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Abstract

The challenges associated with the construction of large-scale, doubly-curved

space-frame structure are significant. This research centres on the development of

a novel framework for the reduction of their construction complexity by reducing

the geometrical variability in their joints and enhancing standardisation. Conway

operators are applied to generate an extensive design-space of topologically uniform

space-frame configurations, that enables the exploration of materially efficient, and

innovative, modular layouts. A novel method for the comparison of the geometry of

their joints is then developed, that is invariant under any rotation. This serves as the

basis for the evaluation of geometrical variability in a structure and the assessment

of its construction complexity, when overlaid with the properties of different

fabrication processes. The geometry optimisation of complex, large-scale structures

is therefore enabled to reduce the variability in their members and facilitate their

construction. The parameters of the computational workflow established can be

adjusted, depending on the stage of the project in which the optimisation is carried

out, to improve its performance. This workflow therefore suggests an overall shift

of the complexity from the construction to the design process, where it can be

dealt with by the application of the advanced analysis tools developed. It facilitates

the construction of complex structures, promoting an informed application of

fabrication processes and thus generating better-engineered solutions.
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Chapter 1

Introduction

CHAPTER 1

Introduction

Biosphere, Montreal [1]
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1.1 Construction industry [1]

The carbon emissions linked to human related activities are one of the main drivers

of climate change [2]. The construction industry is one of the key drivers, with

buildings and construction process together accounting for 36% of global final

energy use and 39% of energy-related carbon emissions, when upstream power

generation is included [3–6]. A number of international organisations have therefore

been created in an attempt to address this challenge and develop a legal framework

that promotes sustainability [7]. The Energy Performance of Buildings Directive

aims at the production of only nearly-zero carbon buildings and the decrease of the

carbon emissions of each building by half by 2050, in relation to their 2000 value

[8]. In parallel, the UK government has taken respective measures at a national

level. In particular, the "Construction 2025 strategy" is a UK government report

outlining the strategy to digitalise the construction sector by 2025 by promoting

smart technologies and sustainable growth [9]. The four principle aims include:

– Reduction of the whole-life greenhouse emissions in the built environment by

50%.

– Reduction of the construction time (measured from construction to completion)

by 50%.

– Reduction of the whole-life costs for built assets by 33%.

– Reduction of the trade-gap on construction products by 50%.

Operational emissions account for 28% of the total emissions in construction, while

the remaining 11% results from embodied carbon [4]. Due to previous research

and innovation, operational emissions have reduced drastically in recent years,

rendering the reduction of embodied emissions a critical factor to achieve the

sustainability targets set [10–12]. This includes carbon emitted during the extraction
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and production of construction materials, the energy used to transport them, as well

as emissions from the manufacturing, assembly and construction process. It therefore

becomes evident that optimising the performance of these operations can lead to a

reduction of the emissions linked to the construction process. This research is centred

on the study of the manufacturing and assembly process, and the identification of

opportunities to enhance their efficiency.

1.2 Space-frame structures

The structural system studies and analysed in this research are space-frame structures.

Space-frames are modular, lightweight structures with a wide application in practice.

Their ability to approximate complex geometries offers flexibility in their design,

which is further supported by the availability of advanced computational tools for

their analysis. A presentation of their development over the years follows, providing

insight into their properties as a structural system and identifying opportunities for

their optimisation.

The introduction of space-frame structures in construction dates back in 1851 and the

inauguration of the Crystal Palace in Hyde Park, London, for the Great Exhibition

[13]. In combination with the Eiffel Tower in 1887 and the Galerie des Machines

in 1899, these high impact buildings demonstrated the potential of light-weight

construction systems, both in terms of spanning capacities, as well as in regards

to their limited fabrication and assembly time. In parallel, Alexander Graham

Bell explored the design possibilities of this structural system at a smaller scale,

constructing a series of spatial modular structures, varying from kites to small-scale

huts [14].

The popularity of space-frame structures and their wider application at a building

scale was triggered by the development of the MERO joining system, launched by
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Dr Max Meringenhausen in 1943 in Germany [15]. With this system, space-frame

structures consisted of tubular members that were connected by spherical joints.

This led to a remarkable decrease in their assembly and construction time, due

to the embedded modularity. At the same time, it enhanced the development

of demountable and reconfigurable systems, which offered design flexibility and

economic incentives [16]. These characteristics led to an increase in the robustness

of space-frame structures as a structural system and promoted their wide application

in practice.

In recent years there has been a shift in the application of space-frames from flat or

singly-curved designs to free-form building structures [17–21], which can pose a

challenge for their construction. In the case of zero or single-curvature structures,

the repeatability among their members and joints renders the resources required for

their analysis and the fabrication minimal, therefore enabling an efficient design and

construction process. Doubly-curved structures, on the other hand, require bespoke

elements and customised solutions. While the computational tools available allow for

the efficient analysis and manipulation of such geometries in a digital environment,

their realisation in practice poses substantial challenges. The degree of repeatability

in the elements of space-frame structures, the scale of the project and the fabrication

process applied are critical drivers of their manufacturing and construction process.

Taking into consideration that the application of space-frame structures is projected

to increase in the future [22], it becomes essential to ensure that their construction

process is aligned with the demands of sustainability, as outlined above. An analysis

of the fabrication processes available and an exploration of the variability in their

elements are undertaken in order to identify opportunities and methods to ensure an

efficient and robust construction process.
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1.3 Uniformity in construction

A thorough understanding of the construction process of space-frame structures is

necessary in order to identify the benefits that repeatability can bring. Due to the fact

that literature on this topic is limited, insightful information was collected through

personal communication with space-frame engineers and fabricators in practice [23].

The methods and equipment used for the construction of space-frame structures

have significantly developed over the past decades, leading to the coexistence

of conventional manufacturing equipment on the one hand, that favours the

mass-production of identical elements, and robotic manufacturing equipment on the

other, that can produce highly complex and customised members. The fabrication

processes available therefore differ significantly in terms of the degree of variability

they can accommodate and the number of elements produced per fabrication batch.

It is hence evident that, depending on the variability in a space-frame’s members,

and its scale, the appropriateness of different manufacturing methods may vary

significantly.

Apart from the impact on the manufacturing process, variability can also affect

a structure’s assembly process. The fabricated elements arrive on site packed in

boxes and the information on their individual tags dictates the specific area of the

construction site, where they need to be transported for assembly. When the elements

form large groups of identical items, this process is facilitated, as repeatability

allows for the time and cost of on-site transportation to be minimised. Moreover, as

practising engineers outlined, it enables the fabrication of some additional members

and joints in excess, to deal with any contingencies that may arise on site. A

high level of customisation, on the other hand, hinders such measures, therefore

requiring a detailed processing of building information and a strict management of

the assembly process.
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The high diversity in the properties of different fabrication processes renders their

appropriateness for a specific structure highly dependent on properties, such as its

scale or the degree of repeatability among its members. Identifying the topological

and geometrical properties of a space-frame structure that define such properties is

therefore essential in designing an efficient manufacturing and construction process.

1.4 Uniformity in the structural elements

Uniformity in space-frame structures is expressed either in their members or joints.

It is topological, when it describes the connectivity relationship between them, and

geometrical, when it refers to their shape in 3D space. An extensive evaluation of

uniformity can become a highly complex task if all the parameters of a space-frame

structure are taken into consideration, such as the layout, the global surface geometry,

the structural depth, the material, the cross-section geometry and size. For the scope

of this study, the grid layout, the surface geometry and the structural depth are

considered as the primary variables, while the remaining parameters are assumed

constant.

1.4.1 Topological uniformity

Topological uniformity in space-frame structures describes configurations in which

the same number of members are connected at each joint. This can bring significant

savings in the fabrication and assembly process, due to the inherent repetition of the

type of operations required. In addition, the embedded uniformity can reduce the

computational resources required to analyse and manipulate such structures. These

advantages render topologically uniform space-frame configurations highly efficient

and popular in practice.
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As far as the grid layout is concerned, the most prominent configurations are the quad,

the triangular and the hexagonal, since they are the only regular tilings of a plane.

The design-space of all possible space-frame configurations, that are topologically

uniform, is of course vast, including highly diverse and complex layouts. As a result,

the quad, triangular and hexagonal layout only form a very small portion of the

possible layouts, and they may not always form the optimal solution to a given design

problem. Depending on the project-specific requirements, an alternative uniform

layout may lead to an improved utilisation of its members and hence allow for

material savings to be achieved. It is therefore evident that a thorough exploration of

the design-space of uniform grid layouts is essential in identifying the configuration

that achieves the optimal performance for a given design problem. The development

of a method to generate and evaluate a variety of uniform space-frame configurations

in a robust and efficient manner can serve to achieve this.

1.4.2 Geometrical uniformity

Uniformity at a geometrical level refers both to the connectivity between elements,

as well as to their geometrical properties, such as the member lengths and the angles

at which members meet at joints. Achieving geometrical uniformity throughout

the structure thus implies a complete repetition of identical items. It is when this

condition is met and total standardisation prevails, that the highest efficiency in

manufacturing and assembly is achieved. Nevertheless, geometrical uniformity is

directly linked to the geometry of the structure. Flat and singly-curved designs allow

for complete uniformity, when the structural depth remains constant. Doubly-curved

structures, on the other hand, require bespoke elements, even when the depth is

constant. The relationship between the surface curvature, the structural depth and the

degree of variability in the geometrical characteristics of a space-frame’s members

can thus reveal critical information regarding its construction complexity.
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1.4.3 Space-frame members and joints

The properties that define geometrical uniformity in space-frame structures are the

member lengths and the joint angles. Several studies have explored the benefits of

achieving uniform member lengths [24–27], which include savings in material and

acceleration of the assembly process. Research on the geometrical modularity

of space-frame joints on the other hand is limited, due to the computational

complexity associated with the topic [24]. Nevertheless, standardisation in the joints

of doubly-curved space-frame structures could substantial reduce their construction

complexity [25, 28–30, 16, 31–36]. The focus of this research is therefore placed on

the uniformity of space-frame joints in relationship to the geometry and scale of the

structure, as well as the fabrication method applied.

1.5 Aims & objectives

1.5.1 Aims

The aim of this research is centred on the development of a computational method

for the reduction of the construction complexity of space-frame structures. It is

structured around two main axes, the variability between structural elements and the

properties of the fabrication process, and their interdependencies are investigated in

relation to the scale and complexity of the project. Due to the embedded benefits

of repeatability and standardisation, focus is placed on minimising variability in the

structural members and in particular in the joints, at a topological and geometrical

level. When complete standardisation is not possible, focus is placed on minimising

variability through the process of geometry optimisation. Evaluating the degree and

distribution of the variability in the joints can then facilitate the identification of the

appropriate fabrication method that will ensure an efficient construction process. It is
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essential that this approach is developed in a user-friendly and robust computational

environment, to enhance its adoption and application in industry.

1.5.2 Objectives

In order to achieve the aims previously described, the following objectives are set:

– The development of a computational method for the generation of an extensive

design-space of topologically uniform space-frame configurations. This will

enable the exploration of diverse and complex layouts and the identification

of the optimal configuration for a given design scenario. The embedded

modularity will ensure constructibility of the selected configuration, as well as

facilitate and accelerate the assembly process (Research Objective 1 - RO1).

– The analysis and classification of fabrication processes for space-frame joints

in relation to the degree of geometrical variability that they allow for. This

classification should provide an intuitive guide for designers in regards to the

properties of fabrication processes available. Moreover, it is crucial that it is

an open system, such that any fabrication process developed in the future can

be evaluated and mapped on it (Research Objective 2 - RO2).

– The evaluation of the construction complexity of a space-frame structure, as a

factor of the geometrical variability in its joints. Once the variability in the

joints has been calculated and the tolerance allowed by the fabrication process

has been established, overlaying these factors can provide direct insight into the

complexity of its construction process. In particular, identifying the groups of

different joint geometries present, can provide insightful information regarding

their fabrication (Research Objective 3 - RO3).
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– The establishment of a computational framework to perform geometry

optimisation on a space-frame structures and reduce the variability in its

joints, such that it responds to the requirements of the fabrication process

selected. Such a framework will enable the incorporation of fabrication criteria

in the early stages of the design development and inform its development

(Research Objective 4 - RO4).

– The formulation of a method to assess the appropriateness of different

fabrication processes for specific parts of the structure, according to the

distribution of variability in its joints. This will inform the design of the

optimal construction process, that can comprise multiple fabrication methods,

according to the specific geometry of a structure (Research Objective 5 - RO5).

– The identification of a catalogue of alternative changes in the starting geometry

that can lead to a reduction of the geometrical variability and can thus enhance

fabrication. In recognition of the high impact that architectural design criteria

have in practice, this approach allows for the savings in the fabrication process

to be weighted against the respective changes in the initial design. Providing

multiple design solutions serves as a valuable design tool, increasing the

possibility of this process being applied (Research Objective 6 - RO6).

– The development of the workflow of this research in a computationally efficient

and robust manner to enhance its application in practice. It is crucial that any

tool developed is able to resolve large-scale, complex building structures in an

economical manner, in terms of time and computational resources necessary

(Research Objective 7 - RO7).
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1.6 Thesis layout

The thesis objectives are addressed in the following Chapters as outlined in Fig.1.1.

RO2: 
Classifica�on of 
fabrica�on 
processes.

RO3:
Evalua�on of the 
construc�on 
complexity of 
doubly-curved 
space-frame 
structures.

RO4: 
Geometry 
op�misa�on of 
space-frame 
structures 
according to the 
fabrica�on 
requirements.

RO7: 
Develop 
computa�onally 
efficient tools.

 CHAPTER 1    CHAPTER 2       CHAPTER 3       CHAPTER 4       CHAPTER 5   CHAPTER 6 

RO1: 
Genera�on of 
modular 
space-frame 
configura�ons.

RO7:
Develop 
computa�onally 
efficient tools.

RO5: 
Op�misa�on of 
the construc�on 
process of 
freeform 
structures by 
considering 
mul�ple 
fabrica�on 
processes.

RO7:
Develop 
computa�onally 
efficient tools.

ConclusionsIntroduc�on RO6:
Genera�on of a 
catalogue of 
alterna�ve 
geometry 
op�misa�on 
op�ons for an 
input design.

RO7:
Develop
computa�onally 
efficient tools.

Figure 1.1: Layout of the thesis and its objectives.
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2.1 Chapter summary

The repeatability in the properties of the structural elements of space-frame

structures can bring significant savings in their fabrication and assembly process,

facilitating their construction. The focus of this Chapter is the development of a

computational method for the generation of topologically uniform space-frame

configurations (RO1). Different methods of manipulating modular layouts are

investigated, and the Conway operators dual, ambo and kis are selected, due to the

simplicity of their formulation and the high diversity of configurations they can

generate, when applied on a grid.

Once the method of generating the design-space has been determined, a series of

experiments at different scales is carried out to gain a thorough understanding of

the effect of different operators. The density of the edge length and the number

of vertices of the generated layouts are initially studied, as indicators of the mass

and construction complexity respectively. The way in which these properties

translate into structural performance is then investigated, and a layout optimisation

workflow is established that identifies the sequence of operators generating the

optimum layout for a given design in regards to material efficiency. The workflow

is benchmarked against existing building structures, thus validating its efficiency.

The significance of these findings lies in the development of a novel method

of generating an extensive design-space of topologically uniform space-frame

configurations. This provides a unique opportunity to identify the optimum layout

for a given design problem, thus achieving important material savings, while

ensuring constructibility. Developed in a computationally efficient manner, this

method forms the basis of reducing the construction complexity of space-frames

structures, as outlined in the thesis introduction (RO7).
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Research Objec�ve 1 (RO1): 
Develop a method for the 
genera�on of modular 
space-frame configura�ons.

Research Objec�ve 7 (RO7): 
Develop methods and tools 
in a computa�onally 
efficient and user-intui�ve 
way to enhance their 
applica�on in prac�ce.

PAPER OUTLINECHAPTER OBJECTIVES

1. Applica�on of Conway 
operators to generate a 
diverse design-space of 
topologically uniform 
space-frame configura�ons.

2. Formula�on of a method to 
ensure structural stability of 
the generated configura�ons.

3. Evalua�on of the impact 
that different operators have 
on the structural performance 
of space-frames.

4. Workflow development for 
the layout op�misa�on of 
large-scale space-frame 
structures.

Figure 2.1: Flowchart demonstrating the structure of this Chapter, including the
objectives set out in the thesis introduction and the tasks that address them, forming
the paper outline.
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2.3 Design-space exploration and optimisation of

topologically uniform space-frames

Abstract

Interest in doubly-curved space frame structures has increased significantly over

the past years due to the freedom of design they provide and the continuous

development of both design and fabrication tools. The challenge in designing

such structures lies in optimising the layout of their structural grid whilst at the

same time incorporating fabrication criteria that will enable their realisation in

practice. Conway operators are an efficient tool for the manipulation of such

structures, producing complex yet aesthetically pleasing topological layouts. This

paper presents a computational workflow for the evaluation of double-layered

grid structures generated using Conway operators. After defining the operators

applied, the structure is optimised in compliance with structural design criteria.

The inherent modularity of such layouts significantly reduces the computational

resources required, while at the same time facilitates the fabrication process. The

tool is applied on an existing structure, available in literature, on which different

topologies are evaluated. The structure is optimised and a decrease in the overall

mass is achieved, while insightful information for the structural behaviour of the

different operators is obtained, highlighting the potential for future adoption of this

approach.

Keywords

Layout optimisation, topology, space-frames, Conway operators, computation,

geometry
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2.3.1 Introduction [1]

Interest in space-frame structures has significantly increased in recent years due

to the freedom of design they provide, their structural efficiency and the aesthetic

properties of the generated structures [2–4] . The challenge in their application lies in

the layout of their members, which bears the potential for substantial savings in their

construction process. Research in this topic has led to the development of advanced

digital tools that can optimise complex, large-scale structures in a computationally

efficient manner [5]. Nevertheless, the numerically optimum solution often fails

to be applied in practice, either due to fabrication limitations or the increased cost

associated with the manufacturing of bespoke elements. The loss of modularity,

therefore, hinders the full exploitation of space-frames’ efficiency.

The modularity of space-frames formed by a uniform grid layout can be either

topological or geometrical. It can be both topological and geometrical in the case

of flat or singly-curved designs, or only topological in the case of doubly-curved

designs. In the former scenario, the structure comprises identical members, while in

the latter there is geometrical variability between the structural elements. In both

cases, however, the modularity of space-frames can lead to substantial savings in

the overall assembly and construction process. Moreover, the fact that space-frames

consist of a large number of discrete elements offers the opportunity to generate a

highly diverse and complex design-space of possible configurations, which lends

itself well to the process of layout optimisation.

The problem of layout optimisation of space-frame structures was first formulated

by Michell [6], who set the optimality criteria for structures carrying a uniformly

distributed load. The complexity of the problem and the variety of scientific fields

involved have since triggered important advancements in this research area [7–12].

Some of the key contributions include the development of a numerical method
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for plastic layout optimisation and the introduction of a ground structure approach

[13], the consideration of multiple load cases and self-weight [14], as well as a joint

penalty to avoid short members [15]. The development of an adaptive member-adding

technique [16] and the transmissible load formulation [17, 18] have also played a

critical role in reducing the computational cost of this method and the inclusion of

practical considerations.

In recent years, there have been several approaches to encourage industry to

take up layout optimisation, such as stand-alone computational applications [19]

or web-based platforms [20, 21]. The most practical approaches include the

development of a user-intuitive layout optimisation plug-in for Grasshopper in

Rhino3D [22], a parametric modelling environment widely used in the construction

industry [5]. Using these tools, real-scale applications can be solved in a

computationally efficient manner. A geometry optimisation post-processing option

is also included, that rationalises the generated layouts by reducing the number of

joints [23, 24]. Despite the important advances in regard to the computational

efficiency of such layout optimisation methods, a level of variability in the

topological characteristics of the generated layouts remains. As a result, a degree of

customisation is required for their manufacture, increasing the time and cost of the

construction process, when compared to fully modular layouts.

Different methods have been developed to topologically manipulate grid

configurations and maintain modularity, such as fractals and Conway operators. As

far as the former is concerned, fractals are considered as abstract objects, covering a

wide range of topics, such as geometric shapes and processes in time [25]. For the

scope of this study, focus is placed on their geometrical applications and properties.

According to Mandelbrot [25], fractals are a rough or fragmented geometric shape

that can be split into parts, each of which is - at least approximately - a reduced-sized
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copy of the whole. The three main characteristics of such structures are self-similarity,

a detailed structure in all scales and simple, “perhaps recursive” definition. The

possibilities of manipulating geometrical systems with fractals have been explored

in small-scale architectural applications, such as Bell’s space-frame structures in the

early 20th century [26] or the computational and sculptural work of George Hart [27].

The digital tool Rabbit [28] performs the topological and geometrical operations

of fractals within the computational environment of Grasshopper in Rhino3D [22],

addressing a wide audience of potential users. Nevertheless, their application at a

building scale has not yet been explored.

Conway operators, on the other hand, were developed as a method of polyhedra

notation [29]. Using the vertices and edges of a platonic solid as a starting seed, a

defined set of instructions is applied on its elements, generating a polyhedron of a

new topology. For the purpose of this report, focus is placed on the three principal

operators, dual, ambo and kis. A detailed explanation of their formulation is given in

Fig.2.1.

The ability to generate complex topologies by the application of Conway operators

has been explored in literature and has been demonstrated with digital or small-scale

physical models [27, 30]. Apart from their application on three-dimensional shapes,

Conway operators can also be applied on any surface grid as a tiling [31]. Similarly,

space-frame structures can also be considered as comprising two surface grids - the

top and the bottom layer - which are connected by a web layer. They therefore lend

themselves well for the application of Conway operators for the manipulation of

their grid topologies and the generation of diverse configurations.

Previous research has explored the possibility of generating diverse and complex

layouts by the application of Conway operators on the top layer of space-frames to

generate the bottom layer [31]. Proximity constraints were afterwards applied to
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dual

Each vertex is replaced by a 
face and each face by a 
vertex at its centre.

starting grid grid generated by Conway operator

ambo

New vertices are added at 
mid-edges, while the old 
vertices are removed.

kis

A vertex is added at the centre 
of each n-sided face, dividing 
it to n triangles.

starting grid

Figure 2.1: Presentation of the three Conway operators and their impact on a starting
quad grid layout.

define the connectivity between them, while a structural layout optimisation method

was deployed to optimise the final structure [18]. Important material savings were

achieved by this method, however the optimised configuration was not modular.

It therefore becomes evident that it is necessary to establish a method for the

optimisation of space-frame structures, that maintains their modularity and thus

the associated benefits for manufacturing and assembly. This would unlock the

potential of applying Conway operators for the generation of diverse and complex

modular space-frame configurations, that are efficient both in terms of material, as

well as the associated complexity of their manufacturing and assembly process.
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This paper proposes a novel computational workflow for the layout optimisation of

space-frame structures, that preserves topological modularity. Conway operators are

applied to generate a design-space of space-frame configurations, with complex and

diverse characteristics. The study starts with the investigation of the effect that the

application of different Conway operators has on the topology and geometry of a

single-layered grid structure. A method of generating structurally stiff and modular

double-layered space-frame structures is then developed, which can be deployed

irrespectively of the number and sequence of Conway operators applied. The

structural performance of the generated space-frame configurations is then evaluated

and the method is applied to an existing case-study, to validate its applicability to

large-scale buildings. The outcomes highlight the benefits of the proposed workflow

in the overall efficiency of the construction process in practice.

