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Abstract 
Phase imbalance, also known as phase unbalance, includes phase voltage imbalance and 

phase current imbalance. Take voltage imbalance as an example; it refers to the fact that 

either the voltage magnitudes are not the same or their phase angles are not 120° apart from 

each other, or both. A similar definition applies to current imbalance. Phase voltage and phase 

current imbalances will lead to phase power imbalance, which means that the three phases' 

power flows are not equal to each other. 

Phase imbalance is a widespread and severe problem in distribution networks, especially in 

low voltage (415V, LV) distribution networks. It causes energy losses and capacity wastes that 

lead to high costs. Major causes for this problem are uneven load allocations across the three 

phases and random load behaviours.  

Analysing phase imbalances is difficult as only LV substations are equipped with monitoring 

devices in existing distribution networks in the UK and the monitored data are only collected 

once a year. Low carbon technologies (LCTs), active customers and new business models in 

the electrical distribution system add to the complexity; the increased elements and 

interactions introduce uncertainties to load behaviour, which affects phase imbalances. 

Understanding phase imbalance in the distribution system helps the distribution network 

operators (DNOs) to understand phase balancing business cases and design suitable phase 

balancing solutions.  

This thesis completed the following tasks and delivered contributions:  

1) Developed a new method to decompose the annual three-phase power series into a 

directional phase imbalance and a non-directional phase imbalance, thus revealing 

the nature of phase power imbalance. A phase imbalance direction indicates the phase 

that is heavier or lighter loaded on average compared to the other two phases. A directional 

phase imbalance can be addressed by phase swapping, which is a relatively cheap 

solution. A non-directional phase imbalance can only be addressed by online phase 

balancing, e.g., demand-side management, which is relatively expensive. 

2) Developed a new data-driven cost-benefit analysis framework of phase balancing 

solutions for data-scarce LV networks. The framework uses a customised cluster-

wise Gaussian process regression (CGPR). The framework serves as an effective tool 

to assist DNOs to evaluate the cost-benefit of phase balancing solutions for data-scarce 

networks with no need to invest in additional monitoring devices. 



Page | ii  
 

3) Explored the impacts of two different low carbon technologies (LCTs) on phase 

imbalances through a new Monte Carlo simulation framework. The LCTs considered 

are single-phase connected electric vehicles and household solar generation. The 

developed framework helps the DNOs understand the possible imbalance-induced cost 

for different LCT penetration levels in the LV distribution network.  

 

 

.  
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1.1. Research Background 

1.1.1. Phase Imbalance and Phase Balancing 

A balanced three-phase distribution network consists of phase voltages of the same magnitude that 

are 120° apart from each other; the same applies to currents. Phase imbalance, also known as 

phase unbalance, includes both voltage imbalance and current imbalance. Take voltage imbalance 

as an example; it refers to the fact that either the voltage magnitudes are not the same or their phase 

angles are not 120° apart from each other, or both. A similar definition applies to current imbalance. 

Voltage and current imbalances will lead to phase power imbalance which means that the power 

flows on the three phases are not equal to each other. In this thesis, only the magnitudes of phase 

current and phase voltage are considered to calculate the phase power imbalances. 

Phase current imbalance (referred to as current imbalance) causes insufficient use of network 

capacity. This is because if the network capacities of an LV feeder is used up, the spare network 

capacities from other phases cannot be transferred to this feeder. An imbalanced network will require 

early investment as the capacity of the heaviest phase would be used up sooner than if the network 

was phase balanced [1]. Therefore, current imbalance leads to additional investment cost as a 

consequence of capacity waste. Besides, current imbalance results in additional energy loss on both 

feeders [2, 3] and transformers [4]. Additional energy loss is the difference between energy loss with 

balanced phases and energy loss with imbalanced phases. 

Voltage imbalance is defined as the ratio of the negative sequence voltage and the positive 

sequence voltage [5]. 1% of negative-sequence voltage imbalance results in about 6% of negative-

current current imbalance, which increases power losses and causes motor overheating [6, 7]. 

Therefore, voltage imbalance decreases power quality [8] and causes motor damages [9].  The IEC 

recommends a limit of 2% for voltage imbalance in LV supply systems [66]. 

Thus, phase balancing is beneficial for electrical distribution networks by mitigating the 

consequences mentioned above. In the LV network, phase balancing solutions include but are not 

limited to phase swapping, demand-side management and deploying phase balancers [10]. Phase 

swapping moves load from the heavy loaded phase(s) to the light loaded phase(s) to rebalance the 

three phases [11]. Demand-side management encourages end-users to change usage patterns. The 

end-users are incentivised by time-of-use electricity price determined to contribute to phase 

balancing. Phase balancers along with control strategies rebalance the three phases in real-time 

operation, with an optional function for reactive compensation [10]. 
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In the UK, the monitoring equipment installed at substations mostly depends on the nominal voltage, 

with the lower voltages having significantly fewer monitoring devices [12]. A typical LV distribution 

substation monitoring device is a Maximum Demand Indicator (MDI) which records peak phase 

currents based on the aggregation over half an hour. The MDI does not have any communication 

options so that its reading is typically manually recorded on an annual basis [43].  

The absence of frequent time-series data pose challenges to distribution network operators (DNOs) 

when estimating load behaviours. It becomes more challenging with the constantly evolving electrical 

distribution system with low carbon technologies (LCTs), such as electric vehicles (EVs) and Photo-

Voltaic (PV) generation.  

 

1.1.2. Changes in the UK’s Distribution System 

For many decades, electricity has been generated from centrally dispatched power plants, and 

transmitted through networks to match the demand, as shown in Figure 1-1. However, with the 

introduction of LCTs, active customers (also known as prosumers) and new business models (such 

as virtual power plant business model), the electrical distribution system is becoming increasingly 

complicated.  

 

Figure 1-1. Evolution of the UK’s power system taken from [13] 
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The drivers for change are grouped into five aspects by [14]:  

1) Sustainability and decarbonisation [15, 16]: According to the British government’s target on 

decarbonization, pathways to increase distributed renewable generation, storage, electric heat 

and electric transport is encouraged. As indicated by the National Grid’s ‘‘Two Degrees’’ 

scenarios, the carbon emission should decrease 90% by 2050 compared to 73 megatonnes in 

2017 [17].   

2) Cost-effectiveness [18]: The transition of power system faces growing penetration of LCTs that 

requires network reinforcement. The investment on network reinforcement would reduce system 

operation cost and therefore enables a cost-effective integration of LCTs [19]. The cost of 

transition to a low carbon future needs to be affordable for the businesses. System operator also 

need smart technologies to actively control and manage the system to secure economic benefits 

for customers. 

3) Security of supply: The traditional central generation is replacing by various distributed 

renewable generations. According to the Future Energy Scenario report from the National Grid 

[17], the installed capacity of low carbon and renewables reaches 56.6% of the total electricity 

generation capacity by 2030 with steady progression. At large scales, the mix of generation has 

low stabilising inertia which could reduce the inherent stability and security of the electrical 

system. Therefore, the future electrical system needs to find the balance between carbon 

emission goal and the security of supply [20]. 

4) Consumers changing to prosumers: An increasing amount of household distributed 

generation (DG) systems are connected to the power grid. This converts the passive consumer 

to active consumers, also known as prosumers [21-24], capable of injecting power to the main 

grid. The prosumers’ need is changing with time and economic incentives, such as demand-

side management [25].  

5) New business models emerging in the power market: New roles such as aggregator are 

responsible for organizing prosumers in the future [25]. The new prosumers will also facilitate 

the development of local markets [26], i.e. peer-to-peer market.  

 

The distribution system is evolving in a decentralised way and becoming increasingly complicated 

with the massive growth of LCTs and new business models. The customer’s electricity usage 

patterns will be more difficult to be predicted because the combinations of LCTs are able to generate 

as well as consume electricity. Consequently, the changes in the distribution system will have 

impacts on network problems, such as phase imbalance. Investigating the possible impacts of the 
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changing distribution system on phase imbalance will help DNOs manage and operate the 

distribution networks efficiently and effectively. 

 

1.1.3. Phase Imbalance in the UK’s Distribution System 

In the United Kingdom (UK), phase imbalance occurs in more than 70% of the UK’s low voltage 

(415V, LV) networks [27]. Data from 800 LV networks show that the majority suffers significant phase 

power imbalance where the difference between the ‘heaviest’ loaded phase and the ‘lightest’ loaded 

phase is greater than 50% [7]. The TNEI also found that 70.8% of 233 LV feeders suffers severe 

phase imbalance where the ratio of the phase current to the mean current of the three phases is 

larger than 1.3 on average [28]. 

The low carbon transition of the distribution system has uncertain impacts on phase imbalance. The 

phase imbalance can be aggregated if the connections of LCTs are not properly controlled. However, 

new controlling and managing strategies can be developed to reduce phase imbalances as well as 

other network problems.  

 

1.2. Research Motivations and Challenges 

1.2.1. Understanding the Characteristics of Phase 

Imbalances 

Two main reasons for phase imbalances are the uneven load allocation and random load behaviour 

[8, 29, 30]. Uneven load allocation causes systematic imbalance (SIB). SIB means that there is a 

definite maximum phase (which has the highest power among the three phases), a definite minimum 

phase (which has the lowest power among the three phases), or ordered three phases (where both 

definite maximum and minimum phases exit). SIB can be effectively addressed by phase swapping, 

which has been widely adopted by DNOs. Random load behaviours cause random imbalance (RIB). 

RIB has neither a definite maximum phase nor a definite minimum phase. RIB requires demand-side 

management to address and risks non-delivery. The former is relatively cheaper compared to the 

latter. 

Current research mainly focuses on investigating methods of reducing phase voltage, phase current 

or phase power imbalances [31-38]. These methods lack the decomposition of phase power 

imbalances into SIB and RIB, which reveals the maximum potential for phase balancing and a 
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minimum requirement for demand-side management. By decomposing power imbalances, the 

phase balancing costs can be optimised. 

1.2.2. Performing Cost-Benefit Analysis of Phase Balancing 

In the LV network, phase swapping [39], demand-side management [40] and deploying phase 

balancers [10] are the conventional solutions to phase balancing. The phase balancing solutions are 

able to improve power quality and reduce energy losses with different costs. It is necessary to 

perform a cost-benefit analysis before applying a solution to the LV networks. Current cost-benefit 

analysis of phase balancing solutions requires a complete time-series of voltage and current data [2, 

3, 41-46]. However, the majority of the UK’s LV networks are unmonitored with some exceptions; 

only substation data are collected once a year. Therefore, it is challenging for DNOs to evaluate the 

phase balancing solutions before making an investment decision.  

As a result, there is a need for a cost-benefit analysis method for phase balancing solutions in 

existing LV networks that have insufficient data.  

 

1.2.3. Uncovering the Future of Phase Imbalances 

To ensure the effective and secure operation of the distribution system, the distribution system is 

required to coordinate the increasing LCTs with active customers and business models while 

maximising customers’ benefits. Existing research focus on analysing the impacts of LCT penetration, 

such as EV charging [47-52], PV inverters [35, 52-57] and heat pumps (HPs) [49, 58], on voltage 

imbalance; and developing strategies for minimising voltage imbalance in the distribution networks 

[48, 50, 51]. 

Consequently, there is a need for understanding the possible impacts of LCT penetrations on phase 

imbalances in the UK’s LV distribution networks. 

 

1.3. Research Contributions 

This thesis aims to find efficient and cost-effective methodologies to help DNOs analyse the phase 

imbalances in the distribution system and find optimal phase balancing strategies to minimise the 

imbalances in the LV networks. The contributions of this work are: 
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1) Developed a new method to decompose the annual three-phase power series into a 

directional phase imbalance and a non-directional phase imbalance, thus revealing 

the nature of phase imbalance. A phase imbalance direction indicates the phase that is 

heavier or lighter on average compared to the other two phases. A directional phase 

imbalance can be addressed by phase swapping, which is a relatively cheap solution. A non-

directional phase imbalance can only be addressed by online phase balancing, e.g., demand-

side management, which is relatively expensive. 

2) Developed a new data-driven cost-benefit analysis framework of phase balancing 

solutions for data-scarce LV networks. The framework uses a customised cluster-wise 

Gaussian process regression (CGPR). The framework serves as an effective tool to assist 

DNOs to evaluate the cost-benefit of phase balancing solutions for data-scarce networks 

without requiring the investment in additional monitoring devices.   

3) Developed a Monte Carlo simulation analysis to investigate the impacts of LCT 

penetrations on phase power imbalances and determine the optimal option to balance 

day-to-day energy loss cost and long-run investment. The impacts of LCT penetrations 

on phase imbalances are analysed using Monte Carlo simulation considering LCT 

uncertainties. Two single-phase connected LCTs are considered for the analysis, i.e. electric 

vehicles and household solar generation. The developed probabilistic impact assessment 

framework helps the DNOs understand the potential imbalance-induced costs under different 

LCT penetration levels.  

 

1.4. Thesis Layout 

Chapter 2 presents a comprehensive review of phase imbalance analyses in the distribution system 

and identifies the research gaps.  

Chapter 3 presents the published paper ‘Three-phase power imbalance decomposition into 

systematic imbalance and random imbalance’ and additional analysis and discussions. 

Chapter 4 presents the published paper ‘Cost-benefit analysis of phase balancing solution for data-

scarce LV networks by cluster-wise Gaussian process regression’ and additional analysis and 

discussions. 

Chapter 5 presents the submitted paper ‘probabilistic impact assessment of phase power imbalance 

in the LV networks with increasing penetrations of low carbon technologies’ and additional analysis 

and discussions. 
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Chapter 6 concludes the key findings and contributions of the work.  

Chapter 7 shows some potential topics for future research.  
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Chapter 2. Phase Imbalance and 
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2.1. Introduction 

This chapter introduces the review of the definitions, causes and consequences of phase imbalance. 

Besides, phase balancing solutions are explained in detail and their advantages and limitations are 

compared. Moreover, published works on the future developments of the system architecture are 

also reviewed to discover the phase imbalance in the future distribution system.  

 

2.2. LV Distribution Network 

Figure 2-1 shows that the general European distribution system, which is a three-phase system. 

The three-phase power system has an economic advantage in transmitting power compared to 

a single-phase power system because of lower energy loss and less cost [59].  

 

Two real LV networks from Western Power Distribution’s licenced area are given as examples 

for illustration. Figure 2-1 and Figure 2-2 shows the LV networks of Illminster Avenue and 

Marwoord Road, respectively.  The transformer capacity for Illminster Avenue is 750kVA and its 

utilization rate is 43%. The transformer capacity for Marwoord Road is 500kVA and its utilization 

rate is 94.8%. 

 

 

Figure 2-1. Layout of Illminster Avenue taken from [60] 
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The detailed parameters of the two networks are given in Table 2-1. The Illminister Avenue has a 

total of 267 customers while the Marwoord Road has a total of 377 customers. Note that the phase 

allocations of the customers are unknown for Western Power Distribution’s  networks [61].  

 

 

 

Figure 2-2. Layout of Marwood Road taken from [60] 
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Table 2-1. Parameters of the two networks taken from [60] 

Network name Feeder name 
Number of customers 

per feeder 
Feeder length (m) 

Illminster 
Avenue 

Feeder 0011 118 295 

Feeder 0012 28 88 

Feeder 0021 121 287 

Marwoord 
Road 

Feeder 0011 3 172 

Feeder 0012 13 109 

Feeder 0013 12 110 

Feeder 0021 67 268 

Feeder 0031 6 170 

Feeder 0032 29 301 

Feeder 0033 42 191 

Feeder 0034 10 101 

Feeder 0041 14 120 

Feeder 0042 52 233 

Feeder 0051 125 345 

Feeder 0052 4 0 

 

 

2.3. Definition, Causes and Consequences of 

Phase Imbalance  

2.3.1. Definition of Phase Imbalance 

Phase imbalance means that, among the three phases, either the voltage (or current) magnitudes 

are not the same or their phase angles are not 120° apart from each other. Phase imbalance includes 

voltage and current imbalance. Voltage (or current) imbalance is defined as the ratio of the positive 

sequence voltage (or current)  and the negative sequence voltage (or current) by IEEE [5, 62].  The 

IEEE true definition of voltage imbalance factor (VUF) is given by [5]: 
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𝑉𝑈𝐹 =
𝑉2

𝑉1
× 100 (2-1) 

where 𝑉1 and 𝑉2 represents the positive and negative sequence voltage, respectively. 

However, this definition of voltage imbalance ignores the zero sequence component of voltage which 

is inevitable in the distribution system. A complementary formulation of voltage imbalance ratio 

(𝑅𝑀𝑆𝑉) is given by [63]: 

 

𝑅𝑀𝑆𝑉 =
√|𝑉0|2 + |𝑉2|2

|𝑉1|
 (2-2) 

where 𝑉1, 𝑉2 and 𝑉0 represents the positive, negative and zero sequence voltage, respectively. 

For example, suppose the three-phase voltages are 𝑣𝐴 = 244∠0° , 𝑣𝐵 = 243∠245°  and 𝑣𝐶 =

242∠120°. Then the magnitudes of symmetrical components are 𝑉1 = 242.8, 𝑉2 = 6.5 and 𝑉0 = 7.6. 

Therefore, the IEEE true definition gives a value of VUF = 2.7% while the complementary formulation 

gives a value of 𝑅𝑀𝑆𝑉 = 4.1%. As can be seen from the results, the difference between these two 

definitions is large. As a result, the zero sequence voltage can not be neglected while analysing 

phase voltage and current imbalances. 

As indicated by Engineering Recommendation P29 [64], voltage imbalance for systems with a 

nominal voltage below 33kV should not exceed 1.3%; and for systems with a nominal voltage below 

132kV, the voltage imbalance should not exceed 1%. The IEC recommends a limit of 2% for voltage 

imbalance in LV supply systems [65].  

For the reason that only the magnitudes of phase voltage are available in the data from 800 LV 

networks, the phase voltage unbalance rate (PVUR) is adopted to analyse phase voltage imbalance. 

The PVUR is given by [2]: 

𝑃𝑉𝑈𝑅 =
maximum voltage deviation from the average phase voltage

average phase voltage 
 (2-3) 
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The results of the 800 LV networks show that only 11 networks have exceeded the limit of 2% voltage 

imbalance for only one time point (10-minute resolution) for the whole year. None of the LV networks 

has a PVUR larger than 3%. Therefore, in this thesis, voltage imbalance of all the networks are 

assumed to be within the limit. 

Phase power (𝑃∅) for each phase is defined as: 

𝑃∅ = 𝑉∅ × 𝐼∅ × 𝑐𝑜𝑠𝜑∅, ∅ ∈ {𝐴, 𝐵, 𝐶} 
(2-4) 

where 𝑉∅ and 𝐼∅ represents the magnitudes of phase voltage and phase current, respectively; 𝑐𝑜𝑠𝜑∅ 

is the power factor. 

Voltage and current imbalances will lead to phase power imbalance [8, 66] which means that the 

power flows on the three phases are not equal to each other.  

It should be noted that major difficulty in quantifying the time-varying power factor (𝑐𝑜𝑠𝜑∅) in the LV 

distribution network is the lack of phasor measurements. There is hardly any information on power 

factor in real-time operation. A feasible solution is to assume an average power factor of 0.9 for the 

three phases. Assuming such an average power factor, if the active power is rebalanced, the reactive 

power is automatically rebalanced. Hence, only active power is considered for phase balancing in 

this thesis. 

Phase power imbalance is analysed using the degree of power imbalance (DPIB) factor. The DPIB 

for a main feeder is given by [1]:  

𝐷𝑃𝐼𝐵𝑓 =
𝑚𝑎𝑥{𝑃∅} − 𝑃𝑡

𝑃𝑡
          ∅ ∈ {𝐴, 𝐵, 𝐶}         (2-5) 

where 𝑃𝑡  is the total power of three phases when the maximum phase power occurs and  𝑃∅ is the 

power on phase ∅. The DPIB for a transformer is given by [1]: 

𝐷𝑃𝐼𝐵𝑡 =
𝑃𝑁

𝑃𝑡
          ∅ ∈ {𝐴, 𝐵, 𝐶}         (2-6) 

where 𝑃𝑁 is neutral line power and 𝑃𝑡   is the total power of three phases when the maximum phase 

power occurs 
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2.3.2. Causes of Phase Imbalance 

There are two main causes for phase imbalance in the LV distribution network:  

1) Uneven single-phase load allocation among the three phases  

The majority of the load in the UK’s LV distribution network is single-phase connected [67] and 

their distribution across the three phases are not even [8, 29, 30, 40, 68]. This will naturally result 

in uneven demand across the three phases. In other words, it will result in phase imbalances in 

the LV networks.  Data from 800 LV networks show that the majority suffers significant phase 

power imbalance where the difference between the ‘heaviest’ loaded phase and the ‘lightest’ 

loaded phase is greater than 50% [7]. The TNEI also found that the majority LV feeders suffers 

severe phase imbalance where the ratio of the phase current to the mean current of the three 

phases is larger than 1.3 on average [28]. 

2) Random load behaviours in the distribution system  

There are three main types of loads in the LV distribution network: industrial, commercial and 

residential load. Industrial and commercial load are mostly predictable. However, the residential 

load has large uncertainties, such as electricity usage patterns and the adoption of low carbon 

technologies (LCTs). Such random load behaviours also lead to phase imbalances [29, 30]. 

3) Structural asymmetries 

The distribution line segments are inherently asymmetrical [69] because of the connections of 

single-phase laterals to the three-phase main in the LV distribution network [67].  The structural 

asymmetries lead to phase imbalances in the distribution networks [58]. 

 

2.3.3. Consequences of Phase Imbalance 

Phase imbalance causes several consequences, including additional reinforcement cost (ARC) [1, 

70], additional energy losses [71] and damages to induction motors [9]. 

1) Incurred ARC from LV transformer and main feeder 

The ARC arises from both LV transformers and main feeder. As for the main feeder, ARC is the 

consequence of insufficient usage of network asset from phase imbalances [1, 70]. This is 

because the spare capacities of one phase cannot be transferred to another phase which uses 

up its capacity. In other words, the usable capacity for the main feeder is decided by the least 

spare capacity. As for LV transformers, phase imbalance results in the additional power flow in 

the neutral line and reduces the available capacity [1]. In the UK, the LV side of a three-phase 
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distribution transformer is star connected [72]. Therefore, only star connection for LV 

transformers is considered in this thesis. 

 

Figure 2-3 shows that phase imbalance results in a higher utilization rate compared to that of the 

balanced scenario for both the LV transformer and the main feeder. As a result, phase imbalance 

leads to an earlier network investment compared to that with balanced three phases. 

 

 

 

Figure 2-3. The difference between the balanced and imbalanced case in the utilization of a) 

an MV/LV transformer and b) a main feeder taken from [1] 

 

 

The calculation of ARC is given by [1]: 

𝐴𝑅𝐶 = 𝑁𝑅𝐶𝐵
𝑃𝑉 − 𝑁𝑅𝐶𝐼𝐵

𝑃𝑉 (2-7) 

where 𝑁𝑅𝐶𝐵
𝑃𝑉 is the present value for network reinforcement cost under a three-phase balanced 

scenario and 𝑁𝑅𝐶𝐼𝐵
𝑃𝑉  is the present value for network reinforcement cost under three-phase 

imbalanced scenario. 

