x) + k2φφφ = eikS(x)

(
∆uuu(x)

+
(

2ik (∇S(x) ·∇) + ik∆S(x)− k2|∇S(x)|2 + k2
)
uuu(x)

)
. (3.2.3)

ivThe notation (∇a(x) ·∇)bbb corresponds to the vector where the jth term of the vector is given
by [(∇a(x) ·∇)bbb]j =∇(bbbj(x)) ·∇a(x)
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To consider the behaviour for large k approximate uuu(x) by expanding in powers
for i

k
to obtain the following expansion for φφφ(x)

φφφ(x) ∼
∞∑
m=0

uuum(x)

(
i

k

)m
eikS(x) = eikS(x)

(
uuu0(x) +

i

k
uuu1(x)− 1

k2
uuu2(x) + ...

)
.

(3.2.4)
Substitute the expansion for φφφ(x) from equation (3.5.4) into equation (3.2.3) to
get

∆φφφ(x) + k2φφφ = eikS(x)

(
∆uuu0 (x) +

i

k
∆uuu1(x)− 1

k2
∆uuu2(x) + ...

+ 2ik (∇S(x) ·∇)uuu0(x)− 2 (∇S(x) ·∇)uuu1(x)

− 2i

k
(∇S(x) ·∇)uuu2(x) + ...

+ i k∆S(x)uuu0(x)−∆S(x)uuu1(x)− i

k
∆S(x)uuu2(x) + ...

− k2
(
|∇S(x)|2 − 1

)
uuu0(x) + ik

(
|∇S(x)|2 − 1

)
uuu1(x)

−
(
|∇S(x)|2 − 1

)
uuu2(x) + ...

)
. (3.2.5)

Collect terms from equation (3.2.5) with the same order of k to get the following
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system of equations

O(k2) : eikS(x)

(
1− |∇S(x)|2

)
uuu0(x) = 000, (3.2.6a)

O(k) : eikS(x)

((
1− |∇S(x)|2

)
uuu1(x)

+ i

(
2 (∇S ·∇)uuu0(x) + ∆S(x)uuu0(x))

)
= 000,

O(k0) : eikS(x)

(
∆uuu0(x) +

(
1− |∇S(x)|2

)
uuu2(x)

−
(

2 (∇S ·∇)uuu1(x) + ∆S(x)uuu1(x)

))
= 000,

O(k−1) : eikS(x)

(
i∆uuu1(x)−

(
1− |∇S(x)|2

)
uuu3(x)

− i
(

2 (∇S ·∇)uuu2(x) + ∆S(x)uuu2(x)

))
= 000.

Since the amplitude of the wave given by uuu(x) is nonzero the term uuu0(x) 6= 000.
The system of equations in equation (3.2.6) can therefore each be solved in turn
starting with equation (3.2.6a). This gives the following system of equations

O(k2) : 1− |∇S(x)|2 = 0, Eikonal equation

O(k) : ∆S(x)uuu0(x) + 2 (∇S ·∇)uuu0(x) = 000,

O(k0) : ∆uuu0(x)− (∆S(x)uuu1(x) + 2 (∇S ·∇)uuu1(x)) = 000 (3.2.7a)

O(k−1) : ∆uuu1(x)− (∆S(x)uuu2(x) + 2 (∇S ·∇)uuu2(x)) = 000. (3.2.7b)

Continuing this process for the expansions for higher powers of 1
k

gives the same
form of equation for uuum(x) as equations (3.2.7a) and (3.2.7b), which is

O(k−m) : ∆uuum(x)− (∆S(x)uuum+1(x) + 2 (∇S ·∇)uuum+1(x)) = 000, ∀m ∈ N.
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Therefore the system of equations can be written as

O(k2) : 1− |∇S(x)|2 = 0, Eikonal equation (3.2.8a)

O(k) : ∆S(x)uuu0(x) + 2 (∇S ·∇)uuu0(x) = 000, (3.2.8b)

O(k−m) : ∆uuum(x)− (∆S(x)uuum+1(x) + 2 (∇S ·∇)uuum+1(x)) = 000, ∀m ∈ N.

(3.2.8c)

Equation (3.2.8a) is the Eikonal equation and equations (3.2.8b) and (3.2.8c) are
the transport equations for uuum(x). The Eikonal equation is a first-order nonlinear
partial differential equation for S(x). Using the theory of characteristics [102,
pages 12-16] I will now construct solutions to this equation.

Definition 3.2.1 (Wavefront).
The wavefronts W (x) of a solution to the Helmholtz equation (3.1.9) with the form
φφφ(x) = uuu(x)eikS(x), are the surfaces with S(x) =constant.

Definition 3.2.2 (Ray).
The rays parameterised by υ corresponding to a wavefront W (x(υ)) (defini-
tion 3.2.1), are the curves orthogonal to W (x(υ)).
i.e., Let φφφ(x) = uuu(x)eikS(x) be a solution to the Helmholtz equation (3.1.9), set
γ(x) to be an arbitrary proportionality factor. Denote the spatial variable in each
dimension by xl. Then S(x) and υ satisfy the orthogonality conditionv:,

dxl
dυ

= γ(x)
dS

dxl
, l = 1, 2, 3. (3.2.9)

Proposition 3.2.1. The rays defined by definition 3.2.2 are straight lines when S(x)

is a solution to the Eikonal equation (3.2.8a).

The following proof is based on the work of Keller and Lewis in [103, pages
3-10]. I have also used the work of Kra�vtsov and Orlov in [104, pages 9-13] and
Friedlander in [105, pages 15-20] in understanding the details. The proof has
been taken from [103] with additional details included and notation varied. This
proof uses a simplification of the method of characteristics.

Proof. A ray parameterised by υ must satisfy the orthogonality condition with S(x).
This condition is expressed as

dxl
dυ

= γ(x)
dS

dxl
. (3.2.9)

vThis is for the three dimensional case. In d dimensions l = 1, ..., d.
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n

n

W (υ0)

W (υ)

W (υl)

ray

Figure 3.2.1: Rays parameterised by υ pass through wavefronts the
W (υ),W (υl),W (υ0). The vector n is normal to the tangent of the wavefront.

The rays orthogonal to the wavefronts are shown in Figure 3.2.1. Divide both
sides of equation (3.2.9) by γ and then differentiate with respect to υ to get

d

dυ

1

γ

dxl
dυ

=
d

dυ

dS

dxl
. (3.2.10)

An application of the chain rule to the right-hand side of equation (3.2.10) then
yieldsvi

d

dυ

1

γ

dxl
dυ

=
3∑

m=1

d

dxm

(
dS

dxl

)
dxm
dυ

. (3.2.11)

Substituting dxl
dυ

from equation (3.2.9) into the last term of equation (3.2.11) gives
the following

d

dυ

1

γ

dxl
dυ

=
3∑

m=1

d

dxm

(
dS

dxl

)
γ
dS

dxm
. (3.2.12)

The terms d
dxl

and d
dxm

in equation (3.2.12) can be interchanged to get

d

dυ

1

γ

dxl
dυ

=
3∑

m=1

d

dxl

(
dS

dxm

)
γ
dS

dxm
. (3.2.13)

Using that f df
dy

= 1
2
d
dy

(f 2) the right-hand side of equation (3.2.13) can be written
as

d

dυ

1

γ

dxl
dυ

=
γ

2

d

dxl

3∑
m=1

(
dS

dxm

)2

. (3.2.14)

viFor d dimensions sum to d instead of 3. This must be done for all the following sums in this
section.
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The term
∑3

m=1

(
dS
dxm

)2

is equal to |∇S|2. It is key that φφφ = uuueikS(x) is a solution
to the Helmholtz equation (3.1.9) and therefore from the work at the start of this
section S(x) solves the Eikonal equation (3.2.8a). Hence |∇S|2 is 1. Substitute
this into equation (3.2.14) to get

d

dυ

1

γ

dxl
dυ

=
γ

2

d

dxl
(1) . (3.2.15)

Without loss of generality γ is independent of x and is therefore chosen to be 1.
Evaluating the d

dxl
term in equation (3.2.15) then integrating with respect to υ

gives the following
dxl
dυ

= ψ1.

Here ψ1 is a constant. Integrating again then gives the following equation for xl

xl = ψ1υ + ψ2.

The term ψ2 is another constant. Hence the equation of the ray is a straight line
when S(x) satisfies the Eikonal equation (3.2.8a).

Remark 3.2.1. When γ = 1 as chosen in the proof for proposition 3.2.1,
|
∑3

m=1
dxm
dυ
| = |∇S(x)| = 1. The parameter υ in the definition 3.2.2 is hence the

arc length.

To solve for S(x) recall that

d

dυ

(
S(x(υ))

)
=

3∑
m=1

dS

dxm

dxm
dυ

. (3.2.16)

Substitute in the orthogonality condition from equation (3.2.9) with γ = 1 to the
right-hand side of equation (3.2.16) to get

d

dυ

(
S(x(υ))

)
=

3∑
m=1

(
dS

dxm

)2

. (3.2.17)

Since (∇S(x))2 =
∑3

m=1

(
dS
dxm

)2

and S(x) satisfies the Eikonal equation (3.2.8a)
the derivative of S(x(υ)) with respect to υ is 1. The equation (3.2.17) therefore
becomes

d

dυ

(
S(x(υ))

)
= 1. (3.2.18)
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Integrating equation (3.2.18) with respect to υ gives the following expression for
S(x(υ))

S(x(υ)) = S(x(υ0)) +

∫ υ

υ0

1dυ′,

= S(x(υ0)) + υ − υ0. (3.2.19)

Remark 3.2.2.

Equation (3.2.19) shows that the change in S per unit travelled along the ray is
1 when S(x) satisfies the Eikonal equation (3.2.8a). This is consistent with physics
since the refractive index in air is very close to 1. In a different medium with refractive
index n the equation (3.2.8a) becomes |∇(S)|2 = n2. As a result equation (3.2.19)
becomes S(x(υ)) = S(x(υ0)) + n(υ − υ0). This shows that the change in phase S
per unit travelled along the ray in a different medium is n and the larger n the more
rapid the change in phase. This is consistent with the expectations from physics.

n

n

W (υ0)

A(υ0)

W (υ)

A(υ)

ray

Figure 3.2.2: Ray parameterised by υ going through the wavefronts which the
ray is orthogonal to. A(υ)0 and A(υ)give the area of the ray at the points υ and υ0

respectively.

The next step is to use the transport equations to observe how the amplitude
of the field changes along the ray. The following proof is based on [106].
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Proposition 3.2.2. Let S(x) ∈ C satisfy the Eikonal equation and let a ray be defined
by definition 3.2.2 with γ = 1.

If the initial term of the wave amplitude uuu0(x(υ)) in equation (3.5.4) and S(x)

satisfy the transport equation (3.2.8b), then uuu0(x(υ)) can be expressed in terms of
uuu0(x(υ0)) at another point υ0 on the ray and the ratios of the area of the ray at the
two points. i.e uuu0 at υ is

uuu0(υ) = uuu0(υ0)

(
dA(υ0)

dA(υ)

) 1
2

Proof. Since uuu0(x) and S(x) satisfy equation (3.2.8b), they must also satisfy

∇ ·
(
|uuu0(x)|2∇S(x)

)
= |uuu0(x)|2∆S(x) +∇

(
|uuu0(x)|2

)
·∇S(x).

Rewriting the right-hand side and then taking out a term of uuuT0 (x) then gives

∇ ·
(
|uuu0(x)|2∇S(x)

)
= uuuT0 (x) (uuu0(x)∆S(x)) + 2uuuT0 (x) (∇S(x) ·∇)uuu0,

= uuuT0 (x) (uuu0(x)∆S(x) + 2 (∇S(x) ·∇)uuu0) . (3.2.20)

Using equation (3.2.8b) the right-hand side of equation (3.2.20) is zero, i.e.,

∇ ·
(
|uuu0(x)|2∇S(x)

)
= 0. (3.2.21)

Let a wavefront in a neighbourhood of x(υ) be denoted by W (υ) and similarly
a wavefront in a neighbourhood of x(υ0) be denoted by W (υ0). Let F be the tube
between W (υ) and W (υ0) such that the boundaries of F are rays (Figure 3.2.2).
Take a ray going from υ0 to υ corresponding to the wavefronts W (υ0) and W (υ),
and consider a tube of rays containing the original (Figure 3.2.2). Integrate equa-
tion (3.2.21) over F to get

0 =

∫
F

∇ ·
(
|uuu0(x)|2∇S(x)

)
dV . (3.2.22)

Apply Gauss Theorem [107, Chapter 6.2] to equation (3.2.22) to get

0 =

∫
W (υ)

(
|uuu0(υ′)|2∇S(υ′)

)
· ndA(υ′)−

∫
W (υ0)

(
|uuu0(υ′)|2∇S(υ′)

)
· ndA(υ′).

(3.2.23)
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Since (|∇S|)2 = 1, (∇S · n) = (|∇S|)2 = 1, and therefore ∇S · n = ±1. Take the
positive case and substitute this into equation (3.2.23) to get∫

W (υ)

|uuu0(υ′)|2dA(υ′)−
∫
W (υ0)

|uuu0(υ′)|2dA(υ′) = 0. (3.2.24)

Since |uuu0|2 is locally continuous on any region A(υ) ⊂ W (υ) equation (3.2.24)
gives the following

|uuu0(υ)|2δA(υ) = |uuu0(υ0)|2δA(υ0). (3.2.25)

Rearrange equation (3.2.25) to get an expression for the field at υ

|uuu0(υ)| = |uuu0(υ0)|
(
δA(υ0)

δA(υ)

) 1
2

. (3.2.26)

Passing equation (3.2.26) to an appropriate limit I get

|uuu0(υ)| = |uuu0(υ0)|
(
dA(υ0)

dA(υ)

) 1
2

. (3.2.27)

Equation (3.2.27) gives the first component of the amplitude of the field at υ.
This component is given by the first component of the amplitude of the field at υ0,
multiplied by the square root of the ratio of the area of the ray on the wavefronts.
This shows that the change in this term along the ray is given by the change in
area the rays correspond to between the wavefronts.

Remark 3.2.3. When considering an antenna with an isotropic radiation pattern
the expression for the leading order term of uuu in equation (3.2.27) matches the Friis
transmission equation (3.4.5) used in standard propagation models [98, page 97].

The remaining terms of uuu can now be found using the second transport equa-

tion (3.2.7b). Let g(υ) =
(
dA(υ0)
dA(υ)

) 1
2
. Suppose that uuum(x(υ)) can be written in the

form fff(υ)g(υ) . Then the derivative of uuum with respect to υ can be written as

duuum
dυ

=
dfff

dυ
g(υ) +

dg

dυ
fff(υ), m = 1, ..., d. (3.2.28)

It holds that dxm
dυ

= dS
xm

from the orthogonality condition equation (3.2.9) with
γ = 1 and therefore ∇S ·∇ = dx

dυ
(·). Using this I rewrite equation (3.2.8c) into

the following form

∆Suuum + 2
duuum
dυ

= −∆uuum−1, m = 1, ..., d. (3.2.29)
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Substitute fff(υ)g(υ) and duuum
dυ

from equation (3.2.28) into equation (3.2.29) to get

∆Sfff(υ)g(υ) + 2

(
dfff

dυ
g(υ) +

dg

dυ
fff(υ)

)
= −∆uuum−1, m = 1, ..., d.

This can be rewritten as

fff(υ)

(
∆Sg(υ) + 2

dg

dυ

)
+ 2

dfff

dυ
g(υ) = −∆uuum−1 m = 1, ..., d.

Since g(υ) satisfies equation (3.2.8b) the first term disappears. this leaves the
following equation for the derivative of fff(υ)

dfff

dυ
= − 1

2g(υ)
∆uuum−1 m = 1, ..., d. (3.2.30)

Integrating equation (3.2.30) yields the following equation for f(υ)

f(υ) = ψ3ψ3ψ3
1

2

∫ υ

υ0

1

g(υ′)
∆uuum−1dυ

′ m = 1, ..., d. (3.2.31)

Here ψ3ψ3ψ3 is a constant vector which is found using that g(υ0) = 1. Substitute the
expression for fff(υ) from equation (3.2.31) into uuum = fff(υ)g(υ) to get

uuum(x(υ)) = uuum(x(υ0))g(υ))− 1

2

∫ υ

υ0

g(υ)

g(υ′)
∆uuum−1dυ

′ m = 1, ..., d. (3.2.32)

Hence there is an iterative expression for the terms uuum which form uuu.

3.2.1 Radially symmetric solutions in 3D

I now consider the radially symmetric case since this can be solved exactly.
Consider the radially symmetric solutions where S(x) ≡ S(r) in three dimen-

sions. Since the problem is in three dimensions let r2 = x2 + y2 + z2, then equa-
tion (3.2.8a) becomes (

∂S(r)

∂r

)2

= 1. (3.2.33)

Solving equation (3.2.33) then givesvii

S(r) = ±r, and ∆S(r) =
±2

r
. (3.2.34)

viiUsing that the Laplacian in polar co-ordinates for radially symmetric functions is ∆ψ(r) =
1
r

∂2

∂r2 rψ
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I then substitute equation (3.2.34) into equation (3.2.8b) to give the following
equation

2

r
uuu0(x) + 2 ((1, 1, 1) ·∇)uuu0(x) = 000. (3.2.35)

Assuming that uuu0 varies only with the distance to the origin and not with the
angle. Let um0 be the mth component of uuu0, then the equation for um0 from equa-
tion (3.2.35) is

2

r
um0 (r) + 2

∂

∂r
um0 (r) = 0, m = 1, 2, 3. (3.2.36)

Solving equation (3.2.36) and setting A± to be the constant corresponding to the
solutions S(r) = ±r, gives that uuu0 is

uuu0 =
1

r
A±A±A±.

Since ∆uuu0 = 000 equations (3.2.7a) and (3.2.7b) are the same as equa-
tion (3.2.8b) and I set uuu1 = uuu2 = ... = uuum = 000 without loss of generality. Note
that in the case of the boundary of the domain being at infinity it is assumed that
there is nothing radiating from infinity; this is known as the Sommerfeld radiation
condition [108], and either A− = 0 or A+ = 0. Therefore the approximation for φφφ
from the highest order of k is

φφφ =
1

r
A+e

ikr +
1

r
A−e

−ikr. (3.2.37)

The equation (3.2.37) is an exact radially symmetric solution to the equa-
tion (3.1.9).

3.3 Power from the field

The power density at any point is given by the magnitude of the Poynting
vector. The Poynting vector is given by S = E× H [98, pages 27-28]. Taking the
time averaged Poynting vectorviii this becomes |E|av|H|av. Since the ratio of the
amplitudes of the fields satisfies Z0 =

√
µ0
ε0

= |E|
|H| ; I can express the power density

viiiThe time averaging removes the phase from the problem. Recall that the amplitude of the cross
product of two vectors is dependent on the angle between the two vectors, |w×vvv| = |w||vvv|| sin(θ)n|.
In the case of the electric and magnetic fields this angle is the phase difference in the fields which
varies over time. When I consider the time average of |E×H|av I get |E|av|B|av.
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in terms of each field using Z0. The power in terms of the electric field is therefore
calculated using the relationship between E, B,Z0 and the Poynting vector S as
given in [98, pages 27-28]. The power in Watts in terms of the electric field is
therefore

PW =
1

Z0

|E|2.

Similarly the power in Watts in terms of the magnetic field is

PW = Z0|H|2.

The field used throughout the propagation calculation is consistent, and I use
the term Λ to indicate the change from field to power. The term Λ is therefore
dependent on whether the electric field or magnetic field is used and is 1

Z0
or Z0

respectively.

3.4 The theory of ray-launching and ray-cones

For a large wave number the path of the electric or magnetic field satisfies the
Eikonal equation shown in equation (3.2.8a). Hence the paths can approximated
by rays as defined in definition 3.2.2 where the rays are straight lines.

The key idea behind ray-tracing is that waves with a high frequency can be
modelled using straight lines. Reflecting these lines around an environment and
tracing the trajectory then gives a map of rays around an environment. The num-
ber of reflections and the length of the rays can then be used to calculate the
attenuation.

The problem in this project considers electromagnetic propagation from a small
cell which acts as a transmitter. The waves being considered are transmitted and
received by antennas. Different antenna types have different radiation patterns
which focus the strength in different directions. The antennas currently being
considered are isotropic with spherical wavefronts and further antenna patterns
will be discussed more in section 4.2.2. An isotropic antenna pattern is not phys-
ically possible due to the Hairy Ball theorem (for more details on this see [109,
110]). However, viewing the radiation pattern in this way makes the results more
predictable and is therefore more useful for building, and testing a new method.
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If the area for the wavefronts increases then as the ray travels through the
wavefronts the area corresponding to the ray also increases, this is shown in propo-
sition 3.2.2. When the ray has increased area the values for the field at a point
in that area reduce as the field is spread further, this corresponds to the loss often
attributed to rays travelling. For a fixed number of rays which correspond to a
sphere of propagation the area will be increasing as the rays travel away from the
centre, therefore loss is observed as the rays get further from the source.

Since only a finite number of rays can be used each ray represents a cone of
propagation. The cross-sectional area of the cone gets bigger as the ray travels and
the field over this cross-sectional area is constant. Assuming there’s conservation
over the wavefronts the attenuation at any point along the ray should be given by
the source term divided by the surface area of the sphere at that point.
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3.4.1 Loss in air

r

AC

Figure 3.4.1: Segment of the radiated field being accounted for by a ray. The
segment that corresponds to a ray is referrred to as the rays cone, this cone is not
always a mathematical cone shape. The ray cone in this diagram is infact a conical
surface. The surface area of the ray cone is AC , the total power over this area is
constant as r gets larger but the power at any given point changes as the area AC
changes.

The field strength at a receiver distance r from the transmitter is denoted φφφr

and the field strength at the source φφφ∗0.

If the radiating wave from the source is discretised into a set rays then the rays
will have constant |φφφr|. This is due to the transmitted field being represented by
the rays and since the number of rays does not change by conservation the total
amplitude of the field must also remain constant and therefore the amplitude of
the field on each ray is constant. The ray corresponds to the entire field of prop-
agation from the source, theoretically the rays should propagate in all directions
from the source. Since it’s only possible to propagate a finite number (NRa) of
rays each ray in fact represents a segment sphere. The field strength over the seg-
ment is then converted to power per unit area. Theoretically the combination of
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NRa cones should then form the sphere of propagation, however, practically this
is difficult to compute. In fact if the cones have a fixed circular boundary forming
the outer surface then it is impossible to tessellate the sphere. There are some in-
stances where the cone is formed of curved polygons such that the sphere maybe
covered but this is a nontrival problem which will be discussed more in section 4.3.

The field strength over the surface of the segment remains constant. As the ray
propagates out it accounts for a larger area, the power density at a point in this
area therefore reduces, and the value can be found by converting from the field.

At a distance r, the NRa ray cones with central length r should account for the
sphere of radius r. Therefore the surface area for each cone should be 4πr2

NRa
. Let φφφC

be the field strength per ray cone, the approximation at any point distance r from
the source is therefore φφφCNRa

4πr2
.

x

y

z

d̂̂d̂d, |d̂̂d̂d| = 1

ν

τ

Figure 3.4.2: Spherical co-ordinate system. A ray in direction d̂̂d̂d with angular
direction description (ν, τ).

The power per ray cone PC is dependent on the gain of the transmitting an-
tenna; this gain is denoted GT (ν, τ). The terms ν and τ correspond to the angles
in spherical co-ordinates as shown in figure 3.4.2. This quantity describes the
direction the antenna is directed towards.

Definition 3.4.1 (Transmitting Gain). GT (ν, τ) is the power radiation from the
transmitter in the direction d̂̂d̂d = (sin(τ) cos(ν), sin(τ) sin(ν), cos(τ)).
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The total power which is output from the antenna must be spread between
all the ray cones. Therefore the power output per cone is an NRa

th of the power
output from the antenna PW0 multiplied by the gain of the transmitting antenna
GT (ν, τ), such that

PC =
PW0GT (ν, τ)

NRa

.

The power density at any point on the end of the cone distance r from the source
is therefore

Pd =
PW0GT (ν, τ)

4πr2
.

When a wave with power density Pd hits a receiver the power received Pr is
proportional to the power density. The constant of proportionality in this relation-
ship is the antenna’s effective aperture Ae as shown in [98, page 71]. The effective
aperture is the area around an antenna in which the antenna collects energy from
the incidence wave and delivers it to the receiver load as defined in [111, page
68]. Define GR(ν, τ) to be the gain of the receiving antenna as defined in defini-
tion 3.4.2.

Definition 3.4.2 (Receiving Gain). The receiving gain GR(ν, τ) is the portion
of power which can be received which hits the receiver from the direction d̂̂d̂d =

(cos(τ) cos(ν), cos(τ) sin(ν), sin(τ)).

The effective aperture Ae of the receiving antenna in terms of the receiving
gains is given by Saunders and Aragon-Zavala in [98, page 72] and Harish and
Sachidananda in [111, page 72] to be,

Ae = GR(ν, τ)
λ2

4π
.

Therefore the power at the receiving antenna is the aperture area multiplied by
the power density at a point. The power at a point distance r from the source in
free space is therefore

PWr = GTGr
PW0

NRa

λ2

4π

NRa

4πr2
.

Which simplifies to

PWr = GTGrPW0

(
λ

4πr

)2

. (3.4.1)
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Equation (3.4.1) is the Friis transmission equation as defined in [98, page 97]
for power in three dimensions. The power given by equation (3.4.1) is the power
in Watts. To express the power loss in decibels the conversion is

PdB = 10 log10

(
PWr

PW0

)
. (3.4.2)

The power in the Friis Transmission equation in equation (3.4.1) can therefore be
converted into power loss in decibels as

PdB = 10 log10

(
GTGrPW0

(
λ

4πr

)2

PW0

)

= 10 log10

(
GTGrλ

2

16π2r2

)
. (3.4.3)

By investigating the power loss in decibels instead of the absolute power we can
determine how well the power is received without it being necessary to input
the initial power of the transmitting antenna. It is the decibel formula in equa-
tion (3.4.3) which will be used for later simulations. If a transmitter has initial
field φφφ∗0 then

PW0 = Λ|φφφ∗0|2. (3.4.4)

The equations (3.4.1) and (3.4.4) can be used to get the field for a direct path
between the transmitter and receiver as follows

|φφφr| = |φφφ∗0|
λ
√
GTGr

4πr
eikr. (3.4.5)

The expression in equation (3.4.5) is the Friis Transmission equation for the field.
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source

image source

ρ

2ρ

Figure 3.4.3: A cone reflecting with a plane surface has the increase in area as the
ray at the centre continues travelling away from the intersection point. Placing
the source in an image with the reflection to see the cone increasing.

When a ray cone reflects with a plane, the area corresponding to the reflected
ray cone continues to spread (Figure 3.4.3). Therefore equation (3.4.1) is used
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to find the loss from spreading after a ray has been reflected but r becomes the
total distance the ray has travelled. The loss which occurs at reflection will be
accounted for in section 3.4.3.

This equation is still used when modelling in two dimensions since the model
is a two dimensional slice of the physical three dimensional problem.

Other equations for free-space loss are occasionally used, and these are typi-
cally empirical models which usually take the same form as equation (3.4.1) but
with a constant shift to fit to measurements. Some examples of these are the for-
mulae given in the ITU-R recommendations [112] and the model given by Hata
in [11]. There are other models which consider an M th power of r, and use data
to find the best fit for M , as described in [98, pages 164-165, 257-259]. These
higher powers increase the loss from the line of sight path; this is often done to
account for loss from obstacles without calculating the reflections, transmissions
and diffraction around the obstacles.

3.4.2 Polarisation

The initial field transmitted from the source antenna has a corresponding polar-
isation. To describe the direction of the field we use bbbx to be a x linearly polarised
plane wave and bbby to be a y linearly polarised plane wave. The field can then be
represented by scalar multiples of this vector fields, i.e.,

φφφ∗0 = φφφ∗0xbbbx + φφφ∗0ybbby. (3.4.6)

3.4.3 Loss at reflection

Let µ1, µ2 be the permeability of air and the obstacle respectively and ε1, ε2

be the permittivity of air and the obstacle respectively. To calculate the loss at
reflection use the characteristic impedance of the media which the wave is coming
from (air), and the media it is hitting (the obstacle). Since there is no conductivity
in the materials the characteristic impedance of air and the obstacle are therefore
Z1 =

√
µ1
ε1

and Z2 =
√

µ2
ε2

respectively [98, Pages 27 and 41].

The field can be separated into the components of polarisation as initiated in
equation (3.4.6). The subscripts || and ⊥ denote the components in the parallel
and perpendicular planes to the incidence plane respectively. The unit vectors that
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are parallel and normal to the incidence plane are denoted bbb|| and bbb⊥ respectively.
The incident field φφφin and the reflected field φφφref can be written as:

φφφin = φφφin
|| bbb|| + φφφin

⊥bbb⊥,

φφφref = φφφref
|| bbb|| + φφφref

⊥ bbb⊥.

bbb||

bbb⊥

RayIn

Rayref

Figure 3.4.4: Ray hitting a plane, with the vectors parallel and perpendicular to
the incidence plane labelled. The vector perpendicular to the incidence plane is
parallel to the incidence and reflected ray and therefore given by bbb⊥ = Rayref×Rayin

||Rayref×Rayin||
.

The vector parallel to the incidence plane is normal to bbb⊥ and the incidence ray
and can therefore be written as bbb|| =

bbb⊥×Rayin
||bbb⊥×Rayin||

.
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n RayIn
Rayref

Raytrans

θi

θt

Figure 3.4.5: Ray hitting a plane, then reflecting and transmitting. The vector n is
normal to the obstacle and lies in the plane containing the incidence and reflected
ray.

The loss at reflection is given by the Fresnel reflection coefficients R||,R⊥ de-
fined in equation (3.4.8) [98, Pages 39-40]. These coefficients are functions of the
angle of incidence θi and the angle of transmission θt (Figure 3.4.5):

R⊥ =
Z2 cos(θi)− Z1 cos(θt)

Z2 cos(θi) + Z1 cos(θt)
,

R|| =
Z1 cos(θi)− Z2 cos(θt)

Z2 cos(θt) + Z1 cos(θi)
.

The angle of transmission θt is determined using the angle of incidence θi and
the refractive index of the obstacle n using the following equation

θt = arcsin

(
sin(θi)

n

)
. (3.4.9)
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Substituting equation (3.4.9) into equation (3.4.8) gives the expression for the
reflection coefficients in terms of the incidence angle, namely

R⊥ =
Z2 cos(θi)− Z1

(
1− sin2(θi)

n2

) 1
2

Z2 cos(θi) + Z1

(
1− sin2(θi)

n2

) 1
2

, (3.4.10a)

R|| =
Z1 cos(θi)− Z2

(
1− sin2(θi)

n2

) 1
2

Z2

(
1− sin(θi)

n

) 1
2

+ Z1 cos(θi)

. (3.4.10b)

Figure 3.4.5 shows a ray coming in with field φφφIn, then intersecting with the
plane, then reflecting with field φφφref and transmitting through the obstacle with
field φφφtrans.

The reflected field φφφref as shown in [98, Pages 39-40] is then given by the
following equation:

φφφref = φφφin
||R||bbb|| + φφφin

⊥R⊥bbb⊥.

To get an equation in terms of the power, take the magnitude of φφφref squared to
get

|φφφref|2 =
(
|φφφin
||R|| + φφφin

⊥R⊥|
)2

.

Then take out the reflection coefficients,

|φφφref|2 = |R|||2||R⊥|2
(∣∣∣∣∣φφφ

in
||

R⊥
+
φφφin
⊥
R||

∣∣∣∣∣
)2

.

The characteristic impedance of the media depends on the frequency of the
wave travelling through it. As the frequency increases the loss at transmission
increases and the loss in reflection decreases. In [113] Zhao, Mayzus, Sun, et al.
measurements for a frequency of 28 GHz show that the reflection coefficient for a
0.25π rad reflection with a drywall indoors has magnitude 0.623 dB. Azar, Zhao,
and Knox in [114] made measurements for frequency 5.8 GHz with vertical polari-
sation, which showed that the reflection coefficients for a 0.25π rad reflection, with
drywall is 0.6457. They repeated the measurements for a slant 0.25π rad polarisa-
tion, the reflection coefficient measured in this case was 0.2512. Zhao, Mayzus,
Sun, et al.’s paper [113] does not specify the polarisation used in the experiments,
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it is clear from equation (3.4.8) that this contributes to the effective value of the
reflection coefficient. It has also been assumed that only one ray is reflected how-
ever when the wavelengths are small the roughness of the surface is more likely
to induce scattering which will reduce the effective reflection coefficient.

This Fresnel reflection coefficient accounts for the phase change on reflection
as well as the loss in the magnitude of the field strength from reflection.

The transmission coefficients satisfy a similar equation to the reflection coeffi-
cients which is:

φφφTra = φφφin
|| T||bbb|| + φφφin

⊥T⊥bbb⊥.

In terms of the impedance and reflection angles the transmission coefficients
are given by,

T⊥ =
2Z2 cos(θi)

Z2 cos(θi) + Z1

(
1− sin2(θi)

n2

) 1
2

,

T|| =
2Z2 cos(θi)

Z2

(
1− sin(θi)

n

) 1
2

+ Z1 cos(θi)

.

The transmission coefficients T||,T⊥ satisfy:

|T|||2 =1− |R|||2,

|T⊥|2 =1− |R⊥|2.

As previously mentioned the reflection coefficients are higher for larger fre-
quencies. In the problem I am considering the strength of the field which is trans-
mitted through obstacles is very low due to this high frequency. Therefore the
contributions to the field from reflection are larger than the contributions from
transmitted rays. It is for this reason that the transmitted rays are not currently
computed in the ray approximation.

The initial loss from reflection accounts for the field being split between the
transmitted and reflected field. This assumes that the phase of the field after
reflection is the same as if the field continued through free space. This holds
only if the surface is completely smooth, but when a wave is reflected on a rough
surface there is also a shift in its phase. The transmitted component is currently
ignored since the loss through the medium is very high. The change in phase and
the impact of surface roughness is discussed more in sections 3.4.5 and 9.1.3.
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3.4.4 The ray-tracing approximation

Assuming that all reflections occur with a plane then combining the loss from
reflection and the loss from spreading gives an equation for the approximation at a
point on a ray in terms of the distance travelled (r) along the ray and the number
(NRe) of reflections. The approximation for the field is ix,

φφφ(r,NRe) = φφφ∗0

√
GTGRλ

4πr
eikr �

NRe∏
a=1

([
R|| (nSur, θi)a 0

0 R⊥ (nSur, θi)a

])([
bbb||(a)

bbb⊥(a)

])
.

(3.4.13)

To approximate the field over the whole domain NRa rays are shot from the
source for a fixed number NRe of reflections. A mesh is used to discretise the
domain and the equation (3.4.13) is used to approximate the field at each mesh
point the ray goes through. When a ray goes through a mesh point which another
ray has already gone through the fields are added together.

When all NRa rays have been traced the mesh of the field values is then con-
verted to power.

3.4.5 Other ray effects

As well as line of sight rays, reflected rays and transmitted rays some of the
rays are also scattered and diffracted. These contribute to the field in the k−m

terms from equation (3.2.8c). Since k is large these terms have a less significant
contribution to the field at a location than the previously considered ray effects.

Diffraction

The strength of the field after diffraction is spread amongst all the diffracted
rays. The result of this spreading is that the contribution from any one of these rays
is a small portion of the field that entered the diffraction as shown in Figure 3.4.6.

ixThe symbol � denotes elementwisemultiplication of vectors, i.e., the Hadamard product.
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Incident ray

Figure 3.4.6: A ray diffracting with a wedge edge and forming a cone. Outlined
in [98, page 56]

Since the field input into diffraction is spread amongst the diffraction cone the
field output at each point within the diffraction cone is much less than the field
output after a ray is reflected or transmitted. For frequencies of 2.4 GHz and higher
the loss of power when diffraction occurs is very high since the wavelength is very
small [98, pages 50-59]. This effect therefore has a less significant contribution
to the coverage than the contribution from reflections and the line of sight paths.
Based on this argument the ray-tracing code currently being used in this project
ignores diffraction. Suggestions for how diffraction could be built into my method
are discussed in section 9.1.1.
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Scattering and roughness

Another ray effect which occurs when rays hit obstacles is scattering. This
occurs when the surface is not smooth. The roughness of the surface causes inci-
dence rays to reflect in unpredictable directions and the points within the surface
roughness cause scattering with a similar effect to diffraction. As well as this scat-
tering effect the surface roughness also changes the phase at which a reflected ray
leaves the surface.

ξ

Figure 3.4.7: Surface roughness [98, page 56]

Let ξ be the difference in height between two points on the surface, then the
phase difference ∆S as shown by Saunders [98, page 46] is

∆S = 4πcos(θi)
∆ξ

λ
.

Calculating the phase change deterministically requires knowledge about the
material properties of the surface and the exact surface height, and since these
are unknown, a random approach may be more appropriate. As in section 3.4.5
the contribution of surface roughness is less significant to the field than the line of
sight and direct reflected rays. Analysis on the impact of scattering and asymptotic
approaches can be found in [115, pages 241-254]. Suggestions for how surface
roughness may be included into models are made in section 9.1.3.

3.5 Total field at a point

The field loss induced by reflection is given by the Fresnel reflection coefficients
in equation (3.4.8) from [98]. These are combined with the field loss in free space
from equation (3.4.5). This gives the total field for a single ray

(φφφx)nRa,nRe
=(

λφφφ∗0
4πrnRa,nRe,x

)
eikr
√
GT nRaGR�

(
nRe∏
a=0

[
R|| (nSur, θi)a 0

0 R⊥ (nSur, θi)a

])([
bbb||(a)

bbb⊥(a)

])
.

(3.5.1)
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Add the field of all of the rays which go through a point to get the total field at that
point. Set (φφφx)nRa,nRe

to be the field at x = (x, y, z) for a ray segment corresponding
to the ray cone with ray number nRa and reflection number nRe. If the ray segment
does not go through the point x then the field term for that ray segment at that
point is zero. The field at position x is given by the following equation,

φφφx :=

NRa∗NRe∑
m

(φφφx)m .

Written out in full, the equation for the field at any point, in terms of the ray
parameters isx

φφφx = φφφ∗0

(
λ

4π

)NRe (NRa−1)∑
l=0

√
GT b

NRe∑
m=0

1

rx
l,m

eikr
x
l,m �

m∏
a=0

R(a,l,m) 6=0

[
R|| (nSur, θi)(a,l,m) 0

0 R⊥ (nSur, θi)(a,l,m)

]
([

bbb||(m, l, a)

bbb⊥(m, l, a)

])
.

(3.5.2)

3.5.1 Power at a point

This field equation can be converted to power. This uses the parameter Λ

to vary whether the conversion is from the electric field or magnetic field. If
φφφ is the electric field then Λ is 1

Z0
, and if φφφ is the magnetic field then Λ is Z0.

When converting calculations from Watts into decibels this term is not needed
since decibels are a ratio unit and the coefficient in the initial power cancels with
the coefficient in the received power. The power in Watts at x is PW = Λ|φφφ|2, and

xThe notation R(a,l,m) 6= 0 is shorthand for the reflection coefficient matrix having nonzero
diagonals.
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in terms of the ray parameters is

PWx = Λ|φφφ∗0
2

(
λ

4π

)2NRe
[
NRa−1∑
m=0

√
GTm

NRe∑
l=0

1

rx
m,l

eikr
x
m,l�

l∏
a=0

RnOb(a,l,m)
6=0

[
R|| (nSur, θi)(a,l,m) 0

0 R⊥ (nSur, θi)(a,l,m)

][
bbb||(m, l, a)

bbb⊥(m, l, a)

]]2

. (3.5.3)

The power in decibels using the conversion in equation (3.4.2) is

PdBx = 10 log10

((
λ

4π

)2NRe
[
NRa−1∑
m=0

√
GTm

NRe∑
l=0

1

rx
m,l

eikr
x
m,l �

l∏
a=0

RnOb(a,l,m)
6=0

[
R|| (nSur, θi)(a,l,m) 0

0 R⊥ (nSur, θi)(a,l,m)

][
bbb||(m, l, a)

bbb⊥(m, l, a)

]]2

 .

3.5.2 Lengthscale constraints

In equation (3.2.32) the solution for the transport equations along the rays was
found. In order to a estimate the field φφφ(x) the high frequency assumption is used
and the field is estimated using the highest order terms of k

φφφ(x) ∼
∞∑
m=0

uuum(x)

(
i

k

)m
eikS(x) ≈ eikS(x) (uuu0(x)) . (3.5.4)

This approximation is valid as long as the condition k � 1 holds. If the length
scale is close to the wavelength then this is not a valid approximation. Consider
the smallest k which is an order of magnitude larger than 1, k0 = 10. This gives
the lower bound for k to be

k0 ≤ k =
L

λ
=

Length scale
Wavelength

.

The lowest frequency considered for WiFi is 2.4 GHz which has the corresponding
wavelength 1248× 10−4 m. The smallest room that can therefore be considered
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such that k � 1 holds is given by

k0 = 10 =
2πLmin

1248× 10−4 m
≤ L

1248× 10−4 m
,

1.248 mm = Lmin.

Developments in technology tend towards higher frequencies. As the frequency
gets higher k gets larger. Since most rooms will have a lengthscale larger than
1.248 mm it can be assumed, all other variations of length scale and frequency for
indoor wireless communication coverage problems will give larger k than k0.

3.6 Goals of the new method

In section 2.2.4 I outlined desirable characteristics any ray tracing or ray
launching method should satisfy. Most ray launching methods consider points
1-9 but my aim is to develop an approach which satisfies point 10.

The method should take advantage of repeated ray paths when consider-
ing the same environment with varying antenna type or obstacle materials.

When researching current ray methods I came across instances where authors
referenced using ray tracing and the Helmholtz equation but the implementation
along the rays was not defined. These papers are not reproducible, the ray paths
can be reproduced, and it’s possible to guess what equations might be used along
the rays to try and estimate the Helmholtz equation but there are different ap-
proaches to how this is done which yield results with varying accuracy. I have
touched on the idea of ray cones in section 3.4.1; these describe a section of
spherical propagation. A ray could represent all of a cone, in which case its power
is a fraction of the power from the transmitter and this does not reduce as the ray
travels. It is then the density of rays which enter a receiver location which gives
the power at the receiver. Spreading loss is therefore accounted for by rays being
further apart away from the transmitter. A different approach would be for the
rays to represent the distinct points the ray goes through. The rays cone is then
the set of points which should have constant power. In this instance the surface
area on the boundary of the cone increases as the ray gets further away, as a result
the power assigned the point on the ray gets smaller. This is an example of one
of the ambiguities encountered in my research of current ray tracing techniques.
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It is the aim throughout this thesis to give a comprehensive transparent develop-
ment of the ray launching method used. This may then act as a resource for future
researchers to develop further ray launching and ray tracing techniques.

One of the main aims in my ray launching method is not just to clarify ambigu-
ities but to also build a structure which is compatible with a generalised approach
to ray launching. This would allow the users to generate ray information about an
environment without knowing the material characteristics of the environment or
the antennas. This method generates an output which contains information about
which rays travelled where, the obstacles they hit and the angles those obstacles
with hit with. This is all the information required from the rays to calculate the
power when combined with material and antenna parameters. This approach will
speed up computing results for variations in the parameters. More importantly
it leads to the possibility of computing alternative functions, such as the optimal
antenna gains which are calculated in section 7.4.

3.6.1 Summary of the problem

In chapter 3 I have outlined the theory of ray tracing as a model for elec-
tromagnetic propagation. I have considered the length scale restrictions and the
restrictions I will make to the ray effects included in the model. In section 3.6
I have outlined how I aim to use ray launching. I will now go on to make the
necessary calculations for building a ray launcher.
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Chapter 4

Ray-launching calculations

cone

TxTxTx

ray

Figure 4.0.1: Schematic of rays being transmitted from a source. The trajectory
of one of the rays has been continued with the ray cone corresponding to this ray
shown.

Ray launching is one of the most common methods used for modelling waves.
As shown in section 3.4, rays approximate the paths of waves and this approxima-
tion is good for high frequency waves ([103, pages 5-12]). The basic features of
the cone approach to the ray method are illustrated in Figure 4.0.1, although in the
actual program the 2D projection is extended to 3D. To simulate the propagation
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from a source, rays are sent out in all directions from a transmitter. When these
rays intersect obstacles, the rays are reflected from the surfaces and the reflected
ray is traced. This is continued until the maximum number of reflections occur,
the power has gone below a minimum value, or a known location is reached. In
the instance where the ray is ended at a known location it is possible the ray con-
tinues and reflects back to the location, contributing to the received field multiple
times the reflected rays would be ignored if these is used as the end condition. It is
for this reason we use a minimum number of reflections as our ray end condition.
The power received is calculated using a spreading factor along the ray which
corresponds to the increased space between the rays as they get further from the
source. This spreading factor is due to a finite number of rays modelling a sphere
of propagation from the source. To account for the full sphere of propagation each
ray corresponds to a section of the sphere. As the ray gets further from the source
the radius of the sphere which corresponds to the ray gets larger, therefore the
area corresponding to the ray gets larger. Since the power is constant over the
area the power density associated with each point reduces by a spreading factor.
Cones (section 4.3) are used to cover the sphere of propagation and provide a
full coverage of the domain. It is the surface area of these cones which gives the
spreading factor associated with the ray.

In section 4.1 I will find the equation for the intersection points and for the re-
flected rays. The intersection point is the point when the ray segment first hits one
of the obstacle surfaces in the environment. If the environment is not closed then
it is possible this point does not occur and the ray continues travelling to infinity.
In this instance bound the environment with a box and set these surfaces to be
totally absorbing, this will simulate the rays going to infinity. Since I focus on in-
door propagation all the considered environments are closed and this is therefore
not an issue. This will result in the paths of the rays reflecting on these fictitious
surfaces, but any further calculations will determine that the contributions from
these fictitious ray segments towards the field or power is zero.

When the ray is reflected the rays new direction is found and the previous
ray is turned into a ray segment with a start and end point (the end point is the
intersection point). Rays are reflected such that the angle of incidence with the
normal to the surface is the same as that for the intersecting ray and the incoming
ray; the reflected ray and the normal to the surface lie in the same plane.
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Since rays model propagation in all direction it is necessary to approximate
all these directions with a discrete number of rays. In section 4.2 I discuss how to
create equally spaced rays in 3D and why other spacing of rays may be considered.
I will also go over the variation in antenna patterns and how this is encoded into
the GRL method.

The spacing between rays leaves areas that will not receive the correct cover-
age. Using more rays can help to reduce this error but this can cause other errors
from double counting and is computationally costly. To provide coverage of these
gaps between rays I will use cones. Using a ray cone is similar to using more rays,
if the number of rays was increased based on the distance from the source. As
discussed in section 2.2.4 many ray cones are in fact ray tubes. The tube shapes
remove double counting issues. However these ray tubes encounter computational
difficulties in their construction and in their dependence on each other. I have cho-
sen to use a simple ray cone with overlapping while using a similar approach to
Yun, Iskander, and Zhang in [94] to remove double counting.
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4.1 Trajectory approximations

This section will include the calculations needed to bounce a ray around an
environment with planar surfaces. All obstacles in an environment must be trian-
gulated and the triangular surfaces are stored as the environment obstacles.

Figure 4.1.1: Twenty-two rays reflecting in a three-dimensional triangulated en-
vironment (NRa = 22). The rays are reflected four times (NRe = 4) and the
transmitter is located at (0.409, 0.318, 0.5).

4.1.1 Reflecting a single ray

It is possible to use the angle of incidence θi and tan(θi) to find the reflection.
However, this method encounters a problem when θi = (2k+1)π

2
, k = −1, 0. It

also does not translate the problem very well into 3D. To avoid this problem I
use vector translations and dot products to determine the vector describing the
reflected ray. This is similar to the approach used in [116, 117] with additional
detail on calculating the normal vectors and determining whether a point lies on
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a surface. The vector approach uses the image method details of which can be
found in [118].

ccc

aaa

p0p0p0

p1p1p1

p2p2p2

Figure 4.1.2: Ray hitting a surface.

I denote a ray which goes from the point aaa and through the point bbb by rrr =

ray(aaa, bbb−aaa
||bbb−aaa||2 ); a ray has a starting point aaa and a direction bbb−aaa

||bbb−aaa||2 . The direction is a

unit vector. The ray is written as the point and direction pair rrr = ray(aaa, d̂̂d̂d). Since
all surfaces are formed by triangles I can describe every obstacle as a triangle given
as a triplet of points T = (p0p0p0,p1p1p1,p2p2p2). Take an input ray, rrr = ray(aaa, d̂̂d̂d) intersecting
an obstacle T at the point ccc as shown Figure 4.1.2.

