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Abstract: Phase imbalance (i.e., load imbalance among the three phases) causes 

inefficient use of three-phase distribution assets, resulting in additional 

reinforcement costs (ARCs) compared to if the three phases were balanced. 

However, two problems remain unresolved when calculating the ARC: 1) previous 

ARC formulas assume that the three-phase total peak and the single-phase peak 

current occur simultaneously, thus causing an underestimation of the ARC; and 2) 

previous formulas calculate ARC as a point value, using one year’s peak load. 

However, the point value is not credible in supporting making investment decisions 

on phase balancing. This is because the growth of the yearly peak load is inconsistent 

over the years – the growth could be positive or negative over the years for low 

voltage (415V, LV) networks. To address the above problems, this paper originally 

develops 1) an updated ARC formula; and 2) a customised approach, named as the 

cluster-wise probability assessment, to deliver a distribution and confidence range 

of ARCs for any given LV network. This approach only requires the yearly average 

current and single-phase peak current, making it applicable to the majority of the 

LV networks that have a minimal amount of data. Case studies also identify a 

counter-intuitive finding of how the yearly single-phase peak current and the yearly 

average phase current impact the ARCs. 

 

1. Introduction 

Phase imbalance is a widespread and long-outstanding problem in the UK, where 
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customers are single-phase connected to the LV network. According to our data from 

Western Power Grid [1], more than 50% of LV networks suffered from significant phase 

imbalance, where the load on the “heaviest” phase exceeded that of the “lightest” phase 

by 50% most of the time. Further, TNEI, a UK consultancy, delivered a phase imbalance 

assessment report [2] for Scottish power, indicating that more than 70% of their sampled 

LV networks performed noticeable phase imbalance, where the greatest phase current 

exceeded the average phase current by 30% most of the time. In continental Europe, 

where customers are three-phase connected to the LV network, such as Denmark, phase 

imbalance is also a problem for distribution network operators [3]. Moreover, reference 

[4] presented 2% of MV networks in the USA have an undesirable degree of phase 

imbalance.  

Phase imbalance wastes network capacity because of the inefficient use of network 

assets [5]. When the heaviest phase of a network asset is overloaded, the capacity margins 

on the other two phases cannot be transferred to the heaviest phase to relieve the overload. 

This is effectively an imbalance-induced capacity waste, resulting in an additional 

reinforcement cost (ARC) compared to if the three phases were balanced [5]. In the 

industry, the ARC serves as a vital indicator for making investment decisions on phase 

balancing solutions, e.g. phase swapping [6], deploying power-electronic-based phase 

balancer [7],[8], and so forth. 

A number of references identified the imbalance-induced capacity waste qualitatively 

[8],[9]. References [5],[10] quantified the costs of imbalance-induced network capacity 

wastes in terms of ARCs. It assumed that the single-phase peak current coincides with 

the three-phase total peak, thereby taking the utilization rate and the degree of phase 

imbalance during the three-phase total peak as the inputs when calculating the ARC. 

However, the above assumption is not consistent with reality, and it causes an 
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underestimation of the ARC. This is because the single-phase peak current and the three-

phase total peak current do not occur simultaneously in reality, i.e., there is a time 

mismatch between the two peaks. Fig.1 shows an example of why the previous ARC 

formula produces an underestimated ARC result. 
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Fig. 1 An example of the imbalance-induced capacity wastes 

In Fig.1, the imbalance-induced capacity waste is 33A during the three-phase total peak 

period. However, because the actual single-phase peak current is greater than the 

maximum phase current during the three-phase total peak period by 40A, the actual 

imbalance-induced capacity waste is 73A. The previous ARC formulation only considers 

the capacity waste during the three-phase total peak, resulting in underestimating the 

ARC.   

Besides, the previous formulation calculates ARC as a point value, using one year’s 

peak data [5],[10]. However, for an LV network, the single-phase peak current and the 

three-phase total peak may not grow at the same rate [11],[12]: 1) the growth of the former 

can be negative, although the latter significantly increases in the next year; or 2) the 

growth of the former can be positive although the latter significantly decreases in the next 

year. This situation can be exacerbated if there is a mass penetration of heavy loads (e.g. 

electric vehicles and heat pumps) in future LV networks. Under this circumstance, the 

ARC value, calculated only from one year’s peak data, is not credible to support 
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investment decisions on phase balancing. One solution to addressing this problem is to 

use the yearly peak data of multiple years, e.g. 20 years, to obtain the distribution of ARC.  

However, this solution is too ideal to be implemented on a large scale. This is because: 

1) LV networks can suffer from severe phase imbalance under peak load, requiring 

network reinforcement well before the required total number of years for generating the 

distribution. The data up to the point of reinforcement are therefore insufficient to 

generate a credible ARC distribution.  2) The majority of the LV networks only have the 

single-phase peak current and average phase current available in field works, whereas the 

three-phase total peak is not collected.  The above insufficient data problem hinders the 

calculation of ARC value and its distributions.  