Figure 2-4 shows an example of comparing the ARC and 𝑁𝑅𝐶𝐵
𝑃𝑉  for different groups of LV 

networks with a fixed utilization rate (90%). With the increase of the degree of phase imbalance, 

the ARC continue increases to exceed the network reinforcement cost under a three-phase 

balanced scenario (𝑁𝑅𝐶𝐵
𝑃𝑉). 
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Figure 2-4. Example of ARCs for urban, suburban and rural networks 

 

 

2) Increased energy losses 

It should be noted that energy losses still exist on the phase conductors when three phases are 

balanced. The energy losses will become larger if the phases are imbalanced. The increased 

energy loss because of phase imbalance is the additional energy loss. Additional energy loss 

caused by phase imbalance includes two components: additional transformer copper loss [4, 73], 

[3, 74] and energy loss caused by neutral line current [75, 76]. 

a. Transformer copper loss is also known as winding loss [77]. The winding resistance is 

heated when current flow through the transformer windings; therefore, it generates 

copper losses. The transformer copper loss is given by [77] 

Loss𝑐 = 3𝐼2𝑅𝑤 (2-8) 

where 𝐼 is the balanced phase current and 𝑅𝑤 transformer winding resistance. 

 

The transformer copper loss under the imbalanced case is also given in [77] 
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Loss𝑐𝑖
= (𝐼𝐴

2 + 𝐼𝐵
2 + 𝐼𝐶

2)𝑅𝑤 (2-9) 

where 𝐼𝐴, 𝐼𝐵 and 𝐼𝐶 are current values for the phases 𝐴, 𝐵 and 𝐶 respectively. 

 

Therefore, the imbalance-induced transformer copper loss is the difference between 

Loss𝑐 and Loss𝑐𝑖
. 

 

For example, if the phase currents are𝐼𝐴 = 100𝐴, 𝐼𝐵 = 170𝐴, 𝐼𝐶 = 110𝐴 and the winding 

resistance is 𝑅𝑤 = 0.0163 𝑜ℎ𝑚. The transformer copper loss under such imbalance is 

Loss𝑐𝑖
= 831.3𝑊 . Balanced phase current is  𝐼𝐴 = 𝐼𝐵 = 𝐼𝐶 = 126.7𝐴  , the transformer 

copper loss is Loss𝑐 = 784.6 𝑊. Thus, the imbalance- induced transformer copper loss is 

Loss𝑐𝑖
− Loss𝑐 = 46.7𝑊. 

 

b. In a four-wire-three-phase system, if the three phases are perfectly balanced, the current 

flowing through the neutral line is zero. However, if phase imbalance exists, there will be 

current flowing through the neutral line, causing energy losses.  

 

Terre-Neutral Separated (TN-S) systems are adopted by the majority of the UK’s LV 

distribution networks [78] [79]. TN-S was the default earthing system until Terre-Neutral-

Combined-Separated (TN-C-S), also known as protective multiple earthing, became 

common in the 1980s [80]. The difference between these two earthing systems is that 

neutral and earth conductors are combined in supply-side but separated in customer side 

in the TN-C-S system; while the neutral and earth conductors are separated throughout 

in TN-S system [81].  

 

Take TN-S earthing system as an example, neutral line current flows, through the neutral 

conductor, into the transformer neutral point. Thus, the energy loss caused by the neutral 

line current is given by [75] 

 

Loss𝑛𝑙𝑐 = 𝐼𝑛𝑙𝑐
2 𝑅𝑛 (2-10) 
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where    𝐼𝑛𝑙𝑐 = √𝐼𝐴
2 + 𝐼𝐵

2 + 𝐼𝐶
2 − 𝐼𝐴𝐼𝐵 − 𝐼𝐵𝐼𝐶 − 𝐼𝐴𝐼𝐶   

where 𝐼𝑛𝑙𝑐 is the neutral line current; 𝑅𝑛 is the neutral wire resistance; and 𝐼𝐴, 𝐼𝐵 and  𝐼𝐶 

are the phase currents for three phases, respectively.  

The additional energy losses caused by phase imbalance can be translated into 

additional energy loss cost (AELC). Together with the ARC, they form the total imbalance-

induced cost in the LV networks. In the UK, the phase imbalance in the LV distribution 

networks increases cost each year [27, 41, 44, 82, 83].  

 

3) Damages to induction motors 

Voltage imbalance leads to current imbalance in three-phase load and creates negative-

sequence and zero-sequence current flow in the system [84]. Current imbalance results in higher 

energy losses on the neutral wire. Besides, it also leads to power derating, life-shortening and 

efficiency reducing of motors [9, 85, 86]. When three-phase induction motors run under 

unbalanced voltages, the current imbalance increases dramatically and will lead to the 

malfunction of the protection system [9].  

 

2.4. Phase Balancing Solutions and Limitations 

2.4.1. Phase Balancing Solutions 

Phase balancing solutions include but are not limited to phase swapping, demand-side management 

and deploying phase balancers [7]. 

1) Phase swapping  

Phase swapping (as shown in Figure 2-5) is a direct way of rebalancing phases by moving load 

between the three phases [11]. It includes nodal and lateral phase swapping [41] which means 

moving a node or lateral from heavily loaded phase(s) lightly loaded phase(s). In real life 

operations, phase swapping can be static (off-line) or dynamic (on-line) [87]. The dynamic 

operation has advantages in achieving global optimal strategies while minimising cost [88].  
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Figure 2-5. Phase swapping in LV distribution network 

 

Various algorithms had been developed based on genetic algorithm (GA) [89, 90], particle 

swarm optimization (PSO) [84, 91] and shuffled frog leaping algorithm [92]  to determine the 

optimal phase swapping strategies. Six algorithms for phase swapping are compared in [90] and 

the comparison shows that dynamic programming performs the best among all the algorithms. 

A statistical approach based on non-negative matrix factorization method is developed in [93] to 

guide phase swapping for data-scarce networks. Reference [94] decomposes distributed 

generation (DG) penetrated distribution system into local subsystems and used GA and heuristic 

algorithm to rebalance the phases for each subsystem. Rephasing and DG sizing are 

considered simultaneously in [95] to perform effective automatic phase balancing.  

The drawbacks of phase swapping are the issues related to switching, i.e. cost and interruptions 

of supply [96]. It takes about 15 minutes to switch a load to another phase and the overall phase 

swapping takes about one hour [90]. The total cost, including both labour and preparatory work, 

may go up to thousands of British pounds [90]. 

2) Demand-side management 

Demand-side management controls LCTs, such as electric vehicles (EVs), photovoltaic (PV) 

generation and energy storages (ES), by connecting or disconnecting them from the network to 

reduce phase imbalances in the distribution network. Demand-side management re-distributes 

the load and LCTs without curtailing load consumptions or wasting energy produced by 

intermittent renewables [97]. Many efforts were made to analyse the voltage imbalance caused 

by LCT penetrations, such as EV charging [47-52], PV inverters [35, 52-57] and heat pumps 

(HPs) [49, 58]. Developed solutions for minimising such imbalances include using control 

strategies for EV charging [48, 50, 51], using control strategies for on-load tap changer [52], 
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applying devices to maintain voltage levels [98] and applying generating limits for PV systems 

[53].  

A few research have developed strategies for EV charging to achieve the goal of phase 

balancing [40, 50, 99]. The strategy developed in [40] focuses on controlling charging spots to 

detect the phase with the highest phase voltage and connecting EVs to that phase, therefore, 

reduce voltage imbalance among the three phases. A single-phase EV charging strategy is 

developed for smart chargers in [50] to mitigate voltage imbalance and increase EV hosting 

capacity. Reference [99] developed a remuneration scheme for EVs using game theory to 

minimise phase imbalances. Reference [47] compares the voltage imbalance caused by 

uncontrolled EV charging and tariff-based EV charging under different penetration levels. 

Similarly, a central control strategy is developed for EV charging points in [108], and it is applied 

to two real LV networks to analyse the impacts on voltage imbalance.  

PVs are also widely used as a means of phase balancing [100-103]. Reference [100] proposed 

a local controller to control both EV chargers and PV inverters to reduce voltage imbalance and 

system losses. Reference [101] controls the reactive power of three-phase PV inverters to 

reduce the voltage imbalance caused by single-phase PV inverters. A voltage imbalance 

sensitivity analysis for PV penetrated LV distribution networks is performed in [102] and a 

method of controlling the reactive power supplied by PV converters is developed. In [103], PV 

inverters are applied to coordinate with thermostatically controlled loads for relieving voltage 

imbalance. 

Control strategies have also been developed for ES to address the phase imbalance [104, 105]. 

Reference [104] proposes a real-time algorithm using ES to minimise cost and phase imbalance 

in the presence of uncertainty. Reference [105] uses controllable ES units to reduce voltage 

imbalance caused by highly penetrated PVs in LV distribution networks. 

The impacts of four type of LCTs, including EVs, PVs and HPs, are analysed in [49] based on 

two impact factors. The two impact factors are customer side voltage violations and feeder 

loading levels. These impacts help DNOs estimate the LCT hosting capacities for LV distribution 

feeders. Reference [58] presented sensitivity analyses of both voltage and current problems on 

a sample suburban LV network to quantify the impacts of different types of electric HPs.  

The drawback of using demand-side management is the high risk of non-delivery because of 

the uncertainties in LCTs. Besides, additional financial incentives are required to encourage 

customers to provide demand-side management to the DNOs. 
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3) Phase balancer 

A range of existing works had developed phase balancers with various control strategies. 

Reference [106] developed a single-stage voltage balancer for bipolar LV DC distribution 

systems using a three-level dual-active-bridge converter. Closed-loop control is implemented to 

balance the bipolar voltage levels caused by imbalanced power in the bipolar DC bus. Similarly, 

a voltage balancer is developed for a bipolar DC microgrid in [107] using Buck/Boost converter 

with a current control strategy. A simple reactive power control strategy is developed in [10] to 

address the challenge of large power rating requirement for active load balancers. Besides 

converters, electric springs and distribution static compensator (D-STATCOM) are also used as 

phase balancers. A three-phase electric spring circuit, formed by electronic circuits, is deployed 

to re-allocate the power among non-critical loads to reduce phase imbalance [8]. References 

[108, 109] propose individual phase control strategies for D-STATCOM to minimise phase 

imbalance. Reference [110] analysed the voltage imbalance caused by single-phase PVs and 

used D-STATCOM to reduce such imbalance.  

The drawbacks of deploying phase balancer are low efficiency of the power electronics under 

high switching frequencies and high cost of applying phase balancers to all the LV networks.  

 

2.4.2. Limitations of the Phase Balancing Solutions 

Phase balancing solutions face the problems of adaptability and reliability [7]. Phase swapping is 

suitable for systems where one phase is consistently heavier-loaded or lighter-loaded than the other 

two. However, the uptake of a large amount of LCTs will cause random changes to the loading 

situations. Consequently, phase swapping will become less effective in rebalancing the phases. 

Demand-side management is an economical way of dealing with random imbalances. 

Nonetheless, it is rather challenging to encourage customers to join the demand-side response and 

sell their flexibility in energy usage. DNOs need to find effective ways of incentivising customers and 

protecting customers’ private information at the same time. Besides, demand-side management 

faces a high chance of non-delivery as customers may fail to respond to the DNO or insufficient 

flexibilities provided by the customers. Phase balancer performs the best in terms of real-time phase 

balancing among all the solutions. However, the application and maintenance of phase balancers to 

all the distribution networks will be costly. The phase balancers are composed of power electronics 

with approximate lifespans of 10~30 years [111, 112] which will incur additional maintenance costs. 
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Another main limitation of phase balancing is data-scarcity. The phase imbalance needs to be 

assessed by DNOs before choosing a suitable phase balancing solution for LV distribution networks. 

The assessment of phase imbalance includes a range of factors, such as the imbalance-induced 

costs. The assessment will require full time-series data from the network. However, most of the UK’s 

LV networks are data-scarce due to lack of monitoring. The typical monitoring in the UK uses a 

Maximum Demand Indicator which records peak currents for the three phases [113].  Some 

references indicate that yearly average data for the three phases are also available [75, 114]. 

Installing monitoring devices to one network may be affordable for the DNO but scaling up to the 

mass population of networks will incur extremely high cost. 

 

2.5. Research Gaps 

This chapter reviewed existing research and projects about phase imbalance in the current and 

future distribution system. Four gaps are identified in this chapter: 

1) Decomposing three-phase power series into systematic and random components. 

Existing research mainly focuses on analysing the causes, consequences and solutions to phase 

imbalances. There is a gap in decomposing three-phase power imbalances into components. 

Uneven load distribution and random load behaviours are the main causes of phase power 

imbalance in the LV networks. Uneven load distribution results in systematic imbalance (SIB) 

while random load leads to the random imbalance (RIB). Decomposing SIB and RIB of the phase 

power imbalance helps DNOs minimise the cost and maximise the efficiency of phase balancing.  

 

2) Estimating the cost-benefit of phase balancing solutions with limited data. 

While analysing the consequences of phase imbalance, the imbalance-induced costs are 

discussed. However, the calculation of imbalance-induced costs requires a complete time-series 

of voltage and current data. This is challenging for the LV distribution networks because only 

substation data are collected per annum. In other words, only the yearly average, peak and total 

data are available for the majority of LV distribution networks. Installing monitoring devices to all 

the LV distribution networks will incur excessively high cost. Consequently, there is a gap in 

estimating the imbalance-induced cost with limited data. The estimation of the imbalance-

induced cost will help DNOs assess the potential phase balancing solutions before investing.  

 

3) Analysing the potential impacts of LCTs on phase power imbalance. 
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The increasing penetrations of LCTs will have uncertain impact on phase imbalance. The phase 

imbalance could be aggravated or mitigated in the future depending on DNO’s system planning 

and managing. Analysing the potential impacts will help DNOs understand the possible 

imbalance-induced cost under different LCT penetration levels. The estimated imbalance-

induced costs help DNOs analyse the cost-benefits for future phase balancing solutions.  
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his chapter introduces a way of decomposing three-phase power 

imbalance into systematic imbalance and random imbalance to guide 

phase balancing. 
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3.1. Introduction 

Two primary reasons for phase imbalance in the LV networks are uneven load distribution and 

arbitrary load behaviours. The uneven load distribution contributes to the systematic part of the total 

power imbalance, i.e., systematic imbalance (SIB). An effective solution for the SIB is phase 

swapping. The arbitrary load behaviour is the random component in the total power imbalance, i.e., 

random imbalance (RIB). Demand-side management shows the advantage of reducing RIB.   

This chapter explains how to decompose the three-phase power series into SIB and RIB components 

to deduce the optimal phase balancing strategy. The strategy aims to maximize phase swapping 

and minimize demand-side management as the former is relatively cheaper and more reliable. 

The content of this chapter is cited from a published article in IEEE Transactions on Power System 

by the author [66]. This chapter is formed in an alternative-based format. All the indices, figures, 

tables, equations and references are numbered independently. 

The following sections are organised as follows: Section 3.2 presents the published paper which 

includes the details of gap identification, a priori judgement method, the methodology of 

decomposition, the numerical results and discussions. Section 3.3 presents additional analysis 

based on different seasons. 
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Three-Phase Power Imbalance Decomposition into 
Systematic Imbalance and Random Imbalance 

Wangwei Kong, Kang Ma, Member, IEEE, and Qiuwei Wu, Senior Member, IEEE 

Abstract— Uneven load allocations and random load behaviors are two major causes for 

three-phase power imbalance. The former mainly cause systematic imbalance, which can be 

addressed by low-cost phase swapping; the latter contribute to random imbalance, which 

requires relatively costly demand-side managements. To reveal the maximum potential of 

phase swapping and the minimum need for demand-side managements, this paper first 

proposes a novel a priori judgment to classify any set of three-phase power series into one 

of four scenarios, depending on whether there is a definite maximum phase, a definite 

minimum phase, or both. Then, this paper proposes a new method to decompose three-phase 

power series into a systematic imbalance component and a random imbalance component 

as the closed-form solutions of quadratic optimization models that minimize random 

imbalance. A degree of power imbalance is calculated based on the systematic imbalance 

component to guide phase swapping. Case studies demonstrate that 72.8% of 782 low 

voltage substations have systematic imbalance components. The degree of power imbalance 

results reveal the maximum need for phase swapping and the random imbalance components 

reveal the minimum need for demand side management, if the three phases are to be fully 

rebalanced.   

Index Terms— low voltage distribution network, power imbalance, random imbalance, 

systematic imbalance, three phase electric power 

I. NOMENCLATURE 

𝐷𝑃𝐼𝐵(𝑡)  The degree of power imbalance at time point 𝑡 

𝑁  The total number of time points 

𝑃∅(𝑡) where ∅ ∈
{𝑎, 𝑏, 𝑐} 

Phase ∅ power at time point 𝑡 

�̅�∅ where ∅ ∈ {𝑎, 𝑏, 𝑐} The average power of phase ∅ over time 

𝑃∅s(𝑡) where ∅ ∈
{𝑎, 𝑏, 𝑐} 

Phase ∅ power of the systematic imbalance component at time 

point 𝑡 
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𝑥𝑟(𝑡), 𝑦𝑟(𝑡), 𝑧𝑟(𝑡)  
The random imbalance component of the three-phase power 
(phases x, y, and z) at time point 𝑡 

𝑥𝑠(𝑡), 𝑦𝑠(𝑡), 𝑧𝑠(𝑡)  
The systematic imbalance component of three-phase power 
(phases x, y, and z) at time point 𝑡 

 

 

II. INTRODUCTION 

More than 70% of the UK’s low voltage (LV) networks experience observable degrees of three-phase 

imbalance [1]. Such an imbalance leads to: 1) neutral wire energy losses up to hundreds of millions 

of British pounds each year in the UK’s distribution networks [2], [3]; and 2) additional network 

investment cost amounting to billions of British pounds each year [4], [5]. Major causes for this issue 

are uneven load allocations across the three phases and random load behaviors [6], [7], [8].  

Uneven load allocations cause systematic imbalance (SIB) where there is a definite maximum phase 

(a definite phase with the greatest power among the three phases), a definite minimum phase (a 

definite phase with the least power among the three phases), or both. SIB can be addressed by 

phase swapping [9], [10], [11], i.e., moving single-phase loads/laterals from one phase to another, 

which is a relatively cheap and mature technique.  

Random load behaviors, on the other hand, are a major contributor to random imbalance (RIB) with 

neither a definite maximum phase nor a definite minimum phase. RIB requires demand-side 

managements [12], [13] to address, which incur relatively high implementation and operation costs 

(including the costs for per-phase monitoring, communication, and control systems) and a risk of 

non-delivery.  

The motivation and objective of this paper is therefore to find a way to decompose any set of time 

series power data from three phases into a SIB component and a RIB component that reveal the 

maximum potential for phase swapping and the minimum need for demand-side managements, thus 

corresponding to the lowest cost to rebalance three-phase supply. This idea is analogous to the 

decomposition of physics experiment observational errors into systematic errors and random errors 

[14]: systematic errors result from the non-ideal mechanism (analogous to the non-ideal load 

allocation across three phases) of the experiment. It has a non-zero mean and is not reduced when 

observations are averaged [14]. Random errors, on the other hand, result from inherently 

unpredictable fluctuations [14], which are analogous to the random individual load fluctuations.  
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Three-phase power imbalance is the direct result of voltage/current imbalances [15]. The majority of 

publications studied the underlying power imbalance components, i.e., voltage/current imbalances: 

References [16], [17], [18] estimated voltage imbalance of medium-voltage (MV) distribution 

networks. Reference [19] assessed the sequence values of imbalanced voltages without phasor 

measurements. Reference [20] quantified current imbalance on short transmission lines. Reference 

[21] forecasted voltage imbalance on low voltage feeders with photovoltaic (PV) generation. 

Reference [22] converts three-phase imbalanced currents into two orthogonal AC currents with equal 

amplitudes. The above references implicitly decompose three-phase power imbalance into voltage 

and current imbalances.  

A number of publications that focus on power imbalance are about reducing power imbalance [15], 

[23], [13], rather than on decomposing power imbalance into its underlying components.  

The decomposition of three-phase imbalanced power series into a SIB component and a RIB 

component is a gap. The purpose for the decomposition is mentioned above. To bridge the gap, this 

paper makes the following contributions: 

1) Propose a novel a priori judgment method to classify any set of three-phase power series into one 

of the following four scenarios: definite-max, definite-order, definite-min, and random imbalance 

scenarios (their definitions are given in Section III). The judgment method takes into account both 

the percentage of time when the definite phase occurs and the average power to ensure a robust 

judgment.  

2) Propose a novel three-phase power decomposition method for all scenarios except the random 

imbalance one to decompose three-phase power series into a SIB component and a RIB component, 

which are the closed-form solution to a quadratic optimization problem that minimizes the RIB 

component.  

3) Define the degree of power imbalance for each of the definite-max, definite-order, and definite-

min scenarios based on the SIB component obtained from 2) and calculate the trend of the degree 

of power imbalance over time.  

The SIB component, as a direct consequence of uneven load allocations, serves as the basis for 

calculating the degree of power imbalance, which provides a direct guidance for phase swapping; 

the RIB component, as a result of random individual load behaviors, indicates at least how much 

power on each phase has to be reduced by demand-side managements, if the three phases are to 

be fully rebalanced.  
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Therefore, the research outcome brings three values: 1) the decomposition helps distribution 

network operators (DNOs) to understand the potential (also the maximum need) of phase swapping 

to address SIB and how much power on each phase has to be reduced by demand-side 

managements, if the three phases are to be fully rebalanced; 2) By calculating the degree of power 

imbalance based on the SIB component, the research also reveals the underlying trend of the SIB 

over time, reflecting the trend of uneven load allocations – this is particularly useful when increasing 

single-phase electric vehicles and heat pumps are connected to low voltage networks, causing the 

SIB to vary over time; 3) the degree of power imbalance also provides a guidance for phase 

swapping practices.      

The remainder of the paper is organized as follows: Section III presents an overview of the 

methodology; Section IV presents a new a priori judgment method; Section V details the 

decomposition method; Section VI defines the degree of power imbalance; Section VII performs a 

case study; and Section VIII concludes the paper.  

 

III. OVERVIEW OF METHODOLOGY 

The proposed methodology requires three-phase power series as an input only. Therefore, as a 

mathematical method, it is applicable to where: 1) there is monitoring of three-phase power (or three-

phase voltages and currents which can be used to derive power); and 2) there is three-phase power 

imbalance. In reality, the methodology is highly suitable for monitored low voltage distribution 

networks in the UK and the rest of Europe and monitored medium voltage distribution networks in 

the US, where three-phase power imbalance is obvious.  

Figure 3-1 shows an overview of the methodology. 
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Figure 3-1.  An overview of methodology 

 

Each phase has a time series of power (called a power series) monitored at the LV (415V) substation 

side. The following definitions are used throughout the paper: 

1) Three-phase power series: a set of three time series of power data monitored and collected 

from three phases. The data are normally measured from distribution substations at an 

interval of 𝑇𝑖𝑛𝑡, e.g., 𝑇𝑖𝑛𝑡 = 10 min. 

2) Definite-max phase: a definite phase with the greatest power among three phases. 

3) Definite-max scenario: the scenario where there is a definite-max phase for the majority of 

time. 

4) Definite-min phase: a definite phase with the least power among three phases.  

5) Definite-min scenario: the scenario where there is a definite-min phase for the majority of 

time. 

6) Definite order: the existence of both a definite-max phase and a definite-min phase, e.g., 

‘phase a > phase b > phase c’.  

7) Definite-order scenario: the scenario where there are both definite-max and definite-min 

phases for the majority of time. 

8) Random imbalance scenario: the scenario where there is neither a definite-max phase nor a 

definite-min phase. 

A priori judgment: 

classify three-phase power 

series into one of the four 

scenarios, i.e., definite-max, 

definite-order, definite-min, 

and random imbalance 
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9) SIB component: a set of three-phase power series with a definite-max phase, a definite-min 

phase, or a definite order. 

10) RIB component: a set of three power series with neither a definite-max phase nor a definite-

min phase.   