To find the reflected ray I need to find the coordinate of the intersection point
ccc.
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Finding the intersection point between a ray and a plane

n
ccc

aaa

p0p0p0

p1p1p1

p2p2p2

Figure 4.1.3: A ray hits a surface at the intersection point ccc. The vector normal
to surface which goes through ccc forms a plane with the ray that will contain the
reflected ray.

The points on the triangle are used to find the normal vector which is orthog-
onal to the plane that the triangle lies within. This normal to the plane is given
in equation (4.1.1), and shown in Figure 4.1.3. The normal vector n is the cross
product of two vectors within the plane, choose these two vectors to be two of
the edges of the triangle. I then divide by the length of this vector to get the unit
normal vector n given by

n̂ =
(p1p1p1 − p0p0p0)× (p0p0p0 − p2p2p2)

||(p1p1p1 − p0p0p0)× (p0p0p0 − p2p2p2)||2
. (4.1.1)

The intersection point must lie on the ray and on the plane. The next step is to
find the point the ray and the plane meet. I describe the point ccc on the ray using
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the coefficient α such that
ccc = aaa+ αd̂̂d̂d. (4.1.2)

To lie on the plane a vector which goes through ccc and another point on the plane
(I take p0p0p0) must be orthogonal to the normal vector n. Take one of the triangle
points and form a vector between the triangle point and the intersection, then the
inner product of this with the normal to the triangle must be 0. This shown in
equation (4.1.3)

0 = (p0p0p0 − ccc) · n̂. (4.1.3)

In order to find the intersection point ccc I find the coefficient α. Plugging equa-
tion (4.1.2) into equation (4.1.3) and rearranging gives α to be

α =
(p0p0p0 − aaa) · n̂

d̂̂d̂d · n̂
.

I now have the coefficient α needed to get ccc from equation (4.1.2). The equation
for the coordinate of the intersection point is therefore

ccc = aaa+
(p0p0p0 − aaa) · n̂

d̂̂d̂d · n̂
d̂̂d̂d. (4.1.4)

Checking the intersection lies in the triangle

The intersection point given in equation (4.1.4) gives the point the ray hits the
plane which is given by equation (4.1.3). To check the point does in fact lie on
the obstacle I need to check that the point ccc lies on the triangle T . To do this I
use barycentric coordinates. A more detailed description of the use of barycentric
coordinates for detecting intersection can be found by Passerello in [119].

In order to use barycentric coordinates I need to project the co-ordinates of the
point ccc and the triangle T onto a 2D coordinate system within the plane. To form
a coordinate axis I need to find two lines which lie in the plane and are orthogonal
to each other. I start by finding an edge of the triangle e0e0e0, and then take the cross
product with n. This gives a third vector e1e1e1 orthogonal to both the normal n and
the triangle vector e0e0e0. These vectors are given by

e0e0e0 =p1p1p1 − p0p0p0

e1e1e1 =n̂× e0e0e0.
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The unit vectors corresponding to these edges are,

ê0e0e0 =
p1p1p1 − p0p0p0

||p0p0p0 − p1p1p1||2
,

ê1e1e1 =
n̂× e0e0e0

||n̂× e0e0e0||2
.

Since ê0e0e0, ê1e1e1, and n̂ are all orthogonal it is possible transform our co-ordinates
from to one, three dimensional co-ordinate axis into another which is formed of
ê0e0e0, ê1e1e1, and n̂. The coordinates which lie on the plane can therefore all be written
in terms of ê0e0e0, ê1e1e1, n̂, as

ccc = x̃ê0e0e0 + ỹê1e1e1 + z̃n̂,

T = (x̃0e0e0e0 + ỹ0ê1e1e1 + z̃n̂, x̃1ê0e0e0 + ỹ1ê1e1e1 + z̃1n̂, x̃2e0e0e0 + ỹ2ê1e1e1 + z̃2n̂) .

Since n̂ is normal to the plane all points lying on the plane have the same
coefficient of n̂. The three dimensional co-ordinate system therefore corresponds
to a two dimensional co-ordinate system in the plane. It is therefore possible to
represent all points on the plane using the pair of coefficients for (ê0e0e0, ê1e1e1). The x̃
and ỹ terms are found by taking the inner product of the point with the vectors
ê0e0e0, ê1e1e1 respectively. The 2D projection of ccc and T is then given by

c̃cc = (ccc · ê0e0e0,ccc · ê1e1e1)

T̃ = ((p0p0p0 · ê0e0e0,p0p0p0 · ê1e1e1), (p1p1p1 · ê0e0e0,p1p1p1 · ê1e1e1), (p2p2p2 · ê0e0e0,p2p2p2 · ê1e1e1)) = (p̃0p0p0, p̃1p1p1, p̂2p2p2) .

I can now form the barycentric coordinates to check whether the point ccc is inside
T . To do this I write the point ccc as the sum of the triangle points (p̃0p0p0, p̃1p1p1, p̂2p2p2) with
coefficients λλλ = (λ1,λ2,λ3). The expression for c̃cc is therefore

c̃cc = λ1p̃0p0p0 + λ2p̃1p1p1 + λ3p̂2p2p2. (4.1.5)

The coefficients (λ1,λ2,λ3) form the barycentric co-ordinates. By taking the coor-
dinates (p̃0p0p0, p̃1p1p1, p̂2p2p2) as columns of a matrix I can write equation (4.1.5) as a matrix
equation

c̃cc = [p̃0p0p0, p̃1p1p1, p̂2p2p2]λλλ =

 p̃0p0p00 p̃1p1p10 p̂2p2p20

p̃0p0p01 p̃1p1p11 p̂2p2p21

1 1 1


 λ1

λ2

λ3

 . (4.1.6)
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The barycentric coordinates are therefore given by solving equation (4.1.6) to get

 λ1

λ2

λ3

 =

 p̃0p0p00 p̃1p1p10 p̂2p2p20

p̃0p0p01 p̃1p1p11 p̂2p2p21

1 1 1


−1  c̃cc0

c̃cc1

1

 .

If ccc is inside the triangle then the barycentric coordinates will sum to less than
or equal to one. If the barycentric coordinates sum to more than one then the
intersection point ccc does not lie in the triangle; if any of the barycentric coordinates
are negative or zero then an error has been made in the calculation.

λ1 + λ2 + λ3 = λs


λs ≤ 0, invalid co-ordinates, error in calculation.

0 < λs ≤ 1, ccc is inside T.
λs > 1, ccc intersects the plane outside of T.

(4.1.7)

Locating the closest intersection point

If there is only one obstacle as in section 4.1.1 then equations (4.1.4)
and (4.1.7) are used to determine the intersection point. If the environment has
many obstacles then it is necessary to determine which intersection point is the
point the ray hits first. Some ray launchers use visibility trees or regions, and
these can be found in [117, 120, 121] to speed up this process, however this
requires a large initial computational cost to set up. Since the plan is to store
ray information, the launcher will not need to be repeated very often and will
therefore use a simpler approach of iterating through the obstacles to check the
distance to the intersection point.

If the point is the same as the starting point of the ray segment then this is
ignored. The process is also speed up by grouping triangles which lie on the same
plane. If the intersection point lies inside one of the triangles it is not necessary to
check the others.

The algorithm for this closest intersection determination is included in algo-
rithm 5.6.
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Finding the reflection ray direction

Now that I have the intersection point ccc given in equation (4.1.4) I can find
another point on the reflected ray, this will be referred to as the reflection point.
The reflection point can be any point which lies on the reflected ray but does not
lie on the plane of the ray intersected. Since the intersection point lies on the
reflected ray, knowing one other point on the ray gives enough information to
compute the direction vector required to describe a ray. The reflection point found
is the reflection of the image point eee given by the unit direction vector added to
the intersection as in equation (4.1.8),

eee = ccc+ d̂̂d̂d. (4.1.8)

The resulting reflection point is therefore a unit distance from the intersection
point.

The reflection of a ray is given by the ray which has the same angle of incidence
with n and lies in the plane containing the ray and n. To find this ray I trace the
path of the ray as if it continues through the plane, then travel along n until the
reflection point is reached .

The coordinates are all translated so that the intersection point lies on the
origin to get r̃̃r̃r and T2 as shown in figure 4.1.4, and equation (4.1.9)

r̃̃r̃r = ray(aaa− ccc, d̂̂d̂d),

T2 = (p0p0p0 − ccc,p1p1p1 − ccc,p2p2p2 − ccc).
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n000

aaa− ccc

p0p0p0 − ccc

p1p1p1 − ccc

p2p2p2 − ccc

Figure 4.1.4: The co-ordinates are all translated +ccc to make the intersection of
the ray and the plane in the translated system the origin 000.

The direction of the ray d̂̂d̂d is used to find the image point eee which corresponds
to the point the ray would reach if it travelled through the triangle T2 for a unit
distance. This image point eee along with the intersection point ccc form the image ray
vvv = ray

(
ccc, eee−ccc
||eee−ccc||2

)
. The image point eee is the intersection point plus the direction of

the ray and vvv is the ray from the intersection point to the image point. Figure 4.1.5
shows eee, the image point of the ray. This point lies on the other side of the surface
to the travelling ray in the same direction the ray is travelling.
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n
000

eee

aaa− ccc

p0p0p0 − ccc

p1p1p1 − ccc

p2p2p2 − ccc

Figure 4.1.5: The image point eee is the point the ray reaches if it travels a unit
distance along the ray direction beyond the intersection point 000. The intersection
point is 000 since all points have been translated to by −ccc to allow the reflection to
be calculated about thr origin.

Since the intersection has been translated to the origin and the image ray con-
tinues in the same direction as the incidence ray the image ray vvv is

eee = d̂̂d̂d+000

=
aaa− ccc
||aaa− ccc||2

, (4.1.10)

vvv = ray(0,eee).

It is now necessary to trace back along the normal vector to find a reflection
point lieing on the reflected ray away from the plane. In order to do this first
determine the length β along the normal which takes the image point back onto
the plane. Double this length to determine the point the normal vector travelling
from the image point intersects the reflected ray.

Since the intersection point has been translated to the origin, the origin lies
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on the plane. Therefore any point on the plane satisfies ppp · n̂ = 0. The point the
normal meets the plane when travelling from the image point is denoted sss; the
expressions for sss on the vector and on the plane are

eee+ βn̂ = sss,

sss · n̂ = 0.

Plug the equation for the vector into the equation for the plane then rearrange to
get β, which is

β =
eee · n̂
n̂ · n̂

= eee · n̂.

To get to the reflection point p̃rprpr travel β twice along the normal n̂ from eee. The
reflection point shown in figure 4.1.6 is the point on the reflected plane which is
the mirror image of the image point eee. The equation for the reflection point is
therefore

p̃rprpr = eee+ 2βn̂

= d̂̂d̂d+ 2(d̂̂d̂d · n̂)n̂. (4.1.11)
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nd̂̂d̂d2

000

eee

p̃rprpr
2β

aaa− ccc

p0p0p0 − ccc

p1p1p1 − ccc

p2p2p2 − ccc

Figure 4.1.6: The untranslated reflection point found by travelled 2β from the
imagepoint eee.

The image point and reflection points in equations (4.1.10) and (4.1.11) cor-
respond to the cor-ordinates of the points in the system which was translated to
make the intersection the origin. To find the points in the original system translate
the co-ordinates by +ccc. Do this for all the points to give intersection as ccc instead of
the origin 000 and each of the triangle points from T2 back to T . The reflection point
p̃rprpr is added to ccc to give the reflection point needed for the reflected ray. These
translations are given by

T = T2 + ccc = (p0p0p0 − ccc+ ccc,p1p1p1 − ccc+ ccc,p2p2p2 − ccc+ ccc) = (p0p0p0,p1p1p1,p2p2p2)

prprpr = p̃rprpr + ccc.

The reflected ray goes through ccc and prprpr, these points are used to compute the
direction of this ray d̂̂d̂d2 = prprpr−ccc

||prprpr−ccc||2 . The reflected ray is therefore

rrrr = ray(ccc, d̂̂d̂d2). (4.1.12)

Figure 4.1.6 shows the reflected ray before the intersection is translated and fig-
ure 4.1.7 shows the reflected ray after the intersection is translated back to ccc.
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n
ccc

eee+ ccc
prprpr

aaa

p0p0p0

p1p1p1

p2p2p2

Figure 4.1.7: Once the reflection point is found all the points are translated +ccc so
that the intersection of where the ray meets the plane matches ccc again.

In the GRL method I separate the algorithm into two components. Initially,
the ray trajectories are found and the history of the ray paths are stored (and the
cones corresponding to the rays). This gives the first output Y . This is then used
to calculate the power which will be described in section 5.8.

4.2 Distribution of rays

In this thesis I develop a generalised approach to ray launching which stores
ray information. This is the GRL method (full description of the method is given in
section 4.6 and chapter 5), and in this method the position of the ray when trans-
mitted is used to determine the gain in that direction (details for antenna gains
in section 4.2.2). I now consider how the rays are launched from the transmitter.
Since it is not possible to cover all directions from the source with finite rays cones
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(described in section 4.3) are used to cover the spacing between rays; all points in
a cone have the gain associated with the ray used to determine their path. Points
in a ray’s cone which do not lie directly on a ray are given the gain corresponding
to the ray which represents them. As a result the gain used on these cone points
may not match the gain which actually describes the antenna propagation through
that point.

The gaps between the rays can also cause an edge of an obstacle to not be
picked up. The larger the gap, the bigger this error.

To improve the accuracy the user may want to direct more rays toward a more
cluttered area and have larger gaps in the sparser directions. They may also want
to use more rays for the directions of propagation with varying gain. Varying
this ray spacing would result in the need to store an angle spacing reference for
each ray in the direction of each of its neighbouring rays. The calculations that
then depend on the angle spacing require calling the angle spacing related to that
ray number and the neighbour being considered. It would be possible to use the
largest angle spacing to ensure coverage but this could minimise the benefits of
directing the rays as it would then not be possible to ensure that points in the edge
of overlapping cones are given by their closest ray.

I have chosen to space the rays as evenly as possible. The benefits of this are
that there is one angle spacing term for all the rays and if the direction of the
antenna gain is varied then it is not necessary to repeat any of the ray launching.

The maximum angle spacing between any two neighbouring rays is used in
calculations. This results in a slight overlap between cones but when points are
stored, the points are checked for double counting so although the overlap slows
the algorithm down, it does not impact on the accuracy of the method.
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Figure 4.2.1: Initial ray directions for ninety-eight rays (NRa = 98).

The requested angle spacing θ̂Ra is used to calculate the number of rays with
the same τ for each corresponding z-coordinate. This number of rays for each τ

corresponding to a z-coordinate is then summed to give the total number of rays.
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d̂̂d̂d, |d̂̂d̂d1| = 1

d̂̂d̂d, |d̂̂d̂d0| = 1
τ

ν

τ

ν + νδ

x

y

z

d̂̂d̂d, |d̂̂d̂d0| = 1

d̂̂d̂d, |d̂̂d̂d2| = 1
ν

τ

ν

τ + θRa

Figure 4.2.2: Spherical co-ordinate system with neighbouring rays in direction
d̂̂d̂d0, d̂̂d̂d1, d̂̂d̂d2 with angular direction description (ν, τ), (ν + νδ, τ), (ν, τ + θRa). The rays
with direction d̂̂d̂d0 and d̂̂d̂d1 have the angle θRa between them. The angle θRa is used
to calculate νδ.

To find the z-coordinates take the desired angle spacing θ̂Ra and find the num-
ber of rays with angle τ to the z-axis which is Nτ = int

(
π

θ̂Ra

)
. When the integer

part is taken the angle spacing may change a little, so the angle spacing is cor-
rected to θRa = π

Nτ
. This is the angle spacing that is then used for the rest of the

calculation; this angle divides π and therefore also 2π.
The total number of rays is found by summing the number of rays found for

each z-step.
Consider any two neighbouring rays with the same z-coordinate and denote

them rrr0 and rrr1. The z-coordinate is sin(nθRa) for n ∈ {n ∈ Z|− Nτ
2
≤ n ≤ Nτ

2
}. The

angle between the vectors should be the same as the angle spacing in the z-axis,
namely

θRa = arccos

(
rrr0 · rrr1

||rrr0||2||rrr1||2

)
. (4.2.1)

The ray rrr0 can be written in terms of an angle in the xy-plane ν and an angle in
the z-axis θRa

rrr0 = (cos(ν) cos(nθRa), sin(ν) cos(nθRa), sin(nθRa)). (4.2.2)
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Since rrr1 neighbours rrr0,they have same z-coordinate and τ . Therefore rrr1 can be
written in terms of the angle spacing in the xy-plane νδ, with νδ to be found

rrr1 = (cos(ν + νδ) cos(nθRa), sin(ν + νδ) cos(nθRa), sin(nθRa)). (4.2.3)

To get the vectors rrr0 and rrr1, with angle spacing θRa choose the correct angle spac-
ing in the xy-plane (νδ). This angle corresponds to the z-coordinate of both rays.
Substituting equations (4.2.2) and (4.2.3) into equation (4.2.1) yields

θRa = arccos

(
rrr0 · rrr1

||rrr0||2||rrr1||2

)
=

(
1

||rrr0||2||rrr1||2

)
︸ ︷︷ ︸
||rrr0||2=1,||rrr1||2=1[

cos(ν) cos(ν + νδ) cos2(nθRa) + sin(ν) sin(ν + νδ) cos2(nθRa) + sin2(nθRa)
]

.

Combining the cos2(nθRa) terms together gives

θRa = cos2(nθRa) (cos(ν) cos(ν + νδ) + sin(ν) sin(ν + νδ)) + sin2(nθRa). (4.2.4)

Rewriting cos(ν) cos(ν + νδ) to get an expression in terms of ν and νδ results in the
following

cos(ν) cos(ν + νδ) = cos(ν) (cos(ν) cos(νδ)− sin(ν) sin(νδ)) ,

= cos2(ν) cos(νδ)− cos(ν) sin(ν) sin(νδ). (4.2.5)

Repeat the same process for sin(ν) sin(ν + νδ) to get

sin(ν) sin(ν + νδ) = sin(ν) (sin(ν) cos(νδ) + cos(ν) sin(νδ))

= sin2(ν) cos(νδ) + sin(ν) cos(ν) sin(νδ). (4.2.6)

Take the sum of equations (4.2.5) and (4.2.6) to get part of the first term in
equation (4.2.4) as follows

cos(ν) cos(ν + νδ) + sin(ν) sin(ν + νδ) =

cos2(ν) cos(νδ)− cos(ν) sin(ν) sin(νδ) + sin2(ν) cos(νδ) + sin(ν) cos(ν) sin(νδ).
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Factor out the cos(νδ) and sin(νδ) terms then simplify to get,

cos(ν) cos(ν + νδ) + sin(ν) sin(ν + νδ)

= cos(νδ)
(
cos2(ν) + sin2(ν)

)
+ sin(νδ) (sin(ν) cos(ν)− sin(ν) cos(ν))

= cos(νδ). (4.2.7)

This gives a simpler expression for the first term in equation (4.2.4). Substitute
equation (4.2.7) into equation (4.2.4) to give the following equation with only
one νδ term

θRa = cos2 nθRa cos(νδ) + sin2(nθRa). (4.2.8)

Since there is only one term containing n this can now be rearranged equa-
tion (4.2.8) to get νδ. This gives the following expression for νδ

νδ = arccos

(
θRa − sin2(nθRa)

cos2(nθRa)

)
.

The number of steps in the nth z-coordinate is therefore

Nνn = int
(

2π

νδ

)
= int

 2π

arccos
(
θRa−sin2(nθRa)

cos2(nθRa)

)
 .

4.2.1 An algorithm for ray launching

The following algorithm creates the equally spaced vectors for approximating
the sphere. These vectors correspond to the initial ray directions.
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Algorithm 4.1 Finding the initial directions for evenly spaced rays to launch from
a transmitter.
Require: θRa︸︷︷︸

angle spacing

1: procedure RAYDIRECTIONS

2: D = [] .Initialise directions array
3: NRa = 0 .Initialise number of rays
4: Nτ = int

(
π
θRa

)
.Calculate the number of z angle options

5: θRa → π
Nτ

.Correct the angle spacing
6: for n ∈ [−int

(
Nτ
2

)
, int

(
Nτ
2

)
] do:

7: Nνn = int

(
2π

arccos

(
θRa−sin2(nθRa)

cos2(nθRa)

)
)

.Number of xy angle options

8: for j ∈ [0,Nνn] do:
9: .Find the directions with the z-coordinate

10: dn,j =
(

cos
(

2jπ
Nνn

)
cos(nθRa), sin

(
2jπ
Nνn

)
cos(nθRa), sin(nθRa)

)
.

11: D = [D, dn,j]. .Insert direction vector to the matrix D.

12: NRa = NRa +Nνn .Adjust the number of rays

13: D = [(0, 0, 1),D, (0, 0,−1)]. .Add the poles of the sphere.
14: NRa = NRa + 2 .Adjust the number of rays
15: return NRa,D
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4.2.2 Antenna pattern

(a) Isotropic antenna pat-
tern[122]

(b) Yagi antenna pattern
outlined in [123].

(c) Dipole one-wavelength
antenna pattern outlined
in [124].

Figure 4.2.3

The antenna pattern gives the direction the antenna is focused towards.
This depends on the gains of the transmitting and receiving antennas in equa-
tion (3.4.1) (GT ,Gr). The images in figure 4.2.3 show example types of antenna
gain patterns.

The surfaces in these figures are formed by the strength of signal sent in that
direction: Figure 4.2.3a shows an antenna with the same signal strength in every
direction; in Figure 4.2.3b the signal is strongest in the areas with the largest lobes;
and in Figure 4.2.3c the strongest signal is in the xy-plane of the transmitter and
the signal is weak in the z-axis. The pattern shown in Figure 4.2.3b is a Yagi
antenna which is frequently used in radio wave propagation. The Yagi antenna
was first outlined in [125] and more details about the yagi antenna can be found
in [126]. The areas with smaller lobes in Figure 4.2.3b have a large variation
in gain with a small change in propagation direction; this may be a reason for
choosing to use more rays in these propagation directions to minimise cone error.
As described in section 4.2 this will increase the storage demands for δ0.

The gain for transmission in the direction with polar coordinates (1, ν, τ)is
given by GT (ν, τ), therefore the gain associated with a ray which launches in di-
rection (x, y, z) is

GT

(
ν = arctan

(y
x

)
, τ = arccos

(
y√

x2 + y2 + z2

))
.
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The value of the gain in each direction determines the strength in this direction,
and an example is shown in Figure 4.2.4. One of the disadvantages of using rays is
that the gain for the points between rays needs to be estimated. I cover the space
between rays using cones which will be described more in section 4.3. An issue
that arises from using cones is that the gain associated with the points on the cone
is characterised by the ray the cone belongs to. To visualise this issue consider the
antenna pattern in Figure 4.2.4.

(a) (b)

Figure 4.2.4: Desired radiation pattern

Compare the desired antenna pattern in Figure 4.2.4 with the antenna pattern
resulting from using rays in Figure 4.2.5.
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(c) 22 rays (d) 1129 rays

Figure 4.2.5: The radiation pattern after the ray and the cone approximation for
22 and 1129 rays.

(a) 22 rays (b) 1129 rays

The markers in the plots indicate the gain that would be stored at these radi-
ation angles. The rays themselves are assigned the correct gain with their associ-
ated angle, however, this gain is then given to the points on that ray’s cone. These
points correspond to different radiating angles. Since the cones overlap there are
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some angles with two resulting gains, in these instances whichever ray or cone
arrives at a voxel first will be the gain that is used. Comparing Figures 4.2.5b
and 4.2.5d with Figures 4.2.5a and 4.2.5c shows that as the cones get narrower
with more rays this error will reduce.

In Section 9.2.4 I will discuss the order of points considered on rays and cones.
This discussion covers benefits of choosing points closest to the rays first and the
resulting complications on the implementation.

4.3 Using cones to cover ray gaps

TxTxTxh

h

Figure 4.3.1: Vectors normal to the travelling ray are used to hit the voxels which
are in the ray cone. As the ray travels further from the source the associated power
at any voxel reduces.
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Cones are used to cover the space around rays to ensure that all directions
of propagation from the source are accounted for. In Figure 4.3.1 the ray on its
own only reaches 8 voxels, when using the ray cone the reach in 2D is 26 voxels
(this increases to 78 when translated in to 3D). As the ray travels further from the
source the issue of missed voxels gets bigger as there are more voxels between
neighbouring rays which without cones would be uncounted. With equally spaced
rays (ray spacing description in section 4.2) the angle between neighbouring rays
is the same. Achieving exactly equally spaced rays is difficult as this requires the
embedding of a regular polyhedra within a sphere. Instead I aim to have the angle
between neighbouring rays with the same z-coordinate equal and this angle to
be the same as the angle between two neighbouring rays with the same x and
y coordinates. This is the same as using spherical co-ordinates and setting the
spacing in both angles to be equal. I find the largest possible angle between two
neighbouring rays, this corresponds to rays which one step in the angle spacing in
both their spherical angle co-ordinates. This maximum angle is used to determine
the radius of the cones. This results in overlapping cones. I will discuss how to
avoid problems with overlapping cones in section 4.4, but first it is necessary to
ensure that the cones cover all the space within an environment.

The rays are intialised using algorithm 4.1. Cones are described by the number
of steps required to be taken from the ray to the edge of the cone. To find this
number of steps use the length ρ̃ which corresponds to the radius of the circle
with the ray at the centre forming the end of the cone. The length ρ̃ is the length
of the cone such that all neighbouring cones meet and there are no gaps. This is
the length corresponding to the maximum angle spacing which I described above.

When a ray is reflected the corresponding ray cone is also reflected. Consider
the ray cone in Figure 4.0.1 with the reflections traced further as shown in Fig-
ure 4.3.3.
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cone

TxTxTx

(a) Ray cone up to the first intersection

cone

TxTxTx

ray

(b) Ray cone reflected up to the first in-
tersection error. The cone should hit the
bottom wall but the ray will reflect with
the right wall.

cone

TxTxTx

ray

(c) A ray cone after two reflections with
the cone detecting surfaces no just the
ray.

cone

TxTxTx

ray

(d) A ray cone after three reflections.

Figure 4.3.2: Theoretically how a ray cone should reflect. If the cone hits a
different surface to the ray then this part of the cone reflects differently to the
part around the ray. This is most clear in Figure 4.3.2b where the cone hits the
bottom surface but the ray hits the right-hand surface, resulting in part of the cone
reflecting down and part reflecting up.

In Figure 4.3.2 the rays are reflected by the surfaces they hit and the edge of
the cones are reflected by the surfaces which are hit by the cone edges. In this
instance the all points between the ray and the cone edge are reflected by the
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surfaces each point hits. If the cone edge intersects a different surface to the ray
then part of the cone is reflected by a different surface to the part reflected with
the ray. The shading of the cones shows the space covered by the ray cone after
each reflection.

It is clear from Figure 4.3.2 that it does not take many reflections for the cone
to become large enough that not all points within the cone hit the same surface.
In an ideal implementation these different surfaces would be picked up. However
this would require modelling every point between the ray and the edge of the
cone as it’s own ray with it’s own intersected surface and angle of incidence. Even
for a discrete set of points such as the centre of the voxels this is computationally
expensive. Instead all points in the cone corresponding to a given ray are given
the reflection information of the ray. The reflection information includes the angle
of incidence and the intersected surface.

cone

TxTxTx

ray

(a) Implemented cone after one reflection
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cone

TxTxTx

ray

(b) Implemented cone after two reflections

Figure 4.3.3: The points that would actually be covered by a ray cone when
implemented. The cone edge does not detect intersections. It is given by a distance
from the ray. The cone is reflected in the plane which contains the surface the ray
intersects. After reflection a new cone is formed with the distance from the ray
continuing to increase at the same rate.

In Figure 4.3.3 all points in a ray cone are reflected by the plane the ray in-
tersects, regardless whether that point may be behind a different surface. This is
the cone reflection that occurs in the ray-launching implementation. Figure 4.3.3
shows that a cone reflects with a plane well but corners are not seen in the reflec-
tion. The lines shown leaving the environment correspond to the cone continuing
until it is inline with the reflection point. The lines shown outside the environ-
ment in Figure 4.3.3 correspond to the edge of the cone after the rays reflection.
These cone edges in theory do not exactly match the edges of the cone in the
implementation.

The true propagation from an antenna would have a cone picking up if it hits a
different surface to a ray, in the implementation the cone will always be reflected
in the plane corresponding to the surface the ray hits. This is since the object
intersection test is only run on the rays and not the remaining cone points. Using
more rays will reduce the size of the cones and therefore the error that occurs
from cone points being reflected with the wrong surface.
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4.3.1 Angle spacing

To ensure that cones cover all the space in the environment it is necessary to
find the largest angle between two neighbouring rays. This is the angle between
rays which differ in their angles to the z-axis by θRa and their angles in the xy-
plane by νδ. Taking a ray with direction (ν, τ) and another ray with the same
angle τ but is θRa from the first ray, this ray has direction (ν + νδ, τ), the ray
which has a difference in it’s vertical angle of θRa to the second ray with direction
(ν + νδ, τ + θRa) is the ray being compared to the first. Visually the ends of these
rays appear diagonally adjacent. This can also be thought of as the end of the rays
written in spherical co-ordinates will have the (νδ, θRa) difference in their angles.
These rays direction vectors are angle δ0 apart, which is used for the angle spacing
in determining the radius of the cone. These angles are shown in Figure 4.3.4

x

y

z

τ

ν

τ

ν + νδ

τ + θRa

ν + νδ
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r

r

ρ̃

ρ̃

r

θRa

θRa

δ0

TxTxTx

Figure 4.3.4: Rays with angles differing by (νδ, θRa) the angle between these two
rays is δ0. The cones meet when the cones have radius ρ̃. This ensures that when all
rays have travelled r all the cones meet and overlap and no space is left uncovered.

In order to find the angle spacing first consider how cones meet. The sur-
face of the cone is orthogonal to the ray. Diagonally neighbouring cones should
meet when the circle forming the end of the cone has radius ρ̃; this is shown in
Figure 4.3.5.
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r

ρm

ρm

ρ̃

ρ̃

r δ0

TxTxTx

p∗1p
∗
1p
∗
1

Figure 4.3.5: Consider two rays which have both travelled r and have the angle δ0

between them. The distance between the ends of the two rays is 2ρm but since the
cones meet at the vectors orthogonal to the rays the distance travelled along the
cones before the cones meet is slightly further than ρm. This distance is denoted
ρ̃.

The diagonally neighbouring ray is δ0 apart. Denote the radius of the circle
forming the end of the cone to be ρ̃. The diagonally spaced rays are set to be 2ρm

apart, with the length ρm in Figure 4.3.6 matching Figure 4.3.5. The length ρm is
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half the length of the line which joins the two rays.

TxTxTx

r

r

ρmxρmx

ρmz

ρmz

ρm
ρ̃xρ̃x

ρ̃z

ρ̃z

ρ̃

ρ̃

ρ̃

r

θRa
θRa

Figure 4.3.6: Two neighbouring rays with the same z-coordinate, distance 2×ρmx
apart, with a neighbouring ray which is above them.

The length 2ρmx is the length between two neighbouring rays in the same xy-
plane with angle θRa between them. The length 2ρmz is the length between rays
which lie on top of each other in the z-axis and also have angle θRa between them.
These distances are used to determine ρm and δ0.

Start by finding the length in the xy-plane between the rays. This is done using
the right angle triangle defined by the points: the source; the end of the ray; and
the midpoint between the ray and the neighbouring ray as shown in Figure 4.3.6.
The length ρmx in the xy-plane is therefore given by

ρmx
r

= sin

(
θRa
2

)
. (4.3.1)
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The same calculation can be done to find the length in the direction between rays
which lie above each other

ρmz
r

= sin

(
θRa
2

)
. (4.3.2)

The half length between the two rays can be written in terms of the vertical dis-
tance ρmz and the horizontal distance ρmx as

ρm =
√
ρm2

x + ρm2
z. (4.3.3)

After substituting the lengths ρmx from equation (4.3.1) and ρmz from equa-
tion (4.3.2) into equation (4.3.3) the term ρm can be written in terms of the length
of the ray travelled from the source and the angle spacing θRa used to construct
the rays. The expression for ρm in terms of these known quantities is

ρm =
√

2r sin

(
θRa
2

)
. (4.3.4)

The length ρm is now used to find the maximum angle between neighbouring rays
δ0. Checking against Figure 4.3.5 express ρm in terms of the distance the ray has
travelled r, and the angle spacing to be found δ0, namely

ρm = r sin

(
δ0

2

)
. (4.3.5)

Substitute ρm from equation (4.3.4) into equation (4.3.5) and rearrange to get an
expression for δ0 in terms of known quantities, namely

δ0 = 2 arcsin

(√
2 sin

(
θRa
2

))
. (4.3.6)

4.3.2 Length on the end of the cone

The radius of the circle forming the end of the cone is denoted ρ̃ as shown in
Figures 4.3.5 and 4.3.6. To ensure that there is not space between the edges of
cones it is necessary to find this length. It is this length which then determines the
number of steps taken from the ray to reach the edge of the cone.

The term ρ̃ is described as the cone length. All points x on the ray have their
own corresponding cone length determined by the distance the ray travelled to
get to the point x. Let r be the distance the ray has travelled to get to the point x.
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The angle between the ray and the line travelling from the ray to edge of the
cone is π

2
, therefore

ρ̃

r
= tan

(
δ0

2

)
. (4.3.7)

AB

r̂ρ

ρ̃

θi + δ0
2

π
2
− δ0

2

π
2
− θi

l2 l1

δ0
2

θi

TxTxTx

p∗1p
∗
1p
∗
1

r

Figure 4.3.7: A ray intersects with a plane before both of it’s cone edges hit the
surface. The distance r̂ is the distance the ray must continue travelling through
the plane in order that the edges of the cone hit the plane too.

Next consider the case where the ray has hit an intersection point but the
spacing on the edge of the cone up to the reflective surface needs to be covered.
To cover this space find the point beyond the intersection which results in the cone
covering the space. To find the cone length corresponding to the point beyond
the intersection first find the length the ray needs to be to continue to cover the
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space. The distance past the intersection point r̂ satisfies a similar expression to
equation (4.3.7) but the distance travelled by the ray has the additional distance
travelled, i.e.,

ρ =
(r + r̂) sin

(
δ0
2

)
cos
(
δ0
2

)
= (r + r̂) tan

(
δ0

2

)
. (4.3.8)

The next step is to find r̂ to substitute into equation (4.3.8) by referring to Fig-
ure 4.3.7.

To ensure the entire area of the cone is covered rays are stepped further along
beyond the intersection point. This length is r̂. Denote the width of the cone with
ray length r + r̂ by ρ as shown in Figure 4.3.7, and find r̂ in terms of ρ. The cone
width ρ will be found later in equation (4.3.12). The r̂ length depends on the
angle of incidence θi. To find r̂ find l1 and l2. Using the right angle triangle A to
find l1 gives,

l1 = ρ̃ cos(θi). (4.3.9)

Use l1 and ρ̃ to get the length of the line which joins triangle A to triangle B, this
gives

√
ρ̃2 − l12 = ρ̃ sin(θi). Using this length and triangle B, l2 is

l2 = ρ̃ sin(θi) tan(θi + δ0). (4.3.10)

The extra distance needed to travel along the ray r̂ is (l1 + l2) sin(θi). Using equa-
tions (4.3.9) and (4.3.10) the expression for r̂ is therefore

r̂ =

(
ρ̃ cos(θi) + ρ̃ sin(θi) tan

(
θi +

δ0

2

))
sin(θi).

Multiply out the brackets to group the sin(θi) terms, and take out the common
term ρ̃ to get the expression

r̂ = ρ̃

(
cos (θi) sin (θi) + sin2(θi) tan

(
θi +

δ0

2

))
.

Substituting in the double angle formula for sin(2θi) and for cos(2θi) reduces the
number of sin and cos functions which need to be evaluated. This yields the ex-
pression

r̂ =
ρ̃

2

(
sin (2θi) + (1− cos(2θi)) tan

(
θi +

δ0

2

))
.
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All that remains to express r̂ in terms of r, δ0 and θi is to substitute ρ̃ from equa-
tion (4.3.7). This gives the final expression for r̂ as

r̂ =
r

2
tan

(
δ0

2

)(
sin (2θi) + (1− cos(2θi)) tan

(
θi +

δ0

2

))
. (4.3.11)

To get an expression for ρ substitute equations (4.3.7) and (4.3.11) into equa-
tion (4.3.8) to get ρ in terms of r, θi and δ0, namely

ρ = r tan

(
δ0

2

)[
1 +

tan
(
δ0
2

)
2

(
sin (2θi) +

(
1− cos(2θi)

)
tan

(
θi +

δ0

2

))]
.

Next substitute equation (4.3.6) to get an expression for ρ in terms of the known
input quantities r and θRa and the angle of incidence θi. The conelength at the
end of the ray ρ can therefore be expressed by

ρ = r tan

(
arcsin

(√
2 sin

(
θRa
2

)))
[

1 +
tan
(
arcsin

(√
2 sin

(
θRa

2

)))
2(

sin (2θi) +

(
1− cos(2θi)

)
tan

(
θi + arcsin

(√
2 sin

(
θRa
2

))))]
.

The tan(arcsin(x)) terms are simplified using tan(arcsin(x)) = 1√
1−x2 . Thus the

expression for ρ becomes

ρ = r

√
2 sin

(
θRa

2

)√
1− 2 sin2

(
θRa

2

)
[

1 +

√
2 sin

(
θRa

2

)
2
√

1− 2 sin2
(
θRa

2

)
(

sin (2θi) +

(
1− cos(2θi)

)
tan

(
θi + arcsin

(√
2 sin

(
θRa
2

))))]
. (4.3.12)

4.3.3 Number of steps along the cone

The number of steps taken along the cone is given by the distance ρ̃ and the
voxel width h

Ncs =
ρ̃

h

=
r

h
tan

(
δ0

2

)
.
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As the surface area of the cone increases there may reach a point where the cone
is wider than the maximum length which can be contained in the environment.
In this instance all steps beyond the environment will be ignored. Therefore the
number of cone steps can be bounded by this maximum, namely

Ncs = max

(
r

h
tan

(
δ0

2

)
,
√

3 max(Nx,Ny,Nz)

)
. (4.3.13)

4.3.4 Number of ray steps

The number of steps required to get between two intersection points is calcu-
lated using the distance the ray has travelled from the origin r, the segment length
rs, the angle at which the ray hits the obstacle, and the angle spacing between rays.

The number of steps needed to take along the ray is the segment length rs plus
the additional steps to cover the cone r̂ divided by the mesh width h. This gives
the number of steps to be

Nst =
rs + r̂

h
. (4.3.14)

Substituting the additional ray distance from equation (4.3.11) into equa-
tion (4.3.14) gives an expression in terms of ρ̃, namely

Nst =
rs
h

+
ρ̃

2h

(
sin(2θi) + (1− cos(2θi)) tan

(
θi +

δ0

2

))
.

Substituting in equation (4.3.7) to get the expression in terms of the known quan-
tities δ0, θi, rs and r, as follows

Nst =
1

h

(
rs + r

tan
(
δ0
2

)
2

(
sin(2θi) + (1− cos(2θi)) tan

(
θi +

δ0

2

)))
. (4.3.15)

The number of ray steps in equation (4.3.15) is the quantity used in the ray itera-
tion in the GRL method.
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4.3.5 Number of vectors forming a ray cone

ρ

ρ

ρ
ρ

ρ
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ρ
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ρ
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ρ
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Figure 4.3.8: The vectors forming the rays cone are chosen such that at their ends
they are no more than a quarter of a mesh spacing from the end of the next nearest
cone vector. The angle spacing between the vectors which achieves this is τ .

The surface of the cone for each step is approximated using a span of vectors as
shown in Figure 4.3.8. The vectors all start at the ray point and go out a distance ρ.
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The vectors are all equally spaced with angle spacing between each vector denoted
by τ .

To prevent voxels which lie inside the ray cone from being missed by the cone
vectors it is necessary to ensure that the spacing between the vectors at the end of
the cone is less than half a voxel width h/2 apart. The spacing at the end of the
cone vectors is shown in Figure 4.3.8. The co-ordinates of the centres of the voxels
which lie within the cone are checked for repeats as the vectors forming the cone
are stepped along so double counting is not a problem here.

The number of vectors forming the end of each cone is set to be Nc, the angle
spacing between each vector in the cone is τ = 2π

Nc
. This is shown in Figure 4.3.8

where the length of the cone rays ρ is known from equation (4.3.7). It now re-
mains to find τ such that the half the distance between the end of the rays is
bounded by a quarter of the meshwidth as follows

ρ sin
(τ

2

)
= sin ρ

(
π

Nc

)
≤ h

4
.

Rearrange to get a bound for the number of cones Nc, i.e.,

π

arcsin
(
h
4ρ

) ≤ Nc.

The number of cones is therefore set to be

Nc =

⌈
π

arcsin
(
h
4ρ

)⌉. (4.3.16)

4.4 Avoiding double counting

The cone tessellation of the sphere can result in either double counting or not
counting parts of the spherical propagation. In [64] Durgin, Patwari, and Rap-
paport determine that the probability of a randomly placed receiver experiencing
double counting is 20.9%, but this is before reflections are accounted for which
amplifies the problem and the rays are not intentionally overlapping (intentional
overlap is used if there is a possibility that a ray may be lost within the propagation
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model). Double counting is difficult to detect in a standard method as a ray enters
a cell and contributes a value towards the field. The ray can detect the current
field value stored in the cell but this value is not enough to indicate whether or
not a ray representing the same propagation level has already entered that cell
and stored its field contribution. Some methods store additional information on
top of the values to determine whether double counting occurs, en example can
be found in [117]. However, it remains difficult to determine the correction re-
quired to offset the double counting. There are techniques to reduce this error for
standard methods such as the method of distributed wavefronts [64], Bloom Fil-
ter [127], and Yun, Iskander, and Zhang’s approach to SBR in [94], and Noori,
Shishegar, and Jedari’s approach using ray angles in [128]. These techniques re-
quire an inverse operation or averaging to account for double counting. In [117],
Saeidi, Fard, and Hodjatkashani proposes storing the belt number, and tube num-
ber which in the case of my approach corresponds to the ray number, and the
reflection number; this is then used to decipher whether multiple rays correspond
to the same propagation level. I will use a similar approach to [117]; however,
the reflection number sequences will be compared rather than using the ray num-
bers and the check will be before storing rather than post processing the code. In
the GRL method more is known about the history of the rays stored at a voxel
when a ray hits it than in a standard ray method. To prevent double counting the
sequence of obstacle references (accounting for triangles on the same surface) in
order of intersection are checked. If a ray in the voxel has the same sequence of
obstacle references then the same propagation level has already been stored. This
approach is only valid for planar surfaces, so curved surfaces must be represented
with planar pieces as an approximation.

Since the ray cones are constructed to overlap double counting will certainly
occur if this check is not performed. If ray information is stored for all points in
the cone without this check then the voxels which lie in more than one cone will
have too many rays added to them. More details on this process will be covered
in section 5.5 after the structure of the data has been discussed.
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4.5 Point reassignment to prevent phase error from

incorrect ray distance storage

Points in the same cone have different distances to the origin as shown in
Figure 4.5.1. The larger the cone and the further the distance to the cone edge the
larger this error.

r

rC

ρ̃

ρ̃

r δ0

TxTxTx

Figure 4.5.1: For a ray which has travelled dsitance r from the source TxTxTx the edge
of the cone corresponding to that ray has travelled a longer distance rC .

Storing the distance along the ray then assigning this to all points in the cone
will give an error to the magnitude of the field on this ray and the phase. The
magnitude error can be controlled by using more rays or distributed wavefronts
[64]; however, the phase error is a larger concern. If two rays enter the same point
and are combined while one of the rays has incorrect distance by half a wavelength
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then these rays could cancel each other out, when in fact the combination should
have increased magnitude.

||TxTxTx − p∗p∗p∗||2

||TxTxTx − p1p1p1||2

TxTxTx

p1p1p1

p∗p∗p∗

Figure 4.5.2: Two rays entering the same voxel.

To calculate the phase of a ray the distance the ray travelled is used. When a ray
enters a voxel, the distance the ray travelled upto that voxel and the intersection
angle history are stored. To prevent phase error the distance stored is to be altered
to match the distance travelled to the centre of the voxel.

Consider the ray which starts at TxTxTx and intersects a mesh voxel at the point p1p1p1.
The distance the ray has travelled to the mesh voxel is ||TxTxTx − p1p1p1||2. Take another
point p∗p∗p∗, in the same voxel, as shown in Figure 4.5.2. The point p∗p∗p∗ lies at the centre
of the voxel the ray entered. This point is therefore represented by the same ray
which entered the voxel. Without correction the phase corresponding to the ray
would be eik||TxTxTx−p1p1p1||2, but the phase on this ray at p∗p∗p∗ is eik||TxTxTx−p∗p

∗p∗||2. The error in
the phase can be expressed as the magnitude of the differences of these phases as
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follows

er =
∣∣∣eik||TxTxTx−p1p1p1||2 − eik||TxTxTx−p∗p∗p∗||2∣∣∣ (4.5.1)

=
∣∣∣eik(||TxTxTx−p1p1p1||2−||TxTxTx−p∗p∗p∗||2)

∣∣∣
Since the length of an edge of any of the voxels is h any distance contained
within the voxel is less than

√
3h. The phase error in equation (4.5.1) is there-

fore bounded by,

er ≤ max
x∈[0,

√
3h]

∣∣∣eiπL2x
λ

∣∣∣.
If the voxel edge size is bigger than the nondimensional wavenumber i.e., h > λ

L

then the error in the phase er ≤ 1. The phase is a given by a sine function to
describe the part of the wave within it’s period therefore the maximum value of
the magnitude of the phase is 1 and the maximum phase error is the same as
the maximum phase value. If phase is being considered in field calculations it is
essential to correct for this error otherwise the mesh restrictions will get very tight.

In some models instead of correcting this phase to have points which match lo-
cation it is sometimes modelled randomly [129] or ignored and only field strength
considered [130]. Another way to deal with this phase error is to restrict the mesh
width to be much smaller than the wavelength. However, this requires the voxel
widths to be less than 1 mm; this is computationally costly and leads to similar
restrictions as using a full wave solver. When receiver locations are known the
distance can be corrected as the rays are traced up to the receiver.

In the GRL method the aim is to have the field predicted everywhere not just
up to a known receiver. To correct the phase error from the distance error, the
distance is recalculated to be the distance the ray travels to the point at the centre
of the element. By doing this point jump and distance correction the constructive
and destructive interference from rays intersecting is correct at that point. This
correction must also be done for the points in a cone.
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TxTxTx

p1p1p1

p̃1p1p1

p∗1p
∗
1p
∗
1

Figure 4.5.3: The ray enters a voxel at p1p1p1. The point p∗1p
∗
1p
∗
1 is the point at the centre

of the voxel. The point p̃1p1p1 is point the ray hits when it travels the same distance
from the source as p∗1p

∗
1p
∗
1 is.

For each voxel take the centre p∗1p
∗
1p
∗
1 to be the point which represents that voxel.

When a ray enters the voxel and intersects at p1p1p1 the distance the ray travelled is
corrected to the distance the ray travelled to the centre point p∗1p

∗
1p
∗
1. It is difficult to

trace back this distance once the ray has reflected, especially when considering
the other points in a ray cone which also need correcting. To find the distance a
ray travelled to p∗1p

∗
1p
∗
1 find the point p̃1p1p1 which is the same distance from the source as
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p∗1p
∗
1p
∗
1 but lies on the same ray at p1p1p1 as shown in Figure 4.5.3.

p1p1p1

p̃1p1p1 p∗1p
∗
1p
∗
1

aaa
α0

α2

Figure 4.5.4: The point the ray enters the voxel is p1p1p1 from Figure 4.5.3. The
point associated with the storage of the voxel the co-ordinate at the centrep∗1p

∗
1p
∗
1. It is

therefore necessary to find the distance change for a ray which would go through
p∗1p
∗
1p
∗
1. This distance is broken down into α0, and α2. The first distance aldistone is

the distance from p1p1p1 to aaa, with the points aaa, p1p1p1 and p∗1p
∗
1p
∗
1 form a right angle triangle.

The distance α2 is the remaining distance along the ray to get to p̃1p1p1, the points p̃1p1p1,
p∗1p
∗
1p
∗
1, and aaa form another right angle triangle. The points p̃1p1p1 and p∗1p

∗
1p
∗
1 are the same

distance from the transmitter (or image transmitter if reflections have occurred).

