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ABSTRACT 

The need to extend the lifetime of our structures is crucial due to social, environmental 

and economic significance. Substantial number of existing buildings, need to be adapted 

to meet the requirements of the 21st century. There is no doubt that existing RC beams, 

which have shear deficiencies, will need strengthening. These deficiencies may occur 

due to insufficient shear reinforcement, reduction in steel area due to corrosion, increased 

service load or construction defects. Despite numerous studies, shear behaviour before 

or after strengthening is still not fully understood, particularly in continuous concrete 

structures which are the norm. This experimental work investigates strengthening of the 

existing reinforced concrete continues structures, deficient in shear by using the Deep 

Embedment (DE) technique. The experimental campaign involved mechanical testing of 

ten push-off specimens and ten two-span continuous T-beams in order to analyse and 

discuss the aspects related to the effectiveness of the DE technique and the types of 

failures of the system. An important connection was established between the push-off 

testing and the continuous T-beam results. Average recorded peak strains in the Deep 

Embedment bars in the continuous beams compare pretty well with equivalent peak 

strains recorded in the push-off specimens. This important finding suggests that push-off 

tests are indeed representative of results from the real beam tests when it comes to 

determining the levels of strain mobilised in the DE FRP bars. Different variables such 

as the type of DE bar material (steel, CFRP or GFRP), inclination of DE bars (900 or 450) 

and spacing between DE bars were studied. The results obtained have demonstrated that 

this technique is able to increase significantly the load carrying capacity of RC 

continuous beams which were originally deficient in shear. A significant increase in shear 

capacity was obtained in all the adopted strengthening configurations. The ultimate shear 

capacity increased on average by more than 60% across all the beams, demonstrating that 

the DE technique is indeed an effective solution for the strengthening of continuous RC 

T-beams deficient in shear, whether vertical or inclined bars were adopted and regardless 

of the type of DE bar material used. A powerful analytical approach, based on the upper-

bound theory of plasticity, was developed and applied to unstrengthened specimens to 

produce realistic assessments of shear capacity. The upper-bound model was then 

extended to specimens strengthened using the deep embedment technique, producing 

accurate predictions for all specimens strengthened with steel, CFRP or GFRP bars. It 

was shown that the proposed upper-bound method is able to offer good shear predictions. 
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1   INTRODUCTION  

1.1   Background and motivation 

Structural strengthening, repair or upgrade of reinforced concrete (RC) structures has 

become an important branch in Civil Engineering. The need to extend the lifetime of our 

structures is crucial due to social, environmental and economic importance. This group 

includes not only the historical buildings but also relatively new reinforced concrete 

buildings, mostly build after the Second World War. Gold and Martin (1999) estimated 

that there is about 8 million m2 of redundant building space in the UK, much of which 

was constructed in the 1960s and 1970s. Annually, about 10 % of such space is being 

refurbished into some other form, such as residential, retail or hotel use (Gold and Martin 

1999). Significant number of these buildings, together with those from 1980s, 1990s and 

pre-and-post World War II need to be adapted to meet the requirements of the 21st 

century.  

There is also the need to strengthen the existing structures such as bridges in order to 

meet social needs, the upgrade of design codes and safety requirement and material 

deterioration. Existing reinforced concrete bridges can be considered inadequate to carry 

constantly increasing magnitude of traffic loads in accordance with the current codes and 

standards.  

To do this while these structures are deteriorating and, simultaneously to follow enhanced 

design standards for upgrading and safety requirements, is a challenge. These changes 

can lead to the need for shear strengthening of RC beams, especially when its shear 

capacity falls below its flexural capacity after flexural strengthening. There is no doubt 

that existing RC beams, which have shear deficiencies, will need strengthening. These 

deficiencies may occur due to insufficient shear reinforcement, reduction in steel area 

due to corrosion, increased service load or construction defects. It is environmentally and 

economically preferable to repair or strengthen the existing structures rather than replace 

them, especially when effective strengthening methods are available. 

Shortage of structural ductility can be the cause of the brittle and catastrophic failure of 

a structure. To date recent codes require a high amount of shear reinforcement which 
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differs from previous codes that did not obtain strict rules for the increased ductility 

(spacing and lack of concrete cover, irregular stirrups). Therefore, one of the main 

challenges in upgrading the existing structures is to ensure that adequate level of the shear 

resistance is achieved. 

Over the last few decades, fibre reinforced polymer (FRP) materials have been used to 

increase the amount of the shear reinforcement and thus improve the strength capacity of 

existing concrete structures. High strength to weight ratio, durability and relative ease of 

application made these materials superior to traditional strengthening materials, such as 

steel.  

Substantial number of research results have confirmed that shear capacity of RC beams 

can be gradually improved by using the Externally Bonded technique (EB) (Triantafillou 

1998; Khalifa et al. 1998; Triantafillou and Antonopoulos, 2000; Dirar et al. 2007; Mofidi 

et al. 2011) or the Near Surface Mounted (NSM) technique (De Lorenzis and Nanni 2001, 

2002; Barros and Dias 2010). The NSM technique demonstrated to be more effective 

than the EB technique since a higher bond strength can be mobilized, due to the better 

bond conditions between the FRP material and surrounding concrete. 

The Deep Embedment (DE) technique, an alternative strategy for shear strengthening of 

reinforced concrete beams with FRP or steel bars, has been fairly recently developed. 

The DE bars are epoxy bonded into previously drilled vertical or inclined holes through 

the cross section of the RC beams. In this way, tension and compression chords are 

directly connected and bond between FRP bars and concrete is much better, since the 

strengthening element is deeply embedded in the concrete which makes this technique 

superior in comparison with EB and NSM methods. 

The current design guidelines for strengthening of reinforced concrete structures with 

FRP materials are TR55 (2012), ACI-440 (2008) and fib Bulletin No.14. However, 

development of these documents is based on studies usually conducted on simply 

supported rectangular beams. Continuous RC beams, a common structural element in 

most concrete structures, behave differently from simply supported beams. In simply 

supported structures, the maximum shear force occurs in a different location from the 

maximum moment. Laboratory testing to investigate the effectiveness of the Deep 

Embedment technique has taken place on simply supported structures (Valerio et al. 
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2009; Chaallal et al. 2011; Mofidi et al. 2012; Breveglieri et al. 2014, Qin et al. 2014). 

In practice, most concrete structures are continuous. Under these circumstances, the 

maximum shear force and maximum moment co-exist at the same location, with 

significant consequences for shear strengthening. Therefore, knowledge extension in 

connection with the behaviour of such continuous beams with additional internal shear 

reinforcement is required. 

1.2    Scope and Aim of the Thesis 

The aim of the research conducted in this thesis is to increase the knowledge on the 

structural behaviour of continuous RC T-beams strengthened in shear using the Deep 

Embedment technique. For this purposes an experimental program was carried out 

aiming to analyse and discuss the aspects related to the DE effectiveness and the types 

of failures of the system. This work aims also to deepen the understanding of various 

parameters affecting the effectiveness of this technique such as the type of DE bar 

material (steel, CFRP or GFRP), inclination of DE bars (900 or 450) and spacing between 

DE bars.  

Another goal of the present work is to develop a suitable analytical model for the 

prediction of a shear resistance contribution provided by DE bars. Formulation of a 

realistic assessment tool for continuous beam is needed. Plasticity theory provides 

excellent predictions for the strength of concrete structures and plasticity-based models 

have been developed for various important problems (Nielsen, 1999; Ibell et al. 1997). 

Valerio et al (2009) successfully developed an upper-bound plasticity model to predict 

the shear capacity of Deep Embedment strengthened beams. Therefore, an analytical 

model that assesses the overall capacity of the strengthened continuous structures is 

sought. Plasticity theory applied to unstrengthened and strengthened Reinforced 

Concrete continuous T-beams provides just such an opportunity. 

It is expected that this experimental program provide useful data to be able to develop 

such plasticity-based analytical model and implement it within design and assessment 

standards for continuous reinforced concrete structures.  
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1.3    Thesis structure 

An experimental, analytical and plasticity-based approach was developed to deliver the 

objectives of the present research.  This thesis is divided into nine chapters. 

Chapter 1 presents the principal aims of this research work and an overview of the thesis 

is presented. 

Chapter 2 gives fundamental background to understanding of the shear mechanisms in 

reinforced concrete beams, primarily in continuous elements. A brief overview of the 

principal theoretical models that led to the formulation of current standards to estimate 

the shear capacity of existing reinforced concrete structures are presented. A review of 

previous research programs investigating the Deep Embedment technique is provided 

here. 

Chapter 3 describes the design and fabrication of the push-off specimens. A test 

campaign of ten initially uncracked reinforced concrete push-off specimens strengthened 

with steel, CFRP and GFRP bars was produced to observe the interaction between 

concrete and DE bars crossing the shear plane. Chapter 4 presents test results obtained 

from push-off tests. Failure mode of the specimens, their behaviour and strains obtained 

from the DE bars are included along with the summary and discussion. 

Chapter 5 details the fabrication and strengthening of continuous RC T-beams, 

preparation for testing, test setup, materials and instrumentation used. Ten continuous 

reinforced concrete T-beams were fabricated for use in this test campaign. Chapter 6 

summarises the results and findings obtained. The discussion on the experimental results 

along with observations on how DE strengthening configurations influenced beam 

behaviour are presented here. 

Chapter 7 presents the fundamentals of Plasticity theory. Development of an upper-

bound plasticity model to enable safe use of DE technique is also presented. It has been 

shown that application of the upper-bound theorem to continuous T-beams strengthened 

using deep embedment provides good predictions for their capacity. 
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To demonstrate the practical applicability of the proposed model to a real structure, a 

shear assessment and strengthening example is presented in Chapter 8. The shear 

capacity of the beam from a typical continuous bridge deck was assessed according to 

the proposed model. 

Finally, Chapter 9 provides the major concluding remarks and findings from this research 

program, together with suggestions for future research. 
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2   LITERATURE REVIEW  

2.1 Introduction 

This Chapter provides a general insight into the shear behaviour of reinforced concrete 

structures with or without shear reinforcement. Key factors affecting the shear capacity 

of a beam are outlined, placing emphasis on continuous beams. A brief overview of the 

principal theoretical models and research outcomes that led to the formulation of current 

code provisions to estimate the shear resistance of existing slab-on-beam reinforced 

concrete structures are presented and discussed. 

This Chapter also deals with shear strengthening techniques using FRP materials and 

their applicability to structures of complex geometry. A review of previous research 

programs investigating the Deep Embedment technique is provided here, since the 

behaviour of RC continuous T-beams strengthened with this technique are the subject of 

the present research. Furthermore, the current design guidelines for shear strengthening 

with FRP materials are reviewed and discussed.  

2.2 Behaviour of reinforced concrete beams in shear 

2.2.1 Fundamental concepts 

‘There has been research on shear in reinforced concrete for about a century, and it 

seems reasonable to ask where it has brought us and what continued work in this area is 

justifiable’ (Regan, 1993).  

Shear failure in concrete is brittle, happening suddenly without any warning and, as such, 

has always been a great challenge to researchers. Despite the amount of research done on 

RC beams this complex mechanism of failure is still not fully understood. To better 

understand the behaviour of reinforced concrete beams in shear, it is vital to observe the 

shear transfer mechanism and factors influencing a structure’s behaviour. When flexural 

tensile stresses exceed the concrete tensile strength, vertical cracks tend to form and 

extend up towards the neutral axis. The presence of shear stress forces these flexural 

cracks to rotate, forming so-called flexural-shear cracks, usually found in slender 
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reinforced concrete beams. In beams with a flange, web-shear cracks are more likely to 

occur, which tend to extend towards both load and support once tensile stresses have 

exceeded the concrete strength.  

2.2.2 Shear transfer mechanisms 

Several co-existing shear transfer mechanisms could then develop in the beam. Shear 

forces can be carried through the following five main transfer actions and mechanisms: 

uncracked compression zone above the neutral axis, dowel action, aggregate interlock, 

tension in the transverse reinforcement and arch action. Figure 2.1 shows the components 

contributing to the shear capacity of a reinforced concrete beam. 

 

Figure 2.1 - Mechanisms contributing to shear resistance 

• Shear in uncracked concrete 

Shear forces in a reinforced concrete beam can be transferred through the uncracked 

concrete compressive zone above the neutral axis. The degree of shear resistance depends 

on the depth of the compression zone since the shear force component is obtained by 

integration of shear stresses through the depth of the compression zone. In this case, shear 

cracks propagate in a direction normal to the principal tensile stress since cracks tend to 

follow the compression force route. Fenwick and Paulay (1968) discovered that large 

part of the total shear strength is provided by the compression zone. Kotsovos (1987, 

1988) argued that dowel action and aggregate interlock should be disregarded and only 

contribution from compression zone considered. However, Taylor (1974) concluded that 

compression zone contribution in slender beams is not significant.  
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• Dowel action 

In members where no shear reinforcement is provided, shear forces may be transferred 

through dowel action associated with the longitudinal reinforcement. The bond between 

the longitudinal reinforcement and the surrounding concrete plays an important role in 

the formation of dowel action since the combination of high axial and shear stresses leads 

to a reduction in bar axial capacity (Vintzeleou and Tassios, 1986; Chana, 1987). Taylor 

(1974) suggested that dowel action contributes to the shear capacity of a concrete beam 

by 15 to 25%. From the set of tests with different bar diameter of longitudinal 

reinforcement, Jelić (1999) concluded that dowel action cannot be taken as an important 

component in the shear mechanism. El-Ariss (2007) suggested that conservative 

predictions could be obtained if dowel action is ignored, especially in the case of beams 

with low amount of shear reinforcement. 

• Aggregate interlock 

An early work by Fenwick and Paulay (1968), Mattock and Hawkins (1972) and Swamy 

and Andriopoulas (1974) studied the interface transfer mechanism. Shear forces can be 

transferred along a shear crack due to shearing of two rough surfaces that provide 

resistance to slip. Walraven (1981) developed a mechanical model presenting the 

aggregate as spheres that could be seen from the concrete matrix at the shear crack 

interface. In the case of higher concrete compressive strength, the shear crack can 

propagate through the aggregate making the shearing surface flatter. However, lower 

concrete strength enables crack propagation around the aggregate, Figure 2.2. Based on 

the Walraven (1981) model, for cracks in excess of 1 mm it is assumed that failure occurs 

along the shear plane. The influence of aggregate interlock on redistribution of diagonal 

compression fields in beams with shear reinforcement was investigated by Collins (1978), 

Collins and Kuchma, 1999; Duthinh (1999) and Nagle and Kuchma (2007). 
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Figure 2.2 - Crack passing around aggregates through the element with low concrete 

strength 

• Transverse reinforcement 

After the formation of diagonal cracks, the largest proportion of the shear force is carried 

by the shear reinforcement. In beams with shear reinforcement a truss action may be 

developed. This is influenced by the spacing of the shear links. Due to the presence of 

transverse reinforcement, a higher level of resistance to the development of inclined 

cracks is enabled. Steeper cracks may develop until shear links yield, usually at an 

enhanced level of load. The shear forces are then transferred through the concrete 

compressive struts and yielding shear links. 

• Beam and arch action   

In short spans and deep beams, arch action becomes dominant, and beam theory is not 

applicable, (Kotsovos and Bobrowski, 1993; Whitehead, 2002). The applied force is 

transferred directly to the support and longitudinal reinforcement carries the horizontal 

component of that force. To predict failure mode of the member, Russo and Zingone (1991) 

concluded that when arch action is dominant, shear-compression failure should be expected, 

whereas if beam action is dominant, diagonal-tension failure should appear. However, forces 

in slender beams are transferred through beam action. Pillai and Menon (2003) defined the 

influence of the shear reinforcement on crack formation. If shear links are present, multiple 

shear cracks could form in the web prior to failure whereas without shear reinforcement a 

single diagonal shear crack may develop. 
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2.2.3 Parameters affecting shear capacity and beam behaviour     

Extensive research into reinforced concrete structures has revealed a number of 

parameters that may influence beam behaviour and, therefore, its shear capacity. 

Concrete strength, beam size, shear span to effective depth ratio, longitudinal and shear 

reinforcement ratio and axial force are found to have the greatest effect on overall shear 

capacity of beams without shear reinforcement. On the other hand, for beams with shear 

reinforcement, shear reinforcement ratio together with axial compression and concrete 

strength represent the main factors influencing its behaviour and thus shear capacity 

(Collins and Kuchma, 1999; Angelakos et al. 2001; Kuchma and Kim, 2001). Continuous 

reinforced concrete beams, a very common element in structures, behave differently from 

simply supported beams. Co-existing high shear force and high bending moment 

significantly influence beam behaviour (Keown et al. 2006; Duc Tung and Viet Tue, 

2016). Note that beams with less than the minimum recommended shear reinforcement 

would be considered as beams without shear reinforcement and, therefore, understanding 

of previously mentioned factors is important. 

Shear span to depth ratio (a/d): Extensive research on RC beams, which have failed in 

shear, has highlighted the shear span to depth ratio as a major factor affecting its 

behaviour. Kani (1964, 1967) conducted very important research to define the influence 

of the a/d ratio on the shear resistance of rectangular RC beams, see Figure 2.3.  

 

Figure 2.3 - Kani’s valley of diagonal failure, Kani (1964, 1967) 
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He derived a formula for the relationship between the a/d ratio and the failure load. Kani 

categorized failure modes into four types; flexural failure, diagonal tension failure, shear-

compression failure and web-crushing failure. It was proven experimentally that the 

change between these failure modes happens approximately at a/d equal to 2.5. For a/d 

greater than 2.5, sudden and brittle failure in diagonal tension can be expected (Zsutty, 

1971). If the ratio a/d is lower than 2.5, however, beams develop an arch effect leading 

to an enhanced shear capacity (Mphonde and Frantz, 1984).  

Different a/d ratio together with load can be an important factor influencing the shear 

capacity of RC beams, especially continuous beams. Keown et al. (2006) tested a series 

of two-span RC continuous beams under a point load applied symmetrically about the 

middle support. Six beams were tested at various shear span to depth ratios (from 1.34 to 

5.5) to define the change in shear capacity of the section. Figure 2.4 presents the typical 

crack patterns noted in these beams at different load levels.  

 

Figure 2.4 - Typical crack pattern developed in continuous beams with a/d = 2, 

Keown et al. (2006) 
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 Concrete strength: The shear capacity of a beam increases with an increase in concrete 

strength. This was shown experimentally by Mphonde and Frantz (1984), who 

demonstrated that concrete strength has a great influence on the shear capacity of a beam 

without shear reinforcement. However, the results from beams containing a large 

percentage of longitudinal reinforcement showed that concrete strength was not one of 

the main factors influencing shear behaviour. Keown et al. (2006) tested four RC 

continuous beams to investigate the influence of different concrete strengths on shear 

behaviour. An increase in concrete strength resulted in the formation of smoother and 

steeper initial shear cracks. Diagonal shear cracks formed suddenly in an explosive way, 

followed by crushing over the central support region at failure. Concrete strength is 

accepted as a key parameter defining the shear behaviour of concrete elements by the 

majority of current design and assessment codes (ACI 318, 2014; BSI EN 1992-1-1, 

2004; BD44/15, 2015). 

Size effect and flange influence: Kani (1967) showed that the shear strength of beams 

without shear reinforcement decreases as the effective depth increases. Understanding of 

the ‘size effect’ phenomenon is important since smaller beams require higher 

proportionate loads to fail compared with larger beams of the same shape. Using the 

nonlinear fracture mechanics theory, Bazant and Kim (1984) introduced a size-reduction 

factor to account for size effect. They explained that faster propagation of inclined cracks, 

and thus lower shear failure stresses, are due to the large amount of energy released in 

the development of shear cracks in large beams. However, size effect was found to be 

more evident in beams with a low percentage of shear and longitudinal reinforcement, 

(Bažant et al., 1991).  

Kotsovos et al. (1987) experimentally proved that in beams with a flange and with an a/d 

ratio greater than 2.5, the shear resistance is provided by the flange and not by the web. 

Gonzalez and Ruiz (2017) investigated the behaviour and strength of RC T-beams 

without shear reinforcement. They proposed a model that is suitable for design purposes 

to account for the flange influence since most current design codes neglect this 

phenomenon.  The value of the ratio a/d in T-beams was found to be different in its 

influence on shear capacity, shifting the Kanis valley for rectangular beams from a/d ≈ 

2.5 to a/d ≈ 4 for T-beams. 
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Longitudinal reinforcement: The amount of longitudinal reinforcement can affect the 

shear resistance and behaviour of a beam (Collins and Kuchma, 1999). If the longitudinal 

reinforcement ratio increases, the shear capacity also increases. Reineck (1991b) 

observed that members with low amount of longitudinal reinforcement might fail at very 

low shear stresses. Keown et al. (2006) experimentally investigated the influence of top 

and bottom longitudinal reinforcement in two-span RC continuous beams in the central 

support region. The shear capacity of the beams increased as the amount of longitudinal 

reinforcement over the central support increased. In contrast, when the bottom 

reinforcement in the region of the central support was reduced, the shear cracking load 

increased whereas the failure load was not affected.    

Shear reinforcement: When concrete cracks in shear in a beam containing shear 

reinforcement, the shear links yield and contribute to the shear capacity of the beam. The 

presence of the shear reinforcement allows for the formation of the truss action. Shear 

reinforcement provides a certain level of resistance to crack growth since higher interface 

shear transfers are obtained. The presence of the shear reinforcement allows for 

behaviour that is more ductile. Increasing the amount of shear reinforcement increases 

the shear capacity of a beam. After yielding of the shear reinforcement, the load can also 

increase due to the flatter inclination of concrete struts. To account for these changes, a 

minimum amount of shear reinforcement is required in most major design codes.    

Axial force: The shear strength decreases if reinforced concrete members are subject to 

axial tension. This is due to a steeper angle of a shear crack developing through the whole 

depth of the member. In the case of axial compression, shear capacity of a member 

increases as the depth of the uncracked compression zone increases and the width of the 

shear crack decreases.    

2.2.4 Shear crack pattern 

A crack forms in concrete in the direction that requires the minimum amount of energy 

for concrete to crack (Carolin and Täljsten 2005). Crack formation in beams without 

shear reinforcement is the cause of immediate failure. Due to an inability of the concrete 

to transfer tensile stress, these beams have low shear capacity. Kotsovos (1984) studied 

failure modes in reinforced concrete beams with values of a/d ratio between 1 and 2.5. 
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Shear failure of beams usually starts with initiation of one of two types of shear cracks, 

flexural-shear cracks and web-shear cracks, as illustrated in Figure 2.5.  According to 

ASCE-ACI Committee 426, (1973), in the case of slender beams where the shear span to 

depth ratio is between 2.5 and 6, flexural-shear cracks may develop from flexural cracks. 

These beams will usually fail in diagonal tension since development of cracks can cause 

yielding of the steel in tension. Short beams, where the a/d ratio is lower than 2.5, can 

fail in either shear-tension or shear-compression. It is very common for beams with small 

a/d ratios or beams with thin webs without shear reinforcement to fail in a web-shear 

failure mode. 