 

IV. A PRIORI JUDGMENT 

This section presents a new a priori judgment method to classify any set of three-phase power series 

into one of the four scenarios (definite-max, definite-order, definite-min, and random imbalance 

scenarios). The judgment considers both the percentage of time when a definite phase/order occurs 

and the average power. The rationale for this is to ensure robustness: the definite phase/order, if 

exist, should not only occur for the majority of time but also have the average power showing the 

same trend. The judgment method consists of three steps: 

Step 1): The percentage of time judgment 

In principle, Step 1) judgment indicates that:  

1) If for the majority of time, phase a is the definite-max phase and phase c is the definite-min phase, 

then this is a definite-order scenario with a definite three-phase order: phase a > phase b > phase 

c.  

2) If condition 1) is not met, and phase a has the greatest power among the three phases for the 

majority of time which is no less than the time when any phase has the least power among the 

three phases, then this is a definite-max scenario where phase a is the definite-max phase.  

3) If condition 1) is not met, and phase c has the least power among the three phases for the 

majority of time which is more than the time when any phase has the greatest power among the 

three phases, then this is a definite-min scenario where phase c is the definite-min phase.  

4) Any scenario that does not meet conditions 1) – 3) is a random imbalance scenario with neither 

a definite-max phase nor a definite-min phase. 

 

The percentage of time when phases a is the definite-max phase and phase c is the definite-min 

phase is given by, 

 

𝐶𝑎𝑐 =
∑ 𝛼𝑎(𝑡)𝛽𝑐(𝑡)𝑁

𝑡=1

𝑁
× 100% 

(3-1)   

where 𝑁 is defined in Section I. 𝛼𝑎(𝑡) is a binary value:  
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 𝛼𝑎(𝑡) =  { 
1 when 𝑃𝑎(𝑡) > (1 + δ1)𝑃𝑏(𝑡) and 𝑃𝑎(𝑡) > (1 + δ1)𝑃𝑐(𝑡)

0 otherwise                                                                                     
 

(3-2)  

where 𝑃∅(𝑡) is defined in Section I. δ1 is a threshold to distinguish any two power values, e.g., δ1 =

5%. Such a threshold accounts for measurement errors, which arise from monitoring devices, the 

communication system, and other factors. This value is chosen according to network operator’s 

experience. If the difference between two power values is below this threshold, then the difference 

is immersed in the measurement error and is not regarded as a credible difference. In this paper, 

δ1 = 5% by default. 

𝛽𝑐(𝑡) is also a binary value:  

 

𝛽𝑐(𝑡) =  { 
1 when 𝑃𝑐(𝑡) < (1 − δ1)𝑃𝑎(𝑡) and 𝑃𝑐(𝑡) < (1 − δ1)𝑃𝑏(𝑡)

0 otherwise                                                                                     
 

(3-3)   

The percentage of time when each phase a has the greatest power is given by, 

 

𝐴𝑎 =
∑ 𝛼𝑎(𝑡)𝑁

𝑡=1

𝑁
× 100% 

(3-4)   

where 𝛼𝑎(𝑡) is given by (3-2).  

Similarly, the percentage of time when each phase 𝑐 has the least power is given by, 

 

𝐵𝑐 =
∑ 𝛽𝑐(𝑡)𝑁

𝑡=1

𝑁
× 100% 

(3-5)   

where 𝛽𝑐(𝑡) is given by (3-3). Based on the results from (3-1), (3-4), and (3-5), Step 1) judgment is 

listed in Table 3-1.  
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Table 3-1. Step 1) judgment 

Case ID Condition Step 1) judgment 

1 

If ∃phase 𝑎, such that 𝐶∅1∅2
< 50% and 

𝐴𝑎 ≥ 50% and 𝐴𝑎 ≥ 𝐵∅, where 

∅1, ∅2, ∅ ∈ {𝑎, 𝑏, 𝑐} 

Definite-max scenario: phase a is 
the definite-max phase 

2 

If ∃phase 𝑐, such that 𝐶∅1∅2
< 50% and 

𝐵𝑐 ≥ 50% and 𝐵𝑐 ≥ 𝐴∅, where 

∅1, ∅2, ∅ ∈ {𝑎, 𝑏, 𝑐} 

Definite-min scenario: phase c is 
the definite-min phase 

3 If ∃phases 𝑎 and 𝑐, such that 𝐶ac ≥ 50% 
Definite-order scenario: phase 
a > phase b > phase c 

4 Other Random imbalance scenario 

 

The 50% threshold of time is consistent with the criteria detailed at the beginning of this section, 

where the term “majority” means a 50% threshold by default. 

It should be noted that Step 1) produces preliminary judgment results which are not necessarily the 

final ones.   

 

Step 2): Calculation of the average power 

The average power of each phase ∅ is given by, 

 

�̅�∅ =
∑ 𝑃∅(𝑡)𝑁

𝑡=1

𝑁
   where ∅ ∈ {𝑎, 𝑏, 𝑐} 

(3-6)   

where all variables are defined in Section I. 

The resultant set of the three average power {�̅�𝑎 , �̅�𝑏 , �̅�𝑐} will be used for judgment in Step 3). 
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Step 3): Combined judgment 

Table 3-2 lists the final judgments of the scenarios (in the right column of Table 3-2) as the 

combinations of the judgments from Step 1) and Step 2). It should be noted that the logic is ‘and’ 

between the conditions in the first (Step 1) and second (Step 2) columns.   

Table 3-2. Final judgments 

Step 1) case ID Step 2) condition Combined judgment 

1 

If �̅�𝑎 = max{�̅�𝑎 , (1 + δ1)�̅�𝑏 , (1 + δ1)�̅�𝑐} 
Definite-max scenario: phase 
a is the definite-max phase 

Otherwise Random imbalance scenario 

2 

If �̅�𝑐 = min{�̅�𝑐 , (1 − δ1)�̅�𝑎 , (1 − δ1)�̅�𝑏} 
Definite-min scenario: phase c 
is the definite-min phase 

Otherwise Random imbalance scenario 

3 

If �̅�𝑎 > (1 + δ1)�̅�𝑏 and �̅�𝑏 > (1 + δ1)�̅�𝑐 
Definite-order scenario: phase 
a > phase b > phase c 

If �̅�𝑐 = min{(1 − δ1)�̅�𝑎, (1 − δ1)�̅�𝑏 , �̅�𝑐} 
Definite-min scenario: phase c 
is the definite-min phase 

If �̅�𝑎 = max{�̅�𝑎 , (1 + δ1)�̅�𝑏 , (1 + δ1)�̅�𝑐} 
Definite-max scenario: phase 
a is the definite-max phase 

Otherwise Random imbalance scenario 

4 Any Random imbalance scenario 

δ1 is the same threshold as appeared in (3-2). The left column, Step 1) case ID, corresponds to the 

case ID in Table 3-1.   

 

V. POWER IMBALANCE DECOMPOSITION 

According to the priori judgment in Section IV, three-phase power series are classified into four 

scenarios, i.e., definite-max, definite-order, definite-min, and random imbalance scenarios. For the 

first three scenarios, this section presents three decomposition methods: definite-max 

decomposition, definite-order decomposition, and definite-min decomposition. Each decomposition 
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corresponds to a quadratic optimization problem that minimizes the RIB component. The fourth 

scenario, i.e., the random imbalance scenario, cannot be decomposed.  

The quadratic optimization problems have closed-form solutions. Therefore, the decompositions are 

achieved by directly applying the closed-form solutions without the need for iterations to solve the 

optimization problems. This significantly simplifies the decomposition process and ensures that the 

decomposition only has linear complexity (linear to the length of the three-phase power series).  

The resultant SIB can be addressed by phase swapping, which is a low frequency, relatively long-

lasting, mature solution. However, phase swapping is not suitable for resolving RIB which does not 

have a particular phase order. The RIB requires solutions such as demand-side managements, 

which incur higher monitoring, communication, and control costs as well as a risk of non-delivery. 

Therefore, this justifies the principle of the three decompositions to minimize the RIB component, 

thus revealing the maximum potential of phase swapping (i.e., the maximum possible reduction in 

phase imbalance from phase swapping) as well as the minimum need for demand-side 

managements. 

The purposes of the decomposition are twofold: i) to serve as the basis to calculate the degree of 

power imbalance (in Section VI), which not only reveals the potential of phase swapping to address 

the SIB but also serves as a guidance for phase swapping; ii) to understand how much power on 

each phase needs to be reduced by demand-side managements, if the three phases are to be fully 

rebalanced.  

 

A. Definite-Max Decomposition 

The definite-max decomposition decomposes imbalanced three-phase power series into: 1) a SIB 

component with a definite-max phase; and 2) a RIB component without the definite-max phase.   

The definite-max decomposition applies to the definite-max scenario, in which phase a is defined as 

the definite-max phase. The definite-max decomposition is the solution to the following quadratic 

optimization problem: 
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min ∑ 𝑥𝑟
2(𝑡) + 𝑦𝑟

2(𝑡) + 𝑧𝑟
2(𝑡)

𝑁

𝑡=1

 

subject to   𝑃𝑎(𝑡) = 𝑥𝑟(𝑡) + 𝑥𝑠(𝑡); 

𝑃𝑏(𝑡) = 𝑦𝑟(𝑡) + 𝑦𝑠(𝑡); 

𝑃𝑐(𝑡) = 𝑧𝑟(𝑡) + 𝑧𝑠(𝑡) 

𝑥𝑠(𝑡) ≥ 𝑦𝑠(𝑡); 

𝑥𝑠(𝑡) ≥ 𝑧𝑠(𝑡);  

𝑥𝑠(𝑡), 𝑦𝑠(𝑡), 𝑧𝑠(𝑡) ≥ 0; 

𝑥𝑟(𝑡), 𝑦𝑟(𝑡), 𝑧𝑟(𝑡) ≥ 0 

(3-7)   

where all variables are defined in Section I.   

The quadratic optimization problem given by (3-7) aims to minimize the RIB component that requires 

demand-side management to address. This is justified because demand-side management, which 

addresses RIB, incurs relatively high implementation and operation costs and a risk of non-delivery. 

On the other hand, phase swapping, which addresses systematic imbalance, is a relatively economic 

and mature technique. By minimizing RIB (hence maximizing SIB), the quadratic optimization model 

aims to reveal the minimum need for demand-side management and the maximum need for phase 

swapping, thus corresponding to the lowest cost. The same justification applies to the optimization 

problems for the definite-order and definite-min scenarios. 

The original problem of (3-7) minimizing the summation of a time series is transformed into a total of 

𝑁 optimizations, each for a time point 𝑡. In this way, the summation is removed and the objective 

function of (3-7) becomes: 

 ∀𝑡 ∈ [1, 𝑁]        min 𝑥𝑟
2(𝑡) + 𝑦𝑟

2(𝑡) + 𝑧𝑟
2(𝑡) (3-8)  

A closed-form solution exists for the optimization problem in (3-8). The solution includes both the 

SIB and RIB components, assuming that phase a is the definite-max phase:  
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SIB = [𝑃𝑎(𝑡), 𝑃2𝑠(𝑡), 𝑃3𝑠(𝑡)]𝑇 
(3-9)  

where           𝑃2𝑠(𝑡)  = min{𝑃𝑎(𝑡), 𝑃𝑏(𝑡)};   

 𝑃3𝑠(𝑡) = min{𝑃𝑎(𝑡), 𝑃𝑐(𝑡)}. 

Because 

 

SIB + RIB = [𝑃𝑎(𝑡), 𝑃𝑏(𝑡), 𝑃𝑐(𝑡)]𝑇 
(3-10)  

The RIB component is given by 

 

RIB = [0, 𝑃2𝑟(𝑡), 𝑃3𝑟(𝑡)]𝑇 
(3-11)   

where           𝑃2𝑟(𝑡)  = max{0,  𝑃𝑏(𝑡) − 𝑃𝑎(𝑡)};    

𝑃3𝑟(𝑡) = max{0,  𝑃𝑐(𝑡) − 𝑃𝑎(𝑡)}. 

 

 

B. Definite-Order Decomposition     

The definite-order decomposition decomposes imbalanced three-phase power series into: 1) a SIB 

component with a definite-order; and 2) a RIB component without the definite-order.   

Suppose that the phase order is ‘a > b > c’. The quadratic optimization model is the same as given 

by (3-7) except that the first two inequality constraints are replaced by  

 

𝑥𝑠(𝑡) ≥ 𝑦𝑠(𝑡);   𝑦𝑠(𝑡) ≥ 𝑧𝑠(𝑡)  

The definite-order decomposition is the closed-form solution to the optimization model. Assuming 

that the order of the three phases is ‘a > b > c’, the SIB component is given by, 
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SIB = [𝑃𝑎(𝑡), 𝑃2𝑠(𝑡), 𝑃3𝑠(𝑡)]𝑇 
(3-12)  

where      𝑃2𝑠(𝑡)  =  min{𝑃𝑎(𝑡), 𝑃𝑏(𝑡)},        𝑃3𝑠(𝑡) = min{𝑃𝑎(𝑡), 𝑃𝑏(𝑡), 𝑃𝑐(𝑡)}. 

Equation (3-10) still holds. The RIB component is given by, 

 

RIB = [0, 𝑃2𝑟(𝑡), 𝑃3𝑟(𝑡)]𝑇 
(3-13)  

where       𝑃2𝑟(𝑡)  =  max{0,  𝑃𝑏(𝑡) − 𝑃𝑎(𝑡)};      

𝑃3𝑟(𝑡) = max{0, 𝑃𝑐(𝑡) − 𝑃𝑎(𝑡), 𝑃𝑐(𝑡) − 𝑃𝑏(𝑡)}. 

The definite-order scenario provides more information than the definite-max and definite-min 

scenarios, because its SIB component gives a definite three-phase order with both definite-max and 

definite-min phases, whereas the SIB components of the latter two scenarios give only the definite-

max or the definite-min phase. On the other hand, the definite-order scenario is more restrictive than 

the latter two because it requires that a definite three-phase order exists. 

 

C. Definite-Min Decomposition     

The definite-min decomposition decomposes imbalanced three-phase power series into: 1) a SIB 

component with a definite-min phase; and 2) a RIB component without the definite-min phase.  

Suppose that the definite-min phase is phase c. The quadratic optimization model is the same as 

given by (3-7) except that the first two inequality constraints are replaced by 

 𝑥𝑠(𝑡) ≥ 𝑧𝑠(𝑡);   𝑦𝑠(𝑡) ≥ 𝑧𝑠(𝑡) 
(3-14)  

The definite-min decomposition is the closed-form solution to the optimization problems. Assuming 

that phase c is the definite-min phase, the SIB component is given by, 
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SIB = [𝑃𝑎(𝑡), 𝑃𝑏(𝑡), 𝑃3𝑠(𝑡)]𝑇 
(3-15)  

where 𝑃3𝑠(𝑡) = min{𝑃𝑎(𝑡), 𝑃𝑏(𝑡), 𝑃𝑐(𝑡)}. 

Equation (3-10) still holds. The RIB component is given by, 

 

RIB = [0, 0, 𝑃3𝑟(𝑡)]𝑇 
(3-16)   

where 𝑃3𝑟(𝑡) = max{0, 𝑃𝑐(𝑡) − 𝑃𝑎(𝑡), 𝑃𝑐(𝑡) − 𝑃𝑏(𝑡)}. 

For the definite-max, definite-order, and definite-min scenarios, the SIB component is the basis for 

calculating the degree of power imbalance, which provides a direct guidance for phase swapping as 

explained in Section VI. The RIB = [𝑃1𝑟(𝑡), 𝑃2𝑟(𝑡), 𝑃3𝑟(𝑡)]𝑇 has a clear meaning: for phases a, b, and 

c, at least 𝑃1𝑟(𝑡) , 𝑃2𝑟(𝑡) , and 𝑃3𝑟(𝑡)  of loads require demand-side managements for phase 

rebalancing, respectively. 

 

VI. Degree of Power Imbalance 

This section presents the definitions for the degree of power imbalance for the definite-max, definite-

order, and definite-min scenarios. For all three scenarios, the degree of power imbalance is defined 

as the deviation of the definite-max/definite-min phase from the average, based on the SIB 

component. The definition of the degree of power imbalance is to not only reveal the trend of SIB 

over time but also guide phase swapping (as explained later in this section). Assume that phase a 

is the definite-max phase for the definite-max scenario; phase c is the definite-min phase for the 

definite-min scenario; and the phase order is ‘a > b > c’ for the definite-order scenario. The 

mathematical definition for the degree of power imbalance for each scenario is given by, 

 

Definite-max: 𝐷𝑃𝐼𝐵(𝑡) =
𝑃𝑎𝑠(𝑡)−

∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}

3

∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}
× 100% (3-17)   

 

Definite-min: 𝐷𝑃𝐼𝐵(𝑡) =

∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}

3
−𝑃𝑐𝑠(𝑡)

∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}
× 100% (3-18)   
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 Definite-order: 

𝐷𝑃𝐼𝐵(𝑡) = [𝐷1 𝐷2] = [
𝑃𝑎𝑠(𝑡) −

∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}

3
∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}

∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}

3 − 𝑃𝑐𝑠(𝑡)

∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}

] 
(3-19)   

 

where all variables are defined in Section I. SIB = [𝑃𝑎𝑠(𝑡), 𝑃𝑏𝑠(𝑡), 𝑃𝑐𝑠(𝑡)]𝑇 as given by (3-9), (3-13), 

and (3-16). It should be noted that for the definite-max or definite-min scenarios, the degree of power 

imbalance is a single value; but for the definite-order scenario, the degree of power imbalance is a 

vector of two values. 

The average three-phase power of the SIB component is given by, 

 

�̅�𝑠(𝑡) =
∑ 𝑃∅𝑠(𝑡)∅∈{𝑎,𝑏,𝑐}

3
 (3-20)   

where 𝑃∅𝑠(𝑡) is defined in Section I. 

The degree of power imbalance is a time series. It brings three values by: 1) revealing the trend of 

the SIB over time, i.e., the trend of uneven load allocations – this is particularly useful when 

increasing single-phase electric vehicles are connected to the network; 2) showing the potential of 

phase swapping to address SIB; iii) and providing a direct guidance for phase swapping:  

i) For the definite-max scenario, the degree of power imbalance suggests the move of loads 

totalling 3�̅�𝑠(𝑡)𝐷𝑃𝐼𝐵(𝑡) from the definite-max phase to the other two phases equally, 

where �̅�𝑠(𝑡) is given by (3-21).  

ii) For the definite-order scenario, the degree of power imbalance suggests the move of 

loads totaling 3�̅�𝑠(𝑡)𝐷1 away from the definite-max phase and the move of  3�̅�𝑠(𝑡)𝐷2 to 

the definite-min phase, where 𝐷1 and 𝐷2 are defined in (3-19).  

iii) For the definite-min scenario, the degree of power imbalance suggests the move of loads 

totaling 3�̅�𝑠(𝑡)𝐷𝑃𝐼𝐵(𝑡) to the definite-min phase from the other two phases. 

 

 

 

 

VII. Numerical Results 
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The input data are three-phase power series for 782 low voltage substations derived from the three-

phase voltages and currents monitored at the secondary side of 11kV/415V transformers throughout 

Western Power Distribution (a UK DNO)’s business area [24]. Therefore, the three-phase power 

series are the power injected from 11kV networks to 415V networks. The data cover a good mix of 

geographical characteristics and customer types [24]. Four representative substations are selected 

to demonstrate the methodology. MATLAB is used for the simulation. 

A. Definite-Max Scenario 

Substation No. 536,753 is selected to represent the definite-max scenario. The study period is one 

year, covering five seasons (spring, summer, high summer, autumn, and winter) and different day 

types (weekday and weekend). Because the original three-phase power series and the SIB 

component have more than 50,000 time points (one sample every 10 minutes for a year) on the X 

axis, they are presented in the form of probability density distributions for clarity. This also applies to 

the definite-order and definite-min scenarios. The probability density functions of the three-phase 

power series are presented in Figure 3-2.  

 

 

Figure 3-2.  The probability density functions of the three-phase power series over a year for 

definite-max scenario 

 

The a priori judgment process is presented in Table 3-3.  
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Table 3-3. A priori judgment for the definite-max scenario 

Sub No. Variables Phase a Phase b Phase c 

536,753 

𝐴∅ 71.47% 7.15% 2.67% 

𝐵∅ 1.66% 26.18% 37.88% 

�̅�∅ (kW) 74.25 62.63 61.03 

𝐴∅, 𝐵∅, and �̅�∅ are given by (3-4), (3-5), and (3-6), respectively. 

Phase a is the definite-max phase. Although phase c has the least power among the three phases 

for the majority of time (as shown in the second row of Table 3-3), its average power is approximately 

the same as that of phase b (their difference is lower than the threshold δ1 as defined in (3-2)). 

Therefore, phase c is not judged as the definite-min phase and only the definite-max phase exists in 

this case.   

 

Figure 3-3.  The probability density functions of the SIB component over a year for definite-max 

scenario 
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Figure 3-4.  The RIB component over a year for definite-max scenario 

 

 

Figure 3-5.  The degree of power imbalance over a year for definite-max scenario 
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among the three phases for 100% of the time – this is consistent with the definition of the SIB for the 

definite-max scenario, reflecting that too much load is allocated to phase a.  

The RIB component presented in Figure 3-4 shows the anomalies of when either phase b or c 

overtakes phase a to become the maximum phase – this occurs for 18.40% of the time, reflecting 

the random load fluctuations on phases b and c.  

For the whole year, the degree of power imbalance results in Figure 3-5 provide a guidance for 

phase swapping: 1) on average, up to 8.61kW of loads can be moved from phase a to the other two 

phases; 2) at 15:50 on the 80st day in the year (21th March), a maximum of 34.88kW of loads can 

be moved from phase a to the other two phases; 3) for 4.20% of time, no load needs to be moved 

from phase a to the other two phases (the degree of power imbalance is zero during this period). If 

phase swapping is performed to move loads away from phase a, then the loads on the other two 

phases need to be reduced for phase rebalancing during this minority period.   

 

B. Definite-Order Scenario 

Substation No. 512,457 is selected to represent the definite-order scenario. The probability density 

functions of the three-phase power series are presented in Figure 3-6. The priori judgment process 

is presented in Table 3-4 

Table 3-4. A priori judgment for the definite-order scenario 

Sub No. Variables Phase a Phase b Phase c 

512,457 

𝐴∅ 83.35% 5.88% 0 

𝐵∅ 0 1.10% 96.11% 

�̅�∅ (kW) 45.36 36.89 25.26 

In this case, 𝐶ac = 79.86%. The average power also demonstrates the order of ‘a > b > c’. Therefore, 

phases a and c are the definite-max and definite-min phases, respectively.  
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Figure 3-6.  The probability density functions of the three-phase power series over a year for 

definite-order scenario 

 

 

Figure 3-7. The probability density functions of the SIB component over a year for definite-order 

scenario 
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Figure 3-8. The RIB component over a year for definite-order scenario 

 

 

Figure 3-9. The degree of power imbalance over a year for definite-order scenario 
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definition of the SIB for the definite-order scenario, reflecting the existence of excessive loads on 

phase a and insufficient loads on phase c.  

The RIB component presented in Figure 3-8 shows the anomalies when the phase order is not ‘a > 

b > c’ – this occurs for 12.27% of the time, reflecting the random load fluctuations on each phase.  

The degree of power imbalance results in Figure 3-9 provide a guidance for phase swapping: 1) on 

average, up to 9.66kW of loads can be moved away from phase a and up to 10.50kW of loads can 

be moved to phase c; 2) at 22:30 on the 32nd day in the year (1st February), a maximum of 28.65kW 

of loads can be moved from phase a to the other two phases: 9.89kW to phase b and 18.76kW to 

phase c. 

 

C. Definite-Min Scenario 

Substation No. 521,071 is selected to represent the definite-min scenario. The three-phase power 

series are presented in Figure 3-10. The priori judgment process is presented in Table 3-5. 

