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A B S T R A C T

The design of structures using only elements available from a finite inventory, or
“inventory-constrained structural design” (ICSD), presents a challenging design and
optimisation problem which is not well addressed by conventional approaches. Improved
ICSD techniques could enable significant life-cycle impact reductions in future construction
through increased component reuse of elements from deconstructed structures, and
increased use of minimally processed low-impact whole (round) timber elements. Such
techniques could also enable more efficient utilisation of overstock structural elements and
improved design in rural and developing regions with restricted structural material supply
chains.

Conventional structural design methods are ill-suited for ICSD because they do not
allow for the consideration of inventory constraints, and do not account for the impacts
and costs associated with offcut waste. ICSD methods developed to date for whole-timber
construction have been problem-specific and do not allow for simultaneous consideration
of structural and inventory constraints. ICSD methods for steel component reuse developed
to date may not execute quickly enough for use in early-stage structural design exploration,
the project phase when the greatest reductions in life-cycle impact and improvements
in performance of new structures are likely to be achieved. This thesis first presents
novel analytical methods for simplified characterisation of the design space of a class of
ICSD problems in early-stage design. Next a new metric is introduced for comparing
the performance of inventory-constrained designs considering offcut waste. Finally, new
computational methods for ICSD are presented which allow for rapid generation of efficient
assignments of inventory elements to given structural topologies and geometries subject to
inventory and structural constraints. These methods are shown to produce assignments
approximating theoretical optima for a set of benchmark problems. The methods are
also shown to produce solutions within time intervals known to be conducive to high
productivity in creative interactive computer-aided tasks.

A design exploration procedure incorporating the above assignment optimisation
methods is demonstrated for rapid discovery and refinement of high-performing inventory-
constrained structural topologies and geometries. The methods presented allow designers
to identify a range of feasible and high-performing inventory-constrained structural
layouts in early-stage design exploration while flexibly accommodating non-structural
considerations. The above methods are demonstrated for the design of trusses using whole
timber and trusses using reclaimed steel elements. The thesis concludes with a discussion
of potential extensions to the above approaches and their integration into structural
engineering practice in future.
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1
I N T R O D U C T I O N

This thesis presents new analytical and computational methods for the design of structures

using finite inventories of available structural elements, or “inventory-constrained

structural design” (ICSD). This chapter first frames the responsibility of structural

designers to reduce the life-cycle impacts associated with construction. ICSD is introduced

as a new design approach which provides opportunities for significant reductions in the

life-cycle impact of new structures beyond those achievable by the reduction of the quantity

of structural material alone. The limitations of current design methods for ICSD, and thus,

barriers to achieving these life-cycle impact reductions, are identified. Finally, the key aim

and objectives of this thesis research, which addresses these limitations, are presented.

1.1 addressing climate change through structural design

Due to the significant and irreversible negative environmental and societal effects which

are likely to result from unmitigated human-induced global climate change, increasing

pressure is being applied to the most highly polluting industries worldwide to reduce their

greenhouse gas emissions (IPCC 2019). In industrialised countries, construction is generally

the most resource-intensive industry (De Wolf, Brütting, and Fivet 2018). A large fraction

of the life-cycle impacts arising from construction are associated with primary structural

elements (De Wolf 2017). Thus structural designers are likely to be increasingly tasked

with reducing the life-cycle impact of new structures. To this end, new structural design

and optimisation approaches have been increasingly explored for reducing the material

consumption, and thereby, life-cycle impact of new structures.

1.2 new design approaches to achieve emissions reductions

As the limits of material efficiency are reached in the design of new structures, however,

new approaches will need to be explored to achieve further reductions in life-cycle

impact. ICSD, by allowing for the use of structural elements with very low embodied

life-cycle impact in new structures, represents an opportunity to achieve significant further
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1.3 the opportunity of icsd

reductions in emissions and other metrics of life-cycle impact which could not be achieved

using conventional structural design and optimisation methods.

1.3 the opportunity of icsd

The conventional design of trusses and frames typically assumes an effectively

inexhaustible supply of available structural elements at arbitrary lengths, and in a broad

range of cross-sections. The work presented in this thesis addresses structural design

scenarios where the quantities, lengths, and cross-sections of elements available for

construction are limited, and elements appear instead as part of a finite inventory. Such

scenarios (illustrated conceptually in Figure 1.1) are described throughout this thesis as

“inventory-constrained structural design” (ICSD). The scope of the work presented in this

thesis encompasses trusses, but could be extended to frames in future work. Apart from

in the study presented in Chapter 4, the design and life-cycle impact contributions of

structural connections between members are not considered in this thesis.

Structure Inventory

Loads

Figure 1.1: Inventory-constrained structural design scenario. Left: truss structure subject to loads.
Right: inventory of available bar elements with variable lengths and cross-sections.

ICSD problems appear in a number of construction situations, such as the component

reuse of steel elements from deconstructed structures, the design of structures using

finite inventories of minimally processed “whole” timbers made available through forest

harvests, the design of structures using overstock structural elements, and design in rural

or developing regions where structural elements may only be available in limited quantities,

dimensions, and mechanical properties due to limited material supply chains.

By facilitating greater use of whole timber, ICSD methods could help to increase

the use of low-value, low-impact small-diameter timber in structures, yielding benefits

12



1.4 limitations of conventional structural design

to sustainable forestry as well as construction life-cycle impact reductions through

the minimisation of timber processing. By allowing for more convenient design using

reclaimed steel elements, ICSD could facilitate greater reuse of load-bearing steel

elements in new structures, resulting in significant life-cycle impact reductions through

the avoidance of energy-intensive steel re-melting (De Wolf 2017; Brütting et al. 2018).

Enhanced ICSD techniques could also enable the more efficient use of overstock structural

material. By reducing design cost, and by facilitating the improved discovery of feasible

design options given inventory constraints, improved ICSD methods could also enable

the design and construction of critical infrastructure and civic structures in areas, such as

isolated rural and developing regions, where such construction might have otherwise been

impractical due to supply chain constraints.

1.4 limitations of conventional structural design

Conventional structural design and optimisation methods are ill-suited for ICSD. While

a considerable body of literature exists addressing the optimisation of structural

geometries, topologies and element cross-sections, most of these approaches do not

consider element length and quantity constraints, meaning that the design options

produced by such methods are likely to be infeasible given a constrained inventory.

Furthermore, conventional structural design and optimisation methods do not consider

impacts associated with inventory element handling and offcut waste, which contribute

significantly to the life-cycle impact of ICSD projects. Improved structural design and

optimisation methods for ICSD could yield significant life-cycle impact and cost reductions

in the application scenarios described above.

1.5 aims and objectives

The aim of the research presented in this thesis is to develop improved design and

optimisation methods for ICSD. To achieve this aim, eight research objectives are identified,

which are grouped into four categories: 1) literature review 2) analytical methods 3)

computational methods and 4) applications.

Research Objective 1 of this thesis is to conduct a survey of the scientific literature

concerning ICSD, and of two key ICSD application scenarios in practice: the design of 1)

whole timber structures and 2) structures using reclaimed steel elements. These application
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1.5 aims and objectives

scenarios are chosen as a focus for this research because a preliminary literature survey

identified these as ICSD applications which would likely result in significant reductions

in the embodied life-cycle impact of new structures if they were to experience greater

adoption in practice.

Within research into analytical methods conducted for this thesis, two research objectives

are identified. The first of these, Research Objective 2, is to develop analytical methods to

characterise the design space of ICSD problems which may be used by designers to gain

greater insight into specific ICSD scenarios. In particular, the methods introduced by this

research should allow designers to use simplified analytical approaches instead of complex

combinatorial optimisation solution techniques to characterise the design space of ICSD

problems where possible.

In conventional structural optimisation, structural mass is often treated as a proxy for

design cost and life-cycle impact. In ICSD, inventory element handling and offcut waste

disposal may contribute significantly to project costs and life-cycle impacts, meaning

that structural mass alone is an insufficient measure of the performance of a given

design. Research Objective 3 of this thesis is to develop a quantitative metric which can

allow designers to better compare inventory-constrained designs with respect to inventory

element handling and offcut waste impacts.

Within the research into computational design methods conducted for this thesis, three

research objectives are identified. The first of these objectives, Research Objective 4, is to

develop optimisation methods which produce structural assignments of inventory elements

which result in buildable designs satisfying all ultimate and serviceability limit state

requirements, as well as inventory length and quantity constraints. This characteristic is

critical for ICSD methods, because unlike in conventional structural design, where small

modifications to designs may be made following early-stage design to satisfy a range of

structural requirements, in ICSD, such small modifications may be impossible given the

available inventory. Research Objective 5 is to ensure that the proposed computational

ICSD methods produce assignments which approximate theoretically optimal solutions

closely enough to be useful for informed selection of high-performing structural geometries

and topologies at early stage design. Research Objective 6 is to achieve sufficient

computational efficiency in these methods such that they produce assignments rapidly

enough to be useful as part of a real-time design exploration procedure. If satisfied, these

three research objectives equate to the development of a computational design method

which may be used as an effective design exploration tool for early-stage ICSD in practice.
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1.6 thesis overview

Finally, to demonstrate the applicability of the proposed computational methods for

ICSD in practice, these methods should be tested in the two key ICSD application scenarios

addressed by this thesis. Accordingly, Research Objective 7 is to evaluate the proposed

ICSD methods for the design of trusses using minimally processed whole timber elements,

and Research Objective 8 is to evaluate the proposed ICSD methods for the design of

trusses using steel elements from deconstructed structures.

These research objectives are summarised below for reference:

• Literature Survey:

RO1: Literature review of whole timber, steel reuse, ICSD.

• Analytical Methods:

RO2: Analytical methods for characterising design space of ICSD problems.

RO3: Performance metric for offcut ratio, inventory element handling.

• Computational Methods:

RO4: Designs satisfy all structural and inventory constraints.

RO5: Designs approximate theoretically optimal designs.

RO6: Solutions produced rapidly enough for early-stage design exploration.

• Applications:

RO7: Design of whole timber trusses.

RO8: Design of steel trusses using reclaimed elements.

1.6 thesis overview

Chapter 2 of this thesis addresses Research Objective 1 identified above. First a background

to construction using whole timber is given, and the challenge of ICSD is introduced in

this context. Next, key examples of steel component reuse in practice are discussed. It

is shown how limitations in current ICSD methods limit greater adoption of component

reuse in practice, preventing the significant reductions in embodied life-cycle impact of

new structures which could be achieved using this approach. Finally, the mathematical

characteristics of ICSD problems are discussed in the context of combinatorial optimisation,

and an overview is given of solution techniques for such optimisation problems. Research
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1.6 thesis overview

Objective 1 is further addressed through additional literature surveys conducted in each of

the subsequent chapters where relevant to the specific discussion in each chapter.

Chapter 3 addresses Research Objectives 2 and 3, which relate to analytical methods for

ICSD. First the concept of an “assignment” of inventory elements to structural locations is

introduced in the context of ICSD scenarios where inventory elements are cut to produce

structural members. An assignment optimisation formulation is presented for ICSD of

trusses. The concept of “Offcut Ratio” is introduced as a metric for comparing ICSD

designs, addressing Research Objective 3. Analytical methods for characterising the design

space of a class of repeating-module ICSD problems are introduced, and a reasonable

approximation of Offcut Ratio is demonstrated for such scenarios, addressing Research

Objective 2.

Chapter 4 addresses Research Objectives 4, 5, 6, (relating to computational ICSD

methods) and 7 (relating to the application of ICSD for whole timber structures). A

study is presented into the novel application of modified greedy heuristics for the “bin-

packing problem” to the design of trusses using finite inventories of whole timber elements

(the application scenario identified in Research Objective 7). It is shown how such new

heuristics may be used as a computationally efficient strategy to satisfy structural and

inventory constraints simultaneously in the assignment optimisation of whole timber

trusses, addressing Research Objectives 4 and 6. Pre-sorting of inventory elements and

structural locations is explored as a strategy for improving the quality of assignments

without requiring significant increases in computational effort, further addressing Research

Objectives 5 and 6.

Chapter 5 extends the greedy heuristic methods discussed in Chapter 4 to the design of

steel trusses in a component reuse scenario, addressing Research Objectives 4,5, and 6 and

Research Objective 8 (relating to the application of ICSD for the design of trusses using

reclaimed steel elements). The novel method presented incorporates new heuristic rules

for addressing a nodal displacement constraint and member self-weights, further extending

the functionality of these computational methods with respect to Research Objective 4. New

heuristic rules for incorporating the effects of life-cycle impact factors for structural mass

and offcut waste on the assignment procedure are also introduced. The methods are shown

to produce equal or better solutions than known optima for a set of example problems

found using comparable ICSD methods, addressing Research Objective 5. The methods

are shown to execute rapidly enough on conventional computer hardware to be useful as

part of a real-time design exploration procedure for ICSD, addressing Research Objective
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1.6 thesis overview

6. The integration of Research Objectives 4,5, and 6 is tested through the demonstration of

an example design exploration procedure for trusses using reclaimed steel elements (the

application scenario identified in Research Objective 8).

Chapter 6 reviews how the research conducted for this thesis has addressed the above

Research Aim and Objectives. and summarises the key intellectual contributions of this

research. Extensions and applications to the methods introduced are discussed, and

concluding remarks are given on the intended contributions of this work towards the future

of ICSD in practice and research.

References which are cited in each of the publications included in this thesis are listed at

the end of each paper. References which are cited in the thesis text outside of the included

publications are provided in a single section at the end of the thesis.
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2
L I T E R AT U R E R E V I E W

This chapter first provides a background of two key applications of ICSD: 1) the design

of structures using minimally processed whole timber elements, and 2) the component

reuse of steel elements in new structures. Next, early-stage structural design is discussed

in the context of ICSD. Here, ICSD is framed as a combinatorial optimisation problem, and

an introduction to solution techniques for such optimisation problems is provided. The

chapter concludes with a discussion of greedy heuristics, the algorithmic approach taken

for the computational methods presented in this thesis.

2.1 whole timber construction

2.1.1 Preface to “Whole Timber Construction: A State of the Art Review”

Considerable research and built structures in recent decades have demonstrated the

potential for minimally processed “whole” (round) timbers to serve as a low-impact

structural material which, by providing a high-value market for low-value timber, may

form part of a set of market-based strategies for addressing sustainable forest management

challenges faced in many forested regions worldwide.

Unlike some engineered timber products and steel structural elements, whole timbers

may not be specified at arbitrary cross-sections. Instead, whole timbers must be used

in structures in the cross-sections in which they are available, or at somewhat smaller

dimensions if they are to be mechanically rounded to a uniform diameter. Longitudinal

connections of whole timbers are typically challenging and expensive, while cuts of

whole timbers to length are straightforward and cost-effective, meaning that whole timber

elements are most economically used at lengths no greater than their original lengths as

harvested. These constraints, combined with limits on the quantity of timbers available at

given cross-sections and lengths, mean that construction with whole timbers presents an

ICSD scenario, the first of two key applications of ICSD addressed in this thesis.

The following paper presents a review of the state of the art of whole timber construction,

summarising developments in the field since the year 2000. Historic, contemporary, and

future applications of whole timber as a construction material are discussed. Geometric
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2.1 whole timber construction

survey and material characterisation techniques are summarised, and the design of whole

timber structural systems and connections are reviewed. A selected list of key recently

completed whole timber structures is also provided.

As discussed in the paper, the increasing digitisation of forest management practices

is likely to mean that in future, geometric data for individual trees over large forest

areas may become increasingly available, representing large geolocated inventories of

potential structural elements. New ICSD techniques for whole timber could leverage such

datasets in the design of whole timber structures which achieve structural and architectural

design goals while efficiently using low-value timber from nearby forests. Such a design

approach, combined with forest management strategies which aim to make low-value

small-diameter timber available for high-value construction markets, could in future form

part of regional strategies for linking sustainable forest management practices with low-

impact construction in rural areas.
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Abstract

Forests worldwide are overstocked with small-diameter trees, putting them at increased risk of

disease, insect attack, and destructive high-intensity wildfires. This overstocking is caused primar-

ily by the low market value of these small-diameter trees, which are generally unsuitable for sawn

timber production and yield low prices when sold for biomass fuel, paper, or fibre-based engineered

timber products. Considerable research in recent decades has demonstrated the potential for these

small-diameter trees to be used in minimally processed round segments as structural elements in

buildings, bridges, towers, and other infrastructure. Recent structures have also demonstrated the use

of trees with major curvature and branching, which are also of low market value, in their round form

as primary structural elements. Such “whole timber” construction serves as a low-cost, low-impact

building system while providing revenue to forest owners to conduct harvests of low-value trees as

required for sustainable forest management. This paper reviews developments in whole timber con-

struction, presenting new non-destructive evaluation techniques, digital survey, design and fabrication

methods, new processing technologies, and a diverse range of novel connection types and structural

systems. It is shown that the key materials characterisation, processing, and design challenges for

whole timber construction have been largely addressed, and that whole timber has the potential to be

an important complement to other timber products in construction globally in the coming decades.

It is recommended that future work focus on exploiting new digital technologies and scaling whole

timber structural applications through increased prefabrication.

Keywords: sustainable forestry, thinnings, round timber, whole timber, timber structures,

non-destructive evaluation, sustainable construction, timber connections, structural design, digital

design

1. Introduction

1.1. Historical Applications

Minimally processed round segments of trees, or “whole timber”, have been used as load-bearing

elements in human structures since at least as early as the Neolithic (Coudart, 2013). Numerous

∗Corresponding author
Email address: a.m.bukauskas@bath.ac.uk (Aurimas Bukauskas)

Author’s accepted manuscript. Published article can be found at: https://doi.org/10.1016/j.conbuildmat.2019.03.043
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examples of architecture by pre-industrial societies worldwide show the variety and ingenuity with

which cultures have taken advantage of the inherent structural characteristics of timber in its whole

form to create large-scale buildings, bridges, and fortifications. Particularly notable examples are the

actively-bent longhouse frames of the Iroquois (Nabokov et al., 1989), the gridshell-like Fale of pre-

colonial Samoa and Tonga (Barnes and Green, 2008), the log-type churches of pre-industrial Russia

(Brumfield, 1997), and the “woven timber arch” bridges of Song-dynasty China (Figures 1a, 1b, and

16d) (Zhou et al., 2018).

Whole timber was also used on a massive scale during industrialisation in forested regions world-

wide, being incorporated into bridges and various temporary structures (Figure 2) in expanding road

and railway networks (Keefer, 1888). The temporary logging “trestle” bridges of the Pacific Northwest

of the United States are a particularly striking example. Engineers in these areas used abundantly

available timber in its whole form as combined foundation piles and above-ground load-bearing ele-

ments, rapidly erecting large bridges and viaducts at low cost. Figure 2 shows the Cedar River logging

trestle bridge, built in 1925 by the Pacific States Railway Company. The bridge used 30 metre whole

timbers as primary structural elements, and was among the tallest trestle bridges in the world at the

time, at 62 metres in height (Slauson, 1971).

Later, whole timber was used as cost-effective utility poles for rural electrification and telecom-

munications (Wolfe, 1999) – a practice which continues today. Whole timber has also been used

throughout history and to the present day as low-cost structural foundation piles. In industrialised

regions, the development of inexpensive timber fasteners and the industrialisation of timber processing

and distribution has led to the almost exclusive use of sawn timber and engineered timber products

in above-ground structures today.

1.2. Contemporary Applications

Starting in the 1960s and continuing to the present, governments in forested regions around the

world have been increasingly faced with a major forestry challenge: an overabundance of small-

diameter trees (100-250 millimetres in diameter), putting forests at increased risk of destructive high-

intensity wildfires, disease, and insect attack, while suppressing the growth of trees intended for

commercial harvests (Wolfe, 2000; Fernández-Golf́ın et al., 2007; Scott et al., 2011; Lim et al., 2013;

Bayatkashkoli and Hemmati, 2015; Fuchigami et al., 2016; Erber et al., 2016; Underhill, 2017; Vega

et al., 2017; Hiroshima et al., 2018).

This overstocking is caused largely by insufficient prescribed low-intensity burning in fire-prone

forests, and insufficient early harvests (“thinnings”) in planted forests. In plantation forestry, trees

are typically planted in tight spacings to promote straightness and high growth ring density, generally

with the requirement that they be thinned one or two times before final harvest. Thinning is expensive

however, and the value of small-diameter trees is low in most regions, meaning that forest managers

often cannot cover the costs of the thinnings necessary to ensure the health and profitability of their

forests through to the final harvest.

Small-diameter trees typically have large fractions of structurally inferior juvenile wood and knots

2.1 whole timber construction
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(a)

(b)

Figure 1: 1a: The “Rainbow Bridge” in Bianjing, China, shown depicted in the Song Dynasty painting “Along the
River During the Qingming Festival” by Zhang Zeduan (1085 — 1145 CE), used a “woven timber arch” of whole timber
as its primary structure (Zhou et al., 2018). Public domain image (Zeduan, 1145). 1b: The Xianju Bridge is one of an
estimated 100 whole timber woven timber arch bridges remaining in China (Zhou et al., 2018). Photograph by Azrael
Green (CC BY-SA 3.0) (Green, 2011).
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Figure 2: The Cedar River logging railroad trestle bridge, built in 1925. Photograph by Darius Kinsey (Kinsey, 1925).
Courtesy of the Maple Valley Historical Society.

and are often too small in cross-section to yield enough structural-grade sawn timber to justify their

harvest (Erikson et al., 2000; Lowell and Green, 2001; Hernandez et al., 2005). Industries which pro-

cess small-diameter timber into fibre-based engineered wood products, pulp for paper production, or

biomass products for energy and heating have high processing costs and suffer from global commodity

market price fluctuations, resulting in low and unreliable revenues for forest owners selling to these

markets (Wiedenbeck et al., 2016; Ranta et al., 2017). Structural glue-laminated beams and panels

(cross-laminated timber) using boards from small-diameter trees are a promising application (Hunt

and Winandy, 2003; Hernandez et al., 2005; Herawati et al., 2010; Komariah et al., 2015; Liao et al.,

2017), but may also be complicated by low yields of lamination-grade boards from small-diameter

trees with large fractions of juvenile wood (Hernandez et al., 2005).

A number of studies worldwide have identified the opportunity for small-diameter timbers to be

used as structural elements in their whole, round form, requiring minimal processing, and offering

high market value to forest owners seeking to conduct thinnings (Burton et al., 1998; Ranta-Maunus,

1999; Wolfe, 2000; LeVan-Green and Livingston, 2001; Brito, 2010). The strength-reducing effects

of knots are less severe for small-diameter timber used in its whole form, because the strength of

structural timber is largely governed by local fibre discontinuities around knots caused by sawing

(Wolfe and Murphy, 2005). Whole timbers also have significantly higher cross-sectional area and

section modulus than the largest sawn elements which can be produced from them, as determined by

an inscribed rectangle at the smaller end of a tapered whole timber. The life-cycle impact of whole

timber construction has also been shown to be lower than conventional sawn timber construction at

a residential scale, provided whole timber is used close to its source (Cooke, 2011).

2.1 whole timber construction
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A number of whole timber structural product suppliers and fabricators have been established in

recent decades (WholeTrees, n.d.a; TTT, n.d.; Loggo, n.d.; FEEL, n.d.), demonstrating the market

potential for increased use of whole timber in high-value structural applications. These businesses,

besides engaging in design and fabrication of bespoke whole timber structures, have developed and

marketed standardised prefabricated whole timber construction elements such as panelised floor and

wall plates (Figures 16o,16p,17a), beams (Figures 18 and 16t) and roof truss elements (Figures 16t,16i),

space trusses (Figures 3a and 3b), and foundation systems at relatively high production volumes, with

the potential for significant scaling in the future.

A number of researchers have also developed low-cost structural applications for whole timber in

rural and developing regions (Logsdon, 1982; Jayanetti, 2000; Brito, 2010; Brito and Junior, 2012;

Brose, 2018). These designs take advantage of the minimal processing, skilled labour, and expensive

equipment required to build using whole timber in its most basic form. Finally, a key thread of whole

timber research has explored the use of curved and forked trees, which are also of low market value,

in high-value architecturally expressive structures with the help of new digital survey, design, and

fabrication tools and re-imagined traditional carpentry methods (Sahu and Wang, 2015; Mollica and

Self, 2016; Devadass et al., 2016; Self and Vercruysse, 2017; Von Buelow et al., 2018; WholeTrees,

n.d.a; Marshall et al., 2018).

1.3. Future Applications

As timber construction, through its low life-cycle impact and carbon sequestration benefits, is

increasingly seen as the most sustainable building system in many regions (Tettey et al., 2019), whole

timber is likely to occupy a number of important niches in the industry depending on local resource

availability, processing capability, and construction needs. Because of the potentially higher emissions

associated with its transport due to low packing efficiency and often high moisture contents when

used in construction (Mayhew, 2018), whole timber is likely to be most appropriate where used

locally. Figure 4 shows the density of forest cover globally, and is a general indication of the regions

where timber, and in particular whole timber, is likely to be an appropriate building material.

As climate change further intensifies the frequency and severity of major wildfires (Jolly et al.,

2015; Seidl et al., 2017), a key application of whole timber construction in future may be in and near

communities at risk of forest fire. Whole timber construction businesses in these areas could provide

high-value markets for small-diameter timber from fuel reduction thinnings near such communities,

where such fuel treatments are most effective at reducing risk to life and property from wildfires

(Schoennagel et al., 2017). The building systems sold by these businesses could provide low-cost, low-

impact construction solutions needed for disaster relief shelter, relocation, and reconstruction efforts

as part of a regional adaptive wildfire resilience strategy.

Many regions, particularly in the Global South, face significant affordable housing and infrastruc-

ture shortages (Bredenoord et al., 2014), which must be addressed using construction technologies

with low associated greenhouse gas emissions if global emissions are to be kept within safe levels.

Subject to appropriate mechanical characterisation, the use of low-value timber from abundant indus-
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(a)

(b)

Figure 3: 3a: The roof truss of the Muroto Indoor Stadium (built in 2017 in Muroto, Japan) is the largest known
whole timber spanning structure today, covering a floor area of 50 by 50 metres and doubling as an earthquake-resistant
disaster relief shelter. 3b: View of structural connections in Muroto Indoor Stadium roof truss during construction.
Photographs courtesy of Professor Katsuhiko Imai.
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Figure 4: Global forest cover density in 2010. Adapted with permission of the United Nations Food and Agriculture
Organisation (FAO, 2012).

Unregularised Round Flat-sided

Round

Hollow

Core

Round

Profiled

Round

Whole

Figure 5: Classification of whole timber by degree and type of processing.

trial tree plantations in these areas as structural elements in minimally processed whole form could

serve as part of a low-cost, low-impact building solution for affordable housing and infrastructure in

these developing regions.

Finally, new digital technologies for survey, design, and fabrication of structures using trees with

significant curvature and branching may create potential for new high-value construction markets

for such low-value trees in developed regions, contributing to a more balanced consumption of forest

resources in these areas.

1.4. Review Aims and Scope

In the past several decades, a significant body of research on whole timber construction has devel-

oped worldwide, and numerous innovative and celebrated structures have been built using whole timber

(Figures 3a,7a,7b,17b,19a,19b,20,21, Table 5). Major efforts by the United States Forest Products Lab

and a European project around the turn of the millennium produced reviews of the literature of whole

timber materials testing, design, and construction at the time (Ranta-Maunus, 1999; Jayanetti, 2000;

Wolfe, 2000; Barnard, 2001; Stern, 2001; LeVan-Green and Livingston, 2001). There has, however,

been no globally comprehensive review of whole timber construction since these publications. This
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has resulted in unrealised potential as innovations in material survey and characterisation, processing

technologies, connection design, and structural systems since this time have not been applied in other

locations where they could have positive social and environmental impact. This paper reviews the

literature and built examples of whole timber construction over the past two decades, with the aim of

facilitating better cross-fertilisation of ideas globally in the field and accelerating future research and

design.