 

Figure 2.5 - Typical crack pattern in reinforced concrete continuous beams 

The shear strength of a beam containing shear reinforcement is not immediately 

endangered by shear crack formation since the presence of the shear reinforcement 

enables stress redistribution. Shear crack development after initiation is then governed 

by the amount and spacing of shear reinforcement, and the shear capacity of a beam 

depends on the yielding capacity of the shear links crossed by the shear discontinuity. 

After yielding of shear links, shear transfers along the interface of the shear crack may 

lead to increased shear capacity and formation of flatter shear cracks. For lower amount 

of shear reinforcement, flexural-shear may develop where failure occurs after the shear 

links have yielded. For large amount of shear reinforcement, web-crushing failure may 

occur before shear reinforcement yields and when concrete reaches its resistance in 

compression.  
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2.3 Theories to predict shear capacity 

This section presents an overview of theories developed to predict shear capacity and 

behaviour of reinforced concrete beams with transverse reinforcement.  Most of the 

current design standards and codes are based on truss models and the theory of plasticity 

for RC beams.  

 2.3.1 Truss models   

Truss analogies have been developed and introduced to concrete shear design to estimate 

shear capacity of reinforced concrete beams. Ritter (1899) first introduced the 450 truss 

model where a cracked beam was considered as a truss consisting of 450 inclined concrete  

compression struts, shear links as vertical tension members, longitudinal tension 

reinforcement as the bottom tension chord and concrete in compression as the top chord. 

Mörsch (1908) improved this model by assuming a homogenous stress field in the web 

with uni-axial principal compressive stress σc that forms at a constant angle θ with the 

horizontal axis, see Figure 2.6. Assuming an angle of 450 for diagonal struts and that 

shear link forces are equally distributed over an effective area bwz, an equilibrium 

equation can be derived where: 

Principal compressive stress 𝜎𝑐 =
2𝑉

𝑏𝑤𝑧
 [2.1] 

Vertical force in shear link 𝑉𝑠 = 𝑉 = 𝐴𝑣𝑓𝑦

𝑧

𝑠
 [2.2] 

where V is the applied shear force, 𝑏𝑤 is web width and 𝑧 is flexural lever arm. 𝐴𝑣 is the 

area of transverse reinforcement, 𝑓𝑦 is steel yield strength and s is spacing between shear 

links . 
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Figure 2.6 - Diagonal compression field in variable angle truss model 

However, experimental research (Richart, 1927) showed that the Mörsch model provided 

conservative results since an angle of 450 for compressive struts gives lower-than-reality 

stress values in the shear reinforcement. To overcome this issue, a variable angle truss 

model was introduced to provide an optimised solution (Collins and Mitchell, 1991; 

Cladera Bohigas, 2002). By assuming that at failure shear links yield at flatter inclined 

compression concrete struts, a higher shear resistance can be obtained. Therefore, an 

angle θ and the shear capacity V may be obtained from: 

Principal compressive stress 𝜎𝑐 =
𝑉

𝑏𝑤𝑧
(tan 𝜃 + cot 𝜃) [2.3] 

Shear capacity  
𝐴𝑣𝑓𝑦

𝑏𝑤𝑠
=

𝑉

𝑏𝑤𝑧
tan 𝜃 [2.4] 

where 𝜃 is the angle between concrete struts and beam axis. 

Note that it is important to check whether the longitudinal reinforcement can withstand 

the applied loads (Cladera Bohigas, 2002). This can be done through Equation 2.5. 

𝑁𝐿 = 𝑉 cot 𝜃 [2.5] 
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A number of codes of practice have based their predictions on the assumption that the 

shear capacity of RC beams is the sum of the concrete contribution (shear strength of a 

beam without shear links) and the contribution from yielded shear links when the angle 

of strut inclination is 450 (ACI 318, 2014; BD44/15, 2015). On the other hand, when 

considering a variable angle of concrete struts, flatter than 450, the shear strength of a 

beam without shear reinforcement is lower and is therefore, disregarded in Eurocode 2, 

EC2, (1991). 

 2.3.2 Concrete plasticity  

For several decades, the theory of plasticity has been successfully applied to deal with 

various shear-related phenomena in concrete structures, especially in indeterminate 

structures. This shear-related theory was developed in the late 1970’s in Denmark by 

Nielsen and his research team (Nielsen and Braestrup, 1975, 1976; Nielsen et al., 1978; 

Jensen et al., 1978). The theory of plasticity in the context of shear behaviour in concrete 

is based on the main assumption that concrete fails along planes that slide against each 

other. It is also assumed that concrete is a ductile material, able to redistribute stresses 

along the lines of discontinuity, and that displacements of the structure are small at 

failure. An appropriate effectiveness factor ν can successfully account for the reduced 

concrete compression strength, which is mobilised on average across the entire line of 

discontinuity simultaneously at failure. This effectiveness factor is an important 

calibration measure, as the maximum concrete compressive strength cannot be reached 

at the same time across all parts of the concrete crossed by the line of discontinuity. Ibell 

et al. (1998b) showed that even though shear failure of concrete is brittle, good agreement 

between experimental data and both upper-bound and lower-bound theories can be 

obtained if an appropriate value of the effectiveness factor is chosen. Due to the positive 

attributes of the plastic method, it has been adopted by Eurocode 2, EC2, (1991). 

Provisions for the design of structural members based on truss models are also being 

accepted in ACI 318, (2017). 

The lower-bound theorem of plasticity looks for solutions that are lower than or equal to 

the collapse load, by examining stress fields that satisfy equilibrium conditions (the 

system of internal resultants are in equilibrium with the applied loads and yield capacities 

are not exceeded). An upper-bound solution, however, is a solution greater than or equal 

to the collapse load, which examines collapse mechanisms in which the amount of 
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dissipated internal energy is equated with the work done by external loads. It is 

sometimes possible to find the lowest upper-bound solution which is the same as the 

highest lower-bound solution. In this case, an exact solution is found.  

When applying the theorem of plasticity, concrete is assumed to be a perfectly plastic 

material, which obeys the rules of the modified Mohr-Coulomb failure criterion. The 

tension cut-off surface is included and the concrete tensile strength ft is conservatively 

neglected. This model was initially developed by Coulomb for granular materials and 

further improved by Mohr for materials that fail along planes that slide against each other. 

Steel reinforcement is also assumed to be fully plastic, with a yield strength fy.  

 

Figure 2.7 - Modified Mohr-Coulomb criterion 

Critical solutions when failure by sliding or separation is expected to occur can be defined 

by any Mohr’s circle touching the failure plane, as in Figure 2.7. The inclination of that 

failure plane is equal to the internal angle of friction φ, assumed equal to 370 such as for 

normal concrete (Nielsen, 1999). The equation for the failure surface is: 

|𝜏| = 𝑐 − 𝜎 𝑡𝑎𝑛 𝜑 [2.6] 
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where c is the cohesion and 𝜎 is normal stress on any section. In the case of uni-axial 

compression, the sliding plane is inclined at an angle β equal to 450 – φ/2 = 26.50 with 

respect to the direction of the compression force. 

2.4 Code provisions for assessment and design 

Overall shear capacity of a beam with transverse reinforcement, V, is widely expressed 

as the sum of the contribution obtained from the concrete, Vc, and that of the shear links, 

Vs and is expressed as: 

𝑉 = 𝑉𝑐 + 𝑉𝑠 [2.7] 

2.4.1 ACI-318 - Building Code Requirements for Structural Concrete    

According to ACI-318 (2017), the shear capacity of concrete section without shear 

reinforcement can be expressed as follows: 

𝑉𝑐 = 0.17𝜆√𝑓𝑐
′𝑏𝑤𝑑 

[2.8] 

This equation can be replaced with equation 2.9 if 𝑓𝑐
′ is less than 69 MPa. 

𝑉𝑐 = (0.16√𝑓𝑐
′ + 17𝜌𝑙

𝑉𝑢

𝑀𝑢
𝑑) 𝑏𝑤𝑑 

[2.9] 

where Vc is the shear force resisted by the concrete, fc’ is the characteristic cylinder 

compressive strength of concrete, bw is the width of the beam, d is the effective depth to 

tension reinforcement, ρl is the percentage of tensile longitudinal reinforcement, Vu and 

Mu are the external shear and moment at the section and λ is a reduction factor on the 

compressive concrete strength taken as 1 for normal concrete. √𝑓𝑐
′ should not exceed 

8.3MPa, Vc should not exceed 0.29√𝑓𝑐
′𝑏𝑤𝑑 and Vu/Mu should not go over 1. 

The shear strength provided by the shear reinforcement, Vs, can be calculated as: 
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𝑉𝑠 =
𝑓𝑦𝑡𝑑

𝑠
𝐴𝑣(sin 𝛼 + cos 𝛼) [2.10] 

where fyt is the steel yield strength, s is the spacing between shear links, Av is the area of 

shear links and α is the angle between shear links and horizontal axis.  

To limit diagonal cracking, Vs should not be greater than 0.66√𝑓𝑐
′𝑏𝑤𝑑. The maximum 

spacing between shear links perpendicular to the beam axis is smax=d/2 or 600mm.  

2.4.2 BD 44/15 (2015) - The assessment of concrete highway bridges and structures 

The Highways England document BD 44/15, The Assessment of Concrete Highway 

Bridges and Structures uses the following expressions to evaluate shear capacity for 

beams with and without effective shear reinforcement. The equation to calculate the 

ultimate shear resistance, Vu, of a section without effective shear reinforcement is as 

follows: 

𝑉𝑢 = 𝜉𝑠𝜈𝑐𝑏𝑤𝑑 [2.11] 

In the equation above bw is the breadth of the section which, for a flanged beam, must be 

taken as the rib width and 𝜉𝑠 is the depth factor that accounts for the effective depth to 

tension reinforcement d and should not be less than 0.7: 

𝜉𝑠 = (
500

𝑑
)

0.25

≥ 0.7 [2.12] 

The ultimate shear stress in concrete 𝜈𝑐 is calculated from the following equation: 

𝜈𝑐 =
0.24

𝛾𝑚𝑣
(

100𝐴𝑠

𝑏𝑤𝑑
)

1
3⁄

(𝑓𝑐𝑢)
1

3⁄  
0.15 ≤

100𝐴𝑠

𝑏𝑤𝑑
≤ 3.0 

[2.13] 
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where As is the area of longitudinal reinforcement that continues at least a distance equal 

to the effective depth, fcu  is the characteristic concrete cube strength and 𝛾𝑚𝑣 is the partial 

safety factor for shear (Table 4A of BD44/15). Across a section where both bottom and 

top reinforcement are included, As should be the reinforcement that is in tension for the 

regarded section.  

Across a section with effective vertical shear links, the ultimate shear capacity Vu shall 

be calculated as follows:  

𝑉𝑢 = 𝜉𝑠𝜈𝑐𝑏𝑤𝑑 +
𝑓𝑦𝑣

𝛾𝑚𝑠

𝑑

𝑠𝑣
𝐴𝑠𝑣 [2.14] 

In the expression above the part 𝜉𝑠𝜈𝑐𝑏𝑤𝑑 is the same as previously defined in Equation 

2.11, 𝑓𝑦𝑣 is the characteristic strength of shear reinforcement, sv is the spacing of the shear 

links, 𝐴𝑠𝑣 the area of the shear reinforcement and 𝛾𝑚𝑠 is the material partial safety factor 

(part 4.3.3.3).  

However, BD44/15 enables an enhancement to the shear strength of sections at a distance 

closer than 3d from the support. In this case, equation 2.11 can be replaced with the 

following expression for sections without shear reinforcement: 

𝑉𝑢 = 𝛤 𝜅 𝜉𝑠𝜈𝑐𝑏𝑤𝑑 [2.15] 

Similarly, equation 2.14 can be replaced with the following expression for a section with 

vertical shear reinforcement: 

𝑉𝑢 = 𝛤 (𝜅 𝜉𝑠𝜈𝑐𝑏𝑤𝑑 +
𝑓𝑦𝑣

𝛾𝑚𝑠

𝑑

𝑠𝑣
𝐴𝑠𝑣) [2.16] 

The parameter 𝜅 allows for a shear capacity increase for sections close to a support, 

av<3d, (av is measured from the edge of a rigid bear) and can be calculated as: 
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𝜅 =
3𝑑

𝑎𝑣
 [2.17] 

The parameter 𝛤, defined in the research carried out by Shave et al. (2007), in both 

equations is a reduction factor that represents safety in case of inadequately anchored 

longitudinal reinforcement and it can be defined as follows: 

𝛤 = √
𝛼𝑠𝐹𝑢𝑏

𝐹𝑢𝑏,𝑚𝑎𝑥
≤ 1.0 [2.18] 

In the case of continuous structures near an internal support, Γ may be taken as 1.0. The 

factor 𝛼𝑠 accounts for increased bond due to transverse pressure in the support region 

and is expressed as: 

𝛼𝑠 = 1 +
5.3𝜎

𝑓𝑐𝑢
≤ 2.6 [2.19] 

where σ is the transverse pressure on the reinforcement due to ultimate loads. The 

parameter 𝐹𝑢𝑏 presents the total ultimate anchorage force in the tension reinforcement at 

the front face of the support. It is calculated similarly to part 5.8.6.3 of BD44/95 and the 

part 𝛼𝑠𝐹𝑢𝑏 should not be greater than Asfy/𝛾𝑚𝑠. However, 𝐹𝑢𝑏,𝑚𝑎𝑥 can be calculated as: 

𝐹𝑢𝑏,𝑚𝑎𝑥 = 6𝜉𝑠𝜈𝑐𝑏𝑤𝑑 [2.20] 

BD44/15 contains modified clauses from BS 5400 Part 4, Code of Practice for the Design 

of Concrete Bridges when the strength of existing concrete bridges needs to be 

determined. The expression for shear calculation in BS 5400 and BS 8110 (Structural 

Use of Concrete: Code of Practice for Design and Construction) are based on the 450 

truss model with concrete strength included. Both BS 5400 and BS 8110 have been 

withdrawn and replaced by BS EN 1992-2:2005. In both aforementioned design codes 

of practice, the concrete contribution to shear capacity was assessed separately from the 
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contribution obtained from transverse steel.  The equation that was used to calculate 

concrete contribution was as follows: 

𝑉𝑐 = 0.79 (
400

𝑑
)

1
4⁄

(
100𝐴𝑠

𝑏𝑑
)

1
3⁄

𝑏𝑑 (
𝑓𝑐𝑢

25
)

1
3⁄

  
[2.21] 

Assessment code BD44/95 (1995), now replaced with BD44/15 (2015), was developed 

as modification of BS 5400-4 (1990) by Highways England to improve relatively 

conservative shear capacity predictions obtained by the expression above.  

2.4.3 Eurocode 2 

The earlier version of Eurocode 2 EC2, Part 1 (1991) partly considers plasticity theory 

by assuming that yielding of shear links and limiting stress in inclined concrete struts are 

reached at the same time. The assumption that concrete struts form at an angle of 450 to 

the horizontal axis produces under-predictions of capacity for beams with shear 

reinforcement (Richart, 1927). Therefore, by including the concrete contribution into the 

calculation, this approach was equivalent to that of BS 8110. However, the revised 

version, Eurocode EN 1992-1-1 (2004) excludes the additive approach and considers 

only a variable angle truss model. With the assumption that shear links carry all the shear 

force, the angle θ between concrete compression struts and beam axis is limited to 1 ≤

cot 𝜃 ≤ 2.5. 

The equation given in Eurocode EN 1992-1-1 (2004) for the calculation of shear 

resistance VRd,c of a member that does not require shear reinforcement is: 

𝑉𝑅𝑑,𝑐 = 𝑏𝑤𝑑 [
0.18

𝛾𝑐
𝑘(100𝜌𝑙𝑓𝑐𝑘)

1
3⁄ + 𝑘1𝜎𝑐𝑝] [2.22] 

where  𝑓𝑐𝑘 is characteristic compressive concrete strength, bw is the smallest width of the 

cross section, d is the effective depth, the term 0.18/𝛾𝑐 and constant k1 =0.15 are 

nationally determined parameters with 𝛾𝑐 equal to 1.5 for persistent and transient and 1.2 
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for accidental actions, 𝜌𝑙 is the ratio of longitudinal reinforcement and  𝜎𝑐𝑝 is the average 

longitudinal stress. However, 𝑉𝑅𝑑,𝑐 is limited to a minimum value of: 

𝑉𝑅𝑑,𝑐 = 𝑏𝑤𝑑[0.035𝑘1.5𝑓𝑐𝑘
0.5 + 0.15𝜎𝑐𝑝] [2.23] 

The size effect factor k where d is in mm is 

𝑘 = 1 + √
200

𝑑
≤ 2 

and   

𝜌𝑙 =
𝐴𝑠𝑙

𝑏𝑤𝑑
≤ 0.02 

where  𝐴𝑠𝑙 is the area of the longitudinal reinforcement. 

For members with vertical shear reinforcement, the model adopts a widely accepted truss 

model to predict the shear resistance: 

𝑉𝑅𝑑,𝑠 =
𝐴𝑠𝑣

𝑠
𝑧𝑓𝑦𝑤𝑑 cot 𝜃 [2.24] 

The absolute limit of the shear force 𝑉𝑅𝑑,𝑚𝑎𝑥 that can be carried by the section is 

calculated as: 

𝑉𝑅𝑑,𝑚𝑎𝑥 =
𝛼𝑐𝑤𝜈1𝑓𝑐𝑑

cot 𝜃 + tan 𝜃
𝑏𝑤𝑧 [2.25] 

where the recommended value for 𝜈1 is: 

𝜈1 = (1 −
𝑓𝑐𝑘

250
) [2.26] 



20 

 

This limit assumes that the strut will crush at the ultimate load. Therefore, the average 

stress in the struts, 𝜎𝑐 is taken as comparative to the concrete compressive strength 

where 𝜈1 is an empirical efficiency factor to account for distribution of stresses across 

the section and the effects of crushing at failure. 

In the equations above, 𝐴𝑠𝑣 is the area of vertical shear links, s is the spacing of the shear 

links and should not exceed 0.75d (1+cotα) or 300 mm, z is the lever arm (which can be 

taken approximately as 0.9d), 𝑓𝑦𝑤𝑑 is the design yield strength of the shear reinforcement 

and 𝛼𝑐𝑤 is a coefficient taking into account the interaction of the stress in the compression 

chord and any applied axial compressive stress. 

2.4.4 fib Model Code 2010 

When members without shear reinforcement are considered, the design shear resistance 

can be calculated as: 

𝑉𝑅𝑑,𝑐 = 𝑘𝑣

√𝑓𝑐𝑘

𝛾𝑐
𝑧𝑏𝑤 [2.27] 

where 𝑓𝑐𝑘 is the characteristic value of compressive strength of concrete and the term 

√𝑓𝑐𝑘 should not be greater than 8 MPa, 𝛾𝑐 is the partial safety factor for concrete material 

properties, z is the internal lever arm, assumed to be 0.9d and 𝑏𝑤 is the breadth of the 

web. In this case, two levels of approximation are considered: 

𝑓𝑦𝑘 ≤ 600 𝑀𝑃𝑎, 

𝑓𝑐𝑘 ≤ 70 𝑀𝑃𝑎 

Max aggregate size dg ≥ 10 mm 

𝑘𝑣 =
180

1000 + 1.25𝑧
 [2.28] 

Max aggregate size dg ≥ 16 mm 

𝑘𝑑𝑔 = 1 
𝑘𝑣 =

0.4

1 + 1500휀𝑥

1300

1000 + 𝑘𝑑𝑔𝑧
 [2.29] 

According to fib Model Code 2010, the shear resistance of a member with shear 

reinforcement present is determined from: 
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𝑉𝑅𝑑 = 𝑉𝑅𝑑,𝑐 + 𝑉𝑅𝑑,𝑠 ≥ 𝑉𝐸𝑑 [2.30] 

where VRd is the design shear resistance, VRd,c is the design shear resistance attributed to 

the concrete, VRd,s is the design shear resistance provided by shear reinforcement and VEd 

is the design shear demand. Code requires a minimum amount of shear reinforcement: 

𝜌𝑤 ≥ 0.08
√𝑓𝑐𝑘

𝑓𝑦𝑘
 [2.31] 

where 𝑓𝑦𝑘 is the characteristic value of yield strength of reinforcing steel in tension. 

The expression for components 𝑉𝑅𝑑,𝑐 is the same as in Equation 2.27. 𝑉𝑅𝑑,𝑠 can be 

calculated as follows: 

𝑉𝑅𝑑,𝑠 =
𝐴𝑠𝑤

𝑠𝑤
𝑧𝑓𝑦𝑤𝑑 cot 𝜃 [2.32] 

where 𝐴𝑠𝑤 is the area of shear reinforcement, 𝑠𝑤 is shear link spacing, 𝑓𝑦𝑤𝑑 denotes the 

design yield strength of the shear reinforcement and 𝜃 is the angle between web 

compression struts and the axis of the member. 

The fib Model Code clearly states that the concrete contribution to shear resistance of the 

member depends on concrete compressive strength, the web width and internal lever arm. 

The shear resistance of the member should be limited to: 

𝑉𝑅𝑑,𝑚𝑎𝑥 = 𝑘𝑐

𝑓𝑐𝑘

𝛾𝑐
𝑧𝑏𝑤 sin 𝜃 cos 𝜃 [2.33] 

This limiting force was introduced because it was recognized that the shear force that can 

be carried by the section cannot be greater than the crushing capacity of the concrete. In 

the case of a member with shear reinforcement, four Levels of Approximation are 

possible: 
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• The first LoA represents a variable angle truss model approach. The limits of the 

compressive stress field inclination are min    45 The design shear 

resistance is given by: 

VRd =VRd,s  VRd,max [2.34] 

• The second LoA is based on a generalized stress field approach. The strut 

inclination   can be selected within certain limits experimentally determined and 

longitudinal strain x maybe taken as 0.001.  

• The third LoA represents a general form of sectional shear equations. The shear 

capacity of a reinforced concrete section with shear links can be obtained from: 

𝑉𝑅𝑑 = 𝑉𝑅𝑑,𝑐 + 𝑉𝑅𝑑,𝑠 ≤ 𝑉𝑅𝑑,max (𝜃min ) [2.35] 

where expressions for 𝑉𝑅𝑑,𝑐 𝑎𝑛𝑑 𝑉𝑅𝑑,𝑚𝑎𝑥 are as follows: 

𝑉𝑅𝑑,𝑐 = 𝑘𝑣

√𝑓𝑐𝑘

𝛾𝑐
𝑧𝑏𝑤 =

0.4

1 + 1500휀𝑥

(1 −
𝑉𝐸𝑑

𝑉𝑅𝑑,max (𝜃min )
)

√𝑓𝑐𝑘

𝛾𝑐
𝑧𝑏𝑤 [2.36] 

𝑉𝑅𝑑,𝑚𝑎𝑥 = 𝑘𝑐

𝑓𝑐𝑘

𝛾𝑐
𝑧𝑏𝑤 sin 𝜃 cos 𝜃 =

2.8

1.2 + 55휀1

𝑓𝑐𝑘

2
3⁄

𝛾𝑐
𝑧𝑏𝑤 sin 𝜃 cos 𝜃 [2.37] 

• While the first three Levels of Approximation are the most applicable to everyday 

engineering problems, LoA IV on the other hand offers a more comprehensive 

way of analysis using finite element methods or stress field analysis, (refer to fib 

Model Code 10). 