(a) Topology analysis (b) Layer connectivity

(c) Structural evaluation (d) Benchmark study

Figure 2.2: A series of experiments are carried out in different scales to address the
challenge of layout optimisation of modular space-frame structures.
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2.3.2 Topology analysis

As previously described, Conway operators act on the vertices, edges and faces of

an existing grid configuration and generate a new layout. The relationship between

the elements of the new layout differ, depending on the operator applied. Conway

operators can then be re-applied on the generated layout, in any order and for multiple

times. As a result, different sequences of Conway operators can generate diverse

layouts, leading to a vast design-space of possible configurations. While multiple

operators can be found in literature, their impact on a starting grid configuration can

always be broken down into a sequence of dual, ambo or kis [29]. The goal of this

initial pilot-study was to evaluate the effect of each of the basic Conway operators on

the topological and geometrical properties of a single-layered grid. Such properties

include the grid’s overall edge length, as well as the number of vertices, edges and

faces. The three operators were recursively applied on a base triangular, quad and

hexagonal grid and the rate at which these properties evolved was extracted. The

results of this study can then inform the way the Conway operators are applied in a

more complex context.

A sphere was selected as the base geometry to avoid any effect that boundary

conditions could have on the extracted geometrical and topological values. Three

regular starting grids were obtained by the sphere subdivision method: an

icosahedron and a cube were projected on the sphere to obtain the triangular and quad

grid respectively. The hexagonal grid was obtained by applying the dual operator on

the triangular grid. The faces in each case were further subdivided until a roughly

equal average edge length was reached. From a sphere of 10m diameter, grids with

an average edge length of 1m were created, as demonstrated in Fig.2.3. Despite

the diversity in the grid densities, this method allowed for comparable results to be

extracted regarding the edge length evolution [32].
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Figure 2.3: The three base topologies generated on the sphere: triangular, quad and
hexagonal.

The vertices of the final grids that are direct projections of the vertices of the initial

polyhedron – the icosahedron for the triangular and hexagonal grid and the cube

for the quad grid respectively – maintained their valence throughout the subdivision

process. Therefore, some irregularities appear in the topology of the vertices of

the generated grids: in the final triangular grid there were 12 vertices of valence 5

rather than 6, in the quad there were 8 vertices of valence 3 rather than 4 and in the

hexagonal there were 12 pentagons instead of hexagons. Nevertheless, the impact

of these irregularities on the outcome was minimal. The vertices of the generated

configurations in each iteration were projected back onto the base sphere to create

the new grid. The Conway operators dual, ambo and kis were applied individually in

succession on each grid topology and the output grids were analysed.

Dual

The dual operator generates a vertex in the centre of each face and these vertices are

then connected to form the new topology (Fig.2.4). When applied successively on

the triangular or hexagonal grid, the dual operator creates an alternating relationship

in the number of vertices and faces of a grid, while the number of edges remains

constant, as described in Fig.2.7(a) and Fig.2.9(a). As far as the quad grid is

concerned, the application of dual has no effect on the number of edges, vertices or
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faces(Fig.2.8(a)). It can be concluded that when applied an even number of times,

the dual operator has no effect on a grid (Fig.2.10(a)).

Ambo

Ambo generates a new vertex in the middle of each edge. The vertices corresponding

to edges that were joined at a vertex are connected to each other and create the new

topology (Fig.2.5). In the first application of ambo, n-sided and v-sided polygons are

formed, where n is the number of edges per face and v is the valence of the base grid.

The n-sided polygons are shown as red triangles and the v-sided polygons are shown

as blue hexagons (Fig.2.5). The former are centrally located on each face of the

initial grid, but rotated and scaled down in relation to them. The v-sided polygons

are placed on top of each vertex. The new topology has a consistent valence of 4

throughout. These relationships are valied in all three grid layouts, as described

in Fig.2.7(b), Fig.2.8(b) and Fig.2.9(b). Detailed results for the triangular grid are

provided in Fig.2.10(b).

In the second iteration, the triangles and hexagons rotated again by the same angle

and scaled down, while the space created in between them was covered by 4-sided

polygons (Fig.2.5). In the following iteration, the base polygons (triangles and

hexagons) again perform the same rotation and scale further down by the same factor,

while the space in between them is further subdivided by 4-sided polygons. This

recursive relationship is highlighted in Fig.2.5, which presents the grid after three

consecutive applications of ambo.

Kis

Kis generates a new vertex in the centre of each face, which is joined to the face’s

vertices. All elements of the previous grid are maintained and the new configuration

comprises only triangular faces (Fig.2.6). The overall number of edges, joints and
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a.
dual(a) dual dual - dual

b.

(b) dual - dual

a.
dual(c) dual - dual - dual

Figure 2.4: The three first grid topologies generated after the consequent application
of dual on a triangular grid. The base grid is denoted in dotted lines.

ambo
a.

(a) ambo ambo - ambo
b.

(b) ambo - ambo ambo - ambo - ambo
c.

(c) ambo - ambo - ambo

Figure 2.5: The three first grid topologies generated after the consequent application
of ambo on a triangular grid. The base grid is denoted in dotted lines. The n-sided
polygons (triangles) are in red and the v-sided (hexagons in blue). The rectangles
created between them are in yellow.

kis
a.

(a) kis kis - kis
b.

(b) kis - kis kis - kis - kis
c.

(c) kis - kis - kis

Figure 2.6: The three first grid topologies after the consecutive application of kis on
a triangular grid. The base grid is denoted in dotted lines.
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the valence of the initial vertices thus increase significantly in each iteration

and for all grid layouts, as presented in Fig.2.7(c), Fig.2.8(c) and Fig.2.9(c). In

particular, as far as the valence is concerned, after every consequent application, the

previously encountered valence values are doubled and a new valence value is added

(Fig.2.10(c)). This value is dependent on the topology of the original grid, i.e. for

the triangular grid this value is 3, for the quad 4 and for the hexagonal 6.

Results

The valence of a grid represents the number of members meeting at a joint. When

dual was applied, the valence of the generated grid was equal to the number of edges

per face of the original grid (Fig.2.10(a)). Depending on the number of times dual is

applied and the topology of the starting layer, the valence either remains constant at

v=4 (quad grid) or alternate between v=3 and v=6, in the case of the triangular and

hexagonal grids. When ambo is applied, grid topologies of valence 4 are consistently

generated (Fig.2.10(b)). All these values represent joint systems that are highly

popular in practice and therefore ensure the constructibility of the generated layouts.

In the case of kis, on the other hand, every iteration doubled the existing valence,

while a new value was added (Fig.2.10(c)). As a result, depending on the number of

times kis is applied, the high valence of the joints could hinder their fabrication and

constructibility.

In regards to the total edge length, the application of the three operators led to highly

diverse properties of the generated grid layouts. An alternating trend was observed

in the case of dual, while a continuous increase took place whenever ambo or kis

were applied, as presented in Fig.2.11. If consistent cross-sectional and material

properties are assumed, the total edge length values can be directly translated to the

mass of these configurations. This information can hence provide significant insight

into their performance in a structural context. In terms of the dual operator, it is
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Figure 2.7: The evolution of the total number of vertices, edges and faces after the
application of each Conway operator on the triangular grid.
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Figure 2.8: The evolution of the total number of vertices, edges and faces after the
application of each Conway operator on the quad grid.
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Figure 2.9: The evolution of the total number of vertices, edges and faces after the
application of each Conway operator on the hexagonal grid.
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(a) Dual

(b) ambo

(c) kis

Figure 2.10: The topological and geometrical values extracted for the triangular grid
after the application of dual, ambo and kis.
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(a)

(b)

(c)

Figure 2.11: The evolution of the total edge length in the triangular, quad and
hexagonal grid after the consecutive application of the dual, ambo and kis operators.
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evident that, depending on the number of applications, it can either double the mass

or leave it unaffected. It therefore provides an effective operator for the generation

of grid configurations, due to its moderate and controllable impact on the mass. In

the case of ambo and kis, however, the evaluation of the outcomes is more complex.

Both operators lead to an increase of the overall edge length, which is particularly

steep when the kis operator is applied. While this trend may imply a denser and

stiffer structure, the actual effect this would have on the structural performance

is dependent on the material properties assumed. More precisely, the dense grid

configuration generated by the application of kis favours the use of light and flexible

materials, as the final grid stiffness would be provided by the layout. In the case

of dual, however, the sparse configuration lends itself well to materials of a higher

density and stiffness. It therefore becomes evident that further studies are required

to explore the relationship between material properties and grid density. When

considered in relation to the grid scale and the structural requirements, this research

area could open new possibilities in the design and application of single-layered grid

structures in practice.

Design-space exploration

A study on the sequential application of different Conway operators on the same

starting topology was afterwards carried out to gain an understanding of the properties

of the generated layouts. The triangular layout sphere previously created was used

as a starting structure and the three operators were successively applied, as shown in

Fig.2.12. This was applied for three iterations, generating the complete design-space

of three operators for this structure. When applied for multiple iterations, all the

possible combinations of Conway operators are eventually generated. The result

highlight that the application of diverse operators on a single-layered grid leads to

a highly non-linear system, in regard to the total edge length. This non-linearity
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can be further strengthened, when double-layered space-frames and practical design

considerations are taken into account, such as loading and support conditions. A

thorough study in this direction would therefore help in establishing a holistic

understanding of the problem and exploit the potential of the application of Conway

operators on double-layered space-frames in practice.

operator sequence starting topology

dual

ambo

kis

Figure 2.12: The layouts generated, when all three Conway operators are applied
on the triangular grid layout on the sphere. The results show a high variety in the
properties of the generated configurations.
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2.3.3 Layer connectivity

The focus of this study is placed on establishing a method for connecting the top

and bottom layers to form the three-dimensional space-frame structure. Conway

operators are initially applied on the top layer grid to generate the topology of the

bottom layer. The bottom layer grid is then offset and a method to connect it to the

top layer is developed, driven by the topological relationship between their members.

The generated space-frame configuration is then evaluated in terms of structural

stability to validate the efficiency of the connectivity method established. The effect

that boundary or support conditions may have on the overall stability of the system

was avoided at this stage by considering infinite periodic trusses.

There are two different methods to translate the generated bottom layer grid

relative to the top layer and create the depth of the structure [31]; either through a

direct translation along a vector (Fig.2.13(a)) or through offsetting it normal to its

curvature(Fig.2.13(b)). In the first case, the top and bottom layer of the structure

remain identical, thus reducing computational and fabrication resources required.

Despite the evident advantages this has for planar structures, in the case of highly

curved surfaces, the generated depth is different across the surface, as shown in

Fig.2.13(a). This diversity is accommodated in the web layer, resulting in bespoke

and diverse joints, which increase the construction complexity and hence render this

solution inefficient in practice. Highly curved designs, however, do not often appear

in practice and hence such a differentiation in depth is limited. In the second case, the

surface is offset perpendicularly to the top layer. This method has the clear advantage

of a constant depth across the surface. However, it appears inefficient in areas of tight

curvature, where member intersections or kinks in the curvature may occur, as shown

in Fig.2.13(b). Nevertheless, given the low frequency of occurrence of such designs

in practice, this option is taken as a starting point for this research. The vertices of
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(a) (b)

Figure 2.13: The two methods of designing the depth: a) direct translation or b)
offset. The grey lines indicate the translation vectors of the vertices in each case.

the Conway grid, initially designed on the top surface, were offset perpendicularly

to form the second layer of the structure, as shown in Fig.2.13(b). Due to the focus

of this study on modularity, a continuous structural depth is considered.

First level connectivity

When developing a connectivity method between the top and bottom layers, it is

important to consider that any vertex that does not connect to a vertex of the opposite

layer is prone to out-of-plane buckling. A methodology was therefore created

that ensured connectivity for each vertex of the space-frame. According to the

formulation of the Conway operators, every vertex of the bottom layer is produced

in relation to either a vertex, an edge or a face of the top grid, depending on the

operator applied. Taking into account this relationship, a first level of connectivity is

defined by connecting every bottom layer vertex to all the vertices of the top grid

element it was produced from, as shown in Fig.2.14.

Once the vertices have been connected, the stability of the generated space-frame

can be studied. Maxwell’s theorem expresses the relationship of the total number of

bars and joints required in an infinite truss structure to ensure its static and kinematic

determinacy. More precisely, if b represents the bars and j the joints of a structure,

then b = 3j - 6. When b > 3j - 6 more than one state of self-stress is possible, while

when b < 3j - 6, a mechanism may occur. This relationship, however, is not necessary,
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Figure 2.14: First level connectivity for top and bottom vertices, according to the
method of generation of the bottom layer vertices: a) vertices are generated from
vertices and connecting to them. b) vertices generated from edges and connecting
to their vertices, c) vertex generated from a face and connecting to all the face’s
vertices.

as structures might perform even when this is not fulfilled [33–35]. For this reason,

Maxwell’s rule was not applied in this study. Instead, the stability of the generated

configurations is studied at a smaller part of them, the three-dimensional unit cell. A

unit cell is defined as the basic element in a definite volume that is used to create a

periodic solid structure [36]. In the context of space-frames, it is the smallest and

most representative unit of the grid which, by translation along the two directional

axes, can generate a whole space-frame configuration in a plane. It is formed by one

face of the grid’s dual configuration. For example, in the case of the triangular grid,

the unit cell is formed by one face of its dual hexagonal grid, which, when translated

along the main directional axes generates the triangular grid configuration, as shown

in Fig.2.15. The stability of the three-dimensional unit cell for each operator was

studied in isolation.

A triangular grid of member length l=1m was generated to form the top layer

grid used for this study. Each Conway operator was then applied once and twice,

generating two different bottom layer configurations respectively. These were then

perpendicularly offset by 1.5m and connected to the top layer according to the first

level of connectivity described in the beginning of this section. In case further

connectivity is required for a stable configuration to be formed, these are presented

in the following section.
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v1

grid layout
unit cell boundaries
directional axes

v2

v3

Figure 2.15: The triangular grid and a representative unit cell in 2D. The three main
directional vectors, v1, v2 and v3 are shown in light blue.

Dual

Every bottom layer vertex connects to all the vertices of the face it was generated

from, leading to the generation of faceted conical shapes – the web cells - as shown

in Fig.2.16. The web cells cover the complete surface area of the structure at the

bottom layer, ensuring a stable connectivity for all vertices. The web structure was

hence continuous, as demonstrated in Fig.2.16 and did not deform at a local scale.

Dual was then applied twice on the top layer grid and the bottom grid returned to

its initial configuration. Applying the connectivity rule previously described led to

the web layer comprising only one single vertical element in the centre of the unit

cell, as shown in Fig.2.17. This configuration had no shear stiffness and was prone

to deformations, rendering further connectivity necessary.

Ambo

After the first application of ambo, the bottom layer vertices were connected to the

top layer, generating hexagonal cones, as shown in Fig.2.18. While the generated

web cells do not cover the complete surface area of the bottom layer, the voids left

form triangular cells, which are stable, when surrounded by the unit cells. As a result,

the generated space-frame configuration is stable.
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(a) Plan of the generated grid structure and the unit cell with the hexagonal boundary.

(b) Section a-a. (c) Section b-b.

Figure 2.16: Grid topologies with first level web connectivity for dual.

a a

b

b

(a) Plan of the generated grid structure and the unit cell with the hexagonal boundary.

(b) Section a-a. (c) Section b-b.

Figure 2.17: Grid topologies with first level web connectivity for dual - dual.

Ambo was then applied twice and the two layers were connected according to the

first level connectivity method. A conical web polyhedron was again generated,

which was offset from the unit cell boundary. As shown in Fig.2.19, the cells do

not cover the complete surface area of the bottom layer and voids of triangular and

quad geometry are formed. While the triangles are structurally stable geometries, the

quads are prone to deformation. As a result, further web members need to be added
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(a) Plan of the generated grid structure and the unit cell with the hexagonal boundary.

(b) Section a-a. (c) Section b-b.

Figure 2.18: Grid topologies with first level web connectivity for ambo.

a a

b

b

(a) Plan of the generated grid structure and the unit cell with the hexagonal boundary.

(b) Section a-a. (c) Section b-b.

Figure 2.19: Grid topologies with first level web connectivity for ambo - ambo.

for the three-dimensional truss structure to be stable. It should be noted at this point,

that the topological behaviour described in the previous experiments can be observed.

More precisely, the consecutive application of ambo on the triangular grid on the

sphere, led to the generation of n-sized and v-sized polygons, which scaled down

and rotated at every iteration. In the context of the unit cell, the conical web cells are
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(a) Plan of the generated grid structure and the unit cell with the hexagonal boundary.

(b) Section a-a. (c) Section b-b.

Figure 2.20: Grid topologies with first level web connectivity for kis.

a a

b

b

(a) Plan of the generated grid structure and the unit cell with the hexagonal boundary.

(b) Section a-a. (c) Section b-b.

Figure 2.21: Grid topologies with first level web connectivity for kis - kis.

formed by the v-sized (hexagonal) polygons inside the bottom layer boundaries of

the cell. Every consecutive application of ambo leads to their scaling down in size,

creating voids in the web layer and leading to unstable configurations. As a result,

further connectivity needs to be established, when ambo is applied more than once

on the triangular grid. The results of the topological study can therefore be directly

translated in a structural stability context.
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Kis

Kis was applied to the top layer grid to generate the bottom layer and the members

were connected to form a three-dimensional structure. As previously described, kis

adds to the existing grid, without removing any edges or vertices. The generated

unit cells therefore form a continuous web structure that covers the complete surface

area of the bottom layer, without creating any voids, as shown in Fig.2.20. Any

consequent application of kis adds to this structure, generating stable configurations.

Fig.2.21 demonstrates the structure created, when kis is applied twice on the top

layer.

Second level connectivity

The results of this study highlight the need for a second level of web connectivity

to ensure stability, when unstable structures are created, such as in the case of two

consecutive applications of dual and ambo. In the unit cell previously considered, all

bottom layer vertices were connected to the top layer. To account for the unstable

vertices and establish further connections, a larger unit cell is considered. In

particular, the boundaries of the primitive unit cell are offset by half a grid cell,

now including six complete faces of the top layer, as shown in Fig.2.22. Any vertex

of the generated bottom layer that was not previously connected to the top layer is

now connected to the central vertex of the unit cell at the top layer, thus ensuring

further connectivity.

This method was applied to the grid generated by two consecutive applications of

dual and diagonal members were added, creating faceted web cells (Fig.2.23(a)).

These cells connect to each other through their edges, forming a continuous web

structure. Similarly, in the case of two consecutive applications of ambo, additional

diagonal members were placed, which strengthened the existing web cell with new
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faces. It was thus expanded and connected to its neighbouring cells to form a

continuous structure, as shown in Fig.2.23(b).

(a) First level unit cell (b) Second level unit cell

Figure 2.22: Different methods of subdividing the same triangular top layer grid
into unit cells, for the layer connectivity method. The light blue lines represent the
base grid, while the dark lines describe the unit cells for the first and second level of
connectivity respectively.

(a) Dual - dual

(b) Ambo - ambo

Figure 2.23: Second level connectivity for two consecutive applications of dual and
ambo. The added members are shown in orange. 1. plan of the generated grid
structure, 2. the unit cell with the hexagonal bottom boundary, 3-4. sections through
the structure.
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Applications in practice

(a)

(b)

Figure 2.24: The Eden project in Cornwall, UK. a) View of the structural grid from
the interior [37]. b) Panoramic view [38].

A connectivity method was developed that ensures structural stability for space-frame

configurations generated after the application of different Conway operators. This

allows for the consideration and experimentation with new layouts during the stages

of the design development. The vast majority of space-frame structures in practice

are currently limited to configurations generated by the application of the dual

operator (Fig.2.25). The number of projects exploring alternative grid configurations

and layouts is very limited. The Eden project presented in Fig.2.24 serves as an

example of this type, where the bottom layer is a hexagonal grid and the top layer is

formed by the application of the ambo operator on the bottom layer. The method

presented in this section aims to promote and strengthen this approach, by enabling
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(a) Sainsbury Centre, Norwich [39]. (b) Jacob Javits Centre, New York [40].

(c) Biosphere dome, Montreal [41]. (d) Heydar Aliyev Centre, Baku [42].

Figure 2.25: Current applications of space-frame structures use configurations
generated by the application of the dual operator. These include structures in a
variety of flat (a - b), singly-curved (c) and doubly-curved (d) large-scale projects.

the exploration of a vast design-space of modular grid configurations in a robust and

efficient manner. More precisely, the connectivity method developed creates stable

space-frame configurations, when Conway operators are applied on a triangular

grid. Two levels of connectivity were established to cater for configurations of

diverse requirements. Through simple steps, it was possible to establish an efficient

method to generate stiff space-frame configurations. One of the main benefits of this

approach is the fact that any connection of the web layer was entirely based on the

topological relationship of the top and bottom layers. This renders it applicable to

other configurations of the starting top layer grid, such as quad or hexagonal. Of

course, further studies are required to validate its efficiency when Conway operators

are applied in a random sequence.
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2.3.4 Structural evaluation

triangular grid(a) Triangular grid quad grid(b) Quad grid hexagonal grid(c) Hexagonal grid

Figure 2.26: The vertical lines define the positions where the boundary cut lines can
be placed for each of the three grid topologies.

The generation of stable grid layouts was followed by an examination of their

structural performance. A flat grid of 30m x 30m was utilised for this purpose as a

base structure and three layouts - triangular, quad and hexagonal - were used as a top

layer. Conway operators were applied on each layout to generate the bottom layer,

which was then offset by 1m to create the three-dimensional space-frame structure.

The web connectivity was defined according to the methodology described in the

previous section.

In regard to the top layer layout, regular, uniform grids were used to ensure that the

topology was the only variable for the evaluation of their structural performance.

The boundaries of the layout were defined in relation to the uniform grid in such a

way, that only full-sized of half-length edges were present in the final structure, as

described in Fig.2.26. The overall size of the roof was thus slightly adapted for the

three configurations - 30.00x30.31m for the triangular grid, 30.00x30.00m for the

quad grid and 30.31x30.50m for the hexagonal respectively.

Every Conway operator was applied one, two and three times respectively on

each top layer grid and the generated space-frame configurations were structurally

evaluated. Each structure was tested under a vertical and horizontal loading, to
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Figure 2.27: The two support conditions for which the structures were evaluated
in this experiment. The figure indicates the degrees of translational freedom –
all vertices are restricted in rotation. The corner elements’ supports are indicated
separately on the diagram.

evaluate its performance in different orientations. The applied load consisted of

the structure’s self-weight and a combination of dead and live loads of 1kN/m2,

according to EN1991 standards [43]. Moreover, two different boundary conditions

were applied, a simply supported and a fully restrained, as described in Fig.2.27.

The structural analysis was performed in Karamba3D [44] assuming timber circular

solid sections (Young’s modulus= 9,600,000kN/m2, density=4.9kN/m3, Modulus of

rupture= 53,000kN/m2) with a constant cross-section for all members and allowing

for a maximum utilisation of 1.

Results

Fig. 2.28 presents the results, summarising the performance of the different grid

configurations under the two loading conditions. As previously mentioned, the

configurations most popular in practice are generated after a single application of

the dual operator on a triangular, quad or hexagonal grid. The results validate the

efficiency of these configurations, as such layouts have an overall high performance.

In particular, in the case of the lateral loading of a hexagonal grid, dual has

the optimum performance, almost twice as high as any other grid configuration.

Nevertheless, a single application of dual is not always the most efficient layout and

is often outperformed by other configurations. More precisely, it is the configuration
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Figure 2.28: Stiffness analysis under two loading conditions, when the dual, ambo
and kis operators are consecutively applied on a triangular, quad and hexagonal grid.
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generated by a single application of ambo that achieves the highest results for the

quad grid in both loading conditions. In the case of the triangular grid, on the other

hand, the layouts generated after two consecutive applications of dual perform more

efficiently than any other layout. Moreover, in the case of the vertical loading of

the quad grid, two applications of dual perform substantially better than a single

application. These observations thus highlight that, despite its popularity in practice

and its overall high performance, a single application of dual is not always the

most efficient grid configuration. This approach therefore provides the opportunity

to explore a wider area of the design domain of possible layouts and identify the

optimum design solution for a given structure.

As far as the two different support conditions investigated are concerned, the

stiffness/mass values of the restrained roof were all either equal or greater than

the respective values of the simply supported one. This highlights the effect that

boundary conditions can have on the global performance. It can be assumed that

fixing the structure’s translational freedom on both layers of the space-frame would

further emphasise this.