Phase a is the definite-min phase. Although phase b has a power greater than the other two phases 

by more than 5% for 67.62% of the time, the order of ‘b > c > a’ only occurs for 37.79% (< 50%) of 

the time – it does not meet the criteria for the definite-order scenario. Therefore, only a definite-min 

phase exists.  

Table 3-5. A priori judgment for the definite-min scenario 

Sub No. Variables Phase a Phase b Phase c 

521,071 

𝐴∅ 0 67.62% 13.00% 

𝐵∅ 69.26% 0 15.02% 

�̅�∅ (kW) 46.92 60.95 54.86 

 

For a whole year, Figure 3-10 – Figure 3-13 depict the probability density functions of the three-

phase power series, the probability density functions of the SIB component, the time series of the 

RIB component, and the degree of power imbalance, respectively.  
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Figure 3-10.  The probability density functions of the three-phase power series over a year for 

definite-min scenario 

 

 

Figure 3-11. The probability density functions of the SIB component over a year for definite-min 

scenario 
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Figure 3-12. The RIB component over a year for definite-min scenario 

 

 

Figure 3-13. The degree of power imbalance over a year for definite-min scenario 

 

The SIB component presented in Figure 3-11 shows that phase a has the least power among the 

three phases for 100% of the time – this is consistent with the definition of the SIB for the definite-

min scenario, reflecting that insufficient loads are allocated to phase a.  
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The RIB component presented in Figure 3-12 shows that the abnormal cases when phase a is not 

the minimum phase occur for 21.58% of the time, reflecting the random load fluctuations that breach 

the majority rule.  

The degree of power imbalance results in Figure 3-13provide a guidance for phase swapping: 1) on 

average, up to 7.75kW of loads can be moved from phases b and c to phase a; 2) At the 14192nd 

time point (at 13:20, 8th April), a maximum of 21.48kW of loads can be moved from phases b and c 

to phase a. 

 

D. Random Imbalance Scenario 

Substation No. 521,064 is selected to represent the random imbalance scenario. The a priori 

judgment process is presented in Table 3-6. 

 

Table 3-6. A priori judgment for the random imbalance scenario 

Sub No. Variables Phase a Phase b Phase c 

521,064 

𝐴∅ 30.10% 21.03% 26.26% 

𝐵∅ 25.39% 18.21% 31.99% 

�̅�∅ (kW) 46.43 45.34 43.52 

 

 

Although phase c has the least power among the three phases for half of the time, its average power 

is not lower than that of phase b by more than the threshold δ1. Therefore, phase c is not judged as 

the definite-min phase. The three-phase power series then belong to the RIB scenario which cannot 

be decomposed into SIB and RIB. In this case, the three-phase power series are the RIB component. 

The probability density functions of the three-phase power series are presented in Figure 3-14.  
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Figure 3-14.  The probability density functions of the three-phase power series over a year for 

random imbalance scenario 

 

E. Impact of Majority Threshold on Decomposition 

According to Table 3-1, the majority threshold is the key for the a priori judgment. When the majority 

threshold is set as 50% (by default), 99.2% of the definite-max cases exhibit this feature: the average 

power of their definite-max phase is greater than those of the other two phases by more than 5% – 

this indicates that the majority threshold of 50% is reasonable because the order of the average 

power is consistent with the percentage of time when the definite-max occurs; similarly, 96.5% of 

the definite-order cases demonstrate the consistency between the order of the average power and 

the percentage of time when the order occurs; 97.8% of the definite-min cases demonstrate the 

consistency between the order of the average power and the percentage of time when the definite-

min phase occurs. Therefore, the majority threshold of 50% is judged to be reasonable. 

If, for example, the majority threshold is set as 60%, out of 782 substations, 14.07% (110) that were 

classified as definite-max, definite-order, and definite-min scenarios under the threshold of 50% are 

now classified as the random imbalance scenario under the new threshold of 60%. The threshold of 

60% is not reasonable because those 14.07% (110) of substations actually have a definite-max 

phase, a definite-min phase, or both in terms of the average power, indicating the existence of 

systematic imbalance and the potential for phase swapping.  

Table Table 3-7 presents the a priori judgment results (i.e, the number of substations belonging to 

each scenario) under different majority thresholds. 
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Table 3-7. A priori judgment results under different majority thresholds 

Majority threshold 
Numbers of definite-max, definite-order, definite-min 

cases and random imbalance cases, respectively 

50% 235, 164, 170, 213 

55% 220, 131, 169, 262 

60% 205, 101, 153, 323 

65% 191, 77, 144, 370 

 

 

Table Table 3-7 shows that, with the increase of the majority threshold, the numbers of definite-max, 

definite-order, and definite-min cases all decrease but the number of random imbalance cases 

increases.  

The impact of the majority threshold on three-phase power decomposition is derived from Table 

Table 3-7: each time the majority threshold increases by 5%, approximately 6.4% of the 

‘decomposable’ cases (i.e., cases that can be decomposed into systematic imbalance and random 

imbalance) becomes ‘non-decomposable’ (i.e., belonging to the random imbalance scenario which 

cannot be decomposed).  

However, as mentioned above, the increase of the majority threshold to over 50% masks the 

existence of systematic imbalance and the potential for phase swapping; the majority threshold of 

50% is found to be reasonable. 

 

F. Impact of Measurement Error Threshold on Decomposition 

In Equations (3-2) and (3-3), there is a threshold δ1 that accounts for measurement errors. How this 

threshold affects the a priori judgment results and consequently the decomposition is investigated in 

this section. Figure 3-15 depicts the numbers of substations belonging to the four scenarios under 

different measurement error thresholds.  
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Figure 3-15.  The impact of measurement error threshold on judgment results 

 

Figure 3-15 shows that: 1) with the increase of the measurement error threshold from 0 to 10%, the 

number of random imbalance cases increases from 211 to 237, i.e., 26 more cases become ‘non-

decomposable’ under the threshold of 10% as compared to that under the threshold of 0; 2) when 

the measurement error threshold is below 5%, the threshold has negligible impact on the a priori 

judgment results.  

 

G. Validation by Phase Swapping 

In this section, preliminary phase swapping is performed under the guidance of the degree of power 

imbalance to validate the methodology. Take Substation No. 536,753 (belonging to the definite-max 

scenario) as an example. Before phase swapping, its three-phase power series, the SIB component, 

the RIB component, and the degree of power imbalance are presented in Figure 3-2– Figure 3-5, 

respectively.  

The degree of power imbalance results suggest that the distribution network operator move an 

average load of 8.61kW from phase a to the other two phases. Therefore, a preliminary phase 

swapping strategy is to move 10 single-phase domestic customers from phase a to phases b and c 

(5 customers to phase b and 5 customers to phase c). Suppose that the total load of these 10 
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customers follows a normal distribution with an average value of 8kW and a standard deviation of 

3kW.  

After phase swapping, the three-phase power series then belongs to the random imbalance scenario 

(the systematic component is zero). The RIB component equals the three-phase power series, the 

probability density functions of which are presented in Figure 3-16. 

.  

 

 

Figure 3-16. Three-phase power series after phase swapping 

 

The phase swapping eliminates systematic imbalance: after phase swapping, there is no phase that 

exhibits the greatest power among the three phases for more than 50% of the time; neither is there 

any phase that exhibits the least power among the three phases for more than 50% of the time. 

Furthermore, after phase swapping, the average power for the three phases are 66.22kW, 66.64kW, 

and 65.04kW, respectively – the difference is below 2.5%. The remaining random imbalance requires 

demand-side response to address, if the three phases are to be fully rebalanced.  

Based on the above results, it is concluded that the degree of power imbalance provides a useful 

guidance for phase swapping – this validates the methodology proposed by this paper.  
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H. Discussions 

Among the 782 substations, 235 (30.1%), 164 (21.0%), 170 (21.7%), and 213 (27.2%) of them 

belong to the definite-max, definite-order, definite-min, and random imbalance scenarios, 

respectively. This indicates that the majority (72.8%) of the low voltage substations have SIB that 

can be addressed by phase swapping.  

Three-phase power imbalance is directly associated with the costs for distribution network operators, 

including energy losses along the neutral wire and additional network investment costs. Although 

there is no regulatory limit on power imbalance, it will save costs for distribution network operators 

to rebalance three-phase power. A key value of this work is therefore to guide phase rebalancing 

practices. Furthermore, a few references [13], [15], [23] also focus on three-phase power imbalance. 

It is necessary to judge the scenario according to the a priori judgment criteria before performing the 

decomposition. The necessity of the a priori judgment is because of the nature of three-phase power 

imbalance, i.e., the fact that any set of three-phase power series belong to one and only one of the 

four mutually exclusive scenarios. Once the scenario is determined, the three-phase power 

decomposition is definite as the closed-form solution to the quadratic optimization problem of the 

scenario.  

Phase swapping (also known as rephasing) is a popular technique to rebalance three-phase supply 

in the medium-to-long term [9], [11], [25]. It requires scheduled outage, the time of which can be 

carefully chosen to minimize the impact on customers.  

The degree of power imbalance based on the SIB component reveals the maximum potential (also 

the maximum need) of phase swapping. However, it does not mean that phase swapping will always 

meet the maximum need in practice. Rather, it is common for phase swapping to mitigate the SIB 

but not completely eliminate it – in this case demand-side managements will be required to resolve 

the residual SIB and the RIB, if the three phases are to be fully rebalanced; alternatively, phase 

swapping may deliver more than the maximum need by swapping too much, causing an 

overcompensation that requires demand-side managements to further rebalance the three phases.  

The RIB component reveals the minimum need for demand-side managements. If phase swapping 

exactly meets the maximum need as indicated by the degree of power imbalance, then demand-side 

managements only need to reduce the loads equal to the RIB component for each phase. However, 

because of the imperfect phase swapping in practice (as explained above), the actual need for 

demand-side managements is likely to be greater than the RIB component.  
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It should be noted that reactive power also affects network loading and phase imbalance. A major 

obstacle to quantifying the time-varying power factor (hence the time-varying reactive power) in real-

time operation is the lack of phasor measurements in distribution networks, especially in low voltage 

networks. Therefore, there is hardly any information on power factor (reactive power) in real-time 

operation. A feasible solution is to assume an average power factor: existing publications [9], [25], 

[11] on phase rebalancing considers load patterns represented by active power only, based on an 

implicit assumption of an average power factor. Reference [1] also assumes an average power factor 

when calculating loading levels. Reference [26] derived an average power factor of 0.9 for residential 

customers. Assuming such an average power factor, if the active power is rebalanced, the reactive 

power is automatically rebalanced. Hence, the decomposition method needs to consider three-

phase active power only.  

The three-phase power decomposition method proposed by this paper is not limited to substations, 

but is equally applicable to nodes along the feeder with three-phase power measurements. A major 

obstacle to understanding the phase imbalance along feeders beyond substations is the lack of 

monitoring along low voltage (415V) feeders. Only a selection of the UK’s low voltage substations 

are monitored [27], because of cost barriers. Furthermore, existing publications [13], [15] focus on 

phase rebalancing at the substation side to prevent the imbalance from propagating to higher-level 

networks. Otherwise, three-phase power imbalance will further cause energy losses and increased 

investment costs in higher-level networks. This research therefore focuses on three-phase power 

imbalance at the substation side, using the available substation-side data provided by Western 

Power Distribution. 

 

VIII. Conclusions 

This paper identifies the systematic imbalance component and random imbalance component from 

any set of three-phase power series. The systematic component, as a direct consequence of uneven 

load allocations, can be addressed by phase swapping; the random imbalance component, as a 

result of random individual load fluctuations, requires demand-side managements, if the three 

phases are to be fully rebalanced. A new a priori judgment method is proposed to classify any set of 

three-phase power series into one of the four scenarios, i.e. definite-max, definite-order, definite-min, 

and random imbalance scenarios, by judging both the percentage of time and the average power to 

ensure robustness. For each scenario except the random imbalance one, a novel decomposition 

method is proposed to decompose three-phase power series into a systematic imbalance 

component and a random imbalance component, which are the closed-form solution to a quadratic 
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optimization problem that minimizes the random imbalance component. The degree of power 

imbalance is defined for each scenario based on the systematic imbalance component.  

Case studies demonstrate that 30.1%, 21.0%, 21.7%, and 27.2% of 782 low voltage substations 

belong to the definite-max, definite-order, definite-min, and random imbalance scenarios, 

respectively. Decompositions are applied to the first three groups and the degree of power imbalance 

values are calculated based on the systematic imbalance component. The effectiveness of the 

degree of power imbalance as a guidance for phase swapping is validated by preliminary phase 

swapping.  

The methodology is highly suitable for monitored low voltage distribution networks in the UK and the 

rest of Europe and monitored medium voltage distribution networks in the US. Distribution network 

operators can use the results to find out the maximum potential of phase swapping to address 

systematic imbalance and the minimum need for demand-side managements to address random 

imbalance, if the three phases are to be fully rebalanced. In addition, the degree of power imbalance 

not only reveals the underlying trend of systematic imbalance over time but also provides a guidance 

for phase swapping practices.  
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3.3. Additional Analysis and Discussions 

For this thesis, only phase voltage and current data measured from distribution substations are 

available. Consequently, the voltage imbalance cannot be calculated as it requires the phase angle 

measurement data. Therefore, this thesis only focuses on phase power imbalance. Phase power 

imbalance means that the power magnitudes of the three phases are not equal to each other. 

To further investigate the nature of phase imbalance, an additional analysis based on two different 

seasons, i.e., summer and winter, is presented in this subsection. The same substations as 

discussed in Section 3.2-VII are used for demonstration. 

A. Definite-Max Scenario 

A priori judgment process for both summer and winter is presented in Table 3-8. It can be seen that 

𝐴∅ is larger than 50% for both the seasons which indicates that phase a is the definite-max phase 

for the majority of the time.  Compared to summer, phase c shows 15.28% more time of having the 

least power. However, the 𝐵∅ for phase c in winter is still lower than 50%. Besides, the average 

power �̅�∅ of phase c is approximately the same as that of phase b in both summer and winter. 

Consequently, phase c is not judged as the definite-min phase and only the definite-max phase 

exists in this case.  

Table 3-8. A priori judgment for the definite-max scenario 

Sub No. Season Variables Phase a Phase b Phase c 

536,753 

Summer 

𝐴∅ 66.58% 7.15% 4.15% 

𝐵∅ 2.07% 34.17% 29.83% 

�̅�∅ (kW) 71.98 61.59 61.64 

Winter 

𝐴∅ 85.19% 2.13% 0.61% 

𝐵∅ 0.29% 22.80% 45.11% 

�̅�∅ (kW) 77.93 62.36 60.18 

 

The SIB components for summer and winter are presented in the form of probability density functions 

in Figure 3-17 and Figure 3-18. It can be seen that in the SIB component of phase a has the greatest 

power among the three phases. It means that too much load is allocated to phase a in both seasons. 
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Figure 3-17.  The probability density functions of the SIB component over summer for definite-max 

scenario 

 

 

Figure 3-18.  The probability density functions of the SIB component over winter for definite-max 

scenario 

The results in Figure 3-19 shows the degree of power imbalance in winter is about 1.6 times larger 

than that of summer. This is because electricity demand is larger in the winter for the purpose of 

heating. Therefore, on average, up to 8.12kW of loads can be moved from phase a to phase b and 
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phase c in summer. In winter, up to 13.68kW of loads can be moved from phase a to phase b and 

phase c. 

 

 

Figure 3-19.  The degree of power imbalance over summer for definite-max scenario 

 

B. Definite-Order Scenario 

A priori judgment process for both summer and winter is presented in Table 3-9.. It can be seen that 

phase a has the largest power and phase c has the least power for the majority of time in both 

summer and winter. The average power also demonstrates the order of ‘a > b > c’. As a result, phase 

a is the definite-max phase and phase c is the definite-min phase. 
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Table 3-9. A priori judgment for the definite-order scenario 

Sub No. Season Variables Phase a Phase b Phase c 

512,457 

Summer 

𝑨∅ 73.74% 9.83% 0.05% 

𝑩∅ 0.05% 0.77% 96.78% 

�̅�∅ (kW) 42.18 36.26 23.89 

Winter 

𝑨∅ 91.92% 1.99% 0.08% 

𝑩∅ 0.00% 0.98% 96.57% 

�̅�∅ (kW) 47.58 36.99 25.94 

 

For both seasons, the probability density functions of the SIB component is shown in Figure 3-20 

and Figure 3-21. According to the SIB component, phase a has the greatest power among the three 

phases for 100% of time; phase c has the least power among the three phases for 100% of time. 

This is consistent with the definition of the SIB for the definite-order scenario. It indicates that there 

exist excessive loads on phase a and insufficient loads on phase c for both seasons. 

 

Figure 3-20.  The probability density functions of the SIB component over summer for definite-

order scenario 
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Figure 3-21.  The probability density functions of the SIB component over winter for definite-order 

scenario 

The results in Figure 3-22 shows that the two values of degree of power imbalance in summer are 

similar, i.e., both are approximately 10.0% on average. However, the two values of the degree of 

power imbalance in winter has a difference of 1.6%. Therefore, on average, up to 13.31kW of loads 

can be moved away from phase a and up to 7.62kW of loads can be moved to phase c in summer. 

In winter, up to 12.24kW of loads can be moved away from phase a and up to 8.41kW of loads can 

be moved to phase c. 

 

Figure 3-22.  The degree of power imbalance over summer for definite-order scenario 
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C. Definite-Min Scenario 

A priori judgment process is presented in Table 3-10. Although phase b has the largest power among 

and phase a has the least power among the majority of the time, the order of ‘b>c>a’ occurs less 

than 50% of the time. Consequently, it does not meet the criteria for the definite -order scenarios as 

indicated in the judgement process. Thus, only a definite-min phase (i.e., phase a) exist for both 

summer and winter. 

 

Table 3-10. A priori judgment for the definite-min scenario 

Sub No. Season Variables Phase a Phase b Phase c 

521,071 

Summer 

𝑨∅ 0.03% 67.35% 7.95% 

𝑩∅ 69.37% 0.00% 17.10% 

�̅�∅ (kW) 46.61 60.36 54.02 

Winter 

𝑨∅ 0.00% 65.89% 17.90% 

𝑩∅ 70.73% 0.00% 11.98% 

�̅�∅ (kW) 45.99 60.85 55.30 

 

For both seasons, the probability density functions of the SIB component is shown in Figure 3-23 

and Figure 3-24. According to the SIB component, phase a has the least power among the three 

phases for 100% of the time, reflecting that more load can be moved to phase a from phase b and 

phase c. 
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Figure 3-23.  The probability density functions of the SIB component over summer for definite-min 

scenario 

 

 

Figure 3-24.  The probability density functions of the SIB component over winter for definite-min 

scenario 

The results in Figure 3-25 shows that the degree of power imbalance in winter is larger than that of 

summer on average. This is because of more heating demand is required in winter. Therefore, in 

summer, up to 6.60kW of loads can be moved from phase b and phase c to phase a on average. In 

winter, up to 7.06kW of loads can be moved from phase b and phase c to phase a on average. 
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Figure 3-25.  The degree of power imbalance over summer for definite-min scenario 

 

D. Random Imbalance Scenario 

A priori judgment process for summer and winter is presented in Table 3-11. It can be seen that the 

differences among the average powers of the three phases are within the threshold for both seasons. 

In other words, they are treated as equal to each other within each season. Thus, the three-phase 

power series belong to the random imbalance scenario which cannot be decomposed into SIB and 

RIB.  

Table 3-11. A priori judgment for the random imbalance scenario 

Sub No. Season Variables Phase a Phase b Phase c 

521,064 

Summer 

𝑨∅ 31.83% 13.88% 31.61% 

𝑩∅ 21.51% 20.71% 31.53% 

�̅�∅ (kW) 46.35 43.95 43.37 

Winter 

𝑨∅ 24.98% 29.35% 21.28% 

𝑩∅ 28.15% 15.05% 33.85% 

�̅�∅ (kW) 45.88 46.44 43.21 
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his chapter proposes a new cost-benefit analysis framework to identify 

networks that are worth phase balancing for data-scarce LV networks. 

 

 

  

T 
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4.1. Introduction 

Existing phase balancing solutions are highly suitable for monitored LV distribution networks. 

However, the majority of UK’s LV networks are either unmonitored or have minimal data, such as 

annual peak current or total energy consumption from the substations. The data-scarcity brings 

challenges for DNOs to analyse the costs and evaluate the benefits of phase balancing solutions. 

Therefore, this chapter introduces a new cost-benefit analysis framework to identify data-scarce LV 

networks that are worth phase balancing. The developed approach supports the DNOs in deciding 

whether phase balancing is economically feasible and which phase balancing solution yields the 

greatest net benefit compared to alternatives. 

The content of this chapter is cited from a published article in IEEE Transactions on Power System 

by the author [76]. This chapter is formed in an alternative-based format. All the indexes, figures, 

tables, equations and references are numbered independently. 

The following sections are organised as follows: Section 4.2 presents the published paper, including 

the details of estimation of imbalance-induced costs, the net benefits calculations from adopting 

phase balancing solutions, the numerical results and discussions. Section 4.3 present additional 

analysis based on changing load growth rate. 
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Cost-benefit analysis of phase balancing solution for 
data-scarce LV networks by cluster-wise Gaussian 
process regression 

Wangwei Kong, Kang Ma, Member, IEEE, Lurui Fang, Student Member, Renjie Wei, Student 

Member, and Furong Li, Senior Member, IEEE 

Abstract—Phase imbalance widely exists in the UK’s low voltage (415V, LV) distribution 

networks. The imbalances not only lead to insufficient use of LV network assets but also 

cause energy losses. They lead to hundreds of millions of British pounds each year in the 

UK.  The cost-benefit analyses of phase balancing solutions remained an unresolved 

question for the majority of the LV networks. The main challenge is data-scarcity – these 

networks only have peak current and total energy consumption that are collected once a year. 

To perform a cost-benefit analysis of phase balancing for data-scarce LV networks, this paper 

develops a customized cluster-wise Gaussian process regression (CGPR) approach. The 

approach estimates the total cost of phase imbalance for any data-scarce LV network by 

extracting knowledge from a set of representative data-rich LV networks and extrapolating 

the knowledge to any data-scarce network. The imbalance-induced cost is then translated 

into the benefit from phase balancing and this is compared against the costs of phase 

balancing solutions, e.g. deploying phase balancers. The developed CGPR approach assists 

distribution network operators (DNOs) to evaluate the cost-benefit of phase balancing 

solutions for data-scarce networks without the need to invest in additional monitoring 

devices. 

Index Terms—cost-benefit analysis, Gaussian process regression, low voltage, phase 

balancing, phase imbalance, power distribution, three-phase system 

 

I. INTRODUCTION 

HREE-PHASE imbalance exists in the majority (>70%) of UK’s low voltage (415V, LV) 

networks [1] because of the uneven load allocation and random load behavior [2], [3], [4]. 

Phase imbalance causes additional energy losses [5], [6] and extra network investment costs [7], [8]. 

The additional energy losses include losses caused by neutral line currents and imbalance-induced 

transformer copper losses. The additional network investment costs include the additional 

investments on both LV transformers and network feeders, because phase imbalance wastes 

network capacity. 

T 
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Phase balancing solutions include phase swapping [9], [10], demand-side management [11] and 

deploying phase balancers based on power electronics [12]. To justify any phase balancing solution, 

it is important to perform a cost-benefit analysis of the solution before making any investment 

decision. However, up until now, no published work performs a cost-benefit analysis of phase 

balancing solutions for the majority of the UK’s LV networks that only have a minimal amount of data, 

e.g. data collected only once a year. These networks are referred to as data-scarce LV networks.  