The partial safety factor 𝛾𝑐 can be determined depending on the design situation. The 

parameter 𝑘𝑣 depends on the level of approximation and allows the ability of the web to 

carry stresses due to aggregate interlock to be included in the calculation and thus provide 

an increase in shear capacity. The parameter kc is a concrete strength reduction factor and 

it takes into account the influence of cracked concrete.  
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In October 2016, Model Code 2020 held its first meeting in Lausanne, where the focus 

was on formulating vision and objectives for fib Model Code 2020. The new code will 

aim to deliver general models for structural behaviour with different, increased levels of 

approximation in order to increase the level of accuracy for shear capacity predictions. 

2.5 Strengthening of concrete structures 

Fibre Reinforced Polymer (FRP) composites have been used for structural strengthening 

and repair of existing concrete, masonry, steel and timber structures for the last few 

decades. Structural repair means to restore the initial capacity of the structure, as it was 

when it was built, while strengthening allows a higher live load to be sustained by the 

strengthened structure. One of the first studies using FRP materials instead of steel plates 

for flexural strengthening was done by Meier (1987), Meier et al. (1992), Kaiser (1989), 

Triantafillou and Plevris (1992), and Van Gemert (1996). FRP is now accepted as a 

mainstream construction material and the number of FRP strengthened structures is 

constantly rising. Traditional strengthening techniques are now almost completely 

replaced since FRP materials became more popular among industry professionals, mainly 

due to their lightweight, high strength, impact resistance, durability, flexibility, ease of 

application and low impact on architectural and aesthetic appearance (Bakis et al. 2002; 

De Lorenzis and Teng, 2007; Deng et al. 2017).  

Traditional strengthening was mostly based on the idea of increasing the cross section of 

the element by casting additional concrete and dowelling in steel bars to increase 

stiffness, shear and bending resistance. However, adding a new material meant adding 

more load to the structure, which made this technique inefficient. Similarly, gluing heavy 

steel plates to the tension zones of concrete structures required installation of temporary 

supports to keep plates in position (Bresson, 1971). The introduction of FRP materials 

has significantly improved the strengthening and repair industry.   

2.5.1 FRP materials for structural strengthening 

High strength continuous fibers, such as carbon, glass, aramid or basalt embedded in a 

polymer matrix form the structure of FRP composite materials. The polymer matrix acts 
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as a binder to connect and protect the fibers, allowing stress transfer between them, see 

Figure 2.8.  

 

Figure 2.8 - A schematic diagram showing typical unidirectional FRP fibers 

The primary properties of materials used for strengthening of concrete structures are 

presented in Table 2.1. 

Table 2.1 - Typical strength and stiffness values for materials used in retrofitting, 

(Piggott, M. 2002) 

Material 
Tensile 

strength 

[MPa] 

Modulus of 

elasticity 

[GPa] 

Density 

[kg/m3] 

Modulus of 

elasticity to 

density ratio 

(Mm2/s2) 

Carbon fibre 2200-5600 240-830 1800-2200 130-380 

Aramid fibre 2400-3600 130-160 1400-1500 90-110 

Glass fibre 3400-4800 70-90 2200-2500 31-33 

Epoxy 50-90 2.5 1100-1400 1.8-2.3 

CFRP 

composite 
1500-3700 160-540 1400-1700 110-320 

Steel 280-1900 190-210 7900 24-27 

The most commonly-used fibers for strengthening are carbon, glass, and aramid fibers. 

Many factors influence the selection of suitable fibers, including the amount of force they 

would have to carry as well as the environmental conditions that surround the system. 

The superior mechanical properties and higher tensile strength, stiffness, and durability 

comparing to glass fibers have made carbon fibers preferable choice among designers.   
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FRP materials are anisotropic materials, which means that their properties vary in 

different directions, unlike steel. They can be designed in various ways to achieve 

different properties in different directions depending on the fibre orientation within the 

matrix. FRP composites for strengthening applications can be manufactured in two ways: 

• A wet lay-up process can be applied on site, before strengthening, where carbon 

or glass fabrics are impregnated with epoxy, and glued to a previously prepared 

concrete surface. Fabrics are usually available as unidirectional sheets and can be 

easily shaped to fit any geometry.    

• Prefabricated composites can be made of different shapes and sizes such as bars 

and plates. These elements are usually stiff and cannot be bent around the 

element. 

Different types of surface treatment can be applied to the smooth FRP surface to enhance 

bonding with concrete. Bars, for instance, can be ribbed, indented, sand coated, helically 

wrapped or formed as a combination of sand coating and helical wrapping. Experimental 

results show that using bars coated with coarse sand notably improves the bond strength 

(Valerio et al. 2009; Arias et al. 2012).  

When under tension, unidirectional FRP materials behave linear elastically up to the 

failure, with no yielding, Figure 2.9. 

 

Figure 2.9 - Uniaxial tension stress-strain diagrams for different unidirectional FRPs 

and steel, fib bulletin 14 (2001) 
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Glass composites usually have a tensile strength close to the yield capacity of mild steel, 

whereas the tensile strength of carbon composites can vary between two to five times the 

yield strength of mild steel. Carbon fibers have similar or drastically higher elastic 

modulus compared with that of steel, while the stiffness of glass is significantly lower, 

and no higher than 90 GPa. FRP materials are approximately five times lighter than steel, 

which offers a significant material saving. However, the overall stiffness and strength of 

FRP composites are lower than when looking at fibers alone, depending on the nature of 

the applied matrix (Derkowski, 2015; Frigione and Lettieri, 2018). 

Carbon and aramid fibers are resistant to different form of chemical attacks while glass 

fibers can be affected by certain alkalis.   

2.5.2 Strengthening concrete structures using FRP materials  

Various shapes and forms of FRP materials, together with their lightweight and durable 

characteristics, have led to their diverse application in strengthening of concrete 

structures. It is important to understand the existing structural condition of the concrete 

to be able to apply appropriate FRP strengthening technique.  

The flexural strength of a reinforced concrete beam can be significantly increased by 

application of FRP plates, sheets or strips adhesively bonded to the tension surface of the 

beam (Ashour et al. 2002; Kotynia et al. 2008; Yang et al. 2017). Further development 

of strengthening techniques has enabled a still further increase in flexural capacity by 

applying FRP strips into previously cut groves in the concrete protective layer, known as 

Near-Surface Mounted (NSM) strengthening (De Lorenzis et al. 2000; Badawi and 

Soudki, 2009; Rezazadeh et al. 2016; Sharaky et al. 2018). 

FRP systems to increase shear capacity of reinforced concrete beams mainly fall into one 

of three different methods; Externally Bonded (EB) laminates, Near-Surface Mounted 

(NSM) bars and the Deep Embedment (DE) technique. These systems usually involve 

application of CFRP or GFRP materials.  

Vertical elements, such as columns, can be provided with additional capacity by 

wrapping FRP strips and sheets around their circumference.  
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2.5.3 Shear strengthening with FRP materials 

Shear strengthening of concrete structures using externally bonded FRP laminates 

significantly depends on the bond behaviour at the interface between the FRP material 

and the concrete surface. The bond line represents the most important part of the 

strengthening mechanism since all stresses created from the applied load are transferred 

to the FRP laminates through this bond line. Bond strength in general depends on 

mechanical and physical characteristics of FRP materials, concrete cover and epoxy resin 

(Triantafillou et al. 1992; Hadigheh et al. 2014; Emara et al. 2018). Due to relative ease 

of installation of FRP laminates, EB is the most preferred strengthening solution. It has 

been thoroughly investigated by Pellegrino and Modena (2002), Monti and Liotta (2007), 

Barros et al. (2007), Mofidi and Challal (2011), Brindley (2017). Three typical 

strengthening configurations are commonly used, as illustrated in Figure 2.10. 

 

       a) b)                c) 

Figure 2.10 - Wrapping schemes for externally bonded FRP laminates; (a) side 

bonding, (b) U-wrap with end anchorage and (c) complete wrapping 

However, complete wrapping may not always be possible due to geometrical restrictions 

and usual obstruction of the top side of the beam. In this case, the FRP is bonded either 

on the sides and bottom face of the beam (U-wrap), or only on two opposite sides of the 

beam (side bonding). The effectiveness of these two configurations depends on the bond. 

Debonding at the ends of the FRP is the governing failure mechanism unless an effective 

anchorage system, such as spike anchors and bar-in-slot anchorage devices, is introduced 

(Grelle and Sneed, 2011). 

Research on strengthening of continuous RC beams has been previously conducted by 

Grace et al. (1998), El-Refaie et al. (2001), Ashour et al. (2004). However, most of 

previous research treated flexural enhancement rather than shear strengthening. Khalifa 
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et al. (1999) and Abdul Samad et al. (2016) carried out experimental programmes on 

shear strengthening of rectangular two-span continuous beams strengthened in shear with 

EB CFRP strips, while Alfrejani et al. (2015) studied the use of EB CFRP strips to repair 

and strengthen RC continuous T-beams.  

Compared to surface bonding of FRP materials, the NSM technique requires more 

invasive surface preparation in the form of groove or slot cutting prior to installation of 

FRP strips or bars. This technique was developed to overcome the bond issues previously 

described for the EB technique (Dias and Barros, 2012, 2013; Al-Mahmoud et al. 2015).  

 

Figure 2.11 - NSM configuration with FRP strips 

Fitting bars into grooves into the concrete surface allows for larger bond surface area 

between FRP and concrete through an epoxy resin. Maximizing this area offers 

potentially superior bond performance between FRP and concrete and thus reducing the 

possibility of premature debonding, as shown in Figure 2.11. Hasket et al. 2008 reported 

higher interfacial fracture energy in NSM mounted FRP laminates than energy obtained 

in EB FRP plates. Dias and Barros, (2013) emphasised the importance of concrete 

strength and adequate transference length to obtain the full tensile capacity of CFRP 

reinforcement.   

The Deep Embedment (DE) technique, developed at the University of Bath, is a relatively 

new technique for shear strengthening of RC beams (Valerio et al. 2009; Chaallal et al. 

2010; Mofidi et al. 2012; Barros and Dalfré 2012; Qin et al. 2014; Jemaa et al. 2015; 

Brindley, 2017). In this strengthening system, FRP/steel bars are inserted into vertical or 

inclined pre-drilled holes and connected with concrete core through epoxy adhesives. 

Holes can be drilled from the top or bottom of the beam, through the entire beam depth, 

as illustrated in Figure 2.12. 
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Figure 2.12 - Deep Embedment technique for shear strengthening of RC beams 

Similar to other FRP-based strengthening systems, the efficiency of the DE technique 

depends on the bond between the concrete substrate and FRP/steel bar. This technique 

has been shown to provide a greater increase in shear capacity and a more gradual 

(pseudo-ductile) failure response compared to that obtained by EB and NSM techniques. 

The concrete surrounding bars deep embedded into the core of the element provides 

better confinement and thus superior FRP-concrete bond (Valerio et al. 2009; Godat et 

al. 2012; Caro et al. 2017). A significant advantage of this technique is that DE bars 

directly connect the top and bottom chords of the beam. 

2.6 Design guideline for FRP shear strengthening with Deep 

Embedment technique 

The most widely accepted concept for shear capacity predictions of FRP-strengthened 

RC beams is simple summing of individual contributions from each component. The 

overall shear capacity V can then be expressed as a sum of contributions from concrete 

Vc, shear links Vs and additional FRP Vf: 

𝑉 = 𝑉𝑠 + 𝑉𝑐 + 𝑉𝑓 [2.38] 

2.6.1 TR55 - Technical Report 55, (2012) Design guidance for strengthening 

concrete structures using fibre composite material  

Currently the only design code that provides guidance for shear strengthening of RC 

structures with Deep Embedment FRP materials is TR55. According to research by 
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Valerio et al. (2009), an FRP bar embedded in a concrete section was assumed to act in 

the same way as internal shear reinforcement. In order to calculate the force in the FRP 

bar, a truss analogy was used and an effective strain in the bar, 휀𝑓𝑠𝑒, conservatively set 

equal to 0.4 %. This limiting strain is considered constant regardless of the type of FRP 

bar used.  

Based on a 450 truss analogy, the contribution from the DE bars can be added to the 

contribution from shear links obtained from BS EN 1992 which considers variable angle 

truss analogy. The total shear capacity can therefore be expressed as: 

𝑉𝑅𝑑,𝑠,𝑓 =
𝐴𝑠𝑤

𝑠
𝑧𝑓𝑦𝑤𝑑 cot 𝜃 +

휀𝑓𝑠𝑒𝐸𝑓𝑑𝐴𝑓

𝑠𝑏
𝑤𝑒𝑓𝑓 [2.39] 

where 𝐴𝑠𝑤 is cross-sectional area of steel shear reinforcement, s is spacing of steel 

stirrups, z is lever arm,  𝑓𝑦𝑤𝑑 is design yield strength of shear reinforcement,  𝜃 is angle 

between compression strut and axis perpendicular to shear force, 𝑠𝑏 is the spacing of DE 

bars, 𝑤𝑒𝑓𝑓 is the effective width over which DE bars will act, accounting for effective 

bond anchorage length taken as: 

𝑤𝑒𝑓𝑓 = ℎ − 2𝑙𝑏,𝑚𝑎𝑥 [2.40] 

Where h is the height of the beam. The anchorage length beyond which no increase in 

capacity can be achieved is defined as: 

𝑙𝑏,𝑚𝑎𝑥 =
휀𝑓𝑠𝑒𝐸𝑓𝑑𝐴𝑓

𝜋𝑑𝑏
𝜏𝑏

𝛾𝐴

 
[2.41] 

Where 𝐸𝑓𝑑 , 𝐴𝑓 , 𝑑𝑏 , 𝜏𝑏 are Young’s Modulus of FRP bar, bar cross sectional area, diameter 

of the bar and average bond stress over the length of the anchor, respectively. The average 

bond stress is conservatively taken as 15 MPa (based on the experimental results Valerio 

et al. 2009). 𝛾𝐴 is the partial safety factor for adhesive.  
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2.7 Push-off Testing 

The transfer of shear across a known shear plane has been of interest to engineers over 

the last few decades. Uncracked push-off tests have been used in the past for steel 

reinforced concrete to develop the ‘shear friction’ hypothesis (Birkeland and Birkeland, 

1966). These tests have studied transfer of pure shear across the failure plane parallel to 

the applied load. To overcome the irregularity of the interface (due to the aggregate 

presence) between the specimen’s two halves, and allow slip to occur, sufficient crack 

development must be achieved. Otherwise, creation and rotation of diagonal struts can 

be expected (Hofbeck et al. 1969), Figure 2.13. 

 

Figure 2.13 - Details of push-off specimen (Hofbeck et al. 1969) 

The two halves will tend to separate when slip occurs, putting the bars crossing the shear 

plane into tension. This will create a compressive normal stress in the concrete along the 

shear plane that will provide the resistance to slip. Many researchers including Hofbeck 

et al. (1969), Mattock and Hawkins (1972), Mattock (1976), Walraven and Reinhardt 

(1981) and Hwang et al. (2000) have studied steel reinforced concrete interfaces on 

initially cracked and uncracked push-off specimens. Mattock and Hawkins (1972) 

modified initial push-off specimen geometry to produce diagonal failure plane and 

examine combination of shear and compression, Figure 2.14.  
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Figure 2.14 - Details of a modified push-off specimen, Mattock and Hawkins (1972) 

Ibell and Burgoyne (1999) tested push-off specimens reinforced with steel, GFRP and 

Aramid stirrups. The aim of their research was to expand the knowledge of concrete 

behaviour containing these materials and to suggest analytical techniques to predict shear 

capacity of such reinforced specimens, Figure 2.15. 

 

Figure 2.15 - Schematic view of shear-block specimens, Ibell and Burgoyne (1999) 
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Saenz and Pantelides (2005) used specimens without internal steel reinforcement for 

closer examination of the interaction of concrete sections in shear strengthened with 

externally bonded FRP materials, whereas Naserian et al. (2013) investigated the 

interaction of internal steel reinforcement and external GFRP strips on the behaviour of 

shear transfer.  

Forester et al. (2016) carried an experimental programme on modified push-off 

specimens with inclined shear plane strengthened with EB FRP sheets, Figure 2.16. 

Results obtained indicated that concrete, steel and CFRP fabric contributions to shear 

resistance cannot be regarded as independent.   

 
 

Figure 2.16 - Details of modified push-off specimens strengthened with CFRP sheets, 

Forest et al. (2015) 

Barros et al. (2008) carried an experimental program on push-off pre-cracked specimens 

with the purpose of capturing the main features of the CFRP bar contribution for the 

concrete shear resistance, Figure 2.17. It was observed that a CFRP reinforcement ratio 

of 0.2% contributed 26% to the specimen shear resistance. Significant strain level in 

CFRP bar was recorded at a crack width of 0.3mm showing the effectiveness of DE 

technique.  
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Figure 2.17 - Details of DE strengthened push-off specimen, Barros et al. (2008) 

Brindley et al. (2017) tested the set of push-off specimens to investigate the differences 

and effectiveness in behaviour of both the externally bonded FRP sheets and Deep 

Embedment CFRP bars, Figure 2.18. It was shown that the DE offers a good alternative 

to U-wrap strengthening since specimens strengthened with DE CFRP bars showed 

similar increase in shear capacity compared with U-wrapped specimens.  

 

Figure 2.18 – Push-off specimens: (a) U-wrap with varying anchorage length, (b) full 

wrap, (c) Deep Embedment, Brindley et al. (2017) 

2.8 Current state of research on Deep Embedment technique 

This section is focused on the brief review on the current state of research into reinforced 

concrete beams strengthened in shear with Deep Embedment technique, forming the 

basis for experimental work of the present research.  
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2.8.1 Experimental programmes  

• Valerio et al. (2009) 

A series of tests on reinforced concrete and pre-stressed rectangular beams strengthened 

in shear with Deep Embedment technique were performed by Valerio et al. (2009). The 

experimental programme consisted of small and large-scale beams replicating actual 

existing railway bridge beams in the UK. The amount of vertical shear reinforcement, 

the shear span to depth ratio, type (CFRP or steel) and DE bar diameter were variables 

examined in this research. Figure 2.14 shows the cross-section of the beams and the 

layout for the strengthened beams. 

 
a) 

 

b) 

Figure 2.14 - a) Small and large cross section of tested beams and b) strengthened 

beams (Valerio, 2009) 
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 The-small scale beams were 3m long whereas large-scale beams were 4m long. The cube 

compression strength was 55-60 MPa. All beams were loaded under a four point loading 

configuration to ensure shear failure in the targeted shear span. The test results for the 

strengthened beams are shown in the Table 2.2. 

Table 2.2 - Test results (Valerio et al. 2009) 

Specimen Type a/d ds s Failure 
Shear capacity 

increase [%] 

SSB P4d-C7.5@0.7d PSC 4 7.5 0.7d Flexure 10.4 

SSB P4d-S8@0.7d PSC 4 8 0.7d Flexure 15.7 

SSB P4d-C6@0.7d PSC 4 6 0.7d Flexure 14.7 

SSB P4d-S6@0.7d PSC 4 6 0.7d Flexure 10.5 

SSB P4d-C6@d PSC 4 6 d Flexure 14.3 

SSB P4d-S6@d PSC 4 6 d Flexure 12.8 

SSB R3d-C6@0.7d RC 3 6 0.7d Flexure 97 

SSB R3d-C6@0.5d RC 3 6 0.5d Shear 114 

SSB R3d-C6@0.35d RC 3 6 0.35d Flexure 127 

SSB Rst3d-C6@0.7d RC 3 6 0.7d Flexure 79 

SLB P4d-2C7.5@0.5d PSC 4 7.5 0.5d Shear 14.6 

SLB P4d-C7.5@0.5d PSC 4 7.5 0.5d Shear 6.5 

SLB P4d-2S8@d PSC 4 8 d Shear 18 

Significant increase in shear capacity was obtained in all specimens, with some of the 

small pre-stressed beams failing in flexure, confirming the effectiveness of DE technique. 

It was confirmed that DE strengthening approach was feasible for both RC and PSC 

beams of any size with or without the presence of shear links. No significant differences 

in shear contribution from CFRP and steel bars were found. 

• Chaallal et al. (2011) 

Chaallal et al (2011) carried out experimental tests on RC T-beams strengthened in shear 

with the Deep Embedment technique. The aim of this research was to investigate the 

effectiveness of DE method in comparison with Externally Bonded (EB) and Near 

Surface Mounted (NSM) techniques. The main parameters investigated were the 

presence and spacing of the shear reinforcement. The experimental programme involved 

twelve T-beams. The geometry of tested beams is presented in Figure 2.14. 
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Figure 2.14 - Geometry of tested beams Chaallal et al. (2011) 

 Three series of beams were considered: no shear links (S0), shear links spaced at d/2 

(S1) and shear links spaced at 3d/4 (S3). The average concrete strength was between 25 

MPa and 35 MPa. The surface of 9.5 mm CFRP bars was sand coated. All beams were 

tested at a shear span equal to 3d. The main results of this experimental programme are 

presented in Table 2.3.  

Table 2.3 - Experimental results (Chaallal et al. 2011) 

Specimen 
𝜌𝑠𝑤 

[%] 

𝜌𝑓 

[%] 

Load at 

failure 

[kN] 

Shear 

resistance 

[kN] 

Shear 

capacity 

increase due 

to CFRP [%] 

Failure 

S0-CON 0 

/ 

122.7 81.3 0 Shear 

S1-CON 0.38 350.6 232.2 0 Shear 

S3-CON 0.25 294.0 194.7 0 Shear 

S0-EB 0 

0.5 

181.2 120.0 48 Shear 

S1-EB 0.38 378.5 250.7 8 Shear 

S3-EB 0.25 335.2 222.0 14 Shear 

S0-NSM 0 

0.72 

198.0 131.1 61 Shear 

S1-NSM 0.38 365.0 241.7 4 Shear 

S3-NSM 0.25 380.0 251.6 29 Shear 

S0-DE 0 

0.64 

273.0 180.8 122 Shear 

S1-DE 0.38 397.0 262.9 13 Flexure 

S3-DE 0.25 425.5 281.8 45 Flexure 



38 

 

From the results presented, it is evident that the DE technique provided the highest 

increase in shear capacity compared to EB and NSM techniques. The DE technique was 

more efficient in mobilizing the tensile strength of DE bars. 

• Mofidi et al. (2012) 

As a continuation of Chaallal et al.’s (2011) work, Mofidi et al. (2012) carried out 

experimental tests on RC T-beams strengthened in shear with the Deep Embedment 

technique to address important parameters such as the effect of the surface coating of 

FRP bars, the effect of shear links on FRP bar shear contribution, the effect of FRP bar 

spacing and DE bar diameter. Mofidi et al. (2012) adopted the same beam geometry and 

internal steel arrangement as in Chaallal et al.’s (2011) tests, as in Figure 2.14. The main 

results of this experimental programme are presented in Table 2.4. 