Apart from the evaluation of the performance of individual grid layouts, a

comparative evaluation of the overall performance of the three operators was carried

out. As far as dual is concerned, the alternating pattern described in the previous

experiments is directly translated to its structural performance. This is expressed

by the repeating stiffness/mass value after the consequent application of dual on

the same base grid. The same behaviour is observed when dual is applied on the

triangular and hexagonal grids, which are dual to each other. It is hence evident that

the performance of a grid layout generated by the application of dual will alternate

between two values, depending on the number of applications. Ambo and kis, on the

other hand, achieve the highest performance when applied once, while a constant
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Figure 2.29: Stiffness diagram for the structures with a triangular top layer.

decrease in their performance is observed when they are applied multiple times

consecutively. The rate of this decrease reduces after the second iteration and is

overall the highest for the kis operator. In order to gain a deeper understanding of

this behaviour, the values of the stiffness and the edge length are studied separately.

The stiffness of the generated space-frame configurations of the triangular grid is

presented in Fig.2.29. Despite the diversity between different operators, all stiffness

values remain within a small range of values. Regarding the edge length, however,

significant differences are observed, when different operators are applied. The effect

of Conway operators on the edge length previously presented, shows that ambo

and kis lead to a significant increase, while dual has a minimal impact (Fig.2.11).

This has a direct impact on the stiffness/mass properties of the configurations in

this study. In particular, even though the stiffness values of the generated grids are

similar to each other, substantial discrepancies can be observed in their stiffness/mass

ratios, as a result of the respective rise in the edge length. This observation implies

that, since the difference of the generated configurations lies in the edge length, it

is worth investigating whether the application of different material properties on

grids generated by different Conway operators could improve their performance. A

thorough study of the relationship between the material properties and the structural
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Figure 2.30: The Oguni dome: a) Three-dimensional representation of the structure
and the support conditions, b) The structure’s elevation, c) A section across the
dome demonstrating the relative position between the top and bottom layer and
their connectivity. The geometry was regenerated using the information provided in
Chilton [26].

performance in regards to the grid topology could therefore reveal new relationships

and produce improved results.

2.3.5 Benchmark study

The methodology developed was applied to a real-scale structure to evaluate its

efficiency in practice. The Oguni dome was selected, which is a double-layered,

doubly-curved timber dome designed by Shoei Yoh. The geometry of the structure

was recreated according to the information provided in Chilton [26] and used as a

base model for this study (Fig.2.30).
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The structure is built using Japanese cedar, sugi (cryptomeria japonica) [45] with

an external steel skin and it covers an area of 63x47m with a uniform structural

depth of just 2m. The top layer is a quadrilateral grid, while the bottom layer is its

topological dual. Connectivity between them is achieved by joining each vertex of

the bottom layer to all the vertices of the top layer face it was produced from. Offset

perpendicularly to the top surface of the dome, the bottom layer is shorter than the

top by half-a-face on both ends, as shown in Fig.2.30(c). Supports are placed along

the long edges of the bottom layer, defining the structure’s boundary condition. The

timber has a rectangular solid section throughout the structure, with differentiated

sizes for each layer respectively; 0.11x0.15m for the top, 0.09x0.125m for the web

and 0.11x0.17m for the bottom layer. Pin joints are placed at each vertex, creating a

fully pin-jointed truss [26].

Method

The geometry of the dome was recreated in the 3D CAD modelling software

Rhinoceros and its parametric modelling plug-in Grasshopper [22]. The

cross-sectional geometry and the material properties of Japanese cedar were assigned

to the model (Young’s modulus= 960,000kN/m2, density=4.9kN/m3, Modulus

of rupture=53,000kN/m2 [46]). The load cases applied for the analysis are the

structure’s self-weight and a combination of additional dead and live loads of

1.7kN/m2. Both values were factored up for the ultimate and service limit state

analyses, in compliance with the EN1991 standards [43]. The external loading was

applied as an area load on the top layer vertices. The analysis was performed using

the Karamba3D structural analysis plug in for Grasshopper [44] from which the

tensile and compressive forces of each member were extracted. Custom Grasshopper

components were then created to calculate the members’ utilisation and optimise

their cross-section.
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The analysis of the digital model of the Oguni structure shows a maximum utilisation

in tension of 13.2% in the web layer and of 75.9% in compressive resistance at

the top layer, therefore validating the reliability of the computational analysis tool

developed.

An intermediate analysis was carried out, in which the rectangular sections of the

original dome were replaced by circular solid ones. This renders the comparison

of different grid configurations possible, since it guarantees inherently uniform

structural properties in all directions, irrespective of the Conway operator applied,

and in effect the orientation of the individual members. It was essential to ensure

the rectangular and circular cross-sections have the same moment of inertia and

hence contribute the same to the structural performance. A section modulus was

therefore applied, leading to larger circular cross-sectional area. This inevitably

led to a slight increase in the structure’s self-weight and therefore to a rise of its

maximum utilisation from 75.9% to 77.7% (the mass increased from 112,498 kg to

137,602 kg respectively).

Using the space-frame structure with the circular solid section as a benchmark, a

strategy for generating different grid topologies was determined. The top layer was

kept constant for this process, while different Conway operators were applied to the

bottom layer. The web layer was then produced by connecting vertices in the top

and bottom layer according to the connectivity methodology developed.

The different topologies were evaluated and optimised in terms of their mass, keeping

a maximum utilisation of 77.7% as a constraint, i.e. equal to the maximum utilisation

of the Oguni dome when circular cross-sections are used. The offset distance was

kept constant, while the cross sectional area was the driver for the optimisation.

Uniform cross sections were maintained throughout each layer, in order to ensure

the final result’s modularity.
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(a) dual (b) ambo (c) kis

Figure 2.31: Detail of the connectivity between the two layers for the three topologies
in 3D. The top layer is denoted in black, the web in grey and the bottom layer in
blue.

Figure 2.32: The total member length for the three layers in the final structures.

Three topologies were evaluated for the bottom layer, the dual, ambo and kis, with

their three-dimensional configurations demonstrated in Fig.2.31. Dual is the topology

of the original dome, but it was re-evaluated in order to explore the potential of

further decreasing its mass. The reason for choosing these topologies and not a

more complex combination is the interesting relationships created between the three

layers. As far as their orientation is concerned, both the top and bottom layer of the

dual have the same directionality, while the bottom layer of the ambo is diagonally

rotated relative to the top. The kis topology, on the other hand, has members in

both directions. Furthermore, the three topologies show a diversity in the relative

relationship of their members’ length for each layer, as described in Fig.2.32. While

the web layer is the heaviest in all cases, the bottom layer varies from being the
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Figure 2.33: Sorted utilisation of individual members for each topology.

layer with the least members’ length in the dual, maintaining an average value in the

ambo topology, and finally reaching a value almost as high as the web layer in the

kis topology. Taking those observations into consideration, it is interesting to see

how these relations translate to structural performance.

Results

The performance of the different layouts in relation to their members’ utilisation

is demonstrated in Fig.2.33. The results show that dual is the optimal layout of

the dome, for which a 6% saving in mass is achieved (from 137,602kg in the

original model with circular cross-sections to 130,117kg when optimised). Kis

performed the second most efficiently, despite the increased member length, with

a final mass of 173,215kg compared to the original of 137,602kg. Ambo had the

poorest performance, reaching a final mass of 190,105kg. It can be observed that

a very small percentage of the members reaches the utilisation limit, while a vast

majority of members has a minimal utilisation. This can be attributed to the fact the

optimisation problem was formulated as requiring a single cross-section per layer.

Regarding the utilisation of the members of each layer, there seems to be a direct

relationship between the distribution of the tension and compression areas throughout

the structure and its performance (Fig.2.34). When the original dome analysis is
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Figure 2.34: Tension and compression members of the three layers for the different
topologies optimised. Red surface corresponds to compression and blue to tension
members.

compared to its optimised version, the areas of pure tension or compression are

minimised. In contrast, the creation of distinct zones of tension and compression

resistance, when ambo is applied, generates greater stresses in those members. The

62



member with the highest stress will define the cross-section for the entire layer,

therefore hindering any significant mass reductions. Finally, the densest kis topology

presents a better distributed utilisation across its members, a fact which favours the

use of smaller cross-sections. It therefore has a smaller final mass compared to ambo,

inverting the initial relative ranking of the three topologies in terms of their layer’s

density.

Further analysis was carried out on the performance of the members of the optimal

dual topology. The slenderness graph in Fig.2.35 shows that the optimisation was

driven by a small number of elements for the top and bottom layer, which are close

to the buckling limits, while the majority of members are utilised at a much smaller

level. The web layer, however, shows a more efficient distribution across its members.

It is hence suggested that a further exploration of the application of Conway operators

could investigate the potential for an optimised distribution of the utilisation for all

three layers, i.e. it is evident that different combinations of Conway operators can

produce topologies with a range of efficiency levels. The exploration of diverse

topologies for the seed grid, such as shear resistant triangular grid, could further

inform this approach.

When the members in tension and compression are respectively highlighted in this

graph (Fig.2.36), it becomes clear that compression members were the drivers,

defining the cross-section of each layer. A reduction in the tension members’

cross-section is therefore possible, should their evaluation be performed separately.

Such an approach, of course, would have important implications on the workflow

described. First of all, the driver for the evaluation of the structures and their

cross-sections has been ultimate limit state analysis. Removing material from the

tension members, however, would increase the structure’s flexibility and potentially

question the dominance of the ultimate limit state over the service limit state analysis.
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Figure 2.35: Slenderness ratio graph for the dual topology, showing the utilisation
for each layer’s members.

Figure 2.36: Slenderness ratio graph for the dual topology, showing the utilisation
for tension and compression members.

Secondly and more importantly, such an approach would sacrifice the structure’s

modularity and all the derived advantages of constructibility, something which is not

desired for the scope of this research.

2.3.6 Discussion

This study has explored Conway operators as a tool to generate modular and

materially efficient space-frame configurations. The outcomes demonstrate that

significant savings can be achieved by this approach and highlighting areas for future

research.
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The use of modular grid layouts in practice is often restricted to layouts generated

by a single application of the dual operator on a triangular, quad or hexagonal

grid. Nevertheless, this study has exposed the potential benefits that the

consideration of alternative configurations could have. The layer connectivity method

developed ensures the generation of stable configurations after the application of

all three Conway operators, and therefore enables the exploration of the complete

design-space of possible solutions. In addition, the structural evaluation studies

presented have highlighted that the most efficient performance is often achieved by

layouts generated by a different combination of Conway operators. It therefore

becomes evident that the novel methodology developed enables the extensive

exploration of the design-space and has the potential to lead to the identification of

innovative and materially efficient modular layouts, that are currently not applied in

practice.

As far as the overall performance of the different Conway operators is considered,

dual proved to be the most efficient one. This can be directly linked to the way in

which the experiments were set up, with the topology of the grid configuration being

the only variables. As a result, the outcomes were mainly driven by the fact that

dual had a minimal impact on the total edge length of the starting grid configuration,

while both ambo and kis led to a significant increase. Dense configurations were

therefore generated from ambo and kis, that performed poorly structurally. Given

this experiment set-up, only a small portion of the diverse and complex design-space

was therefore explored. Two alternative research directions are therefore suggested,

in which more variables are introduced.

The first option introduces the grid scale as an additional variable. As highlighted

by the experiments carried out, it is the significant increase in the total edge length

after the application of ambo and kis, that leads to a poor structural performance. A
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possible solution would be the scaling of the generated space-frame configurations

across the {u, v} vectors of the surface, to maintain a constant edge length/volume

density. This approach would allow multiple configurations to be explored in more

depth and potentially highlight more efficient combinations of Conway operators.

The second suggests the exploration of the relationship between topology and

material properties. In the experiments carried out, the total edge length was directly

translated to mass, assuming consistent material properties for all layouts. The

values of such properties play an essential role in defining both the performance of

a structure, as well as whether it is strength or flexibility dominated – ULS or SLS

sensitive respectively. The Young’s modulus and yield stress define the flexibility

and strength respectively, and a comparative evaluation of these values for existing

materials is presented in Ashby et al. [47]. The space-frame configurations generated

in the experiments have highly diverse characteristics in terms of layout and total

edge length. As a result, it can be assumed that different material properties might

lend themselves better to specific grid layouts, i.e. a denser grid constructed by a

light material with a high Young’s modulus might create a flexible structure that

reacts successfully to loading. A dense and strong material, on the other hand, might

make the same structure fail. Considering the material properties as a variable in

the optimisation process can therefore lead to important findings. In particular, each

topology could be associated with one value of E/ρ and σ /ρ , where ρ is the density,

that would describe its optimum performance for SLS and ULS analysis. When these

are plotted in one diagram, they could directly link the topology with the material

properties. Such a graph could be plotted for each specific design scenario and

guide designers towards the use of the optimum topology for the specific material

properties selected and vice-versa. In the same way Ashby et al. were able to plot

the materials depending on their flexibility and strength [47], this method would

plot the optimum topologies for a design case in relation to the material used. This
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could guide engineers to an informed material choice, which in effect could lead

to materially efficient designs. Moreover, given the advancements in the field of

material science, this approach could act as a guide to develop materials with specific

properties designed for efficient structural performance. In this way, the optimum

topology for materials developed in the future will already have been identified.

2.3.7 Conclusions

This paper has presented a computational workflow for the layout optimisation of

space-frame structures. In recognition of the benefits that modularity can have for

the analysis, manufacturing and construction process of large-scale space frames,

the application of Conway operators in a structural context has been explored as a

way to generate modular layouts. A novel method for the generation of structurally

stiff space-frame configurations was established, enabling the extensive exploration

of a highly diverse design-space of modular configurations. Apart from assessing

the efficiency of layouts currently applied in practice, this approach enables the

exploration of alternative, more efficient grid configurations. When combined

with the fact that this workflow was developed in a user-intuitive computational

environment, popular in practice, this approach can be applied at early stages of the

project development and act as a driver to promote better-engineered solutions.
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CHAPTER 3

Rationalisation of freeform space-frame structures:
Reducing variability in the joints

Singly-curved space-frame, Chaoyan District, Beijing [1]

75



3.1 Chapter summary

For doubly-curved space-frame structures, the topological uniformity investigated

in Chapter 2 is not sufficient to ensure a time- and cost-effective fabrication process,

due to the embedded geometrical variability in their structural members. Depending

on the fabrication process, the level of permissible variability may vary significantly,

therefore rendering the relationship between geometry and fabrication as the driver

in the overall construction cost. The work presented in this Chapter develops a

method for the geometry optimisation of doubly-curved space-frames in compliance

with the requirements set by the fabrication process to facilitate their construction.

Focus is particularly placed on space-frame joints, due to their high impact on the

overall cost.

Existing fabrication processes are initially classified according to the degree of

variability that they allow for. The construction complexity of a given design is then

evaluated, as a factor of the geometrical variability in its joints. Joints are clustered

into fabrication batches, using the fabrication tolerance as a hard constraint, thus

providing an indicator of the structure’s construction complexity. The structural

depth of the space-frame is then optimised, minimising the number of batches

required for its construction. The application of a control surface enables the

monitoring of the computational cost of the optimisation, rendering this workflow

applicable to large-scale complex structures.

The method presented provides a direct link between the geometry, the fabrication

process and the construction complexity of freeform space-frame structures, thus

proposing a novel approach to their optimisation. It was demonstrated that a 15%

reduction in the joint fabrication batches can be achieved in existing large-scale,

free-form structures, highlighting the potential of this approach in practice.
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Research Objec�ve 3 (RO3): 
Evalua�on of the 
construc�on complexity of 
doubly-curved space-frame 
structures.

Research Objec�ve 2 (RO2): 
Classifica�on of fabrica�on 
processes.

Research Objec�ve 4 (RO4): 
Geometry op�misa�on of 
space-frame structures 
according to the fabrica�on 
requirements.

Research Objec�ve 7 (RO7): 
Develop methods and tools 
in a computa�onally 
efficient and user-intui�ve 
way to enhance their 
applica�on in prac�ce.

PAPER OUTLINECHAPTER OBJECTIVES

1. Analysis and compara�ve 
evalua�on of fabrica�on 
processes according to their 
degree of automa�on and 
batch size.

2. Development of a novel 
method for the comparison of 
the geometry of joints in 3D 
space.

3. Clustering of space-frame 
joints using the fabrica�on 
tolerance as a hard constraint 
to calculate the number of 
batches required for their 
fabrica�on.

4. Introduc�on of a control 
surface to reduce the number 
of variables of the 
op�misa�on process and 
render the method applicable 
on large-scale problems.

5. Geometry op�misa�on of a 
complex, large-scale structure 
to reduce its construc�on 
complexity.

Figure 3.1: Flowchart demonstrating the structure of this Chapter, including the
objectives set out in the thesis introduction and the tasks that address them, forming
the paper outline.
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3.3 Rationalisation of freeform space-frame

structures: Reducing variability in the joints

Abstract

In recent years, the application of space-frame structures on large-scale freeform

designs has significantly increased, due to their lightweight configuration and the

freedom of design they offer. However, this has introduced a level of complexity into

their construction, as doubly-curved designs require non-uniform configurations.

This paper proposes a novel computational workflow that reduces the construction

complexity of freeform space-frame structures, by minimising variability in its

joints. Space-frame joints are evaluated according to their geometry, and clustered

for production in compliance with the tolerance requirements of the selected

fabrication process. This provides a direct insight into the level of customisation

required and the associated construction complexity. A subsequent geometry

optimisation of the space-frame’s depth then minimises the number of different

joint groups required. The variables of the optimisation are defined in relation to

the structure’s curvature, providing a direct link between the structure’s geometry

and the optimisation process. Through the application of a control surface, the

dimensionality of the design-space is drastically reduced, rendering this method

applicable to large-scale projects. A case study of an existing structure of complex

geometry is presented, and this method achieves a significant reduction in the

construction complexity in a robust and computationally efficient way.

Keywords

geometry optimisation, space-frame structures, joint, fabrication process,

construction, cost, clustering, control surface
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3.3.1 Introduction [1]

The increasing demand for freeform architecture has led to a subsequent increase of

application of space-frames on large-scale projects of complex geometry, such as the

Heydar Aliyev Centre [2], the New Mexico Airport [3] and the Singapore Arts Center

[4]. Apart from their ability to approximate doubly-curved surfaces, space-frames

are materially efficient, lightweight structures and therefore particularly popular

in this context [5]. Nevertheless, the doubly-curved geometry of such projects

has introduced a level of complexity into their construction process, as changes in

curvature generate non-uniform space-frame configurations. As a result, a degree of

customisation is required, which increases the time, and hence the overall cost of

their construction.

Standardisation and repeatability can significantly enhance the construction process,

as they carry the embedded benefits of mass-production, and allow structural

members to respond to the geometrical limitations of the manufacturing machinery

[6, 7]. Due to lack of literature on the benefits that standardisation brings in the

construction of space-frame structures, further information was acquired on this topic

through personal communication with LANIK Engineers [8]. Identical items can be

packed in the same batch to facilitate assembly, as larger quantities of the same item

enable the construction team to replace any faulty items and deal with uncertainties

that may arise on site. Moreover, when large groups of identical items are required,

producing a few spare elements provides an effective safety margin to deal with

contingencies. In projects of complex geometry this is not normally an option, and

uncertainties have a larger impact on the overall process. Considering that the cost of

assembly constitutes approximately 30% of the overall project cost[8], the benefits

of repeatability become evident.
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In the context of space-frame structures, standardisation can be expressed either in

the member lengths or the angles of the joints. The focus of this study is placed

on the latter, as joints typically represent up to 20-30% of the material required for

construction [9]. Existing research on the geometry optimisation of space-frame

joints remains limited, due to the complexity associated with this approach [10–

12]. Heavier yet modular space-frame structures have been proven to be more

cost-efficient compared to lighter and non-modular configurations, if fabrication and

erection costs are taken into account [13]. This is further strengthened by the fact,

that fabrication and construction costs do not scale linearly with mass [14]. Thus it

becomes evident that fabrication requirements should be a driver in any optimisation

of space-frame structures for joint cost [12, 15–17].

Joints are fabricated in batches using a variety of methods, such as metal forging,

rolling, 3D printing, casting [6], etc. The size of the batches and the process

automation define the degree of variability allowed between the elements produced.

The process automation refers to the frequency at which the manufacturing equipment

needs to be configured during the production of one batch. When the batch size is

large and the machinery is configured once, standardised elements are produced. In

contrast, small batch sizes and a frequent reconfiguration of the machinery favours

the production of bespoke components. It hence becomes evident that a classification

of fabrication processes in regards to their automation and batch size can provide

insightful information regarding the embedded degree of customisation.

This paper proposes a novel computational workflow for the geometry optimisation

of freeform space-frame structures, to decrease the geometrical variability in their

joints and thus reduce the cost and time of their construction. The relationship

between the surface curvature and the variability in a space-frame’s members is

firstly studied, followed by a classification of existing fabrication processes in regards
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to the degree of customisation that they allow for. A novel computational workflow

is then developed that clusters the structure’s joints into batches, in compliance

with the requirements of the fabrication process, and thus provides an overview

of its construction complexity. The structure’s geometry is finally optimised to

reduce the number of joint batches required and enhance the overall construction

process. Due to the high computational cost associated with analysing large-scale

space-frame structures of complex geometry, focus is placed on developing a robust

and computationally-efficient method, which is directly applicable in practice.

3.3.2 Context

Surface curvature

A constant or zero curvature of the design surface allows for uniform joint angles

throughout the space-frame layers (Fig. 3.1). The focus of this study is therefore

placed on surfaces of changing curvature, in which the geometry of the joints varies.

Such surfaces can be analytically described surfaces, freeform NURBS surfaces

or surfaces generated with non-geometric methods via the application of a force.

For a detailed classification of surfaces according to their degree of curvature and

generation method, readers are directed to [18], [19] and [20].

Angle calculation

The first step towards the comparison of a structure’s joints according to their

geometry, is the calculation of the angles between their members. Existing methods

for the calculation of joint angles are restricted to two-dimensional grid structures

[20]. Personal communication of the authors with fabricators of space-frame

structures provided insight into a different approach, used in practice [8]. In this

method, an external reference point is defined, from which the polar angles of the
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(a) Zero curvature: κ = 0
(b) Constant curvature: κ =
1/r

(c) Varying curvature: κ =
f(x)

Figure 3.1: Zero or constant curvature of the design surface allows for uniform joint
angles throughout the space-frame layers, while joints in freeform configurations
have varying angles.

joints are calculated. Nevertheless, this method is highly dependent on the selection

of the external reference point, as joints of identical angles will yield different

polar coordinates, if their position relative to the reference point is different. It

becomes evident, therefore, that there is the need to establish a generalised method

for the evaluation of joints according to their local geometrical characteristics and

irrespective of their relationship to any external reference. This renders the methods

previously presented impractical.

Joint tolerance

The design and manufacturing of a joint has a significant impact on a structure’s

ability to accommodate geometrical variation. Every joint has an embedded capacity

to accommodate tolerance, t, in the angles of its members, which is dependent on

three factors: a) the precision of the manufacturing equipment, b) the joint design

and c) the tolerance induced during construction. The continuous advances in

the efficiency of manufacturing equipment has significantly reduced the tolerance

linked to manufacturing [22]. The joint shown in Fig. 3.2(a), for example, allows
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(a)

t2
t1

(b)

t (°)

(c)

Figure 3.2: a) A spherical ball joint with a minimal tolerance of 0.01◦ [8]. b)
This joint design allows members different tolerances, depending on the plane of
movement. The design represents the joint design of ’hubs’ [21]. c) The tolerance t
of a joint, as considered in this study.

for geometrical variation of only 0.01◦, as defined by the tolerance of the robotic

equipment drilling the holes into the metal sphere [8, 23, 24]. The design of a

joint, on the other hand, can accommodate significantly higher levels of tolerance.