Given the above problems, a gap therefore remains: there is a lack of an accurate, data-

efficient, and credible ARC assessment approach that can support making investment 

decisions on phase balancing for a mass scale of LV networks that have a minimal amount 

of data. To this end, this paper makes the following original contributions: 

1) This paper develops a new updated ARC formula that considers the mismatch 

between the three-phase total peak and the single-phase peak load and delivers an 

accurate calculation of the ARC. 

2) Compared to the previous ARC formula that produces point estimations, this paper 

develops a customised approach, named as the cluster-wise probability assessment. 

This approach delivers a more credible ARC assessment, including a probability 

distribution and a confidence range of the ARCs. The results are significant economic 

indicators, supporting DNOs to improve network planning approaches and to make 

phase balancing investment decisions.  

In this customised approach, the clustering stage firstly divides a set of data-rich LV 

networks, as training samples, into several groups. Then, the ARC values within each 
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group are used to form a probability distribution, as well as a confidence range of ARC. 

Thirdly, for any network that is not used as a training sample in the clustering stage, if it 

has similar features to one of the derived groups, this group’s confidence range and 

distribution of ARC are used as those for the LV network in question. 

The developed approach is data-efficient, evidenced by the following perspectives: 1) 

this approach only requires time-series data from a small number of LV networks and the 

size of the required data does not have to cover multiple years. The lower-bound of data 

size is one year’s time-series data; 2) this approach only requires the yearly single-phase 

peak currents and the yearly average phase currents for LV networks. The three-phase 

total peaks that are not collected by the majority of LV networks are not required.  

The remainder of this paper is organized as follows: Section II develops an accurate 

formula to calculate the additional reinforcement costs; Section III presents the cluster-

wise probability approach for ARC assessments; Section IV performs the case studies; 

and Section V concludes this paper. 

2. An updated ARC Formula 

The ARC formula is based on the following principle: under phase imbalance, the three 

phases of a feeder are not equally utilized. Following load growth for N years, one phase 

is overloaded, yet the other two phases still have capacity margins, which cannot be 

transferred to the overloaded phase [5]. The N-year time horizon until asset overloaded is 

shorter than the condition if the three phases are balanced. The reduction of this time 

horizon is translated into an ARC [5], which reflects the imbalance-induced capacity 

waste. However, as explained in Section I, the original ARC formula assumes that the 

single-phase peak current coincides with the three-phase total peak, resulting in an 

underestimation of the ARC. In reality, the single-phase peak load does not coincidence 

with the three-phase total peak. And the single-phase peak load is normally greater than 



6 

 

the maximum phase current during the three-phase total peak.  

Therefore, this paper develops an updated and accurate ARC formula to address the 

problem of ARC underestimation that [5] had, as given by: 

𝐴𝑅𝐶 = 𝐶(1 + 𝑑)
log 𝑈𝑚

log(1+𝑟) [(1 + 𝑑)
log(3𝐷𝑒+1)

log(1+𝑟) − 1] 

where                   𝐷𝑒 =
max

𝜑
{max

𝑡
{𝑃𝜑(𝑡)}}−

1

3
max

𝑡
{𝑃𝑎(𝑡)+𝑃𝑏(𝑡)+𝑃𝑐(𝑡)}

max
𝑡

{𝑃𝑎(𝑡)+𝑃𝑏(𝑡)+𝑃𝑐(𝑡)}
 

(1) 

C is the investment costs for the network in question; 𝑈𝑚 is the utilization rate during the 

three-phase total peak; 𝑃𝜑(𝑡) is the current on phase 𝜑 at time t, 𝜑𝜖{𝑎, 𝑏, 𝑐}; 𝑟  is the load 

growth rate; 𝑑 is the discount rate. 

3. The Cluster-Wise Probability Assessment 

This section develops a customised approach: cluster-wise probability assessment 

(CWPA), with the aim to deliver a data-efficient and credible ARC assessment. This 

approach, described in Section 1, is flowchart as follows:  

Read load data from nnet 

data-rich networks 

(training samples)

Calculate the ARCs 

using equation (1)
Extract features

Apply the selected clustering 

mtehod to divide the nnet data-

rich networks into nc clusters

Derive the distributions and 

confidence ranges of ARC for the  

clusters and training networks

Evaluate the clustering  results

Extrapolate  the distributions  and 

the confidence intervals of ARC for 

the LV networks which are not used 

as training samples

Extract features from 

other LV networks 

which are not used as 

training samples

Is the clustering 

results desirable?

Yes

No

 

Fig. 2 Flowchart of the CWPA approach 
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In Fig.2, the reason for performing the clustering stage is to discover the underlying 

relationship between the ARC and the selected features, thus extracting a set of 

representative distributions and confidence ranges of ARC. Without the clustering 

process, the ARC distribution would be too wide, thus giving meaningless ARC 

assessment for individual LV networks, e.g. the ARC ranges from £1407 to £59094 for 

urban LV networks.  