Figure 4.5.4 shows α0 + α2 is the distance from p1p1p1 to p̃1p1p1. These two distances
can be found using the right angle triangles (p1p1p1,aaa,p∗1p

∗
1p
∗
1) and (p̃1p1p1,aaa,p∗1p

∗
1p
∗
1). The point aaa

is the point α0 from p1p1p1and lies on the original ray. The point aaa also satisfies that
n = p∗1p

∗
1p
∗
1 − aaa is normal to the ray as shown in Figures 4.5.4 and 4.5.5. Denote the

direction of the ray d̂̂d̂d. As a result of the normality, p∗1p
∗
1p
∗
1 − aaa satisifies

(p∗1p
∗
1p
∗
1 − aaa) · d̂̂d̂d = 0. (4.5.2a)
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Substituting aaa = α0d̂̂d̂d+ p1p1p1 into equation (4.5.2a) gives

(p∗1p
∗
1p
∗
1 − α0

d̂̂d̂d

||d̂̂d̂d||2
− p1p1p1) · d̂̂d̂d = 0. (4.5.2b)

Rearranging equation (4.5.2b) to separate the points and α0 yields

(p∗1p
∗
1p
∗
1 − p1p1p1) · d̂̂d̂d = α0

d̂̂d̂d · d̂̂d̂d
||d̂̂d̂d||2

.

Therefore the first part of the distance correction α0 is

(p∗1p
∗
1p
∗
1 − p1p1p1) · d̂̂d̂d
||d̂̂d̂d||2

= α0. (4.5.2c)

α0 + r

α0 + α2 + r

TxTxTx

p1p1p1

aaa

p∗1p
∗
1p
∗
1

Figure 4.5.5: The vector aaa−p∗1p∗1p∗1 is normal to the ray vector. The point aaa is distance
α0 + r from the transmitter and the point p∗1p

∗
1p
∗
1 is distance α0 + α2 + r from the

transmitter. In the case of reflections the transmitter should be replaced with the
image transmitter.
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To find the distance α2 use the triangle in Figure 4.5.5. The total distance the
ray will travel to p∗1p

∗
1p
∗
1 is α0 + α2 + r which can be written in terms of the other two

sides r + α0 and ||p∗1p∗1p∗1 − aaa||2. The total distance is therefore

r + α2 + α0 =
√

(r + α0)2 + ||p∗1p
∗
1p
∗
1 − aaa||22.

Substituting aaa = α0d̂̂d̂d + p1p1p1 and α0 from equation (4.5.2c), the equation for the
corrected distance is

r̃ = r + α2 + α0

=

√√√√(r +
(p∗1p
∗
1p
∗
1 − p1p1p1) · d̂̂d̂d
||d̂̂d̂d||2

)2

+
∣∣∣∣∣∣p∗1p∗1p∗1 − p1p1p1 −

(p∗1p
∗
1p
∗
1 − p1p1p1) · d̂̂d̂d
||d̂̂d̂d||22

d̂̂d̂d
∣∣∣∣∣∣2

2
. (4.5.3)

4.6 A generalised ray launcher (GRL)

4.6.1 Generalised ray-launching method (GRL method)

The GRL method improves on the standard methods by storing more than just a
value for the field or power, it instead stores the history of the ray. When multiple
rays enter the same location more information is stored rather than altering a
saved value.

Storing this ray-information allows the user to look at a specific location and
see which obstacles have been hit by the rays which go through that location.
Along with a reference to the obstacle number an angle is also stored. This angle
is the angle of incidence between the ray and the normal to the obstacle when
the ray hit the object. The ray number is also stored, and this number indicates
the direction the ray left the transmitter, this is used to determine the transmitter
gain.

Using the ray’s history it is possible to consider which obstacles are dominant
in impacting the received power at a given location. This can then be extended
to consider which obstacles are dominant in impacting the coverage of the full
environment. The GRL method also allows us to see if the material of an obstacle
has no impact on the power at a given location and therefore eliminate the need
for varying the obstacle parameters in optimising the coverage.
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4.6.2 Inputs and outputs

The GRL inputs and outputs takes the following form:

*Inputs→ Outputs=Y *

*Geometry= Ω The ray No.s hitting each
voxel

*

*No. of Rays= NRa Reflection angles corre-
sponding to each ray.

*

*No. of Reflections= NRe

*No. of Voxels= Nst Distances travelled by each
ray to voxel.

*

To get the power in Watts from Y the additional inputs needed are; the wave-
length λ; the transmitter gain GT ; the receiver gain GR; the permittivity of each
obstacle εεε; and the permeability of each obstacle µµµ; i.e.,

PW = f (λ,GT ,GR, εεε,µµµ,Y ) .

At each voxel (i, j, k) the power in Watts is given by the combination of the Fresnel
reflection coefficients and the Friis transmission equation as shown in section 3.5;
the full algorithm is shown in section 5.8. The polarisation at reflection is currently
simplified to multiplying by the polarisation from the transmitter; how to account
more fully for this polarisation term is discussed in section 9.2.3. The power in
Watts at each voxel is therefore

PWi,j,k =P
(
φφφ∗0, Λ,λ,GT ,GR,bbb⊥,bbb||, εεε,µµµ,Yi,j,k

)
=f
(
φφφ∗0, Λ,λ,GT ,GR,bbb⊥,bbb||

)
g (εεε,µµµ,Yi,j,k)

=

[
Λ

(
|φφφ∗0|λ
4π

)2

GTGR

][
NRa∑
m=0

NRe∑
l

eikrm,l,a

∏l
a=1,

Rm,l,a 6=0

([
R|| (nSur, θi)(a,l,m) 0

0 R⊥ (nSur, θi)(a,l,m)

])([
bbb||

bbb⊥

])
(rm,l,a)

2


i,j,k

.
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4.6.3 Additional advantages of output format

As well as being able to use the output of the GRL method to get power results
for many different parameter sets the results can also be used to calculate other
functions.

For example, it may be useful to know which obstacle is hit the most times, or
which voxel in the room is influenced by the most obstacles. With the information
stored in the output of the GRL method this can be calculated. A standard ray
tracer output would need to use a statistical approach to get this information, this
would be slower and less accurate than the GRL method.

4.7 Summary of ray launching calculations

In chapter 4 I have outlined theory and terms required for building a ray-
launcher. This includes the vector operations to find an intersection point and
to reflect a ray with a plane in equations (4.1.4), (4.1.7) and (4.1.12). I have
outlined in section 4.2 how to initialise rays with equal angle spacing (excluding
the poles which have reduced angle spacing to neighbouring rays). Following this
in section 4.3 I went on to discuss antenna radiation patterns and the errors that
occur within them from using ray cones to account for the space between rays.

I then went on to calculate terms which will later be needed in the ray trac-
ing. This includes the maximum angle spacing between neighbouring rays in sec-
tion 4.3.1. The width of a ray cone is then calculated in section 4.3.2 to ensure
there is not uncovered space between rays. This cone width is then used to deter-
mine the number of steps needed in the algorithm to get from the ray at the centre
of the cone to the edge, in section 4.3.3. To ensure there’s not uncovered space
at the end of a ray cone I calculated the number of steps needed to take along
a ray which ensures the cone edges reach the intersected surface, this is done in
section 4.3.4. The final number calculation is in section 4.3.5, where I found the
number of vectors needed to form the surface of a ray cone which will ensure that
voxels within a cone are not missed. The calculation in section 4.5 finds the cor-
rection to be made to the distance in order for the in this chapter was to prevent
phase error occurring from voxel size. I determined in section 4.5 the distance
correct to the point being stored using a rays travelled distance.
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Chapter 5

The algorithm structure of the GRL
method

In this chapter I will review the details of the algorithms which form the gen-
eralised ray launching method I have developed. I will also outline the storage
structure used to track ray information. These algorithms rely on the calculations
from chapter 4 and the electromagnetic theory covered in chapter 3.

I will finish the chapter by discussing the errors in ray-launching and comparing
the generalised ray launching approach with a standard ray launcher.

5.0.1 Polarisation considerations

The algorithms for the standard ray-launcher and the generalised ray-launcher
currently consider polarisation from the transmitting antenna but this polarisation
is not adapted to the incidence plane at reflection. This has been left out of the
initial outline of these algorithms. Accounting for this effect requires knowledge
about the position of the incidence plane in reference to the obstacle plane, this
requires storing an additional angle which is not done within this model however
suggestions for how to account for this in the future are discussed in section 9.2.3.
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5.1 Algorithm for a standard ray-launcher

For comparison I now outline a ray launching algorithm which bares a closer
resemblance to the algorithms currently used. This algorithm stores field values
corresponding to rays as the rays enter voxels. The point reassignment to the
centre of voxels as outlined in section 4.5 is also made in this algorithm. How-
ever, double counting can not be removed, as the ray history is not stored so it
is not possible to check if a ray corresponding to the same propagation level has
already been stored. To minimise the double counting the number of cone steps is
halved so that cones should meet at their edge, this may result in undercounting
as gaps are left between cones and any rays which do not get reflected due to an
invalid intersection will have their reflected cone ignored. Since the comparison
to this method is on computation times the magnitude of the undercounting error
is ignored. The reduction in cone size reduces the number of computations the
standard method completes, using the computation times for this method as the
comparison sets the bar for computation times for the GRL method higher.

5.1.1 Overview of the algorithms used for the standard ray-

launcher

1. Input all information on the locations of obstacles;ray launching parameters;
antenna parameters and obstacle materials to algorithm 5.1.

2. Reflect the rays and iterate along each segment storing the field.

(a) Iteration through each ray segment is done using algorithm 5.3.

(b) Iteration between reflection is done using algorithm 5.2.

3. Convert the mesh of field values to a mesh of power values then convert the
power in Watts to power in dB using algorithm 5.16.

The output grid contains power values corresponding to the specific set of inputs.
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Algorithm 5.1 Standard ray launching

Require: TxTxTx︸︷︷︸
transmitter

location

, NRe︸︷︷︸
number

of
reflections

, NRa︸︷︷︸
number

of
rays

, Nst︸︷︷︸
number

of
steps

, room︸ ︷︷ ︸
Coordinates

of
obstacles

, split︸︷︷︸
Steps
per

voxel

, δ0︸︷︷︸
Angle
spacing

between
rays

, Ẑ̂ẐZ︸︷︷︸
Impedance
of surface

over
impedance

of air

, nnn︸︷︷︸
refractive
index of
obstacles

,

1: GTGTGT︸︷︷︸
transmitter

gain
per ray
number

, k︸︷︷︸
nondimensional

wave
number

, L︸︷︷︸
environment
lengthscale

, λ︸︷︷︸
wavelength

, Po︸︷︷︸
polarisation

2: procedure STANDARD_RAY_LAUNCHER

3: D = directions(NRa), .compute ray directions

4: r =maximum_length(room) .Max length of a straight line in the room

5: h =
max(rmaxx,rmaxy ,rmaxz)

Nst
.meshwidth

6: Nx = rmaxx/h .number of steps along the x-axis

7: Ny = rmaxy/h .number of steps along the y-axis

8: Nz = rmaxz/h .number of steps along the z-axis

9: FFF = zeros((Nx,Ny,Nz, 2), datatype = complex floats) .initial mesh

10: rayp = empty([NRa + 1,NRe + 1, 4]), .initial ray points

11: for nRa ∈ [0,NRa] do:
12: d̂̂d̂d = D[i]. .direction of the next ray

13: start = [TxTxTx, 0]. .ray source and 0 for obstacle no.

14: ray0 = Ray(start, d̂̂d̂d), .initialise the ray

15: f = [nRa,NRe, split, δ0]

16: FFF = ray0.mesh_std_multiref(FFF ,nRa, Ẑ̂ẐZ,nnn, k,L,Po,GTGTGT , f) .

reflect NRe times

17: rayp[i] = ray0.points[0 : −2], .store ray points

18: PPP = |FFF [:, :, :, 0]Po[0]|2 + |FFF [:, :, :, 1]Po[1]|2

19: PPP dB = Watts_to_dB(PPP )

20: return PPP dB

The standard ray launcher requires a smaller dimension storage grid FFF . The
grid FFF requires two terms per voxel corresponding to perpendicular and parallel
polarisation terms. In the current implementation the angle between the incidence
plane and the obstacle plane is not stored, it is therefore not possible to decompose
the incoming field to reflection into the parallel and perpendicular components to

118



the incidence plane. The reflection coefficients instead multiply the terms rep-
resenting the polarisation out of the transmitting antenna. Suggestions for how
to improve this polarisation modelling are discussed in section 9.2.3. This ray
launching approach uses algorithm 5.2 to reflect each ray NRe times and then uses
algorithm 5.3 to step through each ray calculating the field and storing the terms.
Once the field is calculated it is converted to power in Watts and then into power
in decibels. It is the decibel power loss at each position that is output.

Algorithm 5.2 Reflecting each ray with standard method

Require: ray0︸︷︷︸
ray
self

, FFF︸︷︷︸
field
grid

, nRa︸︷︷︸
ray

number

, Ẑ̂ẐZ︸︷︷︸
impedance
ratio per
obstacle

, nnn︸︷︷︸
refractive
index of
obstacles

, k︸︷︷︸
nondimensional

wavenumber

, L︸︷︷︸
lengthscale

, Po︸︷︷︸
polarisation

, GTGTGT︸︷︷︸
transmitter

gain
per ray

, f︸︷︷︸
remaining
parameters
assigned in

algorithm 5.1

procedure MESH_STD_MULTIREF

nRa,NRe, split, δ0 = f

rp = 0 .ray distance starts at 0

for nRe ∈ [0,NRe + 1] do:
end = ray0.reflect_calc(room) .algorithm 5.6

noend = Ray.reflect_calc(room) .indicates if reflections not found

if noend then:
FFF , rp = Ray.mesh_std_singleray(room,FFF , rp,NRa,NRe,nRa, split, δ0, Ẑ̂ẐZ,nnn, k,L,Po,GTGTGT )

.function mesh_std_singleray

else
.No reflection found and NRe has not been

reached. This may occur when a ray hits a corner
and an interior reflection can not be identified

MNan =Nan∗empty([NRe − nRe, 4]) .

array of NaNs indicating reflections not found

Ray.points=[Ray.points,MNan] .fill ray points array
return FFF
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Algorithm 5.3 Standard singleray

Require: room︸ ︷︷ ︸
obstacles

, FFF︸︷︷︸
field
grid

, rp︸︷︷︸
ray

distance

, NRa︸︷︷︸
number
of rays

, NRe︸︷︷︸
number

of
reflections

, nRa︸︷︷︸
ray

number

, split︸︷︷︸
steps
per

voxel

, δ0︸︷︷︸
angle

between
rays

Ẑ̂ẐZ︸︷︷︸
impedance
ratio per
obstacle

, nnn︸︷︷︸
refractive
index of
obstacles

, k︸︷︷︸
nondimensional

wavenumber

, L︸︷︷︸
lengthscale

, Po︸︷︷︸
polarisation

, GTGTGT︸︷︷︸
transmitter

gain
per ray

procedure MESH_STD_SINGLERAY

Nst =

rs+
r tan( δ02 )

2

(
sin(2θi)+(1−cos(2θi)) tan(θi+ δ0

2 )

)
h

.equation (4.3.15)

Nc = int( π

arcsin( h
4ρ)

) .no. of cone vectors equation (4.3.16)

Mc = normal_mat(Nc, d̂̂d̂d) .compute cone algorithm 5.8

nSur = Ray.points[−2, 4] .surface number of hit surface

aaa, d̂̂d̂d =Ray.points[−2 :, 0 : 4]

θi = angle(aaa, room.norms[nSur]). .incidence angle

for i ∈ [0,Nst ∗ split] do:
(x, y, z) = aaa+ id̂̂d̂d h

split

(p, l,m) = position(x, y, z)

r = r̃ . correct distance to center of (p, l,m), equation (4.5.3)

Ncs = max( r
h

tan
(
δ0
2

)
,
√

3Nx,
√

3Ny,
√

3Nz) .equation (4.3.13)

for j ∈ [0,Ncs ∗ 2] do:
(x, y, z) = coordinate(p, l,m) + jMc

h
2

(p, l,m) = position(x, y, z)

r = r̃ .correct distance to center of (p, l,m) equa-
tion (4.5.3)

R[0] =
cos(θi)Ẑ̂ẐZ[nSur]−

√
1−
(

sin(θi)
nnn[nSur ]

)2

cos(θi)Ẑ̂ẐZ[nSur]+

√
1−
(

sin(θi)
nnn[nSur ]

)2
.reflection coefficient equation (3.4.10a)

R[1] =
cos(θi)−

√
1−
(

sin(θi)
nnn[nSur ]

)2

Ẑ̂ẐZ[nSur]

cos(θi)+

√
1−
(

sin(θi)
nnn[nSur ]

)2

Ẑ̂ẐZ[nSur]

.reflection coefficient equation (3.4.10b)

FFF [p, l,m, 0]+ = 1
r̃
eikr̃(L

2)R[0]

FFF [p, l,m, 1]+ = 1
r̃
eikr̃(L

2)R[1]
return FFF , rp
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I have developed a generalised ray-launching (GRL) method with the aim of
outputting information from rays which have bounced around the environment
rather than just values. The information which is stored is everything that would
be needed to calculate the power over the whole regime, as a function of the
regime parameters. This information is synonymous with outputting the function
of the power at that location.

The main benefits of this approach are: that the output (referred to as Y (Ω))
can be used to compute coverage results for varying sets of inputs without running
the entire ray launcher again; Y (Ω) contains information about which parameters
effect the received power at each grid point, and this can be used to determine
how the power will change if one of the parameters changes.

The original motivation of the project was the need for a model which could
produce accurate results in the case where the length scale for the environment
was large with respect to the wavelength (i.e., the nondimensional angular wave
number in equation (3.1.9) k � 2π; for simplicity this is referred to as the wave
number). In the review of the current available methods in [7] Iskander and
Yun revealed that many methods require calibration to a specific wavelength but
are doing very similar computations for the rays. This repeated ray calculation
prompts the question "Is it possible to use the same ray calculation for different phys-
ical parameters?". It was this which lead to the development of the GRL method,
which calculates the trajectories of rays and stores where the rays have been. This
information can then be combined with the wavelength, antenna gains and obsta-
cle parameters to compute power values. The important distinction of this method
being that if the wavelength is changed because a different antenna type is being
considered then the entire method does not need to be rerun.

In this chapter I will discuss the key ideas underpinning the GRL method in
section 1.1.1. I will then go on to outline the details in the data structure and
the algorithm for performing the ray-launcher which enable us to maintain the
information corresponding to the rays. I will then outline in section 5.8 how to
calculate power from the information stored at the end of the GRL. To end the
chapter in section 5.9 I will compare the method to standard ray-tracers on the
number of computations, the run-time, and the accuracy.
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5.2 Storage structure of the objects in the GRL

method

Table 5.1: Inputs to GRL algorithm

*Input parameter Description *

* δ0 Spacing between neighbouring rays in the same XY plane. *
* NRe number of reflections *
* obst coordinates of obstacles [obst[j]]j=1,..,NOb . *
* NTriNTriNTri number of triangles which form each obstacle [NTrij]j=1,..,NOb*
* TxTxTx transmitter location *
* split number of steps to take through each voxel. *
* Nst number of voxels on longest axis *

As inputs the room object takes: the coordinates of the triangles forming the
room; the number of triangles forming each surface; and the number of surfaces.
The mesh object Ω̂ is a dictionary with keys corresponding to voxels and for each
key there is a corresponding sparse matrix. The number of voxels on each axis is
calculated using the maximum length on each axis in the room and the number of
steps along the longest axisNst. The longest axis andNst are used to determine the
length of one side of a voxel h and this in turn is used to determine the number
of voxels on the remaining axes. The number of rows for each sparse matrix
corresponds to all the possible combinations of obstacle and reflection numbers.
The number of columns corresponds to all the possible combinations of ray and
reflection numbers. The mesh Ω̂ takes the inputs: the number of voxels in the
x-axis; the number of voxels in the y-axis; the number of voxels in the z-axis;
the number of rows for each sparse matrix; and the number of columns for each
sparse matrix.

The environment can be viewed in two parts as in Figure 5.2.1.
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 x00 y00 z00

x01 y01 z01

x02 y02 z02

 · · ·

 x(NOb−1)0 y(NOb−1)0 z(NOb−1)0

x(NOb−1)1 y(NOb−1)1 z(NOb−1)1

x(NOb−1)2 y(NOb−1)2 z(NOb−1)2




NTriNTriNTri =
[

[NTri0] · · · [NTriNSur ]
]

An array of coordinates corresponding to triangles.

An array indicating the number of triangles forming each surface

A
p,l,m

The space is discretised into a mesh.

Ap,l,m =

0 ··· NRe∗NRa
. . . · · · ...
...

...
... · · · . . .


0

...
NSur∗NRe

Each term in the mesh is a sparse matrix.

Figure 5.2.1: The coordinates representing the obstacles and the dictionary of
sparse matrices (Mesh) are stored separately. The indices of the mesh correspond
to positions in the environment but these voxels do not know where the obstacles
are located.
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In addition to the coordinates of the triangles the room object also stores the
number of triangles forming each planar surface and the total number of surfaces.
Since rays cannot hit two triangles which lie in the same plane sequentially this in-
formation speeds up intersection testing. The size of the mesh can also be reduced
since it is only necessary to know the surface number which has been hit.

The environment Ω is discretised into Nx, Ny, and Nz pieces to form a mesh
Ω̂, the spacing h in the x, y and z directions is the same. Each mesh voxel rep-
resents part of space and has a corresponding sparse matrix Ap,l,m which stores
information about the rays going through the voxel. The sparse matrix Ap,l,m has
dimensions (NReNRa + 1) ∗ (NSurNRe + 1).

Ap,l,m =

0 ··· NRe ··· NRe∗NRa
. . . · · · · · · ...
...

...
...

...
... · · · · · · . . .


0

...
NSur

...
NSur∗NRe

Each position in Ap,l,m corresponds to a ray nRa ∈ [0,NRa], obstacle nSur ∈ [0,NSur]

interaction which has had nRe ∈ [0,NRe] reflections. Position (NSur ∗ nRe +

nSur,NRe ∗ nRa + nRe) corresponds to the ray number nRa hitting the obstacle nSur
after nRe reflections. At this position the information to be stored is that which is
needed to calculate the field. The field calculation needs the distance the ray has
travelled and incident angles of reflection.

To store the reflection angle store the complex number eiθi at the row position
corresponding to the obstacle and reflection number in the temporary vector vvv.
The entire vector is multiplied by the ray distance and stored in the corresponding
column to the ray and reflection number. The temporary vector vvv is used to store
the reflection angles as the travels. The term eiθi is stored instead of θi so that two
pieces of information can be stored in one complex number. Once stored in Ω̂ there
is one index corresponding the ray, reflection and obstacle number calculation and
the ray’s reflection angle and distance do not need to be looked up separately.

When the reflection number is higher than one, multiple terms in the column
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are stored corresponding to the previous incidence angles. The vector vvv containing
the reflection angle history is multiplied by the distance the ray traveled up to
the centre of the voxel before storing the vector in the column corresponding to
the reflection and ray number. Multiplying the terms by the ray distance enables
storage of both the ray reflection angle and the ray distance in the same position
in the matrix.

On output every nonzero column is a ray segment. This contains the history of
the ray segment before entering the mesh voxel. If the ray segment corresponds
to a ray after nRe reflections then there are nRe + 1 nonzero terms in the column,
since there is a term for each reflection and the line of sight path. The number of
nonzero columns in Ap,l,m is the number of ray segments going through the mesh
voxel.

5.3 Grid points

Coverage predictions need a map of what’s happening everywhere. To do this
choose which x, y, z points to calculate at. It is not possible to produce a mesh
which will separate every possible point since there are infinite real numbers be-
tween any two numbers x1 and x2. Prediction can therefore only be made at a
finite number of preset co-ordinates, all other co-ordinates will approximate their
prediction by the closest point in the preset.

The problem is: How can coverage be approximated, if receivers can’t be at all
locations?. Consider two possible approaches to this problem: the first considers
all points contained in a voxel and add the rays going through them together; the
second is to consider one point that represents all others within a voxel.

The first approach makes the ray storage more straightforward, since rays do
not have to hit a specific point and do not need to be altered before being stored.
However it leaves open the possibility of phase errors. If two rays enter the same
voxel from different sides the maximum distance between them is

√
3h. If

√
3h > λ

then the phase calculated has an error range the same size as its magnitude as
shown in section 4.5. For problems which do not require detailed coverage and
an average representation of the distribution of power is enough then this method
would be sufficient. However since I want a method that will give accurate results
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for small wavelength problems and I want to consider an indoor domain where
constructive and destructive interference may yield caustic points, this method is
not suitable for my investigations.

p1p1p1 p∗1p
∗
1p
∗
1

rp∗1p∗1p∗1

rp1p1p1

Tx

Figure 5.3.1: Points in the same voxel are not the same distance from the trans-
mitter (or image transmitter).

The second approach is the one used in the GRL method. Set one point p∗1p
∗
1p
∗
1 for

each mesh voxel which represents the range of points the voxel contains. These
are the points whose co-ordinates are within half a meshwidth of p∗1p

∗
1p
∗
1 i.e.,

ppp ∈ {(px, py, pz)
∣∣∣|px − p∗1p∗1p∗1x| ≤ h

2
, |py − p∗1p

∗
1p
∗
1y| ≤

h

2
, |pz − p∗1p

∗
1p
∗
1z| ≤

h

2
}.

If a ray hits any of the points in this range then it is represented by a ray going
through p∗1p

∗
1p
∗
1. The distance travelled by the ray segment to ppp is recalculated to the

distance the ray travelled to the p∗1p
∗
1p
∗
1. This is shown in Figure 5.3.1 and this change

in distance is done using the distance correction equation (4.5.3) from section 4.5.
The point and distance change can be summarised by the following

∀ppp = (x, y, z) s.t x ∈ [xi−1,xi], y ∈ [yi−1, yi], z ∈ [zi−1, zi]

If a ray goes through ppp then

ppp→ p∗1p
∗
1p
∗
1 =

(
xi + xi−1

2
,
yi + yi−1

2
,
zi + zi−1

2

)
and rppp → rp∗1p∗1p∗1 . (5.3.1)
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5.4 Implementation

The GRL implementation is made up of a main program “Raylauncher" outlined
in algorithm 5.4. This program sends out the rays and runs the reflection and stor-
age functions. The reflections and mesh iteration for storing the ray information
is done in a ‘mesh_multiref" outlined in algorithm 5.5. The mesh iteration which
steps along a ray segment is done by “mesh_singleray" described in algorithm 5.7.

5.4.1 Summary of the generalised ray-launching method (GRL)

1. Input only the location information and ray launching parameters, given in
table 5.1.

2. Calculate the reflection points using algorithm 5.6.

3. Iterate through rays storing the information needed to later calculate the
field in relevant positions.

(a) Iteration through each ray segment is done using algorithm 5.7.

(b) Iteration between reflection is done using algorithm 5.5.

4. Output dictionary of sparse matrices Y (Ω̂) containing the information
needed to calculate the field.

The same output grid can be used to compute power grids corresponding to dif-
ferent inputs.
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Algorithm 5.4 Raylauncher

Require: TxTxTx︸︷︷︸
transmitter

location

, NRe︸︷︷︸
number

of reflections

, NRa︸︷︷︸
number
of rays

, Nst︸︷︷︸
number
of steps

, room︸ ︷︷ ︸
Coordinates
of obstacles

, split︸︷︷︸
steps per

voxel

, δ0︸︷︷︸
Angle spacing
between rays

1: procedure RAY_LAUNCHER

2: r = rmax(room), . max length in the room

3: rx = rmaxx(room), .max length in the x axis in the room

4: ry = rmaxy(room), .max length in the xy-axis in the room

5: rz = rmaxz(room), .max length in the z axis in the room

6: NSur = room.NSur .number of surfaces in the room

7: D = directions(NRa), .compute ray directions

8: D = r ∗D, .scale the directions matrix

9: h =
max(rmaxx,rmaxy ,rmaxz)

Nst
.meshwidth

10: Nx = rmaxx/h .number of steps along the x-axis

11: Ny = rmaxy/h .number of steps along the y-axis

12: Nz = rmaxz/h .number of steps along the z-axis

13: Ω̂︸︷︷︸
mesh

= Mesh(Nx,Ny,Nz,NSurNRe + 1,NRa(NRe + 1)) .initialise mesh

14: rayp = empty([NRa + 1,NRe + 1, 4]), .initialise ray points

15: for i ∈ [0,NRa] do:
16: d̂̂d̂d = D[i]. .set direction of the next ray

17: start = [TxTxTx, 0]. .source of the ray, 0 obstacle no.

18: ray0 = Ray(start, d̂̂d̂d), .initialise ray

19: Ω̂, ray0 = mesh_multiref(ray0,NRe, Ω̂,NRa, i, split, δ0) .NRe reflections

20: rayp[it] = ray0.points[0 : −2], .store ray points
return Ω̂, rayp

The rays are independent to each other and although not currently parallelised,
it is parallelisable. Considerations for parallelisation are discussed in section 9.2.2.

The function “mesh_multiref" in algorithm 5.5 finds the next intersection point
and stores the ray information at the voxels the ray passes through. The ray in-
formation is stored in the sparse matrix corresponding to the mesh voxel the ray
segment goes through. The intersection point is found using the “reflect_calc"
function from algorithm 5.6 which uses equation (4.1.12) and stores the points in
the ray; the storing of ray information is done using the function “mesh_singleray"
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given by algorithm 5.7.

Algorithm 5.5 Reflect rays and store ray history mesh_multiref

Require: Rayself, room︸ ︷︷ ︸
Obstacles in

the room

, NRe︸︷︷︸
number of
reflections

, Ω̂︸︷︷︸
mesh

, NRa︸︷︷︸
number of

rays

, nRa︸︷︷︸
number of

this ray

, split︸︷︷︸
steps per

voxel

, δ0︸︷︷︸
Angle spacing
between rays

1: procedure MESH_MULTIREF

2: rp = 0 .ray distance starts at 0

3: vvv = Sparse matrix(Ω̂.shape[0], 1) .create iteration vector

4: for nRe ∈ [0,NRe + 1] do:
5: noend = Ray.reflect_calc(room) .indicates if reflections not found

6: if noend then:
7: Ω̂, rp,vvv = Ray.mesh_singleray(room, Ω̂, rp,vvv,NRa,NRe,nRa, split, δ0)

.algorithm 5.7

8: else .no reflection found and NRe not reached

9: MNan =Nan∗empty([NRe − nRe, 4]) .indicate reflections not found

10: Ray.points=[Ray.points,MNan] .fill ray points array return Ω̂
return Ω̂

The function “mesh_multiref" takes an initial ray position and direction then
finds the path of the ray and stores ray intersection points and the final ray direc-
tion. The function “mesh_singleray" outlined in algorithm 5.7 steps between in-
tersection points and store ray information. If parallelised double counting at this
stage is not checked, previous ray information is therefore not retrieved. Since ray
segments are stored separately double counts can be removed at the end; resulting
in more calculations for a parallelelised calculation.
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Algorithm 5.6 Reflect ray points and output whether an intersection occurs
Require: Rayself, room︸ ︷︷ ︸

Obstacles in
the room

1: procedure REFLECT_CALC

2: NOb = room.NOb

3: aaa =Ray.points[−2, 0 : 4] .last ray point

4: d̂̂d̂d =Ray.points[−1, 0 : 4] .ray direction

5: l1 = room.maxleng .initialise check length

6: CI = 0 .initialise intersection count

7: oSur = −1 .initialise object check number

8: for i ∈ [0,NOb] do:
9: nSur = room.SurfFromOb(i) .surface number from obstacle number

10: if CI < room.MaxInter and nSur! = oSur then:
11: [p0p0p0,p1p1p1,p2p2p2] = room.Obst[i] .extract points forming obstacle i

12: n = room.norms[i] .normal vector to the obstacle

13: ccctmp = aaa+ (p0p0p0−aaa)·n
d̂̂d̂d·n

d̂̂d̂d .intersection point with this obstacle

14: if InsideCheck(ccctmp, [p0p0p0,p1p1p1,p2p2p2]) then:
15: l2 = ||ccc− aaa||2 .distance from ray point to intersection

16: CI+ = 1 .increment intersection count

17: if −εM < l2 < l1 then:
18: l1 = l2 .reassign check length

19: ccc = ccctmp .reassign intersection point ccc

20: oSur = nSur .reassign obstacle number oSur

21: else
22: continue .intersection outside obstacle, proceed to next ob-

stacle

23: if oSur = −1 then: .no intersections are found return 0

24: [p0p0p0,p1p1p1,p2p2p2] = room.Obst[oSur] .extract the points forming the obstacle oSur

25: p̃rprpr = d̂̂d̂d+ 2(d̂̂d̂d · n)n .translated reflection point using equation (4.1.11)

26: prprpr = p̃rprpr + ccc .undo translation on reflection point

27: d̂̂d̂d2 = prprpr−ccc
||prprpr−ccc||2 .

28: Ray.points[−1] = [ccc, oSur] .override ray direction with intersection point
and obstacle number

29: Ray.points=[Ray.points, [d̂̂d̂d2, 0]] .store new ray direction return 1
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In algorithm 5.7 the process is outlined for finding an intersection point. Thius
process determines the intersection point with a plane from a ray. This algorithm
determines whether this is the correct intersection point for the ray segment, if so
finding the reflected ray. The algorithm encapsulates the intersection and reflec-
tion calculation and uses the calculations from section 4.1.1. In the coded program
the intersection function and reflection function are performed separately but for
simplicity I have included the steps they perform in the same algorithm here. This
is a calculation reduction, as when the maximum number of intersections have
been found it is no longer necessary to find intersections with the remaining ob-
stacles. When an intersection point is found and it is closer to the ray point than
the previously considered intersection point, it is stored as the output intersection
point. This output is reassigned every time an intersection point is found to be
closer to the start of the ray but does not lie on the same surface as the previous
ray point.

The function “reflect_calc" uses the latest ray point and ray direction given
by the ray object and finds the intersection point with the obstacles. It iterates
through the obstacles finding intersection points. If the points lie on the surface
being checked then the intersection count CI is increased by 1.

Whether the intersection points lie inside the obstacle is checked using equa-
tion (4.1.7), since the intersection point could be another point in the same plane
outside the obstacle. Ensuring the intersection point lies on a surface also ensures
that the point is contained within the environment domain.

The function “reflect_calc" will output 0 when no intersections occur. This may
happen if the ray intersects a corner and the algorithm determines the reflected
points to be outside the environment. This may also occur if rounding errors cause
the intersection point to be determined as outside of an obstacle. This is why
overlapping cones are used to prevent undercounting when rays are not found.
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Algorithm 5.7 Single iteration through a ray cone mesh_singleray

Require: Rayself, room, NRe︸︷︷︸
number of
reflections

, Ω̂︸︷︷︸
mesh

, NRa︸︷︷︸
number of

rays

, nRa︸︷︷︸
number of

this ray

, δ0︸︷︷︸
angle spacing
between rays

1: procedure MESH_SINGLERAY

2: h = room.meshwidth .meshwidth from the room

3: Nst =

rs+
r tan( δ02 )

2

(
sin(2θi)+(1−cos(2θi)) tan(θi+ δ0

2 )

)
h

.equation (4.3.15)

4: Nc = int( π

arcsin( h
4ρ)

) .no. of cone vectors, equation (4.3.16)

5: Mc = normal_mat(Nc, d̂̂d̂d) .ompute cone, algorithm 5.8

6: nSur = Ray.points[−2, 4] .surface number of hit surface

7: aaa, d̂̂d̂d =Ray.points[−2 :, 0 : 4] .previous intersection and direction

8: θi = angle(aaa, room.norms[nSur]). .incidence angle

9: vvv =



...
eiθinRe−1

...
eiθinRe

...



...
NSur ∗ (nRe − 1) + nSur(nRe−1)

...
NSur ∗ (nRe) + nSur(nRe)

...

.θi into vvv

10: for i ∈ [0,Nst ∗ split] do:
11: (x, y, z) = aaa+ id̂̂d̂d h

split

12: (p, l,m) = position(x, y, z)

13: r = r̃ .correct distance to center of (p, l,m), equation (4.5.3)

14: Ap,l,m =

· · · NRe∗nRa+nRe · · ·
. . . ...

· · · rvvv · · ·
... . . .


...
NSur∗nRe+nSur

...
NSur∗NRe

.store rvvv

15: Ncs = max( r
h

tan
(
δ0
2

)
,
√

3Nx,
√

3Ny,
√

3Nz) .equation (4.3.13)

16: for j ∈ [0,Ncs ∗ 2] do:
17: (x, y, z) = coordinate(p, l,m) + jMc

h
2

.coordinate on cone

18: (p, l,m) = position(x, y, z) .mesh index for (x, y, z)

19: ID = Ω̂.double_check(vvv, p, l,m) .algorithm 5.9

20: if ID then: continue .double present, take next ray step

21: r = r̃ .correct distance to center of (p, l,m),equation (4.5.3)

22: Ap,l,m =

· · · NRe∗nRa+nRe · · ·
. . . ...

· · · rvvv · · ·
... . . .


...
NSur∗nRe+nSur

...
NSur∗NRe

.store rvvv

return Ω̂,vvv
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The function “mesh_singleray" steps along a ray and stores the ray information
at the voxels the ray goes through. The ray’s reflection history is stored in vvv this
includes complex numbers corresponding to the reflection incidence angles and
positions of nonzero terms which indicates the obstacle numbers of the surfaces
the reflections occurred with. As each coordinate is found, doubles are checked
for and nothing is stored if doubles are found. If parallelising the code, this step
should be ignored and doubles checked for and removed in postprocessing. For
the first ray segment the temporary vector vvv starts with all zeros and a 1 in the first
row. The following ray segments for the same ray are for reflection terms, this is
where eiθi is stored for the reflection angles. At the start of the ray segment the
reflection angle θi in the temporary vector vvv is stored. The reflection number of
the ray nRe and the number of the obstacle nSur gives the row NSur ∗ nRe + nSur;
the term eiθi is put in here.

The temporary vector vvv is multiplied by the distance the ray traveled to get to
the centre point of the mesh voxel r and the column is put in column NRe ∗ nSur +

nRe of the SM corresponding to the mesh voxel.

This storage process is repeated as steps are taken along the cone vectors and
to the end of the ray.

5.4.2 Cone computation

θ

θ

h

h

rprprp

Figure 5.4.1: Ray cone with the voxels the cone hits shaded in.
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At the start of each ray segment a set of vectors which lie in the plane normal to
the ray are computed, and these vectors have equal angle spacing between them.
The iteration in algorithm 5.7 steps along the ray segment, while the number of
steps to get to the end of the ray is given by equation (4.3.15). At each step along
the ray the normal vectors are then iterated through. The number of steps along
the normal vectors is recalculated as the ray segment is iterated through and is
given by equation (4.3.13). This determines how many mesh voxels are between
the ray segment and the edge of the ray cone as shown in Figure 5.4.1.

Figure 5.4.2: A single ray cone with normal vectors forming the cone.

The set of vectors normal to the ray form the cone at each ray step and are
calculated using algorithm 5.8. Double counting checks using algorithm 5.9 or
deletion using algorithm 5.10 ensures that the same point within the cone is not
accounted for multiple times. To prevent the vectors forming the cone needing to
be recalculated at each step the number of vectors is calculated using the end of
the ray, the same vectors are then used from the start of the ray segment to the
end. As a result more vectors are used than is required at the start of the ray. Since
repeated points are checked for the additional calculation time is not significant
in comparison to the time taken to compute the cone vectors. This algorithm uses
the number of vectors required to form a cone, found in equation (4.3.16).
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Algorithm 5.8 Finding an array of normal vectors normal_mat

Require: d̂̂d̂d︸︷︷︸
vector
to be

normal to

, Nc︸︷︷︸
number
of cones
needed

1: procedure NORMAL_MAT

2: τττ = [0, ..., 2π]︸ ︷︷ ︸
Nc

.cone vector angles

3: Mc = zeros((Nc, 3)) .cone matrix

4: if |d̂̂d̂d[2]| > 0 then:
5: xnxnxn[0] = [1, 1,− d̂̂d̂d[0]+d̂̂d̂d[1]

d̂̂d̂d[2]
] .first axis in the plane normal to d̂̂d̂d

6: xnxnxn/ = ||xnxnxn|| .normalise the vector

7: ynynyn = xnxnxn × d̂̂d̂d .compute axis normal to d̂̂d̂d and xnxnxn

8: ynynyn/ = ||ynynyn|| .normalise the vector

9: else: xnxnxn = [0, 0, 1] .d̂̂d̂d[2] = 0 then [0, 0, 1] is normal to d̂̂d̂d

10: ynynyn = xnxnxn × d̂̂d̂d .compute axis normal to d̂̂d̂d and xnxnxn

11: ynynyn/ = ||ynynyn|| .normalise the vector

12: i = 0

13: for τ ∈ τττ do:
14: Mc[i] = cos(τ)xnxnxn + sin(τ)ynynyn .stack the vectors forming the cone

return Mc

The function “normal_mat" creates Nc vectors all normal to d̂̂d̂d which have equal
angular spacing between them.

5.5 Avoiding double counting algorithm

In section 4.4 I discussed the issue of rays being double counted. This occurs
when ray cones overlap or when multiple rays represent the same section of prop-
agation. Close to the transmitter most ray distributions (NRa > 6) will results in
rays being closer together than a voxel length.
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Algorithm 5.9 Check if a ray is being double counted

1: procedure DOUBLE_CHECK

Require: Ω̂︸︷︷︸
self

mesh

, vvv︸︷︷︸
ray history

vector

, p, l,m︸ ︷︷ ︸
position
in mesh

2: ind = nonzero(vvv)[0] .positions of nonzero terms in vvv

3: M = Ω̂[p, l,m].toarray() .filled array from sparse matrix

4: for i ∈ nonzero(M)[1] do:
5: .iterate through nonzero columns of M

6: if M [:, i].nonzero()[0] == ind then: return True
return False

If double counting is not checked or removed then the power close to the
transmitter will be incorrectly calculated even if cones do not overlap. Since dou-
ble counting will be checked for these rays the check is adapted to also account
for overlapping ray cones, this allows the ray cones to be constructed independent
of each other. By making the ray cones intentionally overlap, if a rays intersection
is not found areas of propagation will be covered by neighbouring rays.

As previously described the double check is the only instance where rays need
information about previous rays. To parallelise the method this check should
be taken out of algorithm 5.7 and replaced with a post-processing double dele-
tion which should be performed after the ray-launcher. This is outlined in algo-
rithm 5.10.
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Algorithm 5.10 Deleting double counting after ray launching

procedure DOUBLE_DELETE

Require: Ω̂︸︷︷︸
self, mesh

Ω̂2 = Mesh(Ω̂.Nx, Ω̂.Ny, Ω̂.Nz, Ω̂.Na, Ω̂.Nb)

ind = nonzero(Ω̂) .nonzero terms in Ω̂

ID =True .initialise check switch

indo = [] .initialise array for nonzero indices output

x2, y2, z2, b2 = −1 .initialise position checks

Nnz = len(ind[0]) .number of nonzero terms in Mesh

for i ∈ [0,Nnz] do:
x, y, z,, b = ind[i]

if x! = x2 or y! = y2 or z! = z2 or b! = b2 then:
x2, y2, z2, b2 = x, y, z, b

vvv = Ω̂[x, y, z][:, b] .retrieve column for check from mesh

indvvv = nonzero(vvv)[0] .nonzero rows in column b

M = Ω̂2[x, y, z] .matrix at (x, y, z)

indM = nonzero(M) .nonzero terms already stored

rep=False .intialise repetition check

c = −1 .initialise column number

for m ∈ [0, number_nonzero(M [0])] do:
if indM [1][m] == c then: continue .column checked

c = indM [1][m]

indMr = nonzero(M [:, c])[0] .reassign column check

if indMr == indvvv then: .double is already stored

rep=True
break .repeated vectors

else: rep=False

if not rep then:
Ω̂2[x, y, z][:, b] = Ω̂[x, y, z][:, b] .store column

x,yyy,zzz,bbb = [x, ...,x], [y, ..., y], [z, ..., z], [b, ..., b]

indS = [[x], [yyy], [zzz], [indvvv], [bbb]] .nonzero positions

if ID then: indo = [[indo], [indS]]

else:
ID =False
indo = indS

return Ω̂2, indo
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In algorithm 5.10 an output mesh is initialised. The nonzero positions for
the input mesh are then found. At every new (x, y, z) position the matrix at that
position in the output mesh Ω̂2 is checked against the columns of the input mesh
Ω̂; if the column doesn’t match the row numbers for a previously stored column
then it is stored in the output mesh and the indices of its nonzero positions are
added to indo.

Since every column has a line of sight term in the first row use the number of
nonzero terms in the first row of M to indicate the number of nonzero columns
in M . The process of taking the nonzero positions of the mesh of a matrix is
slow. It is for this reason that the positions are found, then if statements are used
to determine whether a new column is entered. This is faster than finding the
indices for the nonzero matrices and their nonzero columns.

5.6 Output from generalised ray launcher

The method outputs a dictionary of sparse matrices. Each dictionary key cor-
responds to a mesh voxel in the discretised environment Ω̂.

The sparse matrices contain rejθi which correspond to the reflection angle θi
and distance r for a ray segment which hit surface number nSur after nRe reflec-
tions and came from the nRa ray from the source. The position of the term within
the matrix is used to retrieve the nRa,nRe,nSur information.

To compute the field from Ω̂, the reflection coefficient R must be computed
for each nonzero term. The product of the nonzero reflection loss terms must be
taken along each column. This must then be multiplied by the loss over distance
for each ray segment. This gives the field loss of each ray segment which went
through the mesh voxel, and these must then be summed and multiplied by the
initial field to get the field at the position x = (x, y, z), as given in equation (5.6.1).

φφφx = φφφ∗0

NRa∑
m

√
GTmGRmλ

4πrm,x
eikrm,x�

NRe∏
a=1
R 6=0

([
R||
(
nSur, θia,m,x

)
0

0 R⊥
(
nSur, θia,m,x

)])([bbb||
bbb⊥

])
. (5.6.1)
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The current implementation takes bbb||,bbb⊥ to give the polarisation of the transmitting
antenna. These should be resolved in the incidence plane for each reflection. To
find the incoming field within the incidence plane the angle between the incidence
plane and the obstacle is required. For simplicity this aspect of polarisation is
currently ignored and these angle are not stored. Suggestions for including this in
the model are made in section 9.2.3.

5.7 Errors in ray launching methods

The errors from the ray theory are from the discretisation. The rays must end
in the implementation but there are in fact infinite reflections, since the contribu-
tion from each gets smaller as the reflection number gets higher it is sufficient to
simulate a fixed number of reflections. This error E0 is in the reflection number.
E0 is also prevalent in a standard ray-method and this method does not increase
it. An advantage of the generalised method is that it does not need to be rerun
for changes in dielectrics, frequency or antenna pattern. The time saved from not
rerun can be used to run the method for longer and therefore more reflections.
The limiting behaviour for E0 is

lim
NRe→∞

(E0) = 0

Another error is in the representation of a collection of rays by a cone. Although
the distance is corrected in the mesh iteration in equation (5.3.1) the angle used to
calculate the reflection coefficient is the same for all terms in the cone. The angles
vary a lot within the cone Figure 3.4.3 and therefore the reflection coefficient could
be too large or too small. This is the cone angle error denoted E1, and it is difficult
to deduce how this error impacts on the field results as in some instances it will
increase the field loss and in other cases decrease it. Attempts to eliminate this
error are made by making an angle correction at the same stage as the distance
correction in equation (5.3.1). The size of each of these cone angle error terms
decreases as the number of rays increases

lim
NRa→∞

(E1) = 0.

The next error term considered is from the cone tessellation. I refer to this as
the cone error and denote it E2. Currently each ray cone is calculated independent
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of the others. This sets the code up well for parallelisation however it also makes
it difficult to form polygonal faces which tessellate a polyhedron. As a result there
are gaps between the cones and therefore propagation from the source is ignored
in these spaces. There is also possible double counting as the edge of two ray cones
may go through the same mesh voxel. The gaps between the cones get smaller as
more rays are used and therefore

lim
NRa→∞

(E2) = 0.

There is also currently an error from ignoring transmitted rays and diffracted
rays. This is not a limitation of the method and simply hasn’t been built into the
code yet in order to get an initial version working. The contribution of this to
the error terms is therefore not considered. The errors E0, E1, E2 are all results
of approximating waves with rays and therefore appear in standard ray-launching
methods too.

The key differences between a standard ray-launching method and this gen-
eralised ray-launching method are the inputs and the outputs. A standard ray-
launcher needs the locations of obstacles, the antenna frequency and pattern, and
the dielectric parameters for all the obstacles. The generalised ray-launcher only
needs the location of obstacles and the location of the antenna.

To calculate the power from the generalised approach it’s necessary to input
the rest of the information that goes into the standard method. By inputting the
information later the only part of the method which needs to be repeated is the
part which evaluates the power on each grid point, thus there is no repetition of
ray-launching or iterating through the rays.