The joint design presented in Fig. 3.2(b) allows members to move on a plane with

a tolerance of up to 180◦ [25, 21, 26]. Even in joints of Fig. 3.2(a), where the

design does not permit any variation, a small number of tolerance is still allowed in

practice, to respond to uncertainties that may arise during the construction process

[9, 27–29]. The precise value of this tolerance is project-specific and depends on

the member’s properties, as bending the member to fit in position induces additional

stresses to it. There is, hence, a final tolerance that a joint can accommodate, which

is an combination of its fabrication, its design and assembly process. Even a few

degrees of such tolerance can generate considerable geometrical variation in the final

structure [30]. For the scope of this study, it is considered to be radially distributed

around its members’ centroid axis and the magnitude is defined by the requirements

of each project (Fig. 3.2(c)).
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Fabrication process

For the scope of this study, fabrication processes are classified according to the size

of the batches in which joints are manufactured and the process automation. Batch

sizes can vary from large quantities (continuous process) used in mass-production to

a few (semi-continuous process) or a single joint (discrete process) [6]. Regarding

automation, a fabrication process has either hard/fixed-position automation, when

the equipment is configured once, a programmable automation, when configured a

few times during production or flexible/soft automation, when configuration takes

place at frequent intervals [6]. A classification of fabrication processes according

to these criteria provides an insight into the level of customisation allowed for, in

combination with the production rate of a specific process, as described in Table 3.1.

Continuous fabrication

Continuous fabrication produces large quantities of standardised elements in an

automated process and in a short period of time [6]. It includes methods such

as metal-rolling or casting with permanent molds. Due to the high cost and

time associated with the setting up of the equipment, continuous processes are

not considered customisable [6], allowing only for an initial set up of the joint

configuration before the production begins. This favours standardised products and

high production rates. The resulting tolerance that joints produced with continuous

processes can accommodate is specific to each joint’s design and is commonly

restricted to a small value [31].

Fabrication in groups

Rapid tooling refers to the use of rapid prototyping for the production of the

equipment, rather than the end product. Both subtractive and additive rapid

prototyping can be applied to the production of moulds in which the joint is cast
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Fabrication process Process automation Batch size

Continuous Fixed Large

In groups Programmable Any

Discrete Flexible Single element

Table 3.1: The different processes that can be used for the fabrication of space-frame
joints and their respective degrees of automation and batch size.

[32, 33]. The life-cycle of each mould is shorter than that of large-scale equipment

used in continuous fabrication processes. It is therefore used for a number of casts,

until it deteriorates and is then ideally recycled [34]. The production of smaller

groups of identical elements has a significant benefit on the overall process. First of

all, it introduces a programmable automation [6], since the time-expensive method

of additive manufacturing is set up and applied only for the printing of the moulds at

specific intervals. Moreover, given that casting is an established fabrication process,

no certification of the final products’ properties is required. Finally, a level of

customisation is introduced, since different groups of joints can accommodate any

difference between their members’ geometry.

Discrete fabrication

In discrete fabrication processes, joints are produced individually, forming

single-element batches. They are therefore fully flexible in terms of variance,

allowing for the production of bespoke elements and ensuring a high degree of

customisation. The methods range from traditional metal casting with expendable

moulds and metal forging, to contemporary methods of rapid prototyping. In

particular, rapid prototyping can be both subtractive (CNC) and additive (3D printing)

[6] and allows for computer-based information to be translated to equipment-readable

format. It therefore reduces the production time from design to manufacturing

significantly and allows for high accuracy and complexity to be incorporated into
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the joint design. This freedom enables the consideration of multiple optimisation

criteria within the design of individual joints, further improving their performance

[25]. Nevertheless, continuously optimising the design of a joint and increasing

the complexity of its design also increases the time and computational resources

required for its production. In effect, this process can become inefficient when the

production of a large number of joints is required. Furthermore, this process is

subject to significant size limitations of the final product, due to constraints of the 3D

printing hardware. More importantly, the end products require bespoke certification

of their material properties, as their long-term performance in terms of fatigue and

wear is suspect. The overall production time and cost is therefore further increased.

However, despite these challenges, research on the practical application of rapid

prototyping in the construction industry is continuously evolving to address these

challenges [35].

Taking into account the fabrication methods described above, it is evident that

the quantity of joints and the level of customisation required is a key driver in

identifying the optimum fabrication process for a given design. Since these factors

are project-specific, a single definitive evaluation is not possible. Nevertheless, the

flexibility of the fabrication in groups process, which allows for some combination

of standardisation and customisation, makes it worthy of further investigation.

Standardised and repeating joints reduce the fabrication time and facilitate erection

time, hence providing a safer working environment and reducing cost [36]. At the

same time, the degree of customisation incorporated between different joint groups

allows the final space-frame structure to approximate complex freeform surfaces.

Achieving complete repeatability of components in complex structures is not feasible

[37]. Nevertheless, maintaining standardisation above a specific threshold allows

cost savings from batch production to compensate for the increased cost of bespoke

elements.
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3.3.3 Methodology

Problem specification

The methodology developed in this paper optimises the geometry of doubly-curved

space-frame structures to reduce the number of different joint groups required

for their construction. It consists of four steps that are cyclically repeated until

convergence is reached:

1. The angles of a space-frame’s joints are calculated in relation to a local

coordinate system (Angle calculation).

2. The joints are clustered into the minimum number of groups, that satisfy a

given tolerance, t (Clustering analysis).

3. The variables of the optimisation process are defined according to the curvature

of the design surface (Control surface).

4. The space-frame depth is optimised to reduce the number of joint clusters

(Geometry optimisation).

This workflow has been implemented in Grasshopper, the parametric modelling

environment of Rhino 3D[38], with custom components coded in C#. The popularity

of this software in the industry, and the intuitive user interface, enhances the

applicability of this tool in practice.

An architectural design surface, S, is given as a user input, with an initial

discretization mesh, representing the top layer of the space-frame structure

(Fig. 3.3(a)). There are no restrictions regarding the topology or uniformity of

the discretization mesh. Methods for generating meshes on free-form surfaces are

described in [19] and [39]. The space-frame structure is generated from the mesh

according to the method described in [40]. The top layer vertices, Vt , are considered
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z = cos(x) * cos(y), 
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(a)

top layer vertices Vt

bottom layer vertices Vb

design surface

(b)

Figure 3.3: a) The target design surface and the generated space-frame structure. b)
Definition of the optimisation constraints. The top layer vertices Vt are considered
fixed to approximate the design surface, while the bottom layer vertices Vb are free
to move.

fixed in position, in order to represent the architectural design surface, while the

bottom layer vertices, Vb, are free to move (Fig. 3.3(b)). Restricting their movement

to the normal to the design surface reduces the translation variables of each joint to

one, thus enhancing the optimisation process. The doubly-curved surface presented

in Fig. 3.3 will be used as an example to present the developed methodology, which

is then applied to a more complex case-study in the next section.

Angle calculation

The first step is to establish a method for the evaluation of joints according to their

geometrical characteristics, irrespective of their spatial orientation, the curvature of

the design surface or their relationship to any external reference. For this step, a

local coordinate system is required for each joint along with an order to evaluate the

members.

The member vectors Vi of each joint ji are unitised and a principal component

analysis carried out, identifying the a best-fit plane, Pi, as shown in Fig. 3.4. This

plane is specific to the local geometry of each joint and irrespective of its spatial
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Figure 3.5: a) Definition of the starting member and the order for the angle
calculation, according to the vertical angle θ between the members and the best-fit
plane. b) Calculation of angles φ and ω between the starting member and member i
of the joint.

orientation or the topology and curvature of the reference surface it belongs to. Every

joint’s best-fit plane serves as a reference for the calculation of the angles between

its members.

The vertical angle θ between the joint members and the best-fit plane is calculated

and the member forming the largest angle is set as the starting member for the

angle calculation, as shown in Fig. 3.5(a). Should multiple members form the same

maximum angle, they are all considered as potential starting members and multiple

sets of angles are calculated for this joint. The members are then evaluated following

a clockwise order, when looking down onto the best-fit plane from the end of the

starting member (Fig. 3.5(b)). Two values are stored for each member, the angle φ

with the starting member and the angle ω between their projections onto the best-fit

plane, when projected along the plane normal (Fig. 3.5(b)). This information is stored
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in a matrix A[v,k], where v is the maximum valence of any joint in the space-frame

and k is the total number of starting members defined for the different joints in the

structure (Fig. 3.6). Should a joint have a smaller valence, the remaining rows of

the matrix remain empty. Two joints are considered to be identical, if they share the

same list of angles, in the same order, for at least one of the starting members. In

practice, this implies that the two joints could be interchanged in the structure and all

members would still ’fit’. The proposed method forms a robust and computationally

efficient method to describe a space-frame’s joints, according to their geometry.

Clustering analysis

This step identifies the number of different joint clusters that are required for the

construction of the space-frame structure in compliance with a given tolerance t.

Joints of the same cluster will belong to the same batch during the fabrication process,

and the similarity measures for the clustering analysis are the angles previously

calculated. The maximum angle difference between joints of the same cluster is

described as intercluster variance. To ensure compatibility with the prescribed

tolerance t, the maximum intercluster variance should be smaller or equal to the
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tolerance t. This forms the driver for the clustering process. Focus is placed on

a single-pass clustering algorithm, in which the tolerance t is applied as a hard

constraint. As opposed to other popular clustering algorithms, such as k-means,

in this context the intercluster variance is an input, driving the clustering process,

while the number of clusters, required to achieve it, is the output. This allows for a

complete control over the intercluster variance.

The angle difference is calculated for all k(k-1)/2 possible combinations of joints.

Two joints ji and j j belong to the same joint group, if the angle difference between

all their members is smaller than or equal to the tolerance t. The output of this

clustering process is the number of clusters c required to keep all the joints in groups

of maximum tolerance t.

Geometry optimisation

The geometry optimisation of the space-frame minimises the number of clusters c

required for its construction. As previously mentioned, the tolerance t of the clusters

forms a hard constraint in the clustering process. A penalty function p(x) is defined

to convert the problem into an unconstrained optimisation and enhance a smooth,

continuous convergence [41]. When evaluating the angle matrix of each angle type,

a penalty is applied to the values exceeding the tolerance limit t. A pilot study on

the form of the penalty function determined that a quadratic loss function gave good

convergence, such that p(x) = max(0, x-t)2, where x is the angle difference between

the members evaluated and t the tolerance allowed for. The tangential configuration

of the parabolic formulation guarantees a rapid convergence rate (Fig. 3.7). The

output of the clustering process therefore includes a total penalty p for the structure

and the objective function of the optimisation is defined as:

min c x
n

∑
i=0

pi(x) ,
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Figure 3.7: The graphical representation and formulation of the penalty function p(x).
The tangential configuration and the steep curvature ensure a quick convergence rate.

where p(x) = max(0, x-t)2, x is the angle difference between the members evaluated,

t is the tolerance allowed for, c is the number of clusters, as defined by the clustering

analysis and n is the number of joints in the structure.

Control surface

During the geometrical optimisation process, the top layer vertices are fixed in

position, while the bottom layer vertices are free to move along the surface normal.

Considering every vertex of the bottom layer as a variable allows for an extensive

evaluation of the design space. Nevertheless, it could lead to an impractical

and computationally expensive optimisation process, when applied to large-scale

structures.

A control surface is therefore generated to reduce the number of variables in the

optimisation process. It is generated as a parametric NURBS surface representing

the bottom layer of the space-frame. Every bottom layer vertex (Vi) is mapped on

the control surface (V ′
i ). Any change in the geometrical configuration of the control

surface can be traced by the updated position of V ′
i and thus reflected back on the

geometry of the bottom layer vertex Vi (Fig. 3.8). This, in effect, alters the structural

depth of the space-frame structure and the number of different joint clusters required.
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Figure 3.8: a) Gaussian curvature analysis of the design surface and the respective
weighting of the bottom layer vertices. b) Mapping of the bottom layer vertices with
their respective weights on the control surface. c) Indicative selection of control
points on the control surface in areas that correspond to a high degree of changing
curvature of the design surface.

A crucial factor in this method is the definition of the number and position of the

control surface’s control points. As previously described, areas of constant or zero

curvature permit the use of a single joint type per layer, when the depth is constant,

whereas areas of changing curvature require multiple joint groups. The position

of the NURBS surface’s control points is thus chosen in relation to the curvature

change of the design surface. Controlling the structural depth in areas of changing

curvature can significantly affect the overall number of joint clusters required. The

bottom layer vertices are evaluated according to the Gaussian curvature of the design

surface, as shown in Fig. 3.8(a). This evaluation is projected on the control surface

(Fig. 3.8(b)) and the ones located in the areas of the highest degree of changing

curvature are defined as the control surface control points(Fig. 3.8(c)). The exact

number of selected control points is dependent on the scale of the structure and

the degree of accuracy desired by the designer. Control points can also be defined

in areas of the control surface that do not correspond to positions of bottom layer

vertices. In the case of small-scale structures, it might be feasible to allocate every

vertex of the bottom layer as a control point for the control surface, leading to a

thorough search of the design space and helping identify the optimum solution.
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Figure 3.9: A flowchart representing the workflow of the proposed method.

Structural depth optimisation

Once the control points have been defined, the translation depth for the bottom layer

vertices needs to be determined for the optimisation process. A large domain for

the depth provides sufficient flexibility to the joints, increasing the design-space of

possible solutions and thus the possibility of finding more efficient configurations.

Nevertheless, increasing the depth above a certain threshold, can pose the risk

of intersecting members, depending on the geometry of the starting space-frame

structure. Therefore, the final domain for the depth values should be determined
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Figure 3.10: A three-dimensional view of the Heydar Aliyev Museum grid structure.

after both these parameters have been considered and weighted, according to the

requirements of the specific project.

The computational workflow presented optimises freeform space-frame structures

to reduce the geometrical variability in their joints and decrease the complexity

associated with their construction (Fig. 3.9). A case study analysis follows, which

is based on the structure of a real-scale building of complex geometry. The goal of

this study is to validate the applicability of the proposed workflow on large-scale

structures and evaluate the degree to which it can improve the complexity of their

construction process.

3.3.4 Case study

The proposed methodology was applied and evaluated on a case study, based on

the geometry of the Heydar Aliyev Centre, designed by Zaha Hadid Architects in

Baku, Azerbaijan[2], was used, due to its complex geometry and large scale. It

comprises two buildings, a Library-Auditorium and a Museum. Its structure is a

space-frame of a complex, freeform geometry, that covers an area of approximately

28,000m2[2]. It is formed by a quadrilateral top layer grid, while the bottom layer

is its dual offset. Diagonal members provide inter-layer connection. The focus of

this study is the Museum structure. Its geometry was digitally recreated, as shown in
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Figure 3.11: The relationship between the joint tolerance and the number of different
joint groups for the museum space-frame structure.

Fig. 3.10, according to the information provided in [2] and [42], with a continuous

structural depth of 1m and a grid spacing of approximately 2.3x2.3m. The generated

geometry forms a credible approximation of a real-scale, complex structure and was

used as a starting space-frame configuration, which was then analysed and optimised.

The generated starting grid of the Museum comprises 3018 joints, 1541 in the top

layer and 1477 in the bottom. The number of clusters that these joints can be grouped

into is dependent on the prescribed tolerance t, as demonstrated in Fig. 3.11. The

steep gradient of the curve for tolerances t ≤ 10◦ outlines the high impact that the

tolerance plays in defining the number of different joint groups, especially when

its value is low. For tolerances t > 10◦, this impact is less pronounced, with the

number of different joint groups gradually decreasing, until they reach the value of 1

for tolerances t ≥ 86◦. For this study a tolerance of t = 3◦ was considered, which

corresponds to 1067 different joint groups. Its low value ensures its high impact on

the clustering process, while at the same time renders it realistic, when considered

as a factor of the manufacturing process, the joint design and the tolerance induced

during the assembly process, as previously described.
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Figure 3.12: The control points are defined on the structure according to the curvature
analysis of the design surface. They are afterwards mapped on the control surface
for the optimisation process.

A control surface was generated to define the variables of the optimisation process.

The bottom layer vertices were projected on it and evaluated according to the

curvature analysis of the Museum’s top layer surface (Fig. 3.12). It should be

highlighted at this point that, when the control surface approach is applied on

space-frames of double curvature, such as the Museum structure, there is a distortion

when mapping the vertices from a doubly-curved domain onto a flat surface.

Nevertheless, these limitations are not significant and are a price worth paying,

considering the dimension reduction of the optimisation complexity.

Nine vertices of the bottom layer were selected as control points for the control

surface, as shown coloured black in Fig. 3.12. Their position in areas of high

changes of curvature provides a direct link between the structure’s geometry and the

optimisation process. The fact that they are distributed across the whole area of the

control surface ensures a directed and informed change in the depth of the whole

structure. Controlling the position of the 1477 vertices of the bottom layer by only 9
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control points, renders the optimisation highly effective in terms of computational

resources required.

An optimisation was carried out to minimise the number of different joint groups.

The NURBS surface’s control points were defined as variables with a domain of

[0.5, 10]m for structural depth. The limits of this domain were defined to avoid any

intersection between structural members, while at the same time to ensure sufficient

translation freedom. The workflow previously described provides a framework for

the optimisation, which can be carried out with different optimisation algorithms.

Considering the size and variability of the design space, a pilot study was run to

compare the efficiencies of a Simulated Annealing solver and Genetic Algorithm

[43, 44], with the latter achieving improved results for a population size of 200 and

a mutation rate of 10%.

3.3.5 Results

The optimisation process achieved an overall reduction of 15% in the number of

joint clusters from 1067 to 904. An interesting observation is that even though the

variables’ domain was [0.5,10]m, the output values of the structural depth remained

within the range of 0.5 to 0.8 m, which are similar to, or slightly smaller than the

values in the starting grid configuration. This highlights the fact that minor changes

in the geometry can lead to significant savings in the construction process of a

structure.

Even though the optimisation process focuses on the geometry of the space-frame

structure, changes in its configuration have a direct impact on the structural

performance as well. To evaluate the validity of the results, a structural analysis was

carried out on the starting space-frame and the optimised structure. Circular solid

sections were considered for the space-frame members with a constant cross-section
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per layer (top, bottom and inter-layer connections). The load case applied in the

analysis was the structure’s self-weight and a combination of additional dead and

live loads of 2.2 kN/m2. Both values were factored for the ultimate and service

limit state analyses, in compliance with the EN1991 standards. The material applied

was steel S355 (Young’s modulus= 2.1x107kN/m2, density=79kN/m3, modulus of

rupture=3.6x105kN/m2). The mass of the structure was calculated for a maximum

utilisation of 0.8 and resulted in a structural weight of 240t for the starting structure

and 184t when optimised. Apart from reducing the number of different joint groups,

the optimisation process hence also led to a significant reduction of 23% in mass.

It should be highlighted, of course, that since the optimisation was carried out on

a geometrical basis and focused on the joint variability, the reduction in the mass

should not be considered as an effect that takes place whenever the proposed method

is applied. The important observation of the structural analysis conducted is the

fact that, the proposed method led to a significant reduction of the construction

complexity, without compromising the structural performance.

3.3.6 Conclusions

The proposed workflow provides an effective framework to facilitate the construction

process of freeform space-frame structures by reducing the variability in its members.

The case study presented highlights the potential of its application on real-scale

complex structures, achieving a 15% reduction in the number of joint clusters, with

minor changes in the overall geometry and without compromising the structural

performance.

A novel method was developed for the calculation of the angles of space-frame joints.

The effectiveness of the method lies in the fact that the comparison is solely based on

a local coordinate system that is specific to each joint, according to its geometrical
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characteristics. This fact renders this method applicable to any freeform structure,

irrespective of the geometry of the design surface.

Once the joint angles have been calculated, a clustering analysis is carried out,

using the tolerance t of the fabrication process as a hard constraint. Running in a

single-pass, this process provides accurate and time-efficient clustering. Nevertheless,

it is dependent on the data’s input order. Future work of the authors will focus on

alternative methods of formulating the algorithm for the grouping of joints, which

will combine dynamic clustering with control over the final variance of the clusters.

An iterative clustering analysis allows the exploration of a larger extent of the design

space and can hence yield improved results in terms of intercluster variance.

The use of a control surface to define the optimisation variables forms one of the

integral parts of the workflow developed. The essential benefit of this process lies in

the fact that it allows a reduced number of parameters, independent of the scale of

the structure. It therefore lends itself well to the optimisation of complex, large-scale

structures, where reducing the construction complexity can lead to significant savings.

In the case study presented, for example, using all 1477 vertices of the bottom layer

as variables would have resulted in a design space of 3.3x1028 solutions. Through the

application of the control surface, however, only 9 control points were used, leading

to a huge reduction of the size of the design space to 1.1x1018 solutions. Overall,

designers are given the freedom to select the number of control points according

to the degree of detail they desire and the computational resources available. In

small-scale problems, defining every vertex as a variable allows for an in-depth

exploration of the design space and can yield optimum solutions. Irrespective of

their number, however, linking the control points to the curvature change of the

design surface improves the response of the optimisation process to project-specific

requirements and hence enhances its performance. Additionally, this forces a smooth
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transition of structural depth between neighbouring joints, which is aligned with

architectural design criteria for visual continuity.

The proposed computational workflow achieves an increasing joint uniformity in

3D space-frames in a practical and efficient manner. Through an automated and

computationally efficient workflow, it provides direct insight into the fabrication

complexity of a given structure in the early design stages. This process can

substantially reduce the complexity of the fabrication and construction of space-frame

structures and the associated cost, time and labour. These findings therefore suggest

an overall shift of the complexity from the construction to the design process, where

it can be dealt with by the application of the advanced computational workflow

proposed. This enables designers to propose more complex geometries, making use

of new advances in fabrication processes and generating better engineered solutions.
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4.1 Chapter summary

The geometrical variability of space-frame joints in complex, freeform structures

can vary significantly across their surface. As a result, the assignment of a single

fabrication process for all joints of a geometrically complex structure may not lead

to the most efficient construction process. This Chapter explores the distribution of

geometrical variability throughout a structure’s members and investigates how

different fabrication processes can be combined to form an overall effective

construction process.

The focus is initially placed on the development of a clustering algorithm, that

is able to explicitly express the variability distribution in the clustering of joints

into fabrication batches. Using the k-means clustering algorithm as a basis, a

novel initialisation method is formulated that takes context-specific parameters into

consideration, such as the joint valences present in the structure. A user-controlled

variable is introduced, that is informed by the geometrical variability of a given

structure and can adapt the seeding strategy accordingly to generate highly compact

clusters. Once the joints have been clustered, an accurate representation of the

level of variability can be obtained and the appropriateness of different fabrication

processes is investigated. Alternative construction scenarios are therefore developed,

facilitating the selection of the most efficient construction process, according to the

requirements of a specific project.

The methodology presented demonstrates how the development of advanced,

customised tools can provide an accurate representation of the construction

complexity of complex space-frame structures and promote an informed application

of fabrication processes in practice.
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Research Objec�ve 5 (RO5): 
Op�misa�on of the 
construc�on process of 
freeofr structures by 
considering mul�ple 
fabrica�on processes.

Research Objec�ve 7 (RO7): 
Develop methods and tools 
in a computa�onally 
efficient and user-intui�ve 
way to enhance their 
applica�on in prac�ce.

PAPER OUTLINECHAPTER OBJECTIVES

1. Applica�on of the k-means 
algorithm for the clustering of 
joints.

2. Customisa�on of the joint 
comparison method during 
the clustering analysis to 
consider context-specific 
parameters.

3. Development of a novel 
adap�ve ini�alisa�on method 
for the k-means algorithm that 
can take inputs from the 
variability of a structure’s 
joints and adapt its seeding 
stratey to generate improved 
results.
4. Evalua�on of alterna�ve 
fabrica�on scenarios for an 
input building structure, 
according to the geometrical 
variability of its members and 
the proper�es of different 
fabrica�on processees. 