Table 2.4 - Experimental results (Mofidi et al. 2012) 

Specimen 

FRP 

surface 

coating 

𝜌𝑠𝑤 

[%] 

𝜌𝑓 

[%] 

Load at 

failure 

[kN] 

Shear 

resistance 

[kN] 

Shear 

capacity 

increase due 

to CFRP 

[%] 

Failure 

S0-CON / 0 

/ 

122.7 81.3 0 Shear 

S1-CON / 0.38 350.6 232.2 0 Shear 

S3-CON / 0.25 294.0 194.7 0 Shear 

S0-12d130s sc 0 0.64 273.0 180.8 122 Shear 

S1-9d260s sc 0.38 0.18 393.0 260.3 6 Shear 

S1-12d260s sc 0.38 0.32 402.6 266.6 8 Shear 

S1-12d130s sc 0.38 0.64 398.0 263.6 14 Flexure 

S1-9d260p ps 0.38 0.18 423.8 280.7 14 Shear 

S3-12d130s sc 0.25 0.64 425.5 281.8 45 Shear 

sc – sand coated, ps – plain surface 

All specimens except S1-12d130s failed in shear. No debonding of FRP bars was noticed 

in any of the specimens. The average increase in shear capacity was 35%. The 

effectiveness of plain surface FRP bars was found to be superior in comparison with sand 

coated bars. This was explained by better chemical bond between plain FRP bars and 

epoxy than that of sand coated bars and epoxy. This raises the question of how realistic 

this statement is. It seems that reducing the distance between FRP bars did not 
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significantly affected their contribution to overall shear capacity. In addition, FRP bars 

with larger diameter only marginally had a higher contribution than bars of a smaller 

diameter.  

• Barros and Dalfré (2013) 

Barros and Dalfré (2012) performed experimental tests on simply supported rectangular 

RC beams strengthened with vertical and inclined steel DE bars. The aim of this 

experimental programme was to examine the effectiveness of Deep Embedment 

technique when parameters such as inclination and spacing of DE bars and percentage of 

shear reinforcement were changed. The programme consisted of 14 rectangular beams 

with different size of cross section, overall length of 2450 mm and shear span equal to 

900 mm. Internal steel arrangement, position, amount and inclination of strengthening 

bars are presented in Figure 2.15. The longitudinal reinforcement consisted of two or 

three steel bars of 25 mm. The compressive concrete strength was between 28.81 MPa 

and 30.78 MPa.  Beams with internal shear reinforcement were compared with its 

reference beams without internal steel shear reinforcement in order to distinguish 

contribution from concrete and shear links to the overall shear capacity. 

Table 2.5 - Main experimental results (Barros and Dalfré 2012) 

Specimen 
𝜌𝑠𝑙 

[%] 

𝜌𝑠𝑤 

[%] 

𝜌𝑓 

[%] 
Fmax [kN] 

∆𝐹𝑚𝑎𝑥

𝐹𝑅𝑒𝑓,𝑚𝑎𝑥
 [%] Vf 

[kN] 

A.1 Reference 2.5 / / 108.86 / / 

A.2 S300.90 2.5 0.13 / 164.67 51 / 

A.3 E300.90 2.5 / 0.17 160.78 48 31.15 

A.4 E300.45 2.5 / 0.25 203.98 87 57.07 

A.5 S300.90/ 

E300.90 

2.5 0.13 0.17 231.83 113 40.3 

A.6 S300.90/ 

E300.45 

2.5 0.13 0.25 244.41 125 47.85 

A.7 S225.90 2.5 0.17 / 180.31 66 / 

A.8 S225.90/ 

E225.90 

2.5 0.17 0.23 244.17 124 38.31 

B.1 Reference 1.88 / / 203.36 / / 

B.2 S300.90 1.88 0.06 / 232.31 14 / 

B.3 E300.90 1.88 / 0.11 238.88 17 21.31 

B.4 E300.45 1.88 / 0.16 336.19 65 79.69 

B.5 S300.90/ 

E300.90 

1.88 0.06 0.11 390.11 92 94.68 

B.6 S300.90/ 

E300.45 

1.88 0.06 0.16 396.51 95 98.52 
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The main results of this experimental programme are presented in Table 2.5. Deep 

embedded steel bars provided significant increase in shear capacity of tested beams. The 

inclined strengthening bars were more effective than vertical bars. Shear failure cracks 

were almost orthogonal to inclined DE bars. The deflection capacity of beams was also 

improved. Effectiveness of the DE technique depended on the amount of internal steel 

shear links. The effectiveness of DE bars was higher when they were placed in between 

existing shear links. 

 

Figure 2.15 - Experimental programme (Barros and Dalfré, 2012) 
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• Breveglieri et al. (2014) 

Similar to Barros and Dalfré’s (2012) experimental programme on DE strengthened 

rectangular  beams, Breveglieri et al. (2014) carried out experimental tests on simply 

supported RC T-beams strengthened in shear with steel deep embedded bars. The aim of 

this research was to investigate the effectiveness of DE method when parameters such as 

inclination and spacing of DE bars and percentage of shear reinforcement are varied. The 

programme consisted of 10 T-beams, overall length of 2650 mm and shear span equal to 

900 mm (a/d=2.5). Internal steel arrangement, position, amount and inclination of 

strengthening bars are presented in Figure 2.16. The longitudinal reinforcement consisted 

of four steel bars of 24 mm. The compressive concrete strength was between 24.7 MPa 

and 29.7 MPa.  

 

 

Figure 2.16 - Experimental programme (Breveglieri 2014) 

The main results of this experimental programme are presented in Table 2.6. 
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Table 2.6 - Main experimental results Breveglieri et al. (2014) 

Specimen 
𝜌𝑠𝑤 

[%] 

𝜌𝑓 

[%] 
Fmax [kN] 

∆𝐹𝑚𝑎𝑥

𝐹𝑅𝑒𝑓,𝑚𝑎𝑥
 [%] 

Vf 

[kN] 

0S-Ref 

0.0 

/ 156.1 / / 

0S-ETS300-90 0.15 217.8 39.5 37.0 

0S-ETS300-45 0.21 348.6 123.4 115.5 

0S-ETS180-90 0.24 256.8 64.6 60.5 

0S-ETS180-45 0.34 368.8 136.3 127.7 

2S-Ref 

0.1 

/ 242.1 / / 

2S-ETS300-90 0.15 315.7 30.4 44.2 

2S-ETS300-45 0.21 407.1 68.2 99.0 

2S-ETS180-90 0.24 406.8 68.1 98.8 

2S-ETS180-45 0.34 504.7 108.5 157.6 

Steel DE bars regardless of their inclination provided a significant contribution to shear 

resistance of strengthened beams. As previously shown in the work of Barros and Dalfré 

(2012), inclined steel DE bars were more effective than vertical DE bars due to longer 

resisting bond length and favourable orientation of inclined bars with respect to 

developed cracks. The maximum increase in load carrying capacity in beams 

strengthened with vertical DE bars was 64.6 % and 68.1% in 0S-Series and 2S-Series, 

respectively. Inclined DE bars increased load carrying capacity by 136.3 % and 108.5 % 

in 0S-Series and 2S-Series, respectively. The contribution of DE bars decreased with the 

increase in the number of existing shear links. The shear strengthening effectiveness 

increased with DE strengthening ratio. 

• Breveglieri et al. (2015) 

As a continuation of the previous experimental work, Breveglieri et al. (2015) included 

eight additional RC T-beams to investigate the influence of different percentage of 

existing shear reinforcement to the overall shear capacity of strengthened beams and the 

difference between shear contribution provided from steel and CFRP DE bars.  The 

specimen geometry, arrangement of existing shear and longitudinal reinforcement and 

arrangement of DE bars are presented in Figure 2.17. 
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Figure 2.17 - Experimental programme (Breveglieri et al. 2015) 

The main results of this experimental programme are presented in Table 2.7. 

Table 2.7 - Main experimental results Breveglieri et al. (2015) 

Specimen 
𝜌𝑠𝑤 

[%] 

𝜌𝑓 

[%] 
Fmax [kN] 

∆𝐹𝑚𝑎𝑥

𝐹𝑅𝑒𝑓,𝑚𝑎𝑥
 [%] 

Vf 

[kN] 

0S-Ref 

0.0 

/ 156.1 / / 

0S-ETS300-90 0.15 217.8 39.5 37.0 

0S-ETS300-45 0.21 348.6 123.4 115.5 

0S-ETS180-90 0.24 256.8 64.6 60.5 

0S-ETS180-45 0.34 368.8 136.3 127.7 

2S-Ref 

0.1 

/ 242.1 / / 

2S-ETS300-90 0.15 315.7 30.4 44.2 

2S-ETS300-45 0.21 407.1 68.2 99.0 

2S-ETS180-90 0.24 406.8 68.1 98.8 

2S-ETS180-45 0.34 504.7 108.5 157.6 

4S-Ref 

0.17 

/ 353.8 / / 

4S-S300_90 0.15 370.9 4.8 10.3 

4S-S300_45 0.21 552.4 56.1 119.2 

4S-S180_90 0.24 413.2 16.8 35.6 

4S-S180_45 0.34 566.4 60.1 127.6 

2S-C180-90 

0.1 

0.16 370.5 53.1 77.1 

2S-C180-45 0.22 534.7 120.9 175.6 

4S-C180-90 0.16 576.9 6.5 13.9 

4S-C180-45 0.22 616.9 74.4 157.8 
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This experimental programme showed that strengthening effectiveness of Deep 

Embedment technique decreased with increasing the amount of existing shear links. This 

trend was particularly pronounced in beams strengthened with vertical DE bars. In the 

case of 450 inclined bars of similar strengthening ratio, CFRP bars provided higher shear 

contribution than steel bars. Due to the good bond conditions, CFRP bars reached 

relatively high strains. Inclined CFRP bars reached higher strains than vertical ones. 

Higher strains were obtained due to the formation of multiple shear cracks caused by the 

higher percentage of DE inclined bars and longer effective bond length.  

• Qin et al. (2014) 

Qin et al. (2014) investigated structural behaviour of RC T-beams with uncorroded and 

corroded shear links strengthened in shear with either externally bonded CFRP sheets or 

deep embedded CFRP bars. Different corrosion levels of shear links were considered 

(7% and 12%) and EB and DE strengthening techniques compared. The specimen 

geometry, arrangement of existing shear and longitudinal reinforcement and arrangement 

of DE bars and CFRP sheets are presented in Figure 2.18. All beams had shear span to 

effective depth ratio of 3.05 
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Figure 2.18 - Experimental programme (Qin et al. 2014) 

Unidirectional 1mm thick CFRP sheets and 10 mm sand-coated CFRP bars were used 

for specimen strengthening. The main results of this experimental programme are 

presented in Table 2.8. Due to variable cube compressive strengths, the nominal shear 

stress at failure was calculated to compare the shear strength of tested beams.  

Table 2.8 - Main experimental results Qin et al. (2014) 

Strengthening 

scheme 

Beam 

designation 

Corrosion 

level [%] 

Total shear 

force [kN] 

Normalized 

shear stress at 

failure 

relative to 

N00 

Failure 

mode 

Unstrengthened 

beams 

N00 0 143 1.00 Shear 

N07 7 148 0.89 Shear 

N12 12 155 0.86 Shear 

DE strengthened 

beams 

R00 0 142 1.09 Shear 

R07 7 182 1.07 Shear 

R12 12 164 0.96 Shear 

EB strengthened 

beams 

S00 0 182 1.07 Shear 

S07 7 174 1.03 Shear 

S12 12 174 0.95 Shear 
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Based on the results from this experimental program it was noticed that corrosion of 

existing shear links reduced shear strength of unstrengthened beams. A 7 % corroded 

shear links did not have a significant effect on the shear capacity of strengthened beams. 

However, strengthened beams with higher level of shear link corrosion had a shear 

capacity lower than corresponding strengthened beams with uncorroded shear links. 

Their shear capacity was also slightly lower than corresponding unstrengthened beams 

with uncorroded shear links meaning that both strengthening techniques could not bring 

the shear capacity of beams with heavily corroded shear links to the shear capacity level 

of beams with uncorroded shear links. 

• Jemaa et al. (2015) 

Jemaa et al. (2015) investigated structural behaviour of full-scale RC T-beams shear 

strengthened with Deep Embedment technique. The shear span to effective depth ratio of 

beams was 3 and their effective depth 600 mm. The experimental work consisted of two 

full-scale T-beams, one control and one strengthened beam. Six sand-coated GFRP bars 

were used to enhance the shear capacity of strengthened beam.  The specimen geometry, 

arrangement of existing shear and longitudinal reinforcement and arrangement of DE 

bars are presented in Figure 2.19. 

 

Figure 2.19 - Experimental programme (Jemaa et al. 2015) 
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Average cube compressive strength was 48.1 MPa. The 12 mm sand-coated GFRP bars 

were used for specimen strengthening. The main results of this experimental programme 

are presented in Table 2.9. 

Table 2.9 - Main experimental results Jemaa et al. (2015) 

Beam 
Unstrengthened 

shear capacity 

Shear 

capacity at 

failure [kN] 

Gain 

attributable 

to GFRP 

[kN] 

Gain 

attributable 

to GFRP [%] 

Failure 

mode 

Control 49.5 149.5 / 0 Shear 

Strengthened 149.5 293 143.5 96 Shear 

 The strengthened beam failed in shear with 96 % increased shear capacity. Strengthening 

with DE GFRP bars caused development of steeper shear cracks in comparison with 

shear crack development in the unstrengthened beam.  

• Brindley et al. (2017) 

Brindley et al. (2017) carried out tests on six large and four medium RC T-beams 

strengthened in shear with externally bonded CFRP sheets in a U-wrap configuration 

both with and without end anchorage and with CFRP deep embedded bars. One large and 

one medium size beam were strengthened with the DE technique. The purpose of this 

experimental program was to compare the effectiveness of EB and DE strengthening 

techniques and to investigate the influence of the beams size on their effectiveness. 

Concrete compressive strength was around 60 MPa. The specimen geometry, 

arrangement of existing shear and longitudinal reinforcement and arrangement of EB and 

DE strengthening are presented in Figure 2.20. 
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Figure 2.20 - Experimental programme (Brindley et al. 2017) 

Summary of the test results is presented in Table 2.10. All test specimens failed in shear. 
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Table 2.10 - Main experimental results Brindley et al. (2017) 

Specimen 
𝜌𝑣 

[%] 

𝜌𝑓 

[%] 

𝑉𝑢 

[kN] 
Failure mode 

LBC 0.1 / 472 Shear – brittle 

LB1U 0.1 0.7 458 Debonding/shear 

LB1UA 0.1 0.7 512 Debonding/shear 

LB2U 0.1 1.3 438 Debonding/shear 

LB2UA 0.1 1.3 512 Debonding/shear 

LBDE 0.1 0.2 605 Shear 

MBC 0.1 / 322 Shear – brittle 

MB2U 0.1 1.3 306 Debonding/shear 

MB2UA 0.1 1.3 370 Debonding/shear 

MBDE 0.1 0.2 482 Shear 

Both deep embedment specimens, large T-beam (LBDE) and medium T-beam (MBDE), 

showed an increase in shear capacity by 28% and 50%, respectively. It was shown that it 

is possible to achieve greater shear capacity using the DE technique with lower FRP ratio 

than in EB technique. The behaviour and the ultimate shear capacity of DE strengthened 

beams were clearly heavily influenced by the effect of size of the tested specimen. Higher 

strains were reached in DE CFRP bars than in CFRP U-wrap sheets, showing that better 

material utilisation could be achieved with Deep Embedment technique. Also, strains 

recorded in CFRP bars in MBDE specimen were higher than those in LBDE specimen. 

2.8.2 Bond behaviour of DE bars and numerical models to predict the shear capacity 

of strengthened beams 

Mofidi et al. (2012) proposed a design model for RC beams strengthened in shear using 

the DE technique based on the BPE modified-bond slip model (Cosenza et al. 1997). 

Using the BPE modified-bond sleep model and bond parameters ( 𝜏𝑚, 𝑠𝑚 and 𝛼) obtained 

from the direct pull-out test for CFRP bars epoxy bonded to concrete core (Godat et al. 

2012), the strains in the DE bars can be calculated as follows:  

휀𝑓𝑟𝑝 = √
8

𝐷𝑓𝑟𝑝𝐸𝑓𝑟𝑝
(

𝜏𝑚𝑠𝑚

1 + 𝛼
) ≤ 0.004 [2.42] 
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where sm is slip at maximum bond stress,  𝜏𝑚 is maximum bond stress, 𝛼 is a curve-fitting 

parameter, 𝐸𝑓𝑟𝑝 is modulus of elasticity of FRP bar and 𝐷𝑓𝑟𝑝 is diameter of FRP bar. 

The FRP contribution to the shear resistance can be calculated as follows: 

𝑉𝑓𝑟𝑝 = 𝑘𝐿𝑘𝑠

𝐴𝑓𝑟𝑝𝐸𝑓𝑟𝑝휀𝑓𝑟𝑝𝑑𝑓𝑟𝑝(sin 𝛼 + cos 𝛼)

𝑠𝑓𝑟𝑝
 [2.43] 

where  𝐴𝑓𝑟𝑝, 𝑑𝑓𝑟𝑝, 𝛼 and 𝑠𝑓𝑟𝑝 are FRP bar cross-section area, effective depth, inclination 

of FRP bars and spacing between FRP bars, respectively. Parameter 𝑘𝐿 depends on 

effective depth and effective anchorage length while parameter 𝑘𝑠 can be taken as 0.6. 

The proposed equations gave results close to experimental results on DE strengthened 

beams (Mofidi et al. 2012). 

Breveglieri et al. (2015) proposed two analytical models to calculate the contribution of 

DE bars to the overall shear resistance of RC beams. The first model was based on an 

empirical approach (experimental), while the second one included physical and 

mechanical principles of the technique (mechanical). These two models refer to RC T-

beams strengthened in shear with steel DE bars, as validated against Breveglieri et al.’s 

experimental program. The experimentally based model estimates the contribution of the 

DE bars by determining the effective strain in the bars εfe, Figure 2.21. The force in the 

DE bars crossed by the shear crack, Ff, is defined as: 

𝐹𝑓 = 𝑛𝑓𝐴𝑓𝑤𝑓𝑓𝑒 [2.44] 

Therefore, the shear contribution from DE bars is as follows: 

  

𝑉𝑓 = ℎ𝑓

𝐴𝑓𝑤

𝑠𝑓𝑤
𝐸𝑓𝑤휀𝑓𝑒(cot 𝜃 + cot 𝛽𝑓) sin 𝛽𝑓 [2.45] 

Considering the constitutive low for DE bars, 𝑓𝑓𝑒 = 𝐸𝑓𝑤휀𝑓𝑒 and that 𝑉𝑓 = 𝑉𝑓
𝑒𝑥𝑝

 the 

effective strain can be calculated from equation 2.45. Parameters  
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𝑓𝑓𝑒 , 𝑛𝑓 , 𝐴𝑓𝑤, 𝐸𝑓𝑤 𝑎𝑛𝑑 휀𝑓𝑒 are effective stress in DE bars, number of DE bars crossed by 

the crack, cross sectional area of DE bars, modulus of elasticity and effective strain in 

DE bars, respectively. 

 

Figure 2.21 - Experimentally based model (Breveglieri et al. 2015) 

The mechanically based model considers a bond constitutive law to evaluate the 

contribution of one DE bar, as well as the concrete fracture by reducing the resisting bond 

length with the progress of the concrete fracture; details of the model can be found in 

Breveglieri et al. (2015). The two conceptually different approaches have predicted 

values of shear contribution from DE bars with similar levels of accuracy. 

Caro et al. (2017) examined the bond behaviour of CFRP and GFRP deep embedment 

bars epoxy bonded to concrete core. Various parameters such as embedment length, FRP 

bar diameter and type, concrete compressive strength and hole diameter were observed. 

Based on the results obtained from this experimental set and from results of Valerio et 

al. (2009) and Godat et al. (2009), a mathematical model for predicting the bond strength 

of DE FRP bars was proposed. The bond strength can be calculated as follows: 

𝜏 = 𝛼𝑓𝑐
𝑗
𝑙𝑏

𝑘𝑑𝑏
𝑚𝐸𝑛𝐸𝑝

𝑟 [2.46] 

where 𝜏, 𝛼, 𝑓𝑐
𝑗
, 𝑙𝑏

𝑘 , 𝑑𝑏
𝑚, 𝐸𝑛 𝑎𝑛𝑑 𝐸𝑝

𝑟 are average bond strength, concrete cylinder 

compressive strength, embedded length, bar diameter, elastic modulus of FRP bar and 

elastic modulus of adhesive, respectively. However, there is large uncertainty for 

parameter 𝛼 (-0.52±2.4), due to the roughness of the adhesive-concrete interface, and 

parameter m (-0.5±0.59) due to small range of bar diameters. This mathematical model 
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demonstrated accurate predictions when validated against the results of Valerio et al. 

(2009).  

TR55 (2012) guideline provides safe predictions of shear capacity for beams 

strengthened with Deep Embedment technique, (Valerio et al. 2009). This is due to the 

assumption that maximum allowable strain in FRP bars should be kept constant for any 

type of FRP bar (0.4 %). Several numerical models have been developed to characterise 

the bond behaviour of Deep Embedment FRP bars. Godat et al. (2013) and Breveglieri 

et al. (2016) developed two-dimensional finite element models to predict the FRP bar 

behaviour in the DE technique. Godat et al. (2013) used discrete truss elements oriented 

above and below the FRP bar connecting the two substrates to simulate the FRP 

bar/concrete interfacial behaviour. Breveglieri et al. (2016) used a strategy for modelling 

the fracture mode II that was conducted in the FEM-based computer program using a 

smeared crack model, FEMIX. 

Qapo et al. (2016) developed a three-dimensional nonlinear finite element (FE) model 

for DE strengthened beams. The authors compared developed FE model with TR (2012) 

predictions and with published experimental results. The FE model was verified against 

experimentally tested RC beams by Valerio et al. (2009), Mofidi et al. (2012), and Qin 

et al (2014). These experimental programs are presented in more detail in this section. 

The FE model demonstrated the significant improvement over TR55 model.  The TR55 

predicted versus experimental shear strength ratio was 1.57 with a standard deviation of 

0.54, whereas for the numerical predictions the ratio was 1.08 with a standard deviation 

of 0.25. An extensive parametric study indicated that further increase in shear capacity 

of beams with and without steel shear links can be obtained by using inclined DE bars. 

Increase in concrete compressive strength also positively influenced the predicted shear 

strength. However, it was found that predicted shear capacity decreased with the increase 

in shear span to depth ratio (a/d) and internal shear link to FRP bar ratio. The increase in 

effective beam depth was not found to have a significant impact on shear contribution 

offered by DE bars. Qapo et al. (2016) developed a three-dimensional nonlinear FE 

model by implementing several constitutive models published in literature in computer 

program DIANA.  

Bui et al. (2018) conducted a numerical and analytical investigation of the data collected 

from previous research. The effect of concrete strength and embedded length on the bond 
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strength of DE bars were implemented into computer software ANSYS to develop FE 

model. Increase in concrete compressive strength and embedment length enhanced the 

bond resistance. 

2.9 Concluding remarks 

This Chapter has outlined the existing literature on various types of shear analysis and 

design methods for Reinforced Concrete beams, with and without steel shear 

reinforcement. A brief review on the current state of shear strengthening techniques with 

emphasis on the Deep Embedment technique is also presented.  

Shear span to depth ratio, the reinforcement ratio, concrete strength and geometry of the 

elements and their size have been considered as main parameters that highly influence 

the shear behaviour of RC structures. The review of current design and assessment codes 

revealed the conservativeness of the assessment of shear capacity of existing structures 

based on the truss analogy.  