The output from a standard ray-launcher is either a grid of field values or grid
of power values. The output from a generalised ray-launcher is a dictionary of
sparse matrices. This contains the information on the rays which went through the
grid points. This information includes: the distance along the ray travelled from
the source to the grid point; the ray number corresponding to the direction from
the source; the number corresponding to the obstacles hit, as well as the angles the
obstacles were hit with. This information needs to be combined with more input
parameters to get the field or power values that would result from a standard ray-
launcher. By keeping all this information more is known about the ray paths and
which obstacles cause loss to which areas. This additional information will prove
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helpful in chapter 7 when optimising the coverage.

5.8 Power calculation

To prevent incorrect interactions between phases I recommend calculating the
field first then going on to convert into the power. Converting from the field
into the power in Watts then on to the power in decibels. The power in decibels
measures the loss in power from the source, at this step the initial field φφφ∗0 and
the conversion coefficient Λ are cancelled out. It is for this reason that these
parameters are omitted from the field and the power in Watts calculation, since
the output result does not depend on them.

Computing the field loss then converting to power allows us to compute the
intersections of rays and the reflections with obstacles without incorrect phase
interactions. If power alone is calculated than averaging must be used to account
for phase interactions between rays.
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Algorithm 5.11 Getting ray distances from a mesh
Require: Y︸︷︷︸

self
output mesh

, NSur︸︷︷︸
number

of surfaces
1: procedure RADIUS_FROM_MESH

2: DΩ = Mesh(Y .Nx,Y .Ny,Y .Nz, 1,Y .Nb) .initialise output mesh

3: ind = nonzero(Y ) .nonzero positions in mesh

4: IC =False .switch once indice array is created

5: Nnz = len(ind[0]) .number of nonzero terms

6: for i ∈ [0,Nnz] do:
7: x, y, z, a, b = ind[:, i] .index positions

8: r = |Y [x, y, z][a, b]| .ray length

9: nSur = SurfaceNumber_fromrow(a,NSur) .equation (5.8.1)

10: nRe = RefNumber_fromrow(a,NSur) .equation (5.8.2)

11: if DΩ[x, y, z][0, b] == 0 then:
12: DΩ[x, y, z][0, b] = r .store distance if not already stored

13: if IC then: indo = [indo, ind[i]] .store nonzero positions

14: else:
15: IC =True
16: indo = ind[i] .store first nonzero position

return DΩ, indo

In algorithm 5.11 a dictionary of sparse matrices is taken as input along with
the number of surfaces. The indices corresponding to nonzero terms are found
at the start of this function. This is a slow function, if these positions are already
found then input them instead of repeating this find, an optional input can be used
to indicate whether the positions have already been found or not. The key x, y, z

to the dictionary corresponds to a voxel, and the voxel has a corresponding sparse
matrix. Each nonzero column in the matrix corresponds to a ray segment which
went through the voxel. All nonzero terms in the column have the same magni-
tude, this magnitude corresponds to the distance the ray travelled to get the centre
of the voxel. Algorithm 5.11 outputs a new dictionary of sparse matrices. Each
of these sparse matrices corresponds to the same x, y, z voxels as the input. These
sparse matrices are in fact vectors with each term in the vector corresponding
to a column in the input sparse matrices. The function SurfaceNumber_fromrow
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outputs the number corresponding to the surface hit. It finds this using the row
number a and the function

SurfaceNumber_fromrow(a,NSur) :=

{
0, if a == 0

r − 1 (mod NOb) if a 6= 0

}
.

(5.8.1)
The function RefNumber_fromrow outputs the number corresponding to the re-
flection. It does this using the row number a and the function

RefNumber_fromrow(a,NSur) :=
0, if a == 0

nSur = SurfaceNumber_fromrow(a,NSur)

d1 + a−nSur−1
NSur

e
if a 6= 0

 . (5.8.2)

Calculating the power needs the angles of incidence from the rays reflections. I
will now outline how to retrieve the incidence angles from Y .

Algorithm 5.12 Getting the reflection angles from a mesh.

Require: Y︸︷︷︸
self

GRL output
mesh

, ind︸︷︷︸
nonzero
positions
in mesh

, εM︸︷︷︸
machine
epsilon

1: procedure REFLECTION_ANGLES

2: Nnz = len(ind[0]) .number of nonzero terms in the mesh

3: Θ = zeros(shape(Y )) .initialise angle mesh

4: for i ∈ [0,Nnz] do:
5: x, y, z, a, b = ind[:, i] .nonzero position

6: Θ[x, y, z, a, b] = arg(Y [x, y, z, a, b]) .set angle

7: if | arg(Ω̂[x, y, z, a, b]| < εM then:
8: Θ[x, y, z, a, b] = 4 .0 angle dummy term

return Θ

In algorithm 5.12 the reflection angles corresponding to ray surface interaction
are found. The input to this algorithm is the dictionary of sparse matrices Y which
is output from the GRL method, along with the indices indicating the positions
of nonzero terms in Y . If the nonzero positions have not yet been found at the
function call then they must be found before algorithm 5.12 is called. As in algo-
rithm 5.11 each nonzero column indicates a ray segment which went through the
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centre of the voxel. Unlike algorithm 5.11 the output from algorithm 5.12 has the
same dimensions as the input Y , this is since all the reflection angles are needed
for a ray segments history. Since zeroes are used in the mesh to represent inter-
actions which don’t occur the mesh cannot store a zero angle reflection without it
being lost in the next calculation. Therefore a dummy value of four is stored in
this position so it can be detected later. The range for these reflection angles is
[0, π/2].

Algorithm 5.13 Find the combined reflection loss coefficient for each ray segment.

Require: Θ︸︷︷︸
self reflection
textanglemesh

, IL︸︷︷︸
line of

sight switch

, IP︸︷︷︸
perfect

reflection switch
procedure REFLECTION_COEFFICIENTS

R⊥,R|| = Mesh(Θ.shape), Mesh(Θ.shape)

ind = nonzero(Θ) .nonzero terms in Θ

Nnz = len(ind[0]) .number of nonzero terms

x2, y2, z2, j2 = −1 .initialise position checks

for a ∈ [0,Nnz] do: .iterate through nonzero positions

x, y, z, i, j = ind[:, a]

if any(a! = b for a ∈ (x2, y2, z2, j2) and b ∈ (x, y, z, j)) then:
x2, y2, z2, j2 = x, y, z, j .reassign position check

R⊥[x, y, z][0, j],R||[x, y, z][0, j] = 1 .line of sight terms

if not IL and not IP then: .lossy reflection

if i! = 0 or number_nonzero(Θ[x, y, z][:, j])! = 1 then:
indvvv = nonzero(Θ[x, y, z][1 :, j])[0]

for m ∈ indvvv do:
if |nnn[m+ 1]| < εM then:

.nonreflective

R⊥[x, y, z][0, j],R||[x, y, z][0, j] = 0

else:
θi = Θ[x, y, z][m+ 1, j] .incidence angle

if 4− εM <= θi <= 4 + εM then: θi = 0

144



if | cos(θi)| < εM and
∣∣∣∣√1− ( sin(θi)

nnn[m+1]
)2

∣∣∣∣ < εM then:

R⊥[x, y, z][0, j],R||[x, y, z][0, j]∗ = Ẑ̂ẐZ[m+1]−1

Ẑ̂ẐZ[m+1]+1

else:

R⊥[x, y, z][0, j]∗ =
cos(θi)Ẑ̂ẐZ[m+1]−

√
1−
(

sin(θi)
nnn[m+1]

)2

cos(θi)Ẑ̂ẐZ[m+1]+

√
1−
(

sin(θi)
nnn[m+1]

)2

R||[x, y, z][0, j]∗ =
cos(θi)−

√
1−
(

sin(θi)
nnn[m+1]

)2

Ẑ̂ẐZ[m+1]

cos(θi)+

√
1−
(

sin(θi)
nnn[m+1]

)2

Ẑ̂ẐZ[m+1]

else if IP and not IL then: .perfect reflection

if any(|m| < εM for m ∈ nnn[indvvv]) then:
R⊥[x, y, z][0, j],R||[x, y, z][0, j] = 0

else:R⊥[x, y, z][0, j],R||[x, y, z][0, j] = 1
return R⊥,R||

The reflection coefficients are computed in algorithm 5.13 using the reflection
angles found in algorithm 5.12 and the physical parameters of the obstacles Ẑ̂ẐZ,
nnn. In the instance where the reflection angle is zero the number four is put in
its place. This is due to a zero value not being picked up when retrieving the
positions of terms and four is outside the range of possible angle values so won’t
get misvalued. When the four value is then detected it is reassigned back to zero
before the reflection coefficient calculation.

145



Algorithm 5.14 Calculate the field at each grid point.

Require: DΩ︸︷︷︸
self

mesh of ray
distances

R⊥,R||︸ ︷︷ ︸
reflection coefficient

meshes in perpendicular
and parallel directions

, GTGTGT︸︷︷︸
vector of

transmitter
gains

, k︸︷︷︸
nondimensional

wave
number

, L︸︷︷︸
Length
scale

, λ︸︷︷︸
wavelength

, ind︸︷︷︸
nonzero
positions
in mesh

1: procedure FIELD_FROM_MESH

2: Ω̂⊥, Ω̂|| = zeros(DΩ.shape), zeros(DΩ.shape) .initialise fields

3: Nnz = len(ind[0]) .number of terms

4: for i ∈ [0,Nnz] do:
5: x, y, z, a, b = ind[:, l] .positions

6: if DΩ[x, y, z][a, b]! = 0 then:
7: r = DΩ[x, y, z][a, b] .ray distance

8: φφφ = λ
4πr
eikr(L

2) .field from ray segment

9: Ω̂⊥[x, y, z]+ =
√
GTGTGT [b− 1]φφφR⊥[x, y, z][a, b] .amend field perpendicular to

antenna polarisation

10: Ω̂||[x, y, z]+ =
√
GTGTGT [b− 1]φφφR||[x, y, z][a, b] .amend field parallel to

antenna polarisation
return Ω̂⊥, Ω̂||

The ray distances from algorithm 5.11 are combined with the reflection coeffi-
cients from algorithm 5.13 and the parameters for the antenna and environment
to get the field at each voxel. The initial field value as seen in equation (3.5.2)
is not used in this calculation. The output field corresponds to the field loss from
the source in equation (3.5.1). This field loss is used since when the field is later
converted into power loss in decibels this coefficient term would cancel out.
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Algorithm 5.15 Power calculation

Require: Y︸︷︷︸
output
from
ray

launcher
algorithm 5.4

, Ẑ̂ẐZ︸︷︷︸
Impedance
of surface

over
impedance

of air

, nnn︸︷︷︸
refractive
index of
obstacles

, GTGTGT︸︷︷︸
transmitter

gain
per ray
number

, k︸︷︷︸
nondimensional

wave
number

, L︸︷︷︸
environment
lengthscale

, λ︸︷︷︸
wavelength

, Po︸︷︷︸
polarisation

1: procedure POWER_FROM_MESH

2: DΩ, ind = radius_from_mesh(Y ) .algorithm 5.11

3: Θ = reflection_angles(Y ) .algorithm 5.12

4: R⊥,R|| = reflection_coefficients(Θ, Ẑ̂ẐZ,nnn) .algorithm 5.13

5: φφφ⊥,φφφ|| = DΩ.field_from_mesh(R⊥R||,GTGTGT , k,L,λ, ind) .algorithm 5.14

6: PPPW = |φφφ⊥Po[0]|2 + |φφφ⊥Po[1]|2

7: PPP dB = Watts_to_dB(PPPW)

8: return PPP dB

The power calculation in algorithm 5.15 requires the power in Watts being con-
verted into the power loss in decibels. The input the power conversion coefficient
Λ and the initial field φφφ∗0 are not known, therefore the values for the power in Watts
PPPW are actually values representing power loss in Watts which are proportional to
the power in Watts. In order to get the power loss in decibels use algorithm 5.16
which uses equation (3.4.2).

Algorithm 5.16 Convert power from Watts to dB.
Require: PW

1: procedure WATTS_TO_DB return 10 log10(PW, where = (PW! = 0))

In algorithms 5.15 and 5.16 the power loss coverage is found; this is the power
loss that would have occurred when the signal reaches a receiver located at each
of the discrete points defined by the centres of the voxels. The generalised ray
launching method outputs a dictionary of sparse matrices, and this is then input
into the power calculation in algorithm 5.15 along with the parameters describing
the obstacle materials and antenna type. This power calculation retrieves the
lengths of the ray segments and the angles of incidence from the reflections as
well as the obstacle reference number which the rays reflected with. The angles in
Θ along with the obstacle material types given by Ẑ̂ẐZ,nnn are combined to calculate
the combination of reflection coefficients for each ray segment. The combined
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reflection coefficients for each segment and the ray distances are then combined
with the antenna parameters to give a representation of the field at each position.
The field terms are then converted into power in Watts and finally the power loss
in decibels.

5.9 Comparisons to other approaches

5.9.1 Computations

If written to the same computational efficiency then the GRL method should
be faster than the standard method for one implementation. The ray trajectory
calculation is the same for fixed reflection and ray numbers but the GRL method
iterates through the rays storing more information than a standard method. It
then needs to retrieve the stored information to evaluate the power, field or other
desired function evaluation. However the double counting detection reduces the
number of terms written to the mesh in the GRL method. If both the GRL and
standard methods were parallelised then it is expected for one implementation
the GRL method to be slower, since it needs to post process and delete double
counting. In both the sequential and parallelised version of the standard method
double counting will occur and the results will therefore be less accurate. The
GRL method may require more reflections than the standard method as discussed
in section 5.9.2.

After the first iteration the speed up of the GRL method will increase for vari-
ations of the obstacles permittivity or permeability or variations in the antenna
gains or wavelength. As the ray trajectories stay the same and the ray distance
and reflection angle history and obstacle references are the same the only parts of
the program that need to be repeated to get the new results is the function evalua-
tion for the field or power. A standard ray method would need to repeat the entire
algorithm.

5.9.2 Comparison of errors

In this section I will consider the terms that cause error within a ray launcher
and their constraints. I will compare terms in a standard ray launcher and how
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I can eliminate or reduce these terms in a GRL method. Simulations and further
error calculations will be in chapter 6.

Number of reflections

All ray-methods experience errors resulting from the discretisation. The com-
putation must use a finite number of rays and a finite number of reflections. To
exactly match the physical problem for a nonabsorbing environment these should
both be infinite. One approach to reduce this error is to calculate the average
number of reflections needed for the power to fall below a usable value. For a
standard ray-method this is calculated for each set of parameters, and this has the
advantage that fewer reflections need to be calculated in lossier cases. The GRL
method calculates the number of reflections for the least lossy case; this means
that it is possible more reflections are calculated than necessary but this means
the E0GRL ≤ E0STD.

Number of rays

Another error results from the number of rays used. Since the number of rays
must be finite each ray represents a cone of propagation (further explanation of
cones in section 4.3). At each reflection the angle of incidence varies largely for
different parts of the ray cone, as a result the loss occurring at reflection is not
accurate. As the number of rays increases the size of the cone decreases and
therefore this error decreases,

lim
NRa→∞

(E1) = 0.
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Figure 5.9.1: Average reflection angle difference between the edge of a ray cone
and the ray. Averaged over each vector used on ray cone and all rays shot from
transmitter. As the number of rays increases the width of each cone decreases and
therefore the reflection angle error decreases.

Ray effects

Diffraction, transmission and scattering have not yet been built into the GRL
method. This is not a limitation of the generalised approach to ray-tracing but a
result of time constraints in building an initial working version. I therefore don’t
consider the contribution of these to the error terms. Instead I consider my method
in comparison to a standard ray method which also does not include these effects.

The errors E0 and E1 are both results of approximating waves with rays and
therefore appear in standard ray-launching methods too. The terms E2 term is
eliminated in the GRL method.
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5.9.3 Times

I will now compare run times between implementations of algorithms 5.1
and 5.4. The varied parameters at each implementation are: the number of rays
NRa, the number of reflections NRe, line of sight switch IL, perfect reflection switch
IP , indicator of whether an internal box should be included IB, number of reflec-
tive surfaces NRs, number indicating room and antenna parameters NRo. Each of
these parameters is randomly assigned with equal probabilities from the sets in
table 5.2.

Table 5.2: Parameter ranges for time testing

*Variable Set *

*NRa [22, 32, 44, 56, 68, 87] *
*NRe [2, 3, 4, 5, 6, 7] *
*IL [0, 1] *
*IP [0, 1] *
*IB [0, 1] *
*NRs [0, 1, 2, 6, 12] *
*NRo [1, 2, 3, 4, 5, 6, 7] *

The total number of parameter sets sampled was 589. In the case where the
sample of parameter values matches a calculation already completed then the
standard and GRL methods will both load the previously calculated mesh grids.
When parameter sets match a ray reflection calculation but not the material and
antenna parameters, then the GRL mesh Y will be loaded with the power calcu-
lated from the loaded mesh. In this instance the standard method will need to
complete the entire computation again.

The databases for each parameter set are generated before timing the algo-
rithms. The times therefore correspond to only the times for ray-launching, storing
and power calculations.

In Figure 5.9.2 I have plotted the process time for a standard ray launching
method and the generalised ray launching method. These have been coded up
as close to the same as possible. The standard ray launching method uses algo-
rithm 5.1 and the generalised ray launching method uses algorithm 5.4. I have
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plotted the average calculation time for each reflection and ray number pairing as
well as the individual times.

(a) NRe = 2 (b) NRe = 3

(c) NRe = 4 (d) NRe = 5
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(e) NRe = 6 (f) NRe = 7

Figure 5.9.2: Times of standard method compared to the GRL method. The time
in seconds is plotted againt the number of rays used in the simulation. Recorded
using the python time “process_time()" function[131]. These times were recorded
for simulations run on a Lenovo X1 Carbon with 8 GB RAM and an intel core i7
processor.

The figure 5.9.2 plots show that there are very few instances where the stan-
dard method is faster than the GRL method, so it can be assumed that instances
match an exact repeated parameter sampling as in these instances the time for the
standard method is very close to zero. In this instance the standard method loads
only the power output grid, however the GRL method loads the mesh then the
power grid. Although the extra loading in the instance slows the GRL this is not
enough to bring the average calculation time below the GRL method.

The plots show that for both methods the computation time increases as the
number of rays and number of reflections increases. As the number of reflections
increases the size of the ray cones increases, therefore the number of iteration
steps per ray segment increases. As the number of rays increases the number of
intersection tests and reflection calculations increases increasing the computation
time. Since the ray cones are structured to cover the space between the rays the
increase in rays does not substantially increase the number of iteration steps along
ray segments since more rays also means smaller cones so this change balances
each other out.
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5.10 Summary of the algorithms and comparisons

In this chapter I have outlined the algorithms required for implementing a gen-
eralised ray-launcher and the subsequent algorithms needed to then compute the
power. I have considered the possible sources of error and their limiting behaviour.

I have compared simulation times for computing the power using a generalised
ray-launcher and a standard ray-launcher. This comparison showed that using the
generalised ray-launcher and then calculating the power out performs the stan-
dard approach for run time.
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Chapter 6

Case studies for ray simulations

In this chapter I will consider several different example environments. I will
find the analytical expression for the field at all points in these environments. I
will then evaluate this expression at discrete points and compare to simulations
using the GRL method for the same environments.

The analytical expressions are developed using ray theory and are under the
same assumptions as the simulations. This comparison will test whether the simu-
lations are executing as expected and the accuracy of the simulations for a discrete
number of rays and reflections.

Since I am discussing 3D problems it is difficult to project the results into this
2D report. As a representation of my results I will show plots representing the
coverage for each z-coordinate used in the mesh discretisation of the environment.
This is equivalent to taking a slice of the environment. The downside of this
approach is it can make it difficult to see any patterns that occur in the z-direction.
For the case studies included in this thesis the results in the xz-plane and yz-plane
do not show any unexpected behaviour. If the reader wishes to use a similar
approach for their own case studies I would like to highlight that variations in
these planes must also be checked.

All calculations are performed with the longest axis in the environment set
to 1. The results are then scaled by a length scale when the field and power are
calculated. This makes it simpler to transfer results modelling a closet to modelling
a ballroom. The length scale used in all the following examples is 3m.
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6.0.1 Parameter measurements

In sections 6.2.2, 6.3.2 and 6.3.4 and later in chapter 8 I will use some physical
parameters values for the calculations. I use values for the wavelength λ and wave
number k which are calculated for an antenna with frequency ω = 2 4GHz. Along
with these I use three terms which were measured by BT using a coaxial probe.
These terms are the relative electric permittivity (ε), magnetic permeability (µ),
and the electrical conductivity (σ). I use these values to calculate the reflection
coefficients in the power calculations. The values for the measured terms and
other parameters calculated from them are in table 6.1.

Table 6.1: Parameter values, measured values were taken by BT using a coaxial
probe

*Parameter Description Equation Value Source *

*ω Angular
frequency of
transmitting
antenna

2.4 GHz =

2.4× 109 Hz
Assumption

*
* *
* *
*c0 Speed of

light
1

µ0ε0
3× 108 m s−1

Physical
constant [98,
page 28]

*
* *
* *
*ε0 Permittivity

of air
ε0 =

1
36π×109

(8.854 + 0i)× 10−12

F m−1

Physical
constant [98,
page 26]

*
* *
* *
*µ0 Permeability

of air
µ0 =

4π × 10−7
1.257× 10−5 H m−1

Physical
constant [98,
page 26]

*
* *
* *
*Z0 Impedance

of air

120π

377 Ω

Physical
constant [98,
page 27]

*
* *
* *
*L

Environment
lengthscale

3 m Assumption
*

* *
* *

156



*Parameter Description Equation Value Source *

*k
Non-
dimensional
wavenumber

k = ωL
c

equa-
tion (3.1.8)

2.405× 101
Corresponds to
frequency

*
* *
* *
* *
*λ̂

Dimensional
wavelength

λ = c
ω

1248× 10−4 m
Corresponds to
frequency

*
* *
* *
*λ Non-

dimensional
wavelength

λ = λ̂
L

=
1
k

4.15× 10−2
Corresponds to
frequency

*
* *
* *
*εr Relative

permittivity
of wood

3.239 + 0.045i Measured by BT
*

* *
* *
*µr Relative

permeability
of wood

1.0 + 0.0i

Assumption
based on
antenna type

*
* *
* *
*σ Electrical

conductance
of wood

1× 10−4

Assumption
based on
antenna type

*
* *
* *
*Ẑ Ratio of the

impedance
of wood to
the
impedance
of air

Zr
Z0

=√
ωµ0µri
σ+ωε0εri

Z0

(8.86 + 0.04i)× 10−1 Calculated from
measurements

*
* *
* *
* *
* *
* *
*n Refractive

index of
wood

n = εrµr
3.239 + 0.045i

Calculated from
measurements

*
* *
* *
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Cases: C0& C1

Totally absorb-
ing walls sec-
tion 6.1

Analytical so-
lutions sec-
tion 6.1.1

Off-centred
transmitter sec-
tion 6.1.1

Centred trans-
mitter sec-
tion 6.1.1

Line of sight
simulations sec-
tion 6.1.2

LOS centered
transmitter sec-
tion 6.1.2

Off-centred trans-
mitter simula-
tionssection 6.1.2

Cases:C4& C5&
C6& C7

Single reflec-
tive plate sec-
tion 6.2

Cases:C4& C5

Single reflective
plate with per-
fect reflection
section 6.2.1

Single reflec-
tive plate sim-
ulations sec-
tion 6.2.1

Cases: C6& C7

Single reflec-
tive plate with
reflection loss
section 6.2.2

Single reflec-
tive plate sim-
ulations - with
reflection loss
section 6.2.2Cases: C8& C9&

C12& C13& C10&
C11& C14& C15

Parallel plates sec-
tion 6.3

C8& C9& C10& C11

Centred transmit-
ter with perfect
reflection sec-
tion 6.3.1

Centered transmit-
ter with perfect
reflection - simula-
tions section 6.3.1

C12& C13& C14&
C15

Centered transmit-
ter with reflection
loss section 6.3.2

Centered transmit-
ter with reflection
loss - simulations
section 6.3.2

Bound for cen-
tred transmitter
section 6.3.2

Cases: C8& C9&
C10& C11

Off-centred trans-
mitter with per-
fect reflection sec-
tion 6.3.3

Off-centered trans-
mitter with per-
fect reflection –
simulations sec-
tion 6.3.3

Bound for an off-
centred transmit-
ter section 6.3.4

Cases: C12& C13&
C14& C15

Off-centered trans-
mitter with re-
flection loss sec-
tion 6.3.4

Off-centred trans-
mitter with reflec-
tion loss – simula-
tions section 6.3.4

Cases: C2C32Cluttered
environment sec-
tion 6.4

Cases: C2Room with
internal obstacle. Off-
centred transmitter totaly
absorbing surfaces – simu-
lations section 6.4

Cases: C32Room with
internal obstacle. Off-
centred transmitter
with reflection loss –
simulations section 6.4

Figure 6.0.1: Case studies covered in each section within chapter 6
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Table 6.2: Cases considered in ray launching simulations

*Case Environment type Number
of Rays

Number
of Re-
flections

Obstacle Sections *

*C0 Line of Sight- All
surfaces are
totally absorbing

22 0 No sections 6.1.1
and 6.1.2

*
* *
*C1 211 0 No sections 6.1.1

and 6.1.2
*

* *
*C4 Perfectly reflective

plate
22 1 No section 6.2.1 *

*C5 211 1 No section 6.2.1 *
*C6 Reflective plate

with impedance
parameters given
by table 6.1

22 1 No
section 6.2.2

*
* *
*C7 211 1 No

section 6.2.2
*

* *
*C8

Perfectly reflective
parallel plates

22 3 No sections 6.3.1
and 6.3.3

*
* *
*C9 211 3 No sections 6.3.1

and 6.3.3
*

* *
*C10 22 5 No sections 6.3.1

and 6.3.3
*

* *
*C11 211 5 No sections 6.3.1

and 6.3.3
*

* *
*C12

Parallel plates
with parameters
given by table 6.1

22 3 No sections 6.3.2
and 6.3.4

*
* *
*C13 211 3 No sections 6.3.2

and 6.3.4
*

* *
*C14 22 5 No sections 6.3.2

and 6.3.4
*

* *
*C15 211 5 No sections 6.3.2

and 6.3.4
*

* *
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*Case Environment type Number
of Rays

Number
of Re-
flections

Obstacle Sections *

*C32

Cluttered room
with parameters
given by table 6.1

22 3 No
section 6.4

*
* *
*C33 211 3 No

section 6.4
*

* *
*C34 22 5 No

section 6.4
*

* *
*C35 211 5 No

section 6.4
*

* *

6.0.2 Polarisation

In all the following case studies it is assumed that the field transmitted from the
antenna is vertically polarised and all surfaces are perpendicular to this. Since the
polarisation is not adjusted for the incidence plane as discussed in section 5.0.1 the
two vector components in equation (3.5.2) therefore correspond to one nonzero
term ans one zero term. The zero term is therefore ignored and we work in the
plane the ray intersects the surfaces.

In order to maintain consistency of the problem being modelled this polarisa-
tion assumption is carried into the analytical calculations which will be made in
this chapter as well as the simulations.

6.1 Totally absorbing walls

For the first example take the case where the source is placed inside a room
with totally absorbing walls. The boundary conditions given by this environment
match those for the boundary at infinity. From an engineering perspective the
environment can be thought of as an anechonic chamber.

Consider a transmitter placed in the centre, followed by an off-centred trans-
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mitter location. In this example the receiver is placed at any point in the environ-
ment except the location of the transmitter.

6.1.1 Analytical solutions

The walls are being modelled as totally absorbing. This means that there are
no wave components reflected, diffracted or scattered off obstacles. As a result the
field at any given point is given by the line of sight path in equation (3.4.5) alone.
The field at a point distance r from the transmitter is therefore given by

φφφr = φφφ∗0
λ

4πr
eikr. (3.4.5revisited)

The power is the magnitude of the field squared, multiplied by the conversion
coefficient Λ. This gives the power in watts to be

PWr = Λ|φφφ∗0|2
λ2

16π2r2
. (3.4.1 revisited)

To convert the power in watts to power loss in decibels use equation (3.4.2). The
power in decibels expresses the loss in power from the source, which is why power
values often appear negative. The power in decibels at a point distance r from the
transmitter is therefore

PdBr = 10 log10

(
λ2

16π2r2

)
. (3.4.3 revisited)

Centred transmitter

The power from equation (3.4.1) is plotted for the transmitter located in the
centre of a room, with the size of the longest axis L = 3 m. The power is as shown
in Figure 6.1.1.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

162



(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.1.1: Figures show analytical solutions for the power loss in decibels
PdB. The transmitter is located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500). No
internal obstacles. All surfaces are totally absorbing. Cases: C0& C1.

Off-centred transmitter

For the next case repeat the process in section 6.1.1 with an off-centred trans-
mitter. The transmitter is located at (0.409, 0.318, 0.5) before scaling, which trans-
forms to (1.23, 0.955, 1.5) after the environment is scaled. The results are shown in
Figure 6.1.2.

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

163



(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.1.2: Analytical solutions for the power in dB. The transmitter is located
at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). No internal obstacles. All surfaces
are totally absorbing. Case: C0& C1.
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6.1.2 Totally absorbing walls simulations

For the case of totally absorbing walls it’s expected the simulations exactly
reproduce the results predicted in section 6.1.1.

Centred transmitter simulations

Figure 6.1.3: Case: C0. The simulations use NRa = 22 rays and NRe = 2 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500). No internal obstacles. All
surfaces are totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.1.4: Case: C0. No internal obstacles. All surfaces are totally absorbing
The simulations use NRa = 22 rays and NRe = 2 reflections in the generalised ray
launching method, which is outlined in algorithm 5.4, followed by a power loss
calculation using algorithm 5.15. Figures show the power loss in decibels PdB over
the environment going through the z-axis coordinates corresponding to the mesh
Ω̂. The lengthscale is L = 3 m. The transmitter is located at (0.523, 0.523, 0.500)L =

(1.568, 1.568, 1.500).

As expected the results in figures 6.1.3 and 6.1.4 match the analytical predic-
tions in section 6.1.1. The difference between the analytical result from equa-
tion (3.4.5) evaluated at each point, and the results using a ray simulation are
plotted in Figures B.0.2 and B.0.3. The results of the difference residuals are
given in the following output file:

Output data

Averaged absolute difference between analytical solutions
and the simulations at each location.
0.00000000

The output and figure 6.1.3 show that there is an exact match between the simu-
lations and the analytical results in this case.
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Off-centred transmitter simulations

Figure 6.1.5: Case: C0. The simulations use NRa = 22 rays and NRe = 2 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). No internal obstacles. All
surfaces are totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.1.6: Case: C0. No internal obstacles. All surfaces are totally absorb-
ing. The simulations use NRa = 22 and NRe = 2 in the generalised ray launching
method outlined in algorithm 5.4 followed by a power loss calculation using algo-
rithm 5.15. The power over the environment going through the z-axis coordinates
corresponding to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

As expected the results in figures 6.1.5 and 6.1.6 match the analytical predic-
tions in section 6.1.1.

Again the difference between the field in equation (3.4.5) evaluated at each
point and the results using rays is plotted in Figures B.0.5 and B.0.6.

The results of the difference residuals are given in the following output file:

Output data

Averaged absolute difference between analytical solutions
and the simulations at each location.
0.00000000

The output is calculated by taking the absolute value of the difference between
the analytical power value and the simulated power value at each voxel. The
absolute difference values are then averaged over all the voxels. Since this value
is very small in comparison to the power values this shows the simulation is giving
a good match.
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6.2 Single reflective plate

The first reflection consideration will be a single reflective surface, shown in
Figure 6.2.1.

T1

TxTxTx T̂xTxTx0

ppp

∞

−∞

n̂r

Figure 6.2.1: Ray starting at TxTxTx and reflecting with a single plate T1 to get to ppp.
The received field at any point is given only by the line of sight path and a single
reflected path.

Every point in the environment has power given by the line of sight path to
the transmitter and a reflected path. The reflected path can be modelled using
an image transmitter. The distance between the point being considered and the
image transmitter location is the distance a reflected ray will have travelled.

6.2.1 Single reflective plate with perfect reflection.

Proposition 6.2.1. Suppose Ω is an environment containing a single reflective sur-
face. The surface does not allow any electromagnetic fields to pass through it and at
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the boundary of the domain all fields are absorbed. The vertices of the surface are
given by (p0p0p0,p1p1p1,p2p2p2,p3p3p3). If a transmitter is placed at TxTxTx with wavelength λ, wavenum-
ber k and has omnidirectional gains then an omnidirectional receiver placed at ppp will
receive the power

PdBppp = 10 log10

 λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+

eik||TxTxTx+2((p0p0p0−TxTxTx)·n̂r)n̂r−ppp||2

||TxTxTx + 2((p0p0p0 − TxTxTx) · n̂r)n̂r − ppp||2

)∣∣∣∣∣
2
 ,

n̂r =
(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
. (6.2.8)

Proof. The field contributions from the line of sight path to the receiver is given by
equation (3.4.5).

To find the image transmitter location find the vector which is normal to the
reflective surface and goes through the transmitter location TxTxTx. Start by finding
the normal to the surface using three points which lie on the surface p0p0p0,p1p1p1,p2p2p2,

n̂r =
(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
. (6.2.1)

The equation (6.2.1) gives the unit normal vector pointing away from the trans-
mitter. It now remains to find the distance along this vector which is needed to
join TxTxTx to the surface. To do this intersect the line TxTxTx + βn̂r = bbb and the plane
(p0p0p0 − bbb) · n̂r = 0. This gives

(p0p0p0 − TxTxTx − βn̂r) · n̂r = 0. (6.2.2)

Rearrange equation (6.2.2) to get an expression for β; since n̂r is a unit vector the
term β is also the distance between the transmitter and the surface. This term is

β =
(p0p0p0 − TxTxTx) · n̂r

n̂r · n̂r
= (p0p0p0 − TxTxTx) · n̂r. (6.2.3)

This gives the vector βn̂r which takes TxTxTx to the surface. To get the image transmit-
ter location travel along this vector twice from the transmitter location. This gives
the image transmitter location as

T̂xTxTx = TxTxTx + 2βn̂r. (6.2.4)

172



The field at all points in the environment is given by the distance between the
transmitter and image transmitter. The expression for the field at any point in the
environment is therefore

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
eik||T̂xTxTx−ppp||2

||T̂xTxTx − ppp||2

)
. (6.2.5)

Next substitute the expression for the image transmitter in equation (6.2.4) into
equation (6.2.5) to get an expression in terms of the transmitter location, i.e.,

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+

eik||TxTxTx+2((p0p0p0−TxTxTx)·n̂r)n̂r−ppp||2

||TxTxTx + 2((p0p0p0 − TxTxTx) · n̂r)n̂r − ppp||2

)
. (6.2.6)

Convert the field to the power in Watts to get

PWppp = |φφφppp|2 =
Λ|φφφ∗0|2λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||22
+

eik||TxTxTx+2((p0p0p0−TxTxTx)·n̂r)n̂r−ppp||2

||TxTxTx + 2((p0p0p0 − TxTxTx) · n̂r)n̂r − ppp||22

) ∣∣∣∣∣
2

.

(6.2.7)

Converting the power in equation (6.2.7) from Watts to decibels using equa-
tion (3.4.2)the power at each point is

PdBppp = 10 log10

 λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||22
+

eik||TxTxTx+2((p0p0p0−TxTxTx)·n̂r)n̂r−ppp||2

||TxTxTx + 2((p0p0p0 − TxTxTx) · n̂r)n̂r − ppp||22

) ∣∣∣∣∣
2
 ,

n̂r =
(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
. (6.2.8)

The power calculated using equation (6.2.8) is plotted in Figure 6.2.2 .

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

173



(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.2.2: Analytical solutions for the power in dB. The transmitter is located
at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). No internal obstacles. Perfectly
reflective surfaces at y = 0; all others totally absorbing. Case: C4& C5.
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Single reflective plate simulations

Using the ray launching method the simulated results for a single reflective
plate with perfect reflection. The results using twenty-two rays are shown in Fig-
ure 6.2.4. Additional results using 211 rays are in Figure B.0.7

Figure 6.2.3: Case: C4. The simulations useNRa = 22 rays andNRe = 3 reflections
in the generalised ray launching method, which is outlined in algorithm 5.4, fol-
lowed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter
is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). No internal obstacles.
Perfectly reflective surfaces are at y = 0; all others totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.2.4: Case: C4. No internal obstacles. Perfectly reflective surfaces are at
y = 0; all others totally absorbing.. The simulations use NRa = 22 and NRe = 3

in the generalised ray launching method outlined in algorithm 5.4 followed by a
power loss calculation using algorithm 5.15. The power over the environment go-
ing through the z-axis coordinates corresponding to the mesh Ω̂. The lengthscale is
L = 3 m. The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

The difference between the results for the simulation in Figures B.0.7 and 6.2.4
and the analytical results in Figure 6.2.2 is shown in Figures B.0.8 and B.0.9. The
results of the difference residuals are given in the following output file:

Output data

Averaged absolute difference between analytical solutions
and the simulations at each location.
0.00012547

Since the average absolute difference between the simulations and the analytical
results is very small in comparison to the size of the power values the simulations
has been successful in this case.
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6.2.2 Single reflective plate with reflection loss

The next case to consider is the case with the same reflective plate as in sec-
tion 6.2.1 but with the additional consideration that part of the electromagnetic
field is lost at reflection. This reflection loss is determined by the parameters given
in table 6.1. It is given by the Fresnel reflection coefficients in equation (3.4.8).
The angle of reflections which is used in the calculations of the Fresnel reflection
coefficients is shown in Figure 6.2.5.

T1

TxTxTx

ppp

ĉ̂ĉc

∞

−∞

ρ
ρ1

ρ2

|αr|

v

n̂r bbb

β

θippp
θippp

Figure 6.2.5: Reflection of a ray starting at TxTxTx and intersecting with a plate T1.
The angle of incidence of the ray hitting the plate and reflecting is θippp. The vector v
is a vector parallel to the plate formed using the points bbb and ĉ̂ĉc. Receiver is located
at ppp.

Every point in the environment has power given by the line of sight path to the
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transmitter and a reflected path. The reflected path is modelled using an image
transmitter with the initial field reduced by the factor of the reflection loss. The
distance between the point being considered and the image transmitter location is
the distance a reflected ray will have travelled.

Proposition 6.2.2. Suppose Ω is an environment containing a single reflective sur-
face. The vertices of the surface are given by (p0p0p0,p1p1p1,p2p2p2,p3p3p3). The surface has impedance
Z2 and refractive index n. The impedance in air is denoted Z1.

If a transmitter is placed at TxTxTx and has wavelength λ, wavenumber k and has
omnidirectional gains then an omnidirectional receiver placed at ppp will receive,

PdBppp = 10 log10

 λ2

16π2

∣∣∣∣∣
 eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+R(θippp)⊥

eik||TxTxTx+2
(p0p0p0−TxTxTx)·n̂r)

n̂r ·n̂r
n̂r−ppp||2

||TxTxTx + 2 (p0p0p0−TxTxTx)·n̂r)
n̂r·n̂r n̂r − ppp||2

∣∣∣∣∣
2
 ,

n̂r =
(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
,

θippp = arctan

 (ppp− TxTxTx) · n̂r

2 (p0p0p0 − TxTxTx) · n̂r −
||ppp−TxTxTx||22
(ppp−TxTxTx)·n̂r

+n̂r·(ppp−TxTxTx)

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+n̂r||2

 ,

R(θippp)⊥ =
Z2 cos

(
θippp
)
− Z1

√
1− sin(θippp)

n

Z2 cos
(
θippp
)

+ Z1

√
1− sin(θippp)

n

. (6.2.16)

Proof. Consider the domain Ω given by equation (6.3.1), which contains a plate
T1 at the boundary given by (p0p0p0,p1p1p1,p2p2p2,p3p3p3). The impedance of this plate is Z2.

The field at any point ppp in this domain Ω is given by the ray from the transmitter
and the image transmitter as in equation (6.2.6). The contribution from the image
transmitter however is scaled by the reflection loss factor given by the Fresnel
reflection coefficient. To determine the reflection coefficient the angle of incidence
θippp is needed. In order to do this for all rays this angle muse be expressed in terms
of the coordinates of the transmitter TxTxTx, the receiver ppp and the plate T .

Consider the path between the transmitter and the receiver as separated into
two components, namely the distance travelled along the normal vector to the
plate n̂r and the distance travelled within the plate T1. To get the distance travelled
within the plate form a vector v which will lie in the plate and be normal to n̂r
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and go through the intersection point. The plane which contains the ray and the
reflected ray cuts the plate at a line, and the vector v of interest within the plate
lies on this line. The vector v̂ is the vector v divided by its length to form a unit
vector, i.e.,

v̂ =
v
||v||2

.

The terms αr and ρ in Figure 6.2.5 describe the displacement along n̂r and v̂ which
takes the transmitter to the receiver, i.e.,

ppp− TxTxTx = ρn̂r + αrv̂. (6.2.9)

First find the vector v; to start continue travelling along the line ĉ̂ĉc = TxTxTx + %(ppp−
TxTxTx) to get to a point which lies on the plane containing T1. Using one of the points
on the plate p0p0p0 a vector which goes through this point and the point on the line
intersecting the plane must be normal to n̂r. Therefore

(TxTxTx + %(ppp− TxTxTx)− p0p0p0) · n̂r = 0 (6.2.10)

To find the point ĉ̂ĉc on the line which intersects the plane rearrange equa-
tion (6.2.10) to get an expression for %, namely

% =
(TxTxTx − p0p0p0) · n̂r
(TxTxTx − ppp) · n̂r

.

The point ĉ̂ĉc is therefore

ĉ̂ĉc = TxTxTx + (ppp− TxTxTx)
(TxTxTx − p0p0p0) · n̂r
(TxTxTx − ppp) · n̂r

. (6.2.11)

To form the vector v another point is needed which also lies on the plane formed
by the ray and reflected ray and on the plane containing the plate T1. The point bbb
is where the line travels from the transmitter TxTxTx along the normal vector n̂r to the
plate T1, giving the point to be

TxTxTx + βn̂r = bbb. (6.2.3)

This point is given by the same expression as in the previous section in equa-
tion (6.2.3). Substituting bbb from equation (6.2.3) and ĉ̂ĉc from equation (6.2.11)
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into the vector v which goes through bbb and ĉ̂ĉc gives v to be

v = ĉ̂ĉc− bbb

= TxTxTx + (ppp− TxTxTx)
(TxTxTx − p0p0p0) · n̂r
(TxTxTx − ppp) · n̂r

− TxTxTx −
(p0p0p0 − TxTxTx) · n̂r

n̂r · n̂r
n̂r

Cancelling TxTxTx with −TxTxTx, TxTxTx − ppp with TxTxTx − ppp and factoring out (TxTxTx − p0p0p0) · n̂r gives v
in the form

v = (TxTxTx − p0p0p0) · n̂r
(

(ppp− TxTxTx)
(TxTxTx − ppp) · n̂r

+
n̂r

n̂r · n̂r

)
.

The unit vector for v is v̂ and since n̂r is a unit vector v̂ is

v̂ =
(TxTxTx − p0p0p0) · n̂r
(TxTxTx − p0p0p0) · n̂r

(
ppp−TxTxTx

(ppp−TxTxTx)·n̂r

)
+ n̂r

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+ n̂r||2

=

(
ppp−TxTxTx

(ppp−TxTxTx)·n̂r

)
+ n̂r

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+ n̂r||2

. (6.2.12)

Use that ppp − TxTxTx can be written as a combination of these two vectors as in equa-
tion (6.2.9). Since n̂r and v̂ are normal to each other, the terms ρ and αr are given
by

ρ =
(ppp− TxTxTx) · n̂r

n̂r · n̂r
= (ppp− TxTxTx) · n̂r, (6.2.13a)

αr =
(ppp− TxTxTx) · v̂

v̂ · v̂
(6.2.13b)

Subsituting in v̂ from equation (6.2.12) into equation (6.2.13b) to give αr as

αr = (ppp− TxTxTx) ·

(
ppp−TxTxTx

(ppp−TxTxTx)·n̂r

)
+ n̂r

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+ n̂r||2

=
(ppp− TxTxTx) ·

[(
ppp−TxTxTx

(ppp−TxTxTx)·n̂r

)
+ n̂r

]
||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+ n̂r||2

(6.2.13c)

Multiplying out the brackets in equation (6.2.13c) gives

αr =

(ppp−TxTxTx)·(ppp−TxTxTx)
(ppp−TxTxTx)·n̂r + n̂r · (ppp− TxTxTx)

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+ n̂r||2
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Using the norm form for the dot product the expression for αr is

αr =

||ppp−TxTxTx||22
(ppp−TxTxTx)·n̂r + n̂r · (ppp− TxTxTx)

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+ n̂r||2

. (6.2.13d)

Use the displacement terms ρ and αr from equations (6.2.13a) and (6.2.13d) com-
bined with β from equation (6.2.3) to get the angle of incidence θippp. Consider the
triangles with angle θippp and lengths (β, ρ1) and (β − αr, ρ2). Since n̂r is the vector
pointing from the transmitter TxTxTx toward the plate T1 the term β is positive. If the
term αr is negative then the receiver lies further from the plate than the transmit-
ter. The lengths satisfy β − αr > β so the correct length for this triangle is still
being used. The length ρ is positive since it is the displacement in the positive
direction along v̂. Take the tangent of the two triangles being considered to get

tan
(
θippp
)

=
ρ1

β
, tan

(
θippp
)

=
ρ2

β − αr
. (6.2.14)

Combine the tangent expressions in equation (6.2.14) to get the reflection angle,

θippp = arctan

(
ρ

2β − αr

)
.

Substitute in the terms ρ = (ppp − TxTxTx) · n̂r and αr =
||ppp−TxTxTx||22
(ppp−TxTxTx)·n̂r

+n̂r·(ppp−TxTxTx)

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+n̂r||2

from equa-

tions (6.2.13a) and (6.2.13d) and β = (ppp − TxTxTx) · n̂r from equation (6.2.3) equa-
tions (6.2.3), (6.2.13a) and (6.2.13d) to get the reflection angle

θippp = arctan

 (ppp− TxTxTx) · n̂r

2 (p0p0p0 − TxTxTx) · n̂r −
||ppp−TxTxTx||22
(ppp−TxTxTx)·n̂r

+n̂r·(ppp−TxTxTx)

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+n̂r||2


The reflection coefficient indicating the loss at reflection for a ray with incidence
angle θi is given by equation (3.4.8).

As discussed in section 6.0.2 the wave polarisation is modelled such that after
these reflection coefficients multiply the vectors for the antenna polarisation only
one of these is nonzero and this is the term represented by R(θi) = R(θi)⊥ from
equation (3.4.8).
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Since the lengths for the rays from equations (6.2.4) and (6.2.6) are known,
the field can be expressed for any receiver ppp in Ω using the location of the plate
T1, the transmitter TxTxTx, the impedance of the plate Z2, the impedance of air Z1,
the wavelength of the antenna λ, the angular wave number of the antenna k, the
refractive index of the plate n and the transmitted field φφφ∗0.

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+R(θippp)⊥

eik||TxTxTx+2
(p0p0p0−TxTxTx)·n)

n·n n−ppp||2

||TxTxTx + 2 (p0p0p0−TxTxTx)·n)
n·n n− ppp||2

)
.

The power in watts at each point is therefore given by

PWppp =
Λ|φφφ∗0|2λ2

16π2

∣∣∣∣∣
 eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+R(θippp)⊥

eik||TxTxTx+2
(p0p0p0−TxTxTx)·n̂r)

n̂r ·n̂r
n̂r−ppp||2

||TxTxTx + 2 (p0p0p0−TxTxTx)·n̂r)
n̂r·n̂r n̂r − ppp||22

∣∣∣∣∣
2

. (6.2.15)

Converting equation (6.2.15) into decibels using equation (3.4.2) the terms Λ|φφφ∗0|
are lost, since these disappear in PWppp

PWTxTxTx
. The power in decibels at each receiving

point is therefore

PdBppp = 10 log10

 λ2

16π2

∣∣∣∣∣
 eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+R(θippp)⊥

eik||TxTxTx+2
(p0p0p0−TxTxTx)·n̂r)

n̂r ·n̂r
n̂r−ppp||2

||TxTxTx + 2 (p0p0p0−TxTxTx)·n̂r)
n̂r·n̂r n̂r − ppp||22

∣∣∣∣∣
2
 ,

n̂r =
(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
,

θippp = arctan

 (ppp− TxTxTx) · n̂r

2 (p0p0p0 − TxTxTx) · n̂r −
||ppp−TxTxTx||22
(ppp−TxTxTx)·n̂r

+n̂r·(ppp−TxTxTx)

||
(

ppp−TxTxTx
(ppp−TxTxTx)·n̂r

)
+n̂r||2

 ,

R(θippp)⊥ =
Z2 cos

(
θippp
)
− Z1

√
1− sin(θippp)

n

Z2 cos
(
θippp
)

+ Z1

√
1− sin(θippp)

n

. (6.2.16)

The expression for the power in equation (6.2.16) is evaluated over the envi-
ronment in Figure 6.2.6. The impedance ratio used is Z1

Z2
= 0.8856 + 0.0040i, and

the refractive index value is n = 11.475 + 0.0040i from table 6.1.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.2.6: Analytical solutions for the power in dB. The transmitter is located
at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). No internal obstacles. Reflective
surfaces are lossy at y = 0; all others totally absorbing. Case: C6& C7.