A number of references investigate imbalance-induced energy loss, which is a key input for the cost-

benefit analysis. Reference [6] improves the backward-forward sweeping method to calculate the 

power loss in an imbalanced distribution network. Reference [13] introduces an imbalance factor to 

evaluate line losses under the imbalanced situation. Reference [14] performs a loss analysis based 

on a power flow algorithm for imbalanced radial distribution networks. References [15] and [16] 

perform power loss analysis for PV penetrated systems with full data of the network topology, load 

and generation. Reference [17] developed a statistical approach as a combination of clustering, 

classification and range estimation to estimate imbalance-induced energy losses for data-scarce 

networks. 

This paper addresses a different problem from [17]: Reference [17] estimates the imbalance-induced 

energy loss only, whereas this paper performs a cost-benefit analysis of any phase balancing 

solution on data-scarce networks. This paper significantly extends [17] by considering a 

comprehensive range of imbalance-induced costs, including the ARC, the imbalance-induced 

energy losses caused by neutral line currents, and the imbalance-induced transformer copper losses. 

Furthermore, this paper develops a completely different methodology from [17]: Reference [17] 

develops a combined approach of clustering, classification and range estimation, whereas this paper 

develops a regression methodology tailored for the cost-benefit analysis of phase balancing 

solutions.  

This paper addresses a real need for the UK industries: to identify, among a mass population of LV 

networks, a subset of networks that are worth phase balancing, i.e. where the benefit from phase 

balancing outweighs its cost [18], [19]. However, existing solutions require full data from distribution 

networks. There is a gap in performing cost-benefit analyses of phase balancing on data-scarce LV 

networks. This paper directly addresses the industrial need by bridging the gap. This paper for the 

first time performs a cost-benefit analysis of phase balancing for any data-scarce LV network. To 

this end, this paper develops a new cost-benefit analysis framework for phase balancing on data-

scarce LV networks. The core of the framework is a customized cluster-wise Gaussian process 

regression (CGPR) approach, which accounts for a full range of imbalance-induced costs. The 

approach estimates the total cost of phase imbalance for any data-scarce LV network by extracting 
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knowledge from a set of representative data-rich LV networks and extrapolating the knowledge to 

any data-scarce LV network. The imbalance-induced cost is then translated into the benefit from 

phase balancing and is compared against the costs of candidate phase balancing solutions, e.g. 

deploying phase balancers.    

The CGPR approach supports the distribution network operators (DNOs) to perform cost-benefit 

analyses of phase balancing solutions on data-scarce LV networks. In this way, DNOs can decide 

whether phase balancing is economically feasible and which phase balancing solution yields the 

greatest net benefit compared to alternatives. 

The remainder of the paper is organized as follows: Section II presents an overview of the 

methodology; Section III introduces the formulas for calculating imbalance-induced costs; Section 

IV presents the cost-benefit analysis framework, including the CGPR approach; Section V performs 

a case study and Section VI concludes the paper. 

 

II. Overview of Methodology 

To perform an accurate cost-benefit analysis of a phase balancing solution, full time-series of phase 

voltage and current data are required as the input data. However, these data are not available from 

the majority of UK’s LV networks. In this paper, we have the time-series of phase current and voltage 

data of 800 representative data-rich LV networks throughout a year. These networks are located 

within the business area of a UK DNO and the data are the deliverables of the “Low Voltage Network 

Templates” project [20]. When conducting the trial project and collecting network data, Western 

Power Distribution specifically chose networks of a diverse and heterogeneous nature so that the 

dataset is representative. These 800 networks cover various customer types (domestic, commercial 

and industrial customers) and geographical areas (urban, suburban, and rural areas). For example, 

Cardiff contains a large number of commercial customers and load; Monmouthshire is a 

representative for the rural area [20]. 

Figure 4-1 presents an overview of the CGPR approach. The key to this approach is to evaluate the 

imbalance-induced cost (including the cost of additional energy losses and the cost of additional 

network investment) for data-scarce LV networks. The approach consists of three stages:  
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Figure 4-1. Overview of the CGPR approach 

 

Stage I: The 800 data-rich networks are clustered into three groups, i.e., urban, suburban and rural, 

by applying the k-means clustering method.  

Stage II: Input features are selected for regression and these features are available from data-scarce 

LV networks. Then, utilizing the data-rich LV networks, Gaussian process regression (GPR) models 

are trained for each cluster of the LV networks to model the relationship between the selected 
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features and the two imbalance-induced costs, i.e. the ARC and additional energy loss cost (AELC). 

The trained models are applied to data-scarce networks that only have the aforementioned features 

to estimate the imbalance-induced costs. An advantage of the approach is that it only requires 

features that are available from the majority of UK’s data-scarce LV networks. Cross-validations are 

performed to validate the estimated imbalance-induced costs.  

Stage III: The total imbalance-induced cost is calculated based on the estimations of the ARC and 

AELC. The imbalance-induced cost is then translated into the potential benefit from phase balancing. 

This benefit is compared to the cost of the phase balancing solution. This leads to a conclusion of 

whether the phase balancing solution is economically feasible or not as well as which phase 

balancing solution yields the greatest net benefit compared to alternatives. 

 

III. Imbalance-Induced Cost for Individual Data-Rich Networks 

This section presents the methods to calculate the components of the imbalance-induced cost for 

LV networks. The imbalance-induced cost consists of the ARC and the AELC. The AELC is broken 

down into the cost of energy losses caused by neutral line currents and the cost of transformer 

copper losses. The future cost is discounted back to form the present value. Then, the cost-benefit 

analysis is performed based on present values.  

The present value of the ARC is detailed in [7], it represents the difference between the present 

value of reinforcement cost with phase imbalance and the present value of reinforcement cost 

without phase imbalance. 

𝐴𝑅𝐶 = 𝑓𝑃𝑉(𝐷𝐼𝐵) ≈ 3𝑘𝑓𝐷𝐼𝐵𝑓 + 𝑘𝑡𝐷𝐼𝐵𝑡 

(4-1)  

Subject to 𝑘𝜒 = 𝐴𝑠𝑠𝑒𝑡𝜒 ∙ (1 + 𝑑)
𝑙𝑜𝑔𝑈𝑁

log(1+𝑟) ∙
log(1+𝑑)

log(1+𝑟)
 

𝜒 ∈ {𝑓, 𝑡} 

where 𝐷𝐼𝐵𝑓 and 𝐷𝐼𝐵𝑡 are the degrees of phase imbalance for main feeders and LV transformers (%), 

respectively. The mathematical definitions of 𝐷𝐼𝐵𝑓  and 𝐷𝐼𝐵𝑡  are given by (4-3) and (4-4), 

respectively. 𝐴𝑠𝑠𝑒𝑡𝜒 is the future asset reinforcement cost (£), where subscript 𝜒 can be either 𝑓 

(feeder) or 𝑡 (transformer); 𝑑 is the discount rate (%); 𝑈𝑁 is the asset utilization rate (%) and 𝑟 is the 

load growth rate (%).  
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The factors 𝑈𝑁, 𝐷𝐼𝐵𝑓 and 𝐷𝐼𝐵𝑡 are given by (4-2), (4-3) and (4-4), respectively [7].  

𝑈𝑁 =
3 ∙ 𝑚𝑎𝑥{𝑃∅}

𝐶𝑎𝑠𝑠𝑒𝑡
          ∅ ∈ {𝐴, 𝐵, 𝐶} 

(4-2)  

where 𝑃∅ is the power on phase ∅ (kW) and 𝐶𝑎𝑠𝑠𝑒𝑡 is the asset capacity (kVA). 

         𝐷𝐼𝐵𝑓 =
𝑚𝑎𝑥{𝑃∅}−𝑃𝑡

𝑃𝑡
          ∅ ∈ {𝐴, 𝐵, 𝐶} 

(4-3)  

where 𝑃𝑡 is the total power of three phases (kW) when the maximum phase power occurs. 𝑃∅ is 

defined in (4-2).  

𝐷𝐼𝐵𝑡 =
𝑃𝑁

𝑃𝑡
 

(4-4)  

where 𝑃𝑁 is neutral line power (kW). 𝑃𝑡 is defined in (4-3).  

 

A. Imbalance-induced energy loss 

The imbalance-induced energy loss contains two components: the energy loss caused by a neutral 

line current [17] and the transformer copper loss.  

1) Energy loss caused by neutral current 

The energy loss caused by neutral line current is calculated considering different earthing systems 

[21], e.g., Terre-Neutral-Combined (TN-C) and Terre-Neutral (TN-S) systems [22]. The majority of 

the UK’s LV distribution networks follow the TN-S earthing system [22]. Therefore, this paper 

considers the TN-S earthing system. 

The estimation of energy loss caused by the neutral current is given in [17] 

𝐸𝑙𝑜𝑠𝑠 ≈ ∑ 𝐼𝑛𝑙𝑐
2(𝑡) ∙ 𝑅𝑛 ∙ ∆𝑡

𝑁𝑡

𝑡=1

 
(4-5)  
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where  𝐼𝑛𝑙𝑐(𝑡) = [𝐼𝐴
2(𝑡) + 𝐼𝐵

2(𝑡) + 𝐼𝐶
2(𝑡) − 𝐼𝐴(𝑡)𝐼𝐵(𝑡) − 𝐼𝐵(𝑡)𝐼𝐶(𝑡) − 𝐼𝐴(𝑡)𝐼𝐶(𝑡)]

1

2 

where 𝐼𝐴(𝑡), 𝐼𝐵(𝑡)𝑎𝑛𝑑 𝐼𝐶(𝑡) are current values (A) for the phases 𝐴, 𝐵 and 𝐶 at time 𝑡, respectively; 

𝐼𝑛𝑙𝑐(𝑡) denotes the neutral line current (A) at time 𝑡; 𝑅𝑛 denotes the neutral wire resistance (). 𝑁𝑡 

is the number of hours within the year.  

The neutral line energy loss for the 𝑁th year is 

 

𝐸𝑙𝑜𝑠𝑠𝑁
= 𝐸𝑙𝑜𝑠𝑠 ∙ (1 + 𝑟)2(𝑁−1) 

(4-6)  

where 𝑁 represent the 𝑁th year; 𝑟 is defined in (4-1); and 𝐸𝑙𝑜𝑠𝑠 is defined in (4-5). 

2) Transformer copper loss cost 

Phase imbalance increases the transformer copper loss beyond that under the phase balanced 

scenario. The transformer copper loss under the balanced case is given in [23]: 

𝐸𝑡𝑟𝑎𝑛𝑠 = 3 ∑ 𝐼2(𝑡) ∙ 𝑅𝑤 ∙ ∆𝑡

𝑁𝑡

𝑡=1

 

where  𝐼 =
1

3
(𝐼𝐴 + 𝐼𝐵 + 𝐼𝐶) 

𝐼𝐴 = 𝐼𝐵 = 𝐼𝐶  

(4-7)  

where 𝐼(𝑡) is the balanced phase current (A) at time 𝑡 and 𝑅𝑤 is the resistance of the transformer 

winding (); 𝑁𝑡 is the number of hours within a year. 

The transformer copper loss under the imbalanced case is also given in [23] 

𝐸𝑖 = ∑ (𝐼𝐴
2(𝑡) + 𝐼𝐵

2(𝑡) + 𝐼𝐶
2(𝑡)) ∙ 𝑅𝑤 ∙ ∆𝑡

𝑁𝑡

𝑡=1

 (4-8)  

where 𝐼𝐴(𝑡), 𝐼𝐵(𝑡)𝑎𝑛𝑑 𝐼𝐶(𝑡) are current values for the phases 𝐴, 𝐵 and 𝐶 at time 𝑡, respectively; 𝑅𝑤 

and 𝑁𝑡 are defined in (4-7). 
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As a result, the imbalance-induced transformer copper loss is: 

𝐸𝑡𝑖
= 𝐸𝑖 − 𝐸𝑡𝑟𝑎𝑛𝑠 

(4-9)  

where all variables are defined in (4-7) and (4-8). 

The transformer copper loss for the 𝑁th year is 

𝐸𝑡𝑖𝑁
= 𝐸𝑡𝑖

∙ (1 + 𝑟)2(𝑁−1) 
(4-10)  

where 𝑟 is the load growth rate (%); all other variables are defined in (4-7), (4-8) and (4-9). 

 

B. The present value of the total imbalance-induced cost 

As stated above, the total additional energy loss is the sum of losses caused by neutral line current 

and transformer copper. Therefore, the total imbalance-induced energy loss in year N is given by 

𝐸𝑡𝑜𝑡𝑁
= 𝐸𝑙𝑜𝑠𝑠𝑁

+ 𝐸𝑡𝑖𝑁
 

(4-11)  

where 𝐸𝑙𝑜𝑠𝑠𝑁
 and 𝐸𝑡𝑖𝑁

 are defined in (4-6) and (4-10), respectively. 

The total AELC of the 𝑁th year is transferred to the present value.   

𝐴𝐸𝐿𝐶 = 𝑓𝑃𝑉(𝐸𝑡𝑜𝑡𝑁
) =

𝐸𝑡𝑜𝑡𝑁
∙ 𝜋

(1 + 𝑑)𝑁
 

(4-12)  

where 𝜋 is the energy price (£);  𝑑 is the discount rate (%); and 𝐸𝑡𝑜𝑡𝑁
 is defined in (4-11). 

The imbalance-induced energy losses incur costs every year until the three phases are rebalanced. 

In contrast, the ARC is a one-off investment when the asset capacity is reached. Therefore, the 

present value of the total imbalance-induced cost is given by 
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𝑓𝑃𝑉𝑁
= 𝑓𝑃𝑉(𝐷𝐼𝐵) + ∑ 𝑓𝑃𝑉(𝐸𝑡𝑜𝑡𝑛

)

𝑁

𝑛=1

 
(4-13)  

where the function 𝑓𝑃𝑉(𝐷𝐼𝐵) is defined in (4-1); the function 𝑓𝑃𝑉(𝐸𝑡𝑜𝑡𝑛) is defined in (4-12). 

In this paper, the present value of the total imbalance-induced cost is referred to as the imbalance-

induced cost for simplicity. 

 

IV. Methodology 

A. Clustering 

In this section, a CGPR approach is presented as a combination of clustering and a Gaussian 

process regression (GPR). As mentioned in the previous section, the imbalance-induced cost 

includes two parts: ARC and AELC. Figure 4-2 shows the relation between the annual peak currents 

and the ARCs for the 800 LV networks. It can be seen that three distinctive relationships exist. The 

clustering is based on transformer capacities of each LV distribution substation [37]. 

 

Figure 4-2. The relationship between annual peak current and ARC 

 

The underlying reason is that the ARCs are strongly correlated to the type of the LV networks, i.e. 

urban, suburban, and rural types. The three different relationships justify the development of a 
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cluster-wise regression as opposed to a simple regression. Cluster-wise regression is an effective 

way of addressing problems with multiple regression models [24], [25].  

As shown in Figure 4-1, k-means clustering is used to cluster the networks into 3 groups (rural, 

suburban and urban) by the annual peak demands. This corresponds to Stage I in Figure 4-1. The 

direct output of the clustering is which cluster each LV network belongs to (i.e. the cluster label for 

each LV network). From the outputs, it is straightforward to derive the range of annual peak currents 

for each cluster of the LV networks. In this way, given any LV network, determine which range its 

annual peak current falls into. This reveals the cluster to which the network in question belongs, i.e. 

whether the network is an urban, suburban, or rural one.   

 

B. Gaussian process regression 

The output of Stage I is used to train Gaussian process regression (GPR) models to model the 

relationship between the selected features and the imbalance-induced costs (i.e., AELC and ARC). 

The imbalance-induced costs are calculated using data from data-rich networks.  

Then, the networks are treated as data-scarce networks and the selected features are used as the 

input to the trained GPR models. The GPR models output estimated imbalance-induced costs. 

The regression process consists of the following steps: 

1) Feature selection 

Typical LV distribution substation monitoring is a Maximum Demand Indicator (MDI) which records 

peak phase currents based on the aggregation over half an hour. The MDI does not have any 

communication options so that its reading is typically manually recorded on an annual basis [43].  

For the majority of the UK’s LV networks, the annual peak current (𝐼) and annual total energy 

consumption (𝐸𝑡𝑜𝑡𝑎𝑙) are readily available. According to [75], the average phase current values can 

be obtained with minimal efforts from either the per-phase energy meters or the protection system 

for data-scarce networks. The average phase current values are transformed into a virtual neutral 

line current: 

𝐼�̅�𝑙𝑐 =  √𝐼�̅�
2

+ 𝐼�̅�
2

+ 𝐼�̅�
2

− 𝐼�̅�𝐼�̅�  − 𝐼�̅� 𝐼�̅� − 𝐼�̅�𝐼�̅� (4-14)  

where 𝐼�̅�, 𝐼�̅� and 𝐼�̅� are the yearly average phase current values for phases 𝐴, 𝐵, and 𝐶,  respectively. 
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Two input feature vectors are defined to suit different levels of data availability in data-scarce 

networks. The first feature vector (𝜈𝑓1) contains two features (𝐼 and 𝐸𝑡𝑜𝑡𝑎𝑙): 

𝜈𝑓1 = [𝐼 , 𝐸𝑡𝑜𝑡𝑎𝑙] 
(4-15)  

This feature vector is applicable in the absence of the average phase current values. The second 

feature vector (𝜈𝑓2) contains three features (𝐼, 𝐸𝑡𝑜𝑡𝑎𝑙 and 𝐼�̅�𝑟𝑐): 

𝜈𝑓2 = [𝐼, 𝐸𝑡𝑜𝑡𝑎𝑙 , 𝐼�̅�𝑙𝑐] 
(4-16)  

This feature vector requires that the data-scarce network have the average phase current data.  

2) Gaussian Process Regression model training 

In this step, regression models are trained for each cluster of LV networks. The regression models 

map the feature vectors defined in step 1) to the ARC and AELC (the ARC and AELC are calculated 

in Section III) separately. In this paper, the Gaussian process regression (GPR) is adopted. The 

reasons why the GPR is adopted are: 1) Gaussian process models allow the quantification of 

uncertainty, considering both intrinsic noises in the problem and parameter errors in estimation [26]; 

2) the case studies confirm that the GPR achieves the best performance among classical regression 

models.  

Take the GPR that maps the feature vectors to the ARC as an example. The GPR model is given by 

𝑝 (𝐴𝑅𝐶∗ | 𝐴𝑅𝐶, 𝜈𝑓 , 𝜈𝑓∗
) ~ 𝒩(𝜇∗, Σ∗) 

(4-17)  

where       𝜇∗ =  𝐾(𝜈𝑓 , 𝜈𝑓)(𝐾(𝜈𝑓 , 𝜈𝑓) + 𝜎2𝐼)
−1

𝐴𝑅𝐶 

Σ∗ = 𝐾 (𝜈𝑓∗
, 𝜈𝑓∗

) + 𝜎2𝐼 − 𝐾 (𝜈𝑓∗
, 𝜈𝑓) (𝐾(𝜈𝑓 , 𝜈𝑓) + 𝜎2𝐼)

−1
𝐾 (𝜈𝑓 , 𝜈𝑓∗

) 

where 𝑝 (𝐴𝑅𝐶∗ | 𝐴𝑅𝐶, 𝜈𝑓 , 𝜈𝑓∗
) is the probability distribution for ARC estimation; 𝜈𝑓 and 𝐴𝑅𝐶 are the 

feature vector and the ARC for the data-rich networks, respectively; 𝜈𝑓∗
 and 𝐴𝑅𝐶∗ are the feature 

vector and the predicted ARC for the data-scarce network, respectively; the ARC is given by (1);  
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𝒩(𝜇∗, Σ∗) denotes a Gaussian distribution with the mean 𝜇∗ and covariance Σ∗; 𝐾 is a kernel matrix 

given by the squared exponential kernel function [26]; 𝜎2 is the noise variance; and 𝐼 is the identity 

matrix. The feature vector 𝜈𝑓 could be 𝜈𝑓1 and 𝜈𝑓2 as given in (4-15) and (4-16), depending on the 

choice of features.  

The GPR is detailed in [26]. The above GPR model is developed for each cluster of the LV networks. 

The GPR is detailed in [26]. The GPR model for the AELC estimation is the same as that for the 

ARC estimation as shown in Error! Reference source not found., except that the ARC is replaced b

y the AELC. The results are compared with linear regression, which is detailed in [27] and which is 

not repeated in this paper. 

 

C. Cross-validation 

The CGPR approach is validated through k-fold cross-validation. This is a popular validation method 

as explained in [28]. The cross-validation is detailed as follows: the full dataset of 800 data-rich LV 

networks, including the features and the accurate ARC and AELC results, are randomly separated 

into k (k=10 in this paper) equal-sized groups. In each iteration of the k-fold cross-validation, one 

group of the LV networks are reserved as the validation set, whereas the remaining nine groups 

serve as the training set. The CGPR model is trained using the training set only. Then, the trained 

CGPR model predicts the imbalance-induced costs on the validation set, which are treated as if they 

were data-scarce. The outputs are estimated imbalance-induced costs for the LV networks in the 

validation set. These results are compared against the accurate imbalance-induced cost (the 

calculated costs from data-rich networks) results so that the CGPR model is validated. Each group 

is selected as the validation set once and there are ten iterations. It should be emphasized that 

throughout the process, the validation set and the training set are strictly separated from each other 

and the validation set is not used for training. The k-fold cross-validation is detailed in Figure 4-3. 

D. Removal of outliers 

Following the cross-validation, 11% of the networks are identified as the outliers and are removed. 

This percentage is derived by using Chebyshev’s inequality. Chebyshev’s inequality is a widely 

adopted method for removing outliers [29]. When the distribution of the data is unknown, the 

Chebyshev’s inequality is given by: 
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𝑃(|𝑋 − 𝜇| ≤ 𝑘𝜎) ≥ 1 −
1

𝑘2
 (4-18)  

where 𝑋 is the set of sample data, 𝜇 is the mean of the sample data, 𝜎 is the standard deviation and 

𝑘 is a factor. 

It is common practice to regard data samples that occur beyond 3σ (i.e., 𝑘 = 3) from the mean as 

outliers [30], [31]. Therefore, the outliers account for approximately 11% of the whole population of 

networks. Note that outliers are an objective existence and they can be identified and removed from 

consideration for better performance. In this paper, all the LV networks are clustered into three 

groups, i.e., urban, suburban and rural. However, there are some networks have distinctive 

characteristics that does not fall into any of the groups. These networks are identified as outliers and 

further investigations are required to analyse these networks. 

 

Figure 4-3. The flow chart of k-fold cross-validation 
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E. Net benefit calculation 

The trained CGPR model takes the features of any given data-scarce network as the input and 

outputs the estimated imbalance-induced cost.   

Note that the phase balancing solutions may not be able to fully rebalance the three phases. 

Therefore, the benefit from phase balancing is given by the difference of the total imbalance-induced 

costs before and after phase balancing 

𝐵𝑃𝑉𝑁

𝑑𝑠 ≈ 𝑓𝑃𝑉𝑁

𝑏𝑒𝑓𝑜𝑟𝑒
− 𝑓𝑃𝑉𝑁

𝑎𝑓𝑡𝑒𝑟
  

(4-19)  

where 𝑓𝑃𝑉𝑁

𝑏𝑒𝑓𝑜𝑟𝑒
  and 𝑓𝑃𝑉𝑁

𝑎𝑓𝑡𝑒𝑟
 are the estimated total imbalance-induced cost before and after phase 

balancing, respectively; the superscript 𝑑𝑠 means data-scarce; the subscript 𝑃𝑉𝑁 represents present 

value for 𝑁 years. 

