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Impedance-Based Whole-System Modeling for a
Composite Grid via Embedding of Frame Dynamics
Yunjie Gu, Senior Member, IEEE, Yitong Li, Student Member, IEEE, Yue Zhu, Timothy C. Green, Fellow, IEEE

Abstract—The paper establishes a methodology to overcome
the difficulty of dynamic frame alignment and system separa-
tion in impedance modeling of ac grids, and thereby enables
impedance-based whole-system modeling of generator-converter
composite power systems. The methodology is based on a frame-
dynamics-embedding transformation via an intermediary steady
frame between local and global frames, which yields a locally
defined impedance model for each generator or converter that
does not rely on a global frame but retains all frame dynamics.
The individual impedance model can then be readily combined
into a whole-system model even for meshed networks via the
proposed closed-loop formulation without network separation.
Compared to start-of-the-art impedance-based models, the pro-
posed method retains both frame dynamics and scalability, and
is generally applicable to various network topologies (meshed,
radial, etc) and combinations of machines (generators, motors,
converters, etc). The methodology is used to analyze the dynamic
interaction between generators and converters in a composite
grid, which yields important findings and potential solutions for
unstable oscillation caused by PLL-swing coupling in low-inertia
grids.

Index Terms—Impedance/Admittance, Power Grid, Power
Electronics, Whole System, Dynamic Modeling

NOMENCLATURE

dq Local swing frame

d′q′ Local steady frame

αβ Stationary frame

δ Angle difference between a local swing frame and the
global swing frame

ξ Angle difference between a local steady frame and the
global steady frame

ε Angle perturbation between a local swing frame and
a local steady frame

θ Angle displacement

ω Angular speed (frequency)

s Laplace operator

i Current

v Voltage

ψ Flux-linkage

L Inductance
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R Resistance

C Capacitance

Z Impedance

Y Admittance

Ki Current governed frame dynamics

Kv Voltage governed frame dynamics

T Torque

D Damping torque coefficient

J Rotor inertia

I. INTRODUCTION

The major power systems of the world are transforming
from ones dominated by sources employing synchronous gen-
erators (e.g. hydro, natural gas, and nuclear) to composite
systems in which synchronous generators and power-electronic
converters interfaced sources (e.g. wind, solar, battery) co-
exist. Such a composite grid gives rise to new dynamic
behaviors and new threats to system stability, and calls for
new approaches to system modeling and analysis to address
the problems.

The most generic approach to model a composite grid
is the state-space method [1]–[3], which covers all internal
dynamics of every machines (including generators, converters,
transmission and distribution facilities, and loads) in the grid,
and offers insights into the root cause of each oscillation mode
via participation analysis [4]–[7]. However, state-space models
rely on detailed knowledge of hardware design and control
algorithms of each machine, which may not be available
for power electronic converters since they are not usually
disclosed by manufacturers nor standardized across different
suppliers.

Impedance (or equivalently, admittance) models are con-
sidered to be a useful alternative to the state-space method
[8]–[10]. An impedance is essentially a transfer function
description (from current input to voltage output, or vice
versa for admittance) of an electrical system. Such a transfer
function does not represent internal details or states, and can
be measured or validated where high-fidelity analytical models
are not available. Impedance models prove to preserve all
information concerning dynamic behavior (in the sense of
small-signal analysis) provided that every state is controllable
and observable from the port at which the impedance model is
formed and therefore such an impedance model can produce
results for system stability analysis equivalent to those of the
state-space method [11].