In the past, literature in the field has typically referred to unsawn timber as “round timber”,

regardless of whether timbers had been used in its original irregular and tapered form, mechanically

rounded to a circular section, or undergone further mechanical processing. In this paper, for clarity,

the term “whole timber” is introduced as an overarching definition to describe timbers which are

left substantially whole, but may undergo various degrees of additional processing. This processing

may include mechanical rounding, flat-siding, hollow coring, profiling, or no mechanical processing

other than debarking, in which case timbers are considered to be “unregularised” (Figure 5). Where

relevant, the degree of processing, as defined in Figure 5, is mentioned explicitly in the text.

2. Properties of Whole Timber

Whole timber (in particular, small-diameter, forked, and curved timber) has a number of physical

characteristics which distinguish it from sawn timber products, and which must be considered for

construction purposes. The following sections discuss these properties.

2.1. Bending Strength of Whole Timber

Various studies have demonstrated that unsawn timbers have higher and less variable bending

strengths than sawn timbers (Sandoz, 1991; Wolfe, 2000). This increased strength can be attributed

to two factors: unbroken fibre continuity around knots in unsawn timbers, and a favourable shape

factor for circular timber sections in bending compared to rectangular ones.

Local fibre discontinuities around knots in sawn sections are the main factor contributing to bend-

ing failure in sawn timber. In unsawn timber, fibres travel around knots, resulting in a semi-ductile

failure phase and higher ultimate strength in bending (Sandoz, 1991).

In an investigation of the bending strength of non-standard timber cross-sections, Newlin and

Trayer (1924) found that small clear timber samples with circular cross-sections exhibited average

bending strengths approximately 1.15 times that of square sections of equivalent area. This increased

strength can be attributed to the effect of section geometry on the elastic-plastic failure behaviour of

timber cross-sections in bending (Brunner, 2000).

In practice, whole timbers are often partially sawn to have one or more flat faces (flat-sided),

notched, or mechanically rounded to constant diameters in order to simplify connection details and

fabrication procedures, or due to aesthetic preference. Flat-siding breaks fibre continuity in the

most highly stressed regions of the timber cross-section, resulting in reduced bending strengths, but

apparently without significant effect on compression strengths or longitudinal modulus of elasticity

(Villasante et al., 2016). ASTM D3957, a standard intended for grading of whole timber for log home

2.1 whole timber construction
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Figure 6: Occurence of heartwood, sapwood, juvenile wood and mature wood in trees. Longitudinal shrinkage cracks
related to drying are also shown. Adapted in part from Kretschmann and Bendtsen (2007). Courtesy of the United
States Department of Agriculture Forest Service, Forest Products Laboratory.

construction, provides guidance on the maximum depth of such flat-siding, limiting the removals to

30% of the radius of the whole timber), and recommends that the favourable form effect ascribed to

unsawn whole timbers not be applied to flat-sided whole timbers (ASTM, 2015). Notching timbers

(flat-siding timbers for a portion of their length) also has certain strength reducing effects, which may

not be accurately accounted for in conventional design standards for rectangular sections. Dewey

et al. (2018) describes approaches for accounting for strength reductions due to notches in whole

timber sections. See Section 5.3 for a discussion of the effects of mechanical rounding.

The improved bending strength of whole timber is often cited as a reason for using it in structures

(Wolfe, 2000). While whole timbers likely have higher bending strengths than similarly-sized sawn

timber elements, it is important to point out that member stiffness and connection strengths (not

member bending strengths) more typically govern the design of timber structures.

It should also be noted that the presence of juvenile wood in whole timber (Figure 6) affects the

failure mode in bending. Green et al. (2008) found that timbers of small diameters (3 - 7 inches (75-175

millimetres)) and large proportions of juvenile wood failed in bending in a “brash” (brittle) manner,

raising some concerns about their appropriateness for use in bending applications with minimal load-

sharing.

2.1 whole timber construction
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2.2. Juvenile Wood in Whole-Timber

Juvenile wood, also known as “corewood” or “crownwood”, is the wood produced during the

first 5-20 years of growth of a tree in its active crown (see Figure 6) (Moore and Glencross-Grant,

2017; Kretschmann, 2010). Juvenile wood is known to have undesirable mechanical properties for

use as structural timber, with roughly 10% to 50% lower bending strength, tensile strength, and

modulus of elasticity than mature wood (Kretschmann, 2010). Juvenile wood also exhibits much higher

longitudinal shrinkage when dried than mature wood (as much as 10 times higher) (Kretschmann,

2010), which may lead to increased dimensional instability, such as twisting, during drying (Boren

and Barnard, 2000). Juvenile wood is also likely to be less naturally resistant to decay than mature

wood (Latorraca et al., 2011; Schimleck et al., 2018), and to contain more knots (Wolfe and Murphy,

2005), which further reduce its strength.

The emphasis on the use of young, small-diameter trees in whole-timber construction means that

whole timber used in construction is likely to have high proportions of juvenile wood. Selection and

grading standards for structural whole timber often exclude timbers of small diameters, or specify

minimum growth ring densities to limit the amount of juvenile wood in structural timbers (ASTM,

2017d,b; AS, 2010). This means that the design values provided by these standards are not safely

applicable to many small-diameter timbers, and designers must conduct their own destructive testing

to characterise the properties of the whole timber considered for construction (See Section 4.1 for a

discussion of destructive testing of whole timber).

It is also important to point out that, although standard timber design guidance typically includes

a favourable size effect strength adjustment for timbers of smaller cross-sections based on the Weibull

“weakest link” theory of brittle material failure, this adjustment cannot safely be applied to timbers

with large fractions of juvenile wood. Larson et al. (2004) confirmed the existence of a size effect for

whole timbers, but noted that this effect was counteracted by the presence of juvenile wood in timbers

with large proportions of it.

2.3. Mechanical Properties of Curved Timber

Trees may develop significant curvature as a reaction to available light, obstacles, competitors,

or due to the effects of wind or snow loads (Groover, 2016). Trees with major curvature have poor

market value, and may have unfavourable mechanical properties due to their growing conditions.

When any limb of a tree grows at an angle of greater than one or two degrees beyond vertical, it is

likely to develop what is known as “reaction wood” (Wiedenhoeft, 2010; Groover, 2016). Reaction

wood helps trees respond to asymmetrical gravity loads experienced during growth (Groover, 2016).

Reaction wood may also be formed in vertically-growing trees subjected to increased lateral wind loads

experienced, for example, after a thinning (Cown, 1974). In hardwoods, reaction wood manifests itself

as “tension wood” and is largely found in the portion of the cross-section experiencing tension. In

softwoods, reaction wood takes the form of “compression wood” and is found in the portion of a limb

experiencing compression (Wiedenhoeft, 2010). Reaction wood is usually denser than normal wood,

and may be stronger. It however, exhibits much higher longitudinal shrinkage when dried to below
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fibre saturation point than normal wood (up to 5 times greater in tension wood and up to 10 times

greater in compression wood) (Glass and Zelinka, 2010). This can result in significant warping and

checking (longitudinal cracking) upon drying (Wiedenhoeft, 2010).

There is little literature concerning the mechanical properties of whole timbers with significant cur-

vature (and therefore, containing large fractions of reaction wood). Designers seeking to use curved

timbers in construction should be aware of the properties of reaction wood, and exercise good engineer-

ing judgement as to the appropriateness of the selected timbers for the chosen structural application.

It should be pointed out that due to fibre continuity, the structural performance and dimensional

stability of curved timbers used whole is likely better than if those timbers were sawn.

2.4. Mechanical Properties of Forked Timber

The mechanical properties of timbers with forks are not well understood. A number of researchers

have studied the anatomical features of branch junctions (Shigo, 1985; Slater and Ennos, 2013; Slater

et al., 2014; Slater and Ennos, 2015; Özden et al., 2017), and the mechanical behaviour of junctions

(Mattheck and Vorberg, 1991; Smiley, 2003; Gilman, 2003; Dahle et al., 2006; Kane, 2007; Kane et al.,

2008; Ciftci et al., 2014; Slater and Ennos, 2015; Buckley et al., 2015; Liang, 2015). At the time of

writing, little actionable guidance for determination of design capacities of junctions has resulted

from these studies. Several studies have suggested that the best predictor of the strength of junctions

subjected to spreading was the ratio of the diameters between branches (Gilman, 2003; Farrell, 2003;

Kane et al., 2008). However, even this was a relatively poor predictor (r ≈ 0.55) and not necessarily

applicable to species outside of the studies conducted. Some authors have suggested that the strength

of junctions with codominant branches (branches of similar diameter and no clearly subordinate

branch) is lower than equivalent junctions with clearly subordinate branches (Smiley, 2003; Gilman,

2003; Kane et al., 2008). Kane et al. (2008) cautions that codominant junctions should be considered

to have capacities of approximately 70% of non-codominant ones (at least for the species and diameter

ranges considered). Designers should proceed with caution when specifying forked timbers in their

structures and exercise good engineering judgement based on the available literature concerning the

species and junction typologies under consideration. Figures 7a and 7b show an example of forked

timbers successfully used as primary structural elements in a roof truss (Mollica and Self, 2016;

Devadass et al., 2016).

3. Geometric Survey

An accurate geometric survey of whole timber, whether of standing trees before harvest, or of

felled timber, is a critical step in whole timber construction, particularly if the timbers used will not

be processed to uniform diameters (see Section 5.3 for a discussion of mechanical rounding). Accurate

geometric measurements are required for back-calculation of mechanical properties during destructive

and non-destructive testing, for structural design, and for fabrication purposes.
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(a)

(b)

Figure 7: 7a: The Wood Chip Barn uses whole beech and larch timbers from the surrounding forest as primary structural
elements. (Mollica and Self, 2016; Devadass et al., 2016). 7b: Forked beech timbers are used as part of a Vierendeel
frame in the Wood Chip Barn (Mollica and Self, 2016; Devadass et al., 2016). Courtesy of the Architectural Association
School of Architecture.
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3.1. Survey Methods

Traditionally, geometric information about whole timber for construction has been collected using

conventional manual measurement tools (tape measure, tree callipers). In these cases basic mea-

sures are recorded: usually length, butt and tip diameter, sweep and crook (Jayanetti, 2000; ASTM,

2017b,d). Taper is typically assumed to be linear between end-diameter measurements (Wolfe, 2000).

In the past two decades, new 3D scanning tools such as photogrammetry and LIDAR, combined with

new CAD approaches and digital fabrication tools have made it increasingly possible for designers to

consider timber with highly irregular geometries (forks, major curvature) for construction (see Figures

7a and 7b) (Stanton, 2010; Monier et al., 2013; Sahu and Wang, 2015; Mollica and Self, 2016; Devadass

et al., 2016; WholeTrees, n.d.b; Self and Vercruysse, 2017; Von Buelow et al., 2018; Marshall et al.,

2018; Allner and Kroehnert, 2018).

3.2. Scan Data Post-Processing and Registration

A key challenge with using 3D scanning technologies for whole timber construction is the ratio-

nalisation of surface representations (Figure 8a) into forms which are more convenient for structural

design, analysis, and fabrication. Miller (2013), Devadass et al. (2016), and Allner and Kroehnert

(2018) used a “skeleton” representation (Figure 8b) whereby a skeleton representing the area centroid

of circles fitted to a timber surface representation was used for alignment of structural members during

design, and for a finite element analysis.

Another challenge in 3D scanning applications for whole timber is the accurate registration of scan

data to physical timbers for fabrication and assembly purposes. Devadass et al. (2016) described a

method whereby physical marker holes on timbers were captured in photogrammetry scans and used

as physical positioning points on a fabrication jig.

3.3. Forest Inventory Data

Increasingly, airborne and terrestrial laser scanning (Figure 9) and photogrammetry are being

used for forest inventory by forest managers (Hyyppä et al., 2018). Some of these tools are capable

of producing three-dimensional surface representations of individual trees for entire forest plots with

millimetre-level precision (Liang et al., 2016). Such digital survey data of forests is expected to become

increasingly commonplace as technology matures and costs are reduced (Liang et al., 2016). In future,

this inventory data, subject to appropriate mechanical characterisation and identification of strength-

reducing defects in the trees in question, could be used to explore feasible whole timber designs which

take into account the regional availability of trees with particular geometric characteristics (diameter,

taper, curvature, forks).

4. Material Characterisation

In order to design safe, serviceable, and efficient structures, designers must be able to accurately

characterise the mechanical properties of the structural materials to be used. The determination of
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(a)

(b)

Figure 8: 8a: Surface mesh representation of timber produced using photogrammetry. 8b: “Skeleton” representation of
a whole timber generated from post-processing of surface mesh representation (Mollica and Self, 2016). Adapted with
permission of the Architectural Association School of Architecture.

Figure 9: Terrestrial laser scanning (TLS) of a forest plot. With permission from Liang et al. (2016).
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Table 1: Selected material grading, testing, and design standards relevant to whole timber construction (ASTM, 2017d,
2015; ANSI, 2017; ASTM, 2014, 2017b, 2015, 2017a,c; NDS, 2018; BSI, 2010, 2005; NZS, 1993, 2001; ICC, 2017).

Org. No. Relevance to Whole Timber Construction

Selection & Grading
ASTM D3200 Adapts ASTM D25 whole timber pile visual grading criteria and ASTM D2899

design adjustments to structural whole timbers.
ASTM D3957 Visual grading rules and design value adjustments for flat-sided and profiled

round timber elements.
ANSI O5.1 Visual grading criteria for utility poles.
EN 14229 Visual grading criteria and destructive testing methods for utility poles.
NZS 3605 Visual grading criteria and proof testing methods for “house piles” and

construction poles and piles.
Destructive Testing
ASTM D198 Test methods for full-scale timber elements of any cross-section (applicable to

whole timber).
ASTM D1036 Cantilever bending tests for utility poles and methods for extracting small clear

samples from whole timber.
EN 14251 Test methods for full-scale whole timber for use in structures.
Design
ASTM D2899 Design value adjustments for whole timber piles.
ICC 400 Log home design standard.
ANSI/AWC NDS United States timber design standard. Includes section dedicated to whole

timber design, referencing ASTM D2899.
NZS 3603 New Zealand timber design standard. Provides strength adjustments for

mechanical peeling (debarking).
AS/NZS 7000 Provides strength adjustments for mechanical rounding of whole timbers.

characteristic materials properties values for whole timber for construction is challenging for a number

of reasons.

Firstly, whole timber is typically not sold by conventional timber products suppliers as a graded

structural product. This means that designers must often purchase whole timber directly from foresters

or landowners and conduct their own material characterisation, which may be an unfamiliar and

daunting process. Furthermore, designers seeking to build with whole timber often aim to use trees

with small diameter, high proportions of juvenile wood, and curvature and branching. Trees with

these characteristics often fall outside of scope of the limited standards available for whole timber

material grading, testing, and design. Table 1 summarises a selected list of standards globally which

are often used as guidance for whole timber research, design, and construction. This summary is

intended to facilitate finding relevant guidance for specific whole timber research and construction

scenarios more easily.

The rest of this section describes methods designers can take to determine characteristic mechanical

properties of whole timber for construction. Generally, designers have three approaches by which to

determine the characteristic mechanical properties values of whole timber. These approaches may be

used independently, or in combination with one another:

1. Determine characteristic values from standard guidance for visual grading / selection themselves

or through a certified grading company. Timber must be of a species and provenance included

in the guidance and meet minimal grade criteria.

2. Conduct destructive tests of a representative sample of the whole timber material to infer char-
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acteristic values for the remaining material to be used in construction.

3. Develop a non-destructive evaluation model for a similar or representative sample of the material,

then use this non-destructive evaluation method to grade all of the material to be used in

construction.

Designers have also used non-destructive evaluation methods as preliminary timber selection aids

and as an additional safety measure to identify defects and unexpectedly poor unfavourable mechanical

properties in individual members.

4.1. Destructive Testing

A number of built projects have used destructive testing to determine the mechanical properties

of whole-timber to be used in construction (Huybers and Disney, 2002; Woodward and Zoli, 2013).

Destructive testing is also used to develop statistical relationships between non-destructive evaluation

results and the true strength properties of a batch of whole timber members.

Destructive testing of “small clear samples” cut from whole timbers are a relatively convenient

and cost-effective way of characterising the mechanical properties of timber in question disregarding

the strength-reducing effects of knots and slope of grain (Woodward and Zoli, 2013). Results from

small clear sample tests can only be adjusted to design values for full-scale members when the timbers

tested conform to the grading rules established in the grading and selection standard corresponding to

the given design value adjustment standard. These grading rules prescribe limits on strength-reducing

characteristics such as knots, slope of grain, and other defects. ASTM D25, for example, provides

grading rules for whole timbers to be used as structural piles, for which ASTM D2899 is the relevant

design value adjustment standard (ASTM, 2017b,c). Destructive testing of full-scale members must

be conducted in order to establish the strength properties of whole timbers when the timbers in

question do not conform to grade criteria. The EN 14251 standard provides full-scale destructive test

methods specifically for structural whole timbers, and ASTM D198 and D4761 provide destructive

test methods primarily intended for timbers with rectangular cross-sections, but are also applicable

to whole timbers (BSI, 2005; ASTM, 2015, 2018).

4.2. Non-Destructive Evaluation Techniques

Non-destructive evaluation (NDE) of structural timber is often used to estimate the mechanical

properties, and, in particular the strength, of timber without actually having to test that material to

destruction. Visual grading, the oldest NDE approach for timber, allows for prediction of strength by

correlating externally visible growth characteristics and strength-reducing traits with destructive tests.

A key research challenge for whole timber construction has been the application of more sophisticated

timber NDE methods, such as machine stress grading, acoustic and vibration methods, and x-ray

scanning to whole timber to improve the accuracy and speed of mechanical properties characterisation

of whole timber for construction. Table 2 provides a selected list of research into NDE methods for

whole timber, and is intended to allow researchers to quickly determine which studies over the past
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Table 2: Selected research into non-destructive evaluation techniques for whole timber. The symbol • indicates that
the study in question used the given NDE method. For each study, it is indicated whether the timbers used were
mechanically rounded or left unregularised.

Author Mech.
Rounded?

Visual
Grading

Static
Bending

Trans.
Vibration

Long.
Stress
Wave

X-Ray

Chui et al. (1999) No • • •
Ranta-Maunus (1999) No • • • •
Wolfe (2000) No • •
Wang et al. (2001a) No • • •
Wang et al. (2004) No •
Green et al. (2004) Yes • • • •
Green et al. (2006) Yes • • • •
Prieto (2007) Yes • • •
Fernández-Golf́ın et al.
(2007)

Yes • • •

Morgado et al. (2009) No • •
Vestøl and Høibø (2010) No • •
Giudiceandrea et al. (2011) No •
Moore et al. (2013) No • •
Elsener et al. (2013) No •
Roussel et al. (2014) No •
Giudiceandrea et al. (2016) No •
Carreira et al. (2017) No • •
Vega et al. (2017) Yes • • •
Morgado Telmo F. M. et al.
(2017)

No • • •

Ruy et al. (2018) No • •

two decades are relevant background literature for the NDE method which is to be studied or applied,

taking into account whether timbers were tested in unregularised or mechanically rounded form.

While many of these studies demonstrate the feasibility of NDE techniques for whole timber

strength grading, it is important to point out that before such methods can be used to grade whole

timber with confidence in the field, extensive testing for large numbers of timbers of the species

and provenance in question must first be carried out to develop the statistical relationships between

NDE tests and actual strength values determined by destructive testing. Some whole timber supply

and construction businesses have invested in extensive testing programs to develop NDE models for

their whole timber resource, with the aim of improving the accuracy of design values and reducing

over-design of whole timber elements in their built structures (SBIR, n.d.).

4.2.1. Visual Grading

A number of visual grading standards have been developed for whole timber. ASTM D3200 was

developed in order to adapt existing grading rules for whole timber piles to the use of whole timber

as structural poles on a single grade pass/fail basis, and was included into the United States National

Design Specification for Wood Construction in 2001 (Line et al., August 1 - 4, 2004). ASTM D3200

replaces the diameter and taper requirements of ASTM D25 visual grading standard for piles, but

otherwise uses all the rules specified in D25, and recommends that ASTM D2899, the design standard

for whole timber piles, be used to determine design values for structural poles.
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The log home industry has developed a standard (ASTM D3957) intended as guidance for log

suppliers to develop their own commercial visual grading rules and design values for whole timbers

intended for use in log buildings (Burke, 2004; ASTM, 2015). In particular ASTM D3957 provides

guidance on developing visual grading methods for whole timbers which have been flat sawn on one

face, and therefore are more vulnerable to fibre continuity-related failures than unsawn whole timbers.

D3957 categorises unsawn and flat-sided whole or round timbers intended for use as bending elements

as “sawn round timber beams”.

To date, two timber products inspection companies (Timber Products Inspection (TPI, n.d.) and

the Log Home Council (Log and Timber Homes Concil (LHC), n.d.)) have been accredited to provide

commercial grading services for sawn round timber beams according to grading rules which they have

developed based on ASTM D3957 for a number of species of timber commercially available in the

United States (Burke, 2004; TPI, 2008). Sawn round timbers are intended for use in structures as

bending or compression elements. Their grades are typically listed as “Unsawn” along with two to

three grades (“No 1”, “No 2” etc.) for timbers which are sawn on one face. Occasionally, “Unsawn”

timbers are graded into two separate strength classes.

Based on a study of small diameter whole timber conducted as part of a major European re-

search project, Ranta-Maunus (1999) proposed a voluntary product standard (VPS-SRT-2) for the

development of new visual grading standards for whole timber intended for use as structural poles.

Ranta-Maunus (1999) developed and proposed one such visual grading standard for Scandinavian-

grown Scots Pine and Norway spruce smaller than 200 mm in diameter based on testing conducted

during the study, but no other visual grading standards have been developed based on VPS-SRT-2.

Qualitative grading standards (such as EN 1927, EN 1316) also exist in some countries for prelimi-

nary sorting of logs during purchasing, but the grading criteria in these standards, have, by definition,

not been correlated with destructive tests, and so cannot be used to estimate strength properties (BSI,

2008, 2012).

Visual grading criteria also exist for utility poles (ANSI O5.1, EN 14229), but these may be of

limited applicability to structural whole timber because the governing failure mode of utility poles is

bending failure due to transverse loads as cantilever columns rigidly fixed at their base, a scenario not

common for whole timber used in construction.

Visual grading is convenient because it requires minimal equipment and can be carried out easily

in remote sites. However the mechanical properties values predicted by visual grading may be quite

conservative because of the relatively poor correlation between visually observable characteristics and

mechanical behaviour. Green et al. (2006) found that ASTM 3957 visual grading procedures for

mechanically rounded 9 inch (23 cm) logs resulted in very conservative predictions of bending and

compression strength. For a group of softwood species, allowable bending strengths predicted by

visual grading were 40%-60% of those determined by destructive testing, and predicted compression

strengths were around 40% of testing-derived values.
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Figure 10: Longitudinal stress-wave testing of whole timbers (Wang et al., 2001b). Courtesy of the United States
Department of Agriculture Forest Service, Forest Products Laboratory.

4.2.2. Static Bending

Non-destructive static transverse bending tests, typically referred to as “mechanical grading” or

“machine stress grading”, are a common non-destructive evaluation technique in sawn timber grading.

These tests, conducted in the elastic range, are used to estimate the longitudinal modulus of elasticity

(MOE) of the timber element. In timber, longitudinal MOE is strongly correlated with strength

properties, and this relationship is the basis for a number of NDE techniques which, by measuring the

MOE of timbers, provide a means for predicting their strength (Galligan and McDonald, 2000; Ross,

2015). The MOE-strength correlation has also been shown to be strong (r ≈ 0.75) for small-diameter

whole timber (De Vries and Gard, 1998; Morgado et al., 2009). Although a number of authors have

successfully demonstrated the use of mechanical grading for whole timber (see Table 2), imperfections

in the roundness and straightness of unregularised whole timbers made accurate determination of

their geometric properties difficult, affecting the accuracy of MOE calculations (Wang et al., 2001a).

The geometric survey methods described in Section 3 could be applied here to obtain more accurate

measurements of geometry for such bending tests. The tapered form of unregularised whole timbers

also makes the back-calculation of MOE from load-displacement results somewhat more challenging

than for timbers which have been processed to a uniform diameter. Wolfe (2000) describe a “moment-

area” method for performing these calculations for tapered members based on a hybrid of methods

described in ASTM D143 and ASTM D1036 (ASTM, 2014, 2017a). Alternatively, finite element

methods using a “skeletonisation” approach could be conveniently applied here using log geometries

determined by 3D scanning.

4.2.3. Acoustic Methods

Acoustic NDE methods for timber use impacts or transducers to induce internal stress waves in

timber samples. Various characteristics of these waves are then recorded to infer properties of the

timber in question (Wang and Carter, 2015). The most mature acoustic NDE technology applicable

to whole timber characterisation is longitudinal stress wave testing (Figure 10). Longitudinal stress

wave testing works by inducing a stress wave at the end of a timber with a hammer or a transducer

and recording the time taken for the wave to travel along the length of the timber, either through a

single time-of-flight measurement, or through a resonance measurement which captures the repeated
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reflection of the stress wave from end-to-end in the timber (Ross, 2015). The longitudinal MOE of the

timber is inferred by assuming one-dimensional wave behaviour, and calculated using the equation

MOE = C2ρ, where C is the velocity of the stress wave, as calculated by its time of flight and the

length of the timber, and ρ is the mean overall density of the timber. As with static bending, this

MOE is then used to predict strength. A number of studies have demonstrated the effectiveness of

longitudinal stress wave testing for strength grading of whole timber (see Table 2). However, Wang

et al. (2004) found that log diameter had a significant effect on longitudinal stress wave velocity for

small diameter timbers. Wang et al. (2004) proposed a multi-variable regression model which included

log diameter as a predictor of stiffness. This model resulted in relatively good prediction of modulus of

elasticity (as measured by static bending tests of the same material) with coefficients of determination

of R2 ≈ 0.7 to R2 ≈ 0.9. The effect of log diameter on stress wave velocity was also confirmed by Ruy

et al. (2018).

A number of commercial products are available for longitudinal stress wave testing, as handheld

devices or as devices integrated into the heads of harvesters or sawmill production lines. The relatively

strong predictive power and ease of use of longitudinal stress wave testing in the field and throughout

the supply chain of whole timber products make it a powerful tool for selection and grading of whole

timber for structural applications. A growing body of research has also explored more sophisticated

measures of wave behaviour in whole timber elements with respect to orthotropic material properties,

and more accurate models of stress wave propagation (Elsener et al., 2013; Subhani et al., 2016; Xu

et al., 2018; Wang et al., 2018).

A number of studies have also demonstrated the effectiveness of acoustic methods for NDE of

standing trees (Senalik et al., 2014; Rudnicki et al., 2017), which could be useful for improving the

efficiency and usable yield of harvests of whole timber for construction purposes.

4.2.4. Transverse Vibration Testing

Transverse vibration testing (Figure 11) works by measuring the displacement time history of a

slender timber element subjected to a transverse impact. The timber is assumed to behave as a single

degree of freedom damped oscillator as it vibrates transversely in its fundamental bending mode. A

natural frequency is inferred from the displacement time history, which is then used to back-calculate

the MOE of the timber (Ross, 2015). As with static bending and longitudinal stress wave testing, this

MOE is then used to predict strength based on the strong correlation between MOE and strength. A

number of studies have demonstrated that transverse vibration is an effective means of predicting the

stiffness of whole timber (see Table 2) (Green et al., 2006; Carreira et al., 2017). Wang et al. (2001a)

found that transverse vibration testing appeared to be less sensitive to geometric imperfections than

longitudinal stress wave testing. However, the tapered cross-section of unregularised whole timbers

may still complicate accurate back-calculation of MOE from vibration results. Chui et al. (1999) and

Murphy (2000) proposed methods for performing this calculation for tapered round timbers. Here

again, 3D scanning and a finite element analysis could help to address issues related to geometric

variability.
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Figure 11: Transverse vibration testing setup for non-destructive evaluation of whole timbers used by Carreira et al.
(2017). With permission from Carreira et al. (2017).