5. Applica�on of the workflow 
on an exis�ng, large-scale 
complex structure to validate 
its efficiency in prac�ce.

Figure 4.1: Flowchart demonstrating the structure of this Chapter, including the
objectives set out in the thesis introduction and the tasks that address them, forming
the paper outline.
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4.3 An automated analysis tool to optimise

fabrication for complex space-frame structures

Abstract

The increasing application of space-frames on freeform designs imposes a highly

complex construction process, due to the variability in their joints. This paper

proposes a novel computational workflow for the evaluation of the construction

complexity of doubly-curved space-frame structures and the design of efficient

construction processes. The k-means algorithm is firstly used to cluster the

structure’s joints into fabrication batches and provide an overview of the level and

distribution of variability throughout the structure. The algorithm’s performance

is significantly improved by the development of a novel initialisation method,

informed by context-specific parameters. The clusters are then overlaid with

the fabrication characteristics, enabling the comparative evaluation of different

processes and the identification of the optimum construction workflow. Applied on

a large-scale case-study, the proposed framework provides an in-depth overview of

a project’s construction complexity at an early stage of the design development and

promotes an informed application of fabrication processes in practice.

Keywords

geometry optimisation, space-frame structures, joint, fabrication process,

construction, k-means, initialisation method, complexity
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4.3.1 Introduction [1]

In recent years there has been an increased demand to reduce the environmental

impact of the construction industry by promoting materially efficient structures and

accelerating fabrication and assembly. Space-frame structures offer the potential for

significant progress in this direction, with their materially efficient configuration and

modular assembly process leading to their wide-spread application on large-scale

projects. Due to their ability to approximate doubly-curved geometries, these

applications often include buildings of complex geometry. Recent examples include

the Singapore Arts Centre [2], the Beijing Daxin International Airport and the

Heydar Aliyev Centre [3]. However, the application of space-frames on non-uniform

configurations introduces variability in the geometrical characteristics of their

members and joints. Despite the continuous development of advanced fabrication

tools, a generalised method that allows the effective production of large quantities

of bespoke elements remains a challenge. Therefore, these bespoke elements

increase the complexity associated with their construction, when compared to flat or

singly-curved designs, which consist of repeated components [4–6].

In the context of space-frames, variability is expressed, either in the length and

cross-section of the members, or the sizes and angles of joints. The focus of this

study is placed on the degree of variability in the angles of a space-frame’s joints,

as joints typically represent 20 - 30% of the material required for production [7].

Research on this topic therefore offers the potential for significant savings in the time

and complexity associated with the construction of space-frames. Previous studies

have demonstrated that increasing repeatability in the joints enhances fabrication

and construction [8, 5] and that it can generate significant savings throughout the

whole life-cycle of a structure, when compared to lighter, non-modular designs

[9–11]. An accurate estimation of the effect of joint variability on the construction
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process requires an initial evaluation of the joints’ geometry in a given design and its

subsequent correlation to existing manufacturing processes.

Quantifying the geometrical variability in a structure’s joints requires them to be

grouped according to the angles at which their members meet. Clustering analysis

provides an efficient method of subdividing a set of data, in this case the joint

angles, into homogeneous groups, according to a similarity measure [12]. In the

context of space-frames, the similarity measures are the angle values of each joint

and the generated clusters represent the batches required for fabrication. Focus

is placed on non-hierarchical unsupervised learning algorithms, considering that

there is no hierarchy between the joints, nor is there prior knowledge regarding the

clustering output. Reviews of unsupervised clustering algorithms are provided in

[12–14]. Lloyd’s algorithm, or ’k-means’, lends itself well to this context, due to its

simplicity, ease of implementation on large datasets, computational efficiency and

speed [15]. The algorithm partitions a dataset of n items into k clusters by minimising

the variance between members of the same cluster (intracluster variance). k initial

cluster centres are selected by the algorithm’s initialisation method and each item

of the dataset is respectively assigned to the closest cluster centre. The cluster

centres are then updated accordingly and this process is repeated, until no item is

re-assigned. The quality of the output clusters of k-means is highly sensitive to

the initialisation of the algorithm, the presence of outliers within the dataset, and

the value range of the data. The versatility of its formulation however, allows for

modifications to address these challenges and improve its efficiency [16]. Thus, the

k-means algorithm presents an efficient tool to cluster the joints of a space-frame

structure and gain an insight into their level of variability.

A precise evaluation of the effect of variability on the overall construction process

is of course highly dependent on the fabrication method applied, and the scale and
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geometrical complexity of the building. The construction of geometrically complex

structures in practice may require the application of multiple fabrication processes

on a single building, due to the coexistence of both standardised and bespoke

components. In addition, a comparative evaluation of the construction complexity,

when different fabrication processes are applied, can form an important driver in

the process of the project development. Considering the continuous advances in

fabrication processes and tooling equipment in recent years, a comparative evaluation

of their characteristics is necessary. The simultaneous consideration of multiple

fabrication processes during the early stages of the design development can hence

provide a thorough, representative image of the construction process of a project and

inform its design development.

This paper proposes a novel framework for the evaluation of the construction

complexity of a space-frame structure, as a factor of the geometrical variability

of its joints. An initial estimation of the level of variability is achieved by clustering

the joints into fabrication batches and gaining an understanding of the relationship

between the number of batches and the degree of variability between members

of the same batch. Due to the high sensitivity of the k-means algorithm to the

characteristics of the dataset, methods of customising the clustering analysis are

explored, to improve the algorithm’s performance within the context of space-frame

joints. The resulting clusters are then overlaid with information regarding the degree

of customisation and the automation that existing manufacturing processes allow.

An overview of the level and distribution of variability throughout a structure allows

for a quick assessment of its construction complexity. Through the evaluation of

different fabrication processes, and by considering the simultaneous application of

multiple processes, the optimal approach to fabrication can be identified.
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4.3.2 Context

Clustering analysis of space-frame joints

The different steps of the clustering analysis are initially studied to identify any

context-specific characteristics that can affect the performance of the k-means

algorithm. The measure of similarity between two joints is determined, to define how

joints are compared to each other. Moreover, a method is established for the selection

of the initial cluster centres, as well as a measure to evaluate the compactness of

the generated clusters. These parameters form the basis of customisation of the

algorithm to further improve its performance within the specific context.

Angles’ dataset

Every joint of the structure is described by the angles of the members connected

to it. The collection of the angles of all joints forms the dataset for the clustering

analysis. According to the method developed in [8], an accurate description of

each joint requires a definition of the starting member and the order of the angle

calculation. Moreover, it includes the angles both in 3D space, as well as their

projection on the joint’s best-fit plane. For a joint of valence v, there are overall 2v

possible descriptions of its angles. Fig.4.1(a) presents all possible configurations of a

joint of valence 4. For clarity of representation, only the angles projected on the 2D

best-fit plane of the joint are presented. In practice, the multiple descriptions of the

same joint reflect the possibility of the same joint geometry being used in different

orientations and positions relative to each other within the same structure. All such

possible configurations need to be evaluated at every iteration of the clustering

analysis to identify the one yielding the optimum clustering result. The complete

dataset is therefore represented by a matrix A[2vn, v], where n is the total number of

joints and v is the maximum valence.
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(a) Possible angle configurations for a joint with a valence v = 4.
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136o 116o − 108o

116o − 108o 136o

2 * v

(b) Possible angle configurations for a joint with a valence v = 3, when placed in a structure
of a maximum valence of v = 4.

Figure 4.1: Every joint can be described by 2v possible configurations of its angles,
where v is the maximum valence in the structure studied. Each of these configurations
are stored in a matrix A[2vn,n], where v is the maximum valence and n is the number
of joints in the structure. In the case of joints of a smaller valence, the left over cells
remain empty.

When a joint with a smaller valence exists in the same structure, its angle values are

inserted in the matrix and the remaining cells of the row remain empty, as shown in

the first row of the matrix in Fig.4.1(b). It is essential that the empty cells are placed
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at the end of the row, after the angles, and not in-between them, such that the order

of the existing angle values remains intact. Once the row has been filled with the

joint’s angles and the empty cells, this relative order between them is considered

as the set of angles for the specific joint. All possible configurations of this set

are then calculated and stored, in the same way they were calculated for the joints

with the maximum valence (Fig.4.1(a)). The generated configurations are shown in

Fig.4.1(b), demonstrating how the position of the angles and empty cells changes

within the matrix, while maintaining their relative order in every row.

Once the clustering analysis has been carried out and every joint has been assigned

to a cluster centre, a final matrix A’[n, v], A’ ⊆ A, is created, which contains a

single representation of each joint. This is the configuration yielding the optimum

clustering results. Every consecutive iteration of the algorithm re-evaluates all

possible configurations of the joints included in matrix A. This characteristic renders

datasets of space-frame joints different from datasets studied in k-means literature,

which remain fixed throughout the clustering analysis.

Joint tolerance

In the context of space-frame joints, tolerance can be expressed both as the variability

between the angles at which members meet, as well as any discrepancy between the

digital model and the final built structure. In terms of angle variability, every joint

design has an embedded capacity to accommodate a level of tolerance in the angles

at which its members meet. Depending on the specific design, this tolerance is either

radial, around the member’s centroidal axis, or it is specific to a plane of rotation,

as shown in Fig.4.2. When the angle difference between two joints is smaller or

equal to the joint’s embedded tolerance, they can still be fabricated as members of

the same batch [5]. The selection of the joint design can hence be a key factor of

the fabrication process. In terms of the discrepancy between the digital model and
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(a) A joint design allowing for minimal
tolerance, which can be due either to the
accuracy of the manufacturing equipment or
any member deformations applied on site.
The image represents the geometry of a SEO
joint produced by LANIK Engineers [19].

t2
t1

(b) A joint design that accommodates a
high level of tolerance in the members’
geometry. The value of tolerance allowed
is different, depending on the plane that the
members move in. This model represents
the geometry of the joint described in [20].

Figure 4.2: The tolerance embedded in the design of a space-frame joint.

final built structure, tolerances are unavoidable. These can be the result of either

the manufacturing process or contingencies that may arise on site. The continuous

automation of the manufacturing sector and the increased adoption of integrated

design and construction approaches significantly reduce the level of tolerances,

however a complete avoidance is not possible [17, 18]. For this paper, every joint is

considered to carry an embedded tolerance, which represents the combined result

of both the joint design and the construction tolerances. In practice, it describes the

rotational freedom that a member has, when radially rotating around its centroidal

axis, while connected to a joint (Fig.4.2(a)). When a structure’s joints are clustered

into fabrication batches, members of the same cluster must have an angle difference

smaller or equal to the fabrication tolerance.

Adaptive sampling

The efficiency of the k-means algorithm is highly dependent on the selection of the

initial cluster centres (initialisation method). A poor initial selection can lead to

convergence to local minima, empty clusters, or a drastic increase in the computation

time required [16]. A variety of methods have been developed to provide efficient
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seeding strategies, which explore the order in which the cluster centres are selected

and the criteria for their selection.

The standard implementation of the k-means algorithm suggests that all initial cluster

centres are randomly chosen in the beginning of the clustering analysis. Even

though this approach of a simultaneous selection of the starting cluster centres has

been further studied in literature [21, 22], recent methods suggest that an adaptive

sampling yields improved results [23, 24, 16]. In this case, the initial seeding

takes place in steps, with every new cluster centre being selected according to its

relationship to the previously selected centres. This informed seeding allows for

higher control over the clustering analysis, which can improve the compactness of

the resulting clusters and reduce the computational resources required [23].

The criterion that defines the selection of the initial cluster centres aims to position

them in well-separated, dense areas of the dataset. The poor reliability of the random

initialisation [21, 22], has led to the development of different initialisation algorithms,

which base their selection either on the distance between cluster centres [25–27]

or the density of the dataset [28, 27]. While these studies achieve a more efficient

clustering when benchmarked against the original k-means algorithm, their high

sensitivity to project-specific parameters, such as the density distribution of the

dataset or the number of clusters k, hinders their generalised application. Such

parameters can significantly affect whether an initial selection based on the distance

between cluster centres or the density of the dataset will yield more compact

clusters. While a simultaneous consideration of both selection criteria has been

explored [29, 30], further studies on this topic are needed to provide a robust

method to comparatively evaluate the algorithm’s performance under a density- or

distance-based selection of the initial cluster centres, according to the characteristics

of each dataset.
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Evaluation of the cluster compactness

Once the initial cluster centres have been selected and the space-frame joints have

been clustered for fabrication, the output of the analysis needs to be translated into

information that can be used by the design team to inform the fabrication process.

The measure used in literature to describe the output of the clustering analysis is

the Sum of Squared Error (SSE). While it directly reflects the compactness of the

generated clusters, the SSE does not convey information that is useful for fabrication.

For this reason the intracluster variance of the generated clusters is extracted, which

describes the maximum distance between two items of the same cluster. In the context

of space-frame joints, this translates to the maximum angle difference between two

members of the same batch and hence it represents the maximum tolerance that the

fabrication process will need to accommodate. Providing this information allows

an assessment of the variability of a structure and an identification of the respective

requirements that the fabrication process and joint design will need to meet.

Classification of fabrication processes

The fabrication of space-frame joints covers a wide range of manufacturing processes

and tooling equipment. Joints are generally produced in batches, whose size

can range from a single element to large quantities [4]. The automation of a

fabrication process is defined by the frequency at which the equipment needs to be

configured. Continuous processes are characterised by a fixed automation, in which

the time-expensive set-up process takes place infrequently during the fabrication,

allowing for large quantities of identical elements to be produced in-between.

Discrete fabrication processes, on the other hand, have a flexible automation, in

which the machining equipment is configured before the production of every element.

Fabrication in groups describes the remaining processes, in which the level of

automation is programmed at frequent intervals of the fabrication process. Fig. 4.3
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Figure 4.3: Classification of fabrication processes according to their batch size and
level of automation[5].

describes a classification of the different joint fabrication processes according to

their batch size and level of automation [5]. Every fabrication process falls into

one of these categories and can be mapped accordingly on the graph. When a time

and cost effective manufacture of joints is considered, a fixed automation with large

batch sizes is optimal, however it is restrictive in the variability of the generated

joints. On the other hand, when the complex geometry of the design is the driver

for the fabrication, a flexible automation with single-element batches is optimal,

but with potential implications for the project cost. The approach developed in this

paper allows a quick, comparative evaluation of the effect that different fabrication

processes will have on the construction complexity of a structure and hence leads to

an informed design of the manufacturing process.

Taking into account previous work in the field, focus is placed on the development

of a novel initialisation method of the k-means clustering algorithm, with the

use of the adaptive sampling method for higher compactness in the generated
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clusters. Overlaying the resulting intracluster variance with the parameters of existing

fabrication processes, allows for an estimation of the complexity associated with

a design at an early stage of the project development. It can therefore act as a

guideline to promote efficient structural and architectural solutions, with an informed

production and assembly process.

4.3.3 Clustering analysis of space-frame joints

For the scope of this paper, the proposed method will be tested on a small-scale,

two-dimensional case-study, which offers a direct insight to the angles of each

of the structure’s joints and their clustering analysis. It will then be applied to a

complex, large-scale 3D space-frame structure, based on a real building, to validate

its efficiency and highlight the benefits of its application in practice.

The two-dimensional truss is generated from an arc of constant curvature, with a

non-uniform depth, to ensure sufficient variability in the joint angles for the clustering

process. An arc of r = 25m is subdivided into five equal segments, the midpoints of

which are offset normal to the arc to create the truss structure. Starting with an offset

depth of 0.7r in the first bottom layer joint, the depths are consecutively decreased

by a constant amount, when the bottom chord joints are taken in turn, until a depth

of 0.2r is reached for the last one (Fig.4.4).

Clustering joints of different valence

During the clustering analysis, the angles of a joint are compared to the angles of

each cluster centre. When both the joint and the cluster centre have the same valence,

a simple calculation of the distance between every pair of angles is required, as

described in Table 4.1 a). When the joint and cluster centre have different valences,

however, further analysis is required. In practice, such joints could still have the same
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Figure 4.4: A two-dimensional truss with varying joint configurations.

geometry and be fabricated in the same batch, but some of the connections would

remain unused in the final structure. Therefore, no tolerance needs to be considered

for the angles that represent unused connections. In the context of clustering analysis,

angle distances only need to be calculated for the pair of angles, in which both joints

have a member connected to it, as shown in Table 4.1 b).

When both the joint and the cluster centre have a valence smaller than the maximum

valence v, the overall number and distribution of the empty cells can play a critical

role in the clustering analysis. More precisely, during the distance calculation, every

row of the joints’ angles is evaluated. When there is an empty cell on a row, the

specific distance is not calculated and remains empty, as described for the case of

Table 4.1 b). If there are sufficient empty cells in the angles of the joint and the

cluster centre, such that there is an empty cell on every row, either in the joint’s or

the cluster centre’s angles, then the final calculated distance of the two joints will be

null, as empty cells are not considered in the calculation (Table 4.1 c)). As a result,

the null distance between the two elements would lead to the joint being assigned

to the specific cluster. This would however have been driven by the empty cells

in the joint angles and not according to its angle values, therefore leading to poor

clustering results. It is therefore necessary to ensure that a comparison between two

joints is avoided, when they have a low valence and their angle configuration is such,
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that there is an empty cell in each row of the matrix. A counter is thus introduced,

which counts the number of times an empty cell has been found in a row during the

comparison of two joints. If an empty cell appears on every row of the joint angles, a

penalty is assigned, such that the specific joint is not allocated to that cluster (Table

4.1 c)).

Joint i
Cluster
centre x̄

Distance per
angle

Total distancei−x̄

ai ax̄ da = | ai - ax̄ |

distancei−x̄ = da + db + dc + dd
bi bx̄ db = | bi - bx̄ |
ci cx̄ dc = | ci - cx̄ |
di dx̄ dd = | di - dx̄ |

a) Option 1: Joint valence = 4 | Cluster centre valence = 4

Joint i
Cluster
centre x̄

Distance per
angle

Total distancei−x̄

ai ax̄ da = | ai - ax̄ |

distancei−x̄ = da + db + dc
bi bx̄ db = | bi - bx̄ |
ci cx̄ dc = | ci - cx̄ |
- dx̄ not applicable

b) Option 2: Joint valence < 4 | Cluster centre valence = 4

Joint i
Cluster
centre x̄

Distance per
angle

Total distancei−x̄

- ax̄ not applicable

not applicable −> penalty
bi - not applicable
ci - not applicable
- dx̄ not applicable

c) Option 3: Joint valence < 4 | Cluster centre valence < 4

Table 4.1: Distance calculation between a joint and the cluster centre for different
values of valences.
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d c b a • • • • • • • • • • • • • • • • • • • • • • • •

sh
ift

ed

d a b c • • • • • • • • • • • • • • • • • • • • • • • •

c d a b • • • • • • • • • • • • • • • • • • • • • • • •

b c d a • • • • • • • • • • • • • • • • • • • • • • • •

a b c d • • • • • • • • • • • • • • • • • • • • • • • •

• : angle comparison p: penalty - comparison not applicable

Table 4.2: Table demonstrating the distance calculation between different
configurations of joints with different valences.
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It should be highlighted at this point that, as described in Fig.4.1, multiple

configurations of a joint’s angles are evaluated in every iteration of the clustering

algorithm. As a result, the distribution of empty cells in these configurations can

vary significantly and in effect impact the resulting distance calculated between the

two joints. When both the joint and the cluster centre have a valence smaller than the

maximum valence present in the structure, it is therefore possible that only a certain

number of the configurations evaluated are penalised. Table 4.2 presents all possible

configurations for joints of valence 4, 3 and 2 and the respective configurations of

their angles that are penalised.

New formulation of the k-means initialisation method

Once the angles of the structure’s joints have been calculated to form the dataset,

k initial cluster centres need to be selected for the clustering analysis. Due to the

algorithm’s sensitivity to the initial seeding, its performance will vary depending

on whether the seeding is realised according to the dataset’s density or the distance

between the initial cluster centres. For this reason, the density distribution of the

dataset is analysed, and every joint is ranked according to the density of the dataset at

its position. Its distance from the previously selected cluster centre is then calculated

and ranked. Finally, a weighting factor is introduced, which allows designers to

calibrate the impact of density versus distance in the selection of the initial cluster

centres, according to the specific requirements of their designs.

Density distribution

An analysis of the density distribution of the dataset is carried out, considering all

possible configurations of the joints included in the matrix A[2vn, v], as previously

described. A frequency histogram is plotted for every column of the matrix, which

represents one angle of the joints in the order of the angle calculation, as demonstrated
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(a) (b)

(c) (d)

Figure 4.5: Analysis of the density distribution of the structure’s joint angles. a) A
frequency histogram describing the density distribution for each of the angles of the
dataset. b) Every configuration of a joint can be plotted on the graph as a polyline
that connects its angles’ values on their respective horizontal axes. c)Representation
of the angle values of all joints of the structure. d) A combined representation of the
frequency histogram and the polylines of each joint provides a detailed view of the
dataset’s density distribution.

in Fig. 4.5(a). Every row of the graph describes the frequency histogram of a

different angle. The horizontal axis represents the angle values, which lie within

the range of (0, 360), while the height of each frequency window is determined by

the number of joints that have an angle within this range of values. The width of

the frequency windows can vary, depending on the degree of detail required by the

designers in each project. In the authors’ experience, the width of 5◦, used in this

paper, provides a compact yet detailed description of the dataset.
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Since all possible configurations of the joints are considered in the density distribution

analysis, every joint is described by 2v configurations. In effect, each angle value of

the same joint appears twice in every column of the dataset, as previously described

in Fig. 4.1. This repetition of values leads to every column of the dataset containing

identical values with each other, but in a different order. In effect, the frequency

histograms of the different angles end up being identical as well. Therefore, while

they provide information regarding the frequency of angle values within the dataset,

further detail is required to gain a better understanding of the density distribution.

This is achieved by plotting polylines that represent the specific geometry of each

joint. Each representation of a joint is described by v angles, which can be plotted as

points on the row of the graph, as shown in Fig. 4.5(b). Connecting each of these

points of the different angles by a polyline forms a unique description of the specific

joint. All joints of the structure can therefore be plotted on the graph, as shown

in Fig.4.5(c). When plotted together with the frequency histograms, the combined

output graph provides a complete and compact image of the density distribution of

the angle values in the truss structure, as shown in Fig. 4.5(d).

Joint ranking

The first cluster centre is selected based on the density distribution. While previous

studies on adaptive sampling suggest a random selection of the initial cluster centre

[29, 25, 40, 41], placing it on the densest area of the dataset aims to enhance the

efficiency of the analysis. Every joint is assigned a density ranking, rdensity, which is

calculated as the sum of the value of the frequency windows, in which all his angles

belong:

rdensity =
v

∑
j=1

f j,
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where f j is the value of the frequency window for the angle j of the joint and v is the

maximum valence of the dataset. The first cluster centre is selected as the joint with

the highest density ranking.

Once the first cluster centre has been selected, every joint is assigned a distance

ranking, rdistance, according to its Euclidean distance to all the previously selected

cluster centres. The distance is calculated for each angle of the joint and the final

ranking is the sum of all distances, as described below:

rdistance =
v

∑
j=1

√
(x j − x̄ j)2,

where x j and x̄ j describe the angle value j of the joint and the cluster centre

respectively and v is the maximum valence of the dataset. This ranking is dependent

on the position of the formerly selected cluster centres and is therefore updated every

time a new cluster centre is selected. The density ranking previously calculated, on

the other hand, is dependent only on the angle values included in the dataset and

thus remains constant throughout the whole process.

Following this process, every joint has two rankings, one density- and one

distance-based. Due to the high diversity in the scale of their values, they are

both normalised to the range of [0,1]. These rankings will form the basis for the

selection of each consecutive initial cluster centre. The relative efficiency of the

former over the latter is highly sensitive to the project-specific density distribution

and the total number of clusters required. A weighting factor w is hence introduced

to balance their effect on the initialisation process. The final ranking of a joint is

therefore given by:

r = (1-w)rdensity + wrdistance, w ∈ [0, 1]

where w is the weighting factor of a joint’s density and distance ranking. Due to the

high computational efficiency of the k-means clustering algorithm, designers can run
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an initial analysis for various values of w at early stages of their design development,

and identify the value that yields the minimum intracluster variance for their designs.

A detailed description of the selection of the weighting factor is provided in the

following section.