yunjie.gu@imperial.ac.uk
yitong.li15@imperial.ac.uk
yue.zhu18@imperial.ac.uk
yue.zhu18@imperial.ac.uk
t.green@imperial.ac.uk
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The impedance-based method of stability analysis has had
widespread application in low-voltage dc power systems [12]–
[14]. However, two fundamental difficulties arise when apply-
ing it to large-scale ac power systems. The first difficulty is
dynamic frame alignment. Machines (converters and genera-
tors) in ac systems are usually modeled in a rotating reference
frame aligned to a local angle such as the angle of the physical
rotor or the angle identified by a phase-locked loop (PLL).
These locally referenced models then need to be aligned, i.e.
rotationally transformed, to a global reference frame to model
the whole system. This frame alignment is straightforward in
state-space models since all angles are explicitly represented
in the states and therefore available to be used in rotational
transformations between the local and global frames [15].
The impedance model, on the other hand, does not explicitly
include a representation of angle information since the input
and output only contain voltage and current signals. As a
result, impedance-based methods in ac systems have been
limited to harmonic analysis in which all machines in the
system are assumed to be synchronized to a fixed fundamental
frequency with preset phase angles [16], [17]. This approach is
appropriate for conventional power systems with high inertia
since the frame dynamics (i.e. rotor swing and frequency
perturbation) in such systems is well separated in time-scale
from harmonic terms. However, the boundary between frame
dynamics and harmonics is becoming blurred recently because
of reducing inertia in the system and the emergence of new
synchronizing mechanisms (PLLs). Because of this blurring,
a method able to model them together in a unified framework
is now needed. A possible way to meet this requirement is
to model every machine in a global reference frame where
the frame dynamics appear as explicit paths in the impedance
diagram [18]. However, this procedure is rather complicated
and not scalable, and therefore is limited to simple systems
such as a single-converter-infinite-bus system or a stand-alone
single-converter-load system [19]–[22].

The second difficulty is system separation. When using
impedance-based models for system stability analysis, the
system needs to be separated into source-side and load-side,
so that the closed-loop transfer function can be formulated
according to the impedance ratio between the source and load.
Such separation is straightforward in low-voltage dc power
system due to its radial and single-source topology. A large-
scale ac power system, on the other hand, usually has a meshed
and multi-source topology. Although it is possible to separate
a meshed network according to its critical cut-set, finding
a critical cut-set is more difficult than using the impedance
model itself [16], [23].

In this paper, a methodology is established to overcome
these two difficulties which are blocking the use of impedance-
based modeling and analysis in large-scale composite ac
grids. To solve the dynamic frame alignment problem, an
impedance transformation is defined to embed frame dynamics
into local impedance models so that they can be aligned
to the global frame without loss of any dynamic features.
Compared to impedance modeling directly in the global frame
[18], the proposed methodology retains scalability, that is, the
impedance of each machine can be modeled or measured

locally without referring to the external global frame, and
the local impedances can be interconnected in a modular
fashion to form a whole-system model. To solve the system
separation problem, the system is reformulated as the closed-
loop connection of machine impedance matrix (to represent
both the sources and loads) and nodal admittance matrix (to
represent the network). Such a formulation avoids the need
of system separation and offers more flexible selections of
the points where impedances or admittances are formed. The
proposed methodology is generally applicable to a composite
ac grid with different typologies (radial and meshed) and
miscellaneous machines (synchronous generators, induction
generators/motors, and power electronics converters). This
methodology also features a scalable and standardized pro-
cedure which can be automated in a computer program and
easily used by practitioners.

The paper is organized as follows. The methodology of
frame alignment in impedance-based whole-system modeling
is introduced in Section II. The impedance transformation to
embed frame dynamics into local impedance models is defined
in Section III. The closed-loop formulation without system
separation is discussed in Section IV. In Section V, the pro-
posed methodology is used to investigate generator-converter
interaction in a composite low-inertia grid to demonstrate
the advantage of impedance-based whole-system analysis.
Simulation results are given in Section VI. The last section
concludes the paper.

II. FRAME ALIGNMENT IN WHOLE-SYSTEM MODELING

We start by reviewing how frame alignment is performed
in state-space models and from this demonstrate why frame
alignment is difficult in impedance-based models. For the
state-space case in Fig. 1, each machine in the system is
modeled in its local frame dnqn (n = 1, 2, · · · , N) first. The
angle difference δn between a local frame and the global frame
is determined by the state equation below

δ̇n = ωn − ω1 (1)

in which ωn is the local frame speed of dnqn governed by
each rotor or PLL, and d1q1 is selected as the global frame.
Since ωn, and therefore also δn are expressed in the states
of the machines, the local-to-global frame transformation in a
state-space model is straightforward. In an impedance model,
however, only current and voltage are expressed, so there is no
straightforward ways to identify the angles for local-to-global
frame transformations.

To solve this problem, a method is proposed to embed frame
dynamics (that is, the dynamics of δn) into impedances. Firstly,
the local frame is split into two sub-frames, namely the steady
frame and swing frame. The steady sub-frame is defined as the
steady-state operating point of the local frame: it rotates at a
constant speed ω0 and has no dynamics. The swing sub-frame,
on the other hand, is aligned to the instantaneous rotor or PLL
angle, and can vary (or swing) around the steady sub-frame
by an angle ε, as illustrated in Fig. 3.