4.2.5. X-Ray Methods

X-ray scanning of timber works by recording the attenuation of radiation which has passed through

a timber element (in the same way as used in medical imaging or other common X-ray applications).

The degree of attenuation of radiation is related to density (Wei et al., 2011), and, because timber

strength and stiffness is strongly correlated with its density, can be used to infer mechanical proper-

ties (Oja et al., 2001). X-ray scanning can also be used to detect defects or foreign objects in timber

(Longuetaud et al., 2012; Johansson et al., 2013; Krähenbühl et al., 2014; Roussel et al., 2014). X-

ray scanners commonly used in timber imaging are single-directional, multi-directional, or involve a

rotating emitter and sensory arrays. Fixed-position X-ray scanners with emitters in perpendicular

arrangements are used fairly widely in sawmills for log segregation by the predicted value of sawn

products yielded from them and to optimise sawing patterns based on observed knot locations and

log cross-section (Grundberg and Grönlund, 1997; Skog and Oja, 2010; Wei et al., 2011). In rotating

systems, computed tomography (CT) methods are used to process recorded signals to construct a

volumetric representation of the density of a region of timber (Wei et al., 2011). Recently, a CT-type

X-ray scanning system using rotating cone-type emitters has been developed which can accurately

characterise the internal properties of entire logs volumetrically at a line speed of 3 metres per sec-

ond (Giudiceandrea et al., 2011, 2016; Microtec, 2018). Such fully volumetric representations, which

are currently used for sawing optimisation, could also be used for developing non-destructive evalua-

tion models for timbers intended for use as structural elements in their whole form (Grundberg and

Grönlund, 1997). Because knots are the primary strength-reducing characteristics in timber, three-

dimensional internal knot geometries and locations could likely be used to develop accurate predictions

of strength in whole timbers.
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5. Materials Preparation and Processing

The harvesting and preparation of whole timber for service in structures involves a number of

specialised processing operations - some of which have strength-reducing effects. The following sections

discuss developments in whole timber processing for construction.

5.1. Harvesting

Ranta-Maunus (1999) and Jayanetti (2000) provide guidance on harvesting of small-diameter whole

timber for construction. It is important to note that mechanised harvester head-rollers may damage

the exterior surface of small-diameter timbers, resulting in aesthetic defects, and potentially strength-

reducing damage (Ranta-Maunus, 1999). Sahu and Wang (2015), Mollica and Self (2016), and Who-

leTrees (n.d.b) used manual (hand-held chainsaw) harvesting.

5.2. Debarking

Whole timbers must be debarked if they are to be used in structures. Debarking improves drying

speed and is required for most preservative treatments (Jayanetti, 2000; Lebow, 2010). Debarking can

be done manually using a debarking spud (Jayanetti, 2000), or using a range of mechanised mobile,

stationary, or harvester-mounted debarking machinery. Mechanical debarking is much faster than

manual debarking, but typically results in damage to external fibres, a less attractive surface finish,

and may fail to fully remove all bark. The NZS 3603 design standard for timber structures provides

strength reduction factors for poles which been mechanically debarked (see Table 3). The efficiency of

debarking greatly depends on the species and time of harvest. Debarking efficiency for some softwood

species is as much as 50% lower in winter as compared to summer (Heppelman et al., 2016). Law

(2010), Sahu and Wang (2015), Mollica and Self (2016), and WholeTrees (n.d.b) all used manual

debarking for at least some of the whole timber in their structures.

5.3. Mechanical Rounding

Whole timbers are often mechanically rounded into cylinders of uniform cross-section, or even into

“cigar”-like forms (Darcy, 2017), for convenience in fabrication, connection detailing (Reelick, 2004;

Walford and Reelick, 2006), and aesthetic preference. Ranta-Maunus (1999) and Larson et al. (2004)

found that mechanical rounding reduced bending strengths of whole timber by about 5-20%, likely

depending largely on the fraction of juvenile wood in the remaining section. Larson et al. (2004) also

observed that mechanically rounded timbers failed in a more brittle way than unregularised timbers,

due to broken fibre continuity around knots. The Australian and New Zealand standard AS/NZS

7000 provides mechanical properties reduction factors (Table 3) for mechanically rounded poles of

some softwood species.

5.4. Drying

The drying of whole timbers to their anticipated in-service moisture content is challenging for a

number of reasons. Firstly, whole timbers dry much slower than sawn timber at conventional structural
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Table 3: Mechanical properties adjustments for softwoods due to mechanical peeling (debarking) according to New
Zealand timber design standard NZS 3603 (NZS, 1993) and mechanical rounding according to Australia and New
Zealand standard AS/NZS 7000 (AS/NZS, 2016). fb: bending strength, fc‖: compression strength parallel to the grain,
fc⊥: compression strength perpendicular to the grain, ft: tensile strength parallel to the grain, MOE: longitudinal
modulus of elasticity.

Operation fb fc‖ fc⊥ ft MOE
Mechanical Peeling 0.9 1.0 – 0.85 1.0
Mechanical Rounding 0.75 0.9 1.0 0.75 0.95

dimensions because of their relatively low surface area to volume ratio and comparatively large section

depth, resulting in more energy-intensive and costly drying and potentially higher inventory costs.

Secondly, whole timbers tend to develop significant longitudinal cracks (“checks”) on their exterior as

they dry (See Figures 6 and 12a). These longitudinal cracks are caused by internal stresses which are

the result of two factors: the difference between the drying shrinkage rate of wood in the tangential

and radial directions and the moisture content gradients created by the exterior of whole timbers

drying faster than their interior (Park et al., 2014). The rate of tangential shrinkage in timber is

typically about twice that of radial shrinkage (Glass and Zelinka, 2010). Smaller-diameter timbers

may exhibit less longitudinal cracking than larger-diameter timbers, likely due to the reduced severity

of the moisture gradients induced during drying due to their smaller cross-section (Evans et al., 2000).

Longitudinal cracks do not have a significant impact on member structural behaviour, but can

significantly reduce the strength of connections when they occur near fasteners (Huybers, 1987; Ranta-

Maunus, 1999; Jayanetti, 2000; Wolfe, 2000; Eckelman, 2004). Such cracks may also reduce durability

by providing access to the interior of timbers for moisture, fungi, and insects if they extend deeper than

the penetration depth of the preservative treatment, or into the heartwood, which is typically more

difficult to treat than the sapwood closer to the exterior (Figure 6) (Batchelar, 2012). Longitudinal

cracks may also be undesirable for aesthetic reasons.

Many designers have opted to fabricate and install whole timbers in the green condition with the

knowledge that timbers will dry in service and continue to develop checks and exhibit some dimensional

changes (Burton et al., 1998; Make, 2018). Designers should be careful to note the generally reduced

strength and stiffness properties of green timber in these cases.

Others have opted to air- or kiln-dry their whole timber before installation (Batchelar, 2012;

Batchelar and Newcombe, 2014b,a), which has the additional benefit of killing any insects which

may later contribute to degradation (Mayhew, 2018). Air drying generally appears to produce more

checking than kiln-drying. High-temperature kiln-drying has been found to be more effective than

conventional kiln-drying for reducing longitudinal cracking, but also somewhat reduces the strength

of whole timbers (Ranta-Maunus, 1999). ASTM D2899 provides reduction factors for strength prop-

erties based on the type of conditioning performed to whole timbers, based on compression tests of

conditioned whole-section piles (see Table 4) (ASTM, 2017c).

Table 4: ASTM D2899 Reduction factors for strength due to conditioning of whole timbers (ASTM, 2017c).

Air-Drying Kiln-Drying Boulton Drying Normal Steaming Marine Steaming
1.0 0.9 0.95 0.8 0.74
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(a) (b)

Figure 12: 12a) Whole timbers exhibit longitudinal cracking when dried. 12b) Cored timbers show less longitudinal
cracking due to reduced internal drying stresses. Photographs courtesy of TTT Products Ltd. and Mark L. Batchelar.

(a) (b) (c)

Figure 13: Visualisation of drying stresses in a) uncored round timber b) cored round timber c) cored round timber
sealed with polyethylene wrap around its exterior. Adapted with permission from Park et al. (2014).

Longitudinal cuts (“kerfs”) made in timbers prior to drying have been used to relieve internal

drying stresses and control the location of cracks (Chabloz and Dupraz, 2000; Evans et al., 2000; Yeo

et al., 2007). This technique may be useful for ensuring that cracks do not occur near fasteners and

reduce the strength of connections.

Another approach for improving drying in whole timber is the mechanical removal of the inner core

of whole timbers prior to drying (Figure 12b) (Batchelar, 2012). Coring significantly reduces drying

times by increasing the exposed surface area of whole timbers. Coring also significantly reduces

longitudinal checking by reducing the internal stresses induced by differences in tangential vs. radial

shrinkage rates, and by reducing the severity of internal moisture gradients (Park et al., 2014). Yeo

et al. (2007) found that coring could reduce kiln-drying time by one half when drying 150 mm and

210 mm diameter round timbers to a target moisture content of 15%. Applying a vapour barrier

such as a polyethylene wrap to the exterior of cored whole timbers during drying can further reduce

longitudinal checking to apparently almost none, by establishing an inverted moisture gradient during

drying which counteracts the stresses induced by the difference in tangential vs. radial shrinkage rates

(Figure 13) (Park et al., 2014).

It should be noted that while coring does not appear to have a significant effect on compressive

strengths (Yeo et al., 2007) and likely not on tensile strengths either, it has been shown to reduce

bending strengths by 10-30% depending on the inner diameter of the cored timber (Lim et al., 2013)

when timbers with large fractions of juvenile wood are used, and after adjusting for the reduced section

modulus of the cored timber. Lim et al. (2013) attributed this reduced bending strength to a tensile

failure perpendicular to the grain caused by a “flattening” failure mode. This strength reduction was

not observed, however, in Radiata Pine timbers with low proportions of juvenile wood when core
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diameter was limited to 1/3 of the total timber diameter (Batchelar, 2019).

5.5. Fabrication

Figure 14: Subtractive fabrication of connections in irregular forked timbers using a router mounted on a 6-axis industrial
manufacturing arm (Mollica and Self, 2016; Devadass et al., 2016). Photograph by Swetha Vegesana. Courtesy of the
Architectural Association School of Architecture.

One of the most significant advancements in fabrication methods for whole timber construction

in recent years has been the use of new digitally-enabled fabrication tools (Mollica and Self, 2016;

Devadass et al., 2016; Self and Vercruysse, 2017; Von Buelow et al., 2018; Vercruysse et al., 2018).

Mollica and Self (2016), Devadass et al. (2016) and Von Buelow et al. (2018) describe techniques for

fabrication of bespoke connections in irregular forked timbers using timber routers mounted on 6-axis

fabrication arms (Figure 14). Vercruysse et al. (2018) explored the use of bandsaws and chainsaws

mounted to multi-axis positioning arms for bespoke digitally navigated fabrication of whole timbers.

Another significant advance has been the development of fabrication techniques for standardised

truss, composite-member, and panelised structural systems in whole timber, discussed in greater detail

in Sections 6 and 7. Among these, new techniques discussed by Batchelar (2012) and Batchelar and

Newcombe (2014b,a) for coring round timbers up to 18 meters in length are particularly promising,

because they offer reduced drying time, reduced shipping weight, improved dimensional stability,

reduced longitudinal cracking, and allow for new internally post-tensioned connection types. It should

be pointed out that no coring techniques for curved and forked timber have yet been developed, despite

the increasing sophistication in subtractive digital fabrication methods for whole timber in recent years.

5.6. Protection

All timber is vulnerable to attack by fungi and insects, resulting in a loss of strength and stiffness,

and undesirable aesthetic effects. One strategy to maximise the durability of whole timber structures

is to use naturally durable species. Woodward and Zoli (2013) and Baxter et al. (2018) used Black
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Locust, a naturally durable hardwood in whole timber construction to achieve good durability with-

out preservative treatment. In many cases, however, additional preservative treatment is required

to improve durability. Jayanetti (2000) discusses a number of detailing and preservative treatment

strategies for maximising the durability of whole timber construction, and strategies for addressing

termite attack.

Batchelar and Newcombe (2014b,a) describe how coring of whole timbers can be used to achieve

reported 100% pressure-based preservative penetration by increasing surface area and by removing

the heartwood of the timber, which is more difficult to treat effectively than sapwood (See Figure 6)

(Lebow, 2010). It should be noted that Radiata Pine, the species used by Batchelar and Newcombe

(2014b), has a particularly low ratio of heartwood to sapwood. Preservative penetration in cored

timbers of species with larger proportions of heartwood may be less successful.

6. Connections

(a) Glued-In Rod (b) Splice (c) Dowel-Nut (d) Pipe Socket (e) Flitch Plate

(f) Nail Plate (g) Annular Groove (h) Toe-nailed Screw (i) Lag Screw in
End-Grain

Figure 15: Selected whole timber structural connections.

The design and fabrication of safe, cost-effective, and high-capacity structural connections are

among the greatest challenges in whole timber construction. Longitudinal shrinkage cracking, when it

occurs near fasteners, can reduce connection capacities by precipitating tensile failures perpendicular

to the grain. Juvenile wood can reduce embedment strengths of fasteners, particularly closer to the

centre of timbers (Barnard, 2001). A further challenge is the development of connections which can
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accommodate multiple unregularised whole timbers at a node.

6.1. Dowel-type connections

The most commonly used engineered connections for whole timber are dowel-type connections

(Figures 15c and 15e), which are well accommodated for by existing design standards for timber

construction. A common approach to conservatively adapt dowel-type connection design rules to

whole timbers is to size the connections assuming that only a rectangle inscribed into the cross-section

of the timber is engaged structurally (Miller-Johnson and Ernst, 2018). When large proportions

of juvenile wood (which typically has lower density than mature wood) are likely to be present,

however, conventional connection design methods based on Johansen’s equations are likely to be

unsafe (Barnard, 2001). In these instances, destructive testing of connections should be conducted.

6.1.1. Flitch plates

The most commonly used and studied dowel-type connections for whole timber are “flitch plate”

connections (Figure 15e), which combine a central steel plate with bolts or pipes as dowels (Lowenstein,

2002; Make, 2018; Gorman et al., 2012; Morgado et al., 2013; Darcy, 2017; Baxter et al., 2018).

This connection type accommodates irregular whole timber cross-sections fairly easily, is relatively

straightforward to fabricate, and, when sized correctly, fails in a ductile manner through plastic hinge

formation in the dowels. A number of early studies in engineered whole timber construction explored

the use of external wire lacing in pipe-type flitch plate connections to reduce the effects of shrinkage

cracks on connection capacity (Huybers, 1987; Huybers and Disney, 2002; Lusambo and Wills, 2002).

6.1.2. Dowel-nuts

Another connection type which has seen considerable research is the “dowel-nut” connection (Fig-

ure 15c), favoured for its simple fabrication and low cost (Wolfe et al., 2000; Eckelman, 2004; Mollica

and Self, 2016; Brose, 2018). Mollica and Self (2016) demonstrated a “cross-bolt” configuration com-

bined with mass-customised CNC-fabricated 3D mated timber surfaces to achieve a dowel-nut-like

pipe and bearing washer connection which could accommodate irregular whole timber geometries

meeting at a node. Split rings were used to provide shear transfer at these connections.

6.1.3. Screws

Another important trend in whole timber connection design has been the increasing use of screws

(Malo and Ellingsbø, 2010; Make, 2018; Frese and Blaß, 2014). Imai et al. (2002, 2016) and Miyahara

et al. (2016) demonstrated the use of specially-designed lag screws glued into the end-grain of small-

diameter timbers as part of a high-capacity spatial truss nodal connection (Figure 15i). Self-tapping

mass timber screws have also been explored as a means of reducing the effects of splitting in dowel-type

connections in whole timber (Klajmonová and Lokaj, 2014).

6.2. Glued connections

Glued-in rods (Figure 15a) have also been explored as a high-capacity connection for whole timber,

and when sized correctly, also exhibit ductile failure (Burton et al., 1998; Morgado et al., 2013).
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Schober et al. (2018) demonstrated the use of concrete-type adhesives for glued-in rods to address

quality control and cracking issues associated with thin glue lines. These connections were combined

with bespoke cast polymer-concrete nodes which accommodate diverse member geometries and angles

at nodes well. 3D-printing of nodes may also provide a means of accommodating multiple whole

timbers at connections, an approach which has been demonstrated for whole-culm bamboo (Amtsberg

and Raspall, 2018).

Glue has also been used to achieve splice connections (Figure 15b) (Burton et al., 1998) and even

finger joints in round and flat-sided round timber (Flach and Hernandez, 2003; Piao et al., 2013).

Pipe-seated glued connections (Figure 15d) have also been used for round timber (Woodward and

Zoli, 2013).

6.3. External plates and sheaths

A number of connection types have also been explored using external steel plates or sheaths.

Jayanetti (2000), Brito (2010); Brito and Junior (2012), and Gorman et al. (2012) discuss nail plate

connections (Figure 15f). Morris et al. (2009) demonstrated an annular-groove sheath connection

(Figure 15g) for round timbers designed to achieve moment resistance, typically a major challenge in

any timber connection, and whole timber connections especially.

7. Structural Systems

7.1. Trusses

One of the most common applications of whole timber in construction has been in trusses - in

particular exposed roof trusses (Figures 7a,7b and 19a,19b) (Huybers, 1987; Huybers and Disney,

2002; Wolfe et al., 2000; Lowenstein, 2002; Zhang et al., 2013; Miyahara et al., 2016; WholeTrees, n.d.b;

Brose, 2018). Exposed roof trusses are a particularly appropriate application of whole timber because

they showcase the structural potential of whole timber prominently, maximising visual impact, while

generally having lower design loads, simpler envelope attachment details, and less stringent deflection

and vibration limits compared to other building components. Whole timber has also been successfully

used in roofs in single-layer grid-shells (Imai et al., 2002; Fujimoto et al., 2002, 2009, 2016), and in

double layer grid-shells (Burton et al., 1998).

Whole timber trusses have also been used for pedestrian bridges (Figure 20) (Yeh and Lin, 2007;

Al-Khattat, 2008; Woodward and Zoli, 2013). Post-tensioning was used by Al-Khattat (2008) to

achieve glue-free seated pipe connections. Spatial truss systems for whole timber have also been

applied in tower structures (Huybers and Disney, 2002; Batchelar, 2012; Klajmonová and Lokaj,

2015). Batchelar (2012) demonstrated the use of hollow-core round timbers as structural elements in

spatial trusses for telecommunications towers.

A number of designers have addressed the challenge of fabricating large numbers of whole timber

truss elements efficiently, typically through the design of easily-fabricated connections and simplified

assembly sequences. Gundersen (2015) demonstrated a system for hybrid steel and whole timber

parallel chord roof truss elements (Figures 21 and 16i), which eliminated the need for time-consuming
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(a) Actively Bent Arch (b) A-Frame (c) Free-Form Post & Beam (d) Woven Timber Arch

(e) Free-Form Log Wall (f) Pin-ended Struts (g) Planar Truss (h) Spatial Truss

(i) Hybrid Steel & Round
Timber Truss

(j) Vierendeel Frame (k) Portal Frame (l) Tensile Net

(m) Single Layer Gridshell (n) Double Layer Gridshell (o) Shear Wall (p) Floor Panel

(q) Whole Timber-Concrete
Floor / Bridge Deck

(r) Hybrid Sawn and Whole
Timber Beams

(s) Half-Round Timber Stud
Wall

(t) Composite Log Wall

Figure 16: Selected structural systems in whole-timber.

fabrication of angled timber-timber connections of whole timbers in the chord and web. Imai et al.

(2002, 2016), Zhang et al. (2013), and Miyahara et al. (2016) discuss the use of a standardised node

connection for large scale round timber space trusses which allows for efficient fabrication by minimally

trained workers. Gonçalves et al. (2014) and Bukauskas (2015) proposed trussed structural column

modules for use in prefabricated kit-type whole timber construction. Such kits of parts could simplify

the design and fabrication of whole timber structures through the marketing and sale of a range
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(a)

 

(b)

Figure 17: 17a: Panelised wall element using hollow-core round timbers shear-keyed together to achieve shear resistance
(Batchelar and Newcombe, 2014a). 17b: Earthquake-resistant post-tensioned hollow-core round timber shear wall
system in a 5-storey residential structure built in 2016 in Wellington, New Zealand, a highly seismic zone (Batchelar
and Newcombe, 2014a). Images courtesy of TTT Products Ltd. and Mark L. Batchelar.

of prefabricated structural-scale modules similar to those found in the steel and pre-cast concrete

industries.

7.2. Frames

Whole timber has also been shown to be effective in frame-type structures, despite challenges in

developing moment connections for whole timber. Morris et al. (2009) demonstrates how moment-

resisting annular-groove connections (Figure 15g) can be used in multi-storey portal frame structures.

Kroeker (2007), in an approach similar to that described in Burton et al. (1998) for spliced actively bent

arch members, demonstrates the use of a two-layer moment-resisting composite member using actively-

bent small-diameter whole timbers as chords, and short whole timber elements as web members.

A number of structures have also demonstrated the potential for curved and forked irregular whole

timbers to be used in frame structures. A number of residential-scale structures have been built using

forked and curved timbers in a post and beam type arrangement, successfully mating the irregular

geometries of the irregular structural whole timbers with regularised envelope elements (Baxter et al.,

2018). Mollica and Self (2016) and Von Buelow et al. (2018) demonstrated the use of forked timbers in

Vierendeel frame arrangements (Figures 7a,7b,16j), relying on the moment capacity of fork junctions to

reduce the number of connections and triangulating members. A patent by Thornton and Blair (2017)

presents a novel solution for small-scale portal frame construction using round timbers combined with

panelised timber boards to achieve moment capacity through composite action.

7.3. Wall Elements

The use of whole timber in wall assemblies is particularly promising because of its potential to

provide a high-volume low- and mid-rise construction market for whole timber products. Batchelar

and Newcombe (2014b) and Batchelar and Newcombe (2014a) demonstrated how hollow-core round
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Figure 18: Prefabricated floor system using composite log wall elements consisting of profiled round small-diameter
timbers and angled through-bolts for shear resistance (Thornton and Blair, 2014, 2016; Loggo, n.d.). Photograph
courtesy of Loggo Pty Ltd.

timbers could be joined with shear-keys into panel elements with shear resistance (Figures 17a,16o),

and combined with internal post-tensioning cables to achieve good seismic performance in a 5-story

residential structure. Wu et al. (2015, 2018) proposed and tested a system for light-frame stud walls

made with whole timbers cut in half and arranged with their flat sides facing outwards, with steel

shear connectors to achieve composite action (Figure 16s). Sahu and Wang (2015) demonstrated a

contemporary innovation on traditional log wall construction techniques through the use of irregular

curved whole timbers for a non weather-tight single story free-form log wall (Figure 16e), which was

enabled by digital scanning, design, and fabrication.

7.4. Floor and Bridge Deck Systems

Chabloz and Dupraz (2000); Chapman and Dodd (2007, 2008) and Batchelar (2012) demonstrated

floor systems using round timber (Figure 16p). Chapman and Dodd (2007, 2008) found that such

floor systems had good acoustical performance. Several studies have explored the use of unregularised

and round timber floor systems with shear-connected concrete toppings (Figure 16q) (Batchelar, 2012;

Skinner et al., 2014). Skinner et al. (2014) found that the concrete topping, by increasing the modal

mass of the whole timber-concrete composite floor elements, brought them to within occupant comfort

vibration serviceability limits. Whole timber-concrete composite spanning systems have also been

effectively applied in low-cost, high-capacity road bridges in rural and developing regions (Logsdon,

1982; Pigozzo et al., 2004; Brito and Junior, 2012; Rodrigues et al., 2013).

Thornton and Blair (2011) and Thornton and Thornton (2019) demonstrated a system for con-

structing I-beams using round timbers as flanges, and plywood or another engineered timber product

as web material (Figure 16r). Similarly, Gorman et al. (2016) proposed and tested a system for I-
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(a)

(b)

Figure 19: 19a: Unregularised Ash trees culled from local urban parks are used as columns in the Festival Foods grocery
store roof. (WholeTrees, n.d.b). 19b: Red Pine trees from overstocked forests are used in 16-metre span whole timber
trusses which were prefabricated off-site. (WholeTrees, n.d.b). Photographs courtesy of WholeTrees Structures.
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Figure 20: Naturally durable round Black Locust timbers are used in an underslung cable arrangement in the Squibb
Park pedestrian bridge (Woodward and Zoli, 2013).

Figure 21: Trusses with whole timber chords and steel web members are used as spanning elements in the Hanifl garage
project. (Gundersen, 2015; WholeTrees, n.d.c). Photograph courtesy of WholeTrees Structures.

beams built up using two halves of a small-diameter round timber as the chords, and a piece of sawn

timber as the web (Figure 16r).

Thornton and Blair (2014, 2016); Thornton (2018a,b) demonstrate a system for creating spanning

elements using small-diameter round timbers by mating them at profiled surfaces and connecting

them with angled glued-in through-bolts to achieve shear resistance (Figures 18 and 16t). Thornton

and Blair (2014) also discussed methods for connecting such elements longitudinally to achieve longer

spans. Loggo (n.d.) presents ways in which these elements can be used in rapidly-erected residen-

tial construction. This application is particularly promising because it allows for the use of very

small-diameter timbers and waste “peeler cores” from veneer production in a potentially high-volume

structural application.
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7.5. Foundations

Hollow coring has also allowed significant innovations in whole timber foundation structures, in-

cluding allowing for water jetting and cement grout injection through the core of round timber piles for

more effective pile driving and soil stabilisation (Batchelar, 2012; Batchelar and Newcombe, 2014a).

Raft-type foundation systems have also been developed using crossing arrangements of hollow-core

round timbers (TTT, 2015).

7.6. Structural “Form-Fitting”

A key challenge in the design of whole timber structural systems is the matching of available

whole timbers to desired structural forms. Unlike standardised construction products, whole timber

elements must be used “as-is”, rather than specified based on a predetermined structural design.

This constraint presents an interesting design problem for architects and engineers working with

whole timber. A number of researchers and designers have explored the challenge of developing

computational “assignment” or “form-fitting” approaches to discover and optimise structural forms

which are both buildable and satisfy structural requirements given predetermined finite inventories of

whole timber elements (Monier et al., 2013; Stanton, 2010; Mollica and Self, 2016; Bukauskas et al.,

2017a,b, 2018; Von Buelow et al., 2018; Allner and Kroehnert, 2018; Marshall et al., 2018). This

research has demonstrated the feasibility of assignment algorithms for determining viable structural

geometries given finite inventories of diverse elements, and has identified the need for generaliseable

computational approaches which designers could use for the design of a wide range of whole timber

structural typologies.
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Table 5: Selected list of structures using whole timber built since around the year 2000. For structures built before this
time, see (Burton et al., 1998; Ranta-Maunus, 1999; Stern, 2001; Huybers and Disney, 2002). A more extensive list
of structures, including historic examples, can be found online at the Whole Timber Structures Database (Bukauskas,
2018).