Single reflective plate simulations - with reflection loss

A ray launcher has been used to simulate the single reflective plate environ-
ment. The impedance ratio used is Z1

Z2
= 0.8856 + 0.0040i, and the refractive index

value is n = 11.475 + 0.0040i from table 6.1. The simulation uses twenty-two rays
in Figures 6.2.7 and 6.2.8 and 211 rays in Figure B.0.10.
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Figure 6.2.7: Case: C6. The simulations use NRa = 22 rays and NRe = 3 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). No internal obstacles. Re-
flective surfaces are lossy with parameters given by table 6.1 at y = 0; all others
totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.2.8: Case: C6. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at y = 0; all others totally absorbing.. The simula-
tions use NRa = 22 and NRe = 3 in the generalised ray launching method outlined
in algorithm 5.4 followed by a power loss calculation using algorithm 5.15. The
power over the environment going through the z-axis coordinates correspond-
ing to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is located at
(0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

The difference between the analytical results in Figure 6.2.6 and the simu-
lations in Figures B.0.10 and 6.2.8 is shown in Figures B.0.11 and B.0.12. The
results of the difference residuals are given in the following output file:

Output data

Averaged absolute difference between analytical solutions
and the simulations at each location.
0.00002275

Since the average absolute difference between the simulations and the analytical
results is very small in comparison to the size of the power values the simulations
has been successful in this case.
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Additional case with transmitter closer to the wall

An additional case has been considered with the transmitter located close to
the wall. The obstacle parameters remain the same. The simulation uses twenty-
two rays in Figures 6.2.9 and 6.2.10 and 211 rays in Figure B.0.14.

Figure 6.2.9: Case: C6. The simulations use NRa = 22 rays and NRe = 3 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.136, 0.136, 0.045)L = (0.409, 0.409, 0.136). No internal obstacles. Re-
flective surfaces are lossy with parameters given by table 6.1 at y = 0; all others
totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.2.10: Case: C6. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at y = 0; all others totally absorbing.. The simula-
tions use NRa = 22 and NRe = 3 in the generalised ray launching method outlined
in algorithm 5.4 followed by a power loss calculation using algorithm 5.15. The
power over the environment going through the z-axis coordinates correspond-
ing to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is located at
(0.136, 0.136, 0.045)L = (0.409, 0.409, 0.136).

The results in Figures 6.2.9 and 6.2.10 show that all though the wall is causing
a small interference the loss at reflection is large enough that the results are still
fairly smooth.

6.3 Parallel plates

The next case considers that two of the plates forming the boundary of the
environment are reflective. The plates are positioned parallel to each other and
have the same physical properties. The remaining plates in the environment are
totally absorbing, this simulates the boundary going to infinity.

Define the boundary of the domain Ω as a combination of six plates given by
the coordinates (p0p0p0,p1p1p1,p2p2p2,p3p3p3, p̃0p0p0, p̃1p1p1, p̂2p2p2, p̃3p3p3). Set the domain Ω as the points that are
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contained within these plates as in equation (6.3.1), given by

Ω = {(x, y, z) ∈[min(p0p0p0x,p1p1p1x,p2p2p2x,p3p3p3x, p̃0p0p0x, p̃1p1p1x, p̂2p2p2x, p̃3p3p3x),

max(p0p0p0x,p1p1p1x,p2p2p2x,p3p3p3x, p̃0p0p0x, p̃1p1p1x, p̂2p2p2x, p̃3p3p3x)],

[min(p0p0p0y,p1p1p1y,p2p2p2y,p3p3p3,p̃0p0p0y, p̃1p1p1y, p̂2p2p2y, p̃3p3p3y),

max(p0p0p0y,p1p1p1y,p2p2p2y,p3p3p3,p̃0p0p0y, p̃1p1p1y, p̂2p2p2y, p̃3p3p3y)],

[min(p0p0p0z,p1p1p1z,p2p2p2z,p3p3p3z, p̃0p0p0z, p̃1p1p1z, p̂2p2p2z, p̃3p3p3z),

max(p0p0p0z,p1p1p1z,p2p2p2z,p3p3p3z, p̃0p0p0z, p̃1p1p1z, p̂2p2p2z, p̃3p3p3z)]}. (6.3.1)

p0p0p0

p1p1p1

p3p3p3

p2p2p2

p̃1p1p1

p̃0p0p0

p̂2p2p2

p̃3p3p3

T2 T1

Figure 6.3.1: Reflective plate

The domain is the set of points contained within the plates. The boundary of
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the domain is given by,

∂Ω = {T1 = (p0p0p0,p1p1p1,p2p2p2,p3p3p3),

T2 = (p̃0p0p0, p̃1p1p1, p̂2p2p2, p̃3p3p3),

T3 = (p2p2p2,p3p3p3, p̂2p2p2, p̃3p3p3),

T4 = (p̃0p0p0, p̃1p1p1,p0p0p0,p1p1p1),

T5 = (p0p0p0,p3p3p3, p̃0p0p0, p̃3p3p3),

T6 = (p2p2p2,p1p1p1, p̂2p2p2, p̃1p1p1)}. (6.3.2)

The plates forming the environment are shown in Figure 6.3.1. The plates T1, T2

are contained within infinite planes with the same reflection condition.

Points lieing on the normal rays to the plates

TxTxTx

p0p0p0

p1p1p1

p3p3p3

p2p2p2

p̃1p1p1

p̃0p0p0

p̂2p2p2

p̃3p3p3

T2 T1

Figure 6.3.2: Reflective plate with the rays that go through a transmitter and are
normal to the plates

For any transmitter location which lies between two parallel plates there exists
two points who lie on the normal vector to the plates which goes through the
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transmitter location. Since this ray is infinitesimally small we will ignore these rays
within our parallel plate models. It is therefore assumed that all intersecting rays
have angle of incidence greater than zero and travel away from the transmitter.

6.3.1 Centred transmitter with perfect reflection

The first transmitter location considered for the parallel plates environment is
in the centre. The distance from the transmitter to the right-hand plate is the same
as the distance to the left-hand plate.

For each reflection place a new image transmitter to model the field contribu-
tion from this reflection. The distance from the image transmitter to the receiver
is the same as the ray would travel along reflections, as shown in Figure 6.3.3.

T1T2

TxTxTx T̂xTxTx0 T̂xTxTx2 T̂xTxTx4T̂xTxTx1T̂xTxTx3 T̂xTxTx5

ppp

∞

−∞

∞

−∞

Figure 6.3.3: When rays reflect between parallel plates the reflected rays can
be modelled using image transmitters. The vector between the receiver and the
image transmitter is the same length as the distance the reflected ray would have
travelled to the receiver.

Combinations of reflections can be modelled using more distant image trans-
mitters. A ray which incurs an extra reflection will travel further to the receiver
and subsequently is modelled using an image transmitter which is further away.
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Proposition 6.3.1. Take a domain Ω given by equations (6.3.1) and (6.3.2). The
plates T1,T2 are perfectly reflective and therefore induce no loss at reflection and
allow no electromagnetic fields to travel through them. The plates T3,T4,T5,T6 are
absorbing, therefore no fields which reach them are returned to the environment. The
transmitter is located at TxTxTx and transmits an electromagnetic wave with wavelength
λ, wave number k, and transmitter gain GT = 1 in all directions. The point TxTxTx is
equidistant from each plate.

For a receiver located at any point x in Ω the power loss at the receiver is −∞.

Proof. The image transmitters model the field contribution from the reflections.
Each image transmitter contributes to the field from a different reflection combi-
nation.

Take a domain Ω given by equations (6.3.1) and (6.3.2). Define the plates
T1,T2 so that no electromagnetic fields travels through them. The plates
T3,T4,T5,T6 absorb all electromagnetic fields which reach them and nothing is
returned.

The distance between TxTxTx and the image transmitters T̂xTxTx2l which are on the same
side as the point ppp of TxTxTx is, 2× (l + 1) ∗ β. Since the TxTxTx is in the centre of the two
plates the distance along the along to the left surface is the same as the distance
to the right. Therefore the distance between TxTxTx and the image transmitters T̂xTxTx2l+1

which are on the other side of TxTxTx to the point ppp of TxTxTx is, 2× (l + 1) ∗ β.
Consider a receiver located at a point ppp ∈ Ω. field at the point ppp is given by

all of the image transmitters going to infinity, since any number of reflections can
occur between the two plates starting at the transmitter and ending at the receiver.
The field at ppp is therefore given by

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
eik||T̂xTxTx0−ppp||2

||T̂xTxTx0 − ppp||2
+
eik||T̂xTxTx1−ppp||2

||T̂xTxTx1 − ppp||2
+
eik||T̂xTxTx2−ppp||2

||T̂xTxTx2 − ppp||2
+ ...

)
. (6.3.3)

Writing equation (6.3.3) as an infinite series gives

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
m=1

eik||T̂xTxTxm−ppp||2

||T̂xTxTxm − ppp||2

)
. (6.3.4)

Substitute the locations of the image transmitter into equation (6.3.4). The image
transmitters which correspond to a final reflection on the same side of the trans-
mitter as the point ppp are even numbered and use a negative translation along the
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vector n̂r. The image transmitters which correspond to reflections on the opposite
side are odd numbered and use a positive translation along n̂r from TxTxTx. The field
at the point ppp is therefore given by

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
m=1

(
eik||TxTxTx+2mβn̂r−ppp||2

||TxTxTx + 2mβn̂r − ppp||2
+

eik||TxTxTx−2mβn̂r−ppp||2

||TxTxTx − 2mβn̂r − ppp||2

))
,

n̂r =
(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
,

β =
(p0p0p0 − TxTxTx) · n̂r

n̂r · n̂r
. (6.3.5)

To determine whether equation (6.3.5) diverges or converges apply the ratio test.
Set am = eik||TxTxTx+2mβn̂r−ppp||2

||TxTxTx+2mβn̂r−ppp||2 , lm = eik||TxTxTx−2mβn̂r−ppp||2
||TxTxTx−2mβn̂r−ppp||2 . By the triangle inequality i am satis-

fies the bound

|am| ≥
1

||TxTxTx − ppp||2 + 2mβ||n̂r||2
. (6.3.6)

Since all m terms are greater than one equation (6.3.6) is bounded by,

|am| ≥
1

m (||TxTxTx − ppp||2 + 2β||n̂r||2)
.

Since the series
∑∞

m=1
1

m(||TxTxTx−ppp||2+2β||n̂r||2)
diverges to infinity and∑

m = 1∞ 1

m(||TxTxTx−ppp||2+2β||n̂r||2)
≤
∑∞

m=1 am the series
∑∞

m=1 am diverges to in-

finity. Similarly l is bounded by,

|am| ≥
1

||ppp− TxTxTx||2 + 2mβ||n̂r||2
≥ 1

m (||ppp− TxTxTx||2 + 2β||n̂r||2)
.

Therefore the series
∑∞

m=1 am+lm diverges to infinity, and therefore the magnitude
of the field is∞. Therefore the power is −∞ at all points in the domain Ω.

Centered transmitter with perfect reflection - simulations

The initial simulations consider only three reflections. These are shown in
Figures B.0.15, 6.3.4 and 6.3.5.

iThe triangle inequality states that for any vectors x and y with vector norm || · || the vectors
satisfy ||x|| − ||y|| ≤ ||x + y|| ≤ ||x||+ ||y||, as stated in [132].
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Figure 6.3.4: Case: C8. The simulations useNRa = 22 rays andNRe = 3 reflections
in the generalised ray launching method, which is outlined in algorithm 5.4, fol-
lowed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter
is located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500). No internal obstacles.
Perfectly reflective surfaces are at x = 0 and y = 0; all others totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.3.5: Case: C8. No internal obstacles. Perfectly reflective surfaces are at
x = 0 and y = 0; all others totally absorbing. The simulations use NRa = 22 rays
and NRe = 3 reflections in the generalised ray launching method, which is out-
lined in algorithm 5.4, followed by a power loss calculation using algorithm 5.15.
Figures show the power loss in decibels PdB over the environment going through
the z-axis coordinates corresponding to the mesh Ω̂. The lengthscale is L = 3 m.
The transmitter is located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500).

The case of five reflections are shown in Figures B.0.16 and B.0.17.

6.3.2 Centered transmitter with reflection loss

The expression in equation (6.3.5) corresponds to the power loss if there is no
loss at reflection. This is not physically possible since reflections will always induce
a loss in the field and reflections with different angles have different reflection
coefficients. As a comparison repeat the process including reflection loss. The
loss at reflection is given by the Fresnel reflection coefficients which were given in
section 3.4.3 by equation (3.4.10). As discussed in section 6.0.2 the polarisation
is modelled such that only R(θi)⊥ is used. This coefficient is given by

R⊥ =
Z2 cos(θi)− Z1

√
1− sin(θi)

n

Z2 cos(θi) + Z1

√
1− sin(θi)

n

, (3.4.10a revisited)

Proposition 6.3.2. Take the environment given by equations (6.3.1) and (6.3.2)
with the plates T1,T2 inducing a reflection loss and the plates T3,T4,T5,T6 being
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totally absorbing. Set the plates T1,T2 to have impedance Z2 and the impedance for
all other points in Ω is Z1, the refractive T1,T2 is the same and given by n.

The transmitter is located at TxTxTx and transmits an electromagnetic wave with wave-
length λ,wave number k and transmitter gains GT = 1 in all directions. The point TxTxTx
is equidistant from each plate.

Let ppp lie between the two parallel plates so that ppp ∈ Ω. The power in decibels at
the point ppp which is received by an antenna with gains GR = 1 in all directions is
therefore given by

PdBppp = 10 log10

(
λ2

16π2

∣∣∣∣∣
[
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
m=0

((
R(θim,r)

)l eik||TxTxTx+2mβn̂r−ppp||2

||TxTxTx + 2mβn̂r − ppp||2

+
(
R(θim,l)

)l eik||TxTxTx+2mβn̂l−ppp||2

||TxTxTx + 2mβn̂l − ppp||2

)] ∣∣∣∣∣
2
 ,

n̂r =
(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
,

n̂l =
(p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)

||(p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)||2
,

β =
(TxTxTx − p0p0p0) · n̂r

n̂r · n̂r
,

R(θi)⊥ =
Z2 cos(θi)− Z1

√
1− sin(θi)

n

Z2 cos(θi) + Z1

√
1− sin(θi)

n

,

θinRe,r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

β
(

2nRe + 1− (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 ,

θinRe,l = arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

β
(

2nRe + 1− (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
 . (6.3.26)
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T1T2

TxTxTx

ppp

ĉ̂ĉc

∞

−∞

∞

−∞

ρ
ρ1

ρ2

|αr|
β

n̂r

θi1r

θi1r

Figure 6.3.6: First reflection between parallel plates with a centred transmitter.

Proof. The lengths αr and ρ shown in Figure 6.3.6 are needed to calculate the
angle θi1r. This angle is the angle of reflection from the plate which hits T1 =

(p0p0p0,p1p1p1,p2p2p2,p3p3p3). For each reflection number there are two angles; one corresponding
to a final reflection with T1 and one corresponding to a final reflection with T2. The
length αr will be positive if ppp is between TxTxTx and T1 and negative is ppp lies between
TxTxTx and T2. Let, nr to be the normal vector which points from T1 away from the
origin with unit length. The coefficients αr and ρ take the point TxTxTx to the point ppp
along the normal vector n̂r and the vector which lies in T1 and goes through the
intersection point ĉ̂ĉc and TxTxTx − βn̂r, such that,

ppp− TxTxTx = ρ(TxTxTx + βn̂r − ĉ̂ĉc)− αrn̂r. (6.3.8)

The intersection point ĉ̂ĉc can be expressed as the point which lies on the line going
through TxTxTx and ppp and lies in T1, therefore ĉ̂ĉc = ppp + %(ppp− TxTxTx), and (ĉ̂ĉc− p0p0p0) · n̂r = 0.
Combine the two expressions for ĉ̂ĉc to get (ppp+ %ppp− %TxTxTx − p0p0p0) · n̂r = 0. Rearranging
this gives % = (ppp−p0p0p0)·n̂r

(TxTxTx−ppp)·n̂r . If % < 0 then the receiver at point ppp is further from the
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plate than the origin. In Figure 6.3.6 this would be if the receiver at ppp was on the
left of TxTxTx. This will result in a negative value for αr.

Now that ĉ̂ĉc is found this is used with ppp−TxTxTx = ρ(TxTxTx + βn̂r − ĉ̂ĉc)−αrn̂r to find αr
and ρ. Start by substituting ĉ̂ĉc to get

ppp− TxTxTx = ρ

(
TxTxTx + βn̂r − ppp−

(ppp− p0p0p0) · n̂r
(TxTxTx − ppp) · n̂r

(ppp− TxTxTx)
)
− αrn̂r.

Next combine terms for n̂r and ppp−TxTxTx which are vectors normal to each other. This
gives

(ppp− TxTxTx)
(

1 + ρ+
(ppp− p0p0p0) · n̂r
(TxTxTx − ppp) · n̂r

)
= n̂r (βρ− αr) . (6.3.9)

Since the vectors ppp − TxTxTx and n̂r are normal to each other, each side of equa-
tion (6.3.9) must be equal to 0. Therefore the coefficient ρ for the vector
TxTxTx + βn̂r − ĉ̂ĉc in equation (6.3.8) is given by

ρ =
(p0p0p0 − ppp) · n̂r
(TxTxTx − ppp) · n̂r

− 1. (6.3.10a)

Similarly the coefficient αr for n̂r in equation (6.3.8) is given by

αr = β

(
1 +

(ppp− p0p0p0) · n̂r
(TxTxTx − ppp) · n̂r

)
. (6.3.10b)

Next using αr and ρ find expressions for the angle θi1r in terms of these lengths.
Consider the two triangles with angle θi1r and lengths (ρ1, β) and (ρ2, β−αr). The
tangent of the angles satisfies

tan(θi1r) =
ρ1

β

tan(θi1r) =
ρ1

β − αr
.

Multiply both of these terms by their denominator then sum to get

tan(θi1r) (β + β − αr) = ρ1 + ρ2

The lengths ρ1, ρ2 sum to give the total length ρ in equation (6.3.10a) therefore

tan(θi1r) =
ρ

β − αr
.
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Therefore the angle θi1r is given by

θi1r = arctan

(
ρ

2β − αr

)
. (6.3.11)

Substituting the lengths ρ and αr from equations (6.3.10a) and (6.3.10b) into
equation (6.3.11) gives the angle θi1r to be

θi1r = arctan

 1 + (p0p0p0−ppp)·n
(TxTxTx−ppp)·n̂r

2β − β
(

(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

) − 1


= arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

β
(

2− (p0p0p0−ppp)·n
(TxTxTx−ppp)·n

)
 . (6.3.12)

T1

T2

TxTxTx

ppp

∞

−∞

∞

−∞

ρ1

ρ2

ρ3

ρ4

|αr|

n̂l

n̂r

β

θi2r

θi2rθi2r

θi2r

Figure 6.3.7: Two reflections with perflecty reflective plates and a centered trans-
mitter. The final reflection occurs with plate T1.
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Repeat the same process again but this time find the angle with the plate T1

when two reflections occur. The length ρ is split into ρ1, ρ2, ρ3, ρ4.Use the triangles
with angles θi2r and lengths (ρ1, β), (ρ2, β), (ρ3, β), and (ρ4, β − αr).

Take the tangent of the angle θi2r for each of these triangles,

tan(θi2r) =
ρ1

β
, tan(θi2r) =

ρ2

β
,

tan(θi2r) =
ρ3

β
, tan(θi2r) =

ρ4

β − αr
. (6.3.13)

Multiplying the tangents in equation (6.3.13) by the denominators gives us ρ1, ρ2,
ρ3 and ρ4. Sum the terms and use ρ = ρ1 + ρ2 + ρ3 + ρ4 to get

ρ = β tan(θi2r) + β tan(θi2r) + (β − αr) tan(θi2r)

= 3β tan(θi2r)− αr tan(θi2r) (6.3.14)

Rearranging equation (6.3.14) give the angle θi2r to be

θi2r = arctan

(
ρ

4β − αr

)
. (6.3.15)

Substituting the lengths ρ and αr from equations (6.3.10a) and (6.3.10b) into
equation (6.3.15) gives the angle θi2r to be

θi2r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

4β − β
(

(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

)


= arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

β
(

5− (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 .
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T1T2

TxTxTx

ppp

∞

−∞

∞

−∞

ρ1

ρ2

ρ3

ρ4

ρ5
ρ6

|αr|

β

n̂r

n̂l

θi3r

θi3r θi3r

θi3r

θi3r

θi3r

Figure 6.3.8: Three reflections between parallel perfectly reflective plates. The
transmitter is located at the center between the two plates and the final reflection
occurs with the plate T1.

Repeat the same process again but this time the length ρ is split into ρ1, ρ2, ρ3,
ρ4, ρ5, and ρ6. Use the triangles with angles θi3r and lengths (ρ1, β), (ρ2, β), (ρ3, β),
(ρ4, β), (ρ4, β), and (ρ6, β−αr). Take the tangent of the angle θi3r for each of these
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triangles, i.e.,

tan(θi3r) =
ρ1

β
, tan(θi3r) =

ρ2

β
,

tan(θi3r) =
ρ3

β
, tan(θi3r) =

ρ4

β
,

tan(θi3r) =
ρ5

β
, tan(θi3r) =

ρ6

β − αr
. (6.3.16)

Multiply the tangents in equation (6.3.16) by the denominators and sum to get
ρ = ρ1 + ρ2 + ρ3 + ρ4 + ρ5 + ρ6

ρ = β tan(θi3r) + β tan(θi3r) + β tan(θi3r) + β tan(θi3r) + (β − αr) tan(θi3r)

= 5β tan(θi3r)− αr tan(θi3r) (6.3.17)

Rearranging equation (6.3.17) gives the angle θi3r to be

θi3r = arctan

(
ρ

6β − αr

)
. (6.3.18)

Substituting the lengths ρ and αr from equations (6.3.10a) and (6.3.10b) into
equation (6.3.18) gives the angle θi3r to be

θi3r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

6β − β
(

(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

)


= arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

β
(

7− (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 .

Following this pattern consider the reflection number nRe. The distance trav-
elled along n̂r between the T1 and T2 will be 2nReβ − αr, with αr being positive
if ppp is between TxTxTx and T2 and negative otherwise. This is since each bounce con-
tributes 2β except the last once which only travels β − αr along the normal bnr.
The vertical distance travelled within T2, ρ, remains the same for all reflection
numbers. Therefore the angle θinRe,r is

θinRe,r = arctan

(
ρ

2nReβ − αr

)
. (6.3.19)
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Substituting the lengths ρ and αr from equations (6.3.10a) and (6.3.10b) into
equation (6.3.19) gives the angle θinRe,r to be

θinRe,r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

2βnRe − β
(

(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

)


= arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

β
(

2nRe + 1− (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 . (6.3.20)

The reflection angle θinRe,r in equation (6.3.20) holds for all positive integer re-
flection numbers. As the reflection number increases the reflection angle tends to
zero, i.e.,

∀nRe ∈ N, θinRe,r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

β
(

2nRe + 1− (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 ,

lim
nRe→∞

θinRe,r = 0. (6.3.21)

T1T2

TxTxTx

ppp
∞

−∞

∞

−∞

ρ

ρ1

ρ2

|αl|β

θi1l
θi1l

Figure 6.3.9: Single reflection between parallel plates with the reflection occuring
with plate T2 and the transmitter located at the centre between the two plates.
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Using a similar process as that used to find equation (6.3.12) consider the
contributions from rays which have their final reflection with the plate T2. The
term αl takes the same form as αr but it describes the displacement in the direction
of the outwards normal of T2. Since the transmitter is placed at the centre of the
two plates the distance between TxTxTx and ppp does not change based on the plate of
the reflection. Therefore the absolute value of both lengths is the same |αr| = |αl|.
Except for when both terms are zero there will always be one negative term and
one positive. Using both terms to track the rays ensures a term which accounts for
the reflections on each plate is always included, without having to detect which
side of the transmitter the receiver sits, i.e.,

αl = β

(
1 +

(ppp− p̃0p0p0) · n̂l
(TxTxTx − ppp) · n̂l

)
,

n̂l =
p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)

||p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)||2
. (6.3.22)

The reflection angles θinRe,l with T2 take the same form as equation (6.3.20). How-
ever, instead of αr the term αl is used instead, namely

θinRe,l = arctan

 (p̃0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂l

− 1

2βnRe − β
(

(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1
)
 ,

= arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

β
(

2nRe + 1− (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
 . (6.3.23)

The reflection angle θinRe,l in equation (6.3.23) has the same limiting behaviour
as θinRe,r in equation (6.3.21), i.e.,

∀nRe ∈ N, θinRe,l = arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

β
(

2nRe + 1− (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
 ,

lim
nRe→∞

θinRe,l = 0.

Combining these reflection angles with equation (6.3.5) gives an exact expres-
sion for the field at all points along with the reflection coefficient given in equa-
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tion (3.4.10a) in the environment, i.e.,

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+

∞∑
m=0

((
R(θim,r)⊥

)m eik||TxTxTx+2mβn̂r−ppp||2

||TxTxTx + 2mβn̂r − ppp||2
+
(
R(θim,l)⊥

)m eik||TxTxTx+2mβn̂l−ppp||2

||TxTxTx + 2mβn̂l − ppp||2

))
.

(6.3.24)

The power in watts at any point is found by taking the magnitude of the field in
equation (6.3.24) then squaring. The power in watts is therefore given by

ppp ∈ Ω

PWppp =
|φφφ∗0|2λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
m=0

((
R(θim,r)⊥

)m eik||TxTxTx+2mβn̂r−ppp||2

||TxTxTx + 2mβn̂r − ppp||2
+

(
R(θim,l)⊥

)m eik||TxTxTx+2mβn̂l−ppp||2

||TxTxTx + 2mβn̂l − ppp||2

)) ∣∣∣∣∣
2

, (6.3.25)

Converting the power in equation (6.3.25) from Watts to power loss in decibels
using equation (3.4.2) gives the decibel power values to be

∀ppp ∈ Ω

PdBppp = 10 log10

(
λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
m=0

((
R(θim,r)⊥

)m eik||TxTxTx+2mβn̂r−ppp||2

||TxTxTx + 2mβn̂r − ppp||2

+
(
R(θim,l)⊥

)m eik||TxTxTx+2mβn̂l−ppp||2

||TxTxTx + 2mβn̂l − ppp||2

)) ∣∣∣∣∣
2
 , (6.3.26)

Which uses the terms

R(θi)⊥ =
Z2 cos(θi)− Z1

√
1− sin(θi)

n

Z2 cos(θi) + Z1

√
1− sin(θi)

n

, β =
(TxTxTx − p0p0p0) · n̂r

n̂r · n̂r
,

θinRe,r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

β
(

2nRe + 1− (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 , n̂r = − (p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
,

θinRe,l = arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

β
(

2nRe + 1− (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
 , n̂l =

(p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)

||(p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)||2
.
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The power loss in equation (6.3.26) is convergent but not trivial to compute.
Rewrite the reflection coefficients before finding a bound for the power loss. To
start find an expression for sin(θi) and cos(θi) which doesn’t require computing
trigonometric functions; this is then substituted into the formulas for the reflection
coefficient.

Substituting the angles from equations (6.3.20) and (6.3.23) gives an ex-
pression of the form θi = arctan(ϑ) being substituted into cos(θi). To sim-
plify the substitution convert cosine to an expression for the tangent function
cos(θi) = 1√

1+tan2(θi)
. Making the substitution arctan(ϑ) for θi gives the expres-

sion

cos(θi) =
1√

1 + tan2(θi)

=
1√

1 + tan2(arctan(ϑ))

=
1√

1 + ϑ2
.

The next aim is to find a similar expression for substituting θi = arctan(ϑ)

into sin(θi). Start by expressing the sine function in terms of the tangent function
sin(θi) = tan(θi)√

1+tan2(θi)
. Making the substitution arctan(ϑ) for θi gives the expression

sin(θi) =
tan(θi)√

1 + tan2(θi)

=
tan(arctan(ϑ))√

1 + tan2(arctan(ϑ))

=
ϑ√

1 + ϑ2
.

The term ϑ is either
(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

β
(

2nRe + 1− (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

) or
(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

β
(

2nRe + 1− (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
depending on whether θinRe,r = arctan(ϑ) or θinRe,l = arctan(ϑ) respectively. The
reflection coefficient term can therefore be written as

R(ϑ)⊥ =

Z2

Z1

1√
1+ϑ2
−
√

1− ϑ
n
√

1+ϑ2

Z2

Z1

1√
1+ϑ2

+
√

1− ϑ
n
√

1+ϑ2

.
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Bound of the power loss for a centered transmitter with lossy reflections

As shown in section 6.3.1 if there is no loss at reflection then the total field
at a point is infinity everywhere except the points which only have line of sight
and single reflection contribution due to transmitter absorption. Now consider the
upper bound for the field in the case of reflection loss.

Consider an upper bound for the individual ray segments as the number of
reflections increase. The ray segments after nRe reflections are given by

φφφppp,nRe,r =

Z2 cos(θi)− Z1

√
1− sin(θi)

n

Z2 cos(θi) + Z1

√
1− sin(θi)

n

nRe

e
ik||TxTxTx+2nRe

(
(TxTxTx−p0p0p0)·n̂r

n̂r ·n̂r

)
n̂r−ppp||2

||TxTxTx + 2nRe

(
(TxTxTx−p0p0p0)·n̂r

n̂r·n̂r

)
n̂r − ppp||2

,(6.3.28)

φφφppp,nRe,l =

Z2 cos(θi)− Z1

√
1− sin(θi)

n

Z2 cos(θi) + Z1

√
1− sin(θi)

n

nRe

e
ik||TxTxTx+2nRe

(
(TxTxTx−p0p0p0)·n̂l

n̂l·n̂l

)
n̂l−ppp||2

||TxTxTx + 2nRe

(
(TxTxTx−p̃0p0p0)·n̂l

n̂l·n̂l

)
n̂l − ppp||2

.

(6.3.29)

The reflection coefficients can be bounded by |R⊥| ≤

∣∣∣∣∣ Z2
Z1
−1

Z2
Z1

+1

∣∣∣∣∣. The minimum dis-

tance the ray segment travels after nRe reflections is nRe(αl + αr), therefore the
distance component of equations (6.3.28) and (6.3.29) is bounded by∣∣∣∣∣ e

ik||TxTxTx+2nRe

(
(TxTxTx−p0p0p0)·n̂l

n̂l·n̂l

)
n̂l−ppp||2

||TxTxTx + 2nRe

(
(TxTxTx−p̃0p0p0)·n̂l

n̂l·n̂l

)
n̂l − ppp||2

∣∣∣∣∣ ≤ 1

nRe(αl + αr)∣∣∣∣∣ e
ik||TxTxTx+2nRe

(
(TxTxTx−p0p0p0)·n̂r

n̂r ·n̂r

)
n̂r−ppp||2

||TxTxTx + 2nRe

(
(TxTxTx−p0p0p0)·n̂r

n̂r·n̂r

)
n̂r − ppp||2

∣∣∣∣∣ ≤ 1

nRe(αl + αr)
.

The ray segments in equations (6.3.28) and (6.3.29) can therefore be bounded by

φφφppp,nRe,r ≤

(
Z2

Z1
− 1

Z2

Z1
+ 1

)nRe
1

nRe (αl + αr)
,

φφφppp,nRe,l ≤

(
Z2

Z1
− 1

Z2

Z1
+ 1

)nRe
1

nRe (αl + αr)
.

Since ∣∣∣∣∣
Z2

Z1
− 1

Z2

Z1
+ 1

∣∣∣∣∣ < 1,∀Z1,Z2 6= 0,
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the summations take the form
∑∞

m=1
Rm

mα
, therefore the field in equation (6.3.24)

is bounded, i.e.,

φφφppp ≤
φφφ∗0λ

4π

{
1

max(αr,αl)
+

(
− ln

(
1−

Z2

Z1
− 1

Z2

Z1
+ 1

))
1

2 max(αr,αl)

}
.

the power loss in decibels is therefore bounded by

10 log10

 λ2

16π2

∣∣∣∣∣
{

1

max(αr,αl)
+

(
− ln

(
1−

Z2

Z1
− 1

Z2

Z1
+ 1

))
1

2 max(αr,αl)

}∣∣∣∣∣
2


≤ PdBppp ≤ 0. (6.3.30)

Using the parameters in table 6.1 the bounds in the case are:

− 49.881 ≤ PdBppp ≤ 0.

Centered transmitter with reflection loss - simulations

The initial simulation in Figures 6.3.10 and 6.3.11 uses only three reflections
and twenty-two rays
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Figure 6.3.10: Case: C12. The simulations use NRa = 22 rays and NRe = 3 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500). No internal obstacles. Re-
flective surfaces are lossy with parameters given by table 6.1 at x = 0 and y = 0;
all others totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.3.11: Case: C12. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at x = 0 and y = 0; all others totally absorbing.
The simulations use NRa = 22 rays and NRe = 3 reflections in the generalised ray
launching method, which is outlined in algorithm 5.4, followed by a power loss
calculation using algorithm 5.15. Figures show the power loss in decibels PdB over
the environment going through the z-axis coordinates corresponding to the mesh
Ω̂. The lengthscale is L = 3 m. The transmitter is located at (0.523, 0.523, 0.500)L =

(1.568, 1.568, 1.500).

There are additional simulations in Figures B.0.18 to B.0.20 which use five
reflections and 211 rays. To compare the results in Figures B.0.25 to B.0.27
and 6.3.33 take the absolute value of the difference between the values in each
grid cell, the plots for these absolute differences are in figure B.0.21. The maxi-
mum value of this difference and the average value are:

Output data

Max difference in db between Nre==3 and Nref==5 results is:
0.01803538

Output data

Average over the environment of the absolute difference between simulations
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with 3 reflections and 5 reflections

0.00000014

The comparison shows that the results in Figures B.0.18 to B.0.20 and 6.3.11 are
sufficiently close, this shows that 3 reflections is sufficient to get a good approxi-
mation to the power for the parameters given in table 6.1.

6.3.3 Off-centred transmitter with perfect reflection

Consider the case with two reflective plates. Again with no loss at reflection
as in section 6.3.1. This time the transmitter is located such that the distance
between the transmitter and plate on the right β1 is different to the distance to the
plate on left β2. The sum of these two distances is β1 + β2 = 2β.

T1T2

TxTxTx T̂xTxTx0 T̂xTxTx2 T̂xTxTx4T̂xTxTx1T̂xTxTx3T̂xTxTx5

ppp

β1β2

Figure 6.3.12: Rays reflecting with a parallel plates T1 and T2, with image trans-
mitters modelling the reflections. The transmitter is located off centre.

The image transmitters on the left and right of Figure 6.3.12 are clearly differ-
ent distances to the transmitter and the plates.

Proposition 6.3.3. Define the domain by equations (6.3.1) and (6.3.2). The plates
T1,T2 are set to be perfectly reflective; i.e., no fields are transmitted through the
plates. The plates T3,T4,T5,T6 are set to be totally absorbing so no fields return after
hitting these.

The transmitter is located at TxTxTx and transmits with wavelength λ, wave number
k and transmitter gains GT = 1 in all directions. The receiving antenna has gains 1

in all directions and is located at ppp.
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Let ppp be a point in the domain Ω then the power loss PdB at ppp is −∞.

Proof. The image transmitters model the field contribution from each of the reflec-
tions. Each image transmitter contributes to the field from a different reflection
combination.

Since the TxTxTx is not in the centre of the two plates the distance β2 along the
normal n̂l to the surface T2, is different to the distance β1 along the normal vector
n̂r to T1. The field received at the point ppp is

φφφppp =
|φφφ∗0|λ
4π(

eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
eik||T̂xTxTx0−ppp||2

||T̂xTxTx0 − ppp||2
+
eik||T̂xTxTx1−ppp||2

||T̂xTxTx1 − ppp||2
+
eik||T̂xTxTx2−ppp||2

||T̂xTxTx2 − ppp||2
+ ...

)
. (6.3.31)

Rewrite equation (6.3.31) as an infinite series to get

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
m=0

eik||T̂xTxTxm−ppp||2

||T̂xTxTxm − ppp||2

)
. (6.3.32)

The image transmitters are located such that the distance between the ray and the
image transmitter is the same as the distance the ray would travel with bounces
to get to the receiver point. Next find the co-ordinate of the image transmitters in
terms of: the plate co-ordinates p0p0p0, p1p1p1, p2p2p2, p3p3p3, p̃0p0p0, p̃1p1p1, p̂2p2p2, p̃3p3p3; the transmitter location
TxTxTx; the number of reflections nRe; and the receiver location ppp. Consider a receiver
which is placed closer to T1 than T2. Following this consider a receiver positioned
closer to T2 than T1.
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T1

T2

TxTxTx

ppp

T̂xTxTx0T̂xTxTx1

β1 β1β2β2

Figure 6.3.13: Single reflections T1 and T2, with image transmitters for an off-
centred transmitter location. Receiver is located closer to T1 than T2.

T1

T2

TxTxTx

ppp

T̂xTxTx0T̂xTxTx1

β1 β1β2β2

Figure 6.3.14: Single reflections with the plates T1 and T2, with image transmit-
ters for an off-centred transmitter location. Receiver is located closer to T2 than
T1.

In Figures 6.3.13 and 6.3.14 the image transmitters are located in the same
place in each figure, showing the image transmitter location is unaffected by the
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location of the receiver. Set n̂r to be the unit normal vector which points from T1

away from the transmitter and n̂l to be the unit normal vector which points from
T2 away from the transmitter. The image transmitter on the side of T1 is the first
even numbered image transmitter. This image transmitter is located at

T̂xTxTx0 = TxTxTx + 2β1n̂r.

The image transmitter on the same side as T2 is the first odd numbered image
transmitter. This image transmitter is located at

T̂xTxTx1 = TxTxTx + 2β2n̂l.

Consider the image transmitters representing two reflections.

T1T2 TxTxTx

ppp

T̂xTxTx0T̂xTxTx1 T̂xTxTx2T̂xTxTx3

β1 β1

β1 + 2 ∗ β2

β2β2

2 ∗ β1 + β2

Figure 6.3.15: Two reflections with the plates T1 and T2. Image transmitters for
an off-centred transmitter location model the reflections. Receiver is located closer
to T1 than T2.
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T1T2 TxTxTx

ppp

T̂xTxTx0T̂xTxTx1 T̂xTxTx2T̂xTxTx3

β1 β1

β1 + 2 ∗ β2

β2β2

2 ∗ β1 + β2

Figure 6.3.16: Two reflections with the plates T1 and T2, with image transmitters
for an off-centred transmitter location. Receiver is located closer to T2 than T1.

In Figures 6.3.15 and 6.3.16 the image transmitters representing the second
reflections are again independent of the receiver location. Using the unit normal
as defined previously pointing from the right-hand plate towards the transmitter.
The image transmitter on the same side as T1 which corresponds to the second
reflection is located at T̂xTxTx2 = TxTxTx + 2(β1 +β2)n̂r. The image transmitter on the same
side as T2 is located at T̂xTxTx3 = TxTxTx + 2(β1 + β2)n̂l.

T1T2

TxTxTx

ppp

T̂xTxTx0T̂xTxTx1 T̂xTxTx2T̂xTxTx3 T̂xTxTx4T̂xTxTx5

β1 β1

β1 + 2 ∗ β2

3 ∗ β1 + 2 ∗ β2

β2β2

2 ∗ β1 + β2

2 ∗ β1 + 3 ∗ β2

Figure 6.3.17: Three reflections with the plates T1 and T2. Image transmitters
located corresponding to an off-centred transmitter location. Receiver is located
closer to T1 than T2.
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T1T2

TxTxTx

ppp

T̂xTxTx0T̂xTxTx1 T̂xTxTx2T̂xTxTx3 T̂xTxTx4T̂xTxTx5

β1 β1

β1 + 2 ∗ β2

3 ∗ β1 + 2 ∗ β2

β2β2

2 ∗ β1 + β2

2 ∗ β1 + 3 ∗ β2

Figure 6.3.18: Three reflections with the plates T1 and T2. Image transmitters for
an off-centred transmitter location model reflections. Receiver is located closer to
T2 than T1.

In Figures 6.3.17 and 6.3.18 the image transmitters representing the rays with
three reflections are again independent of the receiver location. The image trans-
mitter on the same side as T1 which corresponds to the third reflection is located
at T̂xTxTx4 = TxTxTx + 3 ∗ (β1 + β2)n̂r. The image transmitter on the same side as T2 is
located at T̂xTxTx5 = TxTxTx + 3 ∗ (β1 + β2)n̂l.

The pattern of the image transmitter locations can now be recognised. The
even numbered image transmitters on the same side as T1 are located at

T̂xTxTx2nRe = TxTxTx + nRe ∗ (β1 + β2)n̂r. (6.3.33a)

The odd numbered image transmitter on the same side as T2 are located at

T̂xTxTx2nRe+1 = TxTxTx + nRe ∗ (β1 + β2)n̂l. (6.3.33b)

Substituting the locations of the image transmitters from equations (6.3.33a)
and (6.3.33b) into equation (6.3.32) yields

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2

+

(
∞∑
m=1

(
eik||TxTxTx+m(β1+β2)n̂r−ppp||2

||TxTxTx +m (β1 + β2) n̂r − ppp||2
+

eik||TxTxTx+m(β1+β2)n̂l−ppp||2

||TxTxTx +m (β1 + β2) n̂l − ppp||2

))
. (6.3.34)
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The field in equation (6.3.34) converted to power in watts is

PWppp =
Λ|φφφ∗0|2λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2

+

(
∞∑
m=1

(
eik||TxTxTx+m(β1+β2)n̂r−ppp||2

||TxTxTx +m (β1 + β2) n̂r − ppp||2
+

eik||TxTxTx+m(β1+β2)n̂l−ppp||2

||TxTxTx +m (β1 + β2) n̂l − ppp||2

)) ∣∣∣∣∣
2

.

The power in Watts converted into power in decibels using equation (3.4.2) is

PWppp = 10 log10

(
λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
m=1

(
eik||TxTxTx+m(β1+β2)n̂r−ppp||2

||TxTxTx +m (β1 + β2) n̂r − ppp||2

+
eik||TxTxTx+m(β1+β2)n̂l−ppp||2

||TxTxTx +m (β1 + β2) n̂l − ppp||2

)) ∣∣∣∣∣
2
 , (6.3.35)

n̂r = − (p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
,

n̂l =
(p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)

||(p̃0p0p0 − p̃1p1p1)× (p̃0p0p0 − p̂2p2p2)||2
,

β1 =
(p0p0p0 − TxTxTx) · n

n̂r · n̂r
,

β2 =
(p̃0p0p0 − TxTxTx) · n̂l

n̂l · n̂l
.

By the same arguments as in section 6.3.1 equation (6.3.35) can be bounded be-
low by:

PWppp ≤ 10 log10

(
λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2

+
∞∑
m=1

1

m

(
1

(||TxTxTx − ppp||2 + || (β1 + β2) n̂r||2)

+
1

(||TxTxTx − ppp||2 + || (β1 + β2) n̂l||2)

)) ∣∣∣∣∣
2
 (6.3.36)

Since equation (6.3.36) is a divergent series the power loss is −∞, i.e.,

ppp ∈ Ω ⇒ PdBppp → −∞
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The power loss for all points in the domain is divergent and therefore not
plotted.

Off-centered transmitter with perfect reflection – simulations

The initial simulations consider only three reflections. These are shown in
Figures 6.3.19 and 6.3.20.

Figure 6.3.19: Case: C8. The simulations use NRa = 22 rays and NRe = 3 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). No internal obstacles. Per-
fectly reflective surfaces are at x = 0 and y = 0; all others totally absorbing.

223



(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.3.20: Case: C8. No internal obstacles. Perfectly reflective surfaces are
at x = 0 and y = 0; all others totally absorbing.. The simulations use NRa = 22

and NRe = 3 in the generalised ray launching method outlined in algorithm 5.4
followed by a power loss calculation using algorithm 5.15. The power over the
environment going through the z-axis coordinates corresponding to the mesh Ω̂.
The lengthscale is L = 3 m. The transmitter is located at (0.409, 0.318, 0.500)L =

(1.227, 0.955, 1.500).

More simulations using 211 rays and five reflections are shown in Fig-
ures B.0.22 to B.0.24. The results show that perfect reflection is not realistic as
the power loss at the boundary has values close to that of the power loss at the
transmitter which is not realistic with what’s observed in reality.

6.3.4 Off-centered transmitter with reflection loss

The expression in equation (6.3.34) corresponds to the field if there is no loss at
reflection. This is not physically possible each ray contribution in the summation
should in fact be multiplied by a reflection loss factor. The loss at reflection is
dependent on the angle the ray hits a surface, and is given by the Fresnel reflection
coefficients which are given by

R⊥ =
Z2 cos(θi)− Z1

√
1− sin(θi)

n

Z2 cos(θi) + Z1

√
1− sin(θi)

n

, (3.4.10a revisited)
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R|| =
Z1 cos(θi)− Z2

√
1− sin(θi)

n

Z1 cos(θi) + Z2

√
1− sin(θi)

n

. (3.4.10b revisited)

Proposition 6.3.4. Define a domain Ω by equations (6.3.1) and (6.3.2). These
plates have impedance Z2 and the impedance in the air between the plates is given by
Z1. The refractive index of the plates T1 and T2 is the same and given by n. The plates
T3,T4,T5 and T6 are totally absorbing; any field which hits these plates is lost at the
boundary and does not return to the environment.

The transmitter is located at TxTxTx and transmits an electromagnetic wave with ini-
tial field φφφ∗0 and wavelength λ with wave number k and transmitter gain GT = 1 in
all directions. The point TxTxTx is equidistant from each plate.

The receiver is at the point ppp and has receiving gain GR = 1 in all directions.

Let ppp be a point which lies between the two parallel plates the power loss PdB at ppp
is −∞.

Proof. The distances rays travel to get to the receiver are given by the distances
between the receiver and the image transmitters given by equation (6.3.33). To
get the field with reflection loss, multiply by the reflection coefficient at each re-
flection. This reflection coefficient is given by equation (3.4.10a), which requires
the angle of incidence from the ray. Since this angle is needed for all possible
rays, it’s necessary to determine the angles of reflection in terms of the number of
reflections and the locations of ppp, TxTxTx, T1 and T2.
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T1T2

TxTxTx

ppp

T̂xTxTx0

ĉ̂ĉc

∞

−∞

∞

−∞

ρ
ρ1

ρ2

|αr|

β1β2 β1

Figure 6.3.21: The length along the normal vector nr which is |αr| and the dis-
tance along the vector ĉ̂ĉc−TxTxTx−β1nr which combined take the origin to the receiver.

In equations (6.3.10) and (6.3.22) the terms αr,αl and ρ are in terms of the
position of the plates T1 and T2. The only variation in these terms is the length β

not being replaced with β1 or β2. These terms are given by

ρ =
(p0p0p0 − ppp) · n̂r
(TxTxTx − ppp) · n̂r

− 1

=
(p̃0p0p0 − ppp) · n̂l
(TxTxTx − ppp) · n̂l

− 1,

αr = β1

(
(p0p0p0 − ppp) · n̂r
(TxTxTx − ppp) · n̂r

− 1

)
,

αl = β2

(
(p̃0p0p0 − ppp) · n̂l
(TxTxTx − ppp) · n̂l

− 1

)
.

The lengths αr, αl and ρ are now used to get the reflection angles θinRe,r, θinRe,l.
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T1T2

TxTxTx

ppp

T̂xTxTx0

∞

−∞

∞

−∞

ρ

ρ1

ρ2

|αr|

β1β2 β1

θi1r

θi1r

Figure 6.3.22: Single reflection with the plates T1, with a transmitter located off
centre and the receiver located closer to T1 than T2.

Consider the first reflection on the plate T1 with the distance β1 to the trans-
mitter. Use the triangles with angle θi1r and lengths (ρ1, β1) and (ρ2, β1−αr). Take
the tangent of the angles for each triangle and combine to get

tan(θi1r) (β1 + β1 − αr) = ρ1 + ρ2.

The lengths ρ1, ρ2 sum to give the total length ρ in equation (6.3.10a). Therefore
the angle θi1r is given by

θi1r = arctan

(
ρ

2β1 − αr

)
. (6.3.39)

Substituting the lengths ρ and αr from equation (6.3.38) into equation (6.3.39)
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gives the angle θi1r to be

θi1r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

2β1 − β1

(
(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

)
 . (6.3.40)

T1T2

T̂xTxTx0TxTxTx

ppp
∞

−∞

∞

−∞

ρ

ρ1

ρ2

|αr|

β1β2 β1

θi1r

θi1r

Figure 6.3.23: Single reflection with the plate T1, with a transmitter located off
centre and the receiver located closer to T2 than T1.