The local steady sub-frame serves as an intermediary frame
between a local frame and the global frame. Based on this
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Fig. 1. Frame alignment in state-space modeling: frame frequency ωn

and angle δn are expressed by the states and readily available for frame
transformations.

Fig. 2. Frame alignment in impedance modeling: frame dynamics introduced
via dynamic angle εn.

intermediary frame, the impedance transformation from local
to global can be performed in two steps: (i) from a local swing
frame to a local steady frame, and (ii) from a local steady
frame to the global steady frame, as shown in Fig. 2. This two-
step transformation separates the global (constant) and local
(dynamic) part of the frame alignment, and thereby retains
both frame dynamics and scalability in the impedance model.

The second-step transformation (ii) is global but constant,
that is, without dynamics. It does require information external
to the local frame, namely, the angle ξn between the local
steady frame and the global steady frame, but ξn remains
constant in dynamic modeling and can be obtained from power
flow analysis a priori. The impedance transformation for (ii) is
well-understood and the result is stated below without proof:

Z++ Z+−

Z−+ Z−−


︸ ︷︷ ︸

Zd′nq′n+−

←→

 Z++ Z+−e
j2ξn

Z−+e
−j2ξn Z−−


︸ ︷︷ ︸

ZD′Q′+−

(2)

in which Zd′nq′n+− is the impedance of the nth machine in
its local steady frame, and ZD′Q′+− is the corresponding

Fig. 3. Illustration of a swing frame dq (such as the rotor frame of a
synchronous generator) which swings around a steady frame d′q′ by a
dynamic angle ε.

(a)

(b)

Fig. 4. Signal flow in an impedance and admittance model with frame
dynamics embedded. (a) Impedance with current-governed frame dynamics.
(b) Admittance with voltage-governed frame dynamics.

impedance in the global steady frame. The complex signal
method is used here to represent the transformation in a
concise form [24], [25]. It is clear from (2) that the diagonal
entries Z++ and Z−− are unchanged by the transformation,
and the anti-diagonal entries are simply modified by a phase
angle 2ξn. No additional dynamics arise from this transforma-
tion.

The first-step transformation (i), on the other hand, is
local but dynamic. It carries all frame dynamics and can be
defined locally without referring to external information. The
impedance transformation for this step is non-trivial and is
discussed in detail in the next section.

III. FRAME-DYNAMICS-EMBEDDING IMPEDANCE
TRANSFORMATION

The impedance transformation from a local swing frame
to a local steady frame is the essential step to embed frame
dynamics in local impedance models, and is therefore named
in this paper as a frame-dynamics-embedding impedance
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transformation. The transformation law for a generic machine
(synchronous generators, induction motors, or power convert-
ers) is discussed below.

Following Fig. 3, let the angle variation between the swing
frame dq and the steady frame d′q′ be ε. Now we seek to
determine how the dynamics in ε can be represented in the
impedance model. Complex signals are used to represent the
current or voltage in dq and d′q′ frames and the transformation
in between isud′q′+

ud′q′−

 =

ejε 0

0 e−jε

udq+
udq−

 . (3)

where

udq+ = ud + juq, ud′q′+ = ud′ + juq′

udq− = ud − juq, ud′q′− = ud′ − juq′
(4)

are complex current or voltage signals. Equation (3) is lin-
earized to see the effect of the frame perturbation∆ud′q′+

∆ud′q′−

 =

∆udq+

∆udq−

+

 ju0+

−ju0−

 · ε (5)

where ∆u is the deviation from the operating point u0 and u0
is the same for both udq and ud′q′ (because the swing frame
and steady frame are aligned in the steady state). Written in
a compact form, (5) becomes

∆ud′q′+− = ∆udq+− + U0 · ε (6)

in which

∆udq+−=

∆udq+
∆udq−

, ∆ud′q′+−=

∆ud′q′+
∆ud′q′−

, U0=

 ju0+
−ju0−

.
(7)

The frame perturbation ε might be governed by either
current (in the case of a synchronous generator) or voltage
(in the case of a PLL-controlled converter). Taking the former
as an example,

ε(s) = Ki(s)∆idq+−(s) (8)

in which Ki(s) is the transfer function representing the
current-governed frame dynamics. Let the impedance in the
swing frame be represented as

∆vdq+− = Zdq+−∆idq+− (9)

in which v, i and Z denote voltage, current, and impedance
respectively. Equation (9) can be transformed to the steady
frame using (8) and (6), from which the impedance transfor-
mation law is obtained below:

Zd′q′+− = (Zdq+− + V0Ki)(I + I0Ki)
−1 (10)

in which Zdq+− and Zd′q′+− are the impedance in the
swing and steady frame respectively, I is the unit matrix,
V0 = (jv0+ , −jv0−)> represents the steady-state voltage,
and I0 = (ji0+ , −ji0−)> represents the steady-state current.
The admittance transformation law is similar:

Yd′q′+− = (Ydq+− + I0Kv)(I + V0Kv)
−1 (11)

in which Ydq+− and Yd′q′+− are the impedance in the swing
and steady frame respectively and Kv represents the voltage-
governed frame dynamics.

The impedance/admittance transformations above can be
visualized by the signal flow diagrams in Fig. 4. Taking
Fig. 4(a) as an example, a current disturbance induces a
perturbation (or swing) of the local swing frame, ε, which in
turn affects the representation of the current and the voltage
in the steady frame. As a result, the dynamics implicit in the
local swing frame are embedded into the impedance in the
steady frame.

IV. CLOSED-LOOP FORMULATION WITHOUT SYSTEM
SEPARATION

After the impedance models of all machines have been
transformed into the global steady frame, they can be assem-
bled in a modular fashion into impedance model of the whole
system. In the conventional use of impedance models, such as
in low-voltage dc power network, a system is separated into
source-side and load-side. Taking the source voltage or load
current as input, and source current or load voltage as output,
the whole system then forms a closed-loop transfer function
and its stability is evaluated by the ratio of impedances or
admittances of the two sides.

In a large-scale ac power system, however, there are multiple
sources and loads interconnected in a meshed network, which
makes the conventional source-load separation very difficult if
not impossible. To solve this problem, the formulation in Fig. 5
is developed. Virtual current injection îk (k = 1, 2, . . . , N ) in
parallel with each node, or virtual voltage injection v̂k in series
with each branch is introduced, in which both îk and v̂k are
two-dimensional column vectors in D′Q′ frame. The îk and
v̂k such defined do not change the dynamic structure of the
system (including the topology of the network and the models
of sources and loads) and are very small so as not to affect
the operating point around which the system is linearized.

Taking îk or v̂k as input, and the responding node voltage
variation ∆vk or branch current variation ∆ik as output, a new
closed-loop formulation is obtained as shown in Fig. 6. In this
formulation, the voltages and currents are written concisely as
vectors, that is,

î =


î1

î2
...

îN

, v̂ =


v̂1

v̂2
...

v̂N

, ∆i =


∆i1

∆i2
...

∆iN

, ∆v =


∆v1

∆v2
...

∆vN

. (12)

Zm represents the impedances of all machines (including
generators, converters and loads) written as a block-diagonal
matrix:

Zm =


Zm1(s)

Zm2(s)

. . .

ZmN (s)

 (13)
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where Zmk(s) is a 2×2 block in the D′Q′ frame representing
the dynamic impedance of the k-th machine. Yb is the nodal
admittance matrix of the network and represents the dynamics
of the transmission lines

Yb =


Yb11(s) Yb12(s) · · · Yb1N (s)

Yb21(s) Yb22(s) · · · Yb2N (s)
...

...
... · · ·

YbN1(s) YbN2(s) · · · YbNN (s)

 (14)

in which the off-diagonal element Ybkl (k 6= l) represents the
branch admittance between the k-th and l-th nodes and the
diagonal element Ybkk is the self-admittance at the k-th node.
In the D′Q′ frame with complex signals, Ybkl and Ybkk are
2× 2 matrix blocks in the following forms:

Ybkl(s) =

−

Rkl + (s+ jω0)Lkl

Rkl + (s− jω0)Lkl

−1 (15)

Ybkk(s) = −
∑
l 6=k

Ybkl(s)

+

R−1kk + (s+ jω0)Ckk

R−1kk + (s− jω0)Ckk

 (16)

where Rkl and Lkl are the resistance and inductance between
the k-th and l-th nodes, and Rkk and Ckk are the resistance
and capacitance connected at the k-th node. It is worth noting
that Yb(s) such defined is different to the conventional static
nodal admittance matrix since the dynamics of the network
are included in the frequency domain s.