Structure Structural System(s) Connections References Year
Muroto Indoor Stadium Spatial truss Lag screws in end-

grain
Miyahara et al. (2016) 2017

Scott Visitor Center Pin-ended struts Lag screws in end-
grain

LFA (2015) 2016

Festival Foods Grocery Store Planar trusses Bolted flitch plates,
internal bearing bar

WholeTrees (n.d.b) 2016

Treetop Walkway at Weston-
birt Arboretum

Pin-ended struts Bolted flitch plates Darcy (2017); Buro-
Happold (2018)

2016

Wood Chip Barn Vierendeel trusses /
trussed arches

Pipe/washer-seated
crossing bolts with
digitally fabricated
mortise and tenon,
split rings

Mollica and Self
(2016); Devadass
et al. (2016); Self and
Vercruysse (2017)

2016

Huia Road Residence Hollow core round
timber shear walls

Shear keys, post-
tensioning rods

Batchelar and New-
combe (2014a)

2016

Boiler House Freeform log walls Packers with screws Sahu and Wang
(2015)

2015

Hanifl Garage Hybrid whole timber-
steel truss

Integrated single-bolt
flitch plates

WholeTrees (n.d.c);
Gundersen (2015)

2014

Te Wharehou O Tuhoe Various hollow core
round timber struc-
tural systems

Various Batchelar and New-
combe (2014b,a)

2014

Lake Bunyoni School Dining
Hall

Reciprocal frame
round-house

Bolted lap joint Dickson and Parker
(2014)

2014

Hollow Core Round Timber
Telecommunications Towers

Trussed tower External sheath with
annular grooves

Batchelar (2012) 2013

Salvia Dome Spatial truss Lag screws in end-
grain

Miyahara et al. (2016) 2013

Underhill Residence Post and beam, free-
form

Bolted lap joint WholeTrees (n.d.d) 2013

Squibb Park Bridge Underslung cable
bridge

Glued pipe socket Woodward and Zoli
(2013)

2013

Big Shed Planar trusses Bolted flitch plates,
mass-timber screws

Make (2018) 2012

Bohdanka Observation
Tower

Trussed tower, shear-
bolted compound
whole timber columns

Bolted flitch plate Kala et al. (2012);
Klajmonová and
Lokaj (2015)

2011

Sustainability Centre at
Prickly Nut Wood

A-frame Bolted lap joint Law (2010) 2010

Pictou Landing Health Cen-
tre

Actively-bent arch Various Kroeker (2007) 2007

Round Timber Concrete
Composite Bridge

Whole timber-
concrete composite
bridge deck

Epoxy-bonded shear
rods

Brito (2010) 2006

Japan Railway Yashiro-Cho
Station Hall

Single-layer gridshell Lag-screws in end
grain

FEEL (2011) 2005

Lowndes Residence Portal frame External sheath with
annular grooves

Morris et al. (2009) 2004

Ivy Dome Spatial truss Lag screws in end-
grain

Miyahara et al. (2016) 2003

Doncaster Earth Centre
Photovoltaic Roof

Spatial truss Bolted flitch plates Lowenstein (2002) 2001

Balbeg House Actively-bent arch Various Chrisp et al. (2003) 2001
Gifu Academy of Forest Sci-
ence and Culture

Spatial truss and
struts

Various Gifu (2018) 2000

Academy Mont-Cenis Herne Pin-ended struts Bolted flitch plates HHS (1999) 1999
Le Sentier Road Bridge Whole timber-

concrete composite
bridge deck

Shear connectors to
concrete

Natterer (2004) 1997

Lyss School of Forestry Whole timber
columns, single-
layer whole timber
floor system

Various Chabloz and Dupraz
(2000)

1997
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8. Conclusions

8.1. Summary of Developments

The diversity and sophistication of whole timber construction practices have increased significantly

in the past two decades. Research methods and commercially available technology for geometric sur-

vey and non-destructive evaluation of timber have advanced, creating opportunities for increasingly

accurate and convenient whole timber material characterisation. The design challenges identified by

Wolfe (2000), Ranta-Maunus (1999), and others have largely been addressed through innovations in

materials processing, connections, and structural systems which have demonstrated the feasibility of

whole timber construction for a wide range of contexts. These advancements include highly mecha-

nised value-added processes, bespoke digital fabrication approaches, and technologies appropriate in

developing regions. A number of whole timber suppliers and fabrication companies have also demon-

strated the effectiveness of prefabrication, vertical supply chain integration, and investment in process

optimisation for scaling whole timber production (TTT, n.d.; WholeTrees, n.d.a; FEEL, n.d.; Loggo,

n.d.). New solutions have also been developed to address longitudinal cracking, a significant technical

and aesthetic impediment to greater whole timber adoption. These include new coring and drying

methods, as well as reinforcement techniques for whole timber connections using self-tapping screws.

Although innovative technologies and methods have been developed, whole timber construction

has not achieved the widespread adoption and scale that would be required to adequately address the

issues of overstocking experienced in forests worldwide, or to help address housing and infrastructure

shortages in developing regions through the use of low-value timber.

8.2. Future Work

In order to scale whole timber construction faster and more effectively, future research should

focus on the development of cost-effective and marketable structural solutions for whole timber. In

particular, research into structural systems should focus on prefabricated floor, wall, and roof systems

which can allow for whole timber to be used in high-volume residential and commercial construction.

Future research should also continue to investigate opportunities for digital technologies to scale and

improve whole timber construction.

There has been little to no research into the fire performance of whole timber in structures. Given

uncertainties which have recently been identified regarding the structural behaviour of timber elements

in fire conditions (Schmid et al., 2015), future research should investigate the fire performance of whole

timber structural elements and connections.

As timber construction in general sees more widespread adoption worldwide in coming years, a

key objective of researchers in this field should be to investigate whole timber structural systems as

an alternative and complement to more established engineered timber construction technologies. As

timber construction technologies at all building scales continue to mature and diversify, it is likely

that whole timber structural systems and components will occupy an increasingly important role

in applications where they are an environmentally, socially, and economically appropriate building

solution.
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M, Hyyppä H. Forest inventory using laser scanning. In: Topographic Laser Ranging and Scanning.

2018. doi:10.1201/9781315154381-12.

ICC . ICC 400-2017: Standard on the Design and Construction of Log Structures. Technical Report;

International Code Council; 2017.

Imai K, Fujita Y, Furukawa T, Wakiyama K, Tsujioka S, Fujimoto M, Inada M, Takinio A, Yoshinaga

M. Development of the KT-wood space truss system with round timber as a new structural material.

In: Space Structures 5. Thomas Telford Publishing; volume 1; 2002. p. 155–60.

Imai K, Miyahara H, Tsujioka S, Shogatsudani K, Furukawa T, Fujimoto M. Fatigue and creep

characteristics of wooden space frame joint. In: Spatial Structures in the 21st Century. Tokyo,

Japan; 2016. .

2.1 whole timber construction

63



Jayanetti L. 4. Properties. In: Timber Pole Construction: An Introduction. London: Practical Action;

2nd ed.; 2000. .

Johansson E, Johansson D, Skog J, Fredriksson M. Automated knot detection for high speed computed

tomography on Pinus sylvestris L. and Picea abies (L.) Karst. using ellipse fitting in concentric

surfaces. Computers and Electronics in Agriculture 2013;96:238–45. doi:10.1016/j.compag.2013.

06.003.

Jolly WM, Cochrane MA, Freeborn PH, Holden ZA, Brown TJ, Williamson GJ, Bowman DMJS.

Climate-induced variations in global wildfire danger from 1979 to 2013. Nature Communications

2015;6:7537. doi:10.1038/ncomms8537.

Kala J, Salajka V, Hradil P. Calculation of timber outlook tower with influence of behavior of “steel-

timber” connection. Advanced Materials Research 2012;428:165–8. doi:10.4028/www.scientific.

net/AMR.428.165.

Kane B. Branch strength of Bradford Pear (Pyrus calleryana var.Bradford’). Arboriculture and Urban

Forestry 2007;33(4):283.

Kane B, Farrell R, Zedaker SM, Lofersky JR, Smith DW. Failure mode and prediction of the strength

of branch attachments. Arboriculture and Urban Forestry 2008;34(5):308–16.

Keefer TC. The Canadian Pacific Railway. 1888.

Kinsey D. Cedar River Trestle Bridge. 1925.
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en rollo de pequeño diámetro. 2007.
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2.1.3 Further Discussion of “Whole Timber Construction: . . . ”

The preceding paper has provided a review of the state of the art of whole timber

construction, a key application of ICSD methods. In particular, this paper identified the

use of prefabricated whole timber structural modules as a key strategy for increasing the

adoption of whole timber construction at scale. This paper also identified the further use

of new digital design and fabrication methods as key to increasing whole timber adoption.

Chapter 4 presents novel ICSD techniques for prefabricated whole timber truss modules,

an approach which could enable more efficient and higher-volume production of whole

timber structures using low-value timber.

2.2 steel component reuse

A second key application of ICSD is the component reuse of steel elements in new

structures. The following sections discuss built precedents demonstrating steel component

reuse. The potential life-cycle impact reductions which may be possible from steel reuse as

compared to conventional structural steel procurement practices are discussed, and barriers

in the ICSD process that are responsible for preventing wider adoption of component reuse

in practice are identified.

2.2.1 Built Precedents

Steel truss elements for the London 2012 Olympic stadium (Figure 2.1) were sourced

from overstock material that had originally been intended for an oil pipeline project. This

material comprised about 2500 tonnes of steel in total, and its use resulted in a cost savings

of about £500,000 (CE100 2016). In the BedZed housing project (Figure 2.2), nearly 40 tonnes

of structural steel were reclaimed from a refurbishment project of a nearby railway station

and used in the structure (Schoon 2016).

In the design of a new government building (740 Rue Bel-Air) in Montreal, a significant

effort was made to reuse materials from existing structures on the site which were to be

dismantled. A total of 325 open-web steel joists from the existing structures on site were

initially identified as suitable for reuse in the new structure (Gorgolewski 2008). Figure 2.3

shows the deconstruction process allowing for the extraction of the open-web steel joists.

15% of the joists were damaged during deconstruction, 65 of the joists were re-used in the
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Figure 2.1: London 2012 Olympic stadium. (Wikimedia 2011)

Figure 2.2: Bed Zed housing development (Oast 2014).

new structure (Figure 2.4), and joists not reused in the new project were reused or recycled

elsewhere in the region.

75



2.2 steel component reuse

Figure 2.3: 740 Rue Bel-Air project deconstruction process. Adapted from Gorgolewski (2008).

2.2.2 Environmental Impact Reductions of Component Reuse

Significant fractions of structural steel worldwide are recycled for reuse in new structures

through melting and re-forming into new structural elements. This process, while less

energy-intensive than the production of steel from virgin materials, still consumes

significant energy and has high associated greenhouse gas emissions. The reuse of steel

elements in new structures avoids this energy-intensive remelting process (Dunant et

al. 2017). Reuse, however, requires that structures be dismantled without damaging

structural elements, and that elements be transported, stored, and, if necessary, reprocessed

(cut to length, repainted, have connections prepared) prior to use in new structures.

Life-cycle impact analyses of built structures incorporating reused steel elements have

suggested that steel reuse in new structures could yield CO2-equivalent emissions

reductions of as high as 80-90%, accounting for 10-20% higher mass of steel due to over-

specification of elements (Milford 2010). Further case studies for proposed structures using

reused steel elements have suggested embodied energy and embodied carbon savings from

component reuse of approximately 50-60% (Brütting, Senatore, and Fivet 2018; Brütting et

al. 2018).
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2.2 steel component reuse

Figure 2.4: Open-web steel joists in new structure at 740 Rue Bel-Air. Adapted from Gorgolewski
(2008).

2.2.3 Challenges for Greater Adoption of Component Reuse

Despite the successes of the projects discussed in the previous sections, the reuse of

structural steel elements continues to be relatively limited in practice. A 2012 study of

demolition contractors in the UK found that only 7% of structural steel (heavy structural

sections) was reused in new structures (Sansom and Avery 2014).

Among the challenges for greater adoption of component reuse of steel elements in

practice, Gorgolewski (2008) identified the need for greater flexibility in design processes to

accommodate constrained inventories of available structural elements from deconstructed

structures. In particular, Gorgolewski (2008) noted that due to changes in information

availability regarding reused elements throughout the design process, in some cases

multiple redesigns were needed, requiring significant designer time investment, and

presenting a barrier to greater adoption of component reuse due to increased designer

fees. Improved design methods and tools for ICSD could reduce designer time expenditure
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required for adapting to changes in available inventories of elements for construction, thus

reducing barriers to greater adoption of component reuse.

2.3 inventory-constrained structural design

The following sections discuss ICSD in the context of early-stage structural design, pose

ICSD as an optimisation problem, and discuss solution techniques which may be applied

to this problem, given the need identified above for new ICSD techniques which allow for

rapid and flexible design generation.

2.3.1 Early-Stage Structural Design Exploration

The most significant reductions in embodied life-cycle impact and greatest improvements

in performance of a structure are likely to be achieved in the early stages of the structural

design process, when design flexibility is greatest (Mueller 2014). ICSD tools for rapid

performance feedback in early-stage design could potentially allow for greater uptake of

this design approach in practice, and for achieving high-performing designs in inventory-

constrained scenarios.

2.3.2 Assignment, Topology, and Geometry Optimisation

Structural design optimisation is typically divided into three problem classes: the

optimisation of the shape (geometry), topology (connectivity or material distribution),

and sizing (member cross-sections) of a given structure (Bendsøe and Sigmund 2004).

The overall form (geometry and topology) of a structure has been shown to have the

greatest influence in the performance and material consumption of a structure (Allen

and Zalewski 2010). However, the design of the topology and geometry of a structure are

in practice strongly influenced by a number of non-structural performance requirements

and objectives. Many of these criteria are challenging to express mathematically in such

a way that they might be practically included into an automated topology and geometry

optimisation procedure (Mueller 2014). Some of these criteria, such as aesthetic preferences,

may be subjective and effectively impossible to formulate quantitatively. Mueller and

Ochsendorf (2015) demonstrated the value of an interactive creative human-computer
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design exploration procedure for satisfying such unformulated geometry and topology

criteria.

The approach taken for the computational optimisation methods presented in this thesis,

as will be demonstrated in Chapters 4 and 5, is to develop rapid algorithms for ICSD

optimisation of the assignment of inventory elements to structural locations (cross-section

optimisation in the presence of inventory constraints). This, as will be demonstrated,

is a challenging optimisation problem requiring novel solution techniques. By rapidly

providing high quality assignments for a given topology and geometry, these assignment

optimisation algorithms may be used as a subroutine in automated, manual, or hybrid

human-computer exploration of structural topologies and geometries for a given design

scenario.

2.3.3 The Value of Rapid Computer Response

Research conducted in the 1980s into the productivity of creative workers using interactive

computing systems demonstrated a strong positive correlation between the time required

for a computer to provide responses to a user-initiated actions, and the time required for

the human user to initiate further actions (Thadhani 1981). The productivity of creative

workers was found to increase significantly as computer response times were reduced, in

greater proportion than could be attributed to the reduction in computer response time

alone. This effect, surprising at the time, was attributed to the interruption of creative

thought processes caused by waiting for a computer response (Thadhani 1981; Brady

1986). Reductions in computer response time also increased user-reported satisfaction.

These results suggest that for performance-aware early-stage structural design exploration,

an interactive creative task requiring computer feedback, the reduction of computer

response times is likely to significantly increase productivity. In particular, computer

response times shorter than 1 second were identified by Thadhani (1981) as resulting in

especially significant increases in user productivity. These results suggest that an interactive

early-stage structural design tool for ICSD incorporating a creative human exploration

component should ideally be designed to provide structural feedback within 1 second

when possible.
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Figure 2.5: Combined user and network response time as a function of computer response time in
two interactive computing systems measured in (Thadhani 1981). Dashed lines represent
extrapolations of recorded results. Adapted from (Thadhani 1981).

2.3.4 Asymptotic Time Complexity

When comparing the performance of algorithms for solving a given problem, it can

be difficult to objectively compare the computing speed or resources required for each

algorithm, due to variability in computing hardware, and differences in algorithm
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performance for specific problem instances. A simple measure of algorithm performance

in a real-world context is “wall clock” run time, which is the real time required for the

algorithm to return a result for a specific problem instance when executed on the given

computing hardware, in a given software environment.

In the context of computational design tools for ICSD, the characteristics of problem

instances as well as available computing hardware may differ significantly between projects

and applications in practice. Thus, while wall clock run times are a useful indication of

likely performance of an algorithm for a specific design scenario given certain computing

hardware, further analytical methods are needed to compare the performance of such

algorithms for the general case of ICSD.

In computer science, the concept of “asymptotic time complexity” is used as a rational

means of comparing the speed of different algorithms independently of computing

hardware and across problem instances. In this form of analysis, the number of computing

operations is counted as a function of the size of the problem instance. For example, an

algorithm which completes a task on n items may consist in total of at most 3n2 + n log2 n

operations. The aim of this analysis is to quantify the performance of the algorithm over a

wide range of problem instances. Thus, lower-order terms, whose growth is dominated by

higher-order terms as the problem size goes to infinity, are neglected. Furthermore, constant

factors of any term are also neglected. The resulting worst-case asymptotic time complexity

of the example given is O(n2), where O() is referred to as “big-O” notation representing

in particular the “worst-case” asymptotic time complexity as a function of the problem

size. In this thesis, in addition to wall clock run times being provided for the example

problems considered, worst-case asymptotic time complexity analyses are performed for

the algorithms developed as a means of assessing their performance over a wide range

of problem instances. Other variants of this asymptotic time complexity analysis exist for

average and best-case performance, but are not used in this thesis.

2.3.5 Combinatorial Optimisation

ICSD falls under a class of optimisation scenarios which can be described generally as

“combinatorial optimisation” problems. In such scenarios, as opposed to “continuous

optimisation” problems, some or all of the design variables may only take discrete (integer)

values. Structural combinatorial optimisation problems are generally more challenging
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to solve efficiently to optimality than structural optimisation problems involving only

continuous variables (Haftka and Gürdal 2012).

Broadly, two classes of solution techniques may be employed to solve combinatorial

optimisation problems. The first of these is a range of “exact” methods, which produce

provably optimal solutions, but typically suffer from slow solution times and may be

unable to solve large problem instances within reasonable time. The second approach is

“heuristic” or “approximation” methods, which use rules designed for the given problem

type to produce solutions quickly, but with potential sacrifices in solution quality, and, in

some cases, no provable guarantee of the ratio of solution quality compared to the true

optimum solution of the problem instance.

2.3.6 Heuristic Methods

In the work presented in this thesis, heuristic methods are employed to solve ICSD

optimisation problems. Heuristic methods are chosen here because of the observation that

the key barriers to achieving the life-cycle impact benefits made possible by the use of

whole timber and the reuse of steel in new construction are not sub-optimal solution quality

and associated element underutilisation, but the lack of flexibility and speed in ICSD

given current methods and tools. Heuristic methods are more likely than exact methods to

provide flexibility and speed in the ICSD process, and thus may be especially appropriate

in early-stage design.

2.3.7 Bin Packing

One of the simplest combinatorial optimisation problems is the “bin-packing problem”,

expressed in Equations 1.1 through 1.3. In the bin-packing problem, n items each of some

size lj are assigned into at most n bins each of capacity L, subject to the requirement that

each item be assigned at most once (Equation 1.2), and the sum of the sizes of the items

assigned to a given bin does not exceed its capacity (Equation 1.3). The objective (Equation

1.1) is to minimise the total number of bins used.
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min
X

:
n

∑
i=1

yi (1.1)

subject to:
n

∑
j=1

Xij = 1, ∀i ∈ {1, ..., n} (1.2)

n

∑
j=1

Xijlj ≤ L, ∀i ∈ {1, ..., n} (1.3)

The design variable X ∈ {0, 1}n×n is a binary matrix for which Xij = 1 if item j is assigned

to bin i, and Xij = 0 otherwise. The auxiliary variable y ∈ {0, 1}n represents whether a bin

contains any items (yi = 1 when ∑n
j=1 Xij ≥ 1, and yi = 0 otherwise).

The bin-packing problem appears in numerous real-world applications, including

transportation logistics problems, optimal allocation of computing resources, and

manufacturing optimisation. The bin-packing problem presents a useful analogy for the

inventory-constrained design of structures consisting of linear elements (such as trusses

and frames), when structural elements are to be cut from inventory elements. In this

analogy, inventory elements correspond to bins, and structural locations are items.

2.3.8 Greedy Heuristics

A range of heuristics have been developed for solving the bin-packing problem (Coffman et

al. 2013; Crainic et al. 2010). These typically use “greedy” rules combined with pre-sorting

(and in some cases repacking) procedures to achieve packings of reasonably high quality

with efficient execution times. In this context, the term “greedy” refers to the fact that such

algorithms work by choosing the optimal solution to sub-problems of the given problem,

progressively constructing a solution to the overall problem which approximates or equals

the optimum solution to this problem.

A classical algorithm for bin-packing is the “Best-Fit” algorithm (Coffman et al. 2013).

The algorithm is described as follows (where the term “open bin” refers to a bin with at

least one item already placed into it): given an ordered list of bins, the Best-Fit algorithm

assigns the current item into the open bin with the greatest remaining space within which

the current item would fit. If no such bins exist, a new bin is opened. Ties are broken in

favour of bins which appear first in the ordered list. This algorithm, by seeking a local

optimum to a sub-problem (the assignment of a single item to a single bin) and using

basic heuristic rules, produces solutions to the overall problem which are of reasonably
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high quality in a computationally efficient manner, achieving a worst-case asymptotic time

complexity of O(n log2 n).

This thesis presents novel greedy heuristics for ICSD assignment optimisation based on

those developed for the bin-packing problem which are used to produce reasonably high-

quality solutions to ICSD problems in a computationally efficient manner.

2.4 research gaps and opportunities

This chapter has identified research gaps and opportunities in the field of ICSD. Based

on a review of whole timber construction and steel component reuse, flexibility and

speed were identified as key requirements of ICSD in these applications. Early stage

structural design was identified as a key target area for innovation in design methods

intended to yield the greatest possible improvements in performance and reductions in

life-cycle impact of new structures in ICSD scenarios. Rapid-response computational tools

for ICSD were identified as an effective means of enabling productive performance-aware

exploration in early-stage structural design. The optimisation of assignments of inventory

elements to structural locations was identified as a priority area for the development of

an efficient design exploration procedure. ICSD assignment optimisation was shown to be

a challenging combinatorial problem. Based on the observation that flexibility and speed

(and not solution optimality) are likely to be key priorities in the development of ICSD

methods for early-stage structural design, heuristic methods (as opposed to exact methods)

were chosen as a focus of this work. Using an analogy with the bin-packing problem,

greedy heuristics were identified as a computationally efficient approach for addressing

ICSD assignment problems while achieving reasonably high solution quality.

Chapters 4 and 5 present greedy heuristic approaches for the ICSD assignment

optimisation of trusses using whole timber and reclaimed steel elements, respectively.

These approaches extend greedy heuristic methods for solving the bin-packing problem

to the problem of the assignment of inventory elements to locations in trusses subject to

structural and inventory constraints.

Given the need for speed and flexibility in early-stage ICSD identified in this chapter,

and the computational complexity of ICSD problems, analytical methods which can yield

early quantitative and intuitive insights into such problems are also likely to be of value

to designers in practice. Such insights could help designers to identify, compare, and

refine inventory-constrained designs without requiring the use of complex combinatorial
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optimisation methods. Chapter 3 presents analytical methods for characterising the design

space of ICSD problems, as well as a new metric for comparing inventory-constrained

designs with consideration of offcut waste, a key contributor to life-cycle impact in ICSD.
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A N A LY T I C A L M E T H O D S F O R I C S D

3.1 preface to “inventory-constrained structural design : . . . ”

ICSD presents a challenging combinatorial structural optimisation problem. Combinatorial

optimisation problems typically require specialised solution techniques which may be

difficult to apply in design practice. Therefore, it is of interest to determine whether

conventional structural optimisation approaches (which do not consider element quantity

and length constraints) could be applied to ICSD problems with minimal modification.

This section discusses why this approach is likely to be ineffective, and suggests that new

design and optimisation methods are needed to solve ICSD problems in practice.

3.1.1 Infeasible Design Space Regions

The cross-section, length, and quantity constraints in ICSD problems mean that large

regions of the structural design space of a given problem may correspond to infeasible

solutions: choices of structural geometries and topologies for which no assignment is

possible satisfying all inventory constraints. Solutions to ICSD problems produced using

conventional structural design and optimisation approaches may not correspond to feasible

designs because they do not satisfy these constraints.

3.1.2 Offcut Waste

The construction of spatial structures in many inventory-constrained scenarios involves the

production of structural members by cutting inventory elements. In such cases, offcut waste

is produced, potentially contributing significantly to life-cycle impact due to handling

and disposal or reprocessing operations. The ICSD optimisation of structural geometries,

topologies, and assignments of spatial structures therefore must consider offcut waste,

in addition to structural mass, as a key optimisation objective. Conventional structural

optimisation methods typically only consider structural mass as an objective, and may
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therefore produce solutions to ICSD problems which result in large quantities of offcut

waste, and therefore have high life-cycle impact.

3.1.3 Brute Force Search

Combined, the above challenges mean that novel structural optimisation and design

approaches are required in order to develop ICSD methods which are useful in practice

and are likely to achieve feasible, low-impact structural designs. In the development of such

new approaches, it is of interest to establish first whether a simple exhaustive enumeration

of the solution space of a given ICSD problem is likely to be effective for ICSD problems of a

size reasonably expected to be encountered in practice. The following analysis considers the

optimisation of the assignment of an inventory of elements to a given structural geometry

and topology. Table 3.1 illustrates the time required to evaluate all possible assignments

of n inventory elements to n possible structural locations, given a computer capable of

evaluating 1 million assignments per second (a conservatively high estimate of computing

speed given modern computing hardware). The number of assignments given in Table 3.1

is reasonably approximated as the number of possible permutations n! for assignments of

n inventory elements to n locations in the structure.

Table 3.1: Approximate number of possible assignments, and computational time required to
evaluate them (at 1 million evaluations per second), for n structural locations and n
inventory elements.

n n! Computation Time

5 120 1.2 milliseconds
10 3.6E+06 3 seconds
15 1.3E+12 15 days
20 2.4E+18 77359 years
25 1.6E+25 490 billion years

Table 3.1 shows clearly that brute-force search is impractical for most inventory-

constrained structural assignment problems of realistic size. Realistic ICSD scenarios are

likely to involve at least 10 structural members and inventory elements, and in some cases,

such as in the design of a long-span spatial roof truss, might involve thousands. The rapid

growth in the number of possible solutions to combinatorial problems as a function of the

given problem size is a phenomenon known as “combinatorial explosion”, a characteristic

meaning that many such problems may not be solved in reasonable time using brute force

methods.
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3.1.4 Summary of Contributions

The above discussion has demonstrated that new design and optimisation methods are

required for ICSD, and that the simplest possible approach to such problems, a brute force

search, is impractical for ICSD problems of realistic size. The following paper presents

theoretical contributions which are intended to support future research and practice

in ICSD, taking into account the above considerations specific to ICSD problems. The

concept of an assignment for ICSD involving cutting of inventory elements into structural

members is defined precisely as part of an assignment optimisation formulation for ICSD

of trusses. A new benchmarking metric, “Offcut Ratio” is introduced as a means of

comparing the performance of ICSD solutions incorporating the effect of inventory element

handling and offcut waste. Finally, analytical methods are presented for characterising

the design space of a class of ICSD problems which are shown to not require complex

combinatorial optimisation techniques for their solution. These analytical methods allow

for a computationally efficient characterisation of the design space of this class of

ICSD problems, which may be used to inform designers of the likely life-cycle impact

of inventory-constrained designs in early-stage design. Subsequent chapters introduce

efficient computational methods for addressing a broader range of ICSD problems.
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Abstract 
Increasing pressure to reduce the life-cycle impact and material consumption of new structures is driving 
interest in the use of minimally processed or second-hand structural materials in new construction. 
Conventional structural design methods, however, assume supply chains which can deliver effectively 
infinite supplies of structural elements in a wide range of dimensions. The use of minimally-processed 
or reused structural materials requires a new design approach which is tolerant of highly constrained 
inventories, in which elements exist in strictly finite quantities and are of predetermined dimensions. 
There is little literature or industry experience concerning this kind of inventory-constrained design. 
This paper presents theoretical contributions which are intended to provide a groundwork for future 
researchers and designers to develop and evaluate methods for inventory-constrained structural design. 
The concept of an “assignment” of inventory elements to structural elements is introduced. An integer 
program for the optimization of assignments of bar-type inventory elements to a statically determinate 
pin-jointed truss is formulated. New objectives for the optimization of assignments are introduced. 
Finally, analytical and numerical techniques for computing the “Offcut Ratio” objective are presented 
which may help designers to significantly reduce material consumption and waste, particularly for 
repetitive truss-like structures such as roof trusses, utility towers, and truss bridges. 