If the reflection occurs with the same plate T1 but the receiver is located on
the other side of the transmitter as in Figure 6.3.23. In this case the terms αr
will have the opposite sign. Therefore the angle will have the same expression as
equation (6.3.40).

Next consider the reflection occuring with the plate T2. This reflection is shown
in Figures 6.3.24 and 6.3.25. The sign for αl changes depending on whether the
receiver is between the transmitter and the plate T1 or T2.
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T1T2

T̂xTxTx0 TxTxTx

ppp

∞

−∞

∞

−∞

ρ
ρ1

ρ2

|αl|

β1β2β2

θi1l

θi1l

Figure 6.3.24: Single reflection with the plate T2. The transmitter located off
centre and the receiver located closer to T2 than T1. The reflection occurs with the
plate T2, which is distance β2 from the transmitter.
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T1T2

TxTxTx

ppp

T̂xTxTx0

∞

−∞

∞

−∞

ρ

ρ1

ρ2

|αl|

β2 β1β2

θi1l

θi1l

Figure 6.3.25: Single reflection occuring with the plate T2, which is distance β2

from the transmitter. The receiver is located closer to T2 than T1.

Use the triangles with angle θ̂i1l and lengths (ρ1, β2), and(ρ2, β2 − αl). Take the
tangent of the angles for each triangle to get

tan(θi1l) =
ρ1

β2

,

tan(θi1l) =
ρ2

β2 − αl
. (6.3.41)

Combining the terms in equation (6.3.41) gives

tan
(
θ̂i1l

)
(β2 + β2 − αl) = ρ1 + ρ2

= ρ.

Therefore the angle θ̂i1l after one reflection with the plate T1 is given by

θ̂i1l = arctan

(
ρ

2β2 − αl

)
. (6.3.42)

Substituting the lengths ρ and αl from equation (6.3.38) into equation (6.3.42)
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gives the angle θ̂i1l to be

θ̂i1l = arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

2β2 − β2

(
(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1
)
 .

T1T2

TxTxTx

ppp

∞

−∞

∞

−∞

ρ1

ρ2

ρ3

ρ4

|αr|

β2 β1

θi2r

θi2r

θi2r

θi2r

Figure 6.3.26: Two reflections with transmitter off center. The final reflection is
with the plate T1. The receiver located closer to the plate T1 than the plate T2.
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T1T2

TxTxTx

ppp
∞

−∞

∞

−∞

ρ1

ρ2

ρ3

ρ4

|αr|

β1 β2

θi2r

θi2r

θi2r

θi2r

Figure 6.3.27: Two reflections with final reflection on plate T1 and the receiver
between TxTxTx and T2.

Repeat the same process again but with two reflections. Initially consider the
final reflection to be with the plate T1 as in Figures 6.3.26 and 6.3.27.

The length ρ is split into ρ1, ρ2, ρ3, ρ4. Use the triangles with angles θi2r and
lengths (ρ1, β2), (ρ2, β2), (ρ3, β1), and (ρ4, β1 − αr). Take the tangent of the angle
θi2r for each of these triangles, i.e.,

tan(θi2r) =
ρ1

β2

, tan(θi2r) =
ρ2

β2

,

tan(θi2r) =
ρ3

β1

, tan(θi2r) =
ρ4

β1 − αr
. (6.3.43)

Multiplying the tangents in equation (6.3.43) by the denominators then using
ρ = ρ1 + ρ2 + ρ3 + ρ4 gives

ρ = β2 tan(θi2r) + β2 tan(θi2r) + β2 tan(θi2r) + (β2 − αr) tan(θi2r)

= 2β2 tan(θi2r) + 2β1 tan(θi2r)− αr tan(θi2r)

(6.3.44)
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Rearranging equation (6.3.44) gives the angle θi2r to be,

θi2r = arctan

(
ρ

2β2 + 2β1 − αr

)
. (6.3.45)

Substituting the lengths ρ and αr from equation (6.3.38) into equation (6.3.45)
gives the angle θi2r to be

θi2r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

2β2 + 2β1 − β1

(
(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

)


= arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

2β2 + 3β1 − β1

(
(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)


T1T2

TxTxTx

ppp

∞

−∞

∞

−∞

ρ1

ρ2

ρ3

ρ4

|αl|

β1β2

θi2l

θi2l

θi2l

θi2l

Figure 6.3.28: Two reflections with final reflection occuring with T2 and the re-
ceiver between TxTxTx and T1.
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T1

T2

TxTxTx

ppp
∞

−∞

∞

−∞

ρ1

ρ2

ρ3

ρ4

|αl|

β1β2

θi2l

θi2l

θi2l

θi2l

Figure 6.3.29: Two reflections with final reflection occuring with T2 and the re-
ceiver between TxTxTx and T2.

Now consider where the final reflection is with the plate T2, as shown in Fig-
ures 6.3.28 and 6.3.29. Use the triangles with angles θi2l and lengths (ρ1, β1),
(ρ2, β1), (ρ3, β2), and (ρ4, β2 + αl).

Take the tangent of the angle θi2l for each of these triangles,

tan(θi2l) =
ρ1

β1

, tan(θi2l) =
ρ2

β1

,

tan(θi2l) =
ρ3

β2

, tan(θi2l) =
ρ4

β2 − αl
. (6.3.46)

Multiplying the tangents in equation (6.3.46) by their denominators and using
ρ = ρ1 + ρ2 + ρ3 + ρ4 gives

ρ = β1 tan(θi2l) + β1 tan(θi2l) + β2 tan(θi2l) + (β2 − αl) tan(θi2l)

= 2β1 tan(θi2l) + +2β2 tan(θi2l)− αl tan(θi2l). (6.3.47)

Rearranging equation (6.3.47) gives the angle θi2l to be

θi2l = arctan

(
ρ

2β1 + 2β2 − αl

)
. (6.3.48)
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Substituting the lengths ρ and αl from equation (6.3.38) into equation (6.3.48)
gives the angle θi2l to be

θi2l = arctan

 (p̃0p0p0−ppp)·n
(TxTxTx−ppp)·n̂l

− 1

2β2 + 2β1 − β2

(
(p̃0p0p0−ppp)·n
(TxTxTx−ppp)·n̂l

− 1
)


= arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

2β2 + 3β1 − β2

(
(p̃0p0p0−ppp)·n
(TxTxTx−ppp)·n̂l

)
 .

T1T2

TxTxTx

ppp
∞

−∞

∞

−∞

ρ1

ρ2

ρ3

ρ4

ρ5
ρ6

|αr|

β1β2

θi3r

θi3r θi3r

θi3r

θi3r

θi3r

Figure 6.3.30: Three reflections with transmitter located off centre and the re-
ceiver closer to the plate T1 which has the distance β1 between TxTxTx and the plate.
The final reflection is with the plate T1.

Next consider 3 reflections as in Figure 6.3.22. Starting again with the final
reflection occurring on the plate T1. Use the triangles with angles θi3l and lengths
(ρ1, β1), (ρ2, β1), (ρ3, β2), (ρ4, β2), (ρ5, β1), and (ρ6, β1 − αr).
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Take the tangent of the angle θi3r for each of these triangles,

tan(θi3r) =
ρ1

β1

, tan(θi3r) =
ρ2

β1

,

tan(θi3r) =
ρ3

β2

, tan(θi3r) =
ρ4

β2

,

tan(θi3r) =
ρ5

β1

, tan(θi3r) =
ρ6

β1 − αr
. (6.3.49)

Multiplying the terms in equation (6.3.49) by the denominators and using ρ =

ρ1 + ρ2 + ρ3 + ρ4 + ρ5 + ρ6 gives

ρ = β1 tan(θi3r) + β1 tan(θi3r) + β2 tan(θi3r)

+ β2 tan(θi3r) + β1 tan(θi3r) + (β1 − αr) tan(θi3r)

= 4β1 tan(θi3r) + 2β2 tan(θi3r)− αr tan(θi3r) (6.3.50)

Rearranging equation (6.3.50) gives the angle θi3r to be

θi3r = arctan

(
ρ

2β2 + 4β1 − αr

)
. (6.3.51)

Substituting the lengths ρ and αr from equation (6.3.38) into equation (6.3.51)
gives the angle θi3r to be

θi3r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

2β2 + 4β1 − β1

(
(p0p0p0−ppp)·n

(TxTxTx−ppp)·n̂r − 1
)
 ,

= arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

2β2 + 5β1 − β1

(
(p0p0p0−ppp)·n

(TxTxTx−ppp)·n̂r

)
 .
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T1T2

TxTxTx

ppp
∞

−∞

∞

−∞

ρ1
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ρ4

ρ5

ρ6

|αl|

β2 β1

θi3l
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θi3l

θi3l

θi3l

θi3l

Figure 6.3.31: Three reflections with receiving point closer to plate T1 than plate
T2. The transmitter is located off centre and is distance β1 from the plate; the
receiver is closer to T2 than T1. The final reflection occurs with plate T2.

Next consider 3 reflections with the final reflection occuring between the plate
T2 and TxTxTx as in Figure 6.3.31. Use the triangles with angles θi3l and lengths (ρ1, β2),
(ρ2, β2), (ρ3, β1), (ρ4, β1), (ρ5, β2), and (ρ6, β2 − αl).

Take the tangent of the angle θi3l for each of these triangles,

tan(θi3l) =
ρ1

β2

, tan(θi3l) =
ρ2

β2

,

tan(θi3l) =
ρ3

β1

, tan(θi3l) =
ρ4

β1

,

tan(θi3l) =
ρ5

β2

, tan(θi3l) =
ρ6

β2 − αl
. (6.3.52)

Multiplying the terms in equation (6.3.52) by the denominators and using ρ =

ρ1 + ρ2 + ρ3 + ρ4 + ρ5 + ρ6 gives

ρ = β2 tan(θi3l) + β2 tan(θi3l) + β1 tan(θi3l)

+ β1 tan(θi3l) + β2 tan(θi3l) + (β2 − αl) tan(θi3l)

= 4β2 tan(θi3l) + 2β1 tan(θi3l)− αl tan(θi3l). (6.3.53)
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Solve equation (6.3.53) for θi3l, to get,

θi3l = arctan

(
ρ

4β2 + 2β1 − αl

)
. (6.3.54)

Substituting the lengths ρ and αl from equation (6.3.38) into equation (6.3.54)
gives the angle θi3l to be

θi3l = arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

4β2 + 2β1 − β2

(
(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1
)
 ,

= arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

5β2 + 2β1 − β2

(
(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
 .

Following this pattern consider the reflection number nRe, in the case where
the final reflection occurs on the same side of the transmitter as the point of the
receiver ppp. The distance travelled along the normal vector n̂r between the two
plates will be (nRe − 1)(β1 + β2) + 2β1 − αr. Therefore the angle θinRe,r is

θinRe,r = arctan

(
ρ

(nRe − 1)(β1 + β2) + 2β1 − αr

)
. (6.3.55)

Substituting the lengths ρ and αl from equation (6.3.38) into equation (6.3.55)
gives the angle θinRe,r to be

θinRe,r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

(nRe − 1)(β1 + β2) + 2β1 − β1

(
(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

)


= arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

(nRe − 1)(β2) + (nRe + 2)β1 − β1

(
(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 . (6.3.56)

The angle in equation (6.3.56) holds for all positive integer reflection numbers.
As the number of reflections tends to infinity the angle converges to zero, i.e.,

∀nRe ∈ N, θinRe,r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

(nRe − 1)(β2) + (nRe + 2)β1 − β1

(
(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 ,

lim
nRe→∞

θinRe,r = 0.
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Repeat the process for finding θinRe,r again for the angle θinRe,l which is the
angle after nRe reflections with the final reflection occurring with T2. The distance
travelled along n̂l between the two plates will be (nRe − 1)(β1 + β2) + 2β2 − αl.
Therefore the angle θinRe,l is

θinRe,l = arctan

(
ρ

(nRe − 1)(β1 + β2) + 2β2 − αl

)
. (6.3.57)

Substituting the lengths ρ and αl from equation (6.3.38) intoequation (6.3.57) the
angle θinRe,l to be

θinRe,l = arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

(nRe − 1)(β1 + β2) + 2β2 − β2

(
(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1
)


= arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

(nRe − 1)β1 + (nRe + 2)β2 − β2

(
(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
 . (6.3.58)

The angle θinRe,l has the same limiting behaviour as θinRe,r, i.e.,

∀nRe ∈ N, θinRe,r = arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

(nRe − 1)β1 + (nRe + 2)β2 − β2

(
(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
 ,

lim
nRe→∞

θinRe,l = 0.

Using the angles from equations (6.3.56) and (6.3.58) and the lengths of the rays
travelled found in equation (6.3.34) can be combined to give the field at all points
in Ω, except those that lie on the normal between the transmitter and the plate,
namely

∀ppp ∈ Ω

φφφppp =
|φφφ∗0|λ
4π

(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
l=0

(
R(θil,r)

l eik||TxTxTx+l(β1+β2)n̂r−ppp||2

||TxTxTx + l(β1 + β2)n̂r − ppp||2

+R(θil,l)
l eik||TxTxTx+l(β1+β2)n̂l−ppp||2

||TxTxTx +m(β1 + β2)n̂l − ppp||2

))
. (6.3.59)
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Convert the field in equation (6.3.59) to power in Watts gives

∀ppp ∈ Ω

PWppp =
Λ|φφφ∗0|2λ2

16π2

∣∣∣∣∣
(
eik||TxTxTx−ppp||2

||TxTxTx − ppp||2
+
∞∑
m=0

(
R(θim,r)

m eik||TxTxTx+m(β1+β2)n̂r−ppp||2

||TxTxTx +m(β1 + β2)n̂r − ppp||2

+R(θim,l)
m eik||TxTxTx+m(β1+β2)n̂l−ppp||2

||TxTxTx +m(β1 + β2)n̂l − ppp||2

)) ∣∣∣∣∣
2

. (6.3.60)

The power in Watts in equation (6.3.60) is then converted into decibels to give

∀ppp ∈ Ω

PdBppp = 10 log10

(
λ2

16π2

∣∣∣∣∣ eik||TxTxTx−ppp||2||TxTxTx − ppp||2
+
∞∑
m=0

(
R(θim,r)

m eik||TxTxTx+m(β1+β2)n̂r−ppp||2

||TxTxTx +m(β1 + β2)n̂r − ppp||2

+R(θim,l)
m eik||TxTxTx+m(β1+β2)n̂l−ppp||2

||TxTxTx +m(β1 + β2)n̂l − ppp||2

) ∣∣∣∣∣
2
 ,

β1 =
(TxTxTx − p0p0p0) · n̂r

n̂r · n̂r
, n̂r =

(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)

||(p0p0p0 − p1p1p1)× (p0p0p0 − p2p2p2)||2
,

β2 =
(TxTxTx − p̃0p0p0) · n̂l

n̂l · n̂l
, n̂l =

(p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)

||(p̃0p0p0 − p̃1p1p1)× (p̂2p2p2 − p̃0p0p0)||2
,

R(θi)⊥ =

Z2 cos(θi)− Z1

√
1− sin(θi)

n

Z2 cos(θi) + Z1

√
1− sin(θi)

n

 ,

θinRe,r = arctan

 (p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r − 1

(nRe − 1)β2 + (nRe + 2)β1 − β1

(
(p0p0p0−ppp)·n̂r
(TxTxTx−ppp)·n̂r

)
 ,

θinRe,l = arctan

 (p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

− 1

(nRe − 1)β1 + (nRe + 2)β2 − β2

(
(p̃0p0p0−ppp)·n̂l
(TxTxTx−ppp)·n̂l

)
 . (6.3.61)

The expression for the power in equation (6.3.61) is a convergent series shown by
forming bounds in section 6.3.4.
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Bound of the power loss for an off-centred transmitter with lossy reflections

The bound for the field in section 6.3.2 does not use the centrality of the trans-
mitter location. Therefore the field for an off-centered transmitter satisfies the
same bound equation (6.3.30)

10 log10

 λ2

16π2


∣∣∣∣∣


1

max(αr,αl)
−

ln

(
1−

Z2
Z1
−1

Z2
Z1

+1

)
2 max (αl,αr)


∣∣∣∣∣
2


 ≤ PdBppp ≤ 0

(6.3.30 revisited)

Off-centred transmitter with reflection loss – simulations

The power loss is calculated using the GRL method algorithm 5.4 and algo-
rithm 5.15. The simulations using three reflections and twenty-two rays are shown
in Figures 6.3.32 and 6.3.33. Additional simulations for 211 rays and five reflec-
tions are in Figures B.0.25 to B.0.27.
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Figure 6.3.32: Case: C12. The simulations use NRa = 22 rays and NRe = 3 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). No internal obstacles. Re-
flective surfaces are lossy with parameters given by table 6.1 at x = 0 and y = 0;
all others totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.3.33: Case: C12. No internal obstacles. Reflective surfaces are lossy
with parameters given by table 6.1 at x = 0 and y = 0; all others totally absorb-
ing.. The simulations use NRa = 22 and NRe = 3 in the generalised ray launching
method outlined in algorithm 5.4 followed by a power loss calculation using algo-
rithm 5.15. The power over the environment going through the z-axis coordinates
corresponding to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

The results in Figure 6.3.33 show propagation similar to Figure 6.1.6, showing
that the reflected rays have little contribution to the power loss in comparison to
the line of sight paths.

6.4 Cluttered environment

The next example will consider the cases where the solutions can not be found
analytically. The simulations for each case and how they compare to previous
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cases will be discussed. The coordinates for the internal obstacle are:

before scaling:

(0.75, 0.75, 0), (0.45, 0.75, 0), (0.45, 0.75, 0.45),

(0.45, 0.45, 0), (0.75, 0.45, 0), (0.45, 0.45, 0.45),

(0.75, 0.45, 0.45) and (0.75, 0.75, 0.45)

→
after scaling by L = 3 m:

(2.25, 2.25, 0), (1.35, 2.25, 0), (1.35, 2.25, 1.35),

(1.35, 1.35, 0), (2.25, 1.35, 0), (1.35, 1.35, 1.35),

(2.25, 1.35, 1.35) and (2.25, 2.25, 1.35).

(6.4.1)

Room with internal obstacle. Off-centred transmitter totaly absorbing sur-
faces – simulations

Set all of the walls in the environment to be totally absorbing. Therefore only
the line of sight paths are contribute to the power.
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Figure 6.4.1: A room with all surfaces totally absorbing and with an absorbing
box in the room. A room with two reflective walls, all other surfaces are totally
absorbing. Cases: C3, and C2
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Figure 6.4.2: Case: C2. The simulations use NRa = 22 rays and NRe = 2 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). One internal obstacle given
by equation (6.4.1). All surfaces are totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.4.3: Case: C2. One internal obstacle given by equation (6.4.1). All
surfaces are totally absorbing. The simulations use NRa = 22 and NRe = 2 in the
generalised ray launching method outlined in algorithm 5.4 followed by a power
loss calculation using algorithm 5.15. The power over the environment going
through the z-axis coordinates corresponding to the mesh Ω̂. The lengthscale is
L = 3 m. The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

Room with internal obstacle. Off-centred transmitter with reflection loss –
simulations

Set the boundaries and the surfaces forming the internal obstacle to have pa-
rameters given by table 6.1.
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Figure 6.4.4: A room with all surfaces reflective and with a reflective box in the
room. Cases: C32, C34, C33, & C35.
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Figure 6.4.5: Case: C32. The simulations use NRa = 22 rays and NRe = 3 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter
is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500). One internal obstacle
given by equation (6.4.1). Reflective surfaces are lossy with parameters given by
table 6.1
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure 6.4.6: Case: C32. One internal obstacle given by equation (6.4.1). Re-
flective surfaces are lossy with parameters given by table 6.1. The simulations
use NRa = 22 and NRe = 3 in the generalised ray launching method outlined
in algorithm 5.4 followed by a power loss calculation using algorithm 5.15. The
power over the environment going through the z-axis coordinates correspond-
ing to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is located at
(0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

6.5 Scaling considerations

The length scale in these simulations is relatively small. To increase this length-
scale the meshwidth could be increased. Since the simulations do not have a mini-
mum meshwidth unlike wave solver this will provide results faster than a full wave
solver implementation. The simulations do however slow down as a result of in-
creasing the number of voxels as shown in figure 6.5.1, but there is the advantage
of being able to load previous ray launching results for variations in the obstacles
material or the antenna characteristics.
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Figure 6.5.1: The simulations use the GRL method which is outlined in algo-
rithm 5.4. The plot shows the total time taken for a GRL simulation followed
by a power simulation. The transmitter is located at (0.409, 0.318, 0.500)L =

(1.227, 0.955, 1.500). No internal obstacles. All surfaces are totally absorbing

6.6 Summary of case studies

In this chapter I have shown that when used to calculate power the generalised
ray-tracing method simulates results which provide a good match to those calcu-
lated analytically. I have also calculated bounds on the cases which can not be
expressed analytically.

In section 6.4 I have shown that the method can also be used to calculate
results for environments with internal obstacles.
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Chapter 7

Optimisation theory

7.1 Existing optimisation methods

Existing methods for optimising transmitter location include using measure-
ments, and commercial software, examples can be found in respectively [133,
134]. These approaches are all variations of exhaustive search using different
forward models for the propagation simulation. In [135] Thangadorai, Bangaru,
Sahu, Murugesan, BR, and Das develops a statistical algorithm for placing a Wifi
Mesh Route (WMR) a similar approach could be used to place a standard Wifi
router. Another method for choosing a router location is using a genetic optimisa-
tion algorithm, this was done by Smith, Leon, and Lim, Yun, Lim, and Iskander in
[136, 137]. This is similar to the Powell’s method used in section 7.6 as this uses
an intelligent searching technique to trial different locations. The key weakness of
these approaches is they give results specific to the environment parameters and
antenna parameters. If the antenna can also be changed then the entire optimisa-
tion must be repeated. In our approach we can load the previous ray launching
files from previous GRL runs and it only remains to calculate the power from these.

Optimisation of antenna radiation patterns has previously been done using
neural networks in [138–140]. As for the transmitter location genetic algorithms
have also been used to optimise antenna design, [141]. Since propagation models
which output functional information at potential receiver locations (as done in
the GRL) have not been used before the optimisations have also been limited to
iterations of a forward model. The Lagrange multiplier approach outlined in this
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chapter takes advantage of the additional information stored in the GRL method.

7.2 Overview

Optimisation is a process which determines the optimal choice of a set of de-
sired parameters, i.e., which yields a maximised control function. In my optimisa-
tion the aim is to maximise the quality of the WiFi coverage in an environment; the
parameters which can be varied in order to optimise this quality are the transmit-
ting antenna gains and the location of the transmitter. I will start by considering
the choice of the antenna gains as this has an analytic formulation. I will then
discuss possible approaches for optimising the transmitting antenna location.

The quality of WiFi coverage is not a physical quantity. I must therefore define a
function which will act as a representation of the quality of the coverage. Possible
options for a function modelling the quality of the coverage are considered in
section 7.3. Since the users’ desires are not known for their WiFi usage it’s not
possible to determine exactly whether the optimal solution for the quality function
will be optimal for their use. However, since the method stores all the information
of the ray paths, variations in optimisation can be completed without the need
for repeating propagation models. The output from the GRL model also allows
investigation in to the sensitivity in parameters which may vary the quality.

In this section I formulate an approach to optimise the gains of a transmitting
antenna. Since there’s no control of the user and their receiving device, the gain
of the receiving antenna in all directions is set to be 1. This allows investigation
into the transmitting antenna without iteratively altering the receiving antenna.
I will consider a range of functions which could be used to model the quality
of the coverage in the environment and then compare the possible optimisation
approaches for these functions.

It should be noted that the approach taken in section 7.4 would not be pos-
sible without my generalised approach to ray launching and the information it
provides. The generalised approach allows us to evaluate an expression to find
the exact optimal solution to the antenna gains. It is only through storing the ray
information that evaluating the optimisation functions becomes possible.

I do not currently place restrictions on the antenna gains to match current
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technology. The results from this optimisation approach could be used to motivate
developments for new technologies.

In section 7.5 I formulate an approach to optimising the transmitter location.
I will construct a quality function Q then maximise Q over the transmitting an-
tenna location. This approach restricts the transmitting antenna to a discrete set
of locations.

7.3 Defining the quality function

The quality function Q must have inputs which are found using the GRL
method along with the remaining parameters describing the antenna and the ob-
stacles, the function then outputs a value which describes the quality of the power
received over the environment. Use a discrete representation of the environment
representing all points in a voxel by a signal power value corresponding to the cen-
tral coordinate of the voxel. The initial quality function considered is the weighted
average power with spatial weightings γx,

Q1 :=

∑Nx,Ny ,Nz
x=000 Pxγx

NxNyNz

,

(Nx,Ny ,Nz)∑
x=000

γx = 1, γx > 0 ∀x ∈ [[0,Nx], [0,Ny], [0,Nz]]. (7.3.1)

The next quality function considered is a weighted sum of a function of the
power. The function should describe whether the power is in a usable range an
example of such a function is the sigmoid function. More details on this are given
in section 7.4.3. Set f(P ) to be such a function, the quality would then be defined
by

Q2 :=

∑(Nx,Ny ,Nz)
x=000 f (Px) γx

NxNyNz

,

(Nx,Ny ,Nz)∑
x=000

γx = 1, γx > 0 ∀x ∈ [0,Nx], [0,Ny], [0,Nz]. (7.3.2)

The third quality function considered is the weighted average magnitude of the
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field,

Q3 :=

∑(Nx,Ny ,Nz)
x=000 |φφφx|γx

NxNyNz

,

(Nx,Ny ,Nz)∑
x=000

γx = 1, γx > 0 ∀x ∈ [[0,Nx], [0,Ny], [0,Nz]]. (7.3.3)

The quality function in equation (7.3.3) gives similar information to the expres-
sion in equation (7.3.1), however when considering the analytic optimisation it
is necessary to compute derivatives which will vary between the two expression.
Considering both expressions enables the improvement of the optimisation output
and implementation. The fourth quality function considers the minimum power,
the idea being that if a user wants to sit anywhere in their environment then all
positions need to give a usable power, i.e.,

Q4 := min
x∈[[0,Nx],[0,Ny ],[0,Nz ]]

Px. (7.3.4)

The final quality function considered is the tenth percentile. This has been chosen
for a similar reason to equation (7.3.4), but instead of considering only the lowest
position consider the positions which form the lowest 10% of the power values
over the environment:

Q5 := P̃PP 10% [Px]x∈[[0,Nx],[0,Ny ],[0,Nz ]] . (7.3.5)

Of these five quality function options, Q1 given by equation (7.3.1) is the most
amenable to optimisation analysis.

7.4 Optimisation of the antenna gains

In this section I will assume the antenna gains can be discretised into the gain
in the direction of each ray. I will optimise the choice of this discrete set of gains.
Recall that the field at any point is given by

φφφx = |φφφ∗0|
(
λ

4π

)( (NRa−1)∑
nRa=0

√
GT nRaGR

NRe∑
nRe=0

1

rx
nRanRe

eikr
x
nRa,nRe

nRe∏
a=0

Rx
nSur(nRa,nRe,a)

6=0

Rx
nSur(nRa,nRe,a)(θi(nRa,nRe,a))

)
. (3.5.2)
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Also recall that this field equation can be converted to power in Watts. To give the
power at any point as

PWx = Λ|φφφ∗0|2
(
λ

4π

)2
∣∣∣∣∣
NRa−1∑
nRa=0

√
GT nRa

NRe∑
nRe=0

1

rx
nRa,nRe

e
ikrx

nRa,numref

nRe∏
a=0

Rx
nSur(nRa,numref ,a)

6=0

Rx
nSur(nRa,numref ,a)(θi(nRa,numref ,a))

∣∣∣∣∣
2

. (3.5.3)

Initially take the quality to be given by Q2 in equation (7.3.5) and formulate the
optimisation problem in terms of a generic function of the power. Use the variable
P̂ as a function of the power, and possible variations in this will be considered
later. This variable is chosen so that bounding the power can be considered later.
This bounding will be based on how well receiving devices will connect, i.e.,

P̂ = f(PW). (7.4.1)

Denote the quality of the coverage over the whole domain to be Q. The initial
choice for this function will be the mean power given by equation (7.4.2);

Q2 =

∑(Nx,Ny ,Nz)
x P̂

NxNyNz

. (7.4.2)

The gains of the transmitter GT (ν, τ) describe the portion of transmitted power
focused in the direction (cos(ν) cos(τ), sin(ν) cos(τ), sin(τ)). Consider the ray num-
ber nRa with direction vector (x, y, z) from the transmitter, in polar coordinates the
ray has horizontal angle ν = arctan

(
x
y

)
an τ = arcsin (z) vertical angle and radius

1. The transmitter gain for this ray is the total transmitter gain which surrounds
the ray in its ray cone, i.e.,

GT nRa =

∫ arctan( yx)+δ0

arctan( yx)−δ0

∫ √
x2+y2

z
+δ0

√
x2+y2

z
−δ0

GT (ν, τ)dνdτ .

Integrate the gains GT (ν, τ) over the sphere, this should match the total portion
of the power which is transmitted, i.e., 1. Therefore the sum of the transmitter
gain over all the rays should sum to 1. This assumption that ray cones sum to
1 results in the conservation of power from the source to the propagation levels.
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It is for this reason that care must be taken about double counting of rays. If
double counted rays are not detected or deleted then the model will show the
power increasing away from the transmitter, which is not physically possible and
will change the result of any optimisation of transmitter location. The transmitter
gains must therefore satisfy

NRa−1∑
nRa

GT nRa = 1. (7.4.3)

The aim is to maximise Q2 such that

(1, 1, ..., 1) · (GT 0,GT 1, ...,GTNRa−1) = ccc · ggg = 1.

I will solve the optimisation problem by using the method of Lagrange multipliers.
Denote the Lagrange multiplier by κ to form the optimisation problem. Then
consider the set of equations:

Q̂ = Q2 + κ (1− ccc · ggg) , (7.4.4a)

∂Q̂

∂GT nRa

= 0,nRa = 0, ..,NRa − 1, (7.4.4b)

ccc · ggg = 1.

The next step is to find the gains and κ such that Q̂ in equation (7.4.4a) is max-
imised. The term Q̂ describes the quality with how well satisfied the constraint
is, if the constraint ccc · ggg = 1 is satisfied then Q̂ = Q2, finding the maximum for Q̂
will give the maximum for Q2. I will refer to equation (7.4.4b) as the optimisation
gain derivative. The system equation (7.4.4) is what is required to be solved for
the different choices of Q2 in order to obtain the optimal solution for the antenna
gains. This gives NRa + 1 equations for NRa + 1 unknowns. Start by subsituting
equations (7.4.1) and (7.4.2) into equation (7.4.4b) to get a system in terms of
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the power, namely

∂Q̂

∂GT nRa

=
∂Q2

∂GT nRa

− κ = 0 (7.4.5)

=
1

NxNyNz

(Nx,Ny ,Nz)∑
x=000

∂P̂x

∂GT nRa

− κ
=

1

NxNyNz

(Nx,Ny ,Nz)∑
x=000

∂P̂

∂PW

∂PWx

∂GT nRa

− κ = 0. (7.4.6)

Recall that the power in Watts is given by equation (3.5.3),

PWx = Λ|φφφ∗0|2
(
λ

4π

)2NRe
[
NRa−1∑
nRa=0

√
GT nRa

NRe∑
nRe=0

1

rx
nRa,nRe,

eikr
x
nRa,nRe,�

l∏
a=0

Rx
nOb(nRa,nRe,a)

6=0

[
R|| (nSur, θi)(nRa,nRe,a

0

0 R⊥ (nSur, θi)(nRa,nRe,a)

][
bbb||(nRa,nRe, a)

bbb⊥(nRa,nRe, a)

]]2

.

(3.5.3)

Differentiate equation (3.5.3) with respect to the transmitter gains to find

∂PWx

∂GT nRa

=
Λ|φφφ∗0|2√
GT nRa

(
λ

4π

)2

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θi(nRa,l,a))


NRa−1∑

m=0

√
GTm

NRe∑
l=0

1

rx
m,l

eikr
x
m,l

l∏
a=0

Rx
nSur(m,l,a)

6=0

Rx
nSur(m,l,a)(θim,l,a)

 . (7.4.7)

Now consider variations in the functions P̂ = f(PW) in order to take this analysis
further.
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7.4.1 Evaluating the optimum gains when the quality is the av-

erage power

Initially consider the simplest case where the weighted functions of the power
is just the power P̂ = PW and the weights are all equal, therefore ∂P̂

∂PW
= 1. In

this case an analytic expression for the optimal antenna gains can be found. The
quality function is therefore Q1 from equation (7.3.1) with weightings all equal.
The full power expression substituted in the quality is

Q1 =
1

NxNyNz

(Nx,Ny ,Nz)∑
x=000

Λ | φφφ∗0 |2
(
λ

4π

)2

[
NRa−1∑
nRa=0

√
GT nRa

NRe∑
nRe=0

1

rx
nRa,nRe

eikr
x
nRa,nRe

l∏
a=0

Rx
nSur(nRa,nRe,a)

6=0

Rx
nSur(nRa,nRe,a)(θi(nRa,nRe,a))

]2

.

(7.4.8)

Substitute P̂ and equation (7.4.7) into equation (7.4.5) which gives the following
expression for the optimisation gain derivative

∂Q̂

∂GT nRa

=
Λ | φφφ∗0 |2

(NxNyNz)
√
GT nRa

(
λ

4π

)2

(Nx,Ny ,Nz)∑
x=000

 NRe∑
nRe=0

eikr
x
nRa,nRe

rx
nRa,nRe

nRe∏
a=0

Rx
nSur(nRa,nRe,a)

6=0

Rx
nSur(nRa,nRe,a)(θinRa,nRe,a)


NRa−1∑

m=0

√
GTm

NRe∑
nRe=0

1

rx
m,nRe

eikr
x
m,nRe

nRe∏
a=0

Rx
nSur(m,nRe,a)

6=0

Rx
nSur(m,nRe,a)(θim,nRe,a)

+ κ.

This is not a simple expression to solve in this form because each gain is in terms of
the others. This is due to the square in the power function. Rewrite this problem
in vector form to consider the vector of the choice of gains as one variable.
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Rewriting the quality function

The quality function equation (7.4.2) from section 7.4.1 in matrix vector form
is,

Q1 =

Nx,Ny ,Nz∑
x,y,z=0

ggg 1
2

TAxggg 1
2
, ggg 1

2
= (
√
GT 0, ...,

√
GTNRa). (7.4.9)

The matrix Ax in equation (7.4.9) is a matrix representing the power function, the
expression for the terms in Ax are to be found. The constraint is changed to,

ccc · ggg 1
2

= 1 (7.4.10)

Substitute equation (7.4.9) into equation (7.4.5), to convert a system of NRa + 1

equations into a system of two equations as follows

∂Q̂

∂GT nRa

=

(Nx,Ny ,Nz)∑
x=000

∂
∂GT nRa

(
ggg 1

2

TAxggg 1
2

)
− κ

NxNyNz

, nRa = 0, ..,NRa − 1. (7.4.11)

Evaluating the derivative in equation (7.4.11) to get ∂Q1

∂GT nRa
as follows

∂Q1

∂GT nRa

=
Axggg 1

2√
GT nRa

. (7.4.12)

Subsitute equation (7.4.12) into equation (7.4.11) to give

∂Q̂

∂GT nRa

=

(Nx,Ny ,Nz)∑
x=000

[
Axggg 1

2

]
nRa√

GT nRa
− κ

2

NxNyNz

, nRa = 0, ..,NRa − 1. (7.4.13)

Putting equation (7.4.13) into vector form yieldsi

∂Q̂

∂ggg
=

(Nx,Ny ,Nz)∑
x=000

ggg− 1
2
�
[(
Axggg 1

2

)
− κccc

2

]
NxNyNz

, ccc = (1, ..., 1) (7.4.14)

To maximise Q̂ set the derivative in equation (7.4.14) to zero, i.e.,

(Nx,Ny ,Nz)∑
x=000

ggg− 1
2
�
[(
Axggg 1

2

)
− κccc

2

]
NxNyNz

= 000. (7.4.15)

i� denotes the Hadamard product which is elementwise multiplication of vectors.
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One solution to equation (7.4.15) is ggg− 1
2

= 000, however this would not satisfy
equation (7.4.10) and would require ggg 1

2
=∞∞∞ and can therefore not be a solution.

Therefore the second term in equation (7.4.15) must be zero and so

(Nx,Ny ,Nz)∑
x=000

(
Axggg 1

2

)
− κccc

2

NxNyNz

= 0. (7.4.16)

Solving equation (7.4.16) for ggg 1
2

gives the expression in equation (7.4.17) for the
gains. In this equation, A+ denotes the pseudo-inverse which satisfies AA+A = A.
The expression for the gains is therefore

ggg 1
2

=
κ(NxNyNz)

2

(Nx,Ny ,Nz)∑
x=000

(Ax)

+

ccc. (7.4.17)

Substitute the gains expression from equation (7.4.17) into equation (7.4.10) to
giveκ(NxNyNy)

2

(Nx,Ny ,Nz)∑
x=000

Ax

+

ccc

 ·
κ(NxNyNy)

2

(Nx,Ny ,Nz)∑
x=000

Ax

+

ccc

 = 1.

(7.4.18)

The term
(∑(Nx,Ny ,Nz)

x=000 (Ax)
)+

ccc is the row sum of
(∑(Nx,Ny ,Nz)

x=000 (Ax)
)−1

, i.e.,(Nx,Ny ,Nz)∑
x=000

(Ax)

+

ccc =

NRa∑
j=0

(Nx,Ny ,Nz)∑
x=000

(Ax)

−1

i,j


i=0,...,NRa

.

Therefore equation (7.4.18) can be written as

1 =

κ(NxNyNy)

2

(Nx,Ny ,Nz)∑
x=000

Ax

+

ccc

 ·
κ(NxNyNy)

2

(Nx,Ny ,Nz)∑
x=000

Ax

+

ccc


=
κ2(NxNyNy)

2

4

NRa∑
i=0

NRa∑
j=0

(Nx,Ny ,Nz)∑
x=0

Ax

+

i,j

2

=
κ2(NxNyNy)

2

4

∣∣∣∣∣
∣∣∣∣∣
NRa∑
j=0

(Nx,Ny ,Nz)∑
x=000

Ax

+

i,j


i=1,...,NRa

∣∣∣∣∣
∣∣∣∣∣
2

2

.
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The Lagrange multiplier κ is therefore

κ =
2

(NxNyNy)

∣∣∣∣∣
∣∣∣∣∣∑NRa

j=0

((∑(Nx,Ny ,Nz)
x=000 A

)+

ij

]
i=0,...,NRa

∣∣∣∣∣
∣∣∣∣∣
2

. (7.4.19)

Substituting κ from equation (7.4.19) into equation (7.4.17) gives the following
expression for the root of the transmitter gains

ggg 1
2

=
2

(NxNyNy)

∣∣∣∣∣
∣∣∣∣∣∑NRa

j=0

[((∑(Nx,Ny ,Nz)
x=000 (Ai,j)

)+
)]

i=0,...,NRa

∣∣∣∣∣
∣∣∣∣∣
2

(NxNyNy)

2

(Nx,Ny ,Nz)∑
x=000

(Ax)

+

ccc,

=

∑NRa
j=0

[((∑(Nx,Ny ,Nz)
x=000 (Ax)

)+

i,j

)]
i=0,...,NRa∣∣∣∣∣

∣∣∣∣∣∑NRa
j=0

[((∑(Nx,Ny ,Nz)
x=000 (Ax)

)+

i,j

)]
i=0,...,NRa

∣∣∣∣∣
∣∣∣∣∣
2

. (7.4.20)

It now remains to determine Ax from the quality function; this will give an expres-
sion for the optimal gains in terms of the output parameters from the GRL method
and known parameters for the room and antenna.

The next step is to rewrite the power from equation (3.5.3) into vector matrix
form so that terms in equation (7.4.9) can be compared. To start, introduce the
terms α and β:

PWx = Λ | φφφ∗0 |2
(
λ

4π

)2NRe

︸ ︷︷ ︸
α[∣∣∣∣∣

NRa−1∑
nRa=0

√
GT nRa

NRe∑
nRe=0

1

rx
nRa,nRe

eikr
x
nRa,nRe

c∏
a=0

Rx
nSur(a,nRa)

6=0

Rx
nSur(a,nRa)(θinRa,nRe,a)

︸ ︷︷ ︸
βnRa,nRe

∣∣∣∣∣
]2

.

Making the substitutions of Λ and β to simplify PWx yields

PWx = α

∣∣∣∣∣
NRa−1∑
nRa=0

√
GT nRa

NRe∑
nRe=0

βnRa,nRe

∣∣∣∣∣
2

.
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Expand the absolute function to separate the real and imaginary parts. This gives
the power in Watts as

PWx = α

∣∣∣∣∣√GT 0 (β0,0 + ... + βNRe,0)+...+
√
GTNRa−1 (β0,NRa−1 + ... + βNRe,NRa−1)

∣∣∣∣∣
2

.

(7.4.21)
Group together the real parts and denote these

fxfxfxnRa = Re(β0,nRa)+...+Re(βNRe,nRa) = Re
(
β0,nRa+...+βNRe,nRa

)
, ∀nRa = 0, ...,NRa.

(7.4.22a)
The term fxfxfxnRa is the term at position nRa in the vector fxfxfx. Repeat this group
process with the imaginary parts and the notation

hxhxhxnRa = Im(β0,nRa)+...+Im(βNRe,nRa) = Im
(
β0,nRa+...+βNRe,nRa

)
, ∀nRa = 0, ...,NRa.

(7.4.22b)
The term hxhxhxnRa is the term at position nRa in the vector hxhxhx. Substituting the vectors
fxfxfx and hxhxhx from equations (7.4.22a) and (7.4.22b) into equation (7.4.21) gives
PWx to be

PWx = α

[(√
GT 0 Re

(
(β0,0 + ... + βNRe,0)

)︸ ︷︷ ︸
fxfxfx0

+...

+
√
GTNRa−1 Re

(
(β0,NRa−1 + ... + βNRe,NRa−1)

)︸ ︷︷ ︸
fxfxfxNRa−1

)2

+

(√
GT 0 Im

(
(β0,0 + ... + βNRe,0)

)︸ ︷︷ ︸
hxhxhx0

+...

+
√
GTNRa−1 Im

(
(β0,NRa−1 + ... + βNRe,NRa−1)

)︸ ︷︷ ︸
hxhxhxNRa−1

)2
]

.
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Rewriting section 7.4.1 into vector form gives

PWx = α

[
(
√
GT 0, ...,

√
GTNRa−1)

 fxfxfx0

...

fxfxfxNRa−1


(fxfxfx0, ...,fxfxfxNRa−1))


√
GT 0

...√
GTNRa−1

+

(
√
GT 0, ...,

√
GTNRa−1)

 hxhxhx0

...

hxhxhxNRa−1


(hxhxhx0, ...,hxhxhxNRa−1)


√
GT 0

...√
GTNRa−1

].

For the real part vector fxfxfx, substitute the matrix [Fx]i,j = fxfxfxif
xfxfxj i.e., Fx =

fxfxfxTfxfxfx;for the imaginary part vector hxhxhx, substitute the matrix [Hx]i,j = hxhxhxih
xhxhxj i.e.,

Hx = hxhxhxThxhxhx;and for the vector of the square roots of the transmitter gains sub-
stitute ggg 1

2
= (
√
GT 0, ...,

√
GTNRa). These substitutions give the following vector

equation for the power:

PW = α(ggg 1
2
Fxggg 1

2
+ ggg 1

2
Hxggg 1

2
).

Group terms and factor out ggg 1
2

terms to give

PW = α
(
ggg 1

2
(Fx +Hx)ggg 1

2

)
.

Therefore the matrix A is

A = Fx +Hx. (7.4.23)

Which is clearly a symmetric matrix. Now that A is found substitute this in to
equation (7.4.2) to give

Q1 =

∑(Nx,Ny ,Nz)
x=000 α

((
ggg 1

2
(Fx +Hx)ggg 1

2

))
NxNyNz

.
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Rewrite Fx + Hx into vector form; this enables identifying the individual terms
corresponding to ray and reflection number, i.e.,

Fx+Hx =

 fxfxfx0f
xfxfx0 ... fxfxfxNRa−1f

xfxfx0

...
fxfxfx0f

xfxfxNRa−1 ... fxfxfxNRa−1f
xfxfxNRa−1

+

 hxhxhx0h
xhxhx0+ ... hxhxhxNRa−1h

xhxhx0

...
hxhxhx0h

xhxhxNRa−1 ... hxhxhxNRa−1h
xhxhxNRa−1

 .

(7.4.24)
Matching the terms in equation (7.4.24) to the terms in equation (7.4.8) yields

(fxfxfxnRa + ihxhxhxnRa)x =

NRe∑
nRe=0

eikr
x
nRa,nRe

rx
nRa,nRe

nRe∏
a=0
R 6=0

Rx
nSur((nRa,nRe,a)

(
θi(nRa,nRe,a)

)
.
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The terms in the matrices Fx and Hx are therefore

Fxm,l =

 NRe∑
nRe=0

cos
(
krx

m,nRe

)
rx
m,nRe

Re

nRe∏
a=0
R 6=0

Rx
nSur((m,nRe,a)

(
θi(m,nRe,a)

)
−

sin
(
krx

nRa,nRe

)
rx
m,nRe

Im

 nRe∏
a=0

refcoef 6=0

Rx
nSur((m,nRe,a)

(
θi(m,nRe,a)

)


 NRe∑
nRe=0

cos
(
krx

m,nRe

)
rx
nRa,nRe

Re

 nRe∏
a=0

refcoef 6=0

Rx
nSur((l,nRe,a)

(
θi(l,nRe,a)

)
−

sin
(
krx

l,nRe

)
rx
l,nRe

Im

nRe∏
a=0
R 6=0

Rx
nSur(l,nRe,a)

(
θi(l,nRe,a)

)
 (7.4.25a)

Hxm,l =

 NRe∑
nRe=0

cos
(
krx

m,nRe

)
rx
nRa,nRe

Im

nRe∏
a=0
R 6=0

Rx
nSur(m,nRe,a)

(
θi(m,nRe,a)

)
+

sin
(
krx

m,nRe

)
rx
m,nRe

Re

nRe∏
a=0
R 6=0

Rx
nSur((m,nRe,a)

(
θi(m,nRe,a)

)


 NRe∑
nRe=0

cos
(
krx

l,nRe

)
rx
l,nRe

Im

nRe∏
a=0
R 6=0

Rx
nSur(l,nRe,a)

(
θi(l,nRe,a)

)
+

sin
(
krx

l,nRe

)
rx
l,nRe

Re

nRe∏
a=0
R 6=0

Rx
nSur((l,nRe,a)

(
θi(l,nRe,a)

)
 (7.4.25b)

Now Fx and Hx are known. Substitute equations (7.4.25a) and (7.4.25b) into
equation (7.4.23). This gives an expression for A in terms of output parameters
from the GRL method and known parameters for the antenna and environment.
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In turn these can be substituted into equation (7.4.20) to get the optimal gains:

ggg 1
2

=

∑NRa
j=0

(((∑(Nx,Ny ,Nz)
x=000 Ax

)+
)
i,j

)2

i=0,...,NRa∣∣∣∣∣

∣∣∣∣∣∑NRa
j=0

(((∑(Nx,Ny ,Nz)
x=000 Ax

)+
)
i,j

)2

i=0,...,NRa

∣∣∣∣∣
∣∣∣∣∣
2

(7.4.26a)

Ax = Fx + iHx (7.4.23)

with Fx&Hx given by equation (7.4.25). The optimal gains are then given by
equations (7.4.23), (7.4.25) and (7.4.26a) . The gains correspond to an an-
tenna which has been discretised into NRa directions and having wavelength λ,
wave number k, and the reflection coefficients with obstacle nSur with angle θi is
RnSur(θi).

7.4.2 Evaluating the optimum antenna gains when the quality

is the average amplitude of the field.

I will now consider the next quality function Q3 which is the mean amplitude
of the field, namely

Q3 =

∑(Nx,Ny ,Nz)
x=000 | φφφx |
NxNyNz

. (7.3.3)

Substitute equation (7.3.3) into equation (7.4.5) to get

∂Q̂

∂GT nRa

=

∑(Nx,Ny ,Nz)
x=000

∂|φφφx|
∂GT nRa

NxNyNz

+ κ = 0. (7.4.27)

The next step is to get an expression for ∂|φφφx|
∂GT nRa

in terms of the propagation pa-
rameters. Start by separating the real and imaginary parts of φφφx and expressing
the amplitude in terms of these parts by

|φφφx| =
√

Re(φφφx)2 + Im(φφφx)2. (7.4.28)

Differentiating equation (7.4.28) with respect to each transmitter gain gives

∂|φφφx|
∂GT nRa

=
1

2

(
2 Re(φφφx)

∂ Re(φφφx)

∂GT nRa

+ 2 Im(φφφx)
∂ Im(φφφx)

∂GT nRa

)
1√

Re(φφφx)2 + Im(φφφx)2
.