Then, the benefit is compared with the cost of the phase balancing solution to determine whether it 

is beneficial to apply the phase balancing solution in question. Hence, the net benefit of applying the 

phase balancing solution is given by 

𝐵𝑑𝑠 ≈  𝐵𝑃𝑉𝑁

𝑑𝑠 − 𝑓𝑝𝑏 
(4-20)  

where 𝐵𝑃𝑉𝑁

𝑑𝑠  is the total benefit of phase balancing for the data-scarce networks; 𝑓𝑝𝑏 is the cost of 

applying a phase balancing solution. 

Note that the net benefit 𝐵𝑑𝑠 can be negative, which means that it is not economically feasible to 

deploy the phase balancing solution. 

 

V. Case Studies 

This section presents case studies. The input data are shown in Section V-A. The results from the 

cluster-wise regression model are presented in Section V-B. Section V-C gives the discussions. 

Section V-D gives the cost-benefits analysis for two phase balancers (ZM-SPC [32] and EQU18 [33]) 
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and active network management (ANM) scheme, respectively. The case study is based on the time-

series phase current and phase voltage data from the 800 data-rich LV networks throughout a year.  

A.  Imbalance-induced cost for data-rich networks 

This sub-section presents the calculation of imbalance-induced cost for data-rich networks. To derive 

the additional energy losses (defined Error! Reference source not found. - Error! Reference so

urce not found.), the neutral wire resistance (𝑅𝑛) is set as 0.244 Ω/km [17]. The winding resistances 

(𝑅𝑤) are calculated from [34] and presented in Table 4-1. 

To derive the additional reinforcement costs (defined in (4-1) – (4-4)), the investment costs of the 

feeder and transformer are given in Table 4-1. The discount value (𝑑) is set as 5.0% [1] and [35]. 

The load growth rate (𝑟) is set as 0.82% [36].  

Table 4-1. Parameters for different areas [34], [37] 

Assets                      Area Urban Suburban Rural 

Transformer investment cost (k£) 26.4 16.1 5.8 

Main feeder investment cost (k£/km) 67.2 16.4 15.0 

Main feeder length (km) 0.2 0.3 0.4 

No. of feeders connected from transformers 5 3.5 1.5 

Winding resistance (Ω) 0.0163 0.0265 0.0413 

 

A limitation of the work is that this paper assumes that the phase currents are 120° apart from each 

other. This is because there is hardly any LV network that has phasor measurements, as distribution 

network operators cannot justify the investment in phasor measurements in terms of the return on 

investment. Therefore, it is valid to assume that the phase currents are 120° apart from each other 

while phasor measurements are absent.  

The neutral line current is the minimum, under the assumption that the phase currents are 120° apart 

from each other. Therefore, this assumption corresponds to a conservative cost-benefit analysis. If 

the actual phase currents are not 120° apart, the neutral line current will increase, so will the 

imbalance-induced energy losses and the associated cost. This means that the potential benefit from 

phase balancing will also increase, hence the net benefit will increase. 
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 In this paper, a power factor of 0.9 is assumed and the harmonic distortion is not considered. The 

harmonic distortion results in the decrease of power factor and eventually increases the ARC. 

Besides, the harmonic currents cause additional energy losses which lead to higher AELC. Therefore, 

it shows that the estimation of the imbalance-induced costs is conservative, resulting in conservative 

net benefits, i.e. the lower bounds of the net benefits. The actual net benefits can be higher than the 

estimated value. 

Figure 4-4 shows the present values of AELC and ARC for urban, suburban and rural networks. The 

ARC is the present value of the future cost while the AELC is calculated for 10 years for each of the 

network. The average AELC is approximately twice as much as the average ARC. The rural networks 

correspond to the least AELC and the greatest ARC among all three types of networks. In contrast, 

the urban networks correspond to the greatest AELC and the least ARC. 

The reason for this is that the rural networks have the largest DIB (degree of imbalance) values, 

which causes the greatest ARC, in both LV transformers and main feeders among the three types 

of networks. However, the rural networks have the lowest loading levels, which lead to the lowest 

energy losses on the neutral lines and LV transformers. As a result, the rural networks have the 

largest average ARC but least average AELC. On the contrary, urban networks have the lowest DIB, 

which leads to the lowest ARC. They have the highest energy loss because of their high loading 

levels. Therefore, the urban network has the least AELC but largest ARC. 

 

Figure 4-4. The AELC and ARC for the 800 LV networks 

 

B. Cluster-wise Gaussian Process Regression 
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In this section, the CGPR results are shown, where the cost-benefit analyses are performed over a 

time horizon of 10 years.  

The ARC and AELC estimation are calculated using four regression methods: linear regression (LR), 

cluster-wise LR (CLR), GPR and CGPR. Results from all methods are validated through 10-fold 

cross-validations. The results obtained by applying these four regression methods are compared 

with each other in terms of the root mean squared error (RMSE). The reference cost for comparison 

is calculated using the time-series voltage and current data of the networks. As mentioned in Section 

IV-A, two feature vectors are used as input, the first vector 𝜈𝑓1 contains two features (𝐼 and 𝐸𝑡𝑜𝑡𝑎𝑙), 

while the second vector 𝜈𝑓2 contains three features (𝐼, 𝐸𝑡𝑜𝑡𝑎𝑙 and 𝐼�̅�𝑟𝑐). Therefore, the performances 

of different regression methods are compared with each other. 

Figure 4-5 presents the RMSE values of using LR, CLR, GPR and CGPR with two and three features. 

In Figure 4-5 - a) (i.e., the ARC estimation using two features), the GPR model performs better than 

the LR model and the CGPR model performs better than the CLR model in terms of RMSE. The 

RMSE of CLR is 2,537.94, while the RMSE of CGPR is 1,443.24.  

In Figure 4-5 - b) (i.e., the AELC estimation using two features), the GPR model has a similar 

performance to the LR model and the CGPR model also has a similar performance to the CLR model. 

The RMSE of CLR is 4,885.80 while the RMSE of CGPR is 4,752.92.  

 

Figure 4-5. Comparison of RMSEs of ARC and AELC estimation with different regression methods 
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In Figure 4-5 - c) (i.e., the ARC estimation using three features), the GPR method performs better 

than LR; the CGPR method performs better than the CLR method. The RMSE of the CLR is 2,466.06, 

while the RMSE of CGPR is 1,554.89.  

In Figure 4-5 - d) (i.e., the AELC estimation using three features), the GPR method performs better 

than the LR; the CGPR method performs better than the CLR method. The RMSE of CLR is 2,199.55, 

while the RMSE of CGPR is 1,487.71. As a result, CGPR has the best performance among all 

methods. 

For the CGPR model with three features as input, with 95% confidence, the range of RMSEs are 

[910.84, 1,309.20], [913.59, 1,184.83] and [1,916.03, 3,291.87] for rural, suburban and urban 

networks, respectively. The suburban networks have the smallest range of the RMSE while the urban 

networks have the largest range of the RMSE. Therefore, the GPR model performs the best on the 

imbalance-induced cost estimation for suburban networks among the three types of networks.   

C. Discussions 

Using Chebyshev’s inequality, 11% of the networks are identified as outliers. Figure 4-6shows the 

comparison of the mean average percentage error (MAPE) before and after the removal of outliers. 

When using two features, the MAPE of the ARC drops from 29.95% to 23.76% and the MAPE of 

AELC decreases from 53.86% to 40.75%. When using three features, the MAPE of the ARC drops 

from 30.06% to 23.32% and the MAPE of AELC decreases from 53.87% to 21.33%. 

 

Figure 4-6. Comparison of results before and after removing outliers 

One of the main reasons why the MAPE is approximately 23% is that the CGPR approach only 

requires two or three features from data-scarce LV networks. Another reason is that only one year’s 
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data is used to estimate the imbalance-induced costs over the future 10 years (or 30 years), resulting 

in an accumulation of errors over the years. Among the three types of networks, the MAPE values 

for suburban networks are the lowest. In other words, the cost estimations for suburban networks 

demonstrate the best performance among the three types of networks. On the other hand, the cost 

estimations for rural networks demonstrate the worst performance among the three types of 

networks. 

In general, there is a lack of monitoring in the UK’s millions of LV networks. The two sets of features 

are chosen in this paper because they are either routinely collected by distribution network operators 

or are readily available to be collected. Using these features leads to a feasible cost for data 

collections and the feasibility of the cost-benefit analyses, if scaled up from individual networks to a 

mass population of networks. Therefore, the features are chosen to best suit the existing level of 

monitoring in the UK’s LV networks and making the methodology scalable to the whole LV networks. 

Utilities use load factors to estimate loss factors, which are then used to determine the energy losses 

of the system. Reference [38] discussed the ways of determining the energy losses using load factor 

and loss factor. The equations of calculating loss factor is given by [38]: 

𝐿𝑜𝑠𝑠 𝐹𝑎𝑐𝑡𝑜𝑟 = 𝑎 × 𝐿𝑜𝑎𝑑 𝐹𝑎𝑐𝑡𝑜𝑟 + (1 − 𝑎) × 𝐿𝑜𝑎𝑑 𝐹𝑎𝑐𝑡𝑜𝑟2 
(4-21)  

where 𝐿𝑜𝑎𝑑 𝐹𝑎𝑐𝑡𝑜𝑟 =  
𝐿𝑜𝑎𝑑𝑎𝑣𝑒

𝐿𝑜𝑎𝑑𝑝𝑒𝑎𝑘
,      𝐿𝑜𝑠𝑠 𝐹𝑎𝑐𝑡𝑜𝑟 =  

𝐿𝑜𝑠𝑠𝑎𝑣𝑒

𝐿𝑜𝑠𝑠𝑝𝑒𝑎𝑘
 

where 𝑎 is coefficient; 𝐿𝑜𝑎𝑑𝑎𝑣𝑒 is the average load; 𝐿𝑜𝑎𝑑𝑝𝑒𝑎𝑘 is the peak load; 𝐿𝑜𝑠𝑠𝑎𝑣𝑒 is the average 

loss and 𝐿𝑜𝑠𝑠𝑝𝑒𝑎𝑘 is the peak loss. 

Two values for the coefficient ‘a’ are suggested by [38], i.e., 𝑎  = 0.16 and 𝑎  = 0.3. Both the values 

are adopted and the lower error of using this method to the estimate energy loss cost is 67.09%. 

The reason for the large error is that it is difficult to determine the values of ‘𝑎 ’ for a data-scarce 

distribution system. Besides, the distributions system has multiple branches connected to the main 

feeder which results in a higher estimation error. However, the developed CGPR approach only 

incurs an error of 21.33% when estimating the AELC. The developed CGPR approach performs 

better than the method adopted by utilities. 

The estimated total imbalance-induced cost using CGPR are compared with the actual values for 

validation. The actual values are calculated costs using the 10-min resolution time-series data from 

a year. A random selection of the comparison results (20 networks for each group of networks) are 
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presented. As shown in Error! Reference source not found., Figure 4-8 and Figure 4-9, the e

stimation results follow a similar trend to the actual results.  

 

Figure 4-7. Comparison of calculated and estimated total imbalance-induced cost of rural networks 

 

Figure 4-8. Comparison of calculated and estimated total imbalance-induced cost of suburban 

networks 
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Figure 4-9. Comparison of calculated and estimated total imbalance-induced cost of urban 

networks 

 

The use of two features and three features are compared with each other. The latter is highly 

recommended as it incurs a much lower error for the majority of the networks. However, the use of 

two features still has its value just in case some LV networks do not have three features (i.e. they 

only have yearly peak current and total energy consumption). In the absence of the third feature (i.e. 

the yearly average phase currents), one way to perform cost-benefit analyses is to use the two-

feature-version of the methodology; an alternative way is to collect the third feature from the networks, 

but this incurs a data collection cost. This cost can be prohibitively high when the cost-benefit 

analyses are to be scaled up to a mass population of networks. Therefore, a trade-off should be 

made between the data collection cost and the accuracy of the methodology for cost-benefit 

analyses. 

Within the dataset of 800 LV networks, 11.2%, 44.4%, and 44.4% are urban, suburban, and rural 

networks, respectively. The same dataset was used to: 1) develop 11 representative LV substation 

load profiles [20], [25]; 2) classify four types of phase imbalance in terms of the imbalance direction 

[39]; 3) estimate the imbalance-induced energy losses in the neutral and ground for data-scarce LV 

networks [17]. These publications prove the diversity and heterogeneity within the dataset. 

Furthermore, the dataset corresponds to a geographical area of a similar size and is of a similar 

nature (a mixture of urban, suburban, and rural networks) to that used in [40].   
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Given that the model is trained on the dataset from South Wales, UK, the model is applicable to 

networks within the region of a similar nature to South Wales (a mixture of urban areas like Cardiff, 

suburban and rural areas like Momonthshire). Caution has to be exercised when applying the trained 

model on substantially different areas, e.g. central London which is extremely urban and which is 

unlike anywhere else in the UK. The CGPR methodology is generic. If it is to be applied to other 

countries or the central London area, it should be trained on the dataset representative of the area 

in question. 

 

D. Net benefit calculation 

Given any data-scarce network, its imbalance-induced costs calculated through CGPR are used for 

a net benefit calculation. These costs are translated into the benefits of phase balancing for the data-

scarce network using (4-13). 

Table 4-2 shows the two selected types of phase balancers, along with their costs and lifetimes. The 

net benefits by applying two phase balancers are calculated using (4-20).  

 

Table 4-2. Costs of phase balancers 

Type ZM-SPC [111] EQU18 [33] ANM [41], [42] 

Lifetime (Years) >10 >30 >20 

Total costs (£) 4,890 2,381 73,600 

 

The net benefits from phase balancing for data-scarce networks are estimated over the respective 

lifetime of the two phase balancers and the ANM scheme, i.e. 10 years for ZM-SPC, 30 years for 

EQU18 and 20 years for the ANM scheme. This paper assumes that power-electronics-based phase 

balancers and the ANM scheme can achieve full phase balancing because they can perform high-

resolution real-time balancing. Detailed information of ZM-SPC and EQU18 are provided in the 

Appendix. ANM scheme monitors the distribution system and controls the connection of renewable 

generation and energy storages to minimise phase imbalances. 

As stated in the previous section, it is highly recommended using three features as the input for the 

proposed CGPR approach. In this section, the net benefits are estimated using three features Figure 
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4-10, Figure 4-11 and Figure 4-12 show the distribution of the estimated net benefits using three 

features from phase balancing by ZM-SPC for the rural, suburban and urban networks, respectively. 

Results show that approximately 70% of rural networks, 80% of suburban networks and 90% of 

urban networks benefit from ZM-SPC.  

 

 

Figure 4-10. The distribution of mean net benefits for rural networks from phase balancing by ZM-

SPC 

 

Figure 4-11. The distribution of mean net benefits for suburban networks from phase balancing by 

ZM-SPC 
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Figure 4-12. The distribution of mean net benefits for urban networks from phase balancing by ZM-

SPC 

 

With 95% confidence, the range of net benefits from ZM-SPC for rural, suburban and urban networks 

are [£2,814.66, £5,106.51], [£3,461.50, £5,346.27] and [£7,591.93, £12,977.50], respectively. The 

percentage of benefits from ZM-SPC for rural, suburban and urban networks are [36.53%, 51.08%], 

[41.45%, 52.23%] and [60.82%, 72.63%], respectively. 

Figure 4-13, Figure 4-14 and Figure 4-15 show the distribution of the estimated net benefits using 

three features from phase balancing by EQU18 for the rural, suburban and urban networks, 

respectively. Results show that approximately 94% of rural networks, 97% of suburban networks 

and 99% of urban networks benefit from EQU18.  

 

Figure 4-13. The distribution of mean net benefits for rural networks from phase balancing by 

EQU18 
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Figure 4-14. The distribution of mean net benefits for suburban networks from phase balancing by 

EQU18 

 

Figure 4-15. The distribution of mean net benefits for urban networks from phase balancing by 

EQU18 

With 95% confidence, the range of net benefits from EQU18 for rural, suburban and urban networks 

are [£11,153.87, £14,975.80], [£15,218.09, £18,974.98] and [£26,926.63, £39,441.18], respectively. 

The percentage of benefits from EQU18 for rural, suburban and urban networks are [82.41%, 

86.28%], [86.47%, 88.85%] and [91.88%, 94.31%], respectively. 

Figure 4-16, Figure 4-17 and Figure 4-18 show the distribution of the estimated net benefits using 

three features from phase balancing using ANM for the rural, suburban and urban networks, 

respectively. Results show that approximately 1% of rural networks, 1% of suburban networks and 

no urban network benefit from the ANM scheme.  
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Figure 4-16. The distribution of mean net benefits for rural networks from phase balancing by the 

ANM scheme 

 

Figure 4-17. The distribution of mean net benefits for suburban networks from phase balancing by 

the ANM scheme 

 

Figure 4-18. The distribution of mean net benefits for urban networks from phase balancing by the 

ANM scheme 
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With 95% confidence, the range of net benefits from applying the ANM scheme for rural, suburban 

and urban networks are [£-63,127.49, £-60,249.45], [£-60,396.22, £-57,564.91] and [£-53,102.38, £-

45,313.21], respectively. The net benefits are negative, meaning that adopting the ANM scheme for 

phase balancing is not cost-effective. However, it is worth mentioning that the ANM scheme typically 

brings other benefits such as relieving thermal overloads and voltage violations, apart from phase 

balancing. Therefore, an additional analysis is performed for estimating the benefits of ANM and 

presented in Section 4.3. 

Comparing the RMSEs (given in Section V-B) with the net benefits from phase balancing, it can be 

found that the RMSEs are insignificant.  

Figure 4-19 and Figure 4-20 show the probability that the phase balancing solutions by ZM-SPC and 

EQU18 would produce a positive net benefit for any data-scarce LV network with 95% confidence, 

respectively. The probability of having positive net benefit assist DNOs to make the decision on 

whether to invest in phase balancing. 

For example, the CGPR is used to estimate the net benefit for a data-scarce network 10036 from 

ZM-SPC. The network 10036 is a rural network and its estimated net benefit is £5001. Thus, with 

95% confidence, the corresponded probability of network 10036 having a positive net benefit is 

96.6%. If the DNO set the acceptable probability as 90%, the network 10036 is therefore identified 

as worth for phase balancing.  

  

Figure 4-19. The probability of having positive net benefits from phase balancing by ZM-SPC 

0 10 20 30 40 50 60 70 80 90

Percentage of estimated net benefits(%)

0.75

0.8

0.85

0.9

0.95

1

P
ro

b
a
b

il
it

y
 o

f 
h

a
v
in

g
 p

o
s
it

iv
e
 n

e
t 

b
e
n

e
fi

t

Rural networks

Suburban networks

Urban networks



Chapter 4 Cost-Benefit Analysis of Phase Balancing 
 

Page | 100  
 

  

Figure 4-20. The probability of having positive net benefits from phase balancing by EQU18 

 

There is a way to strengthen the robustness of the CGPR model. The CGPR model already outputs 

the data-scarce LV networks where it is highly likely that a given phase balancing solution will deliver 

more benefit than cost. In this way, the CGPR model serves as a filter. For these networks (which 

are a subset of the whole population of networks) that the CGPR model identifies as being worthy of 

phase balancing, the DNO can further check the cost-benefit of phase balancing on these networks 

by collecting time-series data from these networks and performing accurate cost-benefit analysis. 

 

VI. Conclusions 

This paper addresses a previously unresolved problem faced by the distribution network operators 

(DNOs), i.e., the cost-benefit analysis of phase balancing solutions for the vast majority of the low 

voltage (LV) networks that are data-scarce. To this end, this paper develops a new cluster-wise 

Gaussian process regression (CGPR) approach. 

The approach is validated by the case studies considering two types of phase balancers and the 

active network management (ANM) scheme. The phase balancers are ZM-SPC and EQU18 with 

different costs and lifetime. The maximum potential net benefits for all types of LV networks are 

calculated for each phase balancer. Given any data-scarce network and phase balancing solution, 

the probability that the solution will produce a positive net benefit is quantified. 

A major advantage of the approach is that it only requires the annual peak current and the total 

energy consumption throughout a year – these data are collected only once a year. The developed 
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approach offers a cost-effective and efficient way to help DNOs understand: 1) whether a phase 

balancing solution is economically feasible for any data-scarce network; 2) if yes, the maximum 

potential net benefit from the solution. 
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4.3.  Additional Analysis and Discussion 

The ARC and AELC are the differences between the three-phase imbalanced scenario and a 

balanced scenario. Figure 4-21 shows the percentage of AELC compared to the energy loss cost 

with balanced three phases; and the percentage of ARC compared to the present value of network 

reinforcement cost with balanced three phases. The load growth rate is set to be 0.82% which is the 

same as previous case studies. As can be seen, the suburban networks have the largest AELC, 

while the rural networks have the least AELC compared to the balanced scenario. The average 

AELCs for rural, suburban and urban networks are 4%, 18% and 5%, respectively.  

 

 

Figure 4-21. The percentages of AELC for LV networks compared to the balanced scenario 

 

Figure 4-22 also shows that the rural networks have the largest ARC while the urban networks have 

the least ARC. Comparing to the balanced scenario, the average ARCs for rural, suburban and urban 

networks are 202%, 116% and 78%, respectively.  
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Figure 4-22. The percentages of ARC for LV networks compared to the balanced scenario 

 

Figure 4-23, Figure 4-24 and Figure 4-25 present the ARC with changing load growth rate for 

different group of networks. It can be seen that the percentage of ARC decreases with increasing 

load growth rate. It means that with large load growth, the impact of phase imbalance on LV 

distribution network reinforcement cost becomes low. This is because a large increase in load 

demand will lead to high network reinforcement cost. Therefore, the differences in network 

reinforcement between balanced and imbalanced scenarios, i.e., the ARC, become smaller. When 

the load growth rate changes from 0.5% to 2.0%, the percentage of ARC for the LV networks drop 

rapidly. When the load growth rate increases from 2.0% to 4.0%, the percentage of ARC for the LV 

networks decreases slowly. 
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Figure 4-23. The ARC for rural networks with changing load growth rate compared to the balanced 

scenario 

 

Figure 4-24. The ARC for suburban networks with changing load growth rate compared to the 

balanced scenario 
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Figure 4-25. The ARC for urban networks with changing load growth rate compared to the 

balanced scenario 

 

The ANM scheme typically brings other benefits such as relieving thermal overloads and voltage 

violations, apart from phase balancing. Therefore, it is more accurate to include a factor to reflects 

the percentage cost of ANM applied for phase balancing. However, up to now, there is no research 

analysing such factor. As a result, the factor is assumed to be 5% in this thesis.  

Figure 4-26, Figure 4-27 and Figure 4-28 show the distribution of the estimated net benefits using 

three features from phase balancing using ANM for the rural, suburban and urban networks, 

respectively. Results show that approximately 93.27% of rural networks, 83.19% of suburban 

networks and 100% urban network benefit from the ANM scheme.  

 

0.5 1 1.5 2 2.5 3 3.5 4

Load growth rate (%)

0

50

100

150

200

250

300

A
R

C
 f

o
r 

u
rb

a
n
 n

e
tw

o
rk

s
 (

%
)



Chapter 4 Cost-Benefit Analysis of Phase Balancing 
 

Page | 108  
 

 

Figure 4-26. The distribution of mean net benefits for rural networks from phase balancing by the 

ANM scheme 

 

Figure 4-27. The distribution of mean net benefits for suburban networks from phase balancing by 

the ANM scheme 

 

Figure 4-28. The distribution of mean net benefits for urban networks from phase balancing by the 

ANM scheme 
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Figure 4-29 shows the probability that the phase balancing solution by ANM would produce a positive 

net benefit for any data-scarce LV network with 95% confidence. Compared to ZM-SPC, ANM has 

lower probability of bringing positive benefits with similar percentage of estimated benefits. 

Compared to EQU18, ANM has a lower percentage of estimated benefits for a similar probability of 

bringing positive benefits. However, it is worthy to note that changing the factor, i.e., the cost share 

for phase balancing, of the ANM cost will have impacts on the results. Further investigations could 

be done to achieve a more accurate estimation of the factor. 

