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Abstract

We consider a novel family of cumulative hazard functions (CHFs) controlled by a

single shape parameter, which corresponds to proportionality on a certain scale, in

such a way that the family is closed under inversion of the CHF and under frailty

mixing using an appropriate mixing distribution. The latter leads to natural shared

frailty models in the bivariate case. We also suggest how best to incorporate a sec-

ond, complementary, shape parameter in order to obtain especially useful parametric

models for survival and reliability analysis.

Keywords: Archimedean survival copula; Parametric survival analysis; Proportional-

ity parameter; Reliability analysis; Shared frailty

1. Introduction

Let H0 be the cumulative hazard function (CHF) of some distribution for absolutely

continuous survival data with support the whole of R+, that is, H0 : R+ → R+ is a

strictly increasing bijection. It is immediate that the inverse, H−1
0 , of a CHF is also a

CHF. This article concerns theoretical and conceptual aspects of the class of survival

distributions with CHFs of the form

H(t;κ) = H0{κH−1
0 (t)}, t > 0, (1)

where we take H0 to be a simple CHF in the sense of having no unknown shape

parameters, and we introduce a shape parameter κ > 0.

Central to this article will be the interplay between CHFs of the form (1) and frailty.

In Section 2.1, we show that this class is closed under frailty mixing; in Section 2.2, we
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show the survival copula to which shared frailty leads in the bivariate case, and argue

that marginal distributions with CHF (1) ally naturally with said survival copulas to

form useful bivariate models. Three main examples arising from specific choices of

H0 in (1) are the topic of Section 3. (Other, less important, examples can be found

sketched out in our Supplementary Material.) Finally, in Section 4, we describe a class

of extensions of (1) which essentially retain their frailty connections while leading to

especially useful practical models.

Note that in practice one needs to incorporate a scaling parameter, β > 0 say, into the

model. This might be a vertical, or proportional hazard, parameter as in βH(t;κ),

or a horizontal, or accelerated failure, parameter as in H(t/β;κ). Covariates will

typically be incorporated into the preferred scaling parameter, although κ could be

made to depend on covariates also. However, for the purposes of this article, such

overall scaling parameters will largely be omitted.

We complete this introduction with a few basic properties of the univariate construc-

tion (1). First, note that H(t; 1) = t, the CHF of the unit exponential distribution,

regardless of the choice of H0. Furthermore, it is the case that

H(t;κ) < (=) > t whenever κ < (=) > 1

and

{H(t;κ)}−1 = H(t; 1/κ).

Thus, class (1) incorporates a range of CHFs, corresponding to 0 < κ ≤ 1 or

1 ≤ κ, together with their inverses, that is, the family is closed under inversion

of the CHF.

Rearranging (1), we find that κ can also be interpreted as the proportionality param-

eter in the relationship

H−1
0 {H(t;κ)} = κH−1

0 (t),

so the model associated with this class of CHFs is one of proportionality on the H−1
0

scale.

Let h(t;κ) = H ′(t;κ) and h0(t) = H ′0(t) be the (ordinary) hazard functions associated

with H and H0, respectively. Shapes of h depend on properties of `(t) ≡ (log h0)′(t).

However, conditions for monotonicity of h in terms of properties of ` are relatively
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clumsy to state and apply, and it proves to be just as easy to study h′(t;κ) directly

on a case-by-case basis.

2. Frailty connections

2.1. Closure under univariate frailty

The term ‘frailty’ in survival analysis refers to mixing over the distribution of a model

parameter in order to reflect heterogeneity in the underlying population. The usual

way of doing this, which we follow here, is via ‘proportional hazards frailty’ (e.g.

Wienke, 2011). The random variable T |B = b is taken to have CHF bHT (t) say, and

hence survival function e−bHT (t), while B > 0 follows another, mixing, distribution

with density function fB say. If this distribution of B has Laplace transform e−λHB(t),

for some λ > 0 and suitable CHF HB say, then T has the distribution with survival

function

P (T ≥ t) =

∫ ∞
0

e−bHT (t)fB(b) db = exp[−λHB{HT (t)}]

and CHF λHB{HT (t)}. (Here, λ takes the role of proportional hazard scale parameter

and hence could have been omitted; it is included because of its role in the bivariate

case to follow.) HB is a “suitable CHF” if it has the Bernstein property, which

corresponds to e−λHB(t) being completely monotone for every λ > 0. See, for example,

Schilling et al. (2010).