Before applying the developed approach, this paper category the LV networks into 

three types: urban networks, suburban networks, and rural networks. For any type, the 

cluster-wise probability assessment is given by the following three stages: 1) Input data 

processing; 2) Clustering and distribution fitting; and 3) Assessing the distribution and 

confidence range for any new LV networks that are not used in the clustering stage.  

3.1 Input Data processing 

This section performs the input data that are used to train the cluster-wised probabilistic 

model for ARC assessments. 

Firstly, accurate ARCs are calculated for the 𝑛𝑛𝑒𝑡 data-rich LV networks (as training 

samples), using equation (1). Then, two data, the yearly single-phase peak current and the 

yearly average phase current, are selected as the features. The reason for selecting these 

two features is that these two data are available for the majority of LV networks, including 

data-scarce LV networks, thus ensuring that the developed approach is generic and 

adaptive to the majority of LV networks. Therefore, the feature matrix is given by 

𝐹𝑒 =  [𝑓1 . 𝑓𝑚𝑎𝑥⁄ , ⋯ , 𝑓𝑖  . 𝑓𝑚𝑎𝑥⁄ ]Τ (2)  

where                                                      𝑓𝑖 = [ 𝐼𝑠𝑝,𝑖 , 𝐼𝑎𝑡,𝑖]T 

𝑓𝑚𝑎𝑥 = [max
𝑖

{𝐼𝑠𝑝,𝑖}, max
𝑖

{ 𝐼𝑎𝑡,𝑖}] T 

𝐴 ./ 𝐵 means each element in vector A is divided by the corresponding element in vector 

B; 𝑓𝑖 is the feature vector for the 𝑖𝑡ℎ data-rich LV network, 𝑖 ∈ {1,2 ⋯ , 𝑛𝑛𝑒𝑡}; 𝑛𝑛𝑒𝑡 is the 

number of data-rich LV networks; 𝐼𝑠𝑝,𝑖 is the yearly single-phase peak current for the 𝑖𝑡ℎ 
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data-rich LV network; 𝐼𝑎𝑡,𝑖  is the yearly average three-phase current for the 𝑖𝑡ℎ data-rich 

LV network.  

In (2), the feature matrix is normalized, thus ensuring the elements in the two columns 

are on the same scale. After normalization, all values within the feature matrix 𝐹𝑒 are no 

more than 1. 

3.2 Clustering and distribution fitting 

Given the derived feature matrix 𝐹𝑒 , a selected clustering method, either the 

hierarchical clustering or the k-means clustering, is adopted to divide the 𝑛𝑛𝑒𝑡 data-rich 

networks into groups. Hierarchical clustering and k-means clustering are detailed in 

[13],[14]. The reason for using hierarchical clustering and k-means clustering is that: 

these two clustering methods are traditional clustering methods, embracing a good 

capability in tackling bias and variance [13],[14]. However, it raises two problems to 

divide the LV networks into clusters, with an aim to extract a set of representative ARC 

distributions: 1) because the three types of LV networks (urban, suburban, and rural 

networks) demonstrate totally different features, no certain clustering method applies to 

all the three types of LV networks. It, therefore, lacks a method to determine a clustering 

method for each type of LV networks. And 2) it also lacks a method to determine the 

clustering number. To this end, this paper customises a clustering evaluation method, 

which is detailed as follows: 

With an aim to extract a set of representative ARC distributions, the clustering results 

should ensure: 1) a great inter-cluster distance, i.e. the distance between any two 

determined clusters is large enough; and 2) an outstanding dissimilarity between any two 

fitted ARC distributions. To this end, the clustering evaluation method is broken down 

into two parts: 1) the inter-cluster distance measurement; and 2) the inter-cluster 

distribution dissimilarity measurement.  
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In this work, the clustering method and the cluster number is determined by an 

optimization model which is given by: 

min
𝑛𝑐,𝑐𝑚

𝐶𝑒 

Where               𝐶𝑒 =  
𝐷𝑑(𝑛𝑐,𝑐𝑚)

max
𝑐𝑚

(max
𝑛𝑐

𝐷𝑑(𝑛𝑐,𝑐𝑚))
+

max
𝑐𝑚

(max
𝑛𝑐

𝐷𝐺𝐴(𝑛𝑐,𝑐𝑚))

𝐷𝐺𝐴(𝑛𝑐,𝑐𝑚)
 

(3)  

𝑐𝑚 is the clustering method, either hierarchical clustering or k-means clustering in this 

paper; 𝑛𝑐,𝑐𝑚
 is the determined clustering number for the 𝑐𝑚 clustering method, 𝑛𝑐,𝑐𝑚

∈

{1,2 ⋯ ,20}; 𝐷𝑑  is the inter-cluster distance, calculated by (4); 𝐷𝐺𝐴  is the inter-cluster 

distribution dissimilarity, calculated by (6). In (3), the inter-cluster distance 𝐷𝑑  and the 

inter-cluster distribution dissimilarity 𝐷𝐺𝐴  are normalized onto the same scale. In 

equation (3), a lower clustering evaluation index 𝐶𝑒  indicates a better selection of the 

clustering method 𝑐𝑚 and the clustering number 𝑛𝑐. 