Keywords: inventory-constrained design, component reuse, structural design, computational design, structural optimization 

1. Introduction 

Component reuse, and the use of minimally processed structural materials may provide significant life-
cycle benefits for new structures. Milford [7] estimated that component reuse of steel in new structures 
could result in savings in CO2-equivalent emissions of as high as 80-90% accounting for 10-20% 
member over-specification by mass. A 2012 survey found however, that in the UK only 7% of structural 
steel from deconstructed buildings was reused (Sansom and Avery [6]). Gorgolewski [4] identified a 
lack in flexibility in the design process as among the barriers to greater adoption of component reuse in 
steel design. The use of minimally processed round timber in construction presents a similar design 
challenge, with a potential savings of up to 66-72% CO2-equivalent emissions per kilogram assuming 
one-to-one replacement of sawn timber with round timber by mass (Hammond and Jones [5]). This 
paper addresses basic theoretical challenges in inventory-constrained design and proposes some simple 
analytical and numerical optimization techniques for early-stage design with constrained inventories. 

2. Structure-Inventory “Assignments” 
In classical structural optimization, the design variables are typically structural geometry, topology, and 
element section. In inventory-constrained structural design, however, there is an additional set of design 
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variables: the “assignment” of the available inventory elements to locations in the given structural 
design. An assignment can be informally defined as the set of instructions necessary to assemble a 
structure from the given set of inventory elements. The choice of assignment can have significant impact 
on the cost, material consumption, and life-cycle impact of a given structural design. For example, a 
poor assignment may result in large fractions of material being wasted as offcuts, elements being 
unnecessarily oversized, or large numbers of elements failing to be successfully placed and having to be 
built using conventionally sourced elements, with higher associated life-cycle impact. 

This paper defines an assignment precisely for a specific inventory-constrained structural design 
problem: the design of a statically determinate pin-jointed truss using an inventory of bar elements 
(Figure 1). For this problem formulation, we only allow transverse cuts of elements, and attachment of 
elements to other elements at pin-jointed nodes. We do not allow longitudinal or transverse “gluing” or 
“welding” of elements together. The problem is formulated in Equations 1-7 as an integer program. 

 

Figure 1: Problem: assignment of an inventory of bar elements to a statically determinate pin-jointed truss. 

 
  

3.2 “inventory-constrained structural design : new objectives . . . ”

91



Proceedings of the IASS Symposium 2018 
Creativity in Structural Design 

 

 

 3 

 

The assignment in this formulation is defined as the binary matrix x, where each entry corresponds to 
whether a given structure element j is to be fabricated from a given inventory element i. The objective 
function in Equation 1, “Offcut Ratio”, will be discussed in the subsequent section. The constraint in 
Equation 2 ensures that each structure element is created at most once. Equation 3 ensures that the total 
length of structure elements cut from a given inventory element does not exceed the length of that 
inventory element. Equations 4 and 5 ensure that the axial capacity of each newly created structure 
element is sufficient to resist the loads in that location in that structure as determined by a linear, first-
order structural analysis.  

3. New Objectives in Inventory-Constrained Structural Design: “Offcut Ratio” 

Classical structural optimization generally treats structural mass or structural stiffness as objectives to 
guide designs towards ultimate design goals: the minimization of cost, material consumption, or life-
cycle impact. While these objectives are appropriate in many contexts, for the case of inventory-
constrained structural design with discrete elements, other metrics of structural performance may be 
better correlated with the life-cycle impact, material consumption, and cost of a structure.  
One limitation of structural mass as a design objective is that it does not capture the actual amount of 
inventory material consumed in order to fabricate the elements used in a structure for designs using 
discrete elements (such as steel or timber frames). In particular, structural mass does not capture the 
amount of material wasted as offcuts during fabrication which are either discarded or diverted to lower-
value product streams. It may be more appropriate in these cases therefore to treat inventory 
consumption and offcut waste as objectives in evaluating inventory-constrained designs.  

While it may be practical in some cases to minimize for one or both of these objectives directly, it is not 
convenient to use these metrics for comparing assignments for different designs, because the absolute 
quantities of used and wasted material depend on the size of the structures being considered. This paper 
introduces a new optimization objective, “Offcut Ratio” – the ratio of offcut waste mass to the mass of 
inventory material consumed. Because it is normalized against a measure of the total size of a design, 
Offcut Ratio may be a helpful benchmarking tool for comparing the relative performance of assignments 
for different designs. Offcut Ratio is defined in Equation 8. 

 

4. Analytical Solutions for Offcut Ratio for Simple Design Cases 

It is valuable to understand the effect of basic design variables on the Offcut Ratio for simple structures 
and inventories in an analytical way, so that any numerical solutions can be placed in context. 
A simple example is considered: a simply-supported pin-jointed truss consisting of elements all of some 
length l0 (Figure 2). The inventory in this example is infinite and consists of bars of some length L. For 
the purposes of analysis, the structure is rationalized as n identical repeating “monomers” each 
consisting of 4 bar elements, and a terminating group of 3 elements. 

In this example, we assume that under whatever the given loading, every element in the inventory has 
sufficient axial capacity to meet ultimate and serviceability limit state requirements if placed at any 
location in the structure. For this example, we will investigate, from the designer’s perspective, what 
effect changing l0 with respect to L has on the Offcut Ratio metric. It is shown that the choice of scaling 
of the truss has a significant impact on the amount of material wasted during assembly. We present an 
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easily-visualized approximation which can be used as a design aid for inventory-constrained design of 
truss-like structures. 

 

Figure 2: Simply-supported pin-jointed truss consisting of elements all of length l0 
 

Because all of the inventory elements are identical, and all of the structure elements are identical, it is 
clear that the optimal assignment with respect to Offcut Ratio is one in which structure elements are 
sequentially cut from inventory elements, using up the maximal amount from each inventory element 
until all the structure elements have been fabricated. This assignment results in two possible conditions 
for the inventory for any given l0 and L (Figure 3). 

 
Figure 3: Inventory conditions after fitting: a) inventory contains a partially used element b) inventory contains 

only maximally used elements. 

To compute the Offcut Ratio for this structure, inventory, and assignment, we need to find the total mass 
of all offcuts, and the total mass of the inventory elements which have been used. To do this we must 
find the number of structure elements and the number of maximally filled inventory elements. The 
number of partially filled inventory elements will always be either 1 or 0. The number of structure 
elements is 4n + 3, where 4n corresponds to the number of structure elements in the n repeating 
monomers of the truss, and 3 corresponds to the additional terminating group. The number of structure 
elements which can fit in each inventory element can be found by:  

 
where ⌊ ⌋ is the floor operator, indicating rounding down to the nearest integer. The number of maximally 
used inventory elements can be found by applying the floor operator to the quotient of the total number 
of inventory elements and the maximum number of structure elements per inventory element: 
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The number of structure elements remaining after filling the maximally used inventory elements can be 
found by: 

 
where mod is the modulo operator, indicating remainder. The offcut waste mass per maximally used 
inventory element can be found by: 

 
where A is the cross-sectional area of the inventory element, and ρ is the density of the inventory 
element material. The offcut waste mass in the partially used inventory element, if it exists, is: 

 
This results in two possible cases for the Offcut Ratio, depending on whether there is a partially used 
inventory element (Equation 14, corresponding to Figure 4a), or if there is not (Equation 15, 
corresponding to Figure 4b). Note that that the Aρ terms have cancelled. 

 

 
It is clear that for large numbers of bays n, and for reasonably large l0 / L the relative contribution of the 
partially used element to offcut waste is small. Furthermore, the larger the offcut from this partially used 
element, the more likely it is to be useful in a later design, and therefore not treated as waste. Therefore, 
it is reasonable to approximate the offcut ratio for most design situations with Equation 15, which 
disregards the Offcut Ratio contribution of the partially used inventory element. Equation 15 is a 
convenient approximation because, as long as n is high, n can be disregarded, meaning that designs of 
different sizes can be compared on the basis of simply a relationship between their geometry as defined 
by l0, and their inventory, as defined by L. Equation 15 is shown plotted in Figure 4b as a function of 
the ratio l0 / L. It is interesting to note that the peak values of Equation 15 coincide with l0 / L. 

From Figure 4, it is clear that the choice of l0 with respect to L has significant impact on the Offcut Ratio. 
For this particular design example, the designer may use this information, along with other design 
metrics, to choose a depth of truss such that l0 is equal or just less than L/i, where i is some positive 
integer which is unlikely to exceed 4 or 5 for most inventory-constrained design cases. Figure 4b may 
be a helpful visual aid for early stage inventory-constrained structural design, when a designer is 
considering the overall dimensions of a design with respect to the available inventory.  
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Figure 4: Offcut Ratio for the Single-Length Truss Problem: a) exact solution (Equations 14,15) for n = 10  

b) approximate solution (Equation 15) for any n. 

5. Offcut Ratio for Designs with Grouped Structure and Inventory Elements 
Equation 15 and Figure 4b provide insight to the designer about efficient design choices for a simple 
case – the Single-Length Truss Problem. For the more general case of designs involving elements of 
multiple lengths, determining the optimal Offcut Ratio as a function of design geometry may be 
significantly more challenging due to the difficulty of finding optimal assignments (See Section 6). One 
strategy to simplify the analytical estimation of Offcut Ratio for such designs is to establish a pairing 
between batches of inventory elements and structure elements, so as to, in effect, break the larger 
problem into sub-problems identical to the Single-Length Truss Problem. The Offcut Ratio contributions 
of each sub-problem can then be combined, accounting for the cross-sectional areas, material densities, 
and structure and elements lengths of each group, to provide the global Offcut Ratio plot. The 
approximation in Equation 15 can be used to make the calculation simpler, while still being realistic. 
Local minima in this plot (see Figure 5c for an example) represent good potential choices of structural 
dimensions, given the available inventory. This problem setup is realistic, as structural detailing 
constraints often dictate where elements of certain sections can be used in the structure. 

For a design with G individual groups of structure elements and inventory elements, to generate an 
approximate offcut ratio plot normalized in the same way as in Figure 4b, where the entire plotted region 
represents viable solutions, we must first find a datum group for which adjusting the length of the 
structure element will first yield l > L, and thus will define the feasible range for ldatum. This can be found 
by finding the structure/inventory element group corresponding to: 

 
Now, we find the global Offcut Ratio by dividing the total offcut waste contributions of each group by 
the total inventory element mass used using Equation 17. 

 
where λi = li / ldatum  and Ni is the number of structure elements in group i.  
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Figure 5: Example of global Offcut Ratio plot for a grouped design: a) design indicating lengths of structure 
elements b) table of relevant values for each group c) resulting approximate global Offcut Ratio plot. 

An example of the global approximate Offcut Ratio plot for a grouped design is shown in Figure 5. Note 
that a change of around 3% in ldatum in one instance produces a difference in Offcut Ratio of about 25%. 
We believe that this analysis method may be useful for the optimization of designs for roof trusses in 
steel or round-timber. As we have demonstrated (Figures 4a, 4b, 5c), small changes in the geometry of 
such structures can result in significant savings in material consumption and waste. 

6. Generating Approximately Optimal Assignments with Polynomial-Time Heuristics 
For more complex structural designs, it may not be possible to predetermine groupings of inventory and 
structure elements. Also, these groups may contain elements of various lengths. This generalized 
problem is shown in the integer program in Equations 1-7. For problems of this type, the discovery of 
optimal assignments becomes NP-Hard (this problem is identical to the bin-packing problem (Coffman, 
Garey, and Johnson [2]), except in the choice of objective function). This means that not only do no 
analytical solutions exist to describe the optimal assignment as a function of the problem parameters, 
but no algorithms can exist to find optimal assignments in polynomial time, unless P = NP (Cooke [3]).  

Bukauskas et al. [1] addressed this challenge with polynomial-time heuristics which are able to generate 
approximately optimal assignments for arbitrary statically determinate pin-jointed truss structures and 
arbitrary inventories of bar elements in real-time. These heuristics can be used as part of an iterative 
designer-led, form-finding process for inventory-constrained structural design. Inventory consumption, 
offcut waste, and Offcut Ratio can be computed and displayed to the designer in real-time. Figure 6 
shows how a designer might use these tools to explore the geometric design space for a parametrically 
defined roof truss with respect to a given constrained inventory. The heuristic in this example is a greedy 
“First-Fit” algorithm typically used for bin-packing problems with an additional pre-sorting step of the 
inventory and structure elements by length. This work demonstrates the generalizability of structural 
assignments for arbitrarily diverse and complex statically determinate pin-jointed truss designs. 

7.  Conclusions and Future Work 
Inventory-constrained structural design is an emerging practice and research area, with significant 
potential to reduce the life-cycle impact, material consumption, and cost of new structures. This paper 
has introduced a precise definition for the concept of an “assignment” for inventory-constrained design 
with discrete elements. We have also identified the need for new optimization objectives which better 
quantify the performance of inventory-constrained designs. We have proposed inventory consumption, 
offcut waste, and the Offcut Ratio metric for this purpose. Future work will involve the development of 
other metrics which quantify the relative required use of material from outside the given inventory (i.e. 
fit failure), and relative over-specification of elements. We have also demonstrated simple analytical 
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techniques which, subject to some approximations, can provide valuable and readily visualizable 
insights into choices of efficient design geometries. We suggest that these techniques may be particularly 
useful for reducing the material consumption and waste of repetitive truss structures, such as roof trusses, 
utility towers, and truss bridges. Finally, we suggest how polynomial-time fitting heuristics can be used 
to generate and evaluate assignments for the general case of statically-determinate pin-jointed trusses in 
real-time, a critical component in iterative, designer-led form-finding processes which are key in early-
stage structural design. 

 
Figure 6: Iterative form-finding process for inventory-constrained design with real-time assignment-generation 

heuristics:  a) parametrically defined structure with loads and support conditions b) structure elements pre-sorted 
in descending order by length c) inventory elements pre-sorted in ascending order by length. 
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The preceding paper has presented a number of novel intellectual contributions to the

field of ICSD. The focus of these contributions was the precise formulation of ICSD

assignment problems, and the development of analytical approaches to these problems

for early-stage structural design. This reflects the overarching aim of this thesis, which is

to develop improved methods for ICSD, with a particular focus on early-stage structural

design methods.

To the author’s knowledge, the preceding paper is the first presentation of an assignment

optimisation formulation for ICSD truss structures where multiple structural elements

may be cut from individual inventory elements. The concept of “Offcut Ratio” was

also introduced, allowing for the comparison of ICSD solutions independently of their

specific structural design scenarios (spans, loadings, etc.) taking offcut waste and inventory

consumption into account. Next, a class of ICSD problems was identified for which a

novel analytical method may be used to characterise their design space. An approximation

allowing for a simplified formulation of this design space characterisation was introduced

and was demonstrated to be reasonable for realistic ICSD scenarios in practice. This

analytical characterisation is of value because it allows for the use of simplified design space

characterisation, exploration, and optimisation techniques for a class of ICSD problems

without requiring sophisticated combinatorial optimisation methods. This could allow

designers in practice to more easily and quickly assess and compare ICSD solutions in

such scenarios. These results may also be used to place solutions produced using more

complex optimisation techniques in context.

The preceding paper also pointed out the need for combinatorial optimisation

approaches which could be used in the general case of ICSD of structures with arbitrary

geometry and topology using inventories consisting of elements of arbitrary lengths and

cross sections. It also identified the potential for greedy heuristics to be used as an efficient

optimisation method for rapidly generating approximately optimal structural assignments

in such scenarios as part of an early-stage design exploration procedure. The following

chapters present greedy heuristics for ICSD assignment optimisation of trusses in the

context of design using minimally processed whole timbers and component reuse of

structural steel elements. These novel methods could form the basis of new early-stage

structural design procedures for ICSD in practice.
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4.1 preface to “form-fitting strategies for diversity-tolerant design”

This thesis aims to develop improved methods for ICSD. A key challenge in ICSD is the

rapid discovery and exploration of feasible assignments of inventory elements to structural

locations in structures subject to inventory constraints. This problem is combinatorial in

nature, and as was shown in the previous chapter, requires new methods for its solution. In

other disciplines, greedy heuristic methods are often used to solve combinatorial problems,

a key example being the bin-packing problem commonly studied in operations research.

The following paper presents a study of the effectiveness of novel greedy heuristics for

the generation of assignments of inventory elements to a given structural geometry and

topology subject to member structural constraints. These algorithms are based on heuristics

used for the solution of the bin-packing problem. The ICSD of prefabricated whole timber

roof truss modules using these new algorithms is demonstrated.

The paper first summarises the state of the art of ICSD methods for whole timber

structures. It is shown that existing methods for ICSD of whole timber structures

typically involve a multi-step procedure whereby a structural geometry and topology is

developed in response to inventory constraints, and then structural checks are subsequently

performed to verify the performance of the resulting structure with respect to ultimate

and serviceability limit state requirements. This approach limits the ability of designers to

rapidly explore feasible, high quality ICSD solutions.

The paper next poses the problem of assigning limited inventories of elements to

a structural geometry as an extension to the bin-packing problem, with the addition

of member ultimate limit state constraints. An investigation is conducted into a set of

heuristics for this problem for a large number of pseudorandomly constructed problem

instances. Finally, a study is conducted applying new greedy assignment heuristics to

the assignment of whole timber elements to a prefabricated whole timber structural

module geometry (Figure 4.1) as part of a long-span roof design (Figure 4.2) considering

member ultimate limit state requirements simultaneously with inventory constraints. To

the author’s knowledge, these methods represent the first computational approach to ICSD

of whole timber structures which incorporates structural and inventory constraints in a
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single optimisation procedure, a key requirement of ICSD in practice identified in Research

Objective 4 of this thesis.

Joints between timbers were modelled as bolted flitch plate connections consisting of a

single fixed number, diameter, and spacing of bolts, where Johansen failure mode G, as

described in Eurocode 5 (BS EN 1995.1.1.2004), was assumed to govern in all cases. This

Ultimate Limit State (ULS) constraint was included in the checks performed to determine

whether each timber could be assigned to a given structural location. The length of timbers

which would, in practice, be removed in order to avoid member clashes at connections was

disregarded.

The above approach to connection design and constraint calculation reflects the

observation that in practice connection design, particularly in timber construction, is

project-specific, and is likely to be dependent on a number of considerations outside of

the scope of the problem of the assignment of available elements to a given structural

design and topology. The ICSD assignment heuristic approach introduced in the following

paper allows designers to specify their own automated connection design and calculation

procedures, which are incorporated into the assignment algorithm in the form of ULS

checks performed when an element is considered for assignment to a given structural

location.

Displacement constraints were not considered in this study, as, at the time of writing

of the following paper, the method to incorporate these constraints in the assignment

procedure presented had not yet been developed by the author. A method to address

displacement constraints in ICSD assignment is presented in Chapter 5 for the design of

trusses using reclaimed steel elements. It should be noted that the presentation of this

method in these studies is a result of the chronology of the development of these methods,

and is not due to a difference in the design requirements of timber as compared to steel

structures.
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Figure 4.1: Prefabricated whole timber modules being transported to site for Festival Foods grocery
store project. Courtesy of WholeTrees Structures.

Figure 4.2: The Festival Foods grocery store roof, incorporating prefabricated modules of whole
timber spanning approximately 17 metres. Courtesy of WholeTrees Structures.
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Abstract 
Conventional structural design proceeds by establishing a rough geometry for a structure, determining 

internal forces, and sizing members to resist these forces. This design process assumes effectively 

infinite supplies of standardised elements. There are some cases, however, where structural materials 

are available in strictly finite quantities, or may not be processed into standard sections. In these 

instances, conventional design approaches are slow or ineffective, requiring time-consuming trial and 

error to develop viable designs, or not finding solutions at all. This paper proposes new computational 

design strategies to help designers match finite sets of diverse structural elements with desired 

structural forms. The methods proposed build on algorithmic techniques developed for the Bin-

Packing Problem. Two key applications are discussed: the reuse of steel elements from deconstructed 

structures, and the use of unsawn round timbers in spatial structures. 

Keywords: component reuse, structural design, structural optimization, form-fitting, computational tools, algorithms. 

1. Introduction
When extracted carefully and inspected for quality, steel elements from deconstructed structures can 

be reused safely in new structures (Gorgolewski [5]). Milford [8] estimated that reuse of steel in new 

construction could result in CO2-equivalent emissions reductions as high as 80-90%, accounting for 

10-20% member over-specification by mass. However, a 2012 survey of UK demolition contractors 

found that only 7% of primary structural steel from deconstructed buildings was reused (Sansom and 

Avery [13]). Among the barriers to increased reuse identified by Gorgolewski [5] was a need for 

greater flexibility in the design process to deal with the uncertainties posed by not being able to 

specify “off-the-shelf” components. New design tools to address this challenge could increase the 
reuse of structural steel elements in new buildings. 

Minimally processed round timbers are an architecturally exciting, low-impact structural material with 

potential applications in spatial spanning structures (Wolfe [15]). Round timber is more dimensionally 

stable than sawn timber, so does not require kiln-drying, resulting in a savings of 66-72% CO2-

equivalent emissions per kilogram compared to sawn timber (Hammond et al. [7]). Recent structures 

(Mollica and Self [9], Sahu and Wang [12], Festival Foods [3]) have demonstrated the use of low-cost 

LIDAR and photogrammetry for 3D survey of round timbers. These projects also used digital design 

and fabrication tools to address the challenges of generating and fabricating complex geometries using 

geometrically diverse round timbers. However, the challenge of designing structures with finite 

inventories of non-resizeable elements still presents a major challenge to wider adoption. 

These two key applications point to an exciting opportunity in structural design. New digital survey 

and database tools are increasingly allowing designers to explicitly consider inventories of unique, 

diverse structural elements in their design process. Digital fabrication tools allow for the cost-effective 
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realisation of designs with complex geometries. This research addresses the gap between these tools – 

the discovery and optimisation of viable structural forms given finite inventories of diverse elements. 

2. Diversity and Scarcity Tolerant Design

2.1. State of the Art of “Form-Fitting” 
The problem addressed in this paper can be described as “form-fitting” – finding good “fits” between 
a finite inventory of available structural elements and a desired structural form. Several authors have 

considered this problem (Mollica and Self [9], Monier et al. [10], Sahu and Wang [12], Stanton [14]). 

Each used fully- or semi-automated computational workflows to make the form-fitting process faster 

and more effective at finding “good” solutions. Their approaches can be roughly grouped into 

“growth”, “attraction”, and “fitting” methods. In growth methods, elements are added to one another 

sequentially to achieve a geometric fit, usually guided by target geometry (points, curves, or surfaces). 

Attraction methods relax this connectivity constraint by placing elements onto a target geometry, such 

as a target surface, and then “attracting” them together to achieve a geometric fit. Fitting methods 

require the designer to specify a pre-defined structural geometry. Elements in this geometry are then 

progressively replaced by elements in the inventory. A key limitation of growth and attraction 

methods is that they provide no information about structural behaviour until a non-mechanism 

structure is found, assuming one is found. Fitting methods provide an analysable structure throughout 

the design process, meaning that elements from the inventory can be selected based on the required 

resistance at that location in the structure. Fitting methods, however, restrict solutions to those which 

match the initial pre-defined topology. This paper will focus on fitting method approaches. 

2.2. The Basic Form-Fitting Problem 
The basic problem of form-fitting using the fitting method can be framed as a generalisation of the 

classic Bin Packing Problem. The objective of the bin-packing problem is to find an assignment of 

“items”, each with some size 0 < si ≤ 1, into a set of “bins”, each size 1, such that the total number of 

bins used is minimised, and no bin is overfilled (Coffman et al.[2]).  

This problem can be easily adapted to the case of form-fitting an inventory of linear bars to a statically 

determinate pin-jointed truss (Fig. 1). In this case, items represent elements in the structure, and bins 

represent elements in the inventory. Items are cut from bins to fit into the structure. As in the 

conventional bin-packing problem, no splicing of bins is allowed. For this problem, bins are also 

assigned a “resistance”, and items are assigned an “effect”, representing their axial 
compressive/tensile strength and axial compressive/tensile force, respectively. A new constraint is also 

added to the problem: the effect of an item must be lower than the resistance of the bin it is placed in. 

If formulated with the same objective as the classic bin packing problem, the optimal solution would 

be the one which used the minimal number of inventory elements to satisfy the geometric and 

structural constraints of the given structure. 

Figure 1: The Basic Form-Fitting Problem. Left: structure containing “Items”. Right: inventory containing “Bins.” 
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The bin packing problem is in the computational complexity class NP-Hard (Coffman et al. [2]). 

Specifying variable bin sizes, and adding a structural check can be made without loss of generality, 

meaning that, like the bin packing problem, this formulation is also NP-Hard. The answer to this 

problem is polynomial in size with respect to the size of the problem inputs and can be checked in 

polynomial time. Therefore the form-fitting problem is also in NP, making it NP-Complete. This 

means that, as with all NP-Complete problems, no efficient (polynomial time) algorithm can 

theoretically exist for this problem, unless P = NP (P vs. NP Problem [11]). 

2.3. Algorithmic Approaches to the Form-Fitting Problem 
Because this problem is NP-Hard, heuristic algorithms are most likely to achieve a good trade-off 

between speed and quality of results. Two basic heuristics are First-Fit (FF) and Best-Fit (BF) 

(Coffman et al. [2]). In First-Fit, items are considered one by one and placed into the first bin which 

can fit them, based on some unsorted ordering of bins. In Best-Fit, items are considered one by one 

and placed into the bin which will result in the lowest remaining capacity in that bin. The quality of 

solutions of these algorithms can be improved by pre-sorting the list of items. First-Fit Decreasing 

(FFD) refers to First-Fit where the items have been sorted in decreasing order by their size. Best-Fit 

Decreasing (BFD) refers to the same pre-sorting applied to items in Best-Fit.  

The constraint of finite, unique bins of variable sizes can be considered directly using conventional 

FF, BF, FFD, and BFD. This paper proposes several straightforward extensions which can be added to 

these heuristics to try to guide them towards more optimal solutions in the presence of the additional 

structural constraints of the form-fitting problem. The first is to change the conditions for “Best-Fit” 
from the minimisation of remaining length in a bin to the maximisation of Effect / Resistance. The 

second is to change the pre-sorting criterion of FFD and BFD to Effect, as opposed to Length. A third 

modification which can be explored is sorting bins by their Resistance, or their Length. Finally, a 

fourth approach, which will be considered in future work, is to construct the algorithm such that rather 

than trying to find a fit for a given item, an algorithm would try to find items to fit a given bin.  

2.4. Form-Fitting of Non-Standardised Elements 
So far in this paper, the form-fitting problem has been posed only for elements which are straight and 

have uniform cross-section. The second key problem for form-fitting is the fitting of elements with 

diverse geometries – i.e. non-straight members with varying cross-section. Round, unsawn timbers 

often have significant deviations from straightness, and always taper along their length. Previous 

authors have used a “skeleton” representation (Fig. 2) to capture the geometry of round timbers 

(Mollica and Self [9]). A skeleton is comprised of a graph of nodes and edges, where nodes contain 

oriented cross-sections, and edges indicate connectivity between nodes. This representation can be 

generated from a 3D surface representation of a timber, as produced by LIDAR or photogrammetry 

surveys (Hackenberg et al. [6], Mollica and Self [9]). The structural behaviour of this representation is 

also easily analysed using finite element methods, by treating each edge as a linear beam element with 

stiffnesses corresponding to the cross-sections defined at its adjacent nodes. 

Figure 2: Skeleton representation of a round timber with significant eccentricities. Circles indicate cross-sectional area. 

The dashed line represents the area centroid of the round timber at all points along its length. 
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Clearly, checking for geometric fits when using the skeleton representation is more complex than the 

simple one-dimensional variable-sized bin packing case. This paper proposes a new representation for 

geometric constraints on structural elements within the desired structure. These are informally called 

“gates” (Fig. 3). Gates are geometric constraints or objectives defined as oriented boundary regions or 

volumes on the topology of the structure. These, when used alongside constraints such as connection 

locations and target geometry, are intended to help designers specify buildability constraints, while 

allowing for some geometric diversity in structural elements. For example a gate might correspond to 

the limits on the depth of a packer which connects a primary structural member to a roof purlin.  