The above construction is especially attractive in the case of both HT and HB being

of form (1): if HT (t) = H(t;κ) and HB(t) = H(t;ω), ω > 0, say, then a key property

of definition (1) is that

HB{HT (t)} = H(t;ωκ).

In this way, explicit appropriate choice of frailty distribution leads to the class with

CHF (1) being closed under frailty mixing.

2.2. Bivariate shared frailty

In this subsection, we consider the standard shared frailty extension of Subsection 2.1

(Wienke, 2011), in the bivariate case for simplicity. Here, T1|B = b and T2|B = b are

conditionally independent, following the distributions with CHFs bHT1(t) and bHT2(t)

which are both of the form bHT (T ) but with potentially different parameter values,
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and the single, shared, frailty random variable B is as above. The shared frailty

bivariate model is the marginal distribution of (T1, T2) which has survival function

P (T1 ≥ t1, T2 ≥ t2) =

∫ ∞
0

e−b{HT1 (t1)+HT2 (t2)}fB(b) db

= exp (−λ [HB{HT1(t1) +HT2(t2)}]) .

If HT1(t) = H(t;κ1), HT2(t) = H(t;κ2) and HB(t) = H(t;ω) then the survival func-

tion is

P (T1 ≥ t1, T2 ≥ t2) = exp
{
−λH0

(
ωH−1

0

[
H0{κ1H

−1
0 (t1)}+H0{κ2H

−1
0 (t2)}

])}
.

This has marginal survival functions exp {−λH(t1;ωκ1)} and exp {−λH(t2;ωκ2)}
joined by a two-parameter survival copula of the Archimedean form

Ĉ(u, v) = φλ,ω
{
φ−1
λ,ω(u) + φ−1

λ,ω(v)
}

where φλ,ω(t) = exp {−λH(t;ω)} is identical with the Laplace transform required in

Section 2.1. When ω = 1 this copula is the independence copula.

Note that this is the standard argument of Oakes (1989) but, by choice of frailty distri-

bution with the closure property of Subsection 2.1, we naturally ally the Archimedean

survival copula with specific marginal distributions differing only in parameter values,

yielding a fully specified bivariate model. A sensible reparametrisation of that model,

separating marginal shape and dependence parameters, would be to (τ1, τ2, λ, ω)

where τi = ωκi, i = 1, 2. Introduction of marginal proportional hazard scale parame-

ters would relieve λ of this role and make it, like ω, purely a dependence parameter.

3. Examples

We continue our investigation of distributions with CHFs of class (1) by way of a

number of specific examples.

First, note that if H0(t) = t, then H(t;κ) = κt. More generally, if H0(t) = tα, α > 0,

then H(t;κ) = καt. That is, exponential and Weibull H0s give rise to the exponential

distribution, and nothing is gained by our approach; also, the shared frailty copula

associated with the exponential is the independence copula. In this sense, H0 cannot

be ‘too simple’; three examples of much more useful choices of H0 are explored in the
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remainder of this section while other, less valuable, examples are briefly described in

the Supplementary Material.

Example 1: Gompertz H0

The choice of the Gompertz CHF H0(t) = et − 1 is a good one because it results in

HG(t;κ) = (1 + t)κ − 1;

this corresponds to the “extended exponential distribution” of Nadarajah and Hagh-

ighi (2011). In this case, H−1
0 (t) = log(1 + t) is the log-logistic CHF. It follows that

log{1 +HG(t;κ)} = κ log(1 + t) or, if SG is the survivor function associated with HG,

log{1− logSG(t;κ)} = κ log{1− log(e−t)}.

That is, proportionality is on a log-log survival scale. As t→ 0, HG(t;κ) ∼ κt while

as t→∞, HG(t;κ) ∼ tκ, so the resulting hazard function, hG(t;κ) = H ′G(t;κ) has an

exponential beginning (with hG(0;κ) = κ) and a Weibull tail. Directly,

h′G(t;κ) = κ(κ− 1)(1 + t)κ−2

so that the hazard function hG(t;κ) is decreasing (constant) increasing as κ < (=) >

1.