To quantify the inter-cluster distance, Davies–Bouldin index is adopted [11]. A lower 

Davies–Bouldin index indicates a lower intra-cluster distance and a higher inter-cluster 

distance [11]. The inter-cluster distance measurement is therefore given by:  

𝐷𝑑 =  
1

𝑛𝑐
∑ max

𝑗≠𝑖
(

𝜎𝑖 + 𝜎𝑗

𝑑(𝑐𝑖, 𝑐𝑗)
)

𝑛𝑐,𝑐𝑚

𝑖=1

 (4)  

where 𝑛𝑐  and 𝑐𝑚  are defined in (3); 𝑐𝑖  is the centroid feature vector among the LV 

networks’ feature vectors of the 𝑖𝑡ℎ cluster; 𝑐𝑗 has the same definition as 𝑐𝑖 but for the 𝑗𝑡ℎ  

cluster; 𝑑(𝑐𝑖, 𝑐𝑗)  gives the Euclidean distance between 𝑐𝑖  and 𝑐𝑗 ; 𝜎𝑖  is the average 

distance between each LV network of the 𝑖𝑡ℎ cluster and the centroid feature vector 𝑐𝑖; 𝜎𝑗 

is in the same definition as 𝜎𝑖 but for the 𝑗𝑡ℎ  cluster.  

Then, before measuring the inter-cluster distribution dissimilarity, a generalized 

extreme value distribution of ARCs is derived for each cluster. The reason for using the 

generalised extreme value distribution method to generate the ARC distribution is that 
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the ARC value quantifies the maximum capacity saving throughout a year. The study of 

a set of maximum capacity savings falls into the field of extreme value analysis, such as 

[15]. Moreover, the CWPA approach is designed to be data-efficient. It implies that 

training the approach only requires a small portion of data-rich LV networks. Under this 

circumstance, fitting the ARC distribution by the generalised extreme value distribution 

method ensures the distribution’s credibility.  For any cluster, the generalized extreme 

value distribution of ARCs (GDA) is given by:  

𝐺 =  
1

𝜎
𝑡(𝑥)𝑘+1𝑒−𝑡(𝑥) (5)  

where                          𝑡(𝑥) = {
(1 + 𝑘 (

𝑥−𝑢

𝜎
))

−1 𝑘⁄

𝑒
−(𝑥−𝑢)

𝜎

         
𝑖𝑓 𝑘 ≠ 0
𝑖𝑓 𝑘 = 0

 

𝑢, 𝜎, and 𝑘 are the location, scale and shape parameters. 𝑢, 𝜎, and 𝑘 are estimated from 

the ARC values (calculated by (1)) of data-rich LV networks within the cluster in question. 

Maximum likelihood is used to estimate 𝑢 , 𝜎 , and 𝑘 . The details to estimate these 

parameters are in [16],[17]. 

To measure the dissimilarity between any two clusters’ GDAs, this paper uses Jensen–

Shannon divergence, which is a traditional method to measure the dissimilarity between 

any two probability distributions [18]. Therefore, the inter-cluster distribution 

dissimilarity is given by:  

𝐷𝐺𝐴 =  
1

𝑛𝑐
∑ min

𝑗≠𝑖
(𝐽𝑆𝐷(𝐺𝑖‖𝐺𝑗))

𝑛𝑐,𝑐𝑚

𝑖=1

 (6)  

Where                         𝐽𝑆𝐷(𝐺𝑖‖𝐺𝑗) =  
1

2
𝐷((𝐺𝑖‖𝑀𝑖𝑗)) +

1

2
𝐷((𝐺𝑗‖𝑀𝑖𝑗)) 

𝑀𝑖𝑗 =
1

2
(𝐺𝑖 + 𝐺𝑗 ) 

𝐷((𝐺𝑖‖𝑀𝑖𝑗)) =  ∑ 𝐺𝑖,𝑝log (
𝐺𝑖,𝑝

𝑀𝑖𝑗,𝑝
)

𝑛𝐺

𝑝=0

 



11 

 

𝐷((𝐺𝑗‖𝑀𝑖𝑗)) =  ∑ 𝐺𝑗,𝑝log (
𝐺𝑗,𝑝

𝑀𝑖𝑗,𝑝
)

𝑛𝐺

𝑝=0

 

𝐺𝑖 and 𝐺𝑗 (calculated by (5)) are the generalized extreme value distributions of ARC for 

the 𝑖𝑡ℎ and 𝑗𝑡ℎ  cluster, respectively; 𝑛𝑐,𝑐𝑚
 is defined in (3); 𝑛𝐺 is the upper bound of the 

ARC values.  