Furthermore, up to date shear assessment codes do not consider the actual way in which 

concrete structures behave during failure. Assessment approaches based on plasticity 

theory are more appropriate approaches since realistic failure mechanisms can be 

observed as part of the whole structure.  

However, despite numerous studies, shear behaviour before or after strengthening is still 

not fully understood, particularly in continuous concrete structures, which are the norm, 

(there are very few simply supported concrete structures, in reality).  The complexity of 

shear failures and the inability to accurately predict and foresee the causes prior to failure 

were demonstrated by many catastrophic failures. The behaviour of continuous beams is 

even more complex since sagging and hogging moments could coexist together with 

maximum shear forces. This can all produce different failure mechanisms, especially in 

beams strengthened with inclined DE bars where change in load position can change 

yield line orientation and jeopardize their effectiveness. Examination and understanding 

of all these specific aspects is essential for successful assessment and strengthening of 

existing continuous structures. The studies on the Deep Embedment technique have, up 

to now, been based on simply supported beams employing FRP shear strengthening in 
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the positive moment region, while the behaviour of FRP shear reinforcement in the 

negative moment region in continuous structures is not yet clear. Continuous RC beams 

behave differently from simply supported beams, as large shear forces co-exist with large 

negative bending moments at the same location. 

Hence, based on the literature review presented in this Chapter, an experimental program 

was designed to address the effect of continuity on shear strengthening with Deep 

Embedment technique. The effect of different parameters as the type and DE bar 

inclination and DE reinforcement ratio on the overall shear capacity of continuous T-

beams will be analysed.  
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3   METHODOLOGY / PUSH-OFF SPECIMENS 

3.1 Introduction 

This Chapter describes the design and fabrication of the push-off specimens. A test campaign 

of ten initially uncracked reinforced concrete push-off specimens strengthened with steel, 

CFRP and GFRP bars was produced for use in this test. Test setup, materials used, casting as 

well as the strengthening schemes selected for testing are discussed. It is very important to 

separate the contributions of concrete and FRP DE bars for better understanding of their load-

sharing interactions and behaviour. Accordingly, the decision to adopt uncracked push-off 

specimens with a known shear plane was made to isolate the effects of concrete and FRP bars. 

The innovative part of these tests is the possibility to observe the interaction between concrete 

and DE bars with no steel shear links interfering (crossing the shear plane). In this way, 

variability of possible failure modes of the specimens could be noted.  

3.2 DE bar inclination 

With the assumption that the shear discontinuity develops at an angle of approximately 450  

with respect to the horizontal beam axis, the 450 and 900 bar inclinations were chosen to 

investigate vertical and inclined deep embedded bars, respectively, see Figure 3.1. 

 

Figure 3.1 - Vertical and inclined DE bars 

σ – normal stress, τ – shear stress 



56 

 

3.3 Effective strains and bond strength of DE FRP bars 

Existing literature has pointed out the possibility of adopting limiting strain for deep embedded 

bars, higher than the conventional upper limit of 0.4 %, originally proposed for externally 

bonded FRPs (Valerio et al. 2009; Breveglieri et al. 2015; Brindley 2017). This maximum 

strain was adopted to assure transmission of the aggregate interlock forces through the shear 

plane, as debonding of the FRP laminates was observed prior to or after the loss of aggregate 

interlock at strains lower than their failure strains (Khalifa 1999). The increase in shear 

capacity, Vf, depends on the maximum anchorage length, lb,max, after which no increase in 

capacity can be obtained. The maximum anchorage length is given by the following equation: 

𝑙𝑏,𝑚𝑎𝑥 =
휀𝑓𝑠𝑒𝐸𝑓𝑑𝐴𝑓

𝜋𝑑𝑏𝜏𝑏
 

[3.1] 

The anchorage length, therefore depends on the limiting effective strain, 휀𝑓𝑠𝑒 , the Young’s 

Modulus, 𝐸𝑓𝑑, the area of the bar, 𝐴𝑓 , the bar diameter, 𝑑𝑏 , and the average bond stress, 𝜏𝑏. As 

shown by Equation 3.1, the contribution of the DE FRP bars depends on the effective values 

of strains. An upper limit of 0.4 % was recommended for DE bars which was in accordance 

with the experimental tests conducted by Valerio et al. (2009) on realistically-sized beams 

strengthened using the deep embedment technique. The evidence collected on strain 

measurements for DE CFRP bars at failure showed an average value of strain over 0.4%. The 

value of 0.4 % is suggested in the Concrete Society TR55 (2012) as a limiting value for the 

strain in FRP bars to inhibit loss of aggregate interlock. 

By implementing the values of the limit strain, 휀𝑓𝑠𝑒 = 0.4 % and average bond stress, 𝜏𝑏 = 20 

MPa (Valerio et al. 2009) over the length of the anchor into Equation 3.1, a values of the 

anchorage length of the DE bars for each specimen could be obtained: 

• CFRP bar: 𝑙𝑏𝑐,𝑚𝑎𝑥 = 37 𝑚𝑚 

• Steel bar:   𝑙𝑏𝑐,𝑚𝑎𝑥 = 42 𝑚𝑚 

• GFRP bar: 𝑙𝑏𝑔,𝑚𝑎𝑥 = 14 𝑚𝑚 

Research studies on the bond performance of DE FRP bars reported an increase in pull-out 

capacity of the bars and a decrease in the maximum average bond stress under anchorage length 

increase (Valerio et al. 2009; Godat et al. 2012). Valerio et al. (2009) performed sixty-five pull-

out tests using aramid (AFRP), glass (GFRP), carbon (CFRP) and steel bars with varying 
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embedment lengths. Based on these tests, the pull-out behaviour of the bars was found to be 

ductile. Therefore, a rigid-plastic bond-slip behaviour was adopted considering an effective 

average bond stress while keeping the ultimate slip at a constant value. In essence, what was 

proposed was to presume a plastic response of the bars, based on their controlled pull-out 

capacity, even though the bars themselves were elastic. A limiting average bond value of 20 

MPa was proposed by Valerio (2009) for the tested bonded lengths (15 to 75 mm) whereas the 

Concrete Society TR55 conservatively suggests 15MPa. Considering the possibility that 

effective bond stresses lower than 20 MPa could be found when applying longer anchorage 

lengths when using the Deep Embedment technique in practice, the DE bar capacity was 

determined by Valerio by adopting a limiting strain of 0.4 % for FRP bars or the yield strain 

for steel bars.  

Breveglieri et al. (2015) performed tests on four RC T-beams strengthened with vertical or 

inclined DE CFRP bars. Relatively high strain values were captured in bars crossed by a shear 

crack. The highest strain measured in the vertical DE bars was 0.67 % and a very high average 

strain of 0.9 % was obtained in inclined DE bars. 

A shear-deficient RC T-beam strengthened with vertical deep embedded GFRP bars was tested 

by Jemaa et al. (2012). The highest strain recorded in the bar crossed by a shear crack was 0.9 

%. 

Brindley (2017) investigated differences in behaviour between externally and deep embedment 

strengthened push-off specimens in the presence of steel stirrups. The tests showed that the 

deep embedment technique offers a viable alternative to U-wrap strengthening. The assumption 

of the ultimate shear capacity being equal to the sum of the capacities of each component 

separately was shown to be unsuitable for the specimens strengthened with external CFRP 

sheets. This was not the case when applying deep embedded bars as a shear strengthening 

solution. Since the contribution of the CFRP bars depends on the effective values of strains 

comparable to yielding in steel, the additive approach was shown to be indeed appropriate. 

Tests by Brindley (2017) on large and medium scaled RC T-beams strengthened with DE 

carbon FRP bars in some cases revealed strain levels up to 0.6 % prior to failure.  

The following tests have been instigated to investigate realistic effective strain values for deep 

embedment FRP bars and how strains and average bond strength vary with bar anchorage 

length longer than 75 mm, bar orientation and material type while keeping the bar diameter at 

a constant value. Previous investigations have underlined the possibility of achieving effective 
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strain levels of around 0.7 % and 1 % in CFRP and GFRP deep embedded bars, respectively. 

The aim of these tests is also to examine how the results obtained will fit into this assumption 

by using innovative realistically-scaled testing system which does not require large beam 

specimens.  

3.4 Details of the specimens 

 The average geometry of a typical continuous reinforced concrete beam, cast monolithically 

with the top slab, was considered when designing the specimens’ dimensions. Figure 3.2 

represents the size of a typical push-off specimen, 300 mm thick, 200 mm wide and 660 mm 

high. Two non-symmetrical parts monolithically connected were reinforced with substantial 

deformed high-yield steel cages (12 L-shaped bars with diameter of 16mm). These steel cages 

were provided to transfer forces through the two parts of the specimen and to ensure failure 

through the shear plane under observation. Steel cages were placed 25 mm away from the 200 

x 300 mm shear plane to avoid other forms of failure and prevent any influence on the results. 

The push-off specimens did not have steel shear reinforcement crossing the shear plane in order 

to observe the interaction of concrete sections with DE reinforcement and to investigate 

thoroughly the level of strains that can be achieved in DE bars when using this strengthening 

technique.  In addition, the aim was to replicate cases from reality with minimum or no shear 

reinforcement and compare results obtained with results from big tests on continuous beams 

that contain minimum amount of shear reinforcement.   

 

Figure 3.2 Push-off specimen geometry and steel reinforcement 
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3.5 Characteristics of materials used 

All specimens were cast at the University of Bath, Architecture and Civil Engineering 

laboratory. Four cubes, three cylinders and two test specimens were made from each concrete 

batch. The concrete mix consisted of local crushed coarse aggregate (10 mm maximum size), 

fine aggregate and Portland cement (Dragon Alfa Portland Cement CEM I 42.5). Its design 

strength was 50 MPa at 28 days. Table 3.1 presents the concrete mix proportions.  

Table 3.1 Concrete mix for push-off specimens 

Material 

Mass per m3 

(kg) 

Mass per batch 

(kg) 
Details 

Cement  620 57 
Portland Cement BS 

EN 197-1 CEM I 42.5R 

Water  230 21 
𝑚𝑣

𝑚𝑐
= 0.43 

Fine aggregate  865 80 / 

Coarse aggregate  710 65 10 mm maximum size 

Concrete cubes (100x100x100mm) were used to determine compressive concrete strength after 

7, 14, 28 days and on the day of testing. To verify concrete tensile strength, cylinders (100 x 

200 mm) were tested after 7, 28 days and on the day of testing. The average concrete 

compressive strength at test day was 55 MPa while the average tensile strength on the day of 

testing was 3.46 MPa, see Table 3.2. It was important to provide a workable concrete mix given 

the concentration of reinforcement. A concrete cover of 25 mm to main reinforcement was 

provided.  Timber formwork was removed approximately 24 hours after casting and the 

specimens were then cured in laboratory air conditions, shown in Figure 3.3. 

Table 3.2 Compressive cube and tensile cylinder strength  

Batch fcu [MPa] fct [MPa] 

1st  58 3.0 

2nd  57 3.3 

3rd  51 3.5 

4th  56 3.6 

5th  59 3.9 

6th  53 3.5 

Concrete compressive cube strength – BS EN 12390-3:2009 

Concrete tensile strength – BS EN 12390-6:2009 
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Steel bars and spirally wound sand-coated carbon and glass FRP bars were used for 

strengthening of the specimens along with a two-component epoxy-resin adhesive (HIT-

RE500). Carbon and glass FRP bars had a tensile strength of 2172 MPa and 827 MPa, an elastic 

modulus of 124,000 MPa and 46,000 MPa, and an ultimate strain of 1.75 % and 1.79 %, 

respectively (according to the manufacturer’s specifications-Aslan by Hughes Brothers). Steel 

bars had a yield tensile strength of 560 MPa and modulus of elasticity of 210 MPa. Properties 

can be found in Table 3.3. 

Table 3.3 Material properties 

Material 
Tensile strength 

ffu [MPa] 

Modulus of elasticity 

Ef [GPa] 
Ultimate strain [%] 

Aslan 200 CFRP bar 2171 124 1.75 

Aslan 100 GFRP bar 827 46 1.79 

Steel 6 mm bar 560 (yielding) 210 0.27 (yield strain) 

Hilti HIT-RE500 

epoxy-resin 
43.5 1.49 2 

  

  

Figure 3.3 Specimen casting and curing in laboratory conditions 
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3.6 Test groups  

Ten initially uncracked push-off specimens were tested. One specimen was used as the 

unstrengthened control specimen. The remaining nine specimens were divided into four groups 

depending on the DE bar type and angle of its insertion. The chosen anchorage lengths ranged 

from 12db (75 mm) and 25db (150 mm) for horizontal bars and 17db (100 mm), 25db (150 mm) 

and 33db (200 mm) for 450 inclined bars. 

The first, third and fourth group were strengthened with CFRP or GFRP or steel bars of variable 

anchorage lengths. All of these bars were inserted at an angle of 450 relative to the shear plane. 

The second group was strengthened with CFRP bars but inserted perpendicular to the shear 

plane. Each of the nine specimens was strengthened with bars of diameter 6 mm, corresponding 

to a reinforcement ratio of 0.1 %. The tested strengthening schemes are presented in Figure 3.4 

and Table 3.4. 

a) 

 

b) 

 

c) 

 

d) 

 
Figure 3.4 - Strengthening schemes: a) 1st group strengthened with inclined CFRP bars, b) 

2nd group strengthened with horizontal CFRP bars, c) 3rd group strengthened with inclined 

GFRP bars and d) 4th group strengthened with inclined steel bars    
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Specimens were labelled to specify bar type, angle of bar inclination with respect to the shear 

plane and the bar anchorage length. Bar types are denoted: S, C and G for steel, carbon FRP 

and glass FRP deep embedded bars, respectively. Labels 75, 100, 150 and 200 denote the 

anchorage lengths of the deep embedded bars in mm while labels ∠ and ∟ denote bars inclined 

at an angle of 450 and 900 with respect to the shear plane. As an example, specimen C100∠ is 

a specimen strengthened with 450 inclined CFRP deep embedded bars with an anchorage length 

of 100mm. The control specimen was labelled as CON. 

Table 3.4 Tested strengthening schemes  

Group Label DE bar type 

Anchorage 

length 

 lb [mm] 

 CON / / 

1st  

C100∠ CFRP 100 

C150∠ CFRP 150 

C200∠ CFRP 200 

2nd  
C75∟ CFRP 75 

C150∟ CFRP 150 

3rd  
G100∠ GFRP 100 

G200∠ GFRP 200 

4th  
S100∠ Steel 100 

S200∠ Steel 200 

3.7 Specimen strengthening 

Two 10 mm diameter holes for CFRP and steel bars and two 12 mm diameter holes for GFRP 

bars (due to irregular coating surface) were drilled from the side of the specimens, leaving a 

space of 2mm around the bars. This space ensured a sufficient thickness of the adhesive layer, 

thus providing good bond between concrete and bars. Each bar had one strain gauge installed 

at the shear plane location and the gap of 2 mm was sufficient to minimize the possibility of 

damage to the strain gauges and wires during the test (Hughes Brothers, 2018). The holes were 

drilled using a standard drill. The bevelled edges on the samples facilitated drilling of the 

inclined holes, see Figure 3.5. The dust was then removed with a round brush and compressed 

air. The two-component epoxy was then slowly injected (previously mixed in the nozzle of the 

handgun) from one end into each hole and coated over the surface of the bars (recommended 

by the manufacturer). The bars were then slowly pushed into the holes to avoid formation of 
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air bubbles and were deliberately left protruding from the edge of the specimens (approx. 25 

mm) to allow monitoring of slip of the bars during the test.  

  

a) b) 

  

c) d) 

Figure 3.5 - Specimen strengthening: a) drilling, b) two-component epoxy mixing in the 

nozzle of the handgun, c) application of the epoxy resin onto the bars and d) insertion of 

the bars into the holes 

3.8 Test setup and monitoring system 

As illustrated in Figure 3.6, specimens were placed between a hydraulic actuator with a swirl 

head (to allow load levelling) and the reaction frame of the hydraulic test rig which has a 

capacity of 2000 kN. They were subjected to axial compressive load under displacement rate 

of 0.2 mm/min. This was to allow for a controlled, uniform movement of the hydraulic head, 

so unwanted failure mechanisms are avoided and direct shear along the shear plane ensured. It 

was important to avoid inadmissible failure modes and buckling patterns outside the fracture 

plane. For this purpose, two steel plates were placed at the top and bottom of the specimens to 

ensure concentric loading and to prevent compressive stress concentration. These plates were 
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200mm long, 150mm wide and 15mm thick. Ten Linear Variable Differential Transformers 

(LVDTs), 5 on each side, were used to record horizontal and vertical movement of the 

specimen halves. The distance between the three horizontal LVDTs on each side was 100 mm, 

with the middle LVDT being positioned in the middle of the shear plane. LVDTs 1 and 6 

monitored the vertical displacement of the top part of the push-off specimen whereas LVDTs 

5 and 10 measured the bottom part.  

 

Figure 3.6 - Test setup and the arrangement of the LVDTs 

Deep Embedment bars were equipped with electrical resistance strain gauges, with one 

unidirectional strain gauge positioned at the shear plane (SI - for the strain gauges installed on 

the inclined bars and SH for the ones installed on the horizontal bars). The cables leading from 

the strain gauges to the recording device were away from the anchorage part of the bar, Figure 

3.7. 

 

Figure 3.7 - Position of the strain gauges for each bar anchorage length 

The results collected from the tests on the push-off specimens strengthened with the DE 

technique along with their interpretation are further discussed in detail in Chapter 4. 
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4   TEST RESULTS AND DISCUSSION / PUSH-OFF 

SPECIMENS 

4.1 Introduction 

The test results obtained are presented in this Chapter starting with an unstrengthened control 

specimen, followed by specimens strengthened with the Deep Embedment technique. Failure 

mode of the specimens, their behaviour and strains obtained from the DE bars are included 

along with the summary and discussion.  

4.1.1 Control unstrengthened specimen  

Figure 4.1 shows the failure mode observed in the unstrengthened control specimen (CON). 

 

Figure 4.1 - Failure mode of the control specimen, CON 

A single curved crack first started to develop on the right side of the specimen, as shown in the 

photograph, which was then followed by another smaller curved crack on the left side. The 

specimen failed along the first developed crack. The shear force versus vertical (shear) and 

horizontal (crack width) displacement are presented in Figure 4.2a,b.  

The concrete uncracked capacity reached 215 kN at point ‘a’ when the first crack appeared. 

This was then followed by a capacity drop of about 50 kN at point ‘b’ where the crack width 

was around 0.4 mm.  Shortly afterwards, the second crack developed at point ‘c’ (220 kN) 
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causing another drop in the concrete capacity for about 80 kN (point ‘d’ - 140 kN). Sudden, 

loud and brittle fracture marked the complete system loss of integrity at point ‘e’ (245 kN). 

  

a) b) 

Figure 4.2 - a) Shear force vs vertical displacement (shear), b) shear force vs horizontal 

displacement (crack opening) for control specimen 

4.1.2 Specimens strengthened with inclined CFRP bars (1st group) 

All tested specimens strengthened with inclined CFRP bars failed in shear with one distinct 

crack as anticipated, see Figure 4.3. Concrete spalling occurred on both faces of the specimens 

at the location of the shear plane. A characteristic for these samples was the emergence of two 

secondary parallel cracks, one at the bottom of the movable part and the second one at the top 

of the stationary part of the specimens. These cracks were less pronounced with bar anchorage 

length increase. This can be seen clearly in Figure 4.3. 
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a) b) c) 

Figure 4.3 - Failure modes of the specimens strengthened with inclined CFRP bars: a) 

C100∠, b) C150∠ and c) C200∠ 

The test results showed that deep embedment strengthened specimens in the 1st group achieved 

a significant increase in shear capacity when compared to the control specimen. The following 

figures (Figure 4.4, Figure 4.5 and Figure 4.6) represent the shear force vs vertical displacement 

for the control and strengthened specimens along with the graphs showing horizontal 

movement (crack opening) during the tests, for each specimen. Horizontal LVDTs indicated 

uniform crack opening in all specimens.  A crack width of around 2 mm was measured in 

specimen C100∠ at failure, while thinner crack widths of 1 mm and 1.1 mm were noted in 

specimens C150∠ and C200∠, respectively. This suggests that longer anchorage lengths led to 

better lateral confinement of the specimens and therefore higher shear capacities.  

• Specimen C100∠ 

  
a) b) 

Figure 4.4 - a) Shear force vs vertical displacement (shear) for control and specimen 

C100∠, b) shear force vs horizontal displacement (crack opening)  
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• Specimen C150∠ 

  

a) b) 

Figure 4.5 - a) Shear force vs vertical displacement (shear) for control and specimen 

C150∠, b) shear force vs horizontal displacement (crack opening) 

• Specimen C200∠ 

  

a) b) 

Figure 4.6 - a) Shear force vs vertical displacement (shear) for control and specimen 

C200∠, b) shear force vs horizontal displacement (crack opening) 

No rupture of the bars was seen at the end of the tests. Strain profiles for the CFRP DE bars 

are shown in Figure 4.7. It is clear that the bars were activated at first cracking and they 

contributed to the shear capacity until specimen failure.   

• Specimen C100∠: the strain recorded in the strain gauge ‘SI1’ was around 0.6 % at the 

moment of failure, whereas strain gauge ’SI2’ indicated bar debonding due to strain 
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decrease and load increase. Both bars were activated at a load of 250 kN, the load at 

which shear cracking first occurred. The specimen failed with bar ‘1’ debonding at the 

load of 310 kN. The post-test specimen examination showed that both bars debonded 

in the shorter anchored part of the bar, through the slip in the adhesive-concrete 

interface. The other part of the bars was fully bonded to the surrounding concrete.     

•  Specimen C150∠: the average strain recorded in both bars was 0.7 % (SI1-0.74 % and 

SI2-0.66 %) at the moment of failure. Both bars were activated at a load of 265 kN, 

when first shear cracking appeared. No bar debonding was noticed before failure.  

• Specimen C200∠: the strain captured in the strain gauge ‘SI2’ was around 0.8 % at the 

moment of failure, whereas the strain gauge on bar ‘1’ appeared to be broken at the 

very beginning of the test. The bar ‘2’ was activated at a load of 250 kN. No bar 

debonding occurred before failure. 