According to Fig. 5, the machine terminal voltage ∆v adds
to the virtual voltage v̂, which are jointly applied on the
network nodal admittance matrix Yb and thereby generates
the nodal current ∆i. The nodal current ∆i is then deduced
(because of the sign convention marked in Fig. 5) from the
virtual current î and injected to the machine impedance matrix
Zm to generate the machine voltage ∆v. This feedback rela-
tionship forms the equivalent closed-loop diagram in Fig. 6.
Accordingly, the stability of the whole system is determined by
the interaction between Zm and Yb rather than the interaction
between source-side and load-side, which thereby avoids the
source-load separation.

Under this formulation, the whole-system impedance Ẑ is
defined as the transfer function matrix from î to ∆v

∆v = Ẑ · î
∣∣
v̂=0

, Ẑ = Zm(I + YbZm)−1 (17)

and similarly, the whole-system admittance Ŷ is defined as
the transfer function matrix from v̂ to ∆i

∆i = Ŷ · v̂
∣∣
î=0

, Ŷ = (I + YbZm)−1Yb. (18)

Fig. 5 and Fig. 6 can be converted to the dual form where
Zm and Yb are replaced by Ym and Zb respectively, and

Ym = Z−1m , Zb = Y −1b . (19)

Fig. 5. Inject virtual input at v̂k and îk and take output at ∆ik and ∆vk to
form the closed loop transfer function.

Fig. 6. Whole-system dynamic modeling by the closed-loop formulation of
nodal admittance matrix and machine impedance matrix.

Accordingly, the whole-system impedance and admittance are
represented by

Ŷ = Ym(I + ZbYm)−1, Ẑ = (I + ZbYm)−1Zb. (20)

This formulation is more convenient when the machine ad-
mittance Ym can be more readily obtained than the machine
impedance Zm.

In the conventional impedance-based analysis, Nyquist cri-
terion is usually used to evaluate the closed-loop stability
of the system from the open-loop impedance curves. This
approach is not suitable for the proposed network separation
method as both Zm and Yb are high-dimensional matrices.
It is possible to use the generalized Nyquist criterion to
handle these matrices but this leads to loss of connection
with the original system so the stability evaluation becomes
very hard to interpret. To solve this problem, we directly use
the closed-loop impedance and admittance, Ẑ(s) and Ŷ (s),
to evaluate stability. Ẑ(s) and Ŷ (s) are matrices in which
each elements represent the impedance and admittance seen
at the different nodes in the complete system. All elements
share the same poles since the network is interconnected and
oscillatory signals will propagate to all nodes in the end.
Therefore, any element in Ẑ(s) or Ŷ (s) can be used to
evaluate the stability of the whole system via evaluating the
poles of the corresponding transfer function. However, the
poles seen at various elements may have different magnitudes
but this provides an indication of the relative participation
of different nodes in a particular mode, as discussed in the
following section.

V. COMPOSITE GENERATOR-CONVERTER GRID

In this section, the proposed methodology will be ap-
plied to whole-system modeling of a composite converter-
generator grid. Using the impedance transformation described
in the preceding section, we first find the frame-dynamics-
embedded impedance for both synchronous generators and
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PLL-controlled converters in local steady frames, and then
interconnect them to create a whole-system model. From
this whole-system model, an interesting result is illustrate
with concerning the interactions between generator rotors and
converter control in a low-inertia grid.

A. Synchronous Generator

The state equations of a synchronous generator in the local
swing frame dq is

ψ̇d = vd −Rid + ωψq

ψ̇q = vq −Riq − ωψd
ω̇ = (Te − Tm −Dω)/J

θ̇ = ω

(21)

in which

ψd = Lid, ψq = Liq − ψf , Te = ψf id. (22)

The symbols are defined as ψ, v and i being the flux-
linkage, voltage, and current respectively, ψf is the field flux-
linkage, ω and θ are the rotor speed and angle, Te and Tm
are the electrical and mechanical torque, R and L are the
stator resistance and inductance respectively, D is the damping
torque coefficient, and J is the rotor inertia. The constant
flux-linkage model (ψf = constant) is used which combines
the total armature reaction in L, and Tm is assumed to be
constant on the basis that the prime-mover’s speed governor
is slow compared to the fast transients under consideration [1].
A single pole-pair with no saliency is considered to simplify
the model without losing the essential properties. All variables
are in motor convention and the q axis is aligned to the field
flux so that id and iq represent active and reactive current seen
by the generator respectively.