3.3 Deriving the distribution and confidence range of ARC for any cluster and any trained 

LV network 

After dividing 𝑛𝑛𝑒𝑡 data-rich LV networks into a set of clusters, equation (5) produces 

a generalised extreme value distribution of ARCs (GDA) for each cluster, using data from 

the cluster’s contained training networks. For example, if cluster 1 contains training 

samples a, b and c, the ARC distribution is produced using data of training samples a, b 

and c.  Then, each GDA has a mode ARC. The mode ARC is the ARC value with the 

greatest probability density in the distribution. To promote the credibility of ARC 

assessments when the input data are minimal, this paper derives a confidence range of the 

mode ARC for each cluster. The confidence range indicates an interval in which the mode 

ARC possibly vary. For any cluster, the following steps detail the way to derive the 

confidence range of ARC: 

1) Estimating the confidence interval of u, σ, and k (the location, scale and shape 

parameters). Therefore, there are two sets of parameters: a) ul , σl , and kl  (the lower-

bound of location, scale and shape parameters); and b) up, σp, and kp (the upper-bound 

of location, scale and shape parameters). The method to estimate the confidence interval 

of u, σ, and k are detailed in [17]. 

2) Using the derived two sets of parameters to form two generalized extreme value 

distributions, GDAl and GDAp, thus obtaining two mode ARCs, Ml and Mp.  

3) The confidence range of ARC is given by:  
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𝑐𝐴 = (Ml,  Mp) (7)  

For any training LV network, its ARC distribution and confidence range are 

represented by those of its belonging cluster. 

3.4 Extrapolate the ARC distributions and confidence ranges for any untrained LV 

network  

This section presents how to extrapolate the ARC distribution and confidence range for 

any untrained LV network, that is not used in the clustering stage. The untrained LV 

network can be either data-rich or data-scarce. Details are given by: 

1) For each cluster, the features (defined in (2)) of the LV networks in this cluster form 

a closed feature area in the feature space – this area contains all data-rich networks within 

this cluster. In this paper, the closed feature area has two dimensions, where the x-axis is 

the yearly single-phase peak current and the y-axis is the yearly average three-phase 

current.  

2) For any untrained LV network, if its feature falls into one of the clusters’ feature 

areas, this LV network is associated with this cluster.  

3) For any untrained LV network, if its feature falls into none of the clusters’ feature 

area in the feature space. A Euclidean distance is then calculated between this untrained 

network and the centroid of each cluster. This LV network is therefore deemed to belong 

to its nearest cluster measured by the Euclidean distance.  

4) After classifying the untrained LV network into one cluster, this cluster’s ARC 

distribution and confidence range are those for this untrained LV network. It should be 

noted that any untrained LV network will not update any cluster’s ARC distribution and 

confidence range, although it is associated with the cluster. This is because, in the 

clustering stage, the input training networks are selected to be representative. The 

representative input ensures the derived set of ARC distributions are representative. If 
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any untrained LV network updates the ARC distribution, the updated ARC distribution 

loses representativity. 

4. Case Studies 

In this section, the CWPA approach is applied for urban, suburban and rural networks, 

separately, and case studies are presented in the following stages: 1) a comparison of the 

updated ARC formulation and the previous ARC formulation; 2) deriving a set of ARC 

distributions and confidence ranges by the developed cluster-wise probability assessment 

(CWPA) approach; 3) the way to extrapolate the ARC distributions and confidence 

ranges for any LV network; 4) a new finding of the implication of the single-phase peak 

current and the average phase current to ARCs; and 5) discussions. 

4.1 A Comparison of the updated ARC formulation and the previous ARC formulation  

This paper uses time-series phase current data collected from 800 LV networks to 

validate the methodology. These data are collected within Western Power Distribution (a 

UK DNO)’s business area and provided by the project “Low Voltage Network Templates” 

[1]. Reference [1] details these data and this project. These data-rich LV networks cover 

a good mix of geographical areas (urban, suburban, and rural) and customer composition 

(domestic, commercial, and industrial). 

For calculating the ARC values, the load growth rate is 0.86% [19], the discount rate 

and the periodic cost of capital (i.e. the interest rate) are 6.9%, which is the accepted 

minimum rate of return by the UK’s DNOs when setting network charges [20]. The 

network investment costs are given by [5].  