With regard to frailty, the required Laplace transform for the distribution of B is

eλ{1−(1+s)ω}, which turns out to be the Laplace transform of a valid distribution if

0 < ω ≤ 1. This distribution is the ‘power variance function’ (PVF) or ‘tempered

stable’ distribution (Hougaard, 1986). Therefore, frailty mixing an extended exponen-

tial distribution leads to the same distribution but with a smaller value of κ. The as-

sociated bivariate extended exponential distribution has φλ,ω(t) = exp[λ{1−(1+t)ω}]
and survival copula

Ĉ(u, v) = exp
[
λ−

{
(λ− log u)1/ω + (λ− log v)1/ω − λ1/ω

}ω]
.

This is the BB9 (Joe, 1997, 2014) or PVF copula. When λ = 1 it is copula (4.2.13)

of Nelsen (2006) and when λ → 0 it tends to the Gumbel-Hougaard copula, (4.2.4)

of Nelsen (2006). It tends to the independence copula as λ→∞ as well, necessarily,

as when ω = 1.
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Example 2: Log-Logistic H0

For any choice of H0, a dual model, with quite different properties, can be obtained

by replacing H0 by its inverse. Doing so in Example 1, we have H0(t) = log(1 + t),

so that

HL(t;κ) = log(1− κ+ κet).

Proportionality in this case is on the scale of H−1
0 (t) = et − 1, that is, eHL(t;κ) − 1 =

κ(et − 1) or, in an obvious notation,

SL(t;κ)

1− SL(t;κ)
=

1

κ

e−t

1− e−t
;

this is a proportional odds model. This particular proportional-to-exponential-odds

model is known as the “Marshall Olkin exponential” distribution (Marshall and Olkin,

1997). As t → 0, HL(t;κ) ∼ t while as t → ∞, HL(t;κ) ∼ t, so HL is exponential

at both extremes. As t → ∞, hazards for different values of κ have the practically

consequential property of converging. We also have that

h′L(t;κ) =
κ(1− κ)et

(1− κ+ κet)2

so that hL(t;κ) is decreasing (constant) increasing as κ > (=) < 1.

For the proportional odds model, the required frailty Laplace transform is

(1 − ω + ω et)−λ. This is the Laplace transform of the distribution of N + λ where

N follows the negative binomial distribution with parameters λ and (ω− 1)/ω, valid

when ω > 1. Therefore, frailty mixing a proportional odds model using this distri-

bution leads to another proportional odds model but with a larger value of κ. Also,

the corresponding bivariate shared frailty proportional odds model has Archimedean

copula based on φλ,ω(t) = (1− ω + ωet)−λ and survival copula

Ĉ(u, v) =
uv{

1 + ω−1
ω

(1− u1/λ)(1− v1/λ)
}λ .

This is family BB10 of Joe (1997) which, in Marshall & Olkin (1988) and Joe (2014),

is noted to be based on the shifted negative binomial Laplace transform, except that,

here, their parameter q or θ equals (1−ω)/ω ≤ 0. When λ = 1 this is the Ali-Mikhail-

Haq copula. The independence copula obtains both as λ → 0 and as λ → ∞, and

when ω = 1.
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Example 3: Inverse Exponential H0

The distribution of the reciprocal of a unit exponential random variable, the so-called

inverse exponential distribution, has CHF H0(t) = − log(1− e−1/t) which results in

HI(t;κ) = − log{1− (1− e−t)κ}.

This is the “exponentiated exponential distribution” introduced under a different

name by Gupta and Kundu (1999). Here, H−1
0 (t) = 1/{− log(1 − e−t)} so that the

proportionality relationship reduces to

FI(t;κ) = (1− e−t)κ,

where FI is the cumulative distribution function (CDF) associated with HI . “Ex-

ponentiated distributions” is widely used as terminology for distributions formed in

this way, by taking a power of a CDF. As t → 0, HI(t;κ) ∼ tκ while as t → ∞,

HI(t;κ) ∼ t so, again, hazards converge for large t. The hazard function is decreasing

(constant) increasing as κ < (=) > 1 since h′I(t;κ) is equal to positive quantities

times

κe−t − 1 + (1− e−t)κ,

to which Bernoulli’s inequality can be applied.