The proposed initialisation method is described by the following steps:

1. Plot the frequency histogram for each angle of the space-frame joints.

2. Rank every joint according to the density of the frequency windows its angles
belong to (rdensity).

3. Set the first cluster centre as the joint with the highest density ranking.

4. Rank each joint according to its distance to the previously selected cluster
centre(s) (rdistance).

5. Normalise the joint rankings to the range [0,1].

6. The final ranking of each joint is given by: ri = (1-w)rdensity−i + wrdistance−i

7. Set the highest ranked joint as the next cluster centre.

8. Repeat steps 4-7 until k cluster centres have been selected.

Weighting factor assignment

The clustering analysis starts with a choice of the weighting factor. An initial analysis

is run to evaluate the algorithm’s performance for different values of w and to identify

the one generating clusters with the minimum intracluster variance. The analysis has

been carried out for every possible number of clusters, k∈[1,11], and the goal was

to identify the weighting factor that has the highest overall performance. The range

of possible values for the weighting factor is [0,1], with low values representing a

selection of initial cluster centres based on the density distribution of the dataset, and

high values describing a selection of initial cluster centres that are well-separated

from each other. A subsection of five values of the weighting factor was evaluated for
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the scope of this study, w ∈ [0, 0.25, 0.50, 0.75, 1], which, in the authors’ experience,

provides an thorough yet efficient overview of its overall performance. For every

weighting factor analysed, joints were clustered into all possible numbers of clusters.

The maximum intracluster variance of the generated clusters was then extracted,

providing an overview of the factor’s performance. The initialisation method was also

benchmarked against the original Lloyd’s algorithm that uses a random sampling for

the initial cluster centres. The outcomes of the random initialisation were obtained

by running the algorithm 25 times iteratively and selecting the overall minimum

intracluster variance for comparison, as described in [30] and [28].

The results, shown in Fig. 4.6(a), demonstrate that the proposed algorithm yields

improved clustering results for most values of w, when compared to the original

k-means algorithm. This is particularly evident for smaller values of k, where the

intracluster variance generated with the proposed initialisation method is up to 35%

lower, when compared to the one generated with a random initialisation (k = 2).

While this percentage gradually drops, as the number of clusters increases, certain

values of the weighting factor consistently generate more effective results.

As far as the performance of the different weighting factors is concerned, there is a

high diversity in the resulting intracluster variance of the generated clusters, which

highlights the algorithm’s sensitivity to the initialisation method. Moreover, the

relative effectiveness of the different weighting factors changes, as joints are grouped

into different numbers of clusters. This highlights that both the weighting factor

and the number of clusters play an important role in achieving efficient clustering

results. The overall performance of the weighting factors studied was evaluated by

calculating the average intracluster variance of the generated clusters, as shown in

Fig. 4.6(b). As the results highlight, the performance of different weighting factors

is comparable and substantially better, when compared to the random initialisation.
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(a)

w = 0.00 w = 0.25 w = 0.50 w = 0.75 w = 1.00 random IM
Average (◦) 18.05 16.93 18.39 20.42 17.65 27.77

(b)

Figure 4.6: a) Comparison of proposed initialisation method to the random
initialisation of the initial k-means algorithm. b) Average intracluster variance
of the generated clusters, using the initialisation method developed, with different
weighting factors, or the random initialisation of the k-means algorithm.

The factor w = 0.25 had the overall highest performance and it is therefore suggested

that this weighting factor should be taken forward for this structure. The fact that it is

closer to the value of 0 than 1 implies that selecting the initial cluster centres in dense

areas of the dataset is more important than ensuring sufficient distance between them,

for this specific case study.

The algorithm developed provides an efficient method to cluster the joints of a

space-frame structure into batches for fabrication. Following a description of the

process to select the parameters of the initialisation method, an application of this

method on a large-scale structure is presented, aiming to highlight the benefits that it

can bring in practice.
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4.3.4 Real-building case study

Figure 4.7: View of the Singapore Arts Centre [42].

The envelope of the Singapore Arts Centre was used as a case study for the application

of the proposed methodology. The building comprised two structures, the Concert

Hall and the Lyric Theatre, which have freeform roof structures. The geometry

of the Lyric Theatre was recreated, according to the information provided in [2].

The generated digital model of the space-frame roof has a constant structural

depth of 0.9m and contains 3,300 joints. The goal of the analysis was to evaluate

the construction complexity of the generated geometry and identify the optimum

fabrication and construction scenario. Since the geometry analysed was recreated

according to an existing building, this study can validate the applicability of the

proposed workflow in practice.

4.3.5 Description

The first step of the proposed methodology requires the number of clusters k as

an input, and a choice of the weighting factor w for this specific case-study. The

number of clusters k, into which the joints will be partitioned, will determine the

cluster size and the level of intracluster variance. A high value of k will yield more

compact clusters with fewer elements, while a low value will favour high variability
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within larger clusters. This value is hence directly linked to the variability that the

fabrication process and joint design will need to allow. Assuming that this analysis

is realised during the early stages of design development, and that these parameters

have not been defined by the design team, the roof structure is analysed for multiple

values of k, k ∈ (10, 50, 100, 200), to obtain an overall estimation of the cluster

characteristics. The joints are clustered for each value of k, using different values

of the weighting factor w ∈ [0, 0.25, 0.50, 0.75, 1.00], and the factor that yields the

overall optimum clustering results will then be taken forward for the detailed design

of the fabrication process.

4.3.6 Results

The standard normal distribution of the maximum intracluster variance is plotted in

Fig. 4.8 for all clusters, when different weighting factors are applied. The horizontal

axis describes the intracluster variance and the vertical axis the probability density

of this variance for the respective k, w values. When the intracluster variance is low,

compact clusters are created, while high intracluster variance implies great variability

between members. An efficient clustering analysis would therefore exhibit a high

probability density for low values of intracluster variance.

When w = 0 the initial cluster selection is based solely on the density of the dataset,

while when w = 1, cluster centres are selected according to their distance from

each other. An observation of the analysis in Fig.4.8 outlines that high values of w

generally perform better for lower values of k, while low values of w on the other

hand, perform better when the dataset is clustered into larger numbers of groups.

This implies that, when the number of clusters is small, it is efficient to place the

initial cluster centres in well-separated positions, while as the number rises, initial

cluster centres should be placed in dense areas of the dataset. For k = 10 the results
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w Mean St. Deviation

0.00 39.30 33.40
0.25 30.09 27.42
0.50 42.53 29.70
0.75 39.64 32.02
1.00 30.82 25.85

a) k = 10

w Mean St. Deviation

0.00 41.68 38.77
0.25 27.54 35.02
0.50 22.09 26.77
0.75 14.10 28.09
1.00 18.80 30.20

b) k = 50

w Mean St. Deviation

0.00 16.76 28.91
0.25 41.43 35.76
0.50 13.37 24.31
0.75 12.16 26.56
1.00 46.80 35.06

c) k = 100

w Mean St. Deviation

0.00 7.31 21.80
0.25 29.95 35.32
0.50 10.25 20.86
0.75 16.01 25.24
1.00 18.64 28.29

d) k = 200

Figure 4.8: The distribution of the intracluster variance, when the dataset is
subdivided into different numbers of clusters (k) and for different weighting factors,
w.
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with the minimum intracluster variance are achieved when w = 1, and for k = 200

when w=0. Similar results are observed for different values of the weighting factor,

with w = 0.75 generating the most compact clusters for lower values of k (k = 50 and

k = 100) and the performance of w = 0.50 gradually improving on the other hand, as

the number of clusters increases. w = 0.25 shows a general poor performance, with

only exception for k = 10.

It can be observed that there is a high diversity in the performance of the different

weighting factors, when the dataset is clustered into different values of k. This

hinders the recognition of any patterns in their performance, demonstrating the

algorithm’s high sensitivity to the initialisation method. Nevertheless, even though

the results are scattered, the overall variance is limited. In the context of this study, w

= 0.50 is taken forward for further analysis, due to its overall efficient performance.

Once the value of the weighting factor w has been determined, a further analysis

is run to extract more details regarding the joint clusters. More specifically, the

intracluster variance is plotted in relation to the sizes and number of clusters. Fig. 4.9

summarises the relationship between the cluster size and the intracluster variance,

with each horizontal line describing the intracluster variance corresponding to a

different value of k. Each circle represents a cluster and its size is indicative of the

number of joints in that cluster. The position of the circle on the x-axis represents

the intracluster variance of the respective cluster and hence the further left on the

x-axis, the more compact a cluster is. An efficient clustering algorithm would lead

to a gradual shift of all the circles towards the left side of the graph, as the number

of clusters increases, which would signify clusters of higher homogeneity between

their members.

Observing the results of the clustering analysis in Fig.4.9, the size of clusters

decreases as the value of k rises, indicating that a higher number of smaller clusters
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Intracluster variance (°)

k = 10

k = 50

k = 100

k = 200
1 - 10 members

11 - 50 members

 51 - 200 members 

201 - 400 members

 > 400 members

0 10 20 40 50 60 7030 80 90

Figure 4.9: The size and intracluster variance of all clusters, when the structure’s
joints are subdivided into different numbers of clusters, k.

is created. Simultaneously, the large clusters of high intracluster variance, which can

be observed for k = 10 (intracluster variance > 70 o) are gradually split into smaller,

more compact clusters, represented by the smaller-sized circles at lower values of

intracluster variance in the k=50, 100, 200 rows. At the same time, the clusters whose

intracluster variance lies between 15o and 55o gradually obtain higher compactness,

as k rises. These observations highlight the efficiency of the algorithm in generating

compact clusters as k increases. In parallel, the relationship between the number

of clusters and the intracluster variance plays an important role in designing an

efficient fabrication process, as it describes the number of clusters that have similar

characteristics. Fig. 4.10 presents a frequency histogram describing this relationship

for different values of k. Of particular interest is the number of clusters that have a

minimal intracluster variance of only a few degrees, which are practically clusters of

identical items. From a fabrication perspective, this means that their fabrication time

and cost would be minimal, as their items would have the same geometry. For k = 50

there are 24 such clusters, for k = 100 there are 69 clusters and for k = 200 there are
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Figure 4.10: The frequency histogram of the intracluster variance, when joints are
grouped into multiple values of clusters, k.

148. The increase in number of clusters of identical items is hence not proportional to

the number of clusters. In effect, the higher the value of k, the higher the percentage

of identical items required and in effect the fewer the clusters of bespoke elements.

The results of the clustering analysis presented in Fig. 4.9 and Fig. 4.10 enable

designers to gain an initial overview of the variability and construction complexity

of their project. Carrying out comparative studies for different fabrication processes

and joint designs can guide them in selecting the most efficient solution. In terms of

the fabrication process, the batch size and level of automation required will define

whether a discrete or continuous process is more effective. On the other hand, in

terms of the joint design, a joint with a high embedded tolerance can accommodate

significant intracluster variance, while joints with a small tolerance are more efficient

in compact clusters. Due to the high diversity in the automation and degree of

customisation that different fabrication processes and joint designs allow for, their

appropriateness can significantly vary, depending on the value of k.

If the joints are grouped in a small number of clusters (k = 10), the large size of the

generated clusters suggests that a continuous fabrication process, that favours the

mass-production of identical elements, would be more efficient. Due to the great

variability in the members of each cluster, the joint design would need to be able to
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Figure 4.11: The results of the clustering analysis for k=200 and w=0.5. Every joint
of the structure is represented by a sphere, whose colour represents the cluster that
the joint belongs to.Fabrication analysis of the structure. Every colour of the joints’
spheres can be translated into a joint design or fabrication process, according to the
two Options described below.

accommodate a high level of tolerance. Therefore a joint design similar to the one

described in Fig. 4.2(b), would be better suited, as demonstrated in Fig.4.11, Option

2.

As k increases, on the other hand, the characteristics of the different clusters vary

significantly in terms of size and intracluster variance. For this paper, the results for

k=200 are analysed in more detail. As previously described, there is a high number of

large clusters of identical elements, while at the same time there is a small number of

clusters with a high intracluster variance. If the designers select a joint type that only

allows for minimal tolerance (Fig.4.2(a)), then Fig.4.11 suggests that a combination

of both a discrete and a continuous fabrication would be most efficient. The 148

clusters of identical items could be fabricated with a continuous process, while a
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discrete fabrication could incorporate the variability of the remaining 52 clusters, as

shown in Fig.4.11, Option 1. On the other hand, if the designers apply a joint that

allows for a high level of tolerance, then a continuous process could be applied for

all elements. The fabrication process could enable the production of large batches of

identical members, in the case of the 148 clusters of minimal intracluster variance,

while the joint design would accommodate the variance of the remaining clusters.

Finally, if two different joint types could be used, a joint that allows for minimal

tolerance could be applied for the clusters of no intracluster variance (148 clusters)

and a joint design that can accommodate variability for the remaining clusters (52

clusters), as described in Fig.4.11, Option 3.

The analysis presented highlights that, when small values of k are used, all clusters

share similar characteristics and the selection of the fabrication method and joint

design is a linear process. As k increases, on the other hand, evaluating the fabrication

complexity becomes a highly complex process, as cluster sizes and variability

are scattered. The co-existence of both large and small clusters suggests that a

combination of different fabrication processes would be the most appropriate, with

a continuous process for large clusters and a discrete process for the small clusters.

In addition, the significant diversity in the level of intracluster variance implies

that different levels of embedded variability in the joint design would be beneficial;

applying multiple joint designs would therefore contribute to further facilitating

fabrication. It is thus evident that high diversity in the cluster sizes and degrees of

intracluster variance render the selection of a fabrication process and joint design a

challenge.
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4.3.7 Discussion

A novel initialisation method for the k-means algorithm has been developed, that

selects the initial cluster centres according to the density distribution of the dataset

and the distance between them. A weighting factor calibrates their relative impact

on the seeding process, according to the characteristics of the structure analysed.

The performance of the initialisation method was assessed against the random

initialisation of the original k-means algorithm, and proved to be up to 35% more

efficient. As afar as the weighting factor is concerned, the two case-studies presented

highlight that different values can yield significantly varying results, even when

applied on the same dataset and for the same number of clusters. This denotes the

algorithm’s sensitivity to both the initialisation and the number of clusters. The

method developed responds to these challenges through a creative and practical

manner, that renders this initialisation method applicable and efficient when applied

to any dataset, irrespective of its size or the variability in its data. It allows for an

extensive exploration of possible clustering options for the same problem and the

identification of the optimum clustering results.

The results of the clustering analysis are overlaid with the variability of different

fabrication processes in order to inform the design of an efficient construction process.

As highlighted in the case-study analysed, the variety of fabrication processes

available and the diverse characteristics that joint clusters present, render this process

highly complex. While the results demonstrate that continuous fabrication processes

and joint designs accommodating high levels of tolerance can be more appropriate

for achieving an efficient construction process, these findings are only valid when the

reduction of the construction complexity is the main driver in the decision-making

process. If the criteria change, however, the interpretation of the clustering analysis

would need to adapt accordingly. For example, if achieving a specific geometry is the
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driver, a discrete fabrication process, which generates bespoke elements, would be

optimal. In addition, the availability to the different fabrication processes also plays

a critical role. It therefore becomes evident that the project-specific requirements

and limitations are the driver in the interpretation of the clustering analysis results

and the design of an efficient fabrication process. The workflow developed provides

a robust and automated tool for the analysis and consideration of such parameters in

the early stages of design development.

4.3.8 Conclusions

This paper proposes a novel framework for the evaluation of the construction

complexity of free-form space-frame structures, as a factor of geometrical variability

in their joints. It has been highlighted that designing an efficient construction process

is highly complex, both due to the variety of available manufacturing tools and

processes, as well as the high diversity in the distribution of geometrical variability

within one structure. A computationally efficient and automated process has been

developed that allows a detailed overview of alternative construction scenarios, in

which different combinations of fabrication processes can be assessed. It is thus

possible to identify the optimum solution, according to project-specific requirements.

This paper therefore provides a framework for a critical evaluation and informed

application of novel and existing fabrication processes, reducing the construction

complexity of large-scale, freeform space-frame structures.
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5.1 Chapter summary

Chapter 3 has benefits that reducing the geometrical variability in the joints of

space-frame structures can substantially reduce their construction complexity.

Nevertheless, such approaches are often limited in practice, due to the changes made

to the initial design geometry. Taking into account the important role that aesthetic

design criteria play in practice, this Chapter explores a novel computational method

for the geometry optimisation of space-frame structures through minimal changes

to their initial geometry.

The focus is initially placed on understanding the way a joint’s movement affects

the clustering results. More precisely, a detailed study on the changes in its angles

and those of its neighbours is initially carried out, providing direct insight into

the impact that this has on the fabrication process. A sensitivity measure is then

established, that evaluates the degree to which moving a joint from its initial position

impacts the clustering results. Ranking the joints according to their sensitivity then

acts as a driver for the optimisation, indicating the joints worth further studying. A

series of design options are finally generated, that link changes in the geometry to

the respective savings achieved in fabrication.
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Research Objec�ve 6 (RO6): 
Genera�on of a catalogue of 
alterna�ve geometry 
op�misa�on op�ons for an 
input design.

Research Objec�ve 7 (RO7): 
Develop methods and tools 
in a computa�onally 
efficient and user-intui�ve 
way to enhance their 
applica�on in prac�ce.

PAPER OUTLINECHAPTER OBJECTIVES

1. Analysis of a joint’s 
movement to study the 
evolu�on of its angles and 
those of its neighbours.

2. Formula�on of a method 
for the sensi�vity ranking of 
joints, indica�ng which joints 
have the highest impact on 
the fabrica�on cost, when 
moved from their ini�al 
posi�on.

3. Iden�fica�on of different, 
minimal geometrical 
modifica�ons to the star�ng 
geometry, that can reduce 
their fabrica�on complexity.

4. Applica�on of the workflow 
on an exis�ng structure to 
validate its efficiency in 
prac�ce.

Figure 5.1: Flowchart demonstrating the structure of this Chapter, including the
objectives set out in the thesis introduction and the tasks that address them, forming
the paper outline.
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5.3 Fabrication-aware geometry optimisation of

truss structures

Abstract

Despite the high impact that joints’ geometry has on the construction complexity

doubly-curved space-frame structures, research in the development of appropriate

rationalisation methods remains limited. In addition, the importance of architectural

design criteria in practice often hinders any substantial geometrical modifications

driven by fabrication requirements. This paper proposes a novel computational

workflow for the geometry optimisation of truss structures through minimal nodal

displacements. A clustering algorithm previously developed by the authors is

initially applied to evaluate the construction complexity of a given structure,

according to the requirements of the selected fabrication process. Joints are

afterwards ranked according to the impact that their movement has on the clustering

results and in effect on the fabrication complexity. A geometry optimisation is

finally carried out, considering only the high-impact nodes, therefore requiring

minimal computational resources. The workflow proposed is presented on a

theoretical model and then applied to a real case study, achieving substantial

savings in the construction complexity, through minimal changes to the starting

geometry.

Keywords

geometry optimisation, fabrication, clustering, joints, truss, complexity
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5.3.1 Introduction [1]

The increased application of space-frame structures on large-scale, complex designs

has led to the development of highly advanced computational tools for their

optimisation. While such tools often focus on generating efficient layouts, it is

the geometry of space-frames that is the main driver in defining the complexity of

their construction [2, 3]. The joints, in particular, are responsible for a substantial

portion of the cost required for the manufacturing and assembly process [4–7].

Despite their critical role, the literature on this topic remains limited, rendering the

geometry optimisation of joints in doubly-curved designs a challenge.

The geometry optimisation of space-frame structures has been extensively explored

as a method of rationalising complex layouts. It was firstly approached through

the introduction of a penalty function to the joints, which resulted in simplified

configurations [8]. Numerous studies have been carried out since, exploring geometry

optimisation in conjunction with layout optimisation, either as a simultaneous-

[9], alternating- [10] or post-process [11, 12]. The techniques applied include

the merging of nodes, the deletion of bars, or simply the updating of the spatial

coordinates of joints. Recent developments incorporate geometry optimisation within

the environment of advanced and highly efficient parametric computational tools

[13, 3, 2], to facilitate the application of this method in practice. Nevertheless, while

these approaches lead to efficient and simplified layouts, the objective function

remains volume reduction. The results of the optimisation process are therefore not

directly linked to a specific manufacturing process and their impact on fabrication

complexity are not quantified.

A direct link between the geometry of a space-frame structure and its fabrication

complexity has been explored in literature through the clustering of joints into

fabrication batches, according to the angles of their members [5, 14]. When overlaid
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with the tolerance of different fabrication processes, this approach provides an

insight into the construction complexity of a structure. A customised version of

the k-means clustering algorithm has been developed, that considers parameters

specific to space-frame joints and generates efficient clusters. Nevertheless, its

application has been limited to the early stages of the design development, for the

evaluation of the construction complexity of a given structure and the identification

of appropriate fabrication processes [15]. Applying this algorithm to geometrically

optimise a structure for a given fabrication process brings the potential of significant

and quantifiable benefits to the construction process.

Depending on the timing of introducing fabrication criteria in the design development

process, three main rationalisation strategies can be identified: pre-, co- and

post-rationalisation [16–18]. The former refers to form-finding methods and

generative design techniques, in which fabrication criteria are embedded, while

co-rationalisation refers to a process in which a continuous calibration of the

design, according to fabrication criteria, takes place. These approaches can

improve the design development process, however their application is linked to high

computational challenges [19, 18, 20–23]. Post-rationalisation on the other hand,

refers to the optimisation of an input design according to fabrication requirements.

It is applicable to any geometry, irrespective of its generation method, and can be

adjusted to the requirements of diverse fabrication processes. These characteristics

have rendered post-rationalisation extremely popular in practice [18], where the

savings of its application are substantial [6, 24, 25].

When rationalisation is applied as a post-process, however, any changes in the

geometry create a discrepancy between the input design and the optimised output

geometry. A substantial difference between the two may hinder the application of

rationalisation in practice, due to the high impact of aesthetic and architectural design
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criteria. It hence becomes evident that it is necessary to formulate a method for the

rationalisation of complex space-frame structures, that requires minimal geometrical

changes to the starting design. The customised distance-density-weight (DDW)

initialisation for the k-means clustering algorithm described in [15] lends itself well

to this context. Due to the high sensitivity of the algorithm to its initial conditions, a

minimal change in the configuration of the joints can have a significant impact on

the results of the clustering analysis and potentially reduce the number of batches

required for their fabrication. As a result, the application of the DDW initialisation

of the k-means clustering algorithm presents the potential for a reduction of the

fabrication complexity via minimal nodal displacements. The possibility of its

implementation in practice is thus increased.

This paper proposes a novel computational workflow for the geometry optimisation

of truss structures for fabrication through minimal nodal displacements. The

clustering algorithm developed in [15] is initially applied to evaluate the construction

complexity of a structure, according to the requirements of a specific fabrication

process. A geometry optimisation is then carried out, that identifies possible changes

in the geometry than can reduce the number of clusters required for its fabrication.

The workflow proposed is presented on a theoretical model and then applied to a real

case-study, demonstrating its efficiency in reducing the construction complexity in

practice.

5.3.2 Algorithm formulation

A small-scale 2D truss is studied for the development of the methodology to allow

for a detailed monitoring of the clustering results. The truss is generated by the

parabolic curve f(x) = 0.2x2, x∈[-6,0] m, as demonstrated in Fig. 5.1(a). The curve

is subdivided into 15 equal segments and the midpoint of each segment is translated
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Figure 5.1: a) The two-dimensional truss structure is generated from a parabolic
curve and assigned varying depth, to ensure sufficient geometrical variability between
its joints. b) Geometrical representation of a spherical ball joint.

perpendicular to the parabola to form the bottom chord. A varying depth is allocated

to the different bays to ensure sufficient geometrical variability for the clustering

process. Starting with a structural depth of 2m on the bottom left of the truss, the

depth gradually decreases by a constant value, while moving along the bottom layer

vertices, until it reaches a value of 0.5m at the right end. The generated geometry

consists of 31 joints in total, and their angles are calculated and stored to form the

dataset for the clustering analysis [14, 15].