The comparison of this paper and the state of the art method is shown in Fig. 3. 
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Fig. 3 The comparison of the updated ARC formula and the state of the art formula 

In Fig. 3, each blue dot represents one LV network. The x-axis and y-axis represent 

ARCs calculated by the state of art formula and this paper’s formula, respectively. If the 

blue dot is located on the blue dashed line, it implies the state of art formula and this 

paper’s formula calculate the same ARC. If the blue dot is located above the blue dashed 

line, it indicates the state of art formula underestimates ARC. Fig.3 presents only a very 

few LV networks located on the blue dashed line. In contrast, the majority of LV networks 

located above the blue dashed line – the state of art formula underestimates ARCs for the 

majority of LV networks. 

4.2 Derive a set of representative ARC distributions and confidence ranges 

In this section, the cluster-wise probability assessment method is applied to derive a 

set of representative ARC distributions and confidence intervals. 

Firstly, this section determines the clustering method and clustering number for the 

three types of LV networks, e.g. urban networks, suburban networks, and rural networks, 

respectively. The clustering evaluation results are shown in Fig.4.  
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(a) Urban networks                  (b) Suburban networks                 (c) Rural networks 

Fig. 4 the clustering evaluation for urban, suburban and rural networks 

In Fig.4, Ce is the clustering evaluation index (defined in (3)). A lower Ce indicates a 

more desirable clustering result. The sub-figures in Fig.4 are the clustering evaluation 

results for urban networks, suburban networks, and rural networks, respectively. 

According to Fig.4, the selected clustering method for urban networks is hierarchical 

clustering, and that for the suburban and rural networks is k-means clustering. The 

clustering numbers are 5, 6, and 5 for urban, suburban, and rural networks, respectively. 

Further, this paper uses Jensen–Shannon divergence (JSD) to measure the similarity 

among the derived ARC distributions. The JSD calculation is given by (6). The lower of 

the JSD indicates the lower similarity among the derived ARC distributions – the lowest 

JSD indicates that the given clustering method and number of clusters derives the most 

representative ARC distributions. The implications of clustering methods and the number 

of clusters on ARC distribution is shown in Fig. 5. 

 

Fig. 5 Distribution similarity measurements for clusters 
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In Fig.5, adopting hierarchical clustering with 5 clusters obtains the lowest JSD for 

urban networks, i.e. adopting hierarchical clustering to divide the dataset into 5 clusters 

produces the most representative ARC distributions for urban networks. For suburban 

networks, adopting k-means clustering with 6 clusters and hierarchical clustering with 5 

clusters produce nearly the same JSD. And this JSD is the lowest compared to other 

scenarios. For rural networks, adopting k-means clustering with 5 clusters obtains the 

lowest JSD.  

Given the determined clustering methods and clustering numbers, the ARC 

distributions for urban, suburban, and rural LV networks are shown in Fig. 6.  

 

Fig. 6 – (a) the derived ARC distributions for urban networks 

 

Fig. 6 – (b) the derived ARC distributions for suburban networks 
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Fig. 6 – (c) the derived ARC distributions for rural networks 

The mode ARCs and confidence ranges for the above clusters are concluded in Table 

I. 

Table I 

Mode ARCs, deviations and ARC confidence ranges for the derived clusters 

Urban networks 

 Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5  

Mode 

ARCs 
£6042 £59094 £13491 £4470 £1407  

Standard 

deviation 
£5437 £19403 £9662 £3529 £1353  

ARC 

confidence 
ranges 

[£5710-

£6455] 

[£54459-

£60004] 

[£13242-

£13491] 

[£4221-

£4469] 

[£1324-

£1407] 
 

Suburban networks 

 Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5 Cluster 6 

Mode 
ARCs 

£3317 £5158 £7695 £2202 £10344 £18151 

Standard 

deviation 
£1685 £2549 £3093 £1532 £3553 £6339 

ARC 
confidence 

ranges 

[£3178-

£3374] 

[£4907-

£5269] 

[£7416-

£7806] 

[£2063-

£2258] 

[£10149-

£10456] 

[£17510-

£18458] 

Rural networks 

 Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5  

Mode 

ARCs 
£894 £9822 £4658 £331 £2063  

Standard 

deviation 
£640 £2963 £2416 £385 £1445  

ARC 

confidence 

ranges 

[£836-

£908] 

[£9303-

£10212] 

[£4534-

£4716] 

[£288-

£317] 

[£1976-

£2105] 
 

For any data-rich LV network, that is used to train the CWPA method, its ARC 

distribution and confidence interval are those of its belonging cluster. For example, if an 
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urban LV network belongs to cluster 1, its ARC distribution is shown as the distribution 

of the blue colour in Figure 6 – (a), and its ARC confidence range is [£5710-£6455].  

4.3 Extrapolate the ARC distributions and confidence ranges for any LV network that is 

not used to train the CWPA method 

After dividing the training LV networks into a set of clusters, the feature area for each 

cluster is derived. The feature areas of the derived clusters for urban, suburban, and rural 

LV networks are shown in Fig. 7.  