Figure 3: “Gate” constraints. Left: rectangular region constraint with element skeleton shown passing through.  

Right: rectangular region, double half-plane, and spherical volume constraints on curved and branching elements. 

2.5. Additional Structural Checks 
In the simple case described in Section 2.2, the only structural constraint was axial crushing or tension 

failure in a bar. For “automatic” form-fitting algorithms to be useful in more general cases, including 

the design of real steel and round-timber structures, they must be able to efficiently perform additional 

structural checks on elements being placed, such as bending, shear, buckling, and connection checks. 

Also, fitting algorithms must consider the effect of individual element placement on global structural 

behaviour. This is important in statically indeterminate structures subject to load redistribution, and 

when considering global buckling, dynamic, and serviceability limit states. Future work will address 

these factors in the design of form-fitting algorithms. 

The simple linearised buckling checks specified in Eurocode 5 are not applicable to timber elements 

with significant eccentricities (BS EN 1995-1-1 [1]). One approach might be to carry out a fully non-

linear buckling analysis for each element placement, but this would likely require too much processing 

time to be efficiently included in an automatic form-fitting process.  The author is currently engaged in 

a pilot study which aims to correlate physical tests of the buckling capacity of eccentric round timbers 

to analytical buckling equations which account for eccentricity, such as Ylinen’s equation (Zahn [16]). 

3. Heuristic Algorithms for the Basic Form-Fitting Problem

3.1. Methods 
The first pilot study related to this work was an investigation of the performance of a number of 

variations on the classic First-Fit and Best-Fit heuristics when applied to the basic form-fitting 

problem. The following strategies were considered:  
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First-Fit Strategies: 

 FF – First-Fit with no pre-sorting.

 FFDL – First-Fit with pre-sorting of items by length (decreasing), and no sorting of bins.

 FFDE – First-Fit with pre-sorting of items by effect (decreasing) and no sorting of bins.

 FFDL/L – First-Fit with pre-sorting of items by length (decreasing), and pre-sorting of bins

by length (increasing).

 FFDL/E - First-Fit with pre-sorting of items by length (decreasing), and pre-sorting of bins by

resistance (increasing).

 FFDE/L – First-Fit with pre-sorting of items by effect (decreasing) and pre-sorting of bins by

length (increasing).

 FFDE/E – First-Fit with pre-sorting of items by effect (decreasing) and pre-sorting of bins by

resistance (increasing).

Best-Fit Strategies: 

 BF(L) - Best-Fit, where “Best” is defined by minimising remaining length.

 BF(E) – Best-Fit, … by maximising item effect / bin resistance (i.e. utilisation).
 BFDL(L) – Best-Fit, with items pre-sorted by length (decreasing), min. remaining length.

 BFDL(E) – Best-Fit, With items pre-sorted by length (decreasing), max. effect / resistance.

 BFDE(L) – Best-Fit, with items pre-sorted by effect (decreasing), min. remaining length.

 BFDE(E) – Best-Fit, With items pre-sorted by effect (decreasing), max. effect / resistance.

The bins and items in this test did not correspond to an actual structural geometry. Instead their 

lengths and resistances were each pseudo-randomly generated in a uniform distribution between 0 and 

1. This approach provides a baseline measure of performance independent of any given structural

form. 100 bins and 50 items were generated. This was intended to represent the likely real-world case

where the inventory is several times larger than the number of elements in a structure. The tests were

run 100 times with newly generated input values for each iteration. The mean and standard deviations

of the results over these iterations were recorded.

The following results were recorded for each algorithm 

1. Number of bins used to fit the items.

2. Number of items which were not successfully fitted.

3. Total wasted length (sum of remaining length of bins with at least one item placed in them).

Running time was not recorded, as algorithms were not implemented with the most efficient data 

structures possible, and therefore any results would not be representative of running speeds in a real 

design tool. 

3.2. Results 

Table 1: Performance of variations on First-Fit for the basic form-fitting problem for a set of 100 bins and 50 items. 

FF 

   μ*  σ* 

FFDL 

   μ   σ 

FFDE 

   μ   σ 

FFDL/L 

   μ   σ 

FFDL/E 

 μ   σ 

FFDE/L 

 μ   σ 

FFDE/E 

 μ   σ 

Bins Used: 34 2.8 38 3 34 3 42 2.8 41 2.7 45 2.4 38 2.7 

Items 

Remaining: 7 2.7 6 2.8 6 2.6 7 3 4 2.4 4 2.4 7 2.6 

Wasted 

Length**: 3.4 0.7 2.6 0.6 3.7 0.8 1.6 0.5 6.3 1.2 2.1 0.6 7.7 1.3 
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Table 2: Performance of variations on Best-Fit for the basic form-fitting problem for a set of 100 bins and 50 items. 

BF(L) 

 μ   σ 

BF(E) 

 μ   σ 

BFDL(L) 

 μ   σ 

BFDL(E) 

 μ   σ 

BFDE(L) 

 μ   σ 

BFDE(E) 

 μ   σ 

Bins Used: 40 2.8 39 2.6 38 2.6 41 2.7 41 2.7 38 2.7 

Items 

Remaining: 6 2.6 6 2.5 7 2.9 4 2.4 4 2.4 7 2.6 

Wasted 

Length**: 1.4 0.4 7.2 1.2 1.1 0.4 6.3 1.2 1.3 0.4 7.7 1.3 

*Mean values for bins used and items remaining were rounded to the nearest integer. Mean values for wasted length and all 
standard deviations were rounded to 2 significant figures.

**Lengths are expressed in terms of unit length 1, the upper bound on length for both items and bins. 

3.3. Discussion 
The results of this test (Tables 1,2) showed, surprisingly, that the performance of these algorithms, at 

least for this particular input case, did not differ significantly. The largest differences observed were in 

the total length of wasted material. Algorithms which either sorted bins in increasing order by their 

resistance (FFDL/E, FFDE/E), or which found best fits by maximising effect / resistance (BF(E), 

BFDL(E), BFDE(E)) all produced significantly higher wasted length – up to 7 times more than other 

heuristics.  

Interestingly, the number of bins used was lowest for the simplest strategy (FF) – this is likely because 

more sophisticated strategies found better matchings between lengths of items and bins, and therefore 

were more likely to find whole bins which were just above the required size for a given item. Future 

studies should investigate the effect such “greedy” algorithms have on the quality of the remaining 
material set. 

Some of the best-performing algorithms, based on their results in all three metrics, were BFDL(L), 
and the relatively simple BF(L) and FFDE. Although running time is not considered here, this will be 
an important criterion in the design of form-fitting algorithms for design tools. If performance is 
similar between relatively simple algorithms and more complex ones, it may be advantageous to 
implement the simpler algorithms in the interest of fast fitting during the initial design process. For 
design refinement processes where longer running times may be tolerated, slower implementations 

with higher quality results may be considered. 

4. Form-Fitting of a Round-Timber Roof Truss

4.1. Methods 
A preliminary study was also carried out to test the application of some basic heuristics to a real-world 

form-fitting problem – the form-fitting of round timbers to a pin-jointed planar roof truss. The 

structure to be fitted was based on a truss design developed by WholeTrees Architecture and 

Structures for the Festival Foods Grocery store, completed in 2016 (Festival Foods [3]). The trusses at 

Festival Foods had continuous timbers in their top and bottom chords, meaning that there was moment 

transfer through these connections, and the structure was statically indeterminate. For the purposes of 

this study, the top and bottom chords were modelled as discontinuous, and with all connections as 
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pins, making the structure statically determinate (Fig. 4). This allowed a relatively straightforward 

application of variations on the algorithms discussed in Section 3.1 to this problem. Future studies will 

consider indeterminate structures. Connections were modelled as dowel-type bolted flitch plates, sized 

according to Eurocode 5 specifications (BS EN 1995-1-1 [1]). 

Figure 4: Standardised truss module with uniformly distributed roof loads represented as concentrated nodal loads. 

A set of artificial trees (Fig. 5) between 10 and 30 meters in height and with base diameters between 

100 and 300 millimeters was generated as the inventory for this study, based on realistic values of 

height and taper derived from Fonweban et al. [4]. 

Figure 5: Artificially generated trees based on data from Fonweban et al. [4]. 

The algorithm implemented was a variation on First-Fit with pre-sorting (Table 3). Structural elements 

were either sorted by their axial force (corresponding to their “effect”) or were randomly sorted. 

Timbers were either sorted by their base diameter (roughly corresponding to their “resistance”) or 
were randomly sorted. Due to implementation issues, this algorithm differs from those implemented in 

the study described in Section 3 in that timbers and structural elements were resorted (or in the case of 

random strategies, reshuffled) after successful element placement. Elements were always cut from 

timbers at their base. The minimum number of placement attempts required to fit (to the nearest 25) 

was recorded, as well as the real time taken to execute. 
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Table 3: Pre-sorting strategies applied to First-Fit for form-fitting of planar truss in round timber. 

Test Case Structure Elements Sorting Criterion Timber Sorting Criterion 

1 Random Random 

2 Random Base Diameter 

3 Axial Force Random 

4 Axial Force Base Diameter 

4.2. Results 

Test Case 1: Random-Random 

Time: 40 s | Placement Attempts: 300 

Test Case 2: Random-Base-Diameter 

Time: 141 s | Placement Attempts: 400 

Test Case 3: Axial Force-Random 

Time: 39 s | Placement Attempts: 225 

Test Case 4: Axial Force-Base Diameter 

Time: 91 s | Placement Attempts: 300 

Figure 6: Fitting results for a planar round timber truss for four cases of First-Fit with various pre-sorting strategies. 
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4.3. Discussion 
It is difficult to draw conclusions based on the results of this preliminary study (Fig. 6). Sorting 

timbers by base diameter results in longer run times, likely because a greater number of elements must 

be considered before a fit is found, but it is not clear why these times were proportionately longer per 

element placement. All algorithms used segments from 12 to 14 trees out of the total of 20, but varied 

in the degree to which a given tree was used. Future studies will consider the objectives and 

constraints in round timber fabrication more closely, to determine the relative importance of the 

number of cuts, number of timbers used, or amount or quality of offcuts. Based on visual inspection, 

the Axial-Force/Base-Diameter strategy produced the best matching of inventory and structure – 

smaller elements are clearly placed in locations of lower internal force, and some of the smallest (i.e. 

lowest value) trees were nearly completely used. 

5. Conclusions and Future Work

5.1. Graphical “Ease of Fit” Feedback 
A key limitation of fitting methods, as described in Section 2.1, is that algorithms will only ever find 

matches to the structure pre-defined by the designer. This structure may be poorly suited to use the 

available material – i.e. elements may be too long or short. Additionally, stresses may be too high, or 

so low that elements aren’t efficiently utilised. A key focus for future work will be to develop a 

graphical feedback method for the form-fitting design process (Fig. 7), which will provide information 

to the designer about the “ease of fit” in terms of both geometric fit and structural constraints. As it is 
iterating through potential fits, the fitting algorithm will record information about fit attempts, and 

output these results in a graphical way to the designer. This will allow the designer to infer where the 

structural geometry could be modified to better suit the available material.  

Figure 7: Graphical “ease of fit” feedback. Inventory elements are shown superimposed on the structure, indicating whether a 

given element might be lengthened or shortened.  

5.2. Conclusions 
This paper has demonstrated the potential for automatic form-fitting algorithms to help designers 

design structures using finite sets of diverse elements. Simple extensions to basic heuristic algorithms 

for bin packing were shown to be effective for basic formulations of the form-fitting problem. Key 

future challenges are form-fitting of indeterminate structures, and checking and optimising for a 

broader range of structural constraints. A second major research focus will be a graphical display of 

“ease of fit” which will guide the designer towards more optimal matches between structure and 

material. Ultimately, these methods could make it easier for designers to develop efficient and 

expressive structures using reused steel elements and round-timber. 
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4.3 further discussion of “form-fitting strategies for . . . ”

This thesis aims to develop improved methods for ICSD, with an emphasis on early-stage

structural design methods. The first key application scenario identified as a priority in this

research has been the ICSD of whole-timber structures, as outlined in Research Objective

7. The preceding paper introduced new greedy heuristics for assignment optimisation

of whole timber structures, demonstrating feasibility of the proposed methods in this

application scenario. To the authors’ knowledge, this is the first ICSD method for whole

timber structures incorporating a structural analysis into the assignment procedure, further

addressing Research Objective 4. This paper has also tested a number of novel strategies

for improving the quality of the assignments produced using the proposed methods with

minimal increase in computational effort, including pre-sorting of inventory elements and

structural locations, as well as the use of greedy local objective functions determining a

“best fit”, addressing Research Objectives 5 and 6.

The methods presented in the preceding paper do not consider displacement constraints

or the effects of member self-weight, and are demonstrated for a single fixed geometry

and topology. The following chapter presents a number of extensions to the methods

presented, allowing for consideration of a nodal displacement constraint and member self-

weights. The iterative Nested Analysis and Design (NAND) procedure used could also

allow for consideration of statically indeterminate truss structures in future work. These

new methods, by enabling rapid exploration of feasible ICSD solutions, could allow for

greater and more effective adoption of ICSD in practice.
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5.1 preface to “assignment heuristics for inventory-constrained . . . ”

The studies presented in the preceding chapter identified the effectiveness of greedy

assignment heuristics for ICSD. These studies also identified a number of limitations in

the ICSD methods implemented, and some potential areas for future work to improve and

extend these methods. The aim of this Chapter is to build on the methods introduced in

Chapter 4, and to test their application to the design of structures consisting of reclaimed

steel elements, the second key ICSD application identified as a focus of this thesis. The

following paper extends the functionality of the methods presented in Chapter 4 to address

a greater number of structural constraints and further improve solution quality while

achieving rapid solution time. These methods are demonstrated for the design of steel

trusses using reclaimed elements, addressing Research Objective 8.

Research Objective 4 is further addressed through two novel algorithm behaviours.

Firstly, greedy assignment strategies involving a virtual work analysis are introduced

to satisfy nodal displacement constraints, allowing these serviceability constraints to be

considered in the assignment procedure. Next, the proposed assignment heuristic is

incorporated into an iterative Nested Analysis and Design (NAND) procedure which

allows for the consideration of member self-weights, and could allow for consideration

of statically indeterminate structures in future work.

Research Objective 5 is further addressed through two novel methods. Firstly, new

element comparison rules are implemented to achieve the minimisation of solution life-

cycle impact given life-cycle impact factors associated with structural mass and offcut waste

mass for the given ICSD scenario. Extensions to the pre-sorting and local objective function

rules first discussed in Chapter 4 are also introduced, further improving solution quality

over a range of design and inventory scenarios. Solutions for a set of benchmark designs

are compared with theoretically optimal solutions produced by comparable state of the

art ICSD methods, and found to be of equal or lower life-cycle impact, demonstrating

satisfaction of Research Objective 5. The paper also provides wall-clock run times and

worst-case asymptotic time complexity analyses of the new algorithms presented, which
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allow for the evaluation of the effectiveness of these methods for a real-time exploratory

design procedure in practice, addressing Research Objective 6.

Finally, an early-stage exploratory design procedure using the proposed assignment

method is demonstrated which takes advantage of the rapid solution time, high solution

quality, and guaranteed buildability of solutions provided by the proposed heuristic. It is

shown that by satisfying Research Objectives 4-6, the assignment heuristic developed in this

study is an effective tool for practical early-stage ICSD. This assignment heuristic is shown

to be effective as a subroutine of a semi-automated designer-led exploration procedure for

discovering desirable high-performing choices of structural geometry and topology for the

given design scenario. The design and life-cycle impacts of structural connections between

members are not considered in this study.
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Table 1: Variables used in this paper and their definitions and units.

Variable Description Unit
m Number of inventory elements. –
n Number of structural locations. –
u Number of ULS load cases. –
I The set {1, ...,m} representing indices of all inventory

elements.
–

S The set {1, ..., n} representing indices of all structural
locations.

–

KULS The set {1, ..., u} representing indices of all ULS load
cases.

–

X ∈ {0, 1}m×n Assignment matrix. Xij = 1 indicates inventory element
i assigned to structural location j.

–

y ∈ {0, 1}m Vector indicating whether a given inventory element has
been assigned to a structural location. yi = 1 indicates
inventory element i has been assigned.

–

M ∈ R Structural mass. kg
∆M ∈ R Offcut waste mass. kg
IM,EE ∈ R Structural mass embodied energy life-cycle impact

factor.
MJ/kg

I∆M,EE ∈ R Offcut waste mass embodied energy life-cycle impact
factor.

MJ/kg

N ∈ Rn×u+1 Matrix of internal axial forces at structural locations for
each ULS case and the single Serviceability Limit State
(SLS) load case.

N

P ∈ Rn Vector of virtual internal axial forces at structural
locations associated with the nodal displacement
constraint.

–

l ∈ Rn Vector of lengths of structural locations. m
L ∈ Rm Vector of lengths of inventory elements. m
A ∈ Rm Vector of cross-sectional areas of inventory elements. m2

I ∈ Rm Vector of second moment of area of inventory elements. m4

ρ ∈ R Density of inventory element material. kg/m3

E ∈ R Elastic modulus of inventory element material. N/m2

σy,t ∈ R Tensile yield stress of inventory element material. N/m2

σy,c ∈ R Compressive yield stress of inventory element material. N/m2

α ∈ R Displacement Contribution Target Area (DCTA) factor. –

2
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1. Introduction

The conventional design of truss and frame structures typically assumes an effectively infinite

supply of structural elements available from a manufacturer or supplier in a broad range of cross-

sections and at arbitrary lengths and quantities. There are, however, a number of design scenarios

where the cross-sections, lengths and quantities of elements available for use in construction are

limited, appearing as part of a finite inventory of elements whose characteristics are known before

the design process begins (Figure 1). The design of structures using such predetermined finite

inventories of elements, or “inventory-constrained structural design” (ICSD), is a challenging problem

which is not well addressed by conventional structural design techniques. Improved ICSD methods

could allow for significant reductions in the environmental impact of new structures by allowing

for increased component reuse of load-bearing elements from deconstructed structures, enabling a

“circular economy” approach to structural design (Fivet and Brütting, 2020). Effective ICSD methods

could also enable more efficient design using overstock material, and economical design in rural and

developing contexts with highly constrained structural material supply chains. Finally, improved ICSD

techniques could also allow for more straightforward and efficient design of structures using minimally

processed whole (round) timber elements, which are made available in limited cross-sections, lengths,

and quantities (Bukauskas et al., 2019) as part of harvesting operations.

StructureInventory

Loads

Figure 1: Inventory-constrained structural design scenario. Left: inventory of available bar elements with variable
lengths and cross-sections. Right: truss structure subject to loads.

1.1. Literature Survey

A considerable body of literature has explored the optimisation of structures using only members

with a finite set of available cross-sections, a problem referred to in this paper as “discrete cross-section

optimisation” (Stolpe, 2016; Azad and Hasançebi, 2015; Cheng et al., 2016; Ho-Huu et al., 2016; Azad,

2018; Le et al., 2019).

The term “inventory-constrained structural design” (ICSD) is used in this paper to describe the

case where, in addition to cross-sections only being available from a discrete set, inventory elements

are also only available in limited quantities and lengths. Relatively few authors in the structural design

and optimisation research community have addressed this problem scenario (Fujitani and Fujii, 2000;

3

5.2 “assignment heuristics for inventory-constrained structural design”

119



Nadir et al., 2004; Stanton, 2010; Monier et al., 2013; Pongiglione and Calderini, 2014; Mollica and

Self, 2016; Bukauskas et al., 2017, 2018; Baber et al., 2019; Brütting et al., 2018a,b, 2019, 2020).

Fujitani and Fujii (2000) explored the use of genetic algorithms for assignment of inventory elements

to planar frames without consideration of length constraints. Bukauskas et al. (2017) demonstrated

the use of modified bin-packing heuristics for the ICSD of planar trusses consisting of whole timber

elements. Brütting et al. (2018a,b) introduced a Simultaneous Analysis and Design (SAND) method

for assignment, topology, and geometry optimisation of trusses designed from finite inventories of

elements available from deconstructed structures in a “one-to-one” assignment of inventory elements

to structural locations. Brütting et al. (2020) extended this formulation to include more extensive life-

cycle impact considerations, the design of hybrid structures incorporating new and reused elements,

fabrication constraints, and the ability to cut multiple structural members from inventory elements.

1.2. Research Opportunities

Studies in the efficiency of creative workers using computers have suggested that reductions in the

time taken to return computational results to the user following data input may result in significant

increases in productivity, an effect attributed to reduced interruption in creative thought processes

(Thadhani, 1981; Brady, 1986). In particular, when system response times were reduced to below

the 1 second threshold, significant increases in productivity were observed (Thadhani, 1981). This

effect is likely to apply in the process of structural design as well: a number of computational tools

have leveraged rapid feedback regarding structural performance and material consumption for early-

stage creative structural design exploration (Kilian and Ochsendorf, 2005; Piker, 2013; Rippmann,

2013; Mueller and Ochsendorf, 2015). The combinatorial nature of ICSD, however, means that it

is computationally challenging to produce feasible, high-quality structural design solutions to such

problems rapidly enough for use in real-time design exploration tools. Existing methods for ICSD

may not allow for rapid exploration of a wide range of feasible design options because they employ

exact algorithms which may not return feasible solutions quickly enough, or may not converge for

larger problem instances (Brütting et al., 2019).

1.3. Summary of Contributions

This study introduces a computationally efficient heuristic for generating feasible assignments

of inventory elements to given truss layouts, with the objective of minimising embodied life-cycle

impact. By producing approximately optimal solutions rapidly (within 1 second for the problem

instances investigated), this heuristic is intended to facilitate a real-time, early-stage design exploration

procedure for discovering feasible inventory-constrained designs with low life-cycle impact.

With the proposed heuristic, member stress, member buckling, and nodal displacement constraints

are satisfied, when possible, using an iterative NAND optimisation procedure of alternating assignment

and analysis rounds. Nodal displacement constraints are satisfied, when feasible, using a refinement

procedure which enforces rules on element assignment to control displacements while minimising

embodied life-cycle impact. A semi-automated design exploration procedure incorporating these

4

5.2 “assignment heuristics for inventory-constrained structural design”

120



assignment heuristic and refinement methods is proposed for generating candidate designs of interest

for further optimisation.

2. Problem Description

2.1. Objective Function for Inventory-Constrained Structural Design

In ICSD involving cutting of inventory elements into structural members, structural mass alone

is an insufficient metric of the real-world costs and life-cycle impact of the given structural design.

Bukauskas et al. (2018) explored the effect of geometry changes on offcut waste production for such

ICSD problems.

Brütting et al. (2018b) proposed an objective function for the ICSD of trusses using reclaimed

steel elements. In this formulation, the total project life-cycle impacts associated with selective

deconstruction, material transport, and waste disposal are computed as the sum of impacts associated

with the total structural mass and the impacts associated with the total offcut waste mass. Life-cycle

impacts due to the production of member connections are neglected. This objective function, as shown

in Equation 1a, is used throughout this paper.

2.2. Problem Formulation

The problem of assigning segments of inventory elements to structural locations subject to member

stress and buckling constraints is posed in Equation 1. In this formulation, the internal forces N are

provided from a previous structural analysis, and assignment proceeds as part of an iterative NAND

procedure consisting of alternating assignment and analysis rounds.

min
X

IM,EEM + I∆M,EE∆M (1a)

subject to
S∑

j

Xij = 1,∀i ∈ I (1b)

S∑

j

Xij lj ≤ Li,∀i ∈ I (1c)

σy,c ≤
XijNj,k
Ai

≤ σy,t,∀i ∈ I, ∀j ∈ S, ∀k ∈ KULS (1d)

−XijNj,k ≤
π2EIi
l2

,∀i ∈ I, ∀j ∈ S, ∀k ∈ KULS (1e)

M =
I∑

i

S∑

j

XijAiljρ (1f)

∆M =
I∑

i

yiLiAiρ−M (1g)

The design variable for this problem is the assignment matrix X ∈ {0, 1}m×n, for which an entry

of Xij = 1 corresponds to structural element j being cut from inventory element i, and Xij = 0

otherwise. The vector y is included as an auxiliary variable for clarity, where yi = 1 if inventory

element i has had at least one structural element cut from it, and is 0 otherwise. In this formulation,
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no longitudinal connection of inventory segments to produce structural elements is allowed. Structural

elements are produced at their full required length by being cut from inventory elements.

Equation 1b is the constraint that each structural member be produced exactly once. Equation

1c is the constraint that the total length of structural elements cut from an inventory element does

not exceed its length. Equation 1d is the constraint that the internal axial stress in every member

not exceed the compressive and tensile yield stress of the material of that member. Equation 1e is

the constraint that the internal axial compressive force in each member not exceed the axial buckling

capacity of that member for all ULS load cases. Equation 1f shows that the structural mass M is the

sum of the masses of all the structural members. Equation 1g shows that the offcut waste mass ∆M

is the mass remaining in inventory elements which have had at least one structural element cut from

them. Inventory elements which have no structural elements cut from them are assumed to be usable

in other projects and thus incur no life-cycle impacts.

Note that nodal displacement constraints are not explicitly formulated in Equation 1. A design

refinement method introduced in this paper allows for the generation of assignments which satisfy,

when possible, a single nodal displacement constraint in a single direction under a single load case.

3. Greedy Assignment Heuristic Algorithm

3.1. Algorithm Overview

Algorithm 1 Generate assignment matrix X of inventory elements to structural locations.
1: procedure Assign(structural locations, inventory elements)
2: Pre-sort structural locations.
3: for each choice of remaining length factor λ ∈ {−1, 0, 1} do
4: for each structural location j do
5: if final structural location then
6: λ = −1 . λ = −1 for final structural location.
7: for each inventory element i do
8: if remaining length check passed then
9: if ULS Checks passed then
10: if inventory element area Ai ≥ DCTAj then
11: Apply Objective Function in Equation 6.
12: else if inventory element area Ai < DCTAj then
13: Apply Objective Function in Equation 7.
14: if any inventory elements exist with area Ai ≥ DCTAj then
15: Consider offcut with best score on Equation 6.
16: Consider unused element with best score on Equation 6.
17: Compare elements using Equation 8.
18: Select better of two elements according to Equation 8.
19: else if no inventory elements exist with area Ai ≥ DCTAj then
20: Select element with best score on Equation 7.
21: Update assignment matrix X.
22: Update inventory remaining lengths L.
23: Update offcut state vector y.
24: Compute LCI of solution X for given λ.
25: Select lowest LCI solution X from λ ∈ {−1, 0, 1}.

The heuristic proposed in this study uses a “greedy” procedure to assign inventory elements to
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structural locations, summarised in pseudocode in Algorithm 1. The algorithm proceeds by considering

each structural location in turn, and for each structural location considering each inventory element in

turn. Of the inventory elements which satisfy the member stress and buckling constraints associated

with this location, the inventory element with the best fitness with respect to a local objective

function is chosen. This approach is inspired by approximation algorithms used for the solution of

the bin-packing problem, a well known problem in operations research (Coffman Jr et al., 2013).

A key advantage of the proposed greedy assignment approach is that the worst-case asymptotic

computational time complexity of the assignment algorithm is O(mn+n logn), wherem is the number

of inventory elements, and n is the number of structural locations. Combinatorial problems such as

the assignment problem posed in this paper are subject to combinatorial explosion, meaning that

exhaustive enumeration is impractical even for relatively small problem instances. The relatively

low worst-case asymptotic computational time complexity of the proposed heuristic with respect to

problem size suggests that it may be an effective approach for the practical early-stage ICSD of

structures with many members and in cases where inventories are large.

3.2. Displacement Contribution Target Area Method

A key limitation of “greedy” heuristic methods is their inability to explicitly consider global

objectives and constraints. For the proposed heuristic, pre-ordering of structural locations and

inventory elements, and greedy inventory element selection rules are used to incorporate the effects of

global objectives and constraints on the assignment produced.