(7.4.29)
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Substituting in the components for the field from equation (3.5.2) in equa-
tion (7.4.29) then gives

∂|φφφx|
∂GT nRa

=
|φφφ∗0|

(
λ
4π

)
2
√
GT nRaRe

NRa−1∑
m=0

√
GTm

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θinRa,l,a)



Re

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θinRa,l,a)



+ Im

NRa−1∑
m=0

√
GTm

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θinRa,l,a)



Im

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θinRa,l,a)





∣∣∣∣∣
NRa∑
m=0

√
GTm

NRe∑
l=0

1

rx
m,l

eikr
x
m,l

l∏
a=0

Rx
nSur(m,l,a)

6=0

Rx
nSur(m,l,a)(θim,l,a)

∣∣∣∣∣

−1

. (7.4.30)

To simplify equation (7.4.30) denote the terms given by the propagation by the
function g, separating them from the parameters given by the antenna. The func-
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tion g is therefore

g(x,nRa) =Re

NRa−1∑
m=0

√
GTm

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θinRa,l,a)



Re

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θinRa,l,a)



+ Im

NRa−1∑
m=0

√
GTm

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θinRa,l,a)



Im

NRe∑
l=0

1

rx
nRa,l

e
ikrx

nRa,l

l∏
a=0

Rx
nSur(nRa,l,a)

6=0

Rx
nSur(nRa,l,a)(θinRa,l,a)





∣∣∣∣∣
NRa∑
m=0

√
GTm

NRe∑
l=0

1

rx
m,l

eikr
x
m,l

l∏
a=0

Rx
nSur(m,l,a)

6=0

Rx
nSur(m,l,a)(θim,l,a)

∣∣∣∣∣

−1

. (7.4.31)

Substituting equation (7.4.31) into equation (7.4.30) gives

∂ | φφφx |
∂GT nRa

=
| φφφ∗0 |

(
λ
4π

)
2
√
GT nRa

g(x,nRa). (7.4.32)

Then substituting equation (7.4.32) into equation (7.4.27) gives

∂Q̂

∂GTm

=

|φφφ∗0|( λ
4π )

2
√
GT nRa

∑(Nx,Ny ,Nz)
x=000 g(x,nRa)

NxNyNz

+ κ = 0. (7.4.33)

Rearrange equation (7.4.33) to get the following equation for the transmitter gains

GT nRa =

(
|φφφ∗0|

(
λ
4π

)∑(Nx,Ny ,Nz)
x=000 g(x,nRa)

−κ (NxNyNz)

)2

. (7.4.34)
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Using equation (7.4.3) and equation (7.4.34), an expression for the sum of the
gains which will then enable solving for the gains is achieved. This expression is

NRa−1∑
m=0

GTm =

NRa−1∑
m=0

(
|φφφ∗0|

(
λ
4π

)∑(Nx,Ny ,Nz)
x=000 g(x,m)

κ (NxNyNz)

)2

= 1. (7.4.35)

Solving equation (7.4.35) for κ gives

κ =

√√√√NRa−1∑
m=0

(
|φφφ∗0|

(
λ
4π

)∑(Nx,Ny ,Nz)
x=000 g(x,m)

(NxNyNz)

)2

. (7.4.36)

Substituting κ from equation (7.4.36) back into equation (7.4.34) gives that the
optimal gains to be

GT nRa =

(
|φφφ∗0|( λ

4π )
∑(Nx,Ny ,Nz)

x=000 g(x,nRa)

(NxNyNz)

)2

∑NRa−1
m=0

(
|φφφ∗0|( λ

4π )
∑(Nx,Ny ,Nz)

x=000 g(x,m)

(NxNyNz)

)2 .

This simplifies to

GT nRa =

(∑(Nx,Ny ,Nz)
x=000 g(x,nRa)

)2

∑NRa−1
m=0

(∑(Nx,Ny ,Nz)
x=000 g(x,m

)2 . (7.4.37)

The difficulty with the expression in equation (7.4.37) is that there is an expression
for the gains in terms of g, but the function g also depends on the antenna gains.
The quality function in equation (7.3.3) is therefore not suitable for Lagrange
multiplier optimisation. In comparison to equation (7.4.26) in section 7.4.1 which
gave an explicit expression for the gains, this is due to the change from the square
root of the gains to the multiple of the gains.

7.4.3 Sigmoid function

Set the upper and lower bounds of the power to be U and L respectively. Power
values within this range are considered good for the user. Now consider the sig-
moid function given by

f(PWx) =
exp
((
PWx − L+U

2

) (
20
U−L

))
exp
((
PWx − L+U

2

) (
20
U−L

))
+ 1

(7.4.38)
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At the upper and lower bounds this function takes the values

f(U) =
exp
((

U−L
2

) (
20
U−L

))
exp
((

U−L
2

) (
20
U−L

))
+ 1

=
e10

e10 + 1
≈ 1

f(L) =
exp
((

L−U
2

) (
20
U−L

))
exp
((

L−U
2

) (
20
U−L

))
+ 1

=
e−10

e−10 + 1
≈ 0

Figure 7.4.1: The sigmoid function from equation (7.4.38) with x = L = 10
−90
10 W

and x = U = 10
20
10 watt also plotted on top.

This function is bounded by zero and one as shown in figure 7.4.1. I chose
this function as it describes the power within a usable width to allow preference
for better coverage. This acknowledges that above the bound U the power is so
good the benefit is negligible, and also that below the bound L the power is so bad
that devices do not work. This function is better than splitting the domain, as it is
smooth and continuous over the whole domain and does not require us to know
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where PW changes. The first term required to find ∂Q̂
∂GT nRa

from equation (7.4.6) is

∂P̂x

∂PWx
=

(
20
U−L

)
exp
((
PW − L+U

2

) (
20
U−L

))(
exp
((
PW − L+U

2

) (
20
U−L

))
+ 1
)2 . (7.4.40)

Substituting ∂P̂x
∂PWx

and ∂PWx
∂GT nRa

from equations (7.4.7) and (7.4.40) into equa-
tion (7.4.6) gives

∂Q̂

∂GT nRa

=
1

NxNyNz[
(Nx,Ny ,Nz)∑

x=000

(
20
U−L

)
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((
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) (
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))(
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2

) (
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))
+ 1
)2
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(
λ

4π

)2

NRe∑
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e
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+ κ = 0. (7.4.41)

It is not possible for to solve equation (7.4.41) analytically for the gains. Therefore
the theoretical analysis for this quality function is left here. Despite not being able
to formulate an expression for the optimal gains in this case I have chosen to leave
the derivative calculations for the function in this section. This analysis illustrates
the complications encountered with this optimisation process when the quality
function doesn’t take a complicated form. I am also aware that other researchers
may wish to use these derivatives in implementations of numerical optimisation
methods and it is therefore of benefit to the research community to share these
computations.

In section 8.2.6 I will use the quality function given by the average of the
sigmoid function as given by equations (7.3.2) and (7.4.38). I will use this for
comparison to other quality functions within a numerical optimisation approach.
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This section concludes the theoretical investigation into optimising antenna
gains. I will run simulations and compare the results for different cases in sec-
tion 8.1. The lagrange multiplier method I have used to determine the optimal
antenna gains could also be used for optimising the obstacle parameters for a spe-
cific obstacle. This may be useful for architects and property developers in building
planning. The approach may also be used to optimise the antenna wavelength λ,
although care must be taken to ensure the wave number k and its dependency
on the wavelength is also accounted for. The obstacle coefficients Ẑ and n also
depend on the antenna wavelength but if fixed the results could still inform on
suitable antenna types. The final results should be used with caution however.

7.5 Exhaustive search to optimise transmitter posi-

tion

I will now move on from optimising antenna gains and investigate optimising
the location of the transmitting antenna. I will initially consider an exhaustive
search approach then I will go on to use Powell’s method to improve on these
results.

An exhaustive search takes in a fixed set of possible values for the optimisation
parameter. It evaluates the optimisation function at all of the terms in this fixed
set then determines which one yields the best value for the optimisation function.
In the current version of the method the transmitter locations are preset to be at
the centres of the voxels in the environment and evaluate the quality function at
these locations. The optimal location which the algorithm outputs is the location
which yields the maximum quality from these locations.

In this section I will outline the algorithm for performing an exhaustive search.
The results from this implementation can be found in section 8.2. As discussed in
section 7.3, there are different methods for evaluating the quality of the power in
an environment; in this implementation I compare how the result varies depend-
ing on the quality function used.
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Algorithm 7.1 Exhaustive Search for best Transmitter location TxTxTx
Require: Nx,Ny,Nz

1: procedure EXHAUSTIVE_SEARCH

2: Load NRa .number of rays

3: Load NRe .number of reflections

4: Load LOS .line of sight switch

5: Load PerfRef .switch for perfect reflection or lossy

6: Load Nrs .number of reflective surfaces

7: Load split .number of steps through one voxel

8: Load δ0 .angle spacing between neighbouring rays

9: Load Direcs .initial ray directions

10: Load room︸ ︷︷ ︸
Obstacles in

the room

, NRe︸︷︷︸
number of
reflections

11: Load Ẑ̂ẐZ︸︷︷︸
Impedance

ratio of
obstacles

, nnn︸︷︷︸
refractive
index of
obstacles

, GT︸︷︷︸
transmitter

gain
per ray

, k︸︷︷︸
Nondimensional

wave
number

, L︸︷︷︸
environment
lengthscale

, λ︸︷︷︸
wavelength

, Po︸︷︷︸
polarisation

12: Ẑ̂ẐZ = (1, Ẑ̂ẐZ, ..., Ẑ̂ẐZ) .resize to match the mesh column

13: nnn = (1,nnn, ...,nnn) .resize to match the mesh column

14: for j ∈ [0,Nx ∗Ny ∗Nz] do:
15: TxTxTx = [hb j

Ny
c+ h/2,h ∗ (j (mod Ny)) + h/2,h ∗ b j

Nx∗Ny c+ h/2]

16: if TxTxTx[0] > Nx ∗ h then:
17: TxTxTx[0] = h ∗ b j (mod Nx∗Ny)

Ny
c+ h/2

18: if TxTxTx[1] > Ny ∗ h then:TxTxTx[1] = h/2

19: if TxTxTx[2] > Nx ∗ h then:TxTxTx[2] = h/2

20: if TxTxTx.valid then: .check TxTxTx is not contained within an obstacle or outside the

environment

21: Ω̂ = Ω̂(Nx,Ny,Nx,NRe ∗NOb + 1,NRe ∗NRa + 1) .initialise mesh

22: Y = Ray_launcher(Tx,D,Mesh,NRa, split, δ0,Nre) .algorithm 5.4

23: P = power_from_mesh(Y , Ẑ̂ẐZ,nnn,GT , k,L,λ,Po, LOS, PerfRef)
.algorithm 5.15

24: Q = quality_from_power(P ) .equation (7.3.1) return Q

25: elsereturn NaN
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7.6 Powell’s method for optimising transmitter po-

sition

Powell’s method originally outlined in [142], and which can be found with
a code outline in [143, page 74], is a numerical approach to finding the local
minimum of a function. In order to use this to maximise the quality functions this
is reframed as minimising −Q.

Powell’s method uses an initial guess for the variable to be optimised, namely
x̂. It then computes a series of search directions depending on the dimension of
x̂. Next, the objective function is minimised along these search directions, and the
result is used to improve the considered search direction. The process is repeated
until the objective function has reached a local minimum within a given tolerance.

This approach requires that the initial guess is located sufficiently close to the
minimiser so that the results may converge towards the minimum. For the imple-
menation, the output from the exhaustive search is used as the input to ensure the
initial location guess is close to the optimal value. I implement Powell’s method
using the PYTHON SCIPY [144] minimize package. This package implements the
Powell algorithm based on [142, 145]. In order to use this package to optimise
the transmitter position, it’s necessary to define the quality function Q so that it
computes the quality using input parameters and the initial guess for TxTxTx.
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Algorithm 7.2 Powell Method for the best Transmitter location TxTxTx
Require: εf︸︷︷︸

tolerance
of

function
value

, εT︸︷︷︸
tolerance

of
TxTxTx

, NRa︸︷︷︸
number

of
rays

, NRe︸︷︷︸
number

of
reflections

, NRs︸︷︷︸
number

of
reflective
surfaces

, δ0︸︷︷︸
angle
space

between
rays

, D︸︷︷︸
intial
ray

directions

, Nx︸︷︷︸
voxels

on
x-axis

, Ny︸︷︷︸
voxels

on
y-axis

,

Nz︸︷︷︸
voxels

on
z-axis

, room︸ ︷︷ ︸
obstacles

in the
room

, Ẑ̂ẐZ︸︷︷︸
impedance

ratio of
obstacles

, nnn︸︷︷︸
refractive
index of
obstacles

, GTGTGT︸︷︷︸
transmitter

gain
per ray

, k︸︷︷︸
nondimensional

wave
number

, L︸︷︷︸
lengthscale

, λ︸︷︷︸
wavelength

, Po︸︷︷︸
polarisation

1: procedure POWELLTRANSMITTER

2: TxTxTx0 = Exhaustive_Search(Nx,Ny,Nz) .initial TxTxTx from exhaustive search

3: f = (D,Nx,Ny,Nz,NRe,NRa,NSur,NRs, δ0, split, Ẑ̂ẐZ,nnn,GTGTGT , k,L,λ,Po)

.group fixed parameters for input

4: TxTxTx
∗ = scipy.minimize(quality,TxTxTx0, method=’Powell’, args = f , options =

′xtol′ : εT ,′ ftol′ : εf , bounds = room.bounds) return TxTxTx∗

5: procedure QUALITY q(TxTxTx, f)
6: if Tx.valid then:
7: meshstr=words(NRe)+room.str
8: mesh_filename =′ Mesh + meshstr + OptimisationDSM_txTxTxTx[0]xTxTxTx[1]yTxTxTx[2]z

9: if isfile(mesh_filename) then:
10: Ω̂ = load(mesh_filename,Nx,Ny,Nz) .

take advantage of previously found meshes for
different room types

11: else:
12: Ω̂ = Ω̂(Nx,Ny,Nx,NRe ∗NSur + 1,NRe ∗NRa + 1) . intialise mesh

13: Y = Ray_launcher(TxTxTx,D, Ω̂,NRa, split, δ0,NRe) .algorithm 5.4

14: P = power_from_mesh(Y , Ẑ̂ẐZ,nnn,GT , k,L,λ,Po, LOS, PerfRef) .

algorithm 5.15

15: Q = quality(P ) .average power use equation (7.3.1)

16: return −Q
17: else: return NaN

There are many variations to Powell’s method and alternative numerical opti-
misation methods which may be considered. The requirements when choosing a
numerical optimisation method for this problem are that they must be able to take
in constraints and they must not require derivatives with respect to the transmitter
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location. The constraints are required so that locations outside the environment or
inside an obstacle are not output. The derivatives must not be required since the
propagation model can not determine derivatives; if required derivatives can be
estimated numerically but it is advised that derivatives are avoided where possible.
I will run Powell’s method and discuss the results in section 8.3.

7.7 Summary of optimisation theory

In this chapter I started by showing how storing ray information opens up an-
alytical optimisation techniques. I have done this using a Lagrange multiplier ap-
proach to optimising a discrete set of antenna gains. This section not only outlines
an area of research for improving antenna radiation patterns but it also demon-
strates the benefit of storing information. This initial analytical optimisation paves
the way for future analytical optimisation approaches for propagation problems.

Following the analytical optimisation I outlined the process for using a numer-
ical optimisation method to find the optimal location for a transmitter. In this
section I have outlined the algorithm for a single transmitter, however, a similar
approach may be used for multiple transmitters. This would use the same algo-
rithm structures however the optimisation variable would be the coordinates of
all the transmitters, therefore the dimension of the optimisation variable would be
3Ntransmitters. Increasing the dimension of the optimisation parameter will increase
the space of possible positions in the exhaustive search and increase the time for
one iteration of Powell’s method. Using a 3Ntransmitters dimension optimisation vari-
able would increase the time taken to compute search directions in the Powell’s
method and therefore increase the time for one iteration, it would also increase
the number of iteration required to converge to a solution within the desired tol-
erance as all terms in the optimisation variable need to converge.
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Chapter 8

Simulations for optimisation
calculations

In this chapter I will look at the simulations for three different types of op-
timisation. The first optimisation type in section 8.1 evaluates the theoretically
optimal antenna radiation pattern for a specific environment. This is achieved by
evaluating equations (7.4.23), (7.4.25a), (7.4.25b) and (7.4.26a) using an out-
put mesh from the GRL method and the physical parameters of the environment,
along with a fixed wavelength and wavenumber for the antenna. In this section
I will consider how the desired antenna pattern changes when the coefficients of
the environment change and the effect of using more rays and reflections in the
model.

The second and third optimisations consider the placement of the antenna
location. In section 8.2 I preset possible transmitter locations to be the centre
of the voxels and I evaluate the quality at each of these centres. The transmitter
location which yields the maximum quality is then output. This is done using
algorithm 7.1 from section 7.5.

In section 8.3 I am again optimising the transmitter location but instead of
trying all locations from a preset list, I use an initial guess and a set of constraints.
Then I optimise using the Powell method outlined in algorithm 7.2 to locate the
optimal location. The initial guess is taken as the output from section 8.2 and
the constraints confirm that the considered location is in the environment and not
contained within an obstacle.
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Analytical op-
timisation on
antenna gains
section 8.1

Cases: C0&
C1

Line-of-sight
section 8.1.1.

Cases: C4& C5

Single perfectly
reflective wall
section 8.1.2.

Cases: C6& C7

Single lossy
reflective wall
section 8.1.3. Two per-

fectly re-
flective
walls sec-
tion C.0.1

Cases: C16& C17

Optimal gains for
the model using
three reflections sec-
tion C.0.1.

Cases: C18& C19

Optimal gains for
the model using
five reflections sec-
tion C.0.1.

Two lossy
reflective
walls sec-
tion C.0.2

Cases: C20&
C21

Gains
optimisation-
two lossy re-
flective surfaces
section C.0.2.

Cases: C22&
C23

Optimal gains
for the model
using five re-
flections sec-
tion C.0.2.

All walls
perfectly
reflec-
tive sec-
tion C.0.3

Cases: C24&
C25Optimal
gains for the
model using
three reflections
section C.0.3.

Cases: C26&
C27

Optimal gains
for the model
using five re-
flections sec-
tion C.0.3.

All walls
lossy and
reflec-
tive sec-
tion C.0.4

Cases: C28&
C29

Optimal gains
for the model
using three re-
flections sec-
tion C.0.4.

Cases: C30&
C31

Optimal gains
for the model
using five re-
flections sec-
tion C.0.4.

All walls lossy re-
flective with a box
in the room sec-
tion 8.1.4

Cases: C32& C33

Optimal gains for
the model using
three reflections
section 8.1.4.

Cases: C34& C35

Optimal gains
for the model
using five re-
flections sec-
tion 8.1.4Exhaustive search

optimisation of
transmitter posi-
tion section 8.2

Case: C0

Line-of-sight prop-
agation only sec-
tion 8.2.1 Corner reflective sur-

faces section 8.2.2

Case: C16Corner of
perfectly reflective
walls section 8.2.2

Case: C20

Corner of lossy re-
flective walls sec-
tion 8.2.2

Case:C28

All boundary sur-
faces are reflec-
tive and lossy sec-
tion 8.2.3

Case: C2

Line of sight prop-
agation with a box
section 8.2.5

Case: C32

All surfaces
reflective and
lossy with
a box sec-
tion 8.2.6

Numerical op-
timisation us-
ing Powell’s
method sec-
tion 8.3

Case: C0

Line of sight
path with no
clutter sec-
tion 8.3.1

Two reflective
surfaces form-
ing a corner
section 8.3.2

Case: C16

Two perfectly
reflective sur-
faces sec-
tion 8.3.2

Case: C20

Two lossy reflective
surfaces section 8.3.2

Case: C28

All surfaces
lossy and re-
flective sec-
tion 8.3.3

Case: C32

All surfaces
lossy and re-
flective with
internal box
section 8.3.4

Figure 8.0.1: Case studies covered in thie sections within chapter 8.
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Table 8.1: Cases considered in optimisation simulations

Case Environment type Number
of Rays

Number of
Reflections

Obstacle Sections

C0 Line of Sight- All
surfaces are totally
absorbing

22 0 No section 8.1.1,
section 8.2.1,
section 8.3.1

C1 211 0 No section 8.1.1
C2 22 0 Yes section 8.2.5
C3 211 0 Yes section 8.2.5
C4 Perfect reflection at

y = 0

22 1 No section 8.1.2
C5 211 1 No section 8.1.2
C6 Wall at y = 0 with

values from table 6.1.
22 1 No section 8.1.3

C7 211 1 No section 8.1.3
C16

Perfect reflection at
x = 0 and y = 0

22 3 No section C.0.1,
section 8.2.2,
section 8.3.2

C17 211 3 No section C.0.1
C18 22 5 No section C.0.1
C19 211 5 No section C.0.1
C20

Walls with values
from table 6.1

22 3 No section C.0.2,
section 8.2.2,
section 8.3.2

C21 211 3 No section C.0.2
C22 22 5 No section C.0.2
C23 211 5 No section C.0.2
C24

All surfaces perfectly
reflective

22 3 No section C.0.3
C25 211 3 No section C.0.3
C26 22 5 No section C.0.3
C27 211 5 No section C.0.3
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Case Environment type Number
of Rays

Number of
Reflections

Obstacle Sections

C28

All surfaces with
values from table 6.1

22 3 No section C.0.4,
section 8.2.3,
section 8.3.3

C29 211 3 No section C.0.4
C30 22 6 No section C.0.4
C31 211 5 No section C.0.4
C32 22 3 Yes section 8.1.4,

section 8.2.6,
section 8.3.4

C33 211 5 Yes section 8.1.4
C34 22 5 Yes section 8.1.4
C35 211 5 Yes section 8.1.4

8.1 Analytical optimisation on antenna gains

In section 7.4.1 I formulated the optimal solution for the antenna gains discre-
tised to NRa such that the function given in equation (7.3.4) is maximised. This is
given by

ggg 1
2

=

∑NRa
j=0

(((∑(Nx,Ny ,Nz)
x=000 Ax

)−1
)
i,j

)2

i=0,...,NRa∣∣∣∣∣

∣∣∣∣∣∑NRa
j=0

(((∑(Nx,Ny ,Nz)
x=000 Ax

)−1
)
i,j

)2

i=0,...,NRa

∣∣∣∣∣
∣∣∣∣∣
2

(7.4.26a)

Ax = Fx + iHx (7.4.23)
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 (7.4.25a)
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I will now evaluate the values for these gains for the following environments:
line-of-sight propagation only, (C0, C1); reflection with a single perfectly reflective
wall, (C4, C5); reflection with a lossy wall, (C6, C7); reflection with a corner of
perfectly reflective walls, ( C16, C17,C18, C19); reflections with a corner of lossy
walls, (C20, C21, C22, C23); reflections with all walls of a cube lossy, (C28, C29, C30,
C31); and reflections with all walls of a cube lossy and a lossy internal box ,(C32,
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C33, C34, C35).
In the optimisation of the antenna gains the transmitter position is fixed at

(0.409, 0.318, 0.5) which transforms to (1.23, 0.955, 1.5) once scaled by the length-
scale L = 3 m. The number of voxels on each axis is fixed to eleven; Nst = 11.
Each antenna pattern plot shows the proportion of power from the antenna which
should be transmitted in a given direction. The antenna’s direction is given by a
combination of an angle ν in the xy-plane and the angle τ to the z-axis. The gain
for each ray is plotted against the angles forming the cone for that ray.

8.1.1 Line-of-sight propagation only

The first cases I consider for the optimisation of the antenna gains are the
line-of-sight cases C0 and C1.

Figure 8.1.1: A room with all surfaces totally absorbing. Cases: C0& C1.

These cases consider propagation modelled with twenty-two rays and 211 rays
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respectively. Since only line of sight paths are considered no reflections are con-
sidered (NRa = [22, 211]).

(a) (b)

Figure 8.1.2: Case: C0. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The environment is totally absorbing. Simulation used
twenty-two rays(NRa = 22). The crosses mark the position of the intial rays emit-
ting from the transmitter of unit length. The region between the rays has been
shaded in to show the radiation covered by the ray cones.
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(a) (b)

Figure 8.1.3: Case: C1. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays (NRa = 221),
the environment is entirely absorbing surfaces. The crosses mark the position of
the intial rays emitting from the transmitter of unit length. The region between
the rays has been shaded in to show the radiation covered by the ray cones.

In Figure 8.1.2 the results show that in the simulation the average power is
maximised when the antenna has a preferential direction of 250◦ in the horizontal
angle and 135◦ in the vertical, there is a second lobe in the horizontal angle indi-
cating a second direction of preference in the direction 45◦. The results using more
rays in Figure 8.1.3 show the optimal antenna direction to be in the vertical angle
of 115◦. Although only line-of-sight paths are considered the antenna is placed off
centre. The variation in the results between the ray number options is surprising
since the resulting propagation for a line-of-sight problem will exactly match. It is
also unexpected that the antenna pattern would be so directional given the lack of
reflections in the environment.

Since there are similarities between the discrepancies for each case I will dis-
cuss possible causes for the issues in section 8.1.5.
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8.1.2 Single perfectly reflective wall

The next cases I consider are the cases with a single reflective wall C4and C5.
These cases consider propagation modelled with twenty-two rays and 211 rays
respectively. The reflective wall is placed at x = 0 as shown in Figure 8.1.4. The
wall is treated as perfectly reflective so all fields that hit the wall return with
the same value and there is zero absorption by the wall. All other walls in the
environment are totally absorbant, i.e., everything that hits them is absorbed by
the wall and does not return to the environment.

Figure 8.1.4: A room with a single reflective wall, all other surfaces are totally
absorbing. Cases: C4, C5, C6, & C7.
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(a) (b)

Figure 8.1.5: Case: C4. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5)after). The environment has a single perfectly reflective wall at
x = 0. Simulation uses twenty-two rays and three reflections (NRa = 22,NRe = 3).
The crosses mark the position of the intial rays emitting from the transmitter of
unit length. The region between the rays has been shaded in to show the radiation
covered by the ray cones.
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(a) (b)

Figure 8.1.6: Case: C5. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays and three
reflections (NRa = 211,NRe = 3), the environment is has a perfectly reflective
surface at x = 0. The crosses mark the position of the intial rays emitting from
the transmitter of unit length. The region between the rays has been shaded in to
show the radiation covered by the ray cones.

The results in Figures 8.1.5 and 8.1.6 show very similar results to the line-of-
sight results in section 8.1.1. This is surprising since the resulting propagation will
be very different as seen in sections 6.1.2 and 6.2.1.

As in section 8.1.1 the discrepancies between the simulations and the expecta-
tions will be discussed in section 8.1.5.

8.1.3 Single lossy reflective wall

The next cases I consider have a lossy reflective wall, C6 and C7. These cases
consider propagation modelled with twenty-two rays and 211 rays respectively. A
single lossy reflective wall is placed at x = 0 as shown in Figure 8.1.4. The wall has
impedance ratio Ẑ = 0.8856 + 0.0040i and refractive index 11.475 + 0.0040i, these
terms are taken from the measurements for wood given in table 6.1. All other
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walls in the environment are totally absorbent, i.e., everything that hits them is
absorbed by the wall and does not return to the environment.

(a) (b)

Figure 8.1.7: Case: C6. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The environment has a single reflective wall at x = 0

with coefficients given by table 6.1. Simulation uses twenty-two rays and three
reflections (NRa = 22,NRe = 3). The crosses mark the position of the intial rays
emitting from the transmitter of unit length. The region between the rays has been
shaded in to show the radiation covered by the ray cones.
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(a) (b)

Figure 8.1.8: Case: C7. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays and three
reflections (NRa = 221,NRe = 3). The environment is has a reflective surface at
x = 0 with coefficients given by table 6.1. The crosses mark the position of the
intial rays emitting from the transmitter of unit length. The region between the
rays has been shaded in to show the radiation covered by the ray cones.

The results in Figures 8.1.7 and 8.1.8 show very similar results to the line-of-
sight results and the single perfect reflection results in sections 8.1.1 and 8.1.2.
This is surprising since the resulting propagation will be very different as seen in
sections 6.1.2, 6.2.1 and 6.2.2. This similarity continues for the remaining cases
with no internal obstacles. The results for these cases can be found in the appendix
in chapter C.

Discrepancies between the simulations and the expectations will be discussed
in section 8.1.5.

8.1.4 All walls lossy reflective with a box in the room

All walls and surfaces are set to be reflective; see Figure 6.4.4. The walls are
treated as perfectly reflective so all fields that hit them return with the same value
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and there is zero absorption by the wall.

Figure 8.1.9: A room with all surfaces reflective and with a reflective box in the
room. Cases: C32, C34, C33, & C35.6.4.4 revisited

The walls have impedance ratio Ẑ = 0.8856 + 0.0040i and refractive index
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11.475 + 0.0040i. The co-ordinates of the obstacle are:

before scaling:

(0.75, 0.75, 0), (0.45, 0.75, 0), (0.45, 0.75, 0.45),

(0.45, 0.45, 0), (0.75, 0.45, 0), (0.45, 0.45, 0.45),

(0.75, 0.45, 0.45) and (0.75, 0.75, 0.45)

→
after scaling by L = 3 m:

(2.25, 2.25, 0), (1.35, 2.25, 0), (1.35, 2.25, 1.35),

(1.35, 1.35, 0), (2.25, 1.35, 0), (1.35, 1.35, 1.35),

(2.25, 1.35, 1.35) and (2.25, 2.25, 1.35).

(6.4.1)

Optimal gains for the model using three reflections

The optimal gains for when the model uses three reflections are shown in Fig-
ures 8.1.10 and 8.1.11.
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(a) (b)

Figure 8.1.10: Case: C32. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays and
three reflections (NRa = 22,NRe = 3), the environment has all lossy reflective sur-
faces and contains an internal obstacle. The obstacle is given by equation (6.4.1)
and the room has longest wall 3 metre. The lossy surfaces have coefficients given
by table 6.1. The crosses mark the position of the intial rays emitting from the
transmitter of unit length. The region between the rays has been shaded in to
show the radiation covered by the ray cones.
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(a) (b)

Figure 8.1.11: Case: C33. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays and three
reflections (NRa = 211,NRe = 3), the environment has all lossy reflective surfaces
and contains an internal obstacle. The obstacle is given by equation (6.4.1) and
the room has longest wall 3 metre. The lossy surfaces have coefficients given by
table 6.1. The crosses mark the position of the intial rays emitting from the trans-
mitter of unit length. The region between the rays has been shaded in to show the
radiation covered by the ray cones.

The results in Figures 8.1.10 and 8.1.11 show that the equation (7.4.26a) does
give variations in radiation pattern. The results show that the optimal radiation
pattern now has a single lobe for the results using twenty-two rays. The results
found using 211 rays are similar to those in the uncluttered cases with a very
narrow preferred directions.

Discrepancies between the simulations and the expectations will be discussed
in section 8.1.5.

Optimal gains for the model using five reflections

The optimal gains for when the model uses five reflections are shown in
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(a) (b)

Figure 8.1.12: Case: C34. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays and
five reflections (NRa = 22,NRe = 5), the environment has all lossy reflective sur-
faces and contains an internal obstacle. The obstacle is given by equation (6.4.1)
and the room has longest wall 3 metre. The lossy surfaces have coefficients given
by table 6.1. The crosses mark the position of the intial rays emitting from the
transmitter of unit length. The region between the rays has been shaded in to
show the radiation covered by the ray cones.
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(a) (b)

Figure 8.1.13: Case: C35. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays and five re-
flections (NRa = 211,NRe = 5), the environment has all lossy reflective surfaces
and contains an internal obstacle. The obstacle is given by equation (6.4.1) and
the room has longest wall 3 m. The lossy surfaces have coefficients given by ta-
ble 6.1. The crosses mark the position of the intial rays emitting from the trans-
mitter of unit length. The region between the rays has been shaded in to show the
radiation covered by the ray cones.

As seen with the uncluttered cases similar results are shown for different sim-
ulations. This is not as surprising since the simulations using five reflections and
using three reflections give very close results in section 6.4.

8.1.5 Summary of antenna gain optimisation

The experiments in section 8.1 have shown results which are surprisingly sim-
ilar for different environments and unexpectedly different for the same environ-
ment using a simulation of more rays. The results that are similar all have in
common that their rays travel the same paths. It can therefore be deduced that
the results being seen are a result of which ray cones get traversed and which ray

300



cones get ignored due to the double counting check.

To verify whether the rays are unevenly spreading the voxels hit by rays are
counted. This is done by considering only the line of sight rays as these should
be evenly spread. A sphere of radius half the axis length is enclosed inside the
environment. The number of voxels hit by each ray within the environment is
then counted. The totals are shown in figures 8.1.14 and 8.1.15 .

Figure 8.1.14: The simulations use NRa = 22 rays and the generalised ray launch-
ing method,which is outlined in algorithm 5.4. The counts correspond to the sim-
ulations in figure 8.1.2. The plot shows the total number of voxels hit by each ray
number. Only the positions located within the sphere of radius 0 are considered as
these positions should theoretically have an equal spread of rays The transmitter
is located at (0.409, 0.318, 0.500)L = (0.000, 0.000, 0.000). No internal obstacles.
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Figure 8.1.15: The simulations use NRa = 211 rays and the generalised ray
launching method,which is outlined in algorithm 5.4. The counts correspond to
the simulations in figure 8.1.3. The plot shows the total number of voxels hit by
each ray number. Only the positions located within the sphere of radius 0 are con-
sidered as these positions should theoretically have an equal spread of rays The
transmitter is located at (0.409, 0.318, 0.500)L = (0.000, 0.000, 0.000). No internal
obstacles.

Figures 8.1.14 and 8.1.15 show a clear imbalance between which rays influ-
ence more space. This count corresponds only to the voxels in a sphere centred
around the transmitter so this imbalance is not an artifact of the environment.

The issue of how the rays are stepped is discussed more in section 9.2.4. Im-
proving this ray stepping process should reduce the impact the ray ordering has
on the output antenna pattern. As discussed in section 9.2.4 changing the ray
stepping comes with its own problems.

Making these ray stepping changes requires significant alterations to the struc-
ture of the ray launching algorithm algorithm 5.4. I will therefore leave this area
of research as an area for future work. There are variations in the results for the
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perfectly reflective cases when the environment has two reflective corner walls
and when all surfaces are perfectly reflective. These results can be found in sec-
tions C.0.1 and C.0.3. It is therefore clear that the method is having some success
in determining optimal propagation directions, it is however strongly influenced
by the ray shooting order.

In conclusion I have shown the feasibility of implementing an analytical op-
timisation with a generalised ray launching method. I have also shown the care
that must be taken in the implementation in order to observe propagation effects
and not artifacts of the implementation.

8.2 Exhaustive search optimisation of transmitter

position

Cases: C0, C2,C16, C20, C28, and C32 will now be optimised for their transmitter
location. In the optimisation of the transmitter position I fix the antenna gains to
be one in all directions. The transmitter location is optimised using algorithm 7.1.
This algorithm takes a fixed set of transmitter locations and finds which of the
locations yields the maximum value for the quality function. In this section, I
will compare three variations in the quality function, the average power given by
equation (7.3.1), the minimum power given by equation (7.3.4) and the tenth
percentile of the power values given by equation (7.3.5).

Initially I consider the cases C0, C16, C20and C28 which include only the outer
boundary obstacles. The results are slightly easier to visualise as there are no
closed areas within the environment that contain invalid transmitter locations.

Following this I consider two cases with an internal obstacle, cases C2and C32;
this reduces the number of transmitter locations considered, which makes the vi-
sualitions more difficult to interpret. However, the results although more difficult
to interpret do show the feasibility of the approach for cases of this form.

8.2.1 Line-of-sight propagation only

Let us consider a cube environment with a totally absorbing boundary; this
is equivalent to line-of-sight propagation in cases C0, and C1. I then evaluate
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the quality of coverage provided for each transmitter location using the mean
power function equation (7.3.1), the min quality function equation (7.3.4) and the
percentile quality function equation (7.3.5). The potential transmitter locations
are varied in the x, y and z directions, the value assigned to each location is the
quality of coverage over the environment when the transmitter was located there.
The results are shown as plots against the transmitter location in Figures 8.2.1
to 8.2.3. Figures 8.2.1 to 8.2.3. are modelled using twenty-two rays.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

304



(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.1: Case: C0. Average quality of coverage using the equation (7.3.1).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. All surfaces are totally absorbing. The model uses
two reflections and twenty-two rays. The optimal location is chosen using the
exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m
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(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.2: Case: C0. Min quality of coverage using the equation (7.3.4).
Shown with value for quality at the location of the transmitter tested. No in-
ternal obstacles in the environment. All surfaces are totally absorbing. The model
uses two reflections and twenty-two rays. The optimal location is chosen using the
exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.3: Case: C0. Percentile quality of coverage using the equation (7.3.5).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. All surfaces are totally absorbing. The model uses
two reflections and twenty-two rays. The optimal location is chosen using the
exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

Output data

Optimal location for exhaustive search of average power is at
[[1.5 1.5 1.5]]
Optimal location for exhaustive search of min power is at

[[1.5 1.5 1.5]]
Optimal location for exhaustive search of 10th percentile power is at

[[1.5 1.5 1.5]]

In Figures 8.2.1 to 8.2.3 the contour plots show the change in the quality as the
transmitter is moved. The value corresponding to each location is the quality over
the environment when the transmitter is placed at that location. The dots show
the transmitter locations which are considered within the exhaustive search, and
the cross indicates the position which yielded the maximum quality value. The
white space is due to lack of data at the boundary. Only transmitters at the centre
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of voxels are considered. No data is given to the boundary there is no contour
between the transmitter positions and the environment boundary. The plots show
that the optimal location for the transmitter is at the centre of the environment for
all quality functions considered.

8.2.2 Corner reflective surfaces

An environment with reflective walls at x = 0 and y = 0 as shown in Fig-
ure C.0.1 will now be considered.

Corner of perfectly reflective walls

The surfaces at x = 0 and y = 0 are perfectly reflective as shown in Fig-
ure C.0.1. The exhaustive search results using twenty-two rays and three reflec-
tions are

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m
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(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.4: Case: C16. Average quality of coverage using the equation (7.3.1).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. Perfectly reflective surfaces at x = 0 and y = 0; all
others totally absorbing.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.5: Case: C16. Min quality of coverage using the equation (7.3.4).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. Perfectly reflective surfaces at x = 0 and y = 0; all
others totally absorbing.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m
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(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.6: Case: C16. Percentile quality of coverage using the equation (7.3.5).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. Perfectly reflective surfaces at x = 0 and y = 0; all
others totally absorbing.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

Output data

Optimal location for exhaustive search of average power is at
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[[1.5 1.5 0.9]]
Optimal location for exhaustive search of min power is at

[[1.5 1.5 0.9]]
Optimal location for exhaustive search of 10th percentile power is at

[[1.5 1.5 1.5]]

In Figures 8.2.7 to 8.2.9 the contour plots show the change in the quality for dif-
ferent transmitter locations. The dots show the transmitter locations which are
considered within the exhaustive search and the blue cross indicates the position
which yielded the maximum quality value. In comparison to Figures 8.2.1 to 8.2.3
the figures in section 8.2.2 show that the lossiness of the surfaces has significantly
changed the optimal location. This case is a useful example of the importance
of choosing the best quality function since the optimal location changes based on
how the quality is defined. If the user can move their receiver then functions
equations (7.3.1) and (7.3.5) are more appropriate choices. However, if the user
needs to be able to receive a good connection everywhere in the environment then
equation (7.3.4) is the more appropriate choice. The surfaces are not realistic to
the physical properties observed in real life, as almost all surfaces will have some
of the field transmitted through, and the reflection coefficient always depends on
the angle of reflection. The closest material type to this sort of reflection coeffi-
cient would be metal. This gives us an idea of the importance of getting the right
format for the reflection coefficient. This also shows how additional transmit-
ters can significantly change the optimal location of an initial transmitter. More
ideas on expanding the search to include multiple transmitters are discussed in
section 9.3.2.

Corner of lossy reflective walls

I now consider that the reflective surfaces at x = 0 and y = 0 as illustrated in
Figure C.0.1 are lossy. The surfaces have coefficients given by table 6.1. I consider
all other surfaces in the environment to be totally absorbing.
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.7: Case: C20. Average quality of coverage using the equation (7.3.1).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. Reflective surfaces are lossy with parameters given
by table 6.1 at x = 0 and y = 0; all others totally absorbing.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m
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(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.8: Case: C20. Min quality of coverage using the equation (7.3.4).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. Reflective surfaces are lossy with parameters given
by table 6.1 at x = 0 and y = 0; all others totally absorbing.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.9: Case: C20. Percentile quality of coverage using the equation (7.3.5).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. Reflective surfaces are lossy with parameters given
by table 6.1 at x = 0 and y = 0; all others totally absorbing.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

Output data

Optimal location for exhaustive search of average power is at
[[1.5 1.5 1.5]]
Optimal location for exhaustive search of min power is at

[[0.9 0.9 1.5]]
Optimal location for exhaustive search of 10th percentile power is at

[[1.5 1.5 1.5]]

In Figures 8.2.4 to 8.2.6 the contour plots show that the strongest quality occurs
when the transmitter is located in the centre of the environment. The dots show
the transmitter locations which are considered within the exhaustive search and
the blue cross indicates the position which yielded the maximum quality value.
In comparison to Figures 8.2.4 to 8.2.6 the figures in section 8.2.2 show that
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the presence of the lossiness of the surfaces significantly impacts the choice of
transmitter location. The results for these lossy walls have more in common with
the results from the line of sight propagation in section 8.2.1. The surfaces are
more realistic than the perfect reflection case. The coefficients are taken from
table 6.1. This give us an idea of the importance of finding the right format for
the reflection coefficient and the problems that may arise if transmitter placement
is decided based on the wrong measurements.

8.2.3 All boundary surfaces are reflective and lossy

Now all surfaces in the environment are set to be reflective as in Figure C.0.10.
The surfaces have impedance 0.8856+0.0040i and refractive index 11.475+0.0040i.
The simulations use twenty-two rays and three reflections.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

320



(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.10: Case: C28. Average quality of coverage using the equation (7.3.1).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. Reflective surfaces are lossy with parameters given
by table 6.1 at all surfaces.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

322



(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.11: Case: C28. Min quality of coverage using the equation (7.3.4).
Shown with value for quality at the location of the transmitter tested. No internal
obstacles in the environment. Reflective surfaces are lossy with parameters given
by table 6.1 at all surfaces.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m
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(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.12: Case: C28. Percentile quality of coverage using the equa-
tion (7.3.5). Shown with value for quality at the location of the transmitter tested.
No internal obstacles in the environment. Reflective surfaces are lossy with param-
eters given by table 6.1 at all surfaces.
The model uses three reflections and twenty-two rays. The optimal location is
chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

Output data

Optimal location for exhaustive search of average power is at
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[[1.5 1.5 1.5]]
Optimal location for exhaustive search of min power is at

[[0.9 0.9 1.5]]
Optimal location for exhaustive search of 10th percentile power is at

[[1.5 1.5 1.5]]

8.2.4 Summary of results for an environment with no internal

obstacles.

The results from the implementation of the exhaustive search approach from
algorithm 7.1 applied to an environment with no internal clutter show the impor-
tance of choosing the correct quality function. The percentile and average quality
functions in equations (7.3.1) and (7.3.5) for all but one case (corner pefectly
reflective walls, cases C16C17C18C19), however the quality function given by the
minimum in equation (7.3.4) varies in most instances. If the input geometry is
exact but the user would like connection everywhere then the minimum function
in equation (7.3.4) would be suitable. If the input geometry is likely to change
then the percentile function in equation (7.3.5) would be more suitable.
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8.2.5 Line of sight propagation with a box

Figure 8.2.13: A room with all surfaces totally absorbing and with an absorbing
box in the room. A room with two reflective walls, all other surfaces are totally
absorbing. Cases: C3, & C26.4.1 revisited

I performed an exhaustive search for the best transmitter location in a cube
environment with a totally absorbing boundary and a totally absorbing box given
by equation (6.4.1). I then evaluated the quality of coverage provided for each
transmitter location using the mean power function equation (7.4.2) and the per-
centile quality function equation (7.3.5). The results are shown as plots against
the transmitter location in Figures 8.2.14 to 8.2.16. In some of the plots the trans-
mitter appears inside the box, this is due to the height of the box being below the
centre of the voxel.
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.14: Case: C2. Average quality of coverage using the equation (7.3.1).
Shown with value for quality at the location of the transmitter tested. One internal
obstacle given by equation (6.4.1). All surfaces are totally absorbing. The model
uses two reflections and twenty-two rays. The optimal location is chosen using the
exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m
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(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.15: Case: C2. Min quality of coverage using the equation (7.3.4).
Shown with value for quality at the location of the transmitter tested. One internal
obstacle given by equation (6.4.1). All surfaces are totally absorbing. The model
uses two reflections and twenty-two rays. The optimal location is chosen using the
exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.16: Case: C2. Percentile quality of coverage using the equation (7.3.5).
Shown with value for quality at the location of the transmitter tested. One internal
obstacle given by equation (6.4.1). All surfaces are totally absorbing. The model
uses two reflections and twenty-two rays. The optimal location is chosen using the
exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

Output data

Optimal location for exhaustive search of average power is at
[[1.5 1.5 2.1]]
Optimal location for exhaustive search of min power is at

[[1.5 1.5 1.5]]
Optimal location for exhaustive search of 10th percentile power is at

[[1.5 1.5 1.5]]

8.2.6 All surfaces reflective and lossy with a box

An exhaustive search was made to find the best transmitter location in a cube
environment with reflective boundaries with a box given by equation (6.4.1). All
surfaces have impedance 0.8856 + 0.0040i and refractive index 11.475 + 0.0040i,
these terms correspond to the measurements for wood in table 6.1. The quality of
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coverage provided for each transmitter location is then evaluated using the mean
power function equation (7.3.1), the minimum quality function equation (7.3.4)
and the percentile quality function equation (7.3.5). The results are shown as
plots against the transmitter location in Figures 8.2.18 to 8.2.20.

Figure 8.2.17: A room with all surfaces reflective and with a reflective box in the
room. Cases: C32, C34, C33, & C35.6.4.4 revisited
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.18: Case: C32. Average quality of coverage using the equation (7.3.1).
Shown with value for quality at the location of the transmitter tested. One internal
obstacle given by equation (6.4.1). Reflective surfaces are lossy with parameters
given by table 6.1 The model uses three reflections and twenty-two rays. The
optimal location is chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m
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(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m

(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.19: Case: C32. Min quality of coverage using the equation (7.3.4).
Shown with value for quality at the location of the transmitter tested. One internal
obstacle given by equation (6.4.1). Reflective surfaces are lossy with parameters
given by table 6.1 The model uses three reflections and twenty-two rays. The
optimal location is chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.
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(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.20: Case: C32. Percentile quality of coverage using the equa-
tion (7.3.5). Shown with value for quality at the location of the transmitter tested.
One internal obstacle given by equation (6.4.1). Reflective surfaces are lossy with
parameters given by table 6.1 The model uses three reflections and twenty-two
rays. The optimal location is chosen using the exhaustive search approach in al-
gorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

Output data

Optimal location for exhaustive search of average power is at
[[1.5 0.9 1.5]]
Optimal location for exhaustive search of min power is at

[[1.5 0.9 1.5]]
Optimal location for exhaustive search of 10th percentile power is at

[[1.5 0.9 1.5]]

As an additional investigation for this case I also performed an exhaustive search
on C32 using the quality function equation (7.3.2) with the sigmoid function equa-
tion (7.4.38). This function requires the input of usable width bounds, and for this
I take the lower bound to be −90dB and the upper bound 20dB. These values are
converted from decibels to Watts assuming an initial power transmission of 1 mW.
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This conversion is done during the function evaluation. The lower bound signifies
the values at which a device cannot connect and therefore the power is not usable,
while the upper bound indicates where the power is high enough for the device to
reach it is best connection; any power above this is still usable but does not add
additional benefit to the user’s connection.