 

Figure 4-29. The probability of having positive net benefits from phase balancing by ANM 
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Chapter 5. Phase Imbalances in The 

Future Distribution System 
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5.1. Introduction 

The distribution system is evolving because of increasing decarbonisation, digitalisation and 

decentralisation. The phase imbalance problem is further complicated by growing uptake of single-

phase connected low carbon technologies (LCTs), including photovoltaic (PV) systems and electric 

vehicles (EVs) in the distribution system [115], [116]. The National Grid estimates that the UK's 

number of EVs on the road could reach 36 million by 2040 and the capacity of PV units could reach 

38GW by 2050 [17]. The increasing LCTs cause phase power imbalance to change randomly and 

therefore change the consequences of phase power imbalance. As a result, it is important to 

estimate the consequences of phase power imbalance under the increasing penetration of LCTs.  

Therefore, this chapter develops a new probabilistic analysis to investigate the impact of increasing 

LCT penetration on phase power imbalance in the UK's LV distribution networks. The LCT 

considered in this chapter is residential PV generation and one type of EV battery with slow charging. 

Monte Carlo simulations are performed to account for the uncertainties in LCT sizes, connection 

locations and connection time. The developed probabilistic impact assessment helps the distribution 

network operators (DNOs) understand the possible imbalance-induced costs under different 

penetration levels of LCTs. The estimated imbalance-induced costs help DNOs analyse the cost-

benefits for future phase balancing in light of the future LCT growth. 

The content of this chapter is cited from a submitted article in Electric Power System Research by 

the author. This chapter is formed in an alternative-based format. All the indexes, figures, tables, 

equations and references are numbered independently. 

The following sections are organised as follows: Section 5.2 presents the probabilistic impact 

assessment; Section 5.3 discusses the impacts of EV and PV penetrations on three-phase power 

imbalance decomposition.  
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Probabilistic Impact Assessment of Phase Power 

Imbalance in the LV networks with Increasing 

Penetrations of Low Carbon Technologies 

Wangwei Kong, Kang Ma, Member, IEEE, and Furong Li, Senior Member, IEEE 

Abstract: Phase imbalances cause a range of network issue, from day-to-day energy 

losses to long-run capacity wastes that increase investment costs. The impact on low voltage 

(LV) network from phase imbalance has been investigated independently for losses and 

investment. However, no research was carried out on the total imbalance-induced cost (TIC) 

that includes both day-to-day energy losses and long-run capacity wastes, and how the 

relationship between the two may change with the increasing penetrations of single-phase 

low carbon technologies (LCTs). Analysing the TIC is important for distribution network 

operators (DNOs) as the day-to-day energy loss cost cannot be ignored as it may exceed the 

long-run network investment cost. This paper develops a new probabilistic analysis to 

investigate the impact of increasing LCT penetration on TIC in the UK's LV distribution 

networks. Monte Carlo simulations are performed to account for the uncertainties in LCT 

sizes, connection locations and connection time. Case studies show that the additional 

energy loss cost exceeds the additional reinforcement cost in urban networks when the LCT 

penetration level reaches 70%. The key findings will help the DNOs understand the range of 

TIC and the relationship between imbalance-induced energy losses and capacity wastes 

under increasing LCT penetrations. 

 

1. Introduction 

Phase imbalance means either the magnitudes of the three phases are not the same, or their phase 

angles are not 120° apart from each other. Phase imbalance is a widespread problem in the UK. 

More than 70% of LV networks [1] suffer severe phase power imbalances, mainly caused by uneven 

load allocation [2], [3] and random load behaviours [3], [4]. Phase imbalance causes two 

consequences to distribution networks: energy losses [2], [3] and capacity wastes (that are translated 

into additional investment costs [4], [5]). The phase imbalance problem is further complicated by 

growing uptake of low carbon technologies (LCTs), including photovoltaic (PV) systems and electric 

vehicles (EVs) in the distribution system [6], [7]. The National Grid estimates that the UK's number 

of EVs on the road could reach 36m by 2040 and the capacity of PV units could reach 38GW by 

2050 [8]. The increasing LCTs cause phase power imbalance to change randomly and therefore 
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change the relationship between the above two imbalance-induced consequences. As a result, it is 

important to quantify the consequences of phase power imbalance under increasing penetration of 

LCTs. This is the focus of the paper. 

Much effort is made to analyse the voltage imbalance caused by LCT penetrations, such as 

uncoordinated EV charging [9-14], PV inverters [14-20] and heat pumps (HPs) [11, 21] in the 

distribution networks. However, none of the research discussed the impacts of increasing LCT 

penetration on the phase power imbalance. The phase power imbalance is a direct consequence of 

voltage and current imbalances [22]. It incurs additional long-run network investment and day-to-day 

energy loss costs to the distribution networks. These imbalance-induced costs had also been 

investigated previously in [23], [24]. Reference [23] presented a way to estimate the additional 

reinforcement cost (ARC) for both LV transformers and main feeders using the degree of power 

imbalance. Our previous work [24] proposed a method to estimate the ARC and the additional energy 

loss cost (AELC) for data-scarce LV networks. The AELC includes the transformer copper loss cost 

and the costs caused by the neutral line current [24]. Nonetheless, these research works only focus 

on the LV networks with traditional passive loads, rather considering the increasing penetrations of 

LCTs.  

Therefore, there is a gap in assessing the total imbalance-induced cost (TIC), which includes both 

day-to-day energy loss cost and long-run network investment cost (the latter is caused by imbalance-

induced capacity wastes), under increasing penetrations of LCTs. 

This paper addresses a different problem from [11]: Reference [11] analysed the impacts of four type 

of LCTs on customer voltage violations and feeder loading levels to help DNOs estimate the LCT 

hosting capacities for LV distribution feeders. However, this paper focuses on the impacts of LCTs 

on phase power imbalance and the corresponding TIC. Furthermore, this paper helps DNO find the 

balance between the day-to-day and long-run costs under increasing penetrations LCTs. The LCTs 

considered in this paper are EV and PV units because they are expected to rapidly increase in the 

near future [8]. However, this framework can also be extended to other LCTs. 

This paper performs a new analysis to quantify the impacts of LCTs on phase power imbalance, 

including how LCTs affect the TIC, considering both the day-to-day energy losses and long-term 

investment costs induced by phase imbalance. In this framework, Monte-Carlo simulations are 

adopted to account for the LCT uncertainties within sizes, connection locations and connection time. 

The LCT considered are EV with one type battery and slow charging and residential PV generation 

(<4kW). 
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Analysing the TIC helps distribution network operators (DNOs) understand how the relationship 

between the two consequences may change with the increasing penetrations of single-phase LCTs. 

The methodology considers three scenarios: EV only scenario, PV only scenario and both EV and 

PV scenario, given the fact that both PV and EV grow rapidly in the foreseeable future.  

The developed framework has values: 1) the probabilistic impact assessment helps the DNOs 

understand the possible impacts of LCTs on power imbalances in the LV distribution networks; 2) 

the estimated TIC help DNOs understand the relationship between imbalance-induced energy 

losses and capacity wastes as well as when the TIC reaches the minimum, under increasing LCT 

penetrations. 

The remainder of this paper is organized as follows: Section 2 presents the overview of the 

developed methodology; Section 3 shows the network, LCTs profiles and the calculation of the 

imbalance-induced costs; Section 4 performs the case studies of the probabilistic impact assessment, 

Section 5 discuss the results, and Section 6 concludes the paper. 

 

2. Overview of methodology 

To perform an accurate impact assessment, full time-series of phase voltage and current data and 

LCT generation/ consumption data are required as the input data. However, the majority of UK's LV 

networks are unmonitored and there are significant uncertainties of the LCT's consumption or 

generation. Full data from 800 representative LV networks throughout a year are used in this paper. 

Details of the LV networks are explained in Section III-A. 

Figure 5-1 shows an overview of the approach. The key to this approach is using Monte Carlo 

simulations to represent the uncertainties of LCTs and calculate the imbalance-induced costs for all 

the LV networks with changing LCT penetrations. The approach consists of three stages:  
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Figure 5-1. Overview of the methodology 

 

Stage I: Applying k-means clustering method to group the 800 data-rich networks into three clusters, 

i.e., urban, suburban and rural.  

Stage II: A pool of 1000 EV charging profiles and 1000 PV generating profiles are generated (detailed 

in Section 3.2). For each penetration level, the LCT profiles are randomly selected from the pool and 

randomly allocated to the three phases using Monte Carlo simulation. Finally, the imbalance-induced 

costs are calculated for each LV network under every LCT penetration level. This process iterates 

for 100 times to perform Monte Carlo analysis.  

Stage III: The outputs from Stage II are ARC and AELC for each network. They work as input for 

Stage III. The TIC is calculated for each network and the probabilities of being beneficial from LCT 

penetration are analysed. If one network benefits from LCT penetration, it means that this network 

has lower TIC with LCT penetration compared to that without LCT penetration. The TICs under each 

LCT penetration level are compared and the conclusions of which LCT penetration level has higher 

probabilities of being beneficial can be drawn. 
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3. LV networks and LCT profiles  

3.1. LV networks 

In this paper, 800 representative data-rich LV networks from the "Low Voltage Network Templates" 

project [25] are used. These networks are located within the business area of a UK DNO (Western 

Power Distribution) and cover various geographical areas with different customer types, i.e., 

domestic, commercial and industrial customers. For example, Cardiff is representative of urban 

areas that contain large amounts of commercial load; Monmouthshire is a representative for the rural 

area [25]. These 800 networks cover various customer types and geographical areas (urban, 

suburban, and rural areas) [24]. 

 

3.2. LCT profiles 

A pool of 1000 slow charging residential EV profiles is created considering the battery and the 

probability distributions of connection times and energy requirements [26]. The highest probability of 

connecting time happens at 6.30 p.m. and 10.30 p.m. [26]. The highest probability of energy 

requirement is 8-9 kWh [26]. Slow charging (3kW) is a popular type of charging for UK residential 

customers. According to [27], 75% of total annual EV demand is charged at the residential side. 

Therefore, all the EV batteries are assumed to be a common type, i.e., Nissan Leaf (3kW and 24kWh) 

[11]. 

A pool of 1000 residential PV generating profiles is generated considering various installation sizes 

of PV systems and the sun irradiances. It is assumed that all the PV systems receive the same sun 

irradiances. According to [28], the residential PV systems have seven different sizes and the size of 

4 kW is the most popular choice (37% of the total installation). Therefore, the probabilities of PV 

system sizes for the pool are shown in Table 5-1. 

Table 5-1. Probabilities of PV system sizes [28] 

Size (kW) 1 1.5 2 2.5 3 3.5 4 

Probability 0.01 0.08 0.13 0.14 0.14 0.12 0.37 
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Figure 5-2  demonstrates loads of a urban substation 513503 with 20% LCT penetration for one 

typical day (24 hours). It shows the total traditional load, EV load and PV generation for the three 

phases. The PV generations are shown as negative values.  

 

Figure 5-2. Loads of substation 513503 with 20% LCT penetration 

 

3.3. The imbalance-induced costs 

3.3.1. The additional reinforcement cost (ARC):  

Degree of power imbalances (DPIB) is a common factor for measuring the severity of power 

imbalances. It is used as a guidance for phase swapping [22]. The DPIB is the main components of 

the ARC. The present value of the ARC is detailed in [4] 

𝐴𝑅𝐶 ≈ 3𝑘𝑓𝐷𝑃𝐼𝐵𝑓 + 𝑘𝑡𝐷𝑃𝐼𝐵𝑡 

(5-1) 

where     𝑘𝜒 = 𝐴𝑠𝑠𝑒𝑡𝜒 ∙ (1 + 𝑑)
𝑙𝑜𝑔𝑈𝑁

log(1+𝑟) ∙
log(1+𝑑)

log(1+𝑟)
 ,               𝜒 ∈ {𝑓, 𝑡} 
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𝐷𝑃𝐼𝐵𝑓 =
𝑚𝑎𝑥{𝑃∅}−

𝑃𝑡
3

𝑃𝑡
      ∅ ∈ {𝐴, 𝐵, 𝐶},                𝐷𝑃𝐼𝐵𝑡 =

𝑃𝑁

𝑃𝑡
  

𝐷𝑃𝐼𝐵𝑓 =
𝑚𝑎𝑥{𝑃∅}−

𝑃𝑡
3

𝑃𝑡
      ∅ ∈ {𝐴, 𝐵, 𝐶},                𝐷𝑃𝐼𝐵𝑡 =

𝑃𝑁

𝑃𝑡
  

where 𝐷𝑃𝐼𝐵𝑓 and 𝐷𝑃𝐼𝐵𝑡 are the degree of phase imbalance for main feeders and LV transformers, 

respectively. 𝐴𝑠𝑠𝑒𝑡𝜒 is the future asset reinforcement cost, where subscript 𝜒 can be either 𝑓 (feeder) 

or 𝑡 (transformer); 𝑑 is the discount rate; 𝑈𝑁 is the asset utilization rate and 𝑟 is the load growth rate; 

𝑃𝑡 is the total power of three phases when the maximum phase power occurs and 𝑃∅ is the power 

on phase ∅; 𝑃𝑁 is neutral line power. 

3.3.2. The additional energy loss cost (AELC):  

The imbalanced-induced energy loss contains two components: the energy loss caused by the 

neutral line current [29] and the additional transformer copper loss [30]. Therefore, the AELC is the 

sum of these two components: 

𝐴𝐸𝐿𝐶 = (𝐸𝑙𝑜𝑠𝑠 + 𝐸𝑡𝑖
) × 𝜋 (5-2) 

where 𝐸𝑡𝑖
 is the energy loss caused by the additional transformer copper loss; 𝐸𝑙𝑜𝑠𝑠  is the energy 

loss and 𝜋 is the energy price. 𝐸𝑡𝑖
 and 𝐸𝑙𝑜𝑠𝑠 will be explained in (5-3) and (5-4), respectively. 

The majority of the UK's LV distribution networks follow the Terre-Neutral (TN-S) systems [31]. 

Therefore, the energy loss caused by the neutral line current is calculated considering the TN-S 

earthing system [31] in this paper. 

The estimation of energy loss caused by the neutral line current is given in [29] 

𝐸𝑙𝑜𝑠𝑠 = ∑ 𝐼𝑛𝑙𝑐
2(𝑡) ∙ 𝑅𝑛 ∙ ∆𝑡

𝑁𝑡

𝑡=1

 

(5-3) 
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where  𝐼𝑝𝑟𝑐(𝑡) = √𝐼𝐴
2(𝑡) + 𝐼𝐵

2(𝑡) + 𝐼𝐶
2(𝑡) − 𝐼𝐴(𝑡)𝐼𝐵(𝑡) − 𝐼𝐵(𝑡)𝐼𝐶(𝑡) − 𝐼𝐴(𝑡)𝐼𝐶(𝑡) 

where 𝐼𝐴(𝑡), 𝐼𝐵(𝑡)𝑎𝑛𝑑 𝐼𝐶(𝑡) are current values for the phases 𝐴 , 𝐵  and 𝐶  at time 𝑡 , respectively; 

𝐼𝑛𝑙𝑐(𝑡) denotes the neutral line current at time 𝑡; 𝑅𝑛 denotes the neutral wire resistance. 𝑁𝑡 is the 

number of hours within the year.  

Phase imbalance increases the transformer copper loss compared to phase balanced scenario. The 

transformer copper loss under the balanced case is given in [30] 

𝐸𝑡𝑟𝑎𝑛𝑠 = 3 ∑ 𝐼2(𝑡) ∙ 𝑅𝑤 ∙ ∆𝑡

𝑁𝑡

𝑡=1

 (5-4) 

where 𝐼(𝑡) is the balanced phase current at time 𝑡  and 𝑅𝑤  is the resistance of the transformer 

winding; 𝑁𝑡 is the number of hours within a year. 

The transformer copper loss under the imbalanced case is also given in [30] 

𝐸𝑖 = ∑ (𝐼𝐴
2(𝑡) + 𝐼𝐵

2(𝑡) + 𝐼𝐶
2(𝑡)) ∙ 𝑅𝑤 ∙ ∆𝑡

𝑁𝑡

𝑡=1

 (5-5) 

where 𝐼𝐴(𝑡), 𝐼𝐵(𝑡)𝑎𝑛𝑑 𝐼𝐶(𝑡) are current values for the phases 𝐴, 𝐵 and 𝐶 at time 𝑡, respectively; 𝑅𝑤 

and 𝑁𝑡 are defined in (5-4). 

As a result, the imbalance-induced transformer copper loss is: 

𝐸𝑡𝑖
= 𝐸𝑖 − 𝐸𝑡𝑟𝑎𝑛𝑠 (5-6) 

where all variables are defined in(5-4) and (5-5). 

 

3.3.3. The total imbalance-induced cost (TIC):  

The TIC is a sum of the ARC and AELC:  
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𝑇𝐼𝐶 = 𝐴𝑅𝐶 + 𝐴𝐸𝐿𝐶 (5-7) 

where ARC and AELC are explained in (5-1) and (522), respectively. 

The ARC is a present value for the long-term network investment while the AELC is the sum of day-

to-day energy loss cost for a year. Considering TIC instead of ARC only helps DNOs avoid excessive 

energy losses caused by LCTs effectively. 

4. Probabilistic impact assessment 

4.1. Methodology 

The developed methodology, as shown in Figure 5-3, analyses the probabilistic impacts of LCT 

penetration on imbalance-induced costs. It considers the uncertainties of EV charging energy 

requirement, PV system size, connection time and connection location through Monte Carlo 

simulations under different LCT penetration levels.  

It is worthy to note that the substation monitors the total output from the transformer, which is the 

accumulated load consumption of the whole LV network. The imbalance-induced costs are 

calculated from the voltage and current data monitored by the substation. The network topology and 

load distribution are not necessary for this analysis as only the accumulated data from the substation 

side is required by this analysis. Therefore, the LCT penetration for a network is considered as the 

accumulated generation or consumption patterns of all the LCTs in the network. The main steps are: 

1) Input data from 800 LV networks and cluster them into three groups, i.e., urban, suburban and 

rural. K-means clustering is used to group the networks by their annual peak current. This 

clustering process is done to analyse the impacts on different groups of networks.  

2) Generate a pool of 1000 EV charging profiles and 1000 PV generating profiles. The pool of EV 

charging profiles follows the probability distributions of connection times and energy 

requirements [26]. The pool of PV generation profiles considers the installed sizes and sun 

irradiances [28]. The detailed process of generating the pools for LCT profiles is explained in 

Section IV-B. 

3) Increase the LCT penetration level from 0% to 100% with a step of 10%. For the both PV and 

EV scenario, the penetration levels of these two LCTs increase at the same time. For example, 

if EV penetration level is 20%, the PV penetration level is 20% as well. The LCT penetration level 

is defined as the percentage of energy required or generated by LCT over the total traditional 
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passive load consumption. Increasing the LCT penetration level from 0% to 100% aims to cover 

a wide range of possible situations for the future. Although the 100% LCT penetration is very 

unlikely for the near future, it can be used as an extreme scenario for DNOs to analyze the 

impacts on phase power imbalance.  

 

 

Figure 5-3. Flow chart of the methodology 

 

4) Select LCT profiles from the pool according to each penetration level and allocate them to the 

three phases. Both the selection and allocation processes use the Monte Carlo method to embed 

uncertainties of LCTs.  

5) Calculate ARC and AELC for each network and store the results. The AELC includes both energy 

loss cost caused by neutral line current and the energy loss cost caused by transformer copper 

loss. Note that the ARC is a long-run cost while the AELC is a day-to-day cost. Thus, the 

calculated ARC is a present value discounted from the future while the AELC represents the total 
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energy loss cost for a year. Besides, the TIC is calculated from ARC and AELC (using Equation 

5-7) and it is used to evaluate the probability of a network to benefit from LCT penetrations.  

6) Repeat the steps 100 times to account for uncertainties. Note that 10, 50, 200, 500 and 1000 

times of Monte Carlo simulations had been run. However, the 10 and 50 times of simulation 

cannot cover the whole possible impacts. The rest of the simulation times have a very similar 

result. Thus, 100 times of simulation is chosen to show better results with shorter programming 

running time. 

 

4.2. Probabilistic study 

The imbalance-induced costs are calculated for each LV network under different LCT penetration 

levels. The 800 LV networks consist of urban (11.2%), suburban (44.4%), and rural (44.4%) networks. 

The average imbalance-induced costs for each group of networks are shown in the case study. A 

95% confidence interval is considered while estimating the average costs in this analysis. The 

probabilistic study considers three scenarios, i.e., EV only, PV only and both EV and PV. 

In this paper, the neutral wire resistance (𝑅𝑛) is set as 0.244 Ω/km [29]. The winding resistances (𝑅𝑤) 

are calculated from [32] and presented in Table 5-2.  

  



Chapter 5 Phase Imbalances in The Future Distribution System 
 

Page | 124  
 

Table 5-2. Parameters for different areas [32], [33] 

Assets                      Area Urban Suburban Rural 

Transformer investment cost (k£) 26.4 16.1 5.8 

Main feeder investment cost (k£/km) 67.2 16.4 15.0 

Main feeder length (km) 0.2 0.3 0.4 

No. of feeders connected from transformers 5 3.5 1.5 

Winding resistance (Ω) 0.0163 0.0265 0.0413 

 

To derive the ARC, the investment costs of the feeder and transformer are given in Table II. The 

discount value (d) is set as 5.0% [23] and [34]. The load growth rate (r) is set as 0.82% [35]. 

4.2.1. EV only scenario 

Figure 5-4 shows how the ARC and AELC change with increasing EV penetrations for urban, 

suburban and rural networks. It can be seen that without EV penetration (i.e., EV penetration level 

is 0%), the rural networks have the largest ARC but least AELC. The reason is that the ARC is 

proportional to the DPIB while the AELC is influenced by loading level (as shown in equation (5-1) 

and (5-2)). The rural networks have the largest DPIB, but the lowest loading levels compared to 

suburban and urban networks. 

Figure 5-4 shows that the ARC decreases with EV penetration while the AELC increases with EV 

penetration. For urban and suburban networks, the ARC decreases gradually. The ARC for rural 

networks decreases rapidly compared to other networks. It shows that EV penetration reduces the 

DPIB for all the networks. The DPIB in rural networks has the largest drop compared to suburban 

and urban networks. 

It also shows that the AELC increases with EV penetration. The EV penetration level is defined as 

the percentage of energy required by EV over the total traditional passive load consumption. 

Therefore, the loading level is increased proportionally to the EV penetration. As discussed above, 

the AELC increases with loading level. The urban networks have the largest passive load 

consumption compared to rural and suburban networks. Thus, the urban networks have the most 

significant increase in loading level. Consequently, the AELC of urban networks increases 

dramatically while increasing EV penetration. 
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When the EV penetration level exceeds 60%, the urban networks' AELC becomes higher than the 

ARC. When the EV penetration level reaches 100%, the suburban networks' AELC catches up with 

the ARC and has the trend to keep increasing to exceed the ARC. 

Figure 5-5 shows the average of the TIC for rural, suburban and urban networks. In rural networks, 

the TIC decreases as the EV penetration level increases. In suburban networks, the TIC reduces as 

EV penetration level increases up to 50% and stabilises after 50%. In urban networks, the TIC 

decreases as EV penetration level increases up to 50% and increases after 50%.  

 

 

Figure 5-4. Variation of the average ARC and AELC of urban, suburban and rural networks with EV 

penetration 
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Figure 5-5. Variation of average TIC of urban, suburban and rural networks with EV penetration 

 

It indicates that considering the full imbalance-induced cost, i.e., ARC and AELC, 50% of EV 

penetration brings the maximum benefits for the urban networks. The suburban networks gain more 

benefit from EV penetration that is larger than 50%. The benefits for rural networks increase with the 

EV penetration level. 