 

Fig. 7 – (a) the feature areas for urban networks 

 

Fig. 7 – (b) the feature areas for suburban networks 
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Fig. 7 – (c) the feature areas for rural networks 

In Fig. 7, there exist overlap areas among the feature areas. This would lead to 

misclassification for some untrained LV networks. The LV networks in the overlap areas 

account for 4.3%, 1.2% and 0.9% for urban, suburban and rural networks, respectively. 

This implies there are 4.3%, 1.2% and 0.9% of urban, suburban and rural networks will 

be misclassified and delivered inaccurate ARC assessments. Considering the CWPA 

approach requires minimal data – the yearly maximum and average phase currents – this 

error is acceptable. For DNOs in other countries, which might have a totally different 

dataset, the overlap area should account for no more than 10% of the total feature area to 

prevent inaccurate ARC assessments for untrained LV networks.  

Moreover, gross errors exist in the yearly average and maximum phase current that 

engineers and monitoring devices collect. To minimise the impact of gross errors, we 

leverage the concept of gross error detection of reference [21] and [22]. Firstly, this paper 

extracts each cluster’s medoid and calculates the Euclidean distance between the medoid 

and each LV networks within this cluster. It, therefore, obtains a distance vector for each 

cluster. Secondly, supposing the elements within the distance vector follow the normal 

distribution. Given that reference [23]  suggests that the outliers are beyond three times 

of standard deviation, the LV networks with a distance of greater than 3σ are defined as 

outliers (with significant gross errors). Through validation, we find that within the overlap 

areas, 63%, 51% and 56% of urban, suburban and rural networks, respectively, are 

outliers with significant gross errors. By excluding these LV networks, the LV networks 

within the overlap areas account for 2.1%, 0.6% and 0.5% for urban, suburban and rural 

networks, respectively. 

Secondly, two examples are given to present how to extrapolate the ARC distribution 

and confidence range for any untrained LV network: 
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1) An untrained urban network has a yearly single-phase peak current of 600A and a 

yearly average phase current of 230A. Its features fall into the feature area of cluster 3 for 

urban LV networks. Therefore, for this untrained urban network, its ARC distribution is 

represented by the yellow curve in Fig. 6 – (a), and its ARC confidence interval is 

[£13242-£13491]. 

2) An untrained suburban network has a yearly single-phase peak current of 340A and 

a yearly average phase current of 180A. Its features fall into none of the derived feature 

areas for suburban networks. Then, the Euclidean distance is calculated between this 

untrained network and the centroid of each cluster. The nearest cluster of this untrained 

network is cluster 6 in Fig. 7 – (b). Therefore, for this untrained suburban network, its 

ARC distribution is represented by the light blue curve in Fig. 6 – (b), and its ARC 

confidence range is [£17510-£18458]. 

4.4 The implication of single-phase peak current and average phase current to ARCs 

This section presents a new finding: the implication of the yearly single-phase peak 

current and the yearly average phase current to ARCs based on the statistical results. 

These results are shown in Fig.8. In Fig. 8, the ARCs, the yearly single-phase peak 

currents, and the yearly average phase currents are normalized. 

 

Fig. 8 – (a) the implication of single-phase peak current and average phase current to 

ARCs for urban networks 
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Fig. 8 – (b) the implication of single-phase peak current and average phase current to 

ARCs for suburban networks 

 

Fig. 8 – (c) the implication of single-phase peak current and average phase current to 

ARCs for rural networks 

In Fig. 8, when the yearly average phase current is fixed, the increase of yearly single-

phase peak current leads to the increase of ARCs. When the single-phase peak current is 

fixed, especially within the interval of [0.9, 1], with the increase of the yearly average 

phase current, the ARC value firstly increases. However, the ARC value decreases when 

the yearly average phase current exceeds a threshold. According to Fig.8, this threshold 

is 0.95, 0.94, and 0.81 for urban networks, suburban networks, and rural networks, 

respectively. This implies that when the average phase current exceeds a threshold phase 

imbalance is naturally mitigated to some extent. This new finding justifies 1) that the 

ARC that is calculated from one year’s peak data is not credible to back investment 

decisions to phase balancing; and 2) one of the fundamental contributions of this paper: 
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delivering a credible ARC assessment, including an ARC distribution and confidence 

range, to support investment decisions on phase balancing.  

4.5 Discussions 

This paper updates the previous ARC formulation and delivers a new ARC assessment 

approach, the cluster-wise probability assessment (CWPA), for LV networks. Compared 

to the previous assessment (calculating the ARC as a point value), this paper delivers 

ARC distributions and confidence ranges for LV networks. This substantial change 

derives a more credible ARC assessment to support making investment decisions to phase 

balancing for LV networks. Besides, the CWPA approach only requires the data of yearly 

single-phase peak current and the yearly average phase current, thus applies to the 

majority of LV networks without the need to deploy additional monitoring devices.  