 

Figure 4.7 - Shear capacity vs strain in CFRP bars: a) C100∠, b) C150∠ and c) C200∠ 

 

4.1.3 Specimens strengthened with horizontal CFRP bars (2nd group) 

Both tested specimens strengthened with horizontal CFRP bars failed in shear. The specimen 

C75∟ failed along the curved crack developed in the movable part of the specimen, Figure 

4.8a.  Specimen C150∟failed along the single curved crack developed on the left side of the 

specimen, Figure 4.8b. Concrete spalling was also observed in both specimens at the location 

of the shear plane.  
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a) b) 

Figure 4.8 - Failure modes of the specimens strengthened with horizontal CFRP bars: a) 

C75∟and b) C150∟ 

The test results showed that deep embedment strengthened specimens in the 2nd group achieved 

a significant increase in shear capacity when compared to the control specimen. The following 

figures represent the shear force vs vertical displacement for the control and strengthened 

specimens along with the graphs showing horizontal movement (crack opening) during the 

tests, for each specimen, see Figure 4.9 and Figure 4.10. In the case of the specimen with a 

shorter anchorage length, C75∟, horizontal LVDTs indicated non-uniform crack opening, 

Figure 4.9b. The crack was 1.5 mm wider at the bottom than at the top of the shear plane 

(around 2 mm at the top and 3.5 mm at the bottom of the shear plane). A crack width of around 

0.9 mm was measured in specimen C150∟ at failure, Figure 4.8b. This suggests that a longer 

anchorage length allowed for better confinement of the specimen and therefore a higher shear 

capacity.  
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• Specimen C75∟ 

  

a) b) 

Figure 4.9 - Specimen C75∟: a) Shear force vs vertical displacement (shear) and b) shear 

force vs horizontal displacement 

• Specimen C150∟ 

  

a) b) 

Figure 4.10 - Specimen C150∟: a) Shear force vs vertical displacement (shear) and b) 

shear force vs horizontal displacement 



72 

 

Strain profiles for the CFRP DE bars are shown in the following Figure 4.11. Again, bars were 

activated at first crack appearance and they contributed to shear resistance until failure. No 

rapture of the bars was noted. 

• Specimen C75∟: the strain recorded in the bar ‘1’, at the moment of failure was around 

0.5 % and, in the bar ’2’ around 0.65 %. Both bars were activated at a load of 200 kN, 

when the shear crack appeared. At 250 kN both bars experienced a small drop of strain, 

suggesting the occurrence of slip. Subsequently, both bars continued to contribute to 

shear resistance until failure. 

•  Specimen C150∟: the average strain recorded in both bars was 0.6 % at the moment 

of failure. Both bars were activated at a load of 210 kN. No bar debonding before failure 

was noted. 

 

Figure 4.11 - Shear force vs strain in DE CFRP bars for specimens C75∟ and  C150∟ 

4.1.4 Specimens strengthened with inclined GFRP bars (3rd group) 

Like the specimens strengthened with inclined CFRP bars, both specimens strengthened with 

inclined GFRP bars failed in shear with one distinct straight crack as anticipated, see Figure 

4.12. Concrete spalling also occurred on both faces of the specimens.  
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a) b) 

Figure 4.12 - Failure modes of the specimens strengthened with inclined GFRP bars: a) 

G100∠ and b) G200∠ 

The deep embedment strengthened specimens in the 3rd group also achieved a significant 

increase in shear capacity when compared to the control specimen. The following figures 

represent the shear force vs vertical displacement for the control and strengthened specimens 

along with the graphs showing horizontal movement (crack opening) during the tests, for each 

specimen, see Figure 4.13 and Figure 4.14.  

• Specimen G100∠ 

  

a) b) 

Figure 4.13 - a) Shear force vs vertical displacement (shear) for control and specimen 

G100∠, b) shear force vs horizontal displacement (crack opening) 
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Horizontal LVDTs indicated uniform crack opening in all specimens. However, unlike in the 

previous groups, the crack width at failure was wider in the specimen with longer anchorage 

length, G200∠, see Figure 4.14b. It is likely that the lower stiffness of GFRP bars, when 

compared with CFRP bars, allowed for higher strain levels in the bars and thereby development 

of wider cracks at failure. 

• Specimen G200∠ 

  

a) b) 

Figure 4.14 - a) Shear force vs vertical displacement (shear) for control and strengthened 

specimen G200∠, b) shear force vs horizontal displacement (crack opening) 

Load vs strain plots for GFRP DE bars are shown Figure 4.15. It is clear that the bars were 

activated at first cracking and they contributed to shear resistance until failure.   

• Specimen G100∠: the strain recorded in bar ‘1’ at the moment of failure was around 1 

% and in bar ’2’ around 1.2 %. Both bars were activated at a load of 280 kN when the 

shear crack appeared. 

•  Specimen G200∠: the strain recorded in bar ‘1’ at the moment of failure was around 

1.2 % and in bar ’2’ around 1.1 %. Both bars were activated at a load of 260 kN. 

Debonding of the bars was not observed before either specimen failure.  
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Figure 4.15 - Shear capacity vs strain in GFRP deep embedded bars for specimen 

G100∠ and specimen G200∠ 

4.1.5 Specimens strengthened with inclined steel bars (4th group) 

All tested specimens strengthened with inclined steel bars failed in shear with one distinct 

crack, as anticipated. Concrete spalling occurred on both faces of the specimens at the location 

of the shear plane. Failure modes of the specimens strengthened with inclined steel bars are 

presented in Figure 4.16.  

  

a) b) 

Figure 4.16 - Failure modes of the specimens strengthened with inclined steel bars:  

a) S100∠ and b) S200∠ 
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The Deep Embedment strengthened specimens in the 4th group achieved a significant increase 

in shear capacity when compared to the control specimen. Figure 4.17 and Figure 4.18 

represent the shear force vs vertical displacement for the control and strengthened specimens 

along with the graphs showing horizontal movement (crack opening) during the tests, for each 

specimen. Horizontal LVDTs indicated uniform crack opening. The crack width at failure was 

about 2mm in both specimens. 

  
a) b) 

Figure 4.17 - a) Shear force vs vertical displacement (shear) for control and specimen 

S100∠, b) shear force vs horizontal displacement (crack opening) 

• Specimen S200∠ 

  
a) b) 

Figure 4.18 - a) Shear force vs vertical displacement (shear) for control and strengthened 

specimen S200∠, b) shear force vs horizontal displacement (crack opening)   
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Load vs strain plots for steel DE bars are shown in Figure 4.19. It is clear that all bars were 

activated at a load of 220 kN and contributed to shear resistance until failure. The bar ‘2’ in 

specimen S100 reached yield at failure and bar ‘1’ in specimen S200 reached yield prior to 

failure at a load of 360 kN.  

 

Figure 4.19 - Shear capacity vs strain in steel deep embedded bars for specimen S100∠ and 

specimen S200∠ 

4.2 Summary of the results and discussion 

4.2.1 Effect of embedment length, bar type and inclination 

The main results from the push-off tests are presented in Table 4.1 where Pu represents the 

specimen ultimate load capacity, followed by its corresponding average shear stress, τu, 

calculated as the ultimate load divided by the shear plane area. The contribution from the 

embedded bars, PDE, was calculated by subtracting the capacity of the control specimen from 

the ultimate capacity of the strengthened specimen. Note that the addition of DE bars can 

enhance the concrete contribution (Jemaa et al.2015) to the overall shear capacity, however it 

was not considered in this data set analysis. In all cases, shear failure was observed. Deep 

embedded bars significantly increased the shear capacity of the specimens. The ultimate shear 

resistance was found to be dependent on the anchorage length, inclination and type of the 

embedded bars. 
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Table 4.1 - Main push-off results 

Group Specimen Pu [kN] τu [MPa] PDE [kN] PDE [%] Failure mode 

 CON 215 3.58 / / Shear/brittle 

 C100∠ 310 5.17 95 44 Shear/gradual 

1st 

group 
C150∠ 353 5.88 138 64 Shear/gradual 

 C200∠ 361 6.02 146 68 Shear/gradual 

2nd 

group 

C75∟ 337 5.62 122 57 Shear/gradual 

C150∟ 369 6.15 154 72 Shear/gradual 

3rd   

group 

G100∠ 253 4.21 38 18 Shear/brittle 

G200∠ 290 4.83 75 35 Shear/brittle 

4th   

group 

S100∠ 310 5.16 95 44 Shear/brittle 

S200∠ 378 6.30 163 76 Shear/brittle 

The ultimate shear capacity of the control specimen was 215 kN. A range of embedment lengths 

from 17db (100 mm) to 25db (150 mm) to 33db (200 mm) led to an increase in shear capacity 

of 44%, 64 % and 68 % for the specimens in the first group. A small difference of 4% between 

the ultimate shear capacities of specimens C150∠ and C200∠, suggests that only a slight 

increase in the shear strength could be achieved with a longer anchorage length after it passes 

a critical value.  

A very similar increase in shear strength was observed in the specimens strengthened with 

CFRP inclined and horizontal bars; an increase in capacity of 57 % in specimen C75∟, 

strengthened with horizontal CFRP bars, was close to 64 % achieved in specimen C150∠, 

strengthened with inclined CFRP bars. A similar observation can be made for specimens 

C150∟ and C200∠ where shear capacities of 72 % and 68 % were recorded, respectively. It is 

noteworthy that very similar levels of strain were recorded in the CFRP bars at failure in each 

case, namely 0.65 %. 

Specimen G100∠ showed an increase in shear capacity of 18 %, whereas the corresponding 

specimen G200∠ provided 35 % higher shear resistance, suggesting that a longer anchorage 

length in this case provides a higher contribution to the ultimate shear strength.  
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Those specimens strengthened with inclined steel bars showed an increase in shear capacity of 

56 % and 76% for specimens S100∠ and S200∠, respectively.  

The results of this study show that, for a given anchorage length and bar inclination, the 

specimens strengthened with CFRP and steel bars exhibited generally higher shear capacities 

than the corresponding specimens with GFRP bars. This result may be explained by the higher 

elastic modulus of CFRP and steel compared with that of GFRP.  

4.2.2 Effectiveness of FRP deep embedded bars 

To gather comparative results, the maximum-recorded strain in the FRP bars at failure was 

divided by the maximum ultimate tensile strain capacity of the material, and compared with 

the additional shear capacity of the strengthened specimens, see Figure 4.20. Similarly, the 

maximum-recorded strain in the steel bars was divided by the yield strain.  

 

Figure 4.20 - Effectiveness of DE FRP and steel bars  

Specimens of the first group (C100∠, C150∠ and C200∠) showed a variation in CFRP bar 

utilization prior to failure under increasing anchorage length. The CFRP bars in specimen 

C100∠ managed to utilize 35 % of the ultimate capacity, whereas utilization reached 46 % in 

specimen C200∠, leaving specimen C150∠ in between with a utilization of 40 %.  Even though 

the anchorage length of the DE bars in this group was longer than that calculated considering 

a limiting strain of 0.4 % and average bond stress of 20 MPa, under increasing anchorage 

length, greater strains in the inclined CFRP bars were achieved prior to failure. This enabled 
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higher contribution of the bars with longer anchorage length and, thus, higher ultimate shear 

capacities of specimens. 

Specimens of the second group (C75∟ and C150∟) had a similar level of CFRP bar utilization 

of 35 %. Utilization of the CFRP material in both specimens of the second group is in the line 

with utilization in the specimens of the first group. 

Specimens of the third group (G100∠ and G200∠) showed significantly higher utilization of 

the FRP material compared with the groups strengthened with CFRP bars. This is due to 

excellent bond conditions provided by the concrete core and lower stiffness of the GFRP bars 

compared to CFRP bars. Specimens G100∠ and G200∠ showed 63 % and 64 % GFRP bar 

utilization at failure, respectively. Longer anchorage length, in this case, did not change the 

GFRP bar utilization dramatically.  

Even though not all steel bars reached their yield point, specimens in the 4th group had a 

significant increase in shear capacity of 65 % in average, comparable with specimens 

strengthened with CFRP bars (61 % in average). This is due to the high modulus of elasticity 

of steel bars and very good bond conditions.  

4.2.3 Bond strength 

With reference to Section 3.4 where it was shown that previous investigations have underlined 

the possibility of achieving effective strain levels of around 0.7 % and 1 % in CFRP and GFRP 

deep embedded bars, respectively and based on the test results previously presented, Table 4.2 

shows how the strains recorded during the test and the average bond strength varied with DE 

bar anchorage length. The results obtained have been compared with the values of bond 

strength calculated by using equation 3.1 for limiting values of the effective strain of 0.4 %, 

0.7 % and 1 %.  
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Table 4.2 - Average bond strength in DE FRP bars 

Specimen 

Anchorage 

length 

[mm] 

Strain at 

failure in 

each bar  

[%] 

Average 

bond stress 

in each bar 

[MPa] 

Effective strain in FRP bars [%] 

0.4 0.7 1 

Average bond stress [MPa] 

C100∠ 100 
0.64 11.53 

7.4 13.0 18.6 
/ / 

C150∠ 150 
0.76 9.17 

5.0 8.7 12.4 
0.67 8.18 

C200∠ 200 
/ / 

3.7 6.5 9.3 
0.82 7.44 

C75∟ 75 
0.58 14.38 

9.9 17.4 24.8 
0.68 16.37 

C150∟ 150 
0.63 7.44 

5.0 8.7 12.4 
0.65 7.69 

G100∠ 100 
1.05 7.24 

2.8 4.8 6.9 
1.22 8.42 

G200∠ 200 
1.22 4.21 

1.4 2.4 3.4 
1.06 3.66 

The results from Table 4.2 are presented in Figure 4.21 where each graph represents each 

strengthened group. It is clear that maximum average bond stress generally decreases with an 

increase in embedment length. Better bond performance of the CFRP bars, which have higher 

Modulus of Elasticity than GFRP bars, resulted in higher bond strength values and higher 

ultimate shear capacities. Based on the strain values recorded in FRP bars at failure, it is evident 

that all specimens strengthened with CFRP bars have bond strength values close to the bond 

values obtained from equation 3.1 when an effective strain of 0.7 % is considered. Similar 

behaviour was observed in specimens strengthened with GFRP bars whose bond strength 

values were close to values calculated using an effective strain value of 1%. 
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a) b) 

 

c) 

Figure 4.21 - Effect of embedment length and strains recorded in FRP bars on maximum 

average bond strength: a) inclined CFRP bars, b) horizontal CFRP bars and c) inclined 

GFRP bars 

4.2.4 Plastic analysis of shear transfer for push-off specimens 

An alternative to the shear friction approach is the use of the upper-bound theory of plasticity 

as an analytical tool to predict the ultimate strength in shear of concrete reinforced with 

different materials. This theory has been successfully implemented over many years of concrete 

structures research where good predictions for various phenomena have been obtained. The 

application of this theory to uncracked concrete was developed by Jensen (1977) and Chen 

(1988). A broad investigation with all derivations of these models was presented by Nielsen 

and Hoang (2011). Ibell and Burgoyne (1999) applied an upper-bound analysis to a set of 

uncracked push-off specimens reinforced with steel, GFRP and AFRP (aramid) shear links. 
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The plasticity approach proved to be adequate for modelling the behaviour of these specimens, 

thus it was decided to apply it to this set of tests.  

The following assumptions are made regarding the use of a plasticity model to predict the shear 

capacities of the push-off specimens in this research: 

• A rigid-plastic behaviour can be adopted for deep embedded FRP bars considering an 

effective value of strain; 

• Perfectly plastic, rigid material behaviour is assumed with all materials reaching their 

full strength. Any elastic deformations are neglected; 

• The effectiveness factor, ν, is applied to the compressive strength of the concrete to 

account for the lack of ductility and other effects such as softening and local stress 

concentrations (Nielsen and Hoang 2011); 

• The Modified Coulomb failure criterion is assumed. Looking at the concrete as a 

granular material, the internal angle of friction, φ, is taken to be a constant 370 for all 

combinations of stress. In the case of a separation failure, a limiting tensile concrete 

strength, ft, is assumed. In this case, it is assumed to be equal to zero (Nielsen and 

Hoang 2011); 

• The two halves of the push-off specimens act under conditions of plane strain. This 

means that the relative displacement angle between those halves, α, should be taken as 

greater than or equal to φ, see Figure 4.22.  A force, P, is applied parallel to the interface 

of an area, A, producing an average shear stress 𝜏 = 𝑃/𝐴. 

• Deep embedded bars are assumed to carry axial forces only. Steel bars yield at stress, 

fy, whereas the contribution of the FRP bars is defined by a limiting strain, εf.  

 
Figure 4.22 - Displacement vector u at an angle α for the specimens strengthened with 

inclined (left) and horisontal (right) DE bars 
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The work done by the external load, DP, is equal to the internal energy dissipation, Dl, obtained 

by yielding of the materials. The energy dissipation along the length of the discontinuity in the 

push-off specimens is thus equal to the sum of the energy dissipated by the concrete and the 

energy dissipated by each DE bar.  

The external work done is calculated by multiplying the applied force, P, by the vertical 

distance it has moved through: 

DP = P ∗ δ ∗ cosα [4.1] 

where δ is the displacement vector and α is the relative displacement angle. 

The energy dissipated by the DE bar reinforcement is  

Dl,F = δ ∗ εf ∗ Ef ∗ Af ∗ cos(θ − α)    – FRP bars 
[4.2] 

Dl,S = δ ∗ Af ∗ fy ∗ cos(θ − α)     – steel bars 
[4.3] 

where 휀𝑓 is effective strain in FRP bars, 𝐸𝑓 is Young’s Modulus of the FRP bars, θ is the angle 

DE bars form with the shear plane and Af  is the area of DE bars. The energy dissipated by 

concrete is calculated by the following equation, derived by Nielsen and Hoang (2011) 

Dl,C = 0.5 ∗ δ ∗ ν ∗ fc ∗ (1 − sinφ) ∗ A     for α = φ 
[4.4] 

Where fc is a concrete compressive strength and ν is an effectiveness factor. If the concrete 

tensile strength is assumed to be equal to zero, ft=0, then there is no energy dissipation of 

concrete in tension. 

Nielsen and Hoang (2011) introduced effectiveness factors for monolithic concrete, showing 

that  

τ

fc
= √(ψ + ρ) [ν − 2ρ

sinφ

1 − sinφ
− (ψ + ρ)] for  ψ ≤ ν

1 − sinφ

2
− ρ(1 + sinφ) [4.5] 

 



85 

 

τ

fc
= ν

1 − sinφ

2cosφ
+ ψtanφ for     ν

1 − sinφ

2
− ρ(1 + sinφ) ≤ ψ ≤ ν

1 − sinφ

2
 [4.6] 

 

τ

fc
= √ψ(ν − ψ)  for      ν

1 − sinφ

2
≤ ψ ≤ 0.5ν [4.7] 

 

τ

fc
= 0.5ν ψ ≤ 0.5ν [4.8] 

Where ν is effectiveness factor for concrete in tension and ψ is reinforcement degree equal to 

𝜓 =
𝐴𝑓𝑓𝑦

𝐴𝜈𝑓𝑐
 

[4.9] 

Ibell et al. (1997a, b, c; 1998a, b; 1999) performed tests on a series of small and large scale 

bridge models. Based on the results collected, an analytical tool for the assessment of concrete 

beam-and-slab structures using an upper-bound plasticity approach was developed. A formula 

to calculate the concrete effectiveness factor to represent ductile concrete crushing across a 

yield surface was proposed. It accounted for the influence of the longitudinal and shear 

reinforcement percentage, concrete compressive strength and shear span ration a/d.  

𝜈 = 0.35 ∗ (√0.35 + 0.32 ∗ 𝜌𝑠) ∗ (√1 + 1.5 ∗ 𝜌𝑠𝑣) ∗ (2.4 − 0.04 ∗ 𝑓𝑐𝑢) ∗ (0.2 + 0.2 ∗
𝑎

𝑑
)

1.5

∗ (0.35 ∗ √1 +
1000

ℎ
) 

[4.10] 

for 0.8 % ≤  𝜌
𝑠
< 4 %, 0 % ≤  𝜌

𝑠𝑣
 < 0.6 %, 20 < fcu < 45 80 < h < 700 in mm 

Several specific ranges of the effectiveness factor were observed including the one determined 

by the concrete strength: 

• ν changing from 0.6 to 0.4 for 20 MPa ≤ fc ≤ 30 MPa 

• ν changing from 0.4 to 0.2 for 30 MPa ≤ fc ≤ 50 MPa 
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Considering that the target for this experimental program (including the push-off and 

continuous T-beam specimens) was to reach the compressive concrete cube strength of 60 

MPa, a maximum concrete compressive strength from Ibell’s test range (45 MPa) was 

considered when calculating the value of the effectiveness factor. Therefore, a midrange value 

of 0.27 was adopted to calculate the ultimate shear capacities of strengthened push-off 

specimens. 

A summary of the predicted and experimental values is presented in Table 4.3, Table 4.4 and 

Table 4.5 for specimens strengthened with CFRP, GFRP and steel bars, respectively. As 

previously described in the section 3.4, contributions from the FRP bars were calculated 

considering limiting values of the effective strain of 0.4 % (for all FRP bars), 0.7% (for CFRP 

bars) and 1% (for GFRP bars), representative of the range found in the tests and in previous 

research programs. Note that more research needs to be conducted to produce a sophisticated 

model that will be practical and able to account for different concrete strength, shear 

reinforcement ratio, shear span to effective depth ratio and other parameters that could affect 

the level of strains in DE bars. Detailed calculation of predicted results is presented in Appendix 

1. 

Table 4.3 - Predicted and experimental values for CFRP strengthened 

specimens 

Specimen Pu,0.4 [kN] Pu,0.7 [kN] Test [kN] 
Pu,0.4

Test
 

Pu,0.7

Test
 

C100∠ 277 303 310 0.89 0.98 

C150∠ 277 303 353 0.78 0.86 

C200∠ 277 303 361 0.77 0.84 

C75∟ 263 279 337 0.78 0.83 

C150∟ 263 279 369 0.71 0.76 

 

Table 4.4 - Predicted and experimental values for GFRP strengthened 

specimens 

Specimen Pu,0.4 [kN] Pu,1 [kN] Test [kN] 
Pu,0.4

Test
 

Pu,1

Test
 

G100∠ 255 275 256 0.93 1.00 

G200∠ 255 275 290 0.82 0.88 
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Table 4.5 - Predicted and experimental values for steel 

strengthened specimens 

Specimen 
Pu  

[kN] 

Test 

[kN] 

Pu

Test
 

S100∠ 281 310 0.91 

S200∠ 281 378 0.74 

The control specimen CON predicted shear capacity of 208 kN showed good agreement with 

the experimental result of 215 kN. Its capacity was calculated based on the assumption that 

when the concrete tensile capacity is exceeded at any point, failure will occur.   

The calculated values for the specimens in the first and second group under-predicted the 

capacity when a limiting strain of 0.4 % was considered, on average by 18 % and 26 %, 

respectively. The predicted values were closer to the test values when applying a higher 

limiting strain of 0.7 %, leading to better agreement under the assumption previously explained. 

This also shows good correlation with the degree of CFRP bar utilization in this group, as 

described in Section 4.2.2.  

The specimens strengthened with inclined GFRP bars produced under-predictions in shear 

capacity on average by 12 % when the limit strain of 0.4 % was considered, while the 

application of the effective strain of 1 % improved this value to 6 %.   

The prediction values for the shear capacity of deep embedment specimens strengthened with 

steel inclined bars showed good agreement with the experimental results. 

4.2.5 Conclusions  

Regarding the analysis of results obtained from the experimental tests on ten uncracked push-

off specimens strengthened with DE bars, the following can be concluded: 

• The anchorage length of DE bars had a significant influence on the ultimate shear 

capacity of the push-off specimens. Under increasing anchorage length, the ultimate 

shear capacity increased across all strengthened specimens. 

• Investigation of the specimens failure modes showed that DE bars influenced crack 

development, making the shear plane more uniform and straight. This was mostly 

expressed in samples reinforced with inclined CFRP and GFRP bars. This was due to 
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the achievement of higher strains in the inclined bars compared to those in the 

horisontal bars, and the lower elastic modulus of FRP compared with that of steel. 