 

4.2.2. PV only scenario 

Figure 5-6  shows how the ARC and AELC change with increasing PV penetrations for urban, 

suburban and rural networks. As discussed above, the rural networks have the largest ARC because 

they have the largest DPIB compared to other networks. The loading level of rural networks is the 

lowest, which leads to the lowest AELC. The PV penetration has minor influences on both ARC and 

AELC as the values of ARC and AELC have only increased slightly with PV penetration.  
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Figure 5-6. Variation of average ARC and AELC of urban, suburban and rural networks with PV 

penetration 

 

The reason for this phenomenon is that PV generation mainly changes the DPIB in the noontime 

because of the nature of the solar system. However, the ARC is decided by the maximum DPIB 

throughout the whole year. Thus, the impacts of PV penetration on the ARC is insignificant. A 

detailed discussion of different impacts on DPIB is given in Section 6.5.  

The increase of PV generation only reduces the loading level in the noontime. However, the AELC 

is an accumulated value of a whole year. Thus, the impacts of PV penetration on the AELC is 

insignificant. 

Because of the minor changes in both ARC and AELC, there are insignificant increases of TIC for 

all the networks (as shown in Figure 5-7). However, such an increase of TIC is negligible comparing 

to other network operations. 
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Figure 5-7. Variation of average TIC of urban, suburban and rural networks with PV penetration 

 

4.2.3. Both EV and PV scenario 

The third scenario considers both EV and PV at the same time. In the following content, ‘EV and PV’ 

are referred to as ‘LCT’ for simplicity.  

For this scenario, EV and PV are considering having the same penetration level, i.e., if the LCT 

penetration level is 10%, it means that both the EV and PV have a penetration level of 10%. The 

LCTs are randomly selected from the pool using Monte Carlo and randomly allocated to the three 

phases using norm distribution.  

Figure 5-8 shows that the ARC decreases with LCT penetration while the AELC increases with LCT 

penetration. For urban and suburban networks, the ARC decreases gradually. The ARC for rural 

networks decreases rapidly compared to other networks. It shows that EV penetration reduces the 

DPIB for all the networks. The DPIB in rural networks has the largest drop compared to suburban 

and urban networks.  

It also shows that the AELC increases with LCT penetration. Though the total amount of EV 

consumption equals the PV generation, PV generation mainly reduces the loading level in the 

noontime. In contrast, EV consumption has possibilities to increase the loading level at any time of 

the day. Therefore, the AELC has raised because of the increasing of LCT connections. Among all 
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the networks, the urban networks have the largest increase in loading level. Consequently, the AELC 

of urban networks increases with increasing LCT penetration. 

 

Figure 5-8. Variation of average ARC and AELC of urban, suburban and rural networks with LCT 

penetration 

 

When the EV penetration level exceeds 65%, the urban networks' AELC becomes higher than the 

ARC. When the LCT penetration level reaches 100%, the suburban networks' AELC catches up with 

the ARC and has the trend to keep increasing to exceed the ARC. 

Figure 5-9 shows that, in urban networks, the TIC decreases as the LCT penetration level increases 

up to 50% and decreases after 50%. In suburban networks, the TIC reduces as LCT penetration 

level increases up to 60% and stabilises after 60%. In rural networks, the TIC decreases as the LCT 

penetration level increases. 

Therefore, to balance the long-run investment cost and day-to-day energy loss cost, 50% - 60% of 

LCT penetration brings the maximum benefits for the urban networks. The suburban networks will 

gain more benefits from LCT penetration that is larger than 50%. The rural networks will always 

benefit from LCT penetration. 
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To further understand the possible influences of LCT penetration. The probability (with 95% 

confidence) of networks to have reduced TIC with LCT penetration is calculated for each penetration 

level. This demonstrates the benefits from LCT penetration.  

 

 

Figure 5-9. Variation of average TIC of urban, suburban and rural networks with LCT penetration 

 

Table 5-3, Table 5-4 and Table 5-5 show the probabilities of having reduced TIC with LCT 

penetration from the Monte Carlo simulations in rural, suburban and urban networks, respectively. 

The colourmap indicates the ratio of networks applicable to each scenario. For example, with 20% 

LCT penetration, 40% of rural networks, 43% of suburban networks and 40% of urban networks 

have more than 0.5 probability to benefit from EV penetration. It is also shown that 60% of LCT 

penetrations have higher probabilities of bringing benefits for the majority of LV networks compared 

to that of 50% of LCT penetration. 
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Table 5-3. The probability of being beneficial from LCT penetration for rural networks  

 

 

Table 5-4. The probability of being beneficial from LCT penetration for suburban networks 
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Table 5-5. The probability of being beneficial from LCT penetration for urban networks 

 
 

4.2.4. Worst-case scenario 

A worst-case scenario of considering both EV and PV at the same time is simulated. In the worst-

case scenario, all the EVs are connected to the phase which has the largest total annual demand 

while all the PV generations are connected to the phase which has the smallest total annual demand. 

Again, for this scenario, EV and PV are considering having the same penetration level.  

Figure 5-10 shows that both ARC and AELC increase with LCT penetration for the reason that the 

worst-case scenario increases the DPIB of the LV networks by increasing LCT penetration levels. 

Urban networks show the largest increase of both ARC and AELC, while rural networks show the 

smallest increases. The AELC increases dramatically under the worst-case scenario. When the LCT 

penetration level is 100%, the AELC for urban networks is about 2.6 times and 10 times of that for 

suburban and rural networks. Though the increase of ARC is smaller than that of AELC, the ARC for 

the urban network is about 1.7 times that for rural networks with 100% LCT penetration. 
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Figure 5-10. Variation of average ARC and AELC of urban, suburban and rural networks under the 

worst scenario 

 

Figure 5-13 shows that the TIC increases significantly with the LCT penetration under the worst-

case scenario. Comparing to the TIC results of the random scenario (as shown in Figure 5-9), it can 

be seen that the worst-case scenario TIC is about 160 times larger with 100% LCT penetrations. 

While the LCT penetration is 50%, the worst-case scenario TIC is about 50 times larger than that of 

the random scenario.  

 

Figure 5-11. Variation of average TIC of urban, suburban and rural networks under the worst 

scenario 
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5. Discussion  

As discussed previously, DPIB contributes to the ARC while neutral line current contributes to the 

AELC. Figure 5-12 shows the changes of DPIB in different scenarios for all the networks, i.e., no 

LCT scenario, EV only scenario, PV only scenario and both EV and PV scenario. The penetration 

level is 100% for all the scenarios. Rural networks have the largest DPIB while urban networks have 

the smallest DPIB. Compared to the scenario of no LCT penetration, the EV penetration scenario 

and LCT penetration scenario both reduce DPIB significantly. In contrast, the PV penetration 

scenario has very small impacts on the DPIB. The DPIB in LCT penetration scenario is slightly 

smaller than that of the EV penetration scenario. 

The reason is that DPIB is defined as the ratio of the deviation of the maximum power (𝑚𝑎𝑥{𝑃∅}) 

from the average power (
𝑃𝑡

3
) to the total power (𝑃𝑡) along the whole year (as explained in Chapter 2). 

In LV distribution networks, the maximum load demand mainly occurs in the evening time around 

6:30 p.m., as shown in Figure 5-2.  This is also the time that majority EVs are connected to the grid 

to begin charging. Consequently, the EV connections have great possibilities of increasing the 
𝑃𝑡

3
 and 

as a result, reduce the DPIB. Oppositely, PV generations mainly generate energy during the 

noontime. As a result, the PV penetration has low possibilities of reducing the DPIB.  

It can be seen that the DPIB in the LCT scenario is slightly smaller than that of the EV scenario. This 

is because all the EVs and PV generation are random allocated to the three phases, there exits 

situations that the EVs are connected to the lightest loaded phase while the PV generation is 

connected to the heaviest loaded phase. As a result, the DPIB of LCT scenario becomes lower than 

that of the EV only scenario. 
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Figure 5-12. DPIB in different scenarios 

Figure 5-13 shows the changes of the neutral line current (𝐼𝑛𝑙𝑐)  in different LCT scenarios for all the 

networks. The penetration level is 100% for all the scenarios. Urban networks have the largest 𝐼𝑛𝑙𝑐 

while rural networks have the smallest 𝐼𝑛𝑙𝑐. Compared to the scenario of no LCT penetration, the EV 

penetration scenario increases 𝐼𝑛𝑙𝑐 relatively significantly compared to the PV and LCT penetration 

scenario. The 𝐼𝑛𝑙𝑐 in EV penetration scenario is the largest among all the scenarios. 

 

Figure 5-13. Neutral line current (𝐼𝑛𝑙𝑐) in different scenarios 
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Consequently, the EV penetration scenario has larger impacts on the AELC compared to other 

scenarios. Oppositely, PV and LCT penetration scenarios have minor impacts on the AELC. 

Again, there exits situations that the EVs are connected to the lightest loaded phase while the PV 

generation is connected to the heaviest loaded phase. As a result, the 𝐼𝑛𝑙𝑐 is slightly lower of the 

LCT scenario than that of the EV only scenario. 

This section assumes that the power factors for the three are the same with the value of 0.9. 

Assuming such a power factor, if the active power is rebalanced, the reactive power is automatically 

rebalanced. Hence, the impact assessment needs to consider three-phase active power only. 

 

 

6. Conclusions 

A probabilistic impact analysis is performed to analyse the total imbalance-induced cost (TIC) in the 

low voltage (LV) networks with increasing penetrations of low carbon technologies (LCTs). The TIC 

includes both day-to-day energy loss cost and long-run network investment cost. The framework 

uses Monte Carlo simulations to account for the uncertainties associated with the LCTs. Full time-

series data from 800 LV substations are used for the case studies. 

The results show that the energy loss cost may exceed the network investment with penetration of 

single-phase LCTs. To balance the long-run investment cost and day-to-day energy loss cost, 60% 

of LCT penetration has the highest probability to bring the maximum benefits for the majority of the 

LV networks.  

The developed impact assessment framework help DNOs understand the potential of benefits that 

LV networks can obtain from LCTs penetrations. Moreover, the developed framework can be used 

as a tool to perform a cost-benefit analysis for phase balancing solutions. Therefore, it guides the 

DNOs in investing phase balancing solutions to cope with the increasing LCT penetrations.  
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5.3. Additional Analysis and Discussions 

This additional analysis discusses the impacts of LCT penetration on phase imbalance 

decomposition (as discussed in Chapter 3). The probabilities of having a different decomposition 

judgement results for all the networks with 100 Monte Carlo simulations are shown in Figure 5-14. 

The percentage of change means that with the penetration of LCTs, the probability that a network is 

classified as a different group compared to the case of without LCT penetration. For examples, 

network 536753 is classified as a definite-max scenario with no LCT penetration (as shown in 

Chapter 2). With 50% of LCT penetration, the probability of the network not being classified as a 

definite-max scenario is 7%. With 100% of LCT penetration, the probability goes to 29%. As can be 

seen from Figure 5-14, with the increase of LCT penetration, there is a higher probability of changing 

network scenarios, i.e., definite-max, definite-min, definite-order and random imbalance. 

Consequently, the corresponding decomposition results of systematic component and the random 

component will change. 

 

Figure 5-14. Probability of changing decomposition judgement results with different LCT 

penetration levels 
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Further investigations on the change of decomposition judgement results for each scenario are made. 

The change of scenario means the change of systematic and random imbalance components.  

Figure 5-15 shows the probabilities for networks changing from the definite-max scenario to random 

imbalance scenario with changing LCT penetration levels. As can be seen, on average, the 

probability for networks changing from definite-max scenario to random imbalance scenario is 15%. 

The LCT penetration level has insignificant influences on the probability. 

 

 

Figure 5-15. Probability of changing from definite-max scenario to random imbalance scenario with 

different LCT penetration levels 
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Figure 5-16 shows the probabilities for networks changing from the definite-min scenario to random 

imbalance scenario with changing LCT penetration levels. As can be seen, on average, the 

probability for networks changing from definite-min scenario to random imbalance scenario is 15%. 

The probability increases steadily with the LCT penetration level. The impacts of LCT penetration 

are similar for definite-max and definite-min scenarios. 

 

 

 

Figure 5-16. Probability of changing from definite-min scenario to random imbalance scenario with 

different LCT penetration levels 
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Figure 5-17 shows the probabilities for networks changing from the definite-order scenario to random 

imbalance scenario with changing LCT penetration levels. As can be seen, when the LCT 

penetration level is below 50%, no network has been changed to random imbalance scenario. The 

average probability is 3% for networks change to random imbalance scenario. The probability is 

much lower compared to that of the definite-max and definite-min scenario. This is because definite-

order is a more restrict scenario compared to the other two. When LCT penetration increases, the 

decomposition judgement will identify the changing of the definite-order scenario to definite-max or 

definite-min scenario before random imbalance. The reason is that the aim of the decomposition is 

to find the maximum systematic component in the phase imbalance. 

 

 

Figure 5-17. Probability of changing from definite-order scenario to random imbalance scenario 

with different LCT penetration levels 
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Figure 5-18 shows the probabilities for networks changing from the random imbalance scenario to 

other scenarios with changing LCT penetration levels. As can be seen, on average, the probability 

for networks changing from definite-max scenario to random imbalance scenario is 40%. The 30% 

of LCT penetration level brings the lowest probability of changing while 10% of LCT penetration 

brings the highest probability of changing. This means that when the LCT penetration is 10%, more 

than 50% of random imbalance scenarios will change to scenarios that have a systematic imbalance 

component.   

The average probability of changing for random imbalance scenario is 40%, which is higher than 

that of the other scenarios, i.e., 15%, 15% and 3% for definite-max, definite-min and definite-order 

scenarios. It indicates that the LCT penetration reduces phase imbalances in the LV networks and 

this also confirms the findings in Chapter5. 

 

 

Figure 5-18. Probability of changing random imbalance scenario to other scenarios with different 

LCT penetration levels 
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In summary, this thesis provides efficient methodologies to help distribution network operators 

(DNOs) analyse the phase power imbalances in the distribution system. A framework is developed 

for DNOs to perform a cost-benefit analysis on phase balancing solutions for data-scarce low voltage 

(LV) networks. The impacts of two single-phase connected low carbon technologies (LCTs), i.e., PV 

generation and EVs, on phase power imbalance are analysed and discussed. Specifically, the thesis 

addresses two major challenges: 

1) Data-scarcity in the LV distribution networks for analysing network problems. 

2) Uncertainty of the future of phase imbalance with the increasing penetration of EVs and PV 

generation. 

In detail, the conclusions and contributions of this thesis are grouped into three aspects: 

 

6.1. Characteristics of Phase Imbalances 

To reveal the nature of phase imbalance, this thesis developed a new method to decompose the 

annual three-phase power series into a directional phase imbalance and a non-directional phase 

imbalance. A priori judgement is developed to classify the three-phase power series. The three-

phase power series are classified into one of the four scenarios, i.e., definite-max, definite-order, 

definite-min, and random imbalance scenarios. The first three scenarios are decomposed into a 

systematic component (SIB) and a random component (RIB). These two components are the direct 

consequences of the two major cause of phase imbalances in the LV networks. The SIB and RIB 

can be effectively addressed by phase swapping and demand-side management respectively. 

Moreover, the degree of power imbalance (DPIB) is discovered to guide phase swapping. 

Results indicated that 72.8% of 782 LV substations have SIB that can be addressed by phase 

swapping. The results show that 30.1%, 21.0%, 21.7%, and 27.2% of the 782 LV substations belong 

to the definite-max, definite-order, definite-min, and random imbalance scenarios, respectively. The 

methodology is highly suitable for monitored LV distribution networks in the UK and the rest of 

Europe. The DNOs can use the developed methodology to fully rebalance the phases by determining 

the maximum potential of phase swapping and the need for demand-side management. By 

calculating the DPIB based on the SIB component, the thesis reveals the underlying trend of SIB 

over time. Understanding the trend of SIB helps DNOs in system planning for future adoption of 

LCTs. 
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The decomposition analysis of phase power imbalance is also performed for two different seasons, 

i.e., summer and winter. The results show that although the value of DPIB varies in different seasons, 

the classification of network scenarios remains the same for different seasons.  

 

6.2. Cost-Benefit Analysis of Phase Balancing  

Among a mass population of LV networks, identifying the networks that are worth phase balancing, 

i.e., where the benefit from phase balancing outweighs its cost, is a real need for the UK industries. 

Existing cost-benefit analyses for phase balancing solutions require full data from distribution 

networks. However, the majority of LV distribution networks are data-scarce in the UK. There is a 

gap in evaluating the phase balancing solutions for data-scarce networks.  

This thesis developed a new cost-benefit analysis framework for phase balancing on data-scarce LV 

networks to address the challenge of data-scarcity. The core of the framework is using customised 

cluster-wise Gaussian process regression (CGPR) to extract knowledge from data-rich LV networks 

and extrapolate the knowledge to data-scarce LV networks. The CGPR approach accounts for a full 

range of imbalance-induced costs, including both additional reinforcement cost (ARC) and additional 

energy loss cost (AELC). 

The estimated net benefits of applying two different power-electronics-based phase balances (ZM-

SPC and EQU18) are compared for each data-scarce LV network. Results show that approximately 

70% of rural networks, 80% of suburban networks and 90% of urban networks benefit from ZM-SPC; 

approximately 94% of rural networks, 97% of suburban networks and 99% of urban networks benefit 

from EQU18. The probability that a phase balancing solution will produce a positive net benefit is 

also quantified.  

The developed cost-benefit analysis if performed for different load growth rates and the 

corresponding ARC is compared with the network reinforcement cost when three phases are 

perfectly balanced. The results show that with large load growth, the network reinforcement cost 

increases rapidly for a balanced network. As a result, the percentage of ARC compared to the 

network reinforcement cost decreases. 

The developed CGPR approach helps DNOs judge whether a phase balancing solution is 

economically feasible and the maximum potential net benefit from phase balancing for any data-

scarce network before making any investment. 
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6.3. Impacts of EVs and PV Generation 

Penetrations on Phase Imbalances 

A probabilistic impact assessment framework is developed to analyse the phase imbalances in the 

future distribution system with increasing penetration of EVs and PV generation. One type of EV and 

slow charging during the night are considered for EV penetrations; residential size PV generations 

(<4kW) is considered for PV penetrations. 

The developed framework uses Monte Carlo simulations to include the uncertainties of the LCTs. 

Three LCT scenarios were considered for the probabilistic study, i.e., EV only scenario, PV only 

scenario and both EV and PV scenario.  

The results show that the energy loss cost may exceed the network investment with penetration of 

single-phase LCTs. To balance the long-run investment cost and day-to-day energy loss cost, 60% 

of LCT penetration has the highest probability to bring the maximum benefits for the majority of the 

LV networks.  

An analysis of the impacts of LCTs on phase power imbalance decomposition is also performed and 

discussed. The result shows that definite-max scenario and definite-min scenario networks have a 

probability of 15% to change to other scenarios, definite-order scenario networks have a probability 

of 3% of changing to other scenarios, and the random imbalance scenario networks have about 40% 

of probability of changing to other scenarios. Consequently, the penetration of LCTs reduces the 

phase power imbalances in the LV networks. 

The developed impact assessment framework help DNOs understand the potential of benefits that 

LV networks can obtain from LCTs penetrations. Moreover, the developed framework can be used 

as a tool to perform a cost-benefit analysis for phase balancing solutions. Therefore, it guides the 

DNOs in investing phase balancing solutions to cope with the increasing LCT penetrations.   
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his chapter presents some future research topics for improving phase 

balancing through various approaches. 
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7.1. Using Smart Meter Data for Phase Balancing 

The UK’s government has planned to roll out smart meters to all the customers by the end of 2024 

[117]. Smart meter benefits both the customers and the future distribution system operators (DSOs) 

at the same time. It provides customers with real-time tariffs so that customers could adjust their 

energy using behaviours to save money. At the same time, it also provides a large amount of 

customer-side data for the DSOs. These data could be processed by DSOs to be used on improving 

energy efficiency by realising real-time phase balancing.  

Moreover, the smart meter data could also be used to forecast the phase imbalances in the future. 

This thesis developed a customized cluster-wise Gaussian process regression (CGPR) approach 

which estimates the changes of phase imbalance based on historical data from data-rich networks. 

The estimating accuracy will increase if more real-time data are available. Therefore, future research 

could be investigating the data availability from smart meters and improving methodologies of phase 

imbalance forecasting for the future distribution system. Increasing the forecasting accuracy will not 

only help DNOs better identify the future imbalance-induced costs but also assist DNOs in assessing 

the phase balancing solutions in terms of its capability of phase balancing and the potential benefits 

from phase balancing. As a result, the phase balancing in LV distribution networks can be achieved 

more efficiently and effectively. 

 

7.2. Using Structural Approaches for Phase 

Balancing 

The distribution networks face structural changes because of decentralisation. For example, the 

Renewable Energy Association proposed to install three-phase power supplies to all new housing 

developments [118]. The move aims to allow customers to have higher PV generation discharging 

and quicker EV charging compared to traditional single-phase connections [118]. The replacement 

of three-phase power supplies has uncertain impacts of phase imbalance. The impacts are yet to be 

investigated. The increase of three-phase load demand is expected to have the result of reducing 

the degree of phase imbalance. Therefore, the imbalance-induced reinforcement cost will be 

reduced. 

As a result, further investigations on the detailed structural design of the future distribution networks 

and the application of structural approaches to reduce phase imbalances could be done.  Analysing 
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the structural changes will help DNO understand the impacts on network reinforcements cost and 

perform a more accurate cost-benefit analysis for phase balancing solutions. 

 

7.3. Using Market-Driven Solutions for Phase 

Balancing 

The evolution of the distribution system facilitates the development of both the local energy market 

and the local service market. The local energy market is an efficient way of balancing load and 

generation while local service market acts as a solution for network problems. The development of 

local markets will effectively reduce energy losses and extracts the maximum values from LCTs by 

avoiding long-distance energy transmission and providing services locally. Existing research on local 

markets focuses on designing the trading mechanism and analysing the potential benefits for the 

customers. The impacts of local markets on phase imbalance and the use of the market approach 

for phase balancing are not discovered. Moreover, energy trading in local markets could happen 

within one phase or across the three phases. Different ways of local trading will have different 

influences on phase imbalance. 

Therefore, future work could be done to analyse the detailed market structure design for the future 

distribution system and assess the impacts of local markets with different ways of trading on phase 

imbalance. Understanding such impacts will increase the accuracy of forecasting phase imbalance 

and allow DNO to perform phase balancing in a more cost-effective way.  
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Appendices 

Appendix-A EQU18 Three-Phase LV Network 

Balancer 

Table A-1. Detailed technical specifications of EQUI8 [112] 
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Figure A-1. EQU18 taken from [112] 
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Appendix-B ZM-SPC Three-Phase LV Network 

Balancer 

Table A-2. Detailed technical specifications of ZM-SPC [111] 
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Figure A-2. ZM-SPC taken from [111] 
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Appendix-C Data of LV Networks 

In this thesis, time-series of phase current and voltage magnitudes data of 800 representative data-

rich LV networks throughout a year is used. These networks are located within the business area of 

a UK DNO and the data are the deliverables of the “Low Voltage Network Templates” project . When 

conducting the trial project and collecting network data, Western Power Distribution specifically 

chose networks of a diverse and heterogeneous nature so that the dataset is representative. These 

800 networks cover various customer types (domestic, commercial and industrial customers) and 

geographical areas (urban, suburban, and rural areas). For example, Cardiff contains a large number 

of commercial customers and load; Monmouthshire is a representative for the rural area. 

 

 

Figure C-1, Map of locations of monitored substations within the South Wales Study Area taken 

from [119] 

 

 

 