In order to produce assignments which satisfy nodal displacement constraints, a “Displacement

Contribution Target Area” method is proposed whereby virtual unit load structural analyses are

combined with structural analyses under real loads to predict the contribution of each structural

location to the displacement at a target node. This method is used to yield insight into the locations

in the structure where larger cross-sections are likely to yield the greatest reductions in displacements.

For truss structures, the displacement of a node in a given direction under a given loading may

be calculated by considering the member axial forces in the structure subjected to the real loads and

under a virtual unit load at that node in the direction of interest. The resulting total displacement

under real loads is expressed as the sum of the products of the virtual internal axial forces and real

internal displacements in each member, as shown in Equation 2:

δ =
n∑

j=1

PjNj lj
EjAj

(2)

where Aj ,Pj ,Nj ,lj ,and Ej are the cross-sectional area, virtual internal axial force, real internal

axial force, length, and elastic modulus, respectively, of structural member j. A number of authors

have implemented heuristics for discrete cross-section optimisation which use information gained from

a virtual unit load analysis of the structure (Park and Park, 1997; Elvin et al., 2009; Kazemzadeh Azad

et al., 2014; Azad and Hasançebi, 2015). The contribution PjNj lj/EjAj of each structural location

j to overall displacement is commonly defined as the “Displacement Participation Factor” (DPF)

(Kazemzadeh Azad et al., 2014; Azad and Hasançebi, 2015).
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For the proposed assignment heuristic, an alternative metric of displacement participation is used

to guide the assignment procedure. In the proposed method, a Displacement Contribution Target

Area (DCTA) is formulated for each structural location, as shown in Equation 3. Informally, the

assignment procedure (described in Section 3.5) aims to select inventory elements with cross-sectional

areas as close as possible, and where possible, greater than the DCTA. The proposed method allows

for the consideration of a single nodal displacement constraint in a single direction under a single

Serviceability Limit State (SLS) load case.

DCTAj = PjNj ljα

αprop
(3)

In Equation 3, Pj , Nj are the forces at structural location j due to the SLS loads and the virtual

unit load, respectively. The member cross-sections used to obtain these internal forces are those of the

previous assignment in the iterative NAND procedure, described in greater detail in Section 4. α is a

factor controlling the magnitude of the DCTA and applies for the entire assignment procedure. α = 0

corresponds to the condition where the DCTA = 0, and has no effect on assignment. The DCTA is

normalised by the DCTA factor “proportionality bound” αprop, which corresponds to the choice of

DCTA factor α above which no inventory elements exist with a cross-sectional area greater than the

DCTA. αprop is defined in Equation 4:

αprop = (PjNj lj)max
Amax

(4)

where (PjNj lj)max = max(PjNj lj),∀j ∈ S. αprop may be calculated by considering each structural

location in turn, an operation requiring O(n) time which must be performed once per assignment. A

maximum value of α may also be calculated, beyond which no further increases in α will yield any

changes in assignment. This value, αmax, may be calculated as given in Equation 5:

αmax = Amaxαprop
(PjNj lj)min,> 0

(5)

where (PjNj lj)min,> 0 = min(PjNj lj),∀j ∈ S subject to: (PjNj lj) > 0.

The following sections describe how the DCTA is incorporated into the assignment procedure.

3.3. Structural Location Pre-sorting

A common strategy for improving the performance of approximation algorithms used in bin-packing

is the use of pre-sorting (Coffman et al., 1997; Crainic et al., 2010). The proposed heuristic uses a

pre-sorting of structural locations to reduce solution life-cycle impact and increase the likelihood of

satisfying global constraints. This pre-sorting operation has a worst-case asymptotic time complexity

of O(mn+ n logn), meaning that it only increases the overall assignment algorithm’s execution time

by a constant factor.

Structural locations are pre-sorted in a hierarchical manner. Structural locations are sorted first

in descending order of their “volume score” Vj,score, which is the product of their “cross-sectional area

score” Aj,score and length lj . Structural locations with equal volume score are ordered in descending
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order of their length lj . Cross-sectional area score corresponds to a prediction of the cross-sectional

area requirement of that structural location, with the exception of structural locations whose sizing

is governed by DCTAs.

To determine the cross-sectional area score for each structural location, an ordered list of inventory

elements is first produced where inventory elements are sorted in ascending order of their cross-

sectional areas. Because this operation needs to be performed only once per unique inventory

considered and requires at most O(m logm) time in conventional implementations, its contribution

to worst-case asymptotic time complexity may be disregarded.

The cross-sectional area score for each structural location is determined by considering each

structural location in turn, and for each inventory element in ascending order of their cross-sectional

areas in turn, returning the cross-sectional area of the first inventory element which satisfies the

length, member stress and member buckling constraints and is greater than the DCTA for the

given location. When the cross-sectional area required for a given structural location to satisfy

the DCTA exceeds the greatest available inventory element area, the cross-sectional area score is

taken as the cross-sectional area equal to the DCTA. This behaviour increases the chance that

structural locations which are likely to contribute most to displacements are considered earliest in

assignment. This increases the likelihood that these structural locations will have inventory elements

of greater available cross-sectional area assigned to them first, thus reducing the contributions of these

structural members to overall displacements. This cross-sectional area score calculation operation has

a worst-case asymptotic time complexity of O(mn). The subsequent hierarchical sorting of structural

locations by their cross-sectional area and length may be performed in O(n logn) time in standard

implementations, and must be performed once per assignment.

A key advantage of this pre-sorting of structural locations is that when an inventory element is

cut to produce a given structural element, its offcuts are more likely to satisfy local constraints in

subsequent structural locations with slightly lower cross-sectional area requirements. This means that

fewer offcuts are left over in the final assignment and cross-sections are minimally under-utilised

with respect to member stress and buckling constraints, resulting in a lower overall cost where

inventory element handling and waste costs are non-zero. Furthermore, with this presorting, for

structural locations of equal volume score, longer structural locations are considered first, increasing

the likelihood that an inventory element will be found which satisfies the length constraint for this

structural location.

3.4. Inventory Element Pre-ordering

To reduce the likelihood of pathological inventory element orderings resulting in poor quality

cutting patterns in the final assignment, inventory elements are pseudorandomly ordered prior to

element assignment. This pseudorandom ordering procedure is performed once, when the inventory is

constructed for use in a design exploration and remains fixed throughout the assignment procedure.

9
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3.5. Assignment

In the proposed heuristic, assignment of elements proceeds as follows: for each structural location

in turn (in the order produced by the pre-sorting procedure described in Section 3.3), inventory

elements are considered (in the stable ordering in which they appear in the inventory element list,

which has been pseudorandomly ordered as discussed in Section 3.4) for assignment to that structural

location. For each inventory element considered, length and local member stress and buckling checks

are performed. If at least one of these constraints are not satisfied, the inventory element is not

considered further for this structural location. If the length and local stress and buckling constraints

are satisfied, the cross-sectional area of the given inventory element is compared to the DCTA for this

structural location.

Depending on whether the cross-sectional area of the given inventory element is less than or no

less than the DCTA, one of two local objective functions is applied to the inventory element. These

objective functions are used in the process of selecting the inventory element from which the structural

member for the given structural location will be cut.

3.5.1. Area Greater Than or Equal to Displacement Contribution Target Area

If the cross-sectional area of the given inventory element is greater than or equal to the DCTA

for the given structural location, the local objective function given in Expression 6 is applied to the

inventory element:

min
i

: Ai + ε1λ
Li
Lmax

(6)

where Ai is the cross-sectional area of inventory element i, and ε1λ
Li

Lmax
is a “tie-breaking” term

that determines which of any inventory elements with equal cross-sectional area will be prioritised for

assignment, on the basis of their remaining length. In this tie-breaking term, ε1 ∈ R is chosen as any

positive number smaller than the absolute value of the minimum non-zero difference between the cross-

sectional areas of any two elements in the inventory (0 < ε1 < |Ai −Aj |min,> 0 ;∀i, j ∈ I). ε1 may be

calculated a single time for any given inventory prior to design using a procedure requiring at most

O(n logn) time in conventional implementations. λ ∈ {−1, 0, 1} is a “remaining length factor” used

to determine whether, when comparing two inventory elements of equal cross-sectional area, ties are

broken in favour of the inventory element with greater remaining length (λ = −1), shorter remaining

length (λ = 1), or in favour of the first inventory element to appear in the pseudorandom pre-ordering

of inventory elements with no consideration of remaining length (λ = 0). Li is the remaining length

of inventory element i (which is equal to its original length when no structural locations have been

yet cut from it). Lmax is the greatest initial (uncut) length of all inventory elements. This remaining

length factor tie-breaking behaviour is used as a greedy heuristic rule to improve the cutting pattern

efficiency of assignments.

As inventory elements are considered in turn for a given structural location, if the inventory

element being considered is unused (has no structural elements cut from it yet), the result of the

objective function given in Equation 6 is compared to the current lowest objective function value from
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all previous unused elements considered. If this new inventory element’s objective function value is

lower, the index of this inventory element is stored as the new best unused inventory element with

an area greater than the DCTA for the given structural location, and the corresponding current best

result value updated. The same procedure is carried out for all offcut inventory elements (inventory

elements with at least one structural element cut from them) encountered as inventory elements are

considered in turn. This results in at most one offcut and one unused element with minimal score

with respect to the objective function given in Equation 6.

The state of each inventory element as either unused or an offcut is stored in the vector y ∈ {0, 1}m

where yi = 0 indicates that inventory element i is unused, and yi = 1 indicates that inventory element

i is an offcut.

3.5.2. Area Less than Displacement Contribution Target Area

If the cross-sectional area of a given inventory element is lower than the DCTA, the objective

function given in Equation 7 is applied.

max
i

: Ai + ε1yi − ε2λ
Li
Lmax

(7)

The cross-sectional area term of this objective function (which is to be maximised) is intended to

result in the assignment of members with greatest possible stiffness to the given structural location.

Because all inventory elements are assumed to have the same materials properties for the problem

instances considered in this study, the elastic modulus is omitted from the objective function. The

ε1yi term is a tie-breaker term which means that, when inventory elements of equal cross-sectional

area (and therefore stiffness) are compared, the offcut will always be chosen. This corresponds to the

realistic scenario whereby costs associated with waste and handling mean that using offcuts is preferred

over cutting elements from unused inventory elements. If the costs associated with fabrication and

construction for the particular design scenario mean that using offcuts is not necessarily preferred,

this factor can be removed, or made negative.

The remaining length factor term ε2λ
Li

Lmax
. is used as a secondary tie-breaking term in this instance,

whereby if two inventory elements of equal cross-sectional area which are either both unused or are

both offcuts are considered, the tie in their objective function values is broken using the same behaviour

as described in Section 3.5.1. ε2 ∈ R may be chosen as any value satisfying the conditions: 0 < ε2 < ε1

and 0 < ε2 < (|Ai −Aj |min,> 0 ;∀i, j ∈ I)− ε1. It should be pointed out that this tie-breaking term is

negative in this objective function because this objective function is to be maximised.

3.5.3. Selection of Inventory Element for Assignment

The consideration of all inventory elements which have satisfied the local member stress, buckling

and length constraints results in at most three “best” inventory element indices being stored, which

correspond to: 1) the best unused inventory element with cross-sectional area greater than the DCTA,

2) the best offcut inventory element with cross-sectional area greater than the DCTA, and 3) the best

inventory element with cross-sectional area lower than the DCTA (which may be either unused or an

offcut).
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If any inventory elements have a cross-sectional area greater than the DCTA, then one of these

will be chosen. If either only an unused element or only an offcut element exists with a cross-sectional

area greater than the DCTA, then this element will be chosen as the overall best inventory element

and is assigned to the structural location under consideration. If both an unused and offcut inventory

element exist which both have cross-sectional areas greater than the DCTA, then the change in overall

solution life-cycle impacts resulting from cutting a structural element from each of them is compared,

and the element resulting in the smaller increase in life-cycle impact is chosen. Ties are broken in

favour of offcut elements. Table 2 summarises the changes in structural mass and offcut waste as a

result of cutting a structural element from an offcut element compared to an unused element.

Table 2: Changes in structural mass M and offcut waste ∆M as a result of cutting a structural element of length l from
an offcut inventory element of cross-sectional area AO or an unused inventory element of cross-sectional area AU and
remaining length LU . ρ is the density of the inventory element material.

M ∆M
Offcut AOlρ −AOlρ
Unused AU lρ (LU − l)AUρ

AOl(IM − I∆M )
?
≤ AU

(
IM l + I∆M (LU − l)

)
(8)

Equation 8 compares the overall solution life-cycle impact changes associated with cutting a

structural element from either an offcut element or an unused element, where the density term ρ

has been cancelled, and the life-cycle impact factors for structural mass and offcut waste mass, IM
and I∆M , respectively, have been applied to the changes in structural mass and offcut waste mass

given in Table 2. It should be noted here that cutting a structural element from an offcut inventory

element results in a reduction in offcut waste, while cutting a structural element from an unused

inventory element results in an increase in offcut waste, as shown in Table 2. If no inventory elements

considered for the structural location under consideration have cross-sectional areas greater than the

DCTA, then the best inventory element (with respect to Equation 7) with cross-sectional area lower

than the displacement contribution target area is assigned, if such an inventory element exists.

3.5.4. Inventory Properties Updates

When an inventory element i is chosen for assignment to a structural location j, its remaining

length Li is reduced by the length lj of the structural location, and its offcut state variable yi is set

to 1, indicating that it is an offcut. The assignment matrix entry Xij is set to 1.

3.5.5. Assignment Termination Conditions

Assignment for each structural location in turn proceeds as described in Sections 3.5.1 through

3.5.4 until either all structural locations have had inventory elements assigned to them, or no inventory

element exists which satisfies all member stress, buckling and length constraints for a given structural

location, in which case the assignment is considered to have failed and is denoted as “incomplete”.

In practice, additional inventory elements sourced on a conventional on-demand basis could be

assigned to structural locations for which no inventory elements are found that satisfy the local ULS
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and length constraints. This behaviour was not considered as part of this study because it is likely that

such approaches would be implemented on a case-by-case basis, and do not pose any significant new

research challenges, as these additional elements can be sized using conventional discrete cross-section

optimisation techniques.

3.5.6. Remaining Length Factor Rules

The above assignment procedure is conducted three times, once for each choice of the remaining

length factor λ ∈ {−1, 0, 1}. The assignment with the lowest associated life-cycle impact of these

three is chosen. This behaviour increases the running time of the algorithm by a factor of three, but

decreases the likelihood of solutions with poor cutting pattern efficiency (resulting in large quantities

of offcut waste), as might occur if only one of the three remaining length tie-breaking strategies were

used. This behaviour also increases the likelihood of the discovery of solutions with small amounts of

offcut waste (solutions with good cutting pattern efficiency), where these exist.

When selecting an inventory element to be cut for the final structural location under consideration,

it is observed that in many realistic design scenarios, there is little benefit from choosing a longer

inventory element (resulting in greater remaining length after the cut), because no further structural

locations will be cut from the inventory for the given design. Thus, for the implementation of the

assignment heuristic described in this study, for the final structural location, the remaining length

factor λ is always set to 1 (see Line 6 in Algorithm 1). This means that any ties between inventory

elements which are either both unused or both offcuts are broken such that inventory elements with

shorter remaining lengths are chosen for assignment. This approach is inspired by that taken by Crainic

et al. (2010) in the development of efficient heuristics for the variable-sized bin packing problem.

3.5.7. Worst-Case Asymptotic Time Complexity

Although the worst-case asymptotic time complexity of the assignment heuristic proposed in this

study is O(mn + n logn), the number of inventory elements n is unlikely in practice to exceed a

relatively small constant factor of the number of structural elementsm, because the length of inventory

elements is unlikely to exceed 4 or 5 times that of structural locations. Thus, the mn term, in realistic

scenarios, is likely to quickly dominate the n logn term as the size of the given problem instance

increases, meaning that the worst-case asymptotic time complexity of the proposed heuristic can be

reasonably simplified to O(mn).

4. Iterative Assignment

For the ICSD of statically determinate structures where the self-weight of the structure is neglected

for the purposes of preliminary design, a single complete assignment will guarantee satisfaction of

member stress and stability constraints. However, when the structure is statically indeterminate, and

in cases when the self-weight of structural elements is considered explicitly in design, the assignment

of elements to the structure will result in changes to the internal forces and self-weight, which could

result in the subsequent failure of member stress and stability constraints upon re-analysis.
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The approach taken in this study is a Nested Analysis and Design (NAND) method, whereby

assignment is conducted iteratively, using the internal forces determined by a structural analysis

conducted using the member cross-sections associated with the previous assignment. The initial

assignment for all experiments and case studies conducted in this paper is an assignment of a single

identical small cross-section for all members in the structure, resulting in negligible self-weight.

Figure 2 illustrates this iterative NAND assignment procedure. In the iterative procedure proposed,

if an “incomplete” assignment is encountered, no further assignments or analyses are attempted. For

every assignment except for the initial one, member stress and buckling checks are conducted using

the forces resulting from an analysis of the structure given cross-section information from the previous

assignment. If any member stress or buckling checks fail, the assignment is considered “infeasible”,

and assignment is repeated using the updated forces. Iterative assignment proceeds until either a

complete feasible assignment is found, in which case it is returned and the procedure terminates, or the

maximum number of iterations is exceeded, and the procedure terminates without a complete feasible

solution. For all experiments conducted in this study, an iteration limit of 10 analysis-assignment

rounds in addition to the initial assignment and analysis was applied.
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Figure 2: Iterative NAND assignment procedure for ICSD.
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5. Design Refinement Procedure

Using the proposed heuristic, complete feasible assignments discovered using a DCTA factor α of

0 (corresponding to behaviour where the DCTA factor has no effect on assignment) may fail the nodal

displacement constraint applied to the given problem. In order to produce assignments satisfying

the displacement constraint in such cases, an iterative design refinement procedure is proposed

for determining choices of the DCTA factor α greater than 0 which result in solutions satisfying

the displacement constraint with minimal life-cycle impact. In this procedure, multiple rounds of

assignment for various values of α are conducted to discover solutions satisfying the displacement

constraint. If a solution satisfying the displacement constraint is discovered in any round, the designer

may opt to stop the refinement procedure. The proposed method is intended to identify displacement-

feasible solutions quickly, but provide the option for additional refinement if the designer seeks to find

improved solutions and is willing to allow longer execution times.

In the first round of this procedure, assignments are attempted for increasing values of α, starting

at α = 1 (corresponding to the proportionality bound discussed in Section 3.2) and increasing by 1 for

each subsequent sample. For each value of α sampled, the displacement utilisation (the displacement

at the constrained node divided by the maximum allowable displacement at this node) is recorded.

This first round of sampling is used to establish an upper bound for the search space of α for subsequent

sample rounds. The upper bound is set as the highest value of α sampled resulting in a displacement-

feasible design, when at least one of the following termination conditions is met:

• If the decrease in displacement utilisation does not exceed 1% for 2 consecutive choices of α. (If

displacement utilisation increases, the procedure continues.)

• If 2 consecutive choices of α result in assignments satisfying the displacement constraint.

• If the most recent choice of α does not produce a complete feasible assignment.

• If the maximum number of samples for the first round is reached.

If no displacement-feasible solutions are found in the first round, the refinement procedure

terminates, and the design is assumed to have no displacement-feasible choices of α. Subsequent

rounds of refinement sample values of α at increased sampling density, excluding values of α which

have already been tested. The density of sampling is increased by a constant factor each round. For

the implementation used in this study, sampling density was increased by a factor of 2 in each round.

A maximum sample limit of 10 was applied for the first round, although it should be noted that this

number of samples was never reached in any of the truss examples for which the procedure was tested.

The above termination conditions were chosen based on a preliminary assessment of the design

refinement procedure over a range of planar truss designs. The values chosen were effective for the

experiments conducted in this study, and are believed to be applicable to a range of truss design

scenarios, but should be evaluated for their performance over a wider range of designs in future.
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6. Exploratory Design Procedure

The assignment heuristic introduced in the previous sections may be used as part of an early-stage

exploratory design procedure for identifying choices of structural geometry and topology which are

likely to result in feasible designs with low life-cycle impact. Figure 3 illustrates a proposed procedure

for discovering high-performing geometries and topologies for a given structural scenario.

The designer begins by formulating the nodal displacement constraint for the given problem. The

displacement constraint may be formulated parametrically such that it is applied at a different node

of interest for each design as appropriate (for example: the node closest to the mid-span of a truss). A

population of designs may be generated by pseudorandomly choosing values for the design geometry

and topology variables, or through manual exploration. For each design, iterative assignment is

conducted until the first feasible assignment is produced, or no feasible assignment is produced. For

the generation of this initial population, the DCTA factor α is set to 0, corresponding to the condition

where the DCTA is not enforced during the assignment procedure.

The designer may manually select a subset of the designs from this initial population that are of

interest for further exploration or refinement, based on their life-cycle impact or any other desirable

characteristics, such as buildability considerations or aesthetics. Any designs of interest which satisfy

the displacement constraints at α = 0 may be retained for further refinement using other ICSD

approaches. For these designs, the assignment corresponding to α = 0 is assumed to be the solution

with lowest associated life-cycle impact. Any designs which fail the displacement constraint at α = 0

may be subjected to the design refinement procedure described in Section 5. Any designs which

for which a higher value of α produces an assignment satisfying their displacement constraint may

be retained for further refinement if they are still of interest to the designer given their modified

assignment.
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Figure 3: Hybrid manual-automated design exploration procedure for ICSD using proposed assignment heuristic.
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7. Assignment Benchmarking

A study was conducted to compare the results generated using the proposed heuristic with

those produced using existing Simultaneous Analysis and Design (SAND) methods for assignment

optimisation of trusses given a fixed geometry and topology and a finite inventory of available elements.

Figure 4 shows three roof truss designs which Brütting et al. (2018b) presents optimal assignments

for produced using a SAND ICSD assignment method. It should be noted that the assignment

optimisation formulation used by Brütting et al. (2018b) does not permit multiple structural elements

to be cut from a single inventory element. The benchmarking results from Brütting et al. (2020)

could not be used for comparison, because the proposed heuristic does not consider fabrication

constraints and non-mass-based life-cycle impact factors which were incorporated into the optimisation

formulation used in Brütting et al. (2020).

For all of the experimental results presented in this paper, the proposed method was implemented in

IronPython (.NET, n.d.) within the Grasshopper (McNeel, n.d.a) parametric modelling environment

of the computer-aided design software Rhinoceros (McNeel, n.d.b). Structural analyses were conducted

using Karamba3D (Preisinger, n.d.).

7.1. Truss Design

All member connections in each truss considered were pin-jointed, and no out of plane structural

behaviour was considered. Members were subject to stress and buckling constraints as shown in

Equation 1. Nodal displacements were constrained to a limit of the span / 300 = 40 mm. For this

benchmarking study, assignment using the proposed heuristic was conducted for a DCTA factor α = 0,

corresponding to a case where displacement constraints have no influence on assignment.

7.2. Loading

Gravity loads due to secondary structure and cladding material (0.4 kN / m2) and a snow load

(0.8 kN / m2) were applied as concentrated loads at the nodes in the top chord. The spacing between

trusses in the hypothetical roof assembly is 6.25 metres. The tributary lengths lt associated with each

top chord node are shown in Figure 4. The self-weight of structural elements was also considered. A

single Ultimate Limit State (ULS) load combination was considered for member stress and buckling

constraints, and a single Serviceability Limit State (SLS) load combination was considered for nodal

displacement checks. These loads and load combinations are summarised in Table 3.

7.3. Inventory

A finite inventory of hollow square steel cross-sections shown in Table 4 was available for

assignment. The inventory elements all consist of S235 steel, and are assumed to have a compressive

and tensile yield stress σy,c,σy,t of 235 MPa, a density of 7850 kg / m3 (giving a specific weight of

76.98 kN / m3), and an elastic modulus of 210 GPa. The same pseudorandom inventory ordering

was used for all assignments reported in this paper unless otherwise indicated. This pseudorandom

inventory ordering is given in supplemental data included with the online version of this paper.
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7.4. Life-cycle Impact Factors

The life-cycle impact factors used by Brütting et al. (2018b) (IM,EE = 3.245 MJ/kg, I∆M,EE =

3.235 MJ/kg) were used for both this benchmarking study and the design exploration demonstration

in Section 8.

7.5. Problem Setup
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Figure 4: Truss designs used in Brütting et al. (2018b) and in present study for generating assignments given a fixed
topology and geometry. Tributary lengths are indicated for clarity where appropriate with lt. Adapted from Brütting
et al. (2018b).

Table 3: Load cases and combinations used by Brütting et al. (2018b) and in present benchmarking study for assignment
optimisation of roof trusses.

Load Case Load magnitude Description
g0 From assignment Self-weight
g1 2.50 kN / m Dead load (0.4 kN / m2)
q 5.0 kN / m Live load (snow, 0.80 kN / m2)
Load Combination Load factors Description
ULS 1.35(g0 + g1) + 1.50q Design loads
SLS 1.00(g0 + g1) + 1.00q Characteristic loads
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Table 4: Groups of square hollow section steel inventory elements used by Brütting et al. (2018b) and in present
benchmarking study for assignment optimisation of roof trusses.

Inventory Group 1 2 3 4 5 6 7
Cross-Section Name 40× 4 40× 5 50× 4 50× 5 50× 5 60× 4 60× 5
A [cm2] 5.59 6.73 7.19 8.73 8.73 8.79 10.7
I [cm4] 11.8 13.4 25.0 28.9 28.9 45.4 53.3
l [m] 2.50 1.50 2.00 1.50 2.20 2.20 2.50
n [-] 6 10 10 6 10 6 6

7.6. Assignment Results

Table 5 summarises the structural mass, offcut waste mass, and embodied energy associated with

each assignment produced by the proposed heuristic, and the method presented by Brütting et al.

(2018b). For each design, one round of assignment and analysis was required to produce a feasible

assignment. For the Pratt truss, the first round of assignment resulted in a buckling utilisation of

members 19 and 20 within 1 × 10−4 of unity, where all other members satisfied ULS constraints

with larger margins. Because this difference from unity is within the range which could result from

numerical error, an additional round of assignment was conducted assuming that this check had failed

for members 19 and 20. This second round of assignment resulted in a feasible assignment with

member constraint utilisations with larger differences from unity, and thus not subject to numerical

error. Both the first and second round of assignment are shown for the Pratt truss throughout this

section.

All solutions satisfied the displacement criteria for the DCTA factor α = 0. Assignments produced

for each truss for 10 alternative pseudorandom orderings of the inventory elements were identical to

those produced using the pseudorandom inventory provided in the supplemental data. The wall clock

times required to produce assignments for each truss design on a typical desktop computer (CPU 3.2

GHz, 8 GB RAM) ranged between 60-80 milliseconds approximately. The time required to perform

a single round of finite element analysis was approximately 10-20 milliseconds. This resulted in a

total time of approximately 80-100 milliseconds required to find and verify a feasible assignment given

a single round of assignment required. No effort was made to limit the operation of background

processes while recording wall clock run times.

Table 5: Structural mass, offcut waste mass, and embodied energy of assignments produced by the proposed heuristic
compared to those produced by the SAND method presented by Brütting et al. (2018b).A: first round of assignment.
B : second round of assignment.

kg kg MJ
M ∆M EE

Howe Proposed Heuristic 273.3 36.1 1004
Brütting et al. (2018b) 271.8 46.7 1033

Warren Proposed Heuristic 261.5 22.8 922
Brütting et al. (2018b) 261.5 22.8 922

Pratt Proposed HeuristicA 232.2 23.2 829
Proposed HeuristicB 249.7 20.9 878
Brütting et al. (2018b) 234.0 26.3 844

Figures 5 through 7 show visualisations of assignments for the Howe, Warren and Pratt trusses

generated using the proposed heuristic compared with those generated by the SAND method presented
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in Brütting et al. (2018b). The size of the cross-sections is doubled in the truss visualisations for clarity.