To extrapolate the ARC distribution and confidence range for any untrained LV 

networks, this paper uses a straight-forward method rather than complicated classification 

methods. This is because: 1) the selected features for training and untrained LV networks 

are the same. This guarantee that the untrained LV networks are barely misclassified by 

the straight-forward method; and 2) This straight-forward method is very engineering-

friendly. For the distribution network operators, their employees require minimal training 

on understanding the derived figures (Fig.6 and Fig.7) and tables (Table I) derived by the 

CWPA approach, as well as extrapolating the ARC distribution and corresponding 

confidence range for any LV networks.  

The developed CWPA approach is designed to be generic. To apply this approach in 

other countries, the local DNOs need to ensure the input data-rich LV networks cover a 

good mixture of household, commercial, and industrial customers. The more 

representative of the input data-rich networks, the more representative of the derived ARC 

distributions, confidence ranges and feature areas.  
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To apply this approach in other countries, the local DNOs requires complying with the 

following steps:  

1) Select no fewer than 800 data-rich networks and make sure these LV networks are 

representative, i.e., they cover a good mix of geographical areas (urban, suburban, and 

rural) and customer composition (domestic, commercial, and industrial). These LV 

networks should a) be located in different areas within the DNO’s business area, instead 

of being located in one place; and b) have similar characteristics to that of the other DNOs 

in that country. The more representative of the input data-rich networks, the more 

representative of the derived ARC distributions, confidence ranges and feature areas. 

  2) According to reference [24], to promote representativeness, the shape of the 

selected data’s distribution should be close to normal distribution whose skewness is zero. 

For this study, the direct outcome of the time-series phase current data is the yearly 

average three-phase current. This implies if the selected LV networks’ distribution of the 

yearly average three-phase current has a shape close to that of a normal distribution, the 

selected LV networks are representative. For instance, in this paper, the distribution of 

the yearly average three-phase currents is shown in Fig. 9. 

 

Fig. 9 The distribution of the yearly average three-phase currents 

In Fig.9, kernel distribution is used to fit the distribution of yearly average three-phase 

currents for urban, suburban and rural networks, respectively. And all the three 
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distributions follow a similar shape with normal distribution, thus justifying that the 

selected 800 LV networks in this paper are representative.  

3) Trying different clustering approach. This paper adopted two classic clustering 

method, k-means and hierarchical clustering. Following the “no free lunch theorem”. 

There is no one fits all solution for data analytics. It is better to try multiple methods and 

using this paper’s clustering evaluation method to select the most appropriate clustering 

method and clustering numbers. 

Considering the available number of data-rich LV networks varies from countries to 

countries, the CWPA approach upholds two means to 1) promote the CWPA approach’s 

generality and 2) deliver credible ARC assessments despite having minimal input data. 

First, this paper suggests that DNOs should select representative data-rich LV networks 

as the input. The more representative of the input data-rich networks, the more 

representative of the derived ARC distributions, confidence ranges and feature areas. 

Second, the CWPA approach adopts a probabilistic method to present the confidence 

range of ARCs. The confidence range estimates an interval that the ARC possibly varies.  

Similar to all data-driven approaches, the CWPA approach has limitations in the 

implementation. First, the CWPA approach is sensitive to input data – the credibility of 

ARC assessments given by the CWPA approach is correlated to input data. To address 

this limitation, we recommend that DNOs in other countries should select representative 

data-rich LV networks as the input data as this paper does (shown in Section 4.1). Second, 

there is no one fits all solution in selecting the clustering method. We suggest that DNOs 

in other countries should adopt different clustering methods for their corresponding data 

set. Then they should use this paper’s clustering evaluation method (given by equation 

(3), (4), (5), and (6)) to determine the appropriate clustering method and the number of 

clusters. Third, distribution network operators should update the trained CWPA approach 
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each year using the latest year’s data to ensure the approach’s effectiveness and the results’ 

accuracy. 

5. Conclusions 

To assess the imbalance-induced capacity waste in an accurate, credible, and data-

efficient way, this paper develops: 1) an accurate formula to quantify the imbalance-

induced capacity waste as the additional reinforcement costs; and 2) a cluster-wise 

probability assessment (CWPA) approach to derive the distribution and confidence range 

of the ARCs for any LV network.  

The case studies are performed to validate the updated ARC formulation and the CWPA 

method. Firstly, it justifies that the state of the art ARC formula underestimates ARC for 

LV networks. Then, the case studies derive a set of representative ARC distributions and 

confidence ranges for urban, suburban, and rural LV networks, respectively, as well as 

the ARC distribution and confidence range for any LV network with or without the 

collection of time-series phase currents. In mapping the feature areas, this paper discovers 

that there exist overlap areas among the clusters. Approximately 50% of LV networks 

within the overlap areas are outliers having significant gross errors. Furthermore, the case 

studies discover that when the average phase current exceeds a threshold phase imbalance 

is naturally mitigated to some extent. This finding is vital for making phase balancing 

investment decisions and requires further investigations.   
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