Fabrication requirements

The joint design considered for this study is formed by a sphere, on which the

structural members are connected, as demonstrated in Fig.5.1(b). It is assumed to

allow for a joint tolerance of 18◦, which is a realistic value for an Octobot system
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[26]. Joints with an angle difference between their members that is smaller or equal

to 18◦ can be fabricated within the same batch, otherwise they need to be fabricated

in different batches. Moreover, joints with a different valence can be fabricated

in the same batch, if their angles are within the tolerance limits. In practice, this

reflect joints with a different number of members connected to them, and some of

the member sockets remaining unused.

Clustering analysis of input geometry

A clustering analysis is carried out on the joints of the starting configuration to

identify the minimum number of clusters needed to meet the fabrication requirements.

The DDW algorithm is applied, due to its high performance in the context of

space-frame joints. The algorithm requires the number of clusters (k) and the

weighting factor (w) of the initialisation method as an input. The structure consists

of 31 joints in total, however only a subset of the possible cluster values is initially

analysed, k∈[2, 9], assuming that clustering the joints into one of these numbers of

clusters would meet the requirements. As far as the weighting factor is concerned,

multiple instances are evaluated to obtain the optimum clustering results for each

value of k. The range of possible values of w (w∈[0,1]) is subdivided into intervals of

0.01 and 101 clustering analyses are carried out for each value of k. The weighting

factor generating the most compact clusters is then stored and the respective

intracluster variance is extracted. The results of this study are presented in Fig.5.2,

highlighting that 4 clusters are needed to meet the fabrication tolerance of 18◦, if a

weighting factor of w=0.97.

As far as the weighting factor is concerned, the error bars presented in the graph

(Fig.5.2) describe the total range of intracluster variance obtained for all the factors

studied. It is particularly interesting to observe that, even though the intracluster

variance per k is continuously decreasing, this relationship does not always apply,
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Figure 5.2: Clustering analysis of the structure’s starting geometry for multiple
values of k using the DDW initialisation method.

when the total range of values per number of clusters is considered, as the error bars

show. For instance, the error bar of k=5 contains some values that are higher than

the ones in k=4. This indicates that clustering the joints into 5 clusters could yield

a higher intracluster variance compared to 4 clusters, for certain values of w. The

same behaviour can be observed between k=5 and k=6. While this can be attributed

to the algorithm’s high sensitivity to the initialisation method, further research is

required to gain a better understanding of this issue. Nevertheless, due to the constant

reduction of the minimum intracluster variance, the algorithm’s performance is still

considered valid and reliable.

The table in Fig.5.2 presents the instance of the weighting factor that generated the

most compact clusters for the different values of k studied. As previously described,

this is obtained after analysing 101 values of the weighting factor for each number

of clusters. Fig.5.3 presents a colour-coded representation of the performance of all

weighting factors studied. Every row of the graph presents the results of different

weighting factors applied for a specific number of clusters. Blue cells present the
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Figure 5.3: Evaluation of the efficiency of individual w values. a)Efficiency of
different values of the weighting factor w. b) Optimum value of the weighting factor
w, when the geometry is clustered into different numbers of clusters k.

optimum w values, which generate the smallest intracluster variance, while red cells

present w values that perform poorly. The highly scattered results show that there

is a level of randomness in the performance of the weighting factor and that it is

not possible to identify a single w value with an overall efficient performance. This

observation validates the k-means algorithm’s sensitivity to the initialisation method.

Considering that the randomness is an embedded characteristic of both the DDW

and the random initialisation of the original k-means algorithm, a study was carried

out to comparatively evaluate the performance of the two algorithms. The results

for the random initialisation were obtained by running the algorithm for an equal

number of iterations (101) and they are presented together with the results of the

DDW initialisation in Fig.5.4. It can be observed that, even though there is a

level of randomness for both initialisation methods, the DDW has a better overall

performance, generating clusters within a substantially smaller range of values. In

particular, the maximum variance obtained with the random initialisation is 38.7◦,

while the respective maximum value with the DDW method is 44% smaller, at

21.6◦. It can therefore be concluded that the DDW initialisation method has a
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Figure 5.4: Evaluation of multiple values for the weighting factor of the clustering
initialisation method for k=4.

higher probability of generating compact clusters, when compared to the random

initialisation method, and it is hence taken forward. The overall minimum intracluster

variance of 17.96◦ for k=4 is obtained by w = 0.97.

Geometry optimisation set up

Degree of freedom

Once the initial clustering analysis has identified the number of clusters required to

produce the starting geometry (k0 = 4), the possibility of meeting the same fabrication

requirements with a smaller number of clusters is explored, by making small changes

to its geometry. Firstly, a degree of freedom is assigned to the structure’s joints,

defining the limits of allowable translations. The nodes of the top chord of the truss

are considered to be fixed in position, to accurately approximate the input design

curve (parabola). The bottom layer nodes are free to move in a direction and length

defined by the designers. There are two critical points that need to be considered

during the assignment of the translation axis. Firstly, a higher translational freedom

creates a larger design-space of possible configurations and therefore increases the
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Figure 5.5: The translation freedom of the structure’s bottom layer vertices.

possibility of finding an optimised solution. At the same time, however, this will

increase the computational time and resources required and may lead to solutions

that are significantly different from the input configuration. Secondly, while defining

the limits of the translation axes, any intersection of structural members in areas of

high curvature must be avoided. For the scope of this study, the normal vector from

the node to the design curve is defined as the displacement vector and a length of

l=0.8m is allocated to each node as the translation limits. The position of the joints

in the starting truss configuration is assumed to lie on the midpoint of the translation

axis, as shown in Fig. 5.5.

Once the degree of freedom has been assigned, the geometry optimisation process is

carried out to identify whether the fabrication requirements can be met with a smaller

number of clusters. Starting with k0 = 4 clusters, the optimisation is performed

in multiple runs. In every consecutive iteration the number of clusters is reduced

by one (ki = k0 - number of iterations) and the goal is to identify whether nodal

displacements can drop the intracluster variance below the fabrication requirements.

More precisely, individual joints are moved along the translation axis and the joints
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of the generated configuration are then clustered into ki clusters, using different

values of the weighting factor w. If the fabrication requirements are met, the joint

index, its position and the respective weighting factor are stored. This process is

completed when a ki is determined, for which no nodal displacement generates a

geometry that satisfies the fabrication requirements. The smallest number of clusters,

for which the fabrication limits could be reached is then extracted, along with the

respective weighting factor, the index of the joint that needs to be moved and its

position along the translation axis.

Graphic representation of clustering results

The geometry optimisation starts by evaluating the joint movements for k1 = k0 - 1 =

3 clusters. According to the results of the clustering analysis previously performed

(Fig.5.2), the optimum clusters for k1=3 have an intracluster variance of 20.15◦, when

a weighting factor of w=0.22 is applied. These clusters are graphically represented

to provide an intuitive understanding of the distribution of members within them.

Every joint of the structure has a maximum valence of 4 and hence 4 respective

angle values (x, y, z, t). Since the geometry studied is two-dimensional, joints can

be described by only three of their angles (x, y, z), as the fourth angle t is equal to

t = 360 - (x + y + z). Every joint of this structure can therefore be plotted on a

three-dimensional graph. Every axis of the graph represents one angle of the joints (x,

y, or z). A joint ji of valence 4, that is described by three angles is hence represented

by a point Pi(xi,yi,zi), as shown in Fig. 5.6(a). When a joint has a valence v=3 and

only two angle values, it can lie on six potential lines on the graph, as described in

Fig. 5.6(b). The centre of the cluster, in which the joint belongs, is projected onto

each line and the projected point closest to the cluster centre is selected to represent

the joint in the graph. A minimum distance between the joint’s representation and

the cluster centre is thus ensured. In a similar process, a joint of valence v=2, that is
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described by only one angle, can lie on three potential planes, as shown in Fig. 5.6(c).

The cluster centre is again projected to all planes and the projection closest to it

represents the joint on the graph.
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Figure 5.6: Visual representation of the dataset on a 3D graph for a) a joint of valence
4, b) a joint of valence 3 and c) a joint of valence 2.
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Figure 5.7: a) Representation of the clustering analysis. b) Zoom-in of the joint
distribution in the clusters. c) Grouping of the truss joints into three clusters.

Fig. 5.7 demonstrates the results of the clustering analysis of the case-study on both

the structure and the graph, with different colours representing the different clusters.

The distribution of spheres on the graph indicates the level of compactness of the

different clusters. The maximum distance between two joints of the same cluster on

the graph describes the cluster’s intracluster variance and thus the maximum angle

difference between its members.

5.3.3 Joint movement analysis

A joint’s movement along the translation axis is initially studied in detail to

understand its effect on the clustering results. The topology of the structure
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Figure 5.8: The parameters of a joint’s movement along the translation axis. a) A
joint’s movement along the translation axis affects both its own angles as well as
the ones of its neighbours. b) The joint moves along a curve on the graph, as all
its coordinates are updated, while its neighbours move along lines. c) This graph
presents the range of angle values achieved, as jointi moves along the translation
axis.

is considered to remain unchanged during any displacement and it can be visualised

on the graph using lines, which represent the members connecting different joints
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(Fig.5.8(a), 5.8(b)). When a joint moves along the translation axis, the geometry of

the members connected to it changes, as shown in Fig.5.8(a). This has an effect on

the angles of both the joint and its neighbours. As far as the joint itself is concerned,

all the angles describing it change, and as a result, so do all its coordinates on the

graph. Subsequently, when a joint moves along the translation axis, its position

on the graph moves along a 3D curve. As far as the neighbours are concerned, on

the other hand, only one or two of their angles change, and as a result only one

or two of their coordinates on the graph are updated. Therefore, the 3D points of

the neighbours on the graph move either along a line or a 2D curve respectively

(Fig.5.8(b)).

Sensitivity analysis

A joint’s displacement affects the position of multiple joints on the graph

simultaneously. As a result, the intracluster variance of the different clusters is

also changed. The term vart
i describes the intracluster variance of cluster i, i∈[1,k],

when the joint studied is at the parameter t of the translation axis, t∈[0,1]. When

all the joints affected move towards their cluster centre or remain within the cluster

limits, then the intracluster variance decreases or remains constant respectively.

However, if one of the joints moves further away from the current cluster limits,

then the intracluster variance of that cluster increases. It becomes evident that the

translation of a joint might have different effects on different clusters. The direction

and magnitude of its movement therefore play a key role in determining its impact

on the clustering analysis. A penalty function has been introduced that evaluates

the effect of a joint’s displacement at every position t along the translation axis.

In particular, a penalty is applied for every cluster, whose intracluster variance at

position t is higher, when compared to its value at the starting position t0. The sum

171



of the penalties of all clusters form the final ranking of the joint at this position, as

described in Equation 5.1.

p(x)t =
k

∑
i=0

max(0,xt
i − vart0

i )
2, t ∈ [0,1] (5.1)

where t is the parameter of the point along the translation axis, xi,t is the intracluster

variance of cluster i, when the joint is at position t and vart0
i is the intracluster variance

of cluster i at the starting position t0 of the joint.

The degree of discretization of the translation axis and the number of bottom layer

vertices can significantly affect the computational time and resources required for

the geometry optimisation process. A ranking method for the structure’s joints is

therefore proposed, providing a control over scale of the optimisation problem and

the degree of detail extracted. More specifically, the structure’s joints are ranked

according to the impact that their displacement has on the clustering analysis. Only

the joints with the highest impact are then considered for the geometry optimisation,

significantly reducing the dimension of the design space and rendering this process

applicable to large-scale problems.

A joint’s impact on the clustering analysis is calculated as the measure of the

derivative of the penalty function at its starting position. According to the problem

specifications, every joint initially lies on the midpoint of the translation axis (t0 =

0.50). The derivative of its movement s(x) is calculated according to Equation 5.2.

s(x) =
∣∣∣∣
∆p(x)

∆x

∣∣∣∣

=

∣∣∣∣∣
p(x)t0+δ − p(x)t0−δ

2δ

∣∣∣∣∣, t0 ±δ ∈ [0,1]
(5.2)
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Figure 5.9: Sensitivity analysis of the structure’s joints.

where t0 is the parameter of the joint along the translation axis in its starting position

and δ is the distance from the starting position, for which the derivative is calculated.

A value of δ = 0.05 is considered in this study. The output of this analysis is

presented in Fig.5.9 and highlights that moving joints 11, 9, 3 and 1 near their initial

positions will have the highest impact on the clustering analysis, while moving the

remaining joints does not affect the intracluster variance at all. The optimisation

process can thus be directly informed by these results, only evaluating the movement

of joints with a high sensitivity ranking.

Geometry optimisation

The movement of joints 11, 9, 3 and 1 is analysed to gain an understanding of

the intracluster variance evolution during their movement along the translation

axis. Every joint is individually studied and the intracluster variance is calculated
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Figure 5.10: Analysis of the intracluster variance evolution when joints 11, 9, 3 and
1 are moving along the translation axes.

and stored as it moves along the translation axis. For the scope of this study, the

translation axis is evaluated at intervals of 0.05.

Fig.5.10 summarises the results of this analysis, presenting the intracluster variance

of each cluster in relation to the respective position of the joint along the translation

axis. The vertical line at t = 0.50 marks the position of the joint in the starting truss

geometry. While the fabrication requirements are not met with the starting geometry,

they are met if joints 11 or 3 are moved to any position between 0.55≤t11≤0.75

or 0.40≤t3≤0.45 respectively. Fig.5.11 presents the effect that these movements

would have on the global geometry. This can then act as a tool for designers to select

the exact geometry they want to take forward towards the next steps of the project

development.
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Figure 5.11: Results of the geometry optimisation of the structure. The generated
configurations achieve a reduced intracluster variance.

Apart from their direct application to the geometry optimisation, the results obtained

provide an opportunity to validate the efficiency of the sensitivity analysis. Joints 11

and 9 are the only joints, whose movement directly affects the intracluster variance

of two clusters, and they therefore have a higher sensitivity ranking compared to

joints 3 and 1. According to Fig.5.10(b), the variance of cluster 1 changes for t ≤0.3

and t ≥0.6, when joint 9 moves, even though joint 9 is not in cluster 1, while it

remains constant for 0.3 ≤ t ≤ 0.6. As a result, its derivative at t = 0.50 is zero, with

no contribution to the sensitivity ranking. In the case of joint 11, on the other hand,

the intracluster variance of both Cluster 0 and 1 are changing at t = 0.50, therefore

justifying its higher sensitivity ranking compared to joint 9 (Fig.5.10(a)).

The results demonstrate that the minimum intracluster variance for all joints tends

to appear close to their starting position, t = 0.50. This observation can be justified

by the fact that the starting geometry of the truss guarantees sufficient geometrical

affinity between the joints’ angles (Fig.5.1(a)). As a result, the intracluster variance
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Figure 5.12: The different steps of the computational workflow developed for the
geometry optimisation of truss structures.

of the generated clusters is small. As joints move away from their starting position,

this geometrical affinity is lost and the intracluster variance increases. In some cases,

however, the clustering results are improved when the joint’s translation is small.

This is observed for joints 11 and 3, where the maximum intracluster variance is

reduced, when the joints move to 0.55≤t11≤0.75 or 0.40≤t3≤0.45 respectively.

Once the joint movements have been analysed, the geometry of the structure can

be updated accordingly. Providing a visual catalogue of possible geometrical

optimisation options (Fig.5.11) can act as a tool for designers to select the direction
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they want to take forward towards the next steps of the project development. If

required, the same process can be repeated on the updated geometry to explore the

potential for a further reduction of the intracluster variance through an additional

modification (Fig.5.12). The sensitivity analysis would need to be recalculated in

this case, using the updated geometry, as described in Fig.5.12. The sensitivity

analysis carried out provides a robust and efficient method to control the size of

the optimisation process and hence renders this process applicable on large-scale

applications. It, therefore, provides the opportunity to identify minor geometrical

changes, that can improve the results of the clustering analysis in a visual, efficient

manner.

5.3.4 Illustrative examples

The workflow developed was applied on an existing grandstand roof structure to

evaluate its efficiency in practice. The drawings were provided by the project

engineers and are represented in Fig.5.13. The roof is a steel frame structure

that covers an area of approximately 7,000m2. It is centrally supported along

two longitudinal axes (Fig.5.13(a)) and cantilevers at the two ends. This study

focuses on the central part of the structure (Fig.5.13(b)), that is composed of 20

repetitive modules of two-dimensional steel frames. These are distributed along the

longitudinal axis and are interconnected by transverse beams. Every frame has 18

joints, as demonstrated in Fig.5.13(c). For this study, the joint design and fabrication

process are assumed to allow for an overall tolerance of 2◦. As described by the

engineers, the existence of multiple bespoke pieces required a detailed design and

coordination of the manufacturing and installation process.
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Figure 5.13: Drawings of the grandstand structure analysed. a) Plan. b) Isometric
view of the structure’s central part. c) Section of the steel frame analysed.

Clustering analysis

An initial clustering analysis is carried out to determine the minimum number of

clusters k and the corresponding weighting factor w needed to meet the fabrication

requirements. The roof structure was analysed for k∈[2,17] and each of these values

was then analysed for different weighting factors at intervals of 0.01, w∈[0,1]. The

factor generating clusters with the minimum intracluster variance was then selected

as the optimum for the specific number of clusters. A different value of w was

hence chosen for each number of clusters, as described in Fig.5.14. According

to the outcomes, 14 clusters are required to meet the fabrication criteria, with a

corresponding weighting factor of w = 0.13.

Geometry optimisation

The geometry optimisation explores the potential reduction in the number of clusters

required to meet the fabrication criteria, through minimal changes to the starting
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geometry. The top layer vertices are considered fixed in position for this process,

while the bottom layer vertices can translate along an axis, as shown in Fig.5.15. The

length of each axis is 0.8m and its direction is normal to the top layer of the structure.

The starting position of each joint is assumed to be in the middle of the translation

axis, at t0=0.5.
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Figure 5.14: Clustering analysis of the structure’s starting geometry for multiple
values of k.
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Figure 5.15: Sensitivity analysis of the starting geometry and the translation axis
corresponding to each vertex of the bottom layer.
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The starting truss geometry requires k0=14 clusters and therefore the first iteration

of the optimisation process explores the potential of meeting the fabrication

requirements with k1=13 clusters. A sensitivity analysis is initially carried out

to narrow down the size of the optimisation problem and identify the bottom layer

joints with the highest impact on the clustering results. The outcomes are presented in

Fig.5.15, highlighting that joints 17 and 13 have the highest impact. The movement

of all five joints with non-zero sensitivity ranking is analysed and evaluated.

Results

The joints 17, 13, 12, 11 and 9 were evaluated and the results are summarised in

Fig.5.16, demonstrating that the fabrication requirements can be met if the number

of clusters is reduced to k=13. In particular, the maximum intracluster variance

drops below 2◦, which is the tolerance limit for fabrication, if joint 13 moves to

any position with t≤ 0.32 and for a weighting factor of w = 0.48. Even though

joint 17 had the highest sensitivity ranking, its movement does not simultaneously

reduce the intracluster variance for all clusters below the fabrication requirements.

Similarly, while the displacement of the other joints also affects the intracluster

variance, it is only the translation of joint 13 that can achieve the required variance

limits. The impact of such a movement on the overall geometry is presented in

Fig.5.17, highlighting how minor geometrical changes can significantly affect the

global geometry. For the scope of this study, the position closest to the starting

geometry is selected (t = 0.32), to minimise the level of geometrical discrepancy

between them.

As previously described, the distribution of joints into clusters remains constant

during the geometry optimisation process. This workflow, therefore, identifies the

margins of improvement for a specific number of clusters. In this case, when the
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Figure 5.16: Evolution of the intracluster variance when joints 17, 13, 12, 11 and 9
are moved along the translation axis. The clustering analysis refers to k = 13 and w
= 0.48.

starting geometry was initially clustered into k=13, the fabrication limits weren’t

met. However, the geometry optimisation process determined that the intracluster

variance could be dropped below the limit with a movement of joint 13. The margins

of improvement for k=13 were therefore sufficient, for the fabrication requirements

to be achieved. Nevertheless, since the distribution of joints into clusters remained

constant during this process, the specific approach did not explore the potential
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Figure 5.17: Results of the grandstand structure’s geometry optimisation. If joint
13 moves to the indicated positions, the fabrication criteria are met with fewer joint
clusters.

reduction of the number of clusters required in the updated joint positions. As a

result, a clustering analysis was carried out on the updated geometry as a post-process,

to determine whether the number of clusters required could be further reduced. The

results described in Fig.5.18 highlighting that the joints could be grouped into 12

clusters (w = 0.43 or w = 0.83), again reducing the construction complexity. It is

interesting to observe that, when the starting geometry was clustered into k=12, the

potential improvement was marginal, not allowing for the fabrication limits to be

met with any permissible displacement of the joints. Nevertheless, when joint 13

was moved, the joints of the updated geometry could be grouped into 12 clusters

which met the required tolerance.

The optimisation process was repeated on the updated geometry to explore

the possibility to further optimise the clustering results, through another nodal

displacement. The goal was to identify whether any permissible joint movement

could lead to a decrease of the clusters required to meet the fabrication criteria below

k=12. No such possibility was found and the optimisation process was terminated.
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The computational workflow developed, therefore, achieved an overall reduction

of 15% in the total number of clusters required from 14 to 12, through a minimal

displacement of one joint (joint 13). Considering that the overall grandstand structure

comprises 20 repetitive modules of the steel frame studied, these savings would

substantially reduce the overall construction complexity of the project.

5.3.5 Discussion

The workflow developed performs geometry optimisation to minimise the number

of fabrication batches required for the construction of a structure. This process is

realised in steps, with each iteration generating a range of geometrical solutions

that meet the fabrication criteria. The user then selects the preferred configuration

and the next iteration of the geometry optimisation is carried out. The benefits

and opportunities of incorporating an interactive user-input in the optimisation

process have been extensively studied in literature [27–30] and play a critical role

in the process described here. The aesthetic compliance of the final output with the

requirements of the design team are ensured, thus enhancing the possibility of the
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method’s application in practice. This is further strengthened by the fact that the

optimisation is realised in steps, allowing for a controlled application of any changes

in the original geometry. Of course, the selected configuration of the user might not

always lead to the optimum clustering results in the next iterations of the algorithm.

Nevertheless, this is a price worth paying, when the advantages of a user-informed

and controlled process are considered.

A joint’s movement only affects the angles of itself and its neighbours. As a result,

its impact on the clustering analysis is restricted by its valence and the number of

clusters that the joint and its neighbours belong. Despite this limitation, however,

the high sensitivity of the clustering algorithm allows for significant improvements

to be achieved by a single joint’s movement. Moreover, its consecutive application

can lead to an incremental reduction of the number of clusters necessary to meet

the fabrication requirements. Breaking down a complex problem of geometry

optimisation into smaller, more simple and computationally efficient tasks renders

the workflow developed highly effective in terms of computational resources and

time required.

The initialisation method devised was firstly introduced in [15], where the number

of clusters was an input in the clustering analysis and a single value of the weighting

factor was selected, according to its overall performance for multiple values of

k. The intracluster variance was then retrieved as an output of this process and

guided the design of an efficient manufacturing process. This approach is suitable

for early stages of the design, when the fabrication process has not been defined,

as it provides an overall insight to the construction complexity of a given structure.

The current paper, however, refers to later stages of the project development, when

the fabrication process has already been defined. A different approach is therefore

followed. While multiple values of the weighting factor were evaluated for each
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number of clusters, a single factor generating the optimum clustering results was

assigned to each number of clusters. Therefore, the optimum clustering results

for all values of k are ensured. Moreover, while the conventional application of

the algorithm requires the number of clusters as an input and outputs the resulting

intracluster variance [31], this method allows designers to define the variance of their

fabrication process as a hard constraint. The algorithm then identifies the minimum

number of clusters required to achieve it and the corresponding weighting factor.

This approach lends itself well to the design of a construction process, where the

constraints of the equipment play a critical role.