Members whose cross-sections differ from those in the assignments presented in Brütting et al. (2018b)

are identified by member number and are highlighted in red.

b) Proposed Heuristic

a) Brütting (2018b)

16 17 18 19

127

Figure 5: Visualisation of assignments for Howe truss. Members whose cross-sectional group differs in the assignment
produced using proposed heuristic from the assignment presented in Brütting et al. (2018b) are are highlighted in red
and numbered. Adapted from (Brütting et al., 2018b).

1 2 3 4 6

9

12 14 16 18 20 22

17 19 21 23

b) Proposed Heuristic

a) Brütting (2018b)

Figure 6: Visualisation of assignment for Warren truss. Members whose cross-sectional group differs in the assignment
produced using proposed heuristic from the assignment presented in Brütting et al. (2018b) are are highlighted in red
and numbered. Adapted from Brütting et al. (2018b).

The cross-sectional areas of all structural members for all assignments are shown in Figures 8

through 10. The cross-sectional areas associated with a discrete cross-section optimisation using a

SAND formulation presented in Brütting et al. (2018b) are also shown for each truss design.
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a) Brütting (2018b)

Figure 7: Visualisation of assignments for Pratt truss. Members whose cross-sectional group differs in the assignment
produced using proposed heuristic from the assignment presented in Brütting et al. (2018b) are are highlighted in red
and numbered. Adapted from Brütting et al. (2018b).
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Figure 8: Cross-sectional areas of structural members for assignments for Howe truss. Members whose cross-sectional
group differs in the assignment produced using proposed heuristic from the assignment presented in Brütting et al.
(2018b) are indicated in red with an arrow. Adapted from Brütting et al. (2018b).
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Figure 9: Cross-sectional areas of structural members for assignments for Warren truss. Members whose cross-sectional
group differs in the assignment produced using proposed heuristic from the assignment presented in Brütting et al.
(2018b) are indicated in red with an arrow. Adapted from Brütting et al. (2018b).
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Figure 10: Cross-sectional areas of structural members for assignments for Pratt truss. Members whose cross-sectional
group differs in the assignment produced using proposed heuristic from the assignment presented in Brütting et al.
(2018b) are indicated in red with an arrow. Adapted from Brütting et al. (2018b).

The lengths of the available inventory elements and the structural elements which are cut from

them for each assignment are shown in Figures 11 through 13.
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Figure 11: Cutting pattern of structural elements from available inventory for assignments for Howe truss. Members
whose cross-sectional group differs in the assignment produced using proposed heuristic from the assignment presented
in Brütting et al. (2018b) are indicated in red with an arrow. Note that the members 16-19 could be paired in
two different combinations depending on the pseudorandom inventory ordering used. This, however, has no effect on
structural behaviour or life-cycle impact for this problem instance. Adapted from Brütting et al. (2018b).

7.7. Discussion

The assignment produced by the proposed heuristic for the Howe truss has slightly higher structural

mass but lower offcut waste mass compared to the solution given by Brütting et al. (2018b). The

ability to cut multiple structural elements from a single inventory element in the proposed heuristic

allowed for the use of longer elements with smaller cross-section (Group 1 elements) instead of Group

2 elements for members 16-19 (see Figure 11). Although this resulted in the use of the larger Group

3 cross-sections for members 7 and 12, these produced no offcut waste. Overall, this slightly more

efficient inventory element consumption resulted in an embodied energy approximately 3% lower than

the solution presented in Brütting et al. (2018b).

The assignment produced by the proposed heuristic for the Warren truss resulted in the same

number of structural elements being produced from each inventory group as the solution presented
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Figure 12: Cutting pattern of structural elements from available inventory for assignments for Warren truss. Members
whose cross-sectional group differs in the assignment produced using proposed heuristic from the assignment presented
in Brütting et al. (2018b) are indicated in red with an arrow. Adapted from Brütting et al. (2018b).

by Brütting et al. (2018b), yielding identical embodied energy. However, the assignment of these

elements to positions in this structure differed (see Figures 7 and 13).

The assignment produced by the proposed heuristic for the Pratt truss for the first round of

assignment resulted in lower structural mass and offcut waste mass, and a resulting embodied energy

approximately 2% lower than the solution presented in Brütting et al. (2018b). The ability to cut

multiple structural elements from inventory elements allowed for the use of a Group 1 inventory

element for members 16 or 17 (see Figure 13). The use of a Group 1 inventory element for only

either member 16 or 17 would have resulted in slightly lower structural mass, but significantly higher

offcut waste mass. By allowing for the production of both members 16 and 17 from a single inventory

element from Group 1, both structural mass and offcut waste mass were reduced.

26

5.2 “assignment heuristics for inventory-constrained structural design”

142



For the second round of assignment, where members 19 and 20 were considered to have failed their

buckling checks, the only inventory elements available with sufficient length and buckling resistance

for these locations, those of Group 7, were assigned. This assignment resulted in elements of Group 1

becoming available for use elsewhere in the structure, leading to structural members 13 and 14 being

produced using an inventory element from Group 1.

8. Design Exploration Case Study

A case study was conducted to investigate the effectiveness of the proposed design exploration

and refinement procedures for early-stage ICSD of the roof truss design scenario introduced in the

previous section. A parametric design domain for a roof truss with parabolic chords is presented

in Figure 14. The geometry of the top chord of the truss is constructed based on a fixed parabola

spanning between the supports with a rise of 2 metres. The geometry of the bottom chord of the truss

is constructed based on a parabola spanning between the supports with a depth determined by the

designer. The design variables determining the geometry and topology of the truss are the number of

bays 3 ≤ B ∈ N ≤ 10 and the depth of the truss 0.1 ≤ y∗ ∈ R ≤ 4, determining the middle vertex of

the parabola of the bottom chord. The positions of the nodes in the top and bottom chords are the

points along the chord parabolas at equal horizontal distance intervals determined by the number of

bays B, as shown in Figure 14.

Cladding and snow loads, identical in magnitude to those used in the benchmarking study in

Section 7, are applied at the top chord nodes, and the space between trusses is also unchanged. The

tributary length lt of each top chord node is taken as the sum of one half of the length of each of its

two adjacent bars. The self-weights of members are considered. A more stringent displacement limit

of L / 450 at the mid-span node was imposed for this case study in order to demonstrate the use of

the design refinement procedure for reducing displacements.

8.1. Design Population Generation

As per the exploratory procedure described in Section 6, a population of designs (Figure 15) was

generated for pseudorandom values of the design variables, and assignments were attempted for each of

these. The embodied energy for each design is shown normalised against the lowest embodied energy

design reported by Brütting et al. (2018b) to illustrate the performance feedback a designer might use

in the selection of high-performing designs. Designs for which no complete feasible assignment was

found are shown in red without embodied energy values and with no element cross-sections.

8.2. Design Population Discussion

This design population demonstrates that for the given inventory, parametric geometry setup, and

loading, large regions of the design space correspond to incomplete assignments. The design with the

lowest embodied energy of the population produced is Design 11. Figure 16 shows the assignment

produced for Design 11. Clearly, the lengths of the structural elements resulting from the geometry

and topology of Design 11 result in an assignment with low offcut waste. The assignment for Design
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Table 6: Properties of pseudorandomly generated designs for the planar freeform truss problem. NI : the number
of analysis-assignment iterations (after the initial analysis and assignment) required to discover a complete feasible
assignment.

– m kg kg MJ – –
Design B y∗ MS MW EE δmid

δmid,max
NI λ

1 5 3.1 Incomplete
2 8 1.3 233.1 67.8 976 1.09 2 -1
3 5 3 Incomplete
4 9 1.1 273.5 32.6 993 1.3 2 1
5 5 2.8 Incomplete
6 9 1 Incomplete
7 6 2.7 Incomplete
8 9 0.8 Incomplete
9 6 2.5 Incomplete
10 10 0.7 Incomplete
11 6 2.3 260.1 22.0 915 0.33 1 -1
12 10 0.5 Incomplete
13 7 2.2 262.8 53.1 1025 0.39 1 -1
14 3 3.9 Incomplete
15 7 2 254.7 61.3 1025 0.49 1 -1

15 is shown for comparison in Figure 17. The increased number and shorter length of the structural

members in Design 15 resulted in a less efficient assignment than that of Design 11, resulting in

significantly higher offcut waste (61.3 kg as opposed to 22.0 kg for Design 11).

8.3. Design Refinement

Design 2 failed the displacement constraint for DCTA factor α = 0, and was thus selected for

design refinement to reduce displacements using the procedure described in Section 5. The results

of this design refinement procedure are shown in Table 7. The best (lowest embodied energy)

displacement-feasible assignments discovered using four rounds of the design refinement procedure

are shown in Figures 18 and 19. Higher values of α resulted in assignments where the cross-sectional

areas of members contributing most to displacements were increased, resulting in correspondingly

lower displacements and higher embodied energies.

The displacement constraint utilisation and the embodied energy of Design 2 for 0 ≤ α ≤ 1000

are shown in Figures 20 and 21, respectively. These results show that displacements are reduced

most significantly for values of α near the proportionality limit of α = 1. Embodied energy changes

most significantly for the same region of α. A decrease in embodied energy was observed over the

transition of α = 60 to α = 70. This corresponds to a change in assignment of structural member 24

from a Group 1 to a Group 2 inventory element. This change allowed for structural members 27 and

30, which were formerly produced using two elements from Group 2, to be produced using a single

element from Group 1, resulting in lower overall structural mass, offcut waste, and embodied energy.

For 70 < α ≤ 100, further small fluctuations in embodied energy were observed due to changes in

cutting pattern efficiency. Finally, further increases in α up to αmax = 528 yield increases in embodied

energy from further increases in cross-sectional area requirements imposed by the DCTA. No further

changes in assignment were observed for values of α > αmax.
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Table 7: Solution history from four rounds of the α refinement procedure for Design 2 to find minimal-impact designs
satisfying global displacement constraint. ∗: each new minimum Embodied Energy (EE) design which satisfies the
mid-span displacement constraint.

– MJ – –
α MS MW EE δmid

δmid,max
NI λ

Initial Analysis
0 233.1 67.8 976 1.09 2 -1

Round 1
1∗ 261.1 82.9 1116 0.92 1 -1

Round 2
0.5 233.1 67.8 976 1.09 2 -1

Round 3
0.25 233.1 67.8 976 1.09 2 -1
0.75 236.7 71.7 1000 1.06 2 -1

Round 4
0.125 233.1 67.8 976 1.09 2 -1
0.375 233.1 67.8 976 1.09 2 -1
0.625 233.1 67.8 976 1.09 2 -1
0.875∗ 254.6 69 1049 0.95 2 0

An investigation of 10 alternative pseudorandom inventory orderings used for assignment

generation for Design 2 (for DCTA factor α = 0) found that for some inventory orderings, λ = 0

corresponded to solutions better than both λ = −1 and λ = 1 for Design 2. The lowest embodied

energy result over the 10 orderings investigated was 960 MJ, an improvement of approximately 1.6%

compared to the solution produced by the pseudorandom ordering used for this design exploration.

8.4. Computational Speed

The wall clock time required to produce a single assignment for designs for which a complete

assignment could be found ranged between 100 and 200 milliseconds. Structural analysis required

between 15 and 20 milliseconds. Given a maximum of 2 assignment-analysis iterations required

to generate a feasible assignment for all designs in the population, this resulted in a maximum of

approximately 450 milliseconds required to generate a complete feasible assignment.

29

5.2 “assignment heuristics for inventory-constrained structural design”

145



Inventory Elements Structural Elements

Aj

15
18

19
20

21 13
14

16
17

 3
4

1
2

5
6

9
10

7
8
11

12

0.0

0.5

1.0

1.5

2.0

2.5
Le

ng
th

 [m
]

= 5.59 cm2 6.73 7.19 8.73 8.73 8.79 10.7 

15
18

19
20

21 13
1417

16
 3

4
1

2
5

6
9
10

7
8
11

12

0.0

0.5

1.0

1.5

2.0

2.5

Le
ng

th
 [m

]

15
18 19

202114

16

17  3
4

1
2

5
6

9
10

7
8
11

12

0.0

0.5

1.0

1.5

2.0

2.5

Le
ng

th
 [m

]

Structural location j

13

Proposed Heuristic: First Assignment

Brütting (2018b) 

Proposed Heuristic: Second Assignment

6.73 7.19 8.73 8.73 8.79 10.7 Ai = 5.59 cm

6.73 7.19 8.73 8.73 8.79 10.7 Ai = 5.59 cm

Figure 13: Cutting pattern of structural elements from available inventory for assignments for Pratt truss. Members
whose cross-sectional group differs in the assignment produced using proposed heuristic from the assignment presented
in Brütting et al. (2018b) are indicated in red with an arrow. Note that in the second assignment shown, the members
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Brütting et al. (2018b).
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energies (EE) are shown normalised against the lowest embodied energy design reported by (Brütting et al., 2018b)
(844 MJ). Designs for which no complete feasible assignment was found are shown in red without embodied energy
values and with no member cross-sectional areas.
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9. Conclusions

This paper has introduced an efficient heuristic for producing assignments satisfying stress,

buckling, and displacement constraints as well as element quantity and length constraints in the

inventory-constrained structural design of trusses. The assignments produced using this heuristic were

shown to result in designs with comparable embodied energy to those produced using existing exact

assignment optimisation methods, and to execute within less than 1 second on a standard desktop

computer for the problem instances considered. The speed at which these results were returned is

within ranges identified as allowing for productive interactive computer-aided creative work, likely

making the proposed heuristic an effective tool for real-time design tools for ICSD in practice. An

early-stage design exploration procedure using the proposed heuristic was demonstrated, and a design

refinement procedure to achieve designs satisfying displacement constraints was presented. This

approach complements existing SAND optimisation procedures for ICSD of trusses, which may be

used to further refine designs developed using the proposed heuristic.

9.1. Applications and Future Work

When combined with increased availability of inventory information for reclaimed and overstock

load-bearing elements, the ICSD methods presented in this paper could allow for significant life-cycle

impact reductions in new structures through increased component reuse, enabling a circular economy

approach to structural design. A similar approach using forest inventory data of standing trees could

also be employed for the design of structures using minimally-processed whole timber. Finally, by

enabling rapid discovery of feasible design options given constrained structural element inventories,

the methods presented could also facilitate the design of key infrastructure and civic structures in

rural and developing regions where constrained structural material supply chains may make such

design impractical or impossible using currently available structural design tools.
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Future exploratory design procedures using the proposed heuristic could use an interactive

evolutionary approach such as the one described by Mueller and Ochsendorf (2015). Such approaches

could take advantage of the fast solution time of this assignment heuristic to quickly explore large

regions of the design space, and iteratively refine designs through a combination of designer-led and

automated design space exploration techniques. Future work should also explore the comparison of

the proposed assignment heuristic with exact methods for a wider range of problem scenarios.

9.2. Supplemental Data

The pseudorandom inventory ordering used for all assignments reported in this paper (apart from

where otherwise indicated in the text) may be found as a supplemental data file included with the

online version of this manuscript.
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5.3 further discussion of “assignment heuristics for inventory . . . ”

5.3 further discussion of “assignment heuristics for inventory . . . ”

The preceding paper has introduced novel greedy assignment heuristic methods for ICSD

of trusses. These methods build on greedy heuristic algorithms first demonstrated in

Chapter 4, and allow for the rapid discovery and exploration of feasible designs in ICSD

scenarios. This thesis has focussed on the development of improved methods for ICSD, with

a particular emphasis on techniques applicable in early-stage design. The novel methods

introduced in the preceding paper could be applied in practice to improve the ease and

speed at which designers are able to generate and refine designs in the early stages of

construction projects subject to constrained inventories of available structural elements.

The methods presented were shown to produce solutions with equal or lower embodied

energy than comparable state of the art ICSD methods for the design of trusses using

reclaimed steel elements, and were shown to execute rapidly enough for the problems

considered to be useful as part of an early-stage exploratory design procedure for ICSD.

A worst-case asymptotic time complexity analysis showed that increases in computational

time required for larger structures and inventories are likely to be modest. Novel methods

were also demonstrated for optimising designs with respect to displacement constraints

using the proposed assignment procedure, and for consideration of member self-weights.

The proposed heuristic methods were applied in an semi-automated exploratory design

procedure demonstrating the effectiveness of the proposed method in early-stage ICSD for

discovering high-performing desirable choices of structural topology and geometry. Such a

procedure could be applied straightforwardly in structural design practice to enable greater

and more effective adoption of ICSD. The following sections discuss limitations and further

work related to the preceding paper which were out of scope of the study presented.

5.3.1 Static Indeterminacy

A preliminary investigation using the proposed heuristic was conducted for assignment

optimisation of three-dimensional spatial trusses, which, by allowing for enhanced load-

sharing between elements, are highly efficient structures for resisting loads applied to

surfaces and are commonly used in roof applications (Chilton 1999). It was discovered

that for some inventories, changes in force distributions in trusses with such high degrees

of static indeterminacy resulted in poor convergence of the iterative NAND procedure

for discovering complete and feasible assignments. Various strategies, such as minimum
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member cross-section sizing rules, member grouping constraints, or assignment strategies

which seek to limit changes in member cross-section between consecutive iterations could

be applied to address these challenges, but were outside of the scope of this study.

5.3.2 Design Refinement Procedure Improvements

In order to increase the robustness and efficiency of the refinement procedure for

achieving displacement-feasible designs using the proposed assignment heuristic, further

investigations could be conducted to characterise the displacements of trusses as a function

of the DCTA factor α for a range of structural types and inventories. Improvements in

speed and solution quality might be achieved through α sampling boundary restrictions

for the design refinement method and minimum iteration limits imposed on the NAND

assignment-analysis procedure. Future work could extend the proposed design refinement

method to consider multiple displacement constraints under multiple serviceability load

cases.

5.3.3 Grouping and Symmetry Constraints

Another area for potential improvement and extension of the functionality of the proposed

heuristic is the inclusion of member grouping constraints. Such constraints, by reducing

member cross-section diversity, are a common approach for reducing complexity in the

design and construction of spatial structures. Grouping constraints could allow for the

formulation of symmetry constraints and could also help to address the issues of poor

NAND convergence in the scenarios described above.
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6
C O N C L U S I O N S

This thesis has presented improved design and optimisation methods for ICSD. This final

chapter summarises the novel intellectual contributions of this thesis towards developing

improved ICSD methods, and discusses how these contributions have addressed the

Research Objectives identified for this work. This is followed by a discussion of potential

applications and extensions to the methods introduced, and concluding remarks on the

future of ICSD in practice.

6.1 limitations in the state of the art of icsd

Two key ICSD scenarios were identified and discussed in depth in this thesis: 1) the

design of structures using minimally processed whole timber elements, and 2) the design

of structures using reclaimed steel elements. Literature assessing the life-cycle impact of

each of these types of construction has identified the potential for significant reductions in

environmental impact which could be realised by increasing their uptake in practice.

A survey of the literature of whole timber structural design methods with constrained

inventories found that existing ICSD approaches for whole timber design have been

problem-specific, and lack structural performance feedback during formal design. A survey

of research into component reuse of steel elements in practice identified a lack of flexibility

and demands on designer time required by ICSD given current structural design methods

as key factors preventing greater adoption of this construction approach.

6.2 summary of contributions

The aim of the research presented in this thesis was to develop improved methods for the

ICSD of truss structures which address the limitations in current structural design methods

identified above. Eight Research Objectives were identified to achieve this aim, and were

grouped into four categories: 1) literature survey 2) analytical methods 3) computational

methods, and 4) applications.

Research Objective 1 was addressed through a literature survey in Chapter 2 which

reviewed the state of the art of whole timber construction and steel component reuse,
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6.2 summary of contributions

and presented a theoretical background to ICSD as a combinatorial optimisation problem.

Research Objective 1 was further addressed through reviews of relevant ICSD literature in

Chapters 3, 4, and 5. The key findings of these literature surveys are summarised in Section

6.1. Further findings included the observation by previous researchers that rapid computer

response is of significant value for interactive computer-aided creative processes in general,

and early-stage structural design exploration more specifically. The subsequent chapters

presented new ICSD methods informed by these findings which are intended to address

the key limitations and opportunities in the state of the art of ICSD which this literature

survey identified.

First, Chapter 3 introduced a novel approach for analytically characterising the design

space of a class of ICSD problems, addressing Research Objective 2, and introduced a

new metric for comparing the performance of inventory-constrained designs, addressing

Research Objective 3. The analytical methods introduced were shown to be applicable to a

class of ICSD problems where inventory elements and structural locations can be grouped,

inventories consist of large numbers of identical elements, and structural geometries consist

of repeating modules of identical geometry. It was shown that these analytical methods

could be used in place of more complex combinatorial optimisation methods to characterise

the design space of such problems. Furthermore, it was shown that for some inventories

and structural geometries, small changes in structural geometry could yield large changes

in offcut waste quantities and inventory consumption, and thus life-cycle impact.

Next, Chapter 4 addressed Research Objectives 4, 5, and 6 through the introduction of

novel greedy assignment algorithms based on those used for the “bin-packing problem”

as an efficient computational method for rapidly developing assignments of inventory

elements to a predetermined structural geometry subject to inventory and structural

constraints. This method was applied to the design of a prefabricated whole-timber

structural roof truss module, addressing Research Objective 7. To the author’s knowledge

this is the first computational ICSD method for whole timber structures which incorporates

structural and inventory constraint satisfaction into a single optimisation procedure,

addressing Research Objective 4. It was also shown that pre-sorting of structural locations

and inventory elements could be used as a computationally efficient strategy to achieve

good correspondence between member capacity and structural forces, further addressing

Research Objectives 5 and 6.

Finally, Chapter 5 further addressed Research Objectives 4,5, and 6 through new

extensions of the greedy assignment methods presented in Chapter 4. The novel methods
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presented allow for consideration of member self-weights and a nodal displacement

constraint in assignment, further addressing Research Objective 4. These methods were

shown to produce assignments with approximately equal embodied energy to published

optima for a set of benchmark problems for the ICSD of steel roof trusses using reclaimed

elements, satisfying Research Objectives 5 and 7. The proposed computational assignment

algorithm executed rapidly enough (within 1 second) using conventional desktop computer

hardware so as to be useful as part of a real-time exploratory procedure for early-stage

ICSD for the problems considered, addressing Research Objective 6. An analysis of the

worst-case asymptotic time complexity of the proposed algorithms suggested that the

increase in computational time required to address ICSD involving larger inventories and

more structural members is likely to be modest, further satisfying performance with respect

to Research Objective 6. A design exploration procedure was demonstrated which took

advantage of the guaranteed feasibility, high solution quality, and rapid solution generation

of the novel assignment algorithm introduced in this chapter for a fast and flexible

designer-led early-stage design exploration approach for ICSD. An application of this

design exploration procedure to an example problem demonstrated that the satisfaction

of Research Objectives 4, 5, and 6 in computational ICSD approaches results in an effective

and practical method for early-stage ICSD.

6.3 applications and extensions

6.3.1 Analytical Methods

The analytical methods presented in this research allow for the characterisation of the

design space of a class of specific ICSD problem scenarios. Various extensions to these

formulations could be explored, allowing a broader range of structural geometries and

topologies to be characterised using these simplified techniques. Through the use of

multiple repeating module types (and corresponding structure location groups), for

example, long-span spatial truss structures involving regions with differing degrees of

curvature, could be considered.

Such approaches could be used in the design of structures in rural and developing

regions where the diversity of structural elements available for use in construction may

be low due to supply chain constraints. In such scenarios, the length of structural elements

is also likely to be short due to transportation limitations. In these cases, poor choices of
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6.3 applications and extensions

structural geometry and topology could result in significant offcut waste. The analytical

optimisation approaches presented in this thesis are likely to be particularly useful in

such scenarios for exploring structural geometries and topologies which correspond to

assignments with minimal offcut waste.

6.3.2 Computational Methods

This thesis has introduced greedy heuristics capable of rapidly generating feasible and

high-quality solutions to ICSD assignment optimisation problems. A semi-automated

design exploration procedure was demonstrated as a means of using these assignment

algorithms in a real-time early-stage exploratory design process. The rapid execution

of these algorithms could also be leveraged for use in more sophisticated design space

exploration techniques, such as those involving interactive evolutionary approaches.

Further increases in computational speed could yield further improvements in the

efficiency of design space exploration, by allowing for a greater number of geometries and

topologies to be evaluated within a given time step, and allowing for larger structural

design scenarios to be considered within time-frames useful for real-time structural

design exploration. Such increases in computational speed could be achieved through

computational strategies which take advantage of identical element repetition in a given

inventory to improve the speed of the greedy assignment procedure.

6.3.3 Applications in Practice

A key aspect of ICSD is that, unlike in conventional structural design, even small

modifications to a given design may result in infeasibility given the available inventory.

For this reason, complete and accurate data concerning all of the requirements of a

structural design must be known early in the design process if the designs developed

at this stage are to be feasible. Alternatively, the design approach taken must allow for

flexibility and modifications in later stages as the complete requirements of a structural

design are finalised. For these reasons, the computational ICSD approaches proposed

in this thesis may be most useful as part of a design procedure involving a Building

Information Modelling (BIM) approach which can provide detailed data concerning

building requirements throughout the design process.
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6.4 concluding remarks

As BIM is increasingly adopted in construction to facilitate improved communication

throughout the design and construction pipeline, the novel computational ICSD

approaches introduced in this thesis could offer significant value in both early-stage

design and during later stages of design development in ICSD scenarios. In early-stage

design, computational ICSD approaches integrated into a BIM workflow could incorporate

detailed inventory data from suppliers or available element databases to give designers the

opportunity to efficiently explore design alternatives which are likely to be feasible and

have low associated cost and life-cycle impact. In later stages of design development, when

structural geometries and topologies may be largely fixed, computational ICSD approaches

could be used to rapidly generate revised assignments of elements given changes in

available inventory due to supply chain and logistical considerations. In both cases, the

detailed element inventory and structural design data made available to a computational

assignment algorithm in the context of a BIM design environment could be leveraged

to improve the quality of assignments with respect to a wide range of buildability, cost,

and life-cycle impact considerations, while reducing uncertainty concerning feasibility of a

given design option.

6.3.4 Inventory Element Database Considerations

Finally, the inventories for ICSD problems considered in this thesis were relatively small,

and were assumed to be of a single origin. In future, large databases of individual structural

elements available for use in construction are likely to be increasingly commonplace

and accessible for use in computational design procedures. Extensions to the methods

developed in this thesis should consider optimisation in the context of larger numbers

of available inventory elements and the logistical and life-cycle impact implications of

sourcing inventory elements from multiple geographic locations.

6.4 concluding remarks

As structural designers are increasingly tasked with reducing the life-cycle impact of new

structures, ICSD is increasingly likely to be considered as a means of achieving these life-

cycle impact reductions. As demonstrated in this thesis, such problems present significant

design and optimisation challenges which are not well addressed by current methods, and

require substantially novel analytical and computational methods for their solution.
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6.4 concluding remarks

This thesis has presented novel analytical and computational methods for ICSD. The

development of these methods was targeted to address the key challenges posed by

ICSD in practice, as evidenced by a literature survey of two key application scenarios

for ICSD, the design of whole timber structures, and the design of steel structures using

reclaimed elements. Research regarding the most effective design methods for achieving

life-cycle impact reductions and structural performance improvements in real-world design

practice in addition to literature regarding productivity in creative human-computer

interaction were used to guide and critically evaluate the development of new analytical

and computational methods for ICSD.

In addition to its focus on improved ICSD methods in practice, this thesis has also

identified key research challenges, opportunities, and metrics of success within this

relatively new research area. These contributions are intended to provide a theoretical

groundwork for future researchers considering this problem, and to enable focussed and

critically informed research into ICSD as this field sees increasing scientific attention. Such

focussed and effective research is particularly important for ICSD, which, given the urgency

of the need for substantial greenhouse gas emissions reductions globally to mitigate the

effects of human-induced climate change, and the significant responsibility of those in the

construction sector to address these challenges, is likely to be a research area of major

global societal importance in coming years.
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