Longer anchorage length of inclined bars enabled higher strain development and 

allowed for better confinement of the specimen and therefore a higher shear capacity.  

• However, specimens strengthened with inclined and horizontal CFRP bars showed very 

similar results for similar anchorage lengths.  

• The examination of the effectiveness of the DE FRP bars showed that GFRP bars had 

significantly higher utilization compared with CFRP bars. This is due to good bond 

conditions provided by the concrete core and lower stiffness of the GFRP bars 

compared with CFRP bars. The average GFRP material utilization was 70 % compared 

to an average utilization of 38 % for the CFRP bars. Presumably, the CFRP did not 

need to stretch as much to give the same force across the concrete, so its utilisation is 

lower, by definition. 

• The comparison of experimental results with predictions obtained using the upper-

bound theorem of plasticity demonstrated that the approach was adequate for modelling 

the behaviour of Deep Embedment strengthened push-off specimens. In this approach, 

elastic FRP bars were considered to have a plastic bond loss and their contribution is 

based on effective values of strain.  

• The application of the effective strain of 0.4 % when calculating the FRP bar 

contribution was shown to be conservative. The application of an effective strain of 0.7 

% for CFRP and 1 % for GFRP bars better reflects their behaviour. However,  

• The assumption of the average bond stress with a constant slip along the length of the 

anchored part of the bar was also shown to be conservative. The ultimate shear capacity 

of the specimens increased and the average bond stress decreased as the embedded 

length of the bars increased, therefore, confirming the non-uniform distribution of the 

bond stress along the embedded length. 

• In all the adopted strengthening configurations, a significant increase in load carrying 

capacity of push-off specimens was obtained, demonstrating that the DE technique is 

an effective solution for shear strengthening. 



89 

 

5   EXPERIMENTAL METHODOLOGY / RC CONTINUOUS T-

BEAMS  

5.1 Introduction 

Ten continuous reinforced concrete T-beams were fabricated to study the effectiveness of the 

DE technique on realistic concrete structures. A control beam, unstrengthened, and nine 

strengthened specimens were tested under uniformly increasing loading in four-point bending. 

This chapter details the specimens’ fabrication and strengthening, preparation for testing, test 

setup and instrumentation used. The DIC technique was also applied to enable monitoring of 

the displacement and crack development during the tests. Standard material tests on steel bars 

and concrete are also presented here. This chapter deals with strengthening requirements in a 

practical manner. 

5.2 Effects of continuity on shear behaviour 

A comparison of bending moment and shear force diagrams for continuous and simply 

supported reinforced concrete beams is presented in Figure 5.1. 

 

Figure 5.1 - Bending moment and shear force diagrams for continuous (left) and simply-

supported (right) beams 

For all beams tested in this experimental programme, reactions R1, R2 and R3 as well as bending 

moment values are expressed in relation to the applied force P are as follows: 
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𝑅2 = 𝑃 𝑅1 = 𝑅3 =
𝑃

3
 𝑀𝑚𝑎𝑥 =

𝑃𝑙2

6
=

𝑃𝑙1

3
 

 Continuous RC beams, a common structural element in most concrete structures, behave 

differently from simply supported beams. In simply supported structures, the maximum shear 

force occurs in a different location from the maximum moment. The real difference is that in 

the middle span of continuous RC beams shown in Figure 5.1 there is double curvature line. 

Sagging and hogging moments coexist with maximum shear force. However, for the simply 

supported beam there is a single curvature together with maximum shear force. This can 

significantly affect the shear strength of continuous and simply supported beams due to 

different crack development. Laboratory testing to investigate the effectiveness of the Deep 

Embedment technique has taken place on simply supported structures (Valerio et al. 2009; 

Mofidi et al. 2012; Breveglieri et al. 2014, Qin et al. 2014). In practice, most concrete structures 

are continuous. Under these circumstances, the maximum shear force and maximum moment 

co-exist at the same location, with significant consequences for shear strengthening. In 

addition, the only design guideline, TR 55, for the use of the Deep Embedment technique was 

developed for simply supported beams. Therefore, knowledge extension in connection with the 

behaviour of such continuous beams with additional internal shear reinforcement is required. 

5.3 Geometry effects 

Most previous research on shear strengthening of concrete structures has been carried out on 

rectangular specimens, even though T-beams are considered to be more representative of 

typical slab-on-beam concrete structures. Improvement in shear resistance is altogether more 

challenging using Near Surface Mounted (NSM) and Externally Bonded Reinforcement (EBR) 

techniques, which are broadly used for flexural and shear strengthening.  It is not a realistic 

choice to fully wrap beams with FRP sheet as they are (almost) always cast monolithically with 

a top slab, so that holes would have to be drilled through the flange to allow passage of the 

shear reinforcement. This is wholly impractical. So, U-wrapping or side-wrapping is 

sometimes used, see Figure 5.2. 



91 

 

 

Figure 5.2 - Shear strengthening techniques: side wrapping (left), U-wrapping with 

anchorage system (middle) and deep embedment (right) 

Such U-wrapping has significant implications. Truss action may not be mobilised as FRP 

material cannot be anchored into the compression zone. Similarly, the impact of debonding of 

FRP laminates at low strain raises additional problems (Brindley, 2017). In scenarios where 

the sides of the beams are inaccessible, the Deep Embedment technique is really the only viable 

solution. 

5.4 Test programme 

5.4.1 Details of the specimens 

Figure 5.3 and Figure 5.4 present the geometry and reinforcement arrangements of the ten 

continuous T-beams.  

 

Figure 5.3 - T-beam longitudinal cross section 
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Figure 5.4 - T-beam vertical cross sections 

Average geometry of typical continuous reinforced concrete beams was considered when 

adopting dimensions of the specimens. Gold and Martin (1999) reported the importance of two 

mostly used building frames in the UK. These two frames enabled development of in situ 

concrete building construction in the 1970s until the beginning of 1990s with dimensions kept 

similar to dimensions of these frames. Beams had a structural depth of approximately 500mm 

and a width of 200mm with slab thickness ranging from 100mm to 250mm. Nevertheless, 

existing reinforced concrete bridges may have complex geometries and depths typically 

ranging from 600 to 1000 mm. These factors were crucial when deciding the size of beams. 

The scaling of beams was important in representing various sizes however, at the same time to 

consider the limitations of available laboratory space and equipment. 

The specimens were 3840 mm long (L) with spans of 2400 mm (L1) and 1290 mm (L2). The 

flange width (bf) and total height of the vertical cross section (h) were both 350 mm. The 

thickness of the web (bw) and the flange (hf) were 150 mm and 100 mm, respectively. The 

length of the beam was selected with the intention of creating a shear span-to-effective depth 

ratio (a/d) of 3 between the middle support and loading plate edges.   

The bottom longitudinal reinforcement was formed using two 20 mm deformed bars (B500B-

BS 4449:2005) with reinforcement ratio of 1.31%, whereas the top longitudinal reinforcement 

consisted of two 20 mm and two 6 mm deformed bars with reinforcement ratio of 1.42 %.  A 

slightly higher-than-usual percentage of longitudinal reinforcement for a building structure was 

used in order to ensure shear failure. Both top and bottom longitudinal bars were anchored at 

the end supports using 900 hooks in order to prevent premature anchorage failure. 
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To ensure shear failure, the part of the beams between middle support and load was designed 

to be deficient in shear. The steel shear links were spaced at 0.47d in the targeted span with a 

reinforcement ratio of 0.1 %, which was kept constant in all specimens. The two-legged shear 

links were made using plain 230M07Pb (magenta) grade steel bars of 4 mm diameter 

(BS970:1991 Part 3). The rest of the beam was reinforced with 8 mm diameter deformed steel 

shear links spaced at 150 mm. 

5.4.2 Characteristics of material used 

The properties of the steel used for the longitudinal and transverse reinforcement are presented 

in Table 5.1. 

Table 5.1 - Steel properties 

ϕ [mm] Grade Type 휀𝑠𝑦 [%] fy [MPa] fu [MPa] 

20 B500B Deformed 0.32 525 624 

8 B500B Deformed 0.25 535 565 

6 B500B Deformed 0.27 540 578 

4 
230M07Pb 

(magenta) 
Plain 0.33 660 740 

Repeatability of concrete mix was important for accurate test results, therefore all ten 

specimens were cast in a local precast company. The concrete grade was standard C40 grade 

with designed strength 60 MPa, water-to-cement ratio of 0.53 and coarse aggregate less than 

or equal to 20 mm. Eight cubes and four cylinders were taken during the casting of each test 

specimen. Cubes of 100 x 100 x 100 mm were used for determination of compressive cube 

strength after 7, 14, 28 days and on the day of testing. To verify tensile splitting strength 

cylinders of 100 mm diameter and 200 mm tall were tested at 7 and 28 days, and on the day of 

testing. Cubes and cylinders were air dried next to the beam specimens. Average values from 

the standard cube and tensile splitting tests showed fcu= 60.8 MPa (between 54.6 MPa and 71.7 

MPa) for the concrete compressive strength and fct = 3.9 MPa (between 3.3 MPa and 4.8 MPa) 

for the concrete tensile strength, Table 5.2. 
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Table 5.2  - Concrete compressive and tensile strength 

 fcu [MPa] Deviation fct [MPa] Deviation 

CON 45.5 6.2 4.1 0.2 

C150 61.1 0.3 4.8 0.9 

G150 57.1 3.7 3.6 0.3 

S150 58.0 2.8 4.3 0.4 

C150∠ 71.7 10.9 4.0 0.1 

G150∠ 63.2 2.4 4.2 0.3 

S150∠ 54.6 13.0 3.5 0.4 

C75 65.2 4.4 3.4 0.5 

G75 68.4 7.6 3.8 0.1 

S75 61.0 0.2 3.3 0.6 

Mean 60.6 5.2 3.9 0.4 

The concrete mix for the continuous T-beams is presented in Table 5.3. 

Table 5.3 - Concrete mix for continuous T-beams 

Material Mass per m3 (kg) Details 

Cement 390 
Portland Cement BS EN 

197-1 CEM I 42.5R 

Water 210 
𝑚𝑣

𝑚𝑐
= 0.53 

Fine aggregate 800 / 

Coarse aggregate 840 / 

The precaster provided timber formwork for the specimens along with steel cage assembly, as 

illustrated in Figure 5.5. A hand held electric concrete vibrating poker was used for concrete 

compacting, and all specimens were cured for a minimum of 28 days. 
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a) b) 

  

c) d) 

Figure 5.5 - Fabrication of continuous T-beams: a) steel cage assembly, b) steel cage 

placed into the wood formwork, c) concrete poured into formwork and d) T-beam after 

formwork removal   

The steel shear links for the targeted span were supplied by the University of Bath due to 

sensitivity of the preinstalled strain gauges. They were cut and bent in line with the 

specifications and delivered to the precaster for further assembly, see Figure 5.6. The precast 

company supplied the longitudinal reinforcement along with the shear links for the non-

targeted span.  

 

Figure 5.6 - Shear links for the targeted span 
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5.4.3 Test groups 

Ten initially uncracked reinforced concrete continuous T-beams were tested. Nine 

strengthened beams were divided into three groups depending on the deep embedment bar type, 

spacing and angle of their insertion. One T-beam was used as a control, unstrengthened 

specimen that served as a basis for comparison with all strengthened specimens. All three 

groups were strengthened with vertical or inclined CFRP, GFRP or steel bars, arranged at 

different distances. Each of the nine specimens was strengthened with bars of diameter 6 mm. 

Each group consisted of three beams strengthened in the targeted span using three different 

configurations: first - vertical bars spaced at 150 mm (one DE bar between two shear links), 

second - vertical bars spaced at 75 mm (two DE bars between two shear links) and third - 

inclined bars (450) spaced at 150 mm (each bar crossing two shear links). 

As in the push-off test programme, specimens were labelled with letters and numbers to 

determine bar type, spacing and angle of bar inclination with respect to the horizontal axis. Bar 

types are marked: C, G and S for carbon, glass and steel deep embedded bars, respectively. 

Numbers 75 and 150 denote the spacing of the bars in mm and label ‘∠’ denotes bars inclined 

at an angle of 450 with respect to the horizontal axis. For example, specimen C150∠ is a 

specimen strengthened with inclined carbon FRP deep embedded bars spaced at 150 mm. The 

control specimen was labelled as CON, see Table 5.4 and Figure 5.7.  Given that load reversals 

and different load scenarios could change the direction of the shear forces in continuous beams, 

great care has to be taken when applying inclined DE bars. In this case, they would be exposed 

to compressive forces and their effectiveness brought to a question. This research campaign 

tends to investigate the effectiveness of inclined DE bars and overall behaviour of such a 

strengthened system when the direction of shear forces is kept constant throughout all tests.  
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Table 5.4 - Tested continuous T-beams 

Group 
Number 

of beams 

Bar 

diameter 

[mm] 

Bar 

spacing 

[mm] 

𝜌𝑠𝑣 

[%] 

𝜌𝑓 

[%] 

Angle 

 [0] 
Bar type Label 

Control 1 / / 0.1 / / / CON  

1st  3 6 150 0.1 0.13 90 

CFRP C150 

GFRP G150 

Steel S150 

2nd  3 6 75 0.1 0.25 90 

CFRP C75 

GFRP G75 

Steel S75 

3rd  3 6 150 0.1 1.18 45 

CFRP C150∠ 

GFRP G150∠ 

Steel S150∠ 

 

 

Figure 5.7 - Strengthened specimens 
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5.4.4 Specimen strengthening  

To ease the drilling of the beams as well as to avoid the possibility of damaging longitudinal 

steel bars or shear links; specimens were turned upside down and placed on their flanges 

supported on timber planks. The following application steps were followed:  

• A set of 10 mm diameter holes for CFRP and steel bars and 12 mm diameter holes for 

GFRP bars were made through the web of the beams. Two small wooden frames were 

used to enable precise hole drilling; one for the vertical and one for the 450 angled holes, 

as illustrated in Figure 5.8. Larger diameter holes for GFRP bars were drilled due to 

their different surface profile. 

• The holes were carefully cleaned using round wire brush and compressed air to remove 

dust and other impurities. 

 

a) 
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b) 

Figure 5.8 - Drilling of the beams: a) vertical holes and b) inclined holes 

• The epoxy used for the strengthening of the beams was identical to the one used for 

strengthening of the push-off specimens. Due to its low viscosity, the end of each hole 

was blocked to prevent epoxy from leaking. 

• A thin layer of two-component epoxy adhesive was applied around the DE bars prior 

to their installation.  

• Prepared holes were filled with an appropriate amount of epoxy adhesive.  

• The DE bars were then slowly pushed into the holes while taking care not to damage 

the strain gauges, as illustrated in Figure 5.9.  

Appearance of the epoxy at the top end of the bars suggested that it was equally distributed 

along the length of the holes and no air bubbles were trapped.  

  

a) b) 
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c) d) 

Figure 5.9 - Installation of the DE bars: a) cleaning of the holes with compressed air, b) 

application of a thin layer of epoxy on DE bars, c) injection of the epoxy into holes and d) 

insertion of DE bars into prepared holes 

5.4.5 Test setup and instrumentation  

All specimens were tested in four-point bending as a continuous beam. They were placed 

between two bespoke testing frames, as shown in Figure 5.10a. 

The left support (‘1’) was placed in the smaller frame containing two hydraulic jacks (with 

capacities of 100 kN) used merely to precisely position the reaction support and to ensure that 

there was no displacement change during the test, Figure 5.10b. The load was applied through 

the main hydraulic jack (capacity of 500 kN) in increments of 5 kN, as shown in Figure 5.10c. 

At every increment, crack development was marked until close to specimen failure.  

 



101 

 

The load was applied through a steel loading plate across the whole width of the beam’s flange. 

The plate was 25 mm thick and 150 mm wide. The supporting plates were of the same thickness 

as the loading plate and placed across the width of the web. The end supports of the specimen 

were positioned on rollers (RO1 and RO2) while the middle support was placed on the pin (P) 

to prevent any horizontal movement, see Figure 5.12a. Horizontal movement at the end 

 

a) 

  

b) c) 

Figure 5.10 - T-beam test setup: a) beam placed in the test frame prior to testing, b) 

controlling hydraulic jacks at the reaction support and c) loading hydraulic jack 
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supports was enabled using two, thin, lubricated Teflon sheets placed between steel plates and 

centralized above the support, as shown in Figure 5.11. 

  

a) b) 

Figure 5.11 - a) roller on end supports and b) pin on the middle support 

Vertical displacement was measured at the position of the applied load using a linear variable 

differential transformer (LVDT, named V5). Six further vertical LVDTs (V6-V11) measured 

displacements in the shear zone. Displacement transducers H1, H2, H3 and H4 monitored 

horizontal movement of both beam-ends. In order to control support reactions, load cells LC1, 

LC2 and LC3 were installed under both exterior supports and also under the middle support, 

see Figure 5.12a.  

In order to collect values of strains in the steel stirrups, longitudinal bars and DE bars, electrical 

strain gauges were installed at selected points. Each of the eight-shear links in the targeted span 

was equipped with one strain gauge on one leg at mid-height (SG1-SG8). Each bottom 

longitudinal steel bar had one strain gauge below the load point (SG9 and SG10) and one strain 

gauge at the middle of the shear zone (SG11 and SG12). Similarly, each top longitudinal steel 

bar had one strain gauge at the middle of the shear zone (SG13 and SG14) and one strain gauge 

above the middle support (SG15 and SG16), as illustrated in Figure 5.12b. Each deep 

embedment bar was equipped with one strain gauge at the middle of its height (DE1-DE7 for 

DE bars spaced at 150 mm and DE1-DE14 for DE bars spaced at 75 mm). Since the position 

of the shear discontinuity could not have been predicted with certainty (especially in beams 

strengthened with inclined DE bars), each shear link and DE bar in the targeted span were 

equipped with one strain gauge at mid-height. The number assigned to the strain gauge is at 

the same time the number assigned to the shear link (SL1-SL8) or Deep Embedment bar (DB1-

DB7 or DB1-DB14) to which the strain gauge is installed, as in Figure 5.12c,d,e.  
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a) 

 
 

b) c) 

  

d) e) 

Figure 5.12 - Specimen instrumentation: a) position of the LVDTs, load-cells and type of 

supports used, b) position of the strain gauges installed on the shear links and longitudinal 

bars in all specimens, c) position of the strain gauges installed on the DE bars in the 

specimens in the 1st group, d)  position of the strain gauges installed on the DE bars in the 

specimens in the 2nd group, e) position of the strain gauges installed on the DE bars in the 

specimens in the 3rd group 

Two DIC cameras were positioned to be in line with the front side of the specimen for 2D data 

collection. The first camera was positioned at the middle of the web height and the second at 

the middle of the flange height, as illustrated in Figure 5.13a, b. For each load increment, one 

DIC picture was taken. 
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a) 

  

b) c) 

Figure 5.13 - DIC test setup: a) arrangement of HD cameras and light, b) DIC HD cameras 

and c) DIC pattern on the specimen prior to testing  

The DIC pattern used in this test program was developed during the experimental testing on T-

beams and push-off specimens done by Brindley (2017). This pattern was adapted so that the 

size of the speckles satisfied certain distance criteria between cameras and specimen and the 

size of the observed zone, so that accurate measurements could be obtained. The modified 

pattern for the full field displacement and strain tracking was then applied to the observed zone 

through a laser-cut template using spray paint, as shown in Figure 5.13c.  Tracking of the 

surface strains was of great importance for observing crack development during testing. For 

this purpose, software ‘MatchID’ was used to allow for full field, contactless measurements of 

deformations. 

The results collected from the tests on continuous T-beam specimens strengthened with the DE 

technique along with their interpretation are further discussed in detail in Chapter 6. 
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6   TEST RESULTS AND DISCUSSION / REINFORCED 

CONCRETE CONTINUOUS T-BEAMS 

6.1 Introduction 

Ten continuous reinforced concrete T-beams were fabricated for use in this test campaign. One 

specimen was used as a control, while the remaining nine were divided into three groups, 

depending on the strengthening configuration. The beams were all tested under increasing load 

in four-point bending. This chapter summarises the results and findings obtained. The results 

for the control specimen and those for each group of the strengthened specimens are presented 

separately.  

This chapter also includes discussion on the experimental results along with observations on 

how DE strengthening configurations influenced beam behaviour. 

6.2 Control specimen, CON 

The control specimen failed in shear with one distinct shear discontinuity at an angle of 

approximately 350, see Figure 6.1. The crack crossed the full width of the flange, parallel with 

the loading plate, with no cracking observed on the other side of the loading plate. 

  

a) b) 

Figure 6.1 - a) Failure crack in the control specimen, b) crack penetration into the flange 

The first flexural cracks developed in the web below the load and in the flange above the middle 

support at a load of approximately 40 kN. The first shear cracks initiated at 65 kN at an angle 

of approximately 450. These initial cracks remained active during the test and were steeper than 
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the final failure discontinuity. The failure discontinuity developed in the web at 125 kN, 

starting from the middle of the shear span and from the level of the longitudinal reinforcement. 

It fully developed by crossing the flange at a load of 160 kN, and kept widening until failure, 

Figure 6.2. 

 

Figure 6.2 - Control specimen crack development during testing 

Figure 6.3 shows the load vs vertical displacement and load vs shear force under the load 

behaviour of the control specimen. The ultimate capacity reached 173 kN with equivalent shear 

capacity of 123 kN. The graph also indicates the point at which the internal shear links were 

activated, corresponding to the load at which major shear cracking began its propagation. 

  

a) b) 

Figure 6.3 - a) Load vs vertical displacement, b) load vs shear force, CON 
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Figure 6.4 depicts the position of the strain gauges installed on the shear links in relation to the 

major shear discontinuity, and strains recorded during testing. The readings from the strain 

gauges in the region near to the support showed very low strains, which corresponds to the 

failure discontinuity position. Strain gauges nearer the load registered higher strains but did not 

reach yield at peak load. Strain gauge SG4 yielded in post-peak behaviour. Strain gauge SG3 

was crossed by a main shear discontinuity but it recorded lower strains than SG4 at peak load. 

This was probably because strain gauge SG3 was damaged by the shear discontinuity 

development and therefore, further strain development could not have been recorded.  

 

a) 

  

b) c) 

Figure 6.4 - Strains recorded in steel shear links: a) position of the strain gauges with 

respect to major shear discontinuity, b) region near the load, c)  region near the middle 

support 

Strains recorded in the longitudinal reinforcement suggest that the steel had not reached the 

yield point at peak load.  The strain increase in the strain gauges under the load and above the 

middle support started at first flexural crackings, whereas strains in the gauges in the middle 

of the shear span increased with major discontinuity development see Figure 6.5.  
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a) b) 

Figure 6.5 - Strains recorded in the longitudinal reinforcement, CON: a) middle of a shear 

span and b) strain gauges under the load and above the middle support 

6.3 First group / Specimens strengthened with vertical DE bars spaced at 

150 mm 

6.3.1 Failure modes and observed behaviour 

All three specimens strengthened with vertical DE bars spaced at 150 mm failed in shear. 