Linearizing the state equation and using Laplace transfor-
mation, the impedance in the local swing frame is obtained

Zdq ≈

ZL(s) −ω0L

ω0L ZL(s)

 (23)

or equivalently in the complex-signal form

Zdq+− ≈

ZL(s1)

ZL(s−1)

 (24)

in which ZL(s) = sL+R, s1 = s+ jω0, and s−1 = s− jω0.
Zdq+− is transformed into the steady frame next. The swing
ε is determined by the perturbation of the rotor angle ∆θ,
which in turn is governed by electric torque ∆Te proportional
to current ∆id. That is,

ε(s) = ∆θ(s) =
∆id(s)

sH(s)
=

∆idq+(s) + ∆idq−(s)

2sH(s)
(25)

where H(s) = (Js+D)/ψf , from which follows the current-
governed frame dynamics

Ki =
1

2sH(s)

[
1 1

]
. (26)

The steady-frame impedance can then be obtained using the
transformation law (10):

Zd′q′+− =

ZL(s1)

ZL(s−1)


︸ ︷︷ ︸

flux dynamics

+
1

M(s)

 s1 s1

s−1 s−1


︸ ︷︷ ︸

frame dynamics

(27)

in which
M(s) =

2

ψ2
f

(Js2 +Ds− iq0ψf ). (28)

It is clear that Zd′q′+− contains two parts. The first part is
the same as Zdq+− and represents the flux dynamics of the
windings. The second part only appears in the steady frame
and represents frame dynamics of the rotor, which manifests
the effect of frame-dynamics-embedding transformation. It
is worth noting that the second part may have right-half-
plane (RHP) poles in M(s), which leads to very interesting
implications on the stability of rotor-control interaction, as
explained in the subsection after next.

B. PLL-Controlled Converter

The steady-frame impedance for a PLL-controlled grid-
connected converter can be found in a similar way to that
of a synchronous generator, except that the frame dynamics
of a PLL is governed by voltage rather than current. The PLL
takes voltage vq to estimate the angle difference and changes
the internal rotating frequency and angle accordingly, so the
voltage governed frame dynamics can be represented as:

Kv =
1

2jHPLL

[
1 −1

]
(29)

where

HPLL = vd0 +
vd0s

2

kps+ ki
(30)

kp and ki are the proportional and integral gain of PLL, and
vd0 is the operating point of vd. Based on the Kv above,
we invoke the admittance transformation in (11) to embed the
frame dynamics, and invert the admittance matrix to obtain the
corresponding impedance. This process is trivial but tedious so
the Matlab symbolic calculation is used to find the expression,
and the Matlab scripts can be found at [26].

C. Generator-Converter Interaction

Now the frame-dynamics-embedded impedance models for
different machines in the global steady frame is connected
for whole-system stability analysis. The stability of generator-
converter interaction in a low-inertia system is focused, which
shows the advantage of the proposed methodology and is not
widely studied in literature. As a specific example, a wind
farm connected to the transmission system shown in Fig. 7
is investigated. The system has a meshed topology with three
synchronous generators (G1, G2 and G3) and a Type-IV wind
farm. The turbine-side converters are modeled as constant
power sources injecting current into the dc-link capacitors,
and the grid-side converters use the standard current vector
control with the PLL and dc-link control setting the reference
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Fig. 7. Configuration of the investigated offshore wind farm connected to a
low-inertia transmission system.

(a)

(b)

Fig. 8. Pole map of Ŷ (s) when PLL and dc-link control bandwidth sweep
from 5Hz to 20Hz. (a) Poles within 200Hz. (b) Zoom into low frequency
swing-mode poles. The red arrows indicates that the PLL and dc-link control
bandwidth increases. Along the arrows the associated PLL-mode poles move
towards higher frequency. Correspondingly, the current-control-mode poles
become under-damped whereas the swing-mode poles at 8.6Hz become well-
damped due to cross-mode coupling.

current angle and magnitude. G3 is configured to have lower
power inertia (due to lower power rating) than those of G1

and G2. Detailed layouts and parameters are available at [26].
The impedances of the wind farm and synchronous gener-

ators in their local swing frame are modeled first, and then
transformed to the local steady frame to embed the frame
dynamics, and finally aligned to the global frame to get the
machine impedance matrix Zm. The whole-system admittance
Ŷ is calculated from Zm using the closed-loop formulation in
(18). The poles of Ŷ indicate the whole-system dynamics and