(a) z = 3L/2 = 0.30m (b) z = 3(h+ h/2) = 0.90 m

(c) z = 3(2h+ h/2) = 1.50m (d) z = 3(3h+ h/2) = 2.10m
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(e) z = 3(4h+ h/2) = 2.70m

Figure 8.2.21: Case: C32. Sigmoid quality of coverage using the equation (7.3.3).
Shown with value for quality at the location of the transmitter tested. One internal
obstacle given by equation (6.4.1). Reflective surfaces are lossy with parameters
given by table 6.1 The model uses three reflections and twenty-two rays. The
optimal location is chosen using the exhaustive search approach in algorithm 7.1.
The locations tested are marked with dots and the optimal location is marked with
a cross.

The optimal location when using this quality function is at (0.9, 1.5, 1.5) which
is the same position given by the minimum quality function equation (7.3.4).

8.2.7 Summary of results for an environment with an internal

obstacle.

The results from the implementation of the exhaustive search algorithm ap-
plied to an environment with no clutter show that the obstacle has a significant
impact on the ideal location of the transmitter. Since it is likely not possible to posi-
tion a transmitter floating in space the suggested location would be at (1.5, 0.9, 3.0)

which would fit the transmitter to the ceiling whilst providing better quality cov-
erage than the floor or attached to walls or the obstacle. The x and y positions
agree with the outcomes of section 8.2.3 showing that the obstacle has influenced
the choice in z position most significantly.
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8.3 Numerical optimisation using Powell’s method

This section shows optimisation results created using Powell’s method outlined
in algorithm 7.2. All the following results are created using the GRL method using
twenty-two rays and three reflections.

8.3.1 Line of sight path with no clutter

Output data

Optimal location at 0.5000,0.5000,0.5000
Quality at location 39.453091249154795
Time taken 446.4578809738159
Function Tolerance 0.100000
Spacial Tolerance 0.075000
---------

Optimal location at 0.4983,0.5000,0.5000
Quality at location 39.38128408090349
Time taken 688.5638291835785
Function Tolerance 0.000100
Spacial Tolerance 0.005000

8.3.2 Two reflective surfaces forming a corner

Set the surfaces at x = 0 and y = 0 to be reflective as in Figure C.0.1, all other
surfaces are totally absorbing.

Two perfectly reflective surfaces

Now set the surfaces at x = 0 and y = 0 to induce perfect reflections. The
loss parameters for these surfaces are set by table 6.1. The Powell optimisation
method results for a model using twenty-two rays three reflections are:

Output data
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Optimal location at 0.6180,0.6180,0.5529
Quality at location 38.51578336975341
Time taken 920.9087626934052
Function Tolerance 0.100000
Spacial Tolerance 0.075000
---------

Optimal location at 0.6220,0.6180,0.2484
Quality at location 36.87690102354787
Time taken 1462.817224264145
Function Tolerance 0.000100
Spacial Tolerance 0.005000

Two lossy reflective surfaces

Set the environment to have reflective surfaces at x = 0 and y = 0 with
impedance ratio 0.8856 + 0.0040i and refractive index 11.475 + 0.0040i all other
surfaces are totally absorbing. These parameters match the measurements for
wood in table 6.1. The optimisation results for a model using twenty-two rays and
three reflections, NRa = 22,NRe = 3 are:

Output data

Optimal location at 0.5027,0.5016,0.5000
Quality at location 39.21877628392474
Time taken 868.1522476673126
Function Tolerance 0.100000
Spacial Tolerance 0.075000
---------

Optimal location at 0.4997,0.4994,0.5000
Quality at location 39.12727348197575
Time taken 3486.103410959244
Function Tolerance 0.000100
Spacial Tolerance 0.005000
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8.3.3 All surfaces lossy and reflective

Set the environment to have no internal obstacles and all boundary surfaces
lossy and reflective as in Figure C.0.10. These parameters for the surfaces are
matches to those for wood given in the measurements in table 6.1. The optimisa-
tion results on this environment using Powell’s method in algorithm 7.2 are:

Output data

Optimal location at 0.5000,0.5000,0.5000
Quality at location 36.30423502337005
Time taken 696.4222462177277
Function Tolerance 0.100000
Spacial Tolerance 0.075000
---------

Optimal location at 0.5000,0.5000,0.5000
Quality at location 37.95032511435913
Time taken 3737.2208783626556
Function Tolerance 0.000100
Spacial Tolerance 0.005000

8.3.4 All surfaces lossy and reflective with internal box

The next case introduces an internal obstacle at equation (6.4.1) as shown in
Figure 6.4.4. Set all the surfaces in the environment to have coefficients matching
the wood measurements in table 6.1.

Output data

Optimal location at 0.6180,0.3820,0.4998
Quality at location 37.604353630221766
Time taken 946.0134246349335
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Function Tolerance 0.100000
Spacial Tolerance 0.075000
---------

Optimal location at 0.4808,0.3781,0.6180
Quality at location 36.995832978125335
Time taken 2626.474005460739
Function Tolerance 0.000100
Spacial Tolerance 0.005000

8.3.5 Conclusion of Powell optimisation results

The results in section 8.3 show the feasibility of using Powell’s method as an op-
timisation approach. The algorithm is started with the initial transmitter location
as the output from the exhaustive search. The results in the Powell’s optimisation
show that this initial guess is very close to the optimal location. The number of
iterations required to get a result within the tolerance was of maximum three.
This number of iterations does not account for the number of function evaluations
required to optimise in each search direction, unfortunately this term is not avail-
able as an output of the function. This finds the optimal location to an accuracy
of

L5× 10−3 m = 1.5× 10−2 m

= 1.5 cm.

8.4 Conclusion to the simulations for optimisation

calculations

The results in section 8.1 illustrate the usefulness of storing ray information
as opposed to direct power calculations. The antenna gain optimisation can be
used to inform future antenna development. This approach could be used for
optimising other propagation parameters in the future, this will be discussed more
in section 9.3.1.
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The results in sections 8.2 and 8.3 optimise the location of the transmitter.
This is a nontrival problem since the quality of coverage can not be expressed
as a function of the location terms. The terms show that an exhaustive search
successfully identifies the optimal location within a meshwidth. The numerical
optimisation in section 8.3 takes the outputs from section 8.2 and uses these as
initial guesses for the optimisation. In the majority of cases the numerical method
successfully improves the transmitter location, however if the initial guess is a local
maxima then the method does not detect this and will instead return a location
where the quality has reduced within the input tolerance. More considerations for
transmitter optimisation are discussed in section 9.3.2.
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Chapter 9

Future Work

In this thesis I have studied the theory of electromagnetic propagation and
more specifically wifi propagation indoors. I have formulated an approach to mod-
elling this propagation and shown how this model may be used to optimise param-
eters which may be chosen. However there any many extensions to this problem
and improvements which could be made to my approach given more time and
resources.

I will initially discuss improvements which can be made to the model. Then I
will discuss approaches which could improve the implementation and finally I will
review further developments which could be made to the optimisation.

9.1 Improvements to the model

9.1.1 Diffraction

The Current GRL method ignores rays which intersect edges. These rays should
in fact be modelled using the uniform theory of diffraction [54]. This is difficult
to introduce to the method without creating large memory storage requirements.
Currently all possible ray interactions are accounted for in the size of the ma-
trices at each voxel; to include diffracted rays at each interaction would require
the matrix size to increase by a factor of NRa

NReNOb since every possible ray ob-
stacle interaction would also need space allocated for a possible diffracted ray,
since diffracted rays can also reflect after diffraction this increase becomes large
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for a large number of reflections. The total allocation increase over the whole
environment is therefore NxNyNzNRa

NReNOb . Since not all interactions will re-
quire diffracted rays the actual memory increase will be less than double, how-
ever functions which require looking up via indexing will all be slowed down by
the increase in index possibilities. To reduce this requirement I suggest account-
ing for diffraction for line of sight rays only, and since loss is high after reflection
this should be a good approximation. This would reduce the total additional allo-
cation to NxNyNzNRa

NOb .In a standard shooting and bouncing method including
diffraction increases the memory allocation during implementation but not as sig-
nificantly. The additional memory requirements result from the need to store ray
points so that both reflected and diffracted rays can be found. However since rays
have a field value added to a voxel rather than each voxel storing all informa-
tion this memory increase does not cause such significant memory issues. It does
however cause a significant increase in run time.

Including diffraction will also increase the time it takes the program to run.
There will be a maximum of NRa

NReNOb extra ray segments to step through which
results in a maximum of√

(3) max(Nx,Ny,Nz)NRa
NReNOb

extra steps along each ray. If each diffracted ray is also given a cone to account
for spreading then this is a maximum of

√
(3) max(Nx,Ny,Nz)NRa

NReNObNcs extra
steps. Using Ncs from equation (4.3.13) as found in section 4.3.3 this is

√
3 max(Nx,Ny,Nz) tan

(
δ0

2

)√
(3) max(Nx,Ny,Nz)NRa

NReNOb ∗Ncs

= 3 max(Nx,Ny,Nz)
2 tan

(
δ0

2

)
NRa

NReNOb ∗Ncs

extra steps. Each step needs to check for double rays, recalculate distance and
store a ray segment. As well as increasing the time as a result of the additional
ray steps the increase in storage will extend the time taken for functions which
check for terms. These are the functions such as double counted deletion in algo-
rithm 5.10 and detecting the nonzero positions in a sparse matrix. The function
for finding the nonzero positions has to check more positions for the larger ma-
trices than smaller ones. Since the matrices don’t have a predictable filling time
savings that exploit the shape had it been block or diagonal can not be used.
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9.1.2 Transmission

As well as diffraction and reflection rays can be transmitted through obstacles.
As seen in section 3.4.3 with the Fresnel reflection coefficients. These coefficients
correspond to the field splitting into parts. Part of the field travels through the
obstacle and part returns back to the air. The coefficients give us the ratios and
the change in phase which result from this interaction.

Transmission could be included in a similar way to the current ray storage
and the approach considered for diffraction in section 9.1.1. This would increase
the size of each sparse matrix, and column numbers would correspond to the
interaction type (reflection, diffraction, transmission), ray number and reflection
number.

Including transmission has the same disadvantages as including diffraction. It
increases the storage requirements and the length of time the program takes to
run.

9.1.3 Scattering from rough surfaces

Scattering is very similar to diffraction and can be used to describe the effects
of diffraction. However, as a separate instance consider scattering that does not
occur with a knife edge and therefore not diffraction. This scattering is a result
of the surface texture. This can be visualised using a ray cone as in figure 9.1.1,
since the normal to the surface changes within the cone the output of the ray cone
cannot all be given by a representative ray. Either use a very fine triangulation
of the surface can be used and many rays or the output ray directions can be
described by a random distribution.
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source

Figure 9.1.1: A single cone reflected with a rough surface.

Including scattering effects into the propagation model is a significant prob-
lem whose difficulty should not be underestimated. It is difficult to measure the
roughness of surfaces and therefore difficult to quantify the variation in the cover-
age as a result. To include fine detail from scattering there’s a large computational
overhead with the disadvantage of very specific results which can not be used
to inform variations of the problem. Using randomness or a statistical approach
should use caution when considering the phase of waves especially for small wave-
length cases, this is due to the destructive and constructive interference between
waves as discussed in section 4.5.

In [146, 147] Brennan, Trinh-Xuan, Mullen, Bradley, and Condon, Pham-Xuan,
Trinh, Do-Hong, and Brennan develop an approach for modelling a rough surface
with the forward backward method. This approach models the surface interaction
well but it is difficult to combine with the ray based approach.
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9.1.4 Receiver gains

It is assumed throughout my model than the user’s receiving device can be any-
where within an environment, and can be pointing in any direction. It is therefore
assumed that the best results for a user connection come from modelling the re-
ceiving antenna as isotropic.

There are of course instances where the receiving antenna has a restricted
position and therefore the receiving gains vary the choices in other parameters. In
these instances, receiving gains must be included in the model. Using the current
storage structure, the direction rays enter a receiver location can be found by
looking up the ray points in the stored array of ray points. Since the storage
matrix at the voxel knows the intersection number and ray number it can find the
directions the corresponding ray travels in.

The directions can then be converted in to the angles which form the direction
vector in polar co-ordinates. The gain corresponding to that ray direction can then
be looked up and added into the field calculation.

The same method of optimisation for the transmitter antenna can therefore be
performed for the receiving antenna, with the additional calculation required of
looking up the ray segment directions.

I recommend this lookup approach rather than additional ray storage at voxels.
The storage requirement to describe the ray direction is at least 2 more floating
points per storage term. Allowing for these extra positions in a sparse matrix in-
creases the size of the matrix and the number of possible keys significantly. This
will slow down computations of nonzero indices retrieval, row or column assign-
ment and full matrix retrieval or assignment. Since these terms are only needed
at the field calculation step it is therefore assumed that a look up approach would
be faster.

9.2 Improvements to the implementation

9.2.1 Exploiting other reflection number implementations

In the current implementation if two simulations have all the same parameters
except for the reflection number then both simulations are completed separately.
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Since the rays with the lower reflection number start with the same path as the
rays with the higher reflection number this dual computation could be reduced.
A mapping would have to be made to take the mesh of one size but all the in-
formation is currently save to make this possible. This could be used to speed up
decision making by using a faster low reflection number to make a decision with
lots of parameter sets then once the parameter sets are narrowed down to the best
options the prediction can be improved by using more reflections.

9.2.2 Parallelisation

One of the advantages of my approach to ray tracing is that when storing
rays they do not need to know the history of other rays. This lends itself well
to parallelisation. The time gained in this area could then be used to improve
accuracy by including effects considered in section 9.1. One of the main variations
that must be made in order to parallelise the code is in the double counting check.
If other rays are being stored then a ray can not check against the storage for
double counting. Therefore this check must be removed from its place within the
ray and cone stepping and moved to a post processing check. In this case all rays
would be stored but double counted rays would be removed at the end.

Alternatively double counting checks could be done during implementation
against rays stored on the same node and deletion after the combination between
nodes. The balance between the speed up from reducing ray stepping and the
time cost of implementing the check will depend on the number of rays and the
number of nodes used in the parallelisation.

9.2.3 Polarisation and reflections

The current implementation for the power calculations from the GRL method
do not fully account for polarisation on reflection. In the current framework the
reflection coefficients multiply vectors which represent the field polarisation from
the transmitter antenna. This should be resolved to give the components of the
incoming field in the incidence plane to the reflection and the plane perpendicular
to this. The incidence plane is the plane containing both the incidence and re-
flected ray. This can be found using the angle between the plane and the plane the
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obstacle lies within. In order to add this characteristic to the calculation this angle
should therefore be stored at the same time as storeing the angle of incidence. To
store these angles the main mesh structure could have it’s dimension increased,
since each possible reflection combination needs a possible storage position which
would increase the possible number of positions by 2.

An alternative to this is to have a separate datastructure of size NRa × NRe

which stores the angle between the obstacle and the incidence plane. The obstacle
number and prior reflection history is given by the main mesh Ω̂ and this additional
structure would store only the additional angles.

9.2.4 Changes to ray stepping

The current iteration of rays takes a single ray, steps along it and its cone,
then all its intersections, before moving on to the next ray. The advantage of this
ordering is that it can be parallelised easier. However the accuracy of the model
could be improved by ordering differently. Currently the edge of the ray cone for
the first ray is stored before the points at the center of the second ray cone. When
overlapping ray cones is detected, unless the point being checked lies exactly on
the ray, it is the first cone point to be stored that is used. The points close to the ray
on the ray cone have a more accurate history of reflection angles, it is therefore
not ideal to use points further from the ray instead of more central points.

To improve on this, all rays should be considered together. When stepping
along the cone one step should be taken along all ray cones before the next step
is taken. This sequence will ensure that when overlapping is detected. The cone
point corresponding to the overlap is using the reflection angle with least error.

This approach does not have independence of separate rays and is therefore
much more difficult to parallelise than my current approach.

9.3 Further developments for optimisation

In section 7.2 and chapter 8, I formulated an optimisation approach for finding
the optimal antenna gains and transmitter location.
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9.3.1 Analytical optimisation

The method used for optimising the antenna gains could also be used for opti-
mising the antenna wavelength. This could help to choose the most suitable router
type or optimise the coefficient of walls; perhaps if designing a building. It is a
nontrival problem to consider these optimisations in conjuction with each other
but one which could be highly beneficial to the field. Optimising both the wave-
length and the antenna gains for environment sets would give antenna designers
a clear goal of the ideal they are working towards.

9.3.2 Transmitter optimisation

There many improvements that can be made to the transmitter optimisation
process. Due to the nonsmooth variation in the quality when there are internal
obstacles involved, there are difficulties in adapting many optimisation methods,
especially since many methods use gradients in the optimisation variable. An
initial method of improvement could be to use the exhaustive search approach
with initial transmitter locations spread adaptively rather than equally spaced.
This change would consider more locations in cluttered space close to obstacles
and fewer in large open areas.

A further consideration for optimising the transmitter location is to consider
the role of multiple transmitters. In the instance of two transmitters, I consider
the pair of transmitters as one optimisation variable and the dimension of search
direction is now six rather than three. For N transmitters the dimension of the
search direction becomes 3N . The quality function being optimised should find
the GRL-output dictionaries of sparse matrices for each transmitter separately and
save them. This save should allow the output to be called if the save location is
tested again for another transmitter. After the outputs have been converted to a
grid of field values, these grids should be added together. The quality function
should then be evaluated on this combined grid. The time taken for a run of this
approach will be N times the time taken for one run for one transmitter, however
the GRL propagation models can be done in parallel.

When implementing multiple transmitters double counting checks should all
the same sequence of reflection numbers to occur is the rays come from different
transmitters. Alterations will therefore need to be made to this function to ensure
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it remains valid.

9.3.3 Further impact of the GRL method

In chapters 7 and 8 I demonstrated the benefit of storing ray information for
optimisation problems. However, it is not just optimisation problems which could
benefit from this form of storage.

Sensitivity analysis

An area of research which will benefit from this method is sensitivity analysis.
Just as the analytical optimisation in section 7.4 required functions other than
the power to be calculated this is also true for sensitivity analysis. This opens
up propagation investigations, studying the suitability of antenna types for homes
with certain building characteristics. This will reduce the need for experiments,
reducing cost and the need to produce unsuitable types.

9.4 Summary of future work discussion

In this chapter I have discussed some of the issues that currently exist within
the generalised ray launching method. I have outlined possible approaches for
these improvements.

It is my hope that this thesis and the research and ideas within it will lead to
future investigations and developments in the field of electromagnetic propaga-
tion.
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Chapter 10

Conclusions

Throughout this thesis I have investigated different methods of predicting Wifi
propagation. I have taken a particular focus on the high frequency range and
indoor propagation but many of the approaches discussed can also be used for
other domains and lower frequencies.

I identified ray tracing as the most suitable approach for the propagation inves-
tigation indoors as the frequency range of interest. It became clear when research-
ing different ray tracing and ray launching implementations that a lot of methods
do not specify the calculations performed along the rays. These calculations vary
based on whether a ray represents an entire cone of propagation or a point-wise
representation. By outlining the full implementation of the ray launcher and the
calculations required for its build it is my hope to aid the development of future
ray launching methods.

In addition to making the ray launcher transparent in it’s computations I also
identified that the rays hold more information than they are often output. Most
ray launchers are used to calculate power values with geometric parameters, used
in combination with the physical parameters of the obstacles and the antennas. It
became apparent to us during this project that there are instances where a user
may be able to choose a wall type, or the internet provider maybe able to choose
an antenna type. In these instances many of the previous ray tracing or ray launch-
ing methods would be repeating calculations in order to predict results for these
variations. In my generalised ray launching approach in section 4.6 and chapter 5
I have developed a storage structure which enables storage of ray information for
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power calculation in parameter variations.

One of the most significant strengths of this approach is that this opens up
ray launching to analytical techniques that weren’t previously available. This is
demonstrated in the optimisation of antenna gains in sections 7.4 and 8.1.

In section 4.5 I demonstrated the importance of distance accuracy on phase
when rays are combined. I calculated the correct distance for a new point using
the position, distance and direction of the ray and the coordinate of the new point.

Double counting is an established issue in the field of ray tracing. In sec-
tions 4.4 and 5.5 I adapted current techniques for avoiding double counting to
be suitable for my own ray launching algorithm. I also developed a method for
removing double counting in the instance the rays are launched in parallel.

In chapter 6 I considered a set of cases where I could analytically calculate
an exact solution. I compared these cases to the simulation results from my
ray launching algorithm. The results show a very good match and validate the
method.

The full strength of my method is demonstrated in chapters 7 and 8 where I
move on to optimisation. I optimise antenna gains using an analytical approach,
this yields more reliable results than a numerical approach while only needing a
mesh calculation and the optimal gains evaluation; it does not require any evalu-
ations of the power or iterations of the method. As discussed in section 9.3.3 the
generalised approach opens many doors to alternative function evaluations for
ray tracing, reducing computation for users and improving reliability compared to
numerical estimates.

10.1 Final Summary

I have developed a ray launcher which outputs ray information without mate-
rial and antenna parameters. It enables us to investigate the quality of propagation
for a general environment. It lends itself to analytical optimisation techniques and
will enable researchers in the future to investigate the sensitivity of the quality
of coverage to material parameters. This approach has also made it possible to
remove double counting issues whilst still providing a parallelisable method.

I hope that the clarity this thesis provides to the ray calculations and the new
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opportunities yielded by the generalised approach will be of significant benefit to
the ray tracing research community.
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Appendix A

Notation

Table A.1: Table of notation

Notation Description
* Physical quantities *

H magnetic flux density
B magnetic field
D electric flux density
E electric field
J current density
ρ charge density
c speed of light
k nondimensional wave number
n refractive index
P power
GT gain of transmitting antenna
GR gain of receiving antenna
λ wavelength
ε permittivity
µ permeability
Z impedance
φφφ field
σ electrical conductivity of an obstacle

357



Notation Description
* Mathematical constants *

e mathematical constant
i the imaginary number
π mathematical constant

* Mathematical operators *

∆ laplacian operator
∇· divergence operator
∇ gradient operator
∇× curl operator
δ small change in the following variable∑

summation operator∏
product operator

* Introduced notation for calculations *

A area
AC cone area
Ae aperture
Q̂ optimisation variable
bbb unit vector
C Cone
f arbitrary function
fff arbitrary function vector
F raytube
eee the image point in the reflection cal-

culation
l index for summation or product oper-

ations
m index for summation or product oper-

ations
κ Lagrange multiplier
Λ coefficient for taking either the field to

the power
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Notation Description
L length scale for the domain
l1 length for closest intersection
l2 length being checked against l1
h length of one side of a voxel
n normal vector
n̂r unit normal vector to plate T1

n̂l unit normal vector to plate T2

Nx number of voxels on x-axis
Ny number of y-axis
Nz number of z-axis
Na number of rows in the sparse matrix at

each element
Nb number of columns in the sparse ma-

trix at each element
NRa number of rays
nRa number of ray
NOb number of obstacles
nOb number of obstacle
NSur number of surfaces
nSur number of surface
Nc number of vectors forming ray cone
oSur surface number in intersection check-

ing
NRe number of reflections
nRe number of reflection
Nst number of steps taken along a ray
NRs number of reflective surfaces
NRo number indicating material and an-

tenna parameters
p∗1p
∗
1p
∗
1 coordinate point
aaa coordinate point
bbb coordinate point
sss coordinate point
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Notation Description
eee coordinate point
ccc intersection point
ccctmp intersection point for comparing
prprpr reflection point
p̃rprpr translated reflection point
p0p0p0 first point of triangle
p1p1p1 second point of triangle
p2p2p2 third point of triangle
p̃0p0p0 first point of triangle projected in 2D
p̃1p1p1 second point of triangle projected in

2D
p̂2p2p2 third point of triangle projected in 2D
ccc vector of ones of length NRa

d̂̂d̂d direction of a ray
e0e0e0 edge of triangle
ê0e0e0 unit vector associated with the edge of

triangle
e1e1e1 line orthogonal to e0e0e0 and n
ê1e1e1 unit vector orthogonal to e0e0e0 and n
α coefficient taking a point along a ray

to the rays intersection with a plane
x̃ coefficient of ê0e0e0 that projects a 3D co-

ordinate to 2D
ỹ coefficient of ê1e1e1 that projects a 3D co-

ordinate to 2D
z̃ coefficient of n that projects a 3D co-

ordinate to 2D
λ1 coefficient of p̃0p0p0 taking a point into

Barycentric co-ordinates
λ2 coefficient of p̃1p1p1 taking a point into

Barycentric co-ordinates
λ3 coefficient of p̂2p2p2 taking a point into

Barycentric co-ordinates
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Notation Description
λλλ (λ1,λ2,λ3)

T triangular surface
T2 triangular surface translated to con-

tain the origin
T̃ triangular surface projected into 2D
GR gain of receiving antenna
ppp a coordinate point
P̂ variable relating to power used in the

optimisation.
PC power over the cross section of a cone
r the radius or distance from the source

to receiver
S phase
t time
T transmission coefficient
TxTxTx the location of the transmitter
vvv image ray in the reflection calculation
r̃̃r̃r translated ray in reflection calculation
W wavefront
x position variable
y position variable
z position variable
Z impedance
R reflection coefficient
δ0 angle change in the directions of the

rays
θRa angle spacing between rays in the XY

plane at the centre of spherical propa-
gation

θ̂Ra the angle spacing requested by the
user for θRa

θi incidence angle
θt transmitted angle
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Notation Description
ψ1 constant
ψ2 constant
ψ3ψ3ψ3 constant vector
Ωr
p0

domain for the circular room
Ω domain for a generic environment
εεε vector of permittivity of obstacles
θ angle in polar co-ordinates
µµµ vector for permeability of obstacles
ξ height in the surface when consider-

ing roughness
Q quality function
υ parameter characterising a ray
Ncs steps needed to take along a cone
Ω̂ dictionary of sparse matrices, keys

correspond to a mesh for the environ-
ment

Y dictionary of sparse matrices, filled
output from GRL

Θ mesh of ray angles has size
(Nx,Ny,Nz,Na,Nb)

DΩ mesh of ray distances, has size
(Nx,Ny,Nz, 1,Nb)

PPP array of power values in W

PPP dB array of power values in dB

FFF array of field values
* Notation for code description *

Ap,l,m element in mesh
D matrix of initial ray directions
g arbitrary function
γ1 weighting of the spatial variation in

the quality function
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Notation Description
γ2 weighting of the coverage value in the

quality function
γ3 weighting of the interference in the

quality function
ggg vector of gains for NRa

RTpar array containing the ray-tracing pa-
rameters

NTriNTriNTri vector indicating the number of trian-
gles on each surface [NTrij]j=1,..NSur

IP switch for perfect reflection
IL switch for LOS
IB indcating of whether internal obsta-

cles are included
ID indicate whether a ray is being double

counted
IC indicate whether the nonzero indices

array has been created
CI counter for intersection finder
εM machine epsilon
MNan array of NaNs representing intersec-

tions which could not be found
Mc matrix of vectors normal to ray
ind nonzero positions in matrix or Mesh
indvvv nonzero positions in vector vvv
indo nonzero positions in Mesh when

changing
indM nonzero positions in matrix M
indS nonzero positions for matrix column b

with the voxel (x, y, z) positions
τττ vector of angles for normal matrix

construction
τ angle for normal vector construction
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Notation Description
xnxnxn vector forming axis for spacing normal

vectors
ynynyn vector forming axis for spacing normal

vectors
* Function names *

mesh_multiref reflect and store a single ray
mesh_std_multiref reflect and store field for single ray
power_from_mesh calculate power from a mesh
Ray_launcher launch all rays and store information
mesh_singleray iterate along a single ray
field_from_mesh calculate the field from a mesh
reflection_angles find the angles of reflection from an

output mesh
reflection_coefficients compute a mesh of reflection coeffi-

cients for all stored ray segments in
mesh

reflect_calc calculate the reflected ray points
normal_mat find an array of normal vectors
double_check check for double vector
double_delete deleted double counted terms
SurfaceNumber_fromrow surface number from row in matrix
RefNumber_fromrow reflection number from row in matrix
radius_from_mesh get a mesh of size (Nx,Ny,Nz, 1,Nb) of

ray distances from an output mesh of
size (Nx,Ny,Nz,Na,Nb)

Exhaustive_Search evaluate the optimal transmitter loca-
tion from a discrete set

quality quality function evaluation for optimi-
sation
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Appendix B

Additional case studies

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m
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(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.1: Case: C1. No internal obstacles. All surfaces are totally absorbing
The simulations use NRa = 211 rays and NRe = 2 reflections in the generalised ray
launching method, which is outlined in algorithm 5.4, followed by a power loss
calculation using algorithm 5.15. Figures show the power loss in decibels PdB over
the environment going through the z-axis coordinates corresponding to the mesh
Ω̂. The lengthscale is L = 3 m. The transmitter is located at (0.523, 0.523, 0.500)L =

(1.568, 1.568, 1.500).
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.2: Absolute difference between the simulation in Figure 6.1.4 and
the analytical solutions Figure 6.1.1. Case being considered: C0. No inter-
nal obstacles. All surfaces are totally absorbing The simulations use NRa = 22

rays and NRe = 2 reflections for the simulation. The transmitter is located at
(0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.3: Absolute difference between the simulation in Figure B.0.1 and
the analytical solutions Figure 6.1.1. Case being considered: C1. No internal
obstacles. All surfaces are totally absorbing The simulations use NRa = 211

rays and NRe = 2 reflections for the simulation. The transmitter is located at
(0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m
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(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.4: Case: C1. No internal obstacles. All surfaces are totally absorbing.
The simulations use NRa = 211 and NRe = 2 in the generalised ray launching
method outlined in algorithm 5.4 followed by a power loss calculation using algo-
rithm 5.15. The power over the environment going through the z-axis coordinates
corresponding to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.5: Absolute difference between the simulation in Figure 6.1.6 and the
analytical solutions Figure 6.1.2.Case being consider is C0. No internal obstacles.
All surfaces are totally absorbing
The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m
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(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.6: Absolute difference between the simulation in Figure B.0.4 and the
analytical solutions Figure 6.1.2.Case being consider is C1. No internal obstacles.
All surfaces are totally absorbing
The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.7: Case: C5. No internal obstacles. Perfectly reflective surfaces are at
y = 0; all others totally absorbing.. The simulations use NRa = 211 and NRe = 3

in the generalised ray launching method outlined in algorithm 5.4 followed by a
power loss calculation using algorithm 5.15. The power over the environment go-
ing through the z-axis coordinates corresponding to the mesh Ω̂. The lengthscale is
L = 3 m. The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.8: Absolute difference between the simulation in Figure 6.2.4 and the
analytical solutions Figure 6.2.2.Case being consider is C4. No internal obstacles.
Perfectly reflective surfaces are at y = 0; all others totally absorbing.
The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.9: Absolute difference between the simulation in Figure B.0.7 and the
analytical solutions Figure 6.2.2.Case being consider is C5. No internal obstacles.
Perfectly reflective surfaces are at y = 0; all others totally absorbing.
The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m
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(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.10: Case: C7. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at y = 0; all others totally absorbing.. The simula-
tions useNRa = 211 andNRe = 3 in the generalised ray launching method outlined
in algorithm 5.4 followed by a power loss calculation using algorithm 5.15. The
power over the environment going through the z-axis coordinates correspond-
ing to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is located at
(0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.11: Absolute difference between the simulation in Figure 6.2.8 and the
analytical solutions Figure 6.2.6.Case being consider is C6. No internal obstacles.
Reflective surfaces are lossy with parameters given by table 6.1 at y = 0; all others
totally absorbing.
The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m
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(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.12: Absolute difference between the simulation in Figure B.0.10 and
the analytical solutions Figure 6.2.6.Case being consider is C7. No internal obsta-
cles. Reflective surfaces are lossy with parameters given by table 6.1 at y = 0; all
others totally absorbing.
The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).
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Figure B.0.13: Case: C7. The simulations use NRa = 211 rays and NRe = 3 reflec-
tions in the generalised ray launching method, which is outlined in algorithm 5.4,
followed by a power loss calculation using algorithm 5.15. Figures show the power
loss in decibels PdB within the line y=1.500000, z=1.200000. The transmitter is
located at (0.136, 0.136, 0.045)L = (0.409, 0.409, 0.136). No internal obstacles. Re-
flective surfaces are lossy with parameters given by table 6.1 at y = 0; all others
totally absorbing.
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.14: Case: C7. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at y = 0; all others totally absorbing.. The simula-
tions useNRa = 211 andNRe = 3 in the generalised ray launching method outlined
in algorithm 5.4 followed by a power loss calculation using algorithm 5.15. The
power over the environment going through the z-axis coordinates correspond-
ing to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is located at
(0.136, 0.136, 0.045)L = (0.409, 0.409, 0.136).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.15: Case: C9. No internal obstacles. Perfectly reflective surfaces are at
x = 0 and y = 0; all others totally absorbing. The simulations use NRa = 211 rays
and NRe = 3 reflections in the generalised ray launching method, which is out-
lined in algorithm 5.4, followed by a power loss calculation using algorithm 5.15.
Figures show the power loss in decibels PdB over the environment going through
the z-axis coordinates corresponding to the mesh Ω̂. The lengthscale is L = 3 m.
The transmitter is located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.16: Case: C10. No internal obstacles. Perfectly reflective surfaces are
at x = 0 and y = 0; all others totally absorbing. The simulations use NRa = 22 rays
and NRe = 5 reflections in the generalised ray launching method, which is out-
lined in algorithm 5.4, followed by a power loss calculation using algorithm 5.15.
Figures show the power loss in decibels PdB over the environment going through
the z-axis coordinates corresponding to the mesh Ω̂. The lengthscale is L = 3 m.
The transmitter is located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.17: Case: C11. No internal obstacles. Perfectly reflective surfaces are at
x = 0 and y = 0; all others totally absorbing. The simulations use NRa = 211 rays
and NRe = 5 reflections in the generalised ray launching method, which is out-
lined in algorithm 5.4, followed by a power loss calculation using algorithm 5.15.
Figures show the power loss in decibels PdB over the environment going through
the z-axis coordinates corresponding to the mesh Ω̂. The lengthscale is L = 3 m.
The transmitter is located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.18: Case: C13. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at x = 0 and y = 0; all others totally absorbing.
The simulations use NRa = 211 rays and NRe = 3 reflections in the generalised ray
launching method, which is outlined in algorithm 5.4, followed by a power loss
calculation using algorithm 5.15. Figures show the power loss in decibels PdB over
the environment going through the z-axis coordinates corresponding to the mesh
Ω̂. The lengthscale is L = 3 m. The transmitter is located at (0.523, 0.523, 0.500)L =

(1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.19: Case: C14. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at x = 0 and y = 0; all others totally absorbing.
The simulations use NRa = 22 rays and NRe = 5 reflections in the generalised ray
launching method, which is outlined in algorithm 5.4, followed by a power loss
calculation using algorithm 5.15. Figures show the power loss in decibels PdB over
the environment going through the z-axis coordinates corresponding to the mesh
Ω̂. The lengthscale is L = 3 m. The transmitter is located at (0.523, 0.523, 0.500)L =

(1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.20: Case: C15. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at x = 0 and y = 0; all others totally absorbing.
The simulations use NRa = 211 rays and NRe = 5 reflections in the generalised ray
launching method, which is outlined in algorithm 5.4, followed by a power loss
calculation using algorithm 5.15. Figures show the power loss in decibels PdB over
the environment going through the z-axis coordinates corresponding to the mesh
Ω̂. The lengthscale is L = 3 m. The transmitter is located at (0.523, 0.523, 0.500)L =

(1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.21: Absolute difference between the simulation in Figure 6.3.11 and
the simulations in Figure B.0.19.Cases being considered are C12and C14. No inter-
nal obstacles. Reflective surfaces are lossy with parameters given by table 6.1 at
x = 0 and y = 0; all others totally absorbing.
The transmitter is located at (0.523, 0.523, 0.500)L = (1.568, 1.568, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.22: Case: C10. No internal obstacles. Perfectly reflective surfaces are
at x = 0 and y = 0; all others totally absorbing.. The simulations use NRa = 22

and NRe = 5 in the generalised ray launching method outlined in algorithm 5.4
followed by a power loss calculation using algorithm 5.15. The power over the
environment going through the z-axis coordinates corresponding to the mesh Ω̂.
The lengthscale is L = 3 m. The transmitter is located at (0.409, 0.318, 0.500)L =

(1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.23: Case: C9. No internal obstacles. Perfectly reflective surfaces are
at x = 0 and y = 0; all others totally absorbing.. The simulations use NRa = 211

and NRe = 3 in the generalised ray launching method outlined in algorithm 5.4
followed by a power loss calculation using algorithm 5.15. The power over the
environment going through the z-axis coordinates corresponding to the mesh Ω̂.
The lengthscale is L = 3 m. The transmitter is located at (0.409, 0.318, 0.500)L =

(1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.24: Case: C11. No internal obstacles. Perfectly reflective surfaces are
at x = 0 and y = 0; all others totally absorbing.. The simulations use NRa = 211

and NRe = 5 in the generalised ray launching method outlined in algorithm 5.4
followed by a power loss calculation using algorithm 5.15. The power over the
environment going through the z-axis coordinates corresponding to the mesh Ω̂.
The lengthscale is L = 3 m. The transmitter is located at (0.409, 0.318, 0.500)L =

(1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.25: Case: C13. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at x = 0 and y = 0; all others totally absorbing..
The simulations use NRa = 211 and NRe = 3 in the generalised ray launching
method outlined in algorithm 5.4 followed by a power loss calculation using algo-
rithm 5.15. The power over the environment going through the z-axis coordinates
corresponding to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.26: Case: C14. No internal obstacles. Reflective surfaces are lossy
with parameters given by table 6.1 at x = 0 and y = 0; all others totally absorb-
ing.. The simulations use NRa = 22 and NRe = 5 in the generalised ray launching
method outlined in algorithm 5.4 followed by a power loss calculation using algo-
rithm 5.15. The power over the environment going through the z-axis coordinates
corresponding to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

410



(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.27: Case: C15. No internal obstacles. Reflective surfaces are lossy with
parameters given by table 6.1 at x = 0 and y = 0; all others totally absorbing..
The simulations use NRa = 211 and NRe = 5 in the generalised ray launching
method outlined in algorithm 5.4 followed by a power loss calculation using algo-
rithm 5.15. The power over the environment going through the z-axis coordinates
corresponding to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is
located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m

(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.28: Case: C3. One internal obstacle given by equation (6.4.1). All
surfaces are totally absorbing. The simulations use NRa = 211 and NRe = 2 in the
generalised ray launching method outlined in algorithm 5.4 followed by a power
loss calculation using algorithm 5.15. The power over the environment going
through the z-axis coordinates corresponding to the mesh Ω̂. The lengthscale is
L = 3 m. The transmitter is located at (0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).
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(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m

(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.29: Case: C33. One internal obstacle given by equation (6.4.1). Re-
flective surfaces are lossy with parameters given by table 6.1. The simulations
use NRa = 211 and NRe = 3 in the generalised ray launching method outlined
in algorithm 5.4 followed by a power loss calculation using algorithm 5.15. The
power over the environment going through the z-axis coordinates correspond-
ing to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is located at
(0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.30: Case: C34. One internal obstacle given by equation (6.4.1). Re-
flective surfaces are lossy with parameters given by table 6.1. The simulations
use NRa = 22 and NRe = 5 in the generalised ray launching method outlined
in algorithm 5.4 followed by a power loss calculation using algorithm 5.15. The
power over the environment going through the z-axis coordinates correspond-
ing to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is located at
(0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).

(a) z = hL/2 = 0.14 m (b) z = hL + hL/2 =

0.41 m

(c) z = 2hL + hL/2 =

0.68 m
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(d) z = 3hL + hL/2 =

0.95 m

(e) z = 4hL + hL/2 =

1.23 m

(f) z = 5hL + hL/2 =

1.50 m

(g) z = 6hL + hL/2 =

1.77 m

(h) z = 7hL + hL/2 =

2.05 m

(i) z = 8hL + hL/2 =

2.32 m
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(j) z = 9hL + hL/2 =

2.59 m

(k) z = 10hL + hL/2 =

2.86 m

Figure B.0.31: Case: C35. One internal obstacle given by equation (6.4.1). Re-
flective surfaces are lossy with parameters given by table 6.1. The simulations
use NRa = 211 and NRe = 5 in the generalised ray launching method outlined
in algorithm 5.4 followed by a power loss calculation using algorithm 5.15. The
power over the environment going through the z-axis coordinates correspond-
ing to the mesh Ω̂. The lengthscale is L = 3 m. The transmitter is located at
(0.409, 0.318, 0.500)L = (1.227, 0.955, 1.500).
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Appendix C

Additional gain optimisation results

C.0.1 Two perfectly reflective walls

The next cases consider an environment with a corner of walls perfectly reflec-
tive, C16, C17, C18 and C19.
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Figure C.0.1: A room with two reflective walls, all other surfaces are totally ab-
sorbing. Cases: C16, C18, C19,C20, C21, C22, & C23.

Walls are reflective at x = 0 and y = 0 aa shown in Figure C.0.1. The walls are
treated as perfectly reflective so all fields that hit them return with the same value
and there is zero absorption by the wall. All other walls in the environment are
totally absorbent, i.e., everything that hits them is absorbed by the wall and does
not return to the environment.
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Optimal gains for the model using three reflections

(a) (b)

Figure C.0.2: Case: C16. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays
(NRa = 22), the environment has two perfectly reflective surfaces (NRs = 2) at
x = 0 and y = 0. The crosses mark the position of the intial rays emitting from
the transmitter of unit length. The region between the rays has been shaded in to
show the radiation covered by the ray cones.
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(a) (b)

Figure C.0.3: Case: C17. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays, the environ-
ment has two reflective surfaces at x = 0 and y = 0 these surfaces are perflectly
reflective. All other walls are totally absorbing. The crosses mark the position of
the intial rays emitting from the transmitter of unit length. The region between
the rays has been shaded in to show the radiation covered by the ray cones.
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Optimal gains for the model using five reflections

(a) (b)

Figure C.0.4: Case: C18. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays and
five reflections (NRa = 22,NRe = 5), the environment has two perfectly reflective
surfaces (NRs = 2). The crosses mark the position of the intial rays emitting from
the transmitter of unit length. The region between the rays has been shaded in to
show the radiation covered by the ray cones.
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(a) (b)

Figure C.0.5: Case: C19. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays and five re-
flections (NRe = 5), the environment has two reflective surfaces at x = 0 and y = 0

these surfaces are perflectly reflective. The crosses mark the position of the intial
rays emitting from the transmitter of unit length. The region between the rays has
been shaded in to show the radiation covered by the ray cones.

C.0.2 Two lossy reflective walls

The next cases considered take an environment with a corner of walls lossy
reflective, C20, C21, C22 and C23. Walls are reflective at x = 0 and y = 0 as shown
in Figure C.0.1. These walls have the parameters given in table 6.1. All other
walls in the environment are totally absorbent, i.e., everything that hits them is
absorbed by the wall and doesn’t return to the environment.
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Optimal gains for the model using three reflections for an environment with
two lossy reflective surfaces

(a) (b)

Figure C.0.6: Case: C20. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays
(NRa = 22), the environment has two reflective surfaces (NRs = 2) at x = 0

and y = 0 with coefficients given by table 6.1. The crosses mark the position of
the intial rays emitting from the transmitter of unit length. The region between
the rays has been shaded in to show the radiation covered by the ray cones.
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(a) (b)

Figure C.0.7: Case: C21. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays, the envi-
ronment has two reflective surfaces at x = 0 and y = 0 with coefficients given by
table 6.1. The crosses mark the position of the intial rays emitting from the trans-
mitter of unit length. The region between the rays has been shaded in to show the
radiation covered by the ray cones.
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Optimal gains for the model using five reflections

(a) (b)

Figure C.0.8: Case: C22. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays and
five reflections (NRa = 22,NRe = 5), the environment has two reflective surfaces
at x = 0 and y = 0 with coefficients given by table 6.1. The crosses mark the
position of the intial rays emitting from the transmitter of unit length. The region
between the rays has been shaded in to show the radiation covered by the ray
cones.
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(a) (b)

Figure C.0.9: Case: C23. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays, the envi-
ronment has two reflective surfaces at x = 0 and y = 0 with coefficients given by
table 6.1. The crosses mark the position of the intial rays emitting from the trans-
mitter of unit length. The region between the rays has been shaded in to show the
radiation covered by the ray cones.

C.0.3 All walls perfectly reflective

The next cases considered take the entire outer boundary to be perfectly reflec-
tive C24, C25, C26 and C27. All walls are reflective; see Figure C.0.10. The walls are
treated as perfectly reflective so all fields that hit them return with the same value
and there is zero absorption by the wall.
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Figure C.0.10: A room with all surfaces reflective. Cases: C24, C25, C26,
C27,C28,C29, C30, & C31.
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Optimal gains for the model using three reflections

(a) (b)

Figure C.0.11: Case: C24. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays and
three reflections (NRa = 22,NRe = 3), the environment has two perfectly reflective
surfaces. The crosses mark the position of the intial rays emitting from the trans-
mitter of unit length. The region between the rays has been shaded in to show the
radiation covered by the ray cones.
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(a) (b)

Figure C.0.12: Case: C25. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays and three re-
flections (NRa = 211,NRe = 3), the environment has perfectly reflective surfaces.
The crosses mark the position of the intial rays emitting from the transmitter of
unit length. The region between the rays has been shaded in to show the radiation
covered by the ray cones.
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Optimal gains for the model using five reflections

(a) (b)

Figure C.0.13: Case: C26. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays and
five reflections (NRa = 22,NRe = 5), the environment has two perfectly reflective
surfaces (NRs = 2). The crosses mark the position of the intial rays emitting from
the transmitter of unit length. The region between the rays has been shaded in to
show the radiation covered by the ray cones.
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(a) (b)

Figure C.0.14: Case: C27. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays and five re-
flections (NRa = 211,NRe = 5), the environment has perfectly reflective surfaces.
The crosses mark the position of the intial rays emitting from the transmitter of
unit length. The region between the rays has been shaded in to show the radiation
covered by the ray cones.

C.0.4 All walls lossy and reflective

The next cases take the entire outer boundary to be lossy and reflective C28,
C29, C30 and C31. These cases take propagation modelled with twenty-two rays
and three reflections, 211 rays and three reflections, twenty-two rays and five re-
flections, and 211 rays and five reflections respectively. All walls are reflective; see
Figure C.0.10. The walls have impedance ratio Ẑ = 0.8856+0.0040i and refractive
index 11.475 + 0.0040i taken from the measurements for wood given in table 6.1.
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Optimal gains for the model using three reflections

(a) (b)

Figure C.0.15: Case: C28. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays and
three reflections (NRa = 22,NRe = 3), the environment has lossy reflective sur-
faces. The lossy surfaces have coefficients given by table 6.1.The crosses mark the
position of the intial rays emitting from the transmitter of unit length. The region
between the rays has been shaded in to show the radiation covered by the ray
cones.
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(a) (b)

Figure C.0.16: Case C29. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 221 rays and three
reflections (NRa = 211,NRe = 3), the environment lossy reflective surfaces. The
lossy surfaces have coefficients given by table 6.1.The crosses mark the position of
the intial rays emitting from the transmitter of unit length. The region between
the rays has been shaded in to show the radiation covered by the ray cones.
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Optimal gains for the model using five reflections

(a) (b)

Figure C.0.17: Case: C30. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using twenty-two rays and
five reflections (NRa = 22,NRe = 5), the environment has lossy reflective surfaces.
The lossy surfaces have coefficients given by table 6.1. The crosses mark the po-
sition of the intial rays emitting from the transmitter of unit length. The region
between the rays has been shaded in to show the radiation covered by the ray
cones.
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(a) (b)

Figure C.0.18: Case: C31. Optimal antenna radiation pattern that matches
the propagation for a transmitter located at (0.409,0.318,0.5) (before scaling,
(1.23,0.955,1.5) after). The propagation is predicted using 211 rays and five re-
flections (NRa = 211,NRe = 5), the environment has lossy reflective surfaces. The
lossy surfaces have coefficients given by table 6.1. The crosses mark the position
of the intial rays emitting from the transmitter of unit length. The region between
the rays has been shaded in to show the radiation covered by the ray cones.
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Appendix D

Additional ray voxel counting results

Figure D.0.1: The simulations use NRa = 22 rays and the generalised ray launch-
ing method,which is outlined in algorithm 5.4. The counts correspond to the sim-
ulations in figure 6.1.4. The plot shows the total number of voxels hit by each ray
number. Only the positions located within the sphere of radius 0 are considered as
these positions should theoretically have an equal spread of rays The transmitter
is located at (0.523, 0.523, 0.500)L = (0.000, 0.000, 0.000). No internal obstacles.
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Figure D.0.2: The simulations use NRa = 211 rays and the generalised ray launch-
ing method,which is outlined in algorithm 5.4. The counts correspond to the sim-
ulations in figure B.0.1. The plot shows the total number of voxels hit by each ray
number. Only the positions located within the sphere of radius 0 are considered as
these positions should theoretically have an equal spread of rays The transmitter
is located at (0.523, 0.523, 0.500)L = (0.000, 0.000, 0.000). No internal obstacles.
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