The required frailty mixing distribution has Laplace transform {1 − (1 − e−t)ω}λ.
When 0 < ω < 1 and λ = 1 this is the Laplace transform of the Sibuya distri-

bution which is a heavy-tailed discrete distribution with probability mass function

ωΓ(n − ω)/{Γ(1 − ω)n!} on n = 1, 2, ... . That is, frailty mixing an exponentiated

exponential distribution with a Sibuya distribution (Sibuya, 1979) leads to the same

distribution but with a smaller value of κ. The associated bivariate extended expo-

nential distribution has φλ,ω(t) = {1− (1− e−t)ω}λ and survival copula

Ĉ(u, v) =
[
1−

{
(1− u1/λ)1/ω + (1− v1/λ)1/ω − (1− u1/λ)1/ω(1− v1/λ)1/ω

}ω]λ
.

This copula reduces to the B5 copula of Joe (1997, 2014) when λ = 1 and to the

Gumbel copula when λ → ∞. It tends to the ω = 1 case of independence when

λ→ 0.
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4. Adding a further shape parameter

In this section, we will look briefly at one particular class of extensions to (1) which

has the benefit of retaining the frailty connections given in Section 2. This involves

replacing t in (1) by another CHF, Γ(t) say:

HΓ(t;κ) = H0[κH−1
0 {Γ(t)}]; (2)

equivalently, this is the CHF of the distribution of the transformation TΓ ≡ Γ−1(T )

where T follows the distribution with CHF (1). A further interpretation of (2) is

that the ‘base’ exponential distribution in (1) is replaced by the distribution with

CHF Γ. The title of this section is appropriate to when Γ itself depends on a single

shape parameter. The choice Γ(t) = H0(t) is eschewed because then HΓ reduces to a

horizontally scaled version of H0.

As signalled above, the frailty connections of Section 2 are essentially unaffected by

this change. In the univariate case, T |B = b having CHF bH(t;κ) and T having

survival function exp{−λH(t;ωκ)} translate to TΓ|B = b having CHF bHΓ(t;κ) and

TΓ having survival function exp{−λHΓ(t;ωκ)}. Similarly, in the bivariate case, the

marginals are changed in the same way while the copula joining them is unaffected.

An especially valuable version of HΓ(t;κ) is that of the choice Γ(t) = tθ, θ > 0:

H1(t;κ, θ) = H{κH−1(tθ)}. (3)

In particular, Examples 1 to 3 are extended to power generalized Weibull (Bagdon-

aviçius and Nikulin, 2000; henceforth PGW), Marshall-Olkin Weibull (Marshall and

Olkin, 1997; henceforth MOW) and exponentiated Weibull (Mudholkar and Srivas-

tava, 1993; henceforth EW) distributions, respectively. As well as monotonic hazards,

the additional parameter θ also affords bathtub and upside-down bathtub shaped haz-

ards. The preferable case, given that there are just two parameters to control shape,

is that no other shapes also arise and this has been shown to be true of PGW and

EW distributions (Jones and Noufaily, 2015) but is not true of the MOW distribu-

tion. The former behaviour is partly because the near-zero and tail behaviours of the

hazard function in Examples 1 and 3 — H1(t;κ) ∼ κtθ for PGW and tθκ for EW as

t → 0; H1(t;κ) ∼ κtθκ for PGW and tθ for EW as t → ∞ — are power behaviours

with different parameter-controlled powers.
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The combination of attractive, controllable, hazard shapes and accompanying clo-

sure and copula frailty properties of the PGW distribution have been exploited to

good practical effect by Burke et al. (2020) and Jones et al. (2020). EW models are

quite popular too but the bivariate EW shared frailty distribution has not, to our

knowledge, appeared in conjunction with EW marginals before. It is therefore worth

stating its joint survival function:

P (T1 ≥ t1, T2 ≥ t2)

=
[
1−

{
(1− e−t

γ1
1 )κ1/ω + (1− e−t

γ2
2 )κ2/ω + (1− e−t

γ1
1 )κ1/ω(1− e−t

γ2
2 )κ2/ω

}ω]λ
.

Arguing that hazard shape properties are less important for proportional odds

(Marshall-Olkin) models, those models are being investigated further, and for other

choices of Γ, in both theoretical and practical ways in ongoing work of the second

author with K. Burke and A. Noufaily.

5. Closing remark

This article is part of an effort to better understand survival distributions by focussing

on their cumulative hazard functions. For much more on this approach, see Davis

(2018).
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