Fig. 9. System admittance spectrum seen at different buses. The poles in Fig. 8
are reflected as peaks in the admittance curves but with different magnitude
at different buses. This further indicates the participation of each bus (and
the generators and converters connected to the bus) in a particular mode. The
swing mode at 3.3Hz induces high peaks in the admittances at Bus1 and
Bus2, indicating that this mode is related to the swing between G1 and G2.
The swing mode at 8.6Hz induces a high peak in the admittance at Bus3 and
moderate peaks at Bus1 and Bus2, indicating that this mode is related to the
swing of G3 against G1 and G2. Note that the admittances at Bus1 and Bus2
have an identical curve in the figure as they have the same parameters.

stability and are calculated for a range of converter control
parameters as displayed in Fig. 8. These poles appear in four
groups and indicate different oscillation modes in the whole
system: 1) the swing-mode poles at low frequency, which are
related to the rotor angle swing among the generators; 2) the
PLL-mode poles in the mid frequency, which are related to the
PLL and dc-link control (PLL and dc-link control are tightly
coupled and are therefore categorised as the same mode); 3)
the flux-mode poles at the fundamental frequency (60Hz),
which are related to the flux transient on winding and line
inductances; and 4) the current-control-mode poles at high
frequency, which are related to the current control of wind
converters.

The zoom-in plot in Fig. 8(b) further shows that the swing-
mode poles contain two sub-groups. The ones at 3.3Hz are
related to the swing between G1 and G2, and the ones at
8.6Hz are related to G3 swinging against G1-G2 together. This
relevance can be seen from Fig. 9 where the admittances seen
at various buses (that is, different entries of the Ŷ matrix) are
plotted. The relative magnitude of the peaks in the impedance
curves indicates the participation of different buses in an
oscillation mode of a particular frequency. Both positive and
negative frequencies are shown in the admittance spectrum,
which correspond to the positive and negative sequence signals
(or equivalently clockwise and anticlockwise space vectors)
respectively, according to the complex signal modeling theory
[24], [25].

We can further investigate the coupling between different
modes. Such coupling may exist between modes with adjacent
frequency ranges. From Fig. 8, we can clearly see two types
of cross-mode coupling: 1) PLL-current coupling between
the current-control-mode (high frequency) and the PLL-mode,
and 2) PLL-swing coupling between the PLL-mode (mid
frequency) and the swing-mode (low frequency). The current-
control-mode becomes under-damped when the PLL-mode in-
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(a) (b) (c)

Fig. 10. Admittance spectrum of the synchronous generator in various reference frames. (a) Steady frame. (b) Swing frame. (c) In both the steady frame and
the swing frame but with constant rotor speed (infinite inertia).

(a) (b) (c)

Fig. 11. System dynamic response with reducing the bandwidths of dc-link control loop and PLL to 5Hz at 0.5s, and then increasing one or both of them
back to 20Hz at 1.5s. (a) Increase the dc-link control bandwidth. (b) Increase the PLL bandwidth. (c) Increase both bandwidths.

creases in frequency, as marked by the red arrows in Fig. 8. On
the other hand, the swing-mode poles for G3 become under-
damped and even unstable when the PLL-mode decreases in
frequency. Therefore, the PLL-mode and the associated PLL
and dc-link control bandwidths should be constrained in a
specific frequency range.

The PLL-current coupling is well-understood in literature
[7] but the PLL-swing coupling is newly observed in this
paper. This new PLL-swing coupling can be interpreted by
the proposed frame-dynamics-embedded impedance model. If
the PLL or the dc-link control of the wind converters are faster
(have higher bandwidth) than the rotor swing dynamics, the
wind farm follows the grid perfectly and acts as a constant
power source. This translates into constant electric torque on
the rotors which does not affect the swing dynamics. On the
other hand, if the dc-link control and the PLL are slower (have
lower bandwidth) than the swing dynamics, the converters
are seen as a current source with constant magnitude (due
to slow dc-link control) and constant phase (due to slow
PLL). The resulted electric torque is affected by the angle
difference between converter current and generator rotor which

implies that the converter control interacts with rotor swing
dynamics. This interaction can be reflected by the impedance
of the synchronous generators in the steady frame, since the
rotor dynamics is essentially equivalent to the frame dynamics
which is embedded in this impedance. According to (27) and
(28), the impedance has RHP poles in its second term, which
implies instability under constant current injection from wind
converters. This leads to the conclusion that the rotor inertia
and the corresponding swing frequency sets the lower bound
of the bandwidth of PLL and dc-link control of converters,
which is the new insight arising from the impedance-based
whole-system model.