5.3.6 Conclusions

A novel computational workflow for the geometry optimisation of truss structures

via minimal nodal displacements has been developed. The high sensitivity of the

k-means clustering algorithm has been exploited to achieve substantial gains in the

manufacturing process through minimal changes in the geometry. The development

of a novel sensitivity analysis enabled the evaluation of joints according to the

impact of their displacement to the fabrication process. As a result, an informed and

computationally efficient geometry optimisation process has been established, that

substantially reduces the construction complexity. Rendering the input geometry

of the structure as a critical component of the optimisation process, the generated

geometry aligns with the architectural design requirements, while at the same time

ensures an efficient fabrication process. A direct link between the design process and

the fabrication complexity is hence created, promoting better-engineered structures

with an efficient construction process.
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6.1 Revisiting aims and objectives [1]

The introduction to this dissertation identified the need to incorporate fabrication

criteria in early stages of the design development of space-frame structures, as a

means to reduce the complexity of the manufacturing and construction process. This

was approached through the promotion of uniform designs at a topological and a

geometrical level. Through experimentation and studies at different scales, these

aims were addressed, and novel methods to analyse and evaluate the construction

complexity of space-frame structures were formulated, as shown in Fig.6.1. More

precisely, at a topological level, focus was placed on the generation of a design-space

of diverse and topologically uniform configurations. The studies at a geometrical

level, on the other hand, were centred on the assessment and the reduction of the

variability between a structure’s joints to enforce standardisation, reduce the number

of bespoke elements and facilitate fabrication.

Studies on the topological properties of space-frame structures have been presented

in Chapter 2 of the thesis. Conway operators were used to generate a diverse and

complex design-space of topologically uniform space-frame configurations (RO1).

A novel connectivity method between the top and bottom layers was established, that

ensures the structural stability of the generated layouts. A thorough exploration of

the design-space is thus rendered possible, enabling the assessment of their structural

performance. Innovative and materially efficient modular grid configurations can

therefore be identified for different design problems.

Chapters 3, 4 and 5 focused on the geometry optimisation of space-frame structures

to reduce the variability in their joints. Chapter 3 includes two critical studies, that

form the basis of the optimisation carried out in the following Chapters. Firstly, a

novel method for the analysis and comparative evaluation of different fabrication

processes was developed (RO2). This provides a method to directly quantify their
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properties and forms the basis for the consideration of alternative processes during

different stages of design development. Secondly, a method for the comparison of

3D joints was developed, which relies solely on their geometry (RO3). This method

was an integral part of the studies carried out in Chapters 3, 4 and 5, allowing for an

accurate and robust method to compare joints.

The fabrication-aware optimisation of a large-scale, complex space-frame structure

has been presented in Chapter 3. The tolerance allowable from the fabrication

process was used as a hard constraint to cluster the joints into fabrication batches

and evaluate the structure’s construction complexity. The structural depth was then

optimised to minimise the number of fabrication batches required for its construction

(RO4). The introduction of a control surface enabled a direct manipulation of

the number of variables and hence the computational resources required for this

computational workflow, therefore rendering it applicable to large-scale problems

(RO7). The significant savings achieved demonstrated the efficiency of this method

and highlighted the potential of its application in practice.

A method to identify the optimum fabrication process for a given structure was

developed in Chapter 4 (RO5). Initially, the need to extract an accurate description of

a structure’s geometrical variability in the joints was addressed. This was achieved

by the development of a novel, customised initialisation method and clustering

analysis for the k-means algorithm. that relies on an adaptive selection of the initial

cluster centrers (DDW). More precisely, the selection of the initial cluster centres

is informed by the geometrical properties of the joints of the structure analysed

and is based on the density of the dataset and the relative distance between initial

cluster centres. At the same time, the clustering analysis takes into consideration

context-specific parameters, such as the fact that geometrically identical joints might

be placed in different orientations relative to each other within
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  CHAPTER 1                    CHAPTER 2                                           CHAPTER 3                      
Research Objec�ve 1 (RO1)

1. Applica�on of Conway 
operators to generate a diverse 
design space of topologically 
uniform space-frame 
configura�ons.

2. Formula�on of a method to 
ensure structural stability of the 
generated configura�ons.

3. Evalua�on of the impact that 
different operators have on the 
structural performance of 
space-frames.

Research Objec�ve 7 (RO7): 

4. Workflow development for the 
layout op�misa�on of 
large-scale, uniform space-frame 
structures.

Introduc�on Research Objec�ve 2 (RO2): 

1. Analysis and compara�ve 
evalua�on of fabrica�on 
processes according to their 
degree of automa�on and batch 
size.

Research Objec�ve 3 (RO3): 

2. Development of a novel 
method for the comparison of 
the geometry of joints in 3D 
space.

3. Clustering of space-frame 
joints using the fabrica�on 
tolerance as a hard constraint to 
calculate the number of batches 
required for their fabrica�on.

Research Objec�ve 7 (RO7) +
Research Objec�ve 4 (RO4): 

4. Introduc�on of a control 
surface to reduce the number of 
variables of the op�misa�on 
process and render the method 
applicable on large-scale 
problems.

5. Geometry op�misa�on of a 
complex, large-scale space-frame 
structure to reduce its 
construc�on complexity.

Figure 6.1: The thesis structure and research objectives addressed in the different
chapters.
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              CHAPTER 4                                         CHAPTER 5                              CHAPTER 6  
ConclusionsResearch Objec�ve 5 (RO5)

1. Applica�on of the k-means 
algorithm for the clustering of 
joints.

2. Customisa�on of the joint 
comparison method during 
the clustering analysis to 
consider context-specific 
parameters.

3. Development of a novel 
adap�ve ini�alisa�on method 
for the k-means algorithm 
that can take inputs from the 
variability of a structure’s 
joints and adapt its seeding 
stratey to generate improved 
results.

4. Evalua�on of alterna�ve 
fabrica�on scenarios for an 
input building structure, 
according to the geometrical 
variability of its members and 
the proper�es of different 
fabrica�on processees. 

Research Objec�ve 7 (RO7): 

5. Applica�on of the workflow 
on an exis�ng, large-scale 
complex structure to validate 
its efficiency in prac�ce.

Research Objec�ve 6 (RO6): 

1. Analysis of a joint’s 
movement to study the 
evolu�on of its angles and 
those of its neighbours.

2. Formula�on of a method 
for the sensi�vity ranking of 
joints, indica�ng which joints 
have the highest impact on 
fabrica�on, when moved from 
their ini�al posi�on.

3. Iden�fica�on of different, 
minimal geometrical 
modifica�ons to the star�ng 
geometry, that can reduce the 
fabrica�on complexity.

Research Objec�ve 7 (RO7): 

4. Applica�on of the workflow 
on an exis�ng structure to 
validate its efficiency in 
prac�ce.
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the same structure, or may have different valences. The customised algorithm

has been proven to perform more efficiently than the original k-means algorithm,

generating up to 35% more compact clusters in a robust and computationally efficient

manner (RO7). When these results are overlaid with the properties of different

fabrication processes, they can highlight the complexity incorporated, when different

construction scenarios are assessed. It can therefore lead to an informed selection of

the fabrication process, according to the requirements of a specific project.

Making use of the advanced clustering algorithm developed in Chapter 4, Chapter

5 explores how small changes in the initial geometry can lead to a substantial

reduction in the joint variability of a structure (RO6). After a thorough study of the

impact that a joint’s movement has on the clustering results, a library of alternative

configurations is developed, which are directly linked to the improvements they can

bring to the fabrication complexity. In recognition of the importance that architectural

and aesthetic criteria often have in practice during the early stages of the project

development, the generation of a series of alternative design solutions promotes

efficient and economical structures, facilitating their application in practice.

6.2 Overarching conclusions

Fig.6.1 presents the research objectives laid out in the introduction and the order in

which they were addressed within the thesis. A critical evaluation of the outcomes

of this research and their implications is presented below.
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6.2.1 Topological modularity

A methodology and computational framework for the generation of topologically

modular space-frame configurations was established in Chapter 2. Conway operators

were deployed to produce a rule-based design-space of highly diverse and complex

layouts. An evaluation of the properties of different configurations can identify

an optimised layout for a given design problem, thus achieving important savings

in mass. Therefore, the design-space developed offers the unique opportunity for

diverse and innovative layouts to be explored and assessed during early stages of the

design process and inform the project development. Despite its development in the

context of space-frame structures, the method of generating double-layered modular

configurations can be applied in other fields as well. More specifically, the high

strength/density ratio of cellular materials has triggered research into their structure

in the field of material science [2]. The challenge in exploring their potential and

broadening their use in industrial applications and new materials lies in evaluating

their performance under static and dynamic loading [3–5]. The method of generating

diverse and highly complex 3D configurations of statically determinate structures

hence provides a tool to strengthen the research in this direction.

6.2.2 Geometry optimisation

Optimisation approach

The construction complexity of a space-frame structure was evaluated as a factor

of the number of batches required for the fabrication of its joints. The k-means

algorithm was used for this reason, due to is simplicity and applicability on large

datasets (Chapter 4). However, while the k-means algorithm forms a computationally

efficient clustering tool, its performance can vary significantly, due to the randomness

embedded in the seeding process. A custom initialisation method was therefore

197



developed, which led to a substantial improvement in the compactness of the

generated clusters, once problem-specific parameters and considerations were

taken into account. This fact triggers the discussion between customisation and

performance of contemporary computational tools. On the one hand, there are

algorithms that are applicable in diverse contexts, such as the k-means, while on

the other hand, there are highly customised tools, that outperform the former, when

used in a specific context. Nevertheless, when applied in different contexts their

performance drops significantly [6]. It is therefore essential to understand the

limitations of the algorithm or method applied to solve a design problem and to

recognise the project-specific parameters that can affect its performance. Any

opportunity to customise such tools to enhance their performance and generate

savings should be embraced and become an integral part of the design process.

The vast amount of open-source libraries available and the increasing adoption of

computational skills by members of design teams in practice can contribute to this.

The savings that could be achieved by the informed application of algorithms and

methods are critical in accelerating the construction process.

The challenge of optimising the construction process of doubly-curved space-frame

structures was addressed in Chapters 3,4 and 5. A comparative evaluation of the

different methodologies developed provides insightful information regarding the

opportunities and limitations they present and direct their efficient application in

practice.

Different methods of optimising the geometry were investigated in Chapters 3 and 5,

at a global and local scale respectively. The fabrication process was considered as

an input to the optimisation and its tolerance limit was used as a hard constraint to

drive any changes in the geometry. In both cases, an initial analysis is carried out to

calculate the number of clusters required to fabricate the starting geometry. Once
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its construction complexity has been determined, the method developed in Chapter

3 proposes a global optimisation of the structural depth to reduce the number of

clusters required. All vertices of the bottom layer are simultaneously translated and

the final, optimised geometry is obtained as an output of this process. The method

developed in Chapter 5, on the other hand, suggests an alternative approach. Once the

number of clusters required for the starting geometry has been calculated, the method

explores how the displacement of individual joints can further reduce this number.

A series of alternative design options is then presented, suggesting local changes

to the geometry that facilitate the fabrication process. A direct link between the

amount of displacement and the reduction in the clusters’ number is hence created.

While Chapters 3 and 5 presented methods to optimise the geometry and reduce

the joint variability, Chapter 4, on the other hand, was centred on the assessment

of the construction complexity of a given structure. In particular, the geometry was

considered fixed throughout the analysis, while the construction process was the

variable optimised. The combination of different fabrication processes was evaluated

and alternative fabrication options were presented, alongside the respective number

of joint batches required.

The comparative evaluation of these workflows highlights areas of the design

development process, where they can bear the most savings respectively. Overall,

the most substantial savings in fabrication were achieved by the global geometry

optimisation method (Chapter 3). Nevertheless, despite its efficiency in reducing the

fabrication complexity, it presented limitations in terms of the level of user-inputs

during this process. More precisely, the only control that the design team has on the

final geometry, is the definition of the range of depth values evaluated. When the

range is high, the scale of the design-space of possible solutions rises, increasing the

possibility of substantial savings to be achieved. At the same time, however, a large

discrepancy between the starting and final configurations is possible, which may
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hinder the application of the generated configuration in practice. When the range

of depth values is too low, the design-space contracts, leading to potentially smaller

savings. When the local optimisation method is applied, on the other hand, a range of

alternative design solutions is generated after each iteration of the algorithm, offering

a complete control over the configuration of the final space-frame geometry (Chapter

5). The global optimisation process, therefore, lends itself well to early stages of the

design development, when more design flexibility is allowed. The method developed

in Chapter 5, on the other hand, is more appropriate for application in later states

of the design development, when the opportunities for changes in the geometry are

limited. In addition, it also lends itself well as a post-process to both other methods

developed in Chapter 3 and 4. For example, once the global geometry optimisation

has been carried out (Chapter 3), a local optimisation can investigate whether minor

geometrical changes could further improve the results. In a similar way, once an

efficient fabrication process has been established, a local optimisation can follow to

improve the compactness of the generated batches.

The method of assessing the construction complexity and designing an efficient

fabrication process developed in Chapter 4 can be efficiently applied at any stage

of the project development, since it brings no changes to the geometry. Of course,

the sooner this analysis is carried out, the more effectively it can drive the design

development.

Clustering algorithm parameters

The observations regarding the different methods developed highlight that, even

though they all address the challenge of rationalising freeform space-frame

structures, the parameters of each specific design problem can drive their appropriate

application at different stages of the design development. A presentation of the
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respective computational tools and algorithms follows, aiming to direct their efficient

application in practice.

A customisation of the original k-means clustering algorithm was developed in

Chapter 4, which comprises a novel initialisation method (DDW) and an adapted

clustering analysis. This algorithm is applied in both Chapters 4 and 5, however,

its application in different stages of the project development requires a different

handling of its parameters to ensure an efficient performance. More precisely, the

parameters required for the DDW initialisation is the number of clusters k and the

weighting factor w. The range of possible values for the number of clusters is k ∈

[1, n], where n is the total number of joints in a structure, and for the weighting

factor it is w∈ [0,1]. The evaluation of all possible combinations between the values

of k and w would enable an extensive exploration of the clustering results and

the identification of the optimum solution. However, time limitations may render

this approach inefficient, when applied on large-scale structures. For this reason,

two different approaches are proposed, that guide designers towards an effective

manipulation of the algorithm’s parameters, depending on the stage of the project

development, in which the clustering analysis is carried out.

During early stages of the project development, when the fabrication process has

not been defined yet, the goal of the clustering analysis is the overall evaluation of

the construction complexity of the structure, when different fabrication processes

are considered (Chapter 4). This is achieved by grouping the joints into different

numbers of clusters, extracting the respective cluster sizes and comparing it to the

batch sizes of different fabrication processes. Given the fact that the goal is to

obtain a generalised overview of the clusters, it is suggested that a single value of

the weighting factor is used, w=0.5. Due to the low variance in the performance of

different weighting factors, this approach forms an efficient way to get an overview
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of the construction complexity linked to different fabrication options. As far as

the number of clusters is considered, they should reflect batch sizes of fabrication

processes that are possible to the applied. In case such information is not available,

a subset of 4-5 values, evenly distributed throughout the full domain of k, should

provide insightful information regarding the clustering results.

In later stages of the design development, on the other hand, when the fabrication

process has been defined, the purpose of the clustering analysis is oriented towards

the identification of the minimum number of clusters required for the construction of

the structure within the specific tolerance limits. In this case, rather than obtaining

an overall assessment of the performance of the clustering analysis, the goal is to

retrieve the specific combination of k and w, that meets the fabrication requirements

with the smallest number of clusters possible. As far as the k is concerned, the use

of the algorithm is most efficient, when the only values of k analysed are the ones

that can potentially meet the fabrication requirements. It is hence suggested that a

subset of 4-5 values, evenly distributed throughout the domain, is initially analysed

using w = 0.5. This can then narrow down the scope and guide the designers to

determine the values of k that are possible to meet the requirements and study these

in more detail. This selection can also be informed by the fact that the intracluster

variance continuously decreases, as the number of clusters increases. Once the range

of k values studied has been defined, it is suggested that each value is analysed

for multiple weighting factors, to identify the most efficient one. This can be

achieved by assessing the performance of weighting factors at intervals of 0.01,

evenly distributed throughout the domain. This detailed exploration of the domains

of k and w enables the identification of the most efficient combination, that meets

the fabrication requirements with the minimum number of joint clusters required.
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The instructions presented have been used in a variety of contexts by the authors and

have proven to consistently generate compact clusters in a time and resource efficient

manner. Nevertheless, it should be highlighted at this stage that they should only

be considered as guidelines for an efficient application of the clustering algorithm.

The more thorough the exploration of different combinations of k and w values, the

higher the possibility of reaching the optimum clustering results. Depending on

the scale of the structure and the stage of the design project, different approaches

regarding the selection of k and w values can be adopted and still generate efficient

results.

6.2.3 Fabrication process classification

The incorporation of rationalisation methods in the design process has played a

key factor in the delivery of constructible and efficient structures in recent years.

This research developed a novel method for the classification of fabrication methods

according to geometrical properties of the generated products. The strength in this

approach lies in the fact that it offers a generalised scale to simultaneously assess

multiple fabrication processes. Rather than being an input in the beginning of the

design process, the fabrication method is thus turned into a variable, allowing for

different options to be simultaneously evaluated and for the optimum solution for

a specific project to be identified. More importantly, this classification is formed

as an open system, on which any fabrication method developed in the future could

be mapped, as long as its level of geometrical tolerance can be determined. The

continuous development of manufacturing equipment and fabrication processes

renders the evaluation of novel against conventional tools instrumental in promoting

their informed and effective application in practice.
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While the classification of fabrication processes presented refers to the variability in

the joints of space-frame structures, a question arising is whether a similar approach

could be implemented to address fabrication challenges in different structural systems

and materials. An abstraction of the geometrical properties that are key to specific

structural systems would be required, alongside an identification of the equipment

properties linked to them. For example, one of the critical aspects in producing

3D printed elements is the bed size of the equipment or in the case of treating

engineered timber, the challenge lies in the axes of movement of the tool head.

Generating a platform to compare different processes and equipment specifications

for these specific operations would enable the exploration of alternative fabrication

solutions and their respective impact on the final geometry. When incorporated in

early stages of the design, an integrated design-to-construction process would be

enabled, promoting efficient and informed solutions.

6.2.4 Computational efficiency

One of the main objectives defined in this research was that any method developed

should have a user-intuitive interface and be computationally efficient. Every

computational workflow developed has been applied on large-scale, complex

geometrical models of real building structures, validating their applicability and

efficiency in practice. Significant savings in the construction process were achieved

and the ability of the generated tool to deal with large and complex datasets was

proved. More importantly, however, these case studies form a key element in

promoting the application of the generated tool in practice, since they communicate

the findings in a practical, apt manner, to which non-specialised members of design

teams can relate. It is when the savings are presented in the appropriate context

and in a user-intuitive manner, that such computational tools are more likely to be

adopted in practice.
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6.3 Original contributions

Following a critical evaluation of the outcomes and findings of the different chapters,

the original contributions of this research are summarised below:

– Development of a design-space of topologically modular space-frame

structures: A methodology for the generation of a design space of

topologically modular space-frame configurations was established, by the

application of Conway operators. While Conway operators have been applied

for the generation of space-frame configurations in literature, the innovation

lies in the preservation of modularity. This is achieved by the development of

a novel connectivity method between the top and bottom layers, that ensures

structural stability of the generated configurations. The experiments presented

in Chapter 2 demonstrate that this method provides a tool to validate the

efficiency of configurations popular in practice, such as layouts generated by

the dual operator. At the same time, it enables the exploration of alternative

layouts, generated by different combinations of Conway operators, that can

outperform dual. This method, therefore, provides the unique opportunity

for an extensive exploration of the design-space of modular space-frame

configurations and the selection of the solution that generates the most material

savings for a given design problem. The embedded modularity of these layouts

ensures constructibility and an efficient manufacturing and assembly process.

– Method for the comparison of joint geometry: A novel method for the

calculation and comparison of the geometry of space-frame joints was

established, using the angles at which the members connect at the joint, as

the similarity measure. The innovation of this method lies in the fact that the

angle calculation is invariant under any rotation of the joints or their valence.

This method sets the foundation for the assessment of the variability between
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a structure’s joints and the evaluation of its construction complexity. The

experiments presented in Chapters 3-5 demonstrate that it can be applied at

different stages of the project development and can be seamlessly incorporated

into the geometry optimisation process to reduce geometrical variability in the

joints.

– Novel initialisation method for the k-means clustering algorithm: A novel

initialisation method for the k-means clustering algorithm was developed

that uses a weighting factor to inform the adaptive selection of the initial

cluster centres. It has been proven to perform more effectively than the

original k-means clustering algorithm, generating more compact clusters. More

precisely, the intracluster variance of the generated clusters can be up to 35%

smaller, when compared to the results of the random initialisation of the

k-means (Chapter 4). As far as the weighting factor is concerned, a level

of randomness remains in the performance of different values, hindering the

identification of any trends or patterns. Nevertheless, the degree of randomness

is substantially smaller, when compared to the random initialisation. Following

a thorough investigation of the performance of the novel initialisation method,

guidelines have been provided that ensure its efficient application, depending

on the stage of the project development.

6.4 Future development

The work carried out in this research has provided insight into the challenges

of a fabrication-aware optimisation of space-frame structures. At the same time,

opportunities for future work were outlined, as described below.

The focus of this research was placed on developing efficient computational

workflows to address the challenges of fabricating complex space-frame structures.
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The vast majority of each chapter is hence dedicated to the formulation of efficient

algorithms. As a result, when the generated methodology was applied on a case-study,

a single design option was studied, in which the top layer was considered fixed and

the optimisation was carried out on the bottom layer vertices. Future studies in this

direction could investigate alternative ways of formulating the optimisation problem,

such as fixing the bottom layer of the space-frame, or allowing vertices to move in

space, rather than just on one axis. This approach could expand the possibilities of

the computational tools developed and identify methods of applying them in practice,

that bear the most savings.

This research considered the topology, surface curvature and structural depth as the

only variables in the study of the modularity of space-frame structure. Nevertheless,

as outlined in the introduction of this research, the parameters defining it are manifold,

including the structure’s material, the cross section geometry and its size. Further

studies into the effect that all these parameters have on the modularity of space-frame

structures are necessary to gain a thorough understanding of the problem.

The relationship between the topology and material properties and their impact on

the structural performance of space-frame structures needs to be further investigated.

As highlighted in Chapter 2, the diverse properties of the different space-frame

configurations indicate that an informed selection of the material properties can

optimise the resulting structural performance.

6.5 Conclusions

This research presented in this thesis explored the relationship between

geometrical variability, fabrication equipment and scale, as the main driver in the

fabrication-aware optimisation of space-frame structures. Through experiments

carried out at different scales, it has been possible to gain a thorough understanding
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of the effect customisation has in the construction industry nowadays. Conventional

manufacturing methods required highly expensive and timely operations for

the production of customised elements, while advances in the manufacturing

equipment in recent years have facilitated the production of bespoke elements. The

challenging task of rationalising complex, free-form geometries can be dealt with by

state-of-the-art tools, that can respond to project-specific requirements and achieve

significant savings. The time and cost of manufacturing customised components is

continuously reducing, however the amount of information and digital processing

required is at the same time increasing. It can therefore be concluded that there is

a shift in the way the cost of customisation is allocated in the construction process,

from expensive physical operations to advanced computational tools and information

processing.

The evaluation of the construction complexity of a project and the selection of the

fabrication process for its elements is a key factor in defining the complexity of its

construction. While numerous tools and advanced fabrication and manufacturing

methods are continuously developed, it is essential to evaluate their properties and

understand their possibilities and limitations. The experiments conducted in this

research have highlighted that the most advanced tools do not necessary bring

the most savings. Moreover, a combination of multiple processes might form the

optimal construction process, when the variability in the geometry of structural

members is high. It is hence the responsibility of the design team to evaluate

different fabrication processes according to the design requirements and promote

their informed application in practice. While the relationship between variability,

fabrication process and complexity is continuously evolving, the development of the

appropriate computational tools enables its accurate, project-specific redefinition,

promoting better-engineered structures.
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