VI. SIMULATION RESULTS

The importance of embedding frame dynamics in
impedance models is demonstrated first. A time-domain
impedance measurement was conducted on a synchronous
generator in both the local swing frame and local steady
frame, and the results are compared with the theoretical
models in Fig. 10. Admittances instead of impedances are
presented here since impedances have right-half-plane poles
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(see equation (27) and (28) in Section V) and hence are
not directly measurable. Impedences can be reconstructed
indirectly from the admittance spectrum and the right-half-
plane poles can thus be inferred via the method presented in
[27]. As in Fig. 9, both positive and negative frequencies are
shown in the admittance spectrum. In both the steady-frame
and swing-frame models in Fig. 10 (a) and (b), there is a
resonant peak at the fundamental frequency (-60Hz) which
represents the flux dynamics (s + jω0)L of the winding and
line inductances. In the steady-frame model there is a further
resonant peak at ±1Hz, which arises from the frame dynamics
and represents the swing mode of the rotor. This resonant
peak is missing in the swing-frame model and if this model
was used in whole-system analysis then important interactions
would be missed. The absence of the swing mode in the
swing frame and presence in the steady frame demonstrates
that the transformation from swing frame to steady frame
embeds frame dynamics into the model. The fact that the 1Hz
mode has a proper physical origin is illustrated by setting the
rotor inertia J to ∞, which then causes the frame dynamics
to disappears and the steady- and swing-frame admittances
become the same, as shown in Fig. 10(c). This further confirms
that the extra resonant peak in Fig. 10(c) does come from the
embedded frame dynamics. The results from measurement by
signal injection in the time-domain simulation agree with the
theoretical models in all three cases except for minor phase
errors (which are believed to be caused by the time delays in
the discrete-time sampling), showing the very high accuracy
of the models.

The key results of whole-system stability analysis based on
impedance models are verified next. The system in Fig. 7 was
simulated via electromagnetic transient (EMT) simulation in
Matlab/Simulink. G3 was configured to have low inertia and
the whole system was made temporarily unstable by adjusting
the controller speed (bandwidths) of the wind power convert-
ers. The simulation results are shown in Fig. 11 and will
be compared with the theoretic prediction from the previous
section. At 0.5s, the bandwidths of PLL and dc-link control
are reduced from 20Hz to 5Hz and returned to their original
values at 1.5s separately in plots (a) (b) and (c). Negatively
damped oscillation is seen to begin at 0.5s in all signals and
the oscillations become positively damped at 1.5s with control
bandwidths (either PLL, dc-link control, or together) increased
back to 20Hz. These results illustrate the unstable behavior
predicted in Fig. 8 and serve to validate the impedance-
based modeling methodology via frame-dynamics-embedding
transformation and whole-system closed-loop formulation.

Notably, vdc (the dc-link voltage of wind converter) is re-
stabilized faster in (a) because of the increased bandwidth
of dc-link control; and δ (the angle difference between the
PLL of the wind converters and the rotor of the synchronous
generator) is re-stabilized faster in (b) due to the increased
bandwidth of PLL. (c) shows the best system stability per-
formance in damping the PLL-swing oscillation, but induces
new under-damped modes with a relatively high frequency
due to PLL-current coupling. As a result, we come to the
final conclusion that either PLL or dc-link control should be
fast enough to avoid unstable rotor swing in a low-inertia

grid, provided that the current-control-mode is not excited. In
other words, PLL-swing and PLL-current interaction set the
lower and upper bounds of the PLL and the dc-link control
bandwidths respectively for converters in a composite grid.

VII. CONCLUSIONS

This paper establishes a systematic methodology for dy-
namic modeling of a composite generator-converter power
system via impedance models alone. This methodology over-
comes the fundamental difficulty of dynamic frame alignment
in impedance modeling by embedding the frame dynamics
in impedance itself via the transformation between a local
steady frame and a swing frame for each generator or power
converter. Individual generator or converter models can then be
readily combined into a whole-system model even for meshed
networks via the proposed closed-loop formulation without
network separation. The modeling process and its application
to example composite grids leads to new insights into, and
possible solutions for, the unstable interactions between con-
verter control and generator rotors in a low inertia grids. This
methodology is generally applicable to ac power systems with
various topologies and combinations of machines, and can be
extended to analyse hybrid ac-dc power systems as well.
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