Figure 6.6 shows the formation of the main shear cracks at failure. All three specimens in this 

group behaved in a similar manner to the control specimen in terms of the ordering of the 

appearance of the first flexural and first shear cracks. In this group, the first flexural cracks 

initiated at a higher load than in the control specimen, at around 55 kN, while the first shear 

cracks appeared in the web under the load and in the flange above the middle support at 

approximately 90 kN (close to 85 kN in the control specimen).  

  

a) b) 
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c) 

Figure 6.6 - Formation of the major shear discontinuities in the specimens of the first 

group: a) C150, b) G150 and c) S150 

The shear crack inclination was initially around 450. Shear cracking propagated and became 

shallower towards the middle of the shear span. The formation of two parallel failure cracks 

was characteristic for this group. The first crack developed at around 125 kN at an angle of 

about 300 starting from the middle of the shear span and at the level of the bottom longitudinal 

reinforcement. Under increasing load, it continued propagating further towards the flange. The 

formation of the second crack parallel with the first one was observed at around 195 kN. It 

appeared in the flange at an angle of about 350 and propagated further through the web. Closer 

post-test examination revealed that, unlike the control specimen, the first shear crack did not 

propagate fully through the flange. Crack propagation was tracked during the test on the side 

of the specimen not covered by the DIC pattern, see Figure 6.7. 

 

a) 
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b) 

 

c) 

Figure 6.7 - Crack development during the tests in specimens in the first group: a) C150, b) 

G150 and c) S150 

Figure 6.8 shows the load vs vertical displacement and corresponding shear force behaviour of 

the specimens in comparison with the control specimen, CON. The ultimate capacity reached 

297 kN, 287 kN and 278 kN with equivalent shear capacity of 209, 200 kN and 184 kN in 

specimens C150, G150 and S150, respectively. Although the beams all failed at a fairly similar 

load level, the greatest vertical displacement was exhibited by the specimen G150, reflecting a 

lower Young’s Modulus of GFRP bars. 
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a) b) 

Figure 6.8 - a) Load vs vertical displacement and b) load vs shear force 

6.3.2 Strains recorded in steel shear links, DE bars and longitudinal reinforcement 

• Specimen C150 

Figure 6.9a shows the position of the strain gauges installed on the shear links and Deep 

Embedment bars in relation to the failure shear discontinuity. 

  

a) b) 

Figure 6.9 - a) Location of the strain gauges with respect to the major shear discontinuities 

and b) slip recorded at both ends of DE bars in mm, C150 

Activation of the shear links and DE bars depended on crack development. Shear link SL2 was 

engaged when the first shear cracks appeared towards the load and it reached yield at 250 kN. 

Shear link SL3 reached yield at failure and was activated at first major discontinuity 

development. Strain gauges near the support did not register yielding, as illustrated in Figure 

6.10a,b. Deep Embedment bars DB1 and DB7 were activated together with shear link SL2 

when the first shear cracks started to develop, whereas bars DB5 and DB6 started contributing 
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when second failure crack developed at 190 kN, see Table 6.1. Strains obtained from strain 

gauges on bars crossed by shear cracks, DE2, DE5 and DE6, reached values over 0.4 % at 

failure. These strains were higher than strains obtained in the shear links, see Figure 6.11a,b.  

Table 6.1 - The order in which strain gauges were activated 

Strain gauge Load [kN] Activation 

SG2, DE1, DE7 85 With first shear cracks 

SG3, SG4, SG6, SG7, DE2 150 With first failure crack 

DE5, DE6 190 With further crack development 

Post-test examination of the beams showed no damage to the CFRP deep embedded bars. The 

top and the bottom of the bars were examined for debonding and the slip values measured are 

shown in Figure 6.9b. Five bars crossed by shear cracks experienced slip with an average value 

of 4.2 mm. Slip occurred at failure at the bar-adhesive interface in all bars. 

  
a) b) 

Figure 6.10 - Strains recorded in shear links, specimen C150: a) region near the load and b) 

region near the middle support 

 

  
a) b) 

Figure 6.11 - Strains recorded in DE CFRP bars: a) region near the load and b) region near 

the  middle support 
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As expected, the strains recorded in the longitudinal reinforcement in the middle of the shear 

span suggested that the steel had not yielded, while strain gauges under the load and above the 

support showed yielding of the steel bars at the peak load, see Figure 6.12. 

  

a) b) 

Figure 6.12 - Strains in longitudinal reinforcement, specimen C150: a) middle of shear 

span and b) under the load and above the middle support 

 

• Specimen G150 

Figure 6.13a shows the position of the strain gauges installed on the shear links and Deep 

Embedment bars in relation to the failure shear discontinuity. 

  

a) b) 

Figure 6.13 - a) Location of the strain gauges with respect to the major shear 

discontinuities and b) slip recorded at both ends of DE bars in mm, G150 

Activation of the shear links and DE bars was also determined by crack development. Shear 

link SL4 was engaged soon after the first failure discontinuity appeared near the load and it 

reached yield at failure. Table 6.2 give chronological activation of the strain gauges by crack 
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development. Strain gauges near the support did not register yielding at peak load, as illustrated 

in Figure 6.15. This is due to the later development of the shear cracks on the side of the 

support.  

The strains obtained from strain gauges DE2, DE3 and DE6, installed on the deep embedded 

GFRP bars crossed by shear discontinuities, reached 1.51 %, 1.14 % and 1.9 % at failure, 

respectively. These strains were beyond the levels of strains obtained in the shear links, see 

Figure 6.16. Post-test examination of the beams revealed that bars DB2 and DB6 were 

damaged, as shown in Figure 6.14.  

  

a) b) 

Figure 6.14 - Fractured GFRP fibers: a) bar DB2 and b) bar DB6 

Debonding slip of the GFRP deep embedded bars crossed by major shear discontinuity is 

shown in Figure 6.13b where the average slip was 7.8 mm. The average slip was calculated by 

dividing the sum of recorded slips with the number of bars with slip (not with the number of 

all DE bars in the test shear span). The bond failure occurred at failure at the bar-adhesive 

interface in all examined bars. 

Table 6.2 - The order in which strain gauges were activated, G150 

Strain gauge Load [kN] Activation 

DE1 85 With first shear cracks 

SG2, SG8, DE2 105 With first failure crack development 

SG4, SG5, SG7, DE3, DE6 125 After first failure crack development 

SG6 140 With further crack development 
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a) b) 

Figure 6.15 - Strains recorded in steel shear links, specimen G150: a) region near the load 

and b) region near the middle support 

 

  

a) b) 

Figure 6.16 - Strains recorded in DE bars, specimen G150: a) region near the load and b) 

region near the middle support 

The strains recorded in the longitudinal reinforcement in the middle of the shear span suggested 

that the steel had not yielded, while strain gauges under the load and above the support showed 

yielding of the steel bars at the peak load, see Figure 6.17.  
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a) b) 

Figure 6.17 - Strains in longitudinal reinforcement, specimen G150: a) middle of shear 

span and b) under the load and above the middle support 

 

• Specimen S150 

Figure 6.18a shows the position of the strain gauges installed on the shear links and Deep 

Embedment bars in relation to the failure shear discontinuity. 

  

a) b) 

Figure 6.18 - a) Location of the strain gauges with respect to the major shear 

discontinuities and b) debonding slip recorded at both ends of DE bars in mm, S150 

Strain gauges installed on the shear links did not reach the value corresponding to yield, but 

strains were higher than the values recorded in the strain gauges installed on the shear links in 

the control specimen, Figure 6.20. Their activation, like in the previous specimens, depended 

on crack development, as illustrated in Table 6.3.  
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Figure 6.21 shows the strain values recorded in DE steel bars. Steel bars DB2 and DB6 reached 

yield at approximately 170 kN and 200 kN, respectively, whereas bar DB5 ruptured at failure, 

see Figure 6.19. Post-test examination showed that steel bar DE3 yielded. 

   

a) b) c) 

Figure 6.19 - Steel DE bars: a) DB3, b) DB5 and c) DB6 

Debonding slips of three steel Deep Embedment bars crossed by the second major shear 

discontinuity are shown in Figure 6.18b where an average slip of 7 mm occurred. Bond failure 

occurred at failure at the bar-adhesive interface in all examined bars. 

Table 6.3 - The order in which strain gauges were activated, S150 

Strain gauge Load [kN] Activation 

SG2 85 With first shear cracks 

SG3, SG7, DE2 110 Before first failure crack 

SG4, SG6 150 After first failure crack 

SG5, DE6 180 Before second failure crack 
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a) b) 

Figure 6.20 - Strains recorded in shear links, specimen S150: a) region near the load and b) 

region near the middle support 

 

  

a) b) 

Figure 6.21 - Strains recorded in DE bars, specimen S150: a) region on the side of the load 

(left) and region on the side of the support (right) 

Strain profiles recorded in the longitudinal reinforcement in specimen S150 are represented in 

Figure 6.22. Strain gauges SG9 and SG10 installed under the load registered yielding values at 

failure, whereas strain gauges above the middle support did not quite reach yield. 
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a) b) 

Figure 6.22 - Strains in longitudinal reinforcement, specimen S150: a) middle of shear span 

and b) under the load and above the middle support 

6.4 Second group / Specimens strengthened with vertical DE bars spaced at 

75 mm 

6.4.1 Failure modes and observed behaviour 

Specimens C75 and G75 strengthened with vertical DE CFRP and GFRP bars failed in flexure. 

Figure 6.23 shows flexural cracks at failure. Crack propagation is show in Figure 6.24. Ultimate 

load capacities reached 315 kN and 322 kN for C75 and G75, respectively. 

  

a) b) 

Figure 6.23 - Flexural failure: a) specimen C75 and b) specimen G75 

Shear failure of these specimens was prevented through the use of closely spaced FRP DE bars. 

As illustrated in Figure 6.24, the order of a crack development in these specimens was similar 
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to the crack development in the first group.  A greater number of small flexural cracks can be 

clearly seen under the load and near the support region.  

 

a) 

 

b) 

Figure 6.24 - Crack development durirng the test: a) C75 and b) G75 

Unlike specimens C75 and G75, specimen S75 strengthened with vertical steel DE bars spaced 

at 75 mm failed in shear. Once the yield strength of steel DE bars crossed by the main shear 

discontinuity was reached, bars fractured and allowed for shear failure, Figure 6.25. CFRP and 

GFRP bars have significantly higher flexural strength than that of steel bars. Good bond 



121 

 

between bars, epoxy resin and concrete enabled flexural failure of specimens strengthened with 

these bars, spaced at 75mm.  As illustrated in Figure 6.25, the order of a crack development in 

this specimen was very similar to the crack development noted in the first group. The first 

flexural cracks appeared at a load of around 60 kN, followed by development of the first shear 

cracks at around 100 kN. The initial inclination of shear cracks was around 450, becoming 

significantly shallower under increasing load. At around 200 kN, a major single shear 

discontinuity appeared in the flange, in the middle of the shear span, and propagated further in 

the web to the middle support. 

 

a) 

 

b) 

Figure 6.25 - Specimen S75: a) crack development during the test and b) shear 

discontinuity at failure 
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Figure 6.26 shows the load vs vertical displacement and the load vs shear force behaviour of 

the specimen S75 in comparison with the control specimen CON. The ultimate capacity was 

273 kN, with an equivalent shear capacity of 188 kN. 

  

a) b) 

Figure 6.26 - a) Load vs vertical displacement and b) load vs shear force, S75 

6.4.2 Strains recorded in steel shear links, DE bars and longitudinal reinforcement 

Figure 6.27 and 6.28 show diagrams of load vs strain for shear links and DE bars in specimen 

C75. 

  

a) b) 

Figure 6.27 - Strains recorded in shear links, specimen C75: a) region near the load and b) 

region near the middle support 
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a) b) 

Figure 6.28 - Strains recorded in steel DE bars, specimen C75: a) region near the load and 

b) region near the middle support 

Figure 6.29 shows diagrams of load vs strain for shear links and DE bars in specimen G75. 

 
a) 

  
b) c) 

Figure 6.29 - Strains recorded in specimen G75: a) shear links, b) DE bars in region near 

the load and c) DE bars in region near the middle support 
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Figure 6.30 shows the position of the strain gauges installed on the shear links and deep 

embedded bars in relation to the failure shear discontinuity in specimen S75. 

 

Figure 6.30 - Location of the strain gauges with respect to the major shear discontinuity, 

S75 

Strain gauge SG6, near the support, registered yield strain levels prior to failure, whereas strain 

gauges near the load did not register yielding, see Figure 6.31. Deep Embedment bar DB4 

reached yield at 240 kN, whereas bars DB2 and DB3 yielded prior to/at failure. In the region 

near the support, Deep Embedment bars DB9, DB10, DB11 and DB12 ruptured at failure, 

illustrated in Figure 6.32 and Figure 6.33. No debonding slip of steel DE bars was noted in this 

specimen. Table 6.4 give chronological activation of the strain gauges by crack development. 

Table 6.4 - The order in which strain gauges were activated, S75 

Strain gauge Load [kN] Activation 

SG2, DE2, DE13 95 With first shear cracks 

SG3, SG7 115 With further crack development 

DE3, DE4, DE12 125 With further crack development 

SG6, DE5 140 With further crack development 

SG5, DE9, DE10, DE11 190 With major crack 

DE1, DE6, DE7, DE8, DE14 / / 
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a) b) 

Figure 6.31 - Strains recorded in shear links, specimen S75: a) region near the load and b) 

region near the middle support 

 

  

a) b) 

Figure 6.32 - Strains recorded in steel DE bars, specimen S75: a) region near the load and 

b) region near the middle support 

 

 

Figure 6.33 - One of the raptured DE bars in specimen S75 
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Strain profiles recorded in the longitudinal reinforcement are shown in Figure 6.34.  

  
a) b) 

Figure 6.34 - Strains recorded in longitudinal reinforcement, specimen S75: a) middle of 

shear span and b) under the load and above the middle support 

6.5 Third group / Specimens strengthened with inclined DE bars spaced at 

150 mm 

6.5.1 Failure modes and observed behaviour 

All three specimens strengthened with inclined DE bars spaced at 150 mm failed in shear. Very 

similar to the groups strengthened with vertical DE bars, first flexural and shear cracks 

appeared at around 50 kN and 100 kN, respectively. Shear cracks started their development in 

the web near the load and in the flange near the middle support. Unlike the first and second 

group, the increase in load reduced the inclination of the shear cracks until formation of a major 

failure discontinuity that stretched from the middle support to the load point. Multiple 

secondary parallel cracks were also observed, as illustrated in Figure 6.35.  

  

a) b) 
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c) 

Figure 6.35 - Formation of major shear discontinuities in the specimens of the third group: 

a) C150∠, b) G150∠ and c) S150∠ 

All specimens exhibited an initial shear crack inclination of around 450, whereas the inclination 

of the major shear discontinuity was around 220, as shown in Figure 6.36. 

 

a) 
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b) 

 

c) 

Figure 6.36 - Crack development during the tests in specimens in the third group: a) 

C150∠, b) G150∠ and c) S150∠ 

Figure 6.37 presents the load versus vertical displacement and load versus shear force 

behaviour of the specimens in the third group, with comparisons against the control specimen. 

The ultimate capacity reached 320 kN, 280 kN and 268 kN with equivalent shear capacity of 
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222 kN, 193 kN and 187 kN for the specimens C150∠, G150∠ and S150∠, respectively. In the 

initial phase of loading, before cracks occurred, the curves all exhibited similar characteristics.  

The specimen strengthened with CFRP bars exhibited the highest ultimate load at the highest 

vertical displacement. 

  

a) b) 

Figure 6.37 - a) Load vs vertical displacement and b) load vs shear force 

6.5.2 Strains recorded in steel shear links, DE bars and longitudinal reinforcement 

• Specimen C150∠ 

The positions of the strain gauges in relation to the major shear discontinuity is illustrated in 

Figure 6.38a. 

  

a) b) 

Figure 6.38 - a) Location of the strain gauges with respect to the major shear discontinuity 

and b) debonding slip recorded at both ends of DE bars in mm, C150∠ 
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Debonding slips of CFRP deep embedded bars crossed by the major shear discontinuity are 

presented in Figure 6.38b where an average slip of 10.2 mm occurred. The average slip was 

calculated by dividing the sum of recorded slips with the number of bars with slip (not with the 

number of all DE bars in the test shear span). Bond failure took place at the bar-adhesive 

interface in all examined bars. 

Strain gauges installed on the shear links did not reach the value corresponding to yield, see 

Figure 6.39.  

  
a) b) 

Figure 6.39 - Strains recorded in shear links, specimen C150∠: a) region near the load and 

b) region near the middle support 

Strain readings on the Deep Embedment CFRP bars reached values above 0.4 % at failure. The 

bars were activated in accordance with crack development, as presented in Table 6.5. Strain 

gauges DE1, DE2, DE3, DE4, DE5 and DE6 captured strains 0.6 %, 0.7 %, 0.84 %, 0.55 %, 

1.02 % and 0.65 %, respectively, see Figure 6.41. Examination of the tested beam revealed that 

bars DB2, DB3 and DB5 were damaged, their structure was lost and individual fibers could be 

clearly seen, as illustrated in Figure 6.40.  

  

a) b) 

Figure 6.40 - Damaged CFRP bars: a) DB2 and b) DB5 
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Table 6.5 - The order in which strain gauges were activated, C150∠ 

Strain gauge Load [kN] Activation 

SG2, DE1 75 With flexural cracks 

DE2, DE7 90 With first shear cracks 

SG3, DE3 120 With further crack development 

SG5 155 With further crack development 

SG6, DE4, DE5, DE6 170 With major shear crack 

 

  

a) b) 

Figure 6.41 - Strains recorded in DE bars, specimen C150∠: a) region near the load and b) 

region near the middle support 

Strain profiles recorded in the longitudinal reinforcement are presented in Figure 6.42.  

  
a) b) 

Figure 6.42 - Strains in longitudinal reinforcement, specimen C150∠: a) middle of the 

shear span and b) under the load and above the middle support 
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• Specimen G150∠ 

Location of the strain gauges with respect to the major shear discontinuity is shown in Figure 

6.43a.  

  

a) b) 

Figure 6.43 - a) Location of the strain gauges with respect to the major shear discontinuity 

and b) debonding slips recorded at both ends of DE bars in mm, G150∠ 

Due to unfortunate technical issues with strain gauges installed on the shear links, only readings 

from strain gauges SG4 and SG8 were recorded, see Figure 6.45.  

The strains obtained from strain gauges, installed on the deep embedded GFRP bars, reached 

values above 0.4 % at failure. Strain gauges DE1, DE2, DE3, DE4, DE5 and DE6 captured 

strains 0.68 %, 1.6 %, 1.44 %, 1.36 %, 1.48 % and 1.36 %, respectively, see Figure 6.46. 

Examination of the tested beam showed that bars DB4 and DB5 were damaged as some of their 

fibers fractured, as illustrated in Figure 6.44.  

  

a) b) 

Figure 6.44 - Damaged GFRP bars: a) DB4 and b) DB5 

The bars were activated in accordance with crack development, as presented in Table 6.6. 
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Table 6.6 - The order in which strain gauges were activated, G150∠ 

Strain gauge Load [kN] Activation 

DE1, DE7 75 With flexural cracks 

SG4, DE2, DE6 115 With first shear cracks 

DE5 170 With further crack development 

DE3 220 With major crack development 

DE4 250 Close to failure 

Debonding slips of GFRP bars crossed by the major shear crack are presented in Figure 6.43b 

where an average slip of 8 mm occurred. The average slip was calculated by dividing the sum 

of recorded slips with the number of bars with slip (not with the number of all DE bars in the 

test shear span). Bond failure, as in previous cases, took place at the bar-adhesive interface in 

all examined bars. 

 
Figure 6.45 - Strains recorded in shear links, specimen G150∠ 

 

  

a) b) 

Figure 6.46 - Strains recorded in DE bars, specimen G150∠: a) region near the load and b) 

region near the middle support 



134 

 

Strain profiles recorded in the longitudinal reinforcement are presented in Figure 6.47.  

  

a) b) 

Figure 6.47 - Strains in longitudinal reinforcement, specimen G150∠: a) middle of the 

shear span and b) under the load and above the middle support 

• Specimen S150∠ 

Figure 6.48a shows the location of the strain gauges in relation to the major shear discontinuity.  

 
 

a) b) 

Figure 6.48 - a) Location of the strain gauges with respect to the major shear discontinuity 

and b) debonding slips recorded at both ends of DE bars in mm, S150∠ 

Deep Embedment steel bars DB1, DB2, DB3 and DB4 ruptured at failure. It is interesting to 

note, bar DB1 ruptured in two places, as illustrated in Figure 6.49. Post-test examination 

revealed that bar DB5 yielded even though strain gauge DE5 did not record yielding values.  
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a) b) c) 

Figure 6.49 - Raptured steel DE bars: a) DB1, b) DB4 and c) DB5 

This indicates that bond between DE steel bars and concrete, through the epoxy resin was 

incredibly strong. The strains soared locally leading to bar snapping. Values of strain captured 

in DE bars during the test are presented in Figure 6.51.  

Debonding slips of steel deep embedded bars crossed by the major shear discontinuity is 

presented in Figure 6.48b where an average slip of 2.4 mm occurred. The average slip was 

calculated by dividing the sum of recorded slips with the number of bars with slip (not with the 

number of all DE bars in the test shear span). Bond failure took place at the bar-adhesive 

interface in all examined bars. Strain gauges installed on the shear links did not reach the 

yielding point, see Figure 6.50. 

The bars were activated in accordance with crack development, as presented in Table 6.7. 

Table 6.7 - The order in which strain gauges were activated, S150∠ 

Strain gauge Load [kN] Activation 

DE1, DE7 75 With flexural cracks 

DE2 95 With first shear cracks 

SG7, DE6 125 With further crack development 

SG3, SG4, SG5, DE3 135 With further crack development 

SG6, DE5 177 With major shear crack 

 

Strain profiles recorded in the longitudinal reinforcement are represented in Figure 6.52.  
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a) b) 

Figure 6.50 - Strains recorded in shear links, specimen S150∠: a)region near the load and 

b) region near the middle support 
 

  
a) b) 

Figure 6.51 - Strains recorded in DE bars, specimen S150∠: a) region near the load and b) 

region near the middle support 
 

  
a) b) 

Figure 6.52 - Strains in longitudinal reinforcement, specimen S150∠: a) middle of the 

shear span and b) under the load and above the middle support 
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6.6 Discussion of the results 

6.6.1 Overall response  

A summary of the test results is presented in Table 6.8. The ultimate load, Pu, was recorded 

during the test with corresponding ultimate shear force, Vu, and displacement, u, under the load 

point. The increase in shear capacity, Vper, of strengthened specimens in comparison with the 

control specimen was calculated for further analysis. Except for the two specimens (C75 and 

G75) that failed in flexure, all other specimens failed in shear. 

Table 6.8 - Experimental results 

Group Specimen 
𝜌𝑠𝑣 

[%] 

𝜌𝑓 

[%] 

Pu 

[kN] 

Vu 

[kN] 

Vper 

[%] 

u 

[mm] 

Failure 

mode 

 CON 0.1 / 173 123 / 5.7 Shear 

 C150 0.1 0.13 297 209 70+ 13.3 Shear 

1st G150 0.1 0.13 287 200 66+ 15.9 Shear 

 S150 0.1 0.13 278 184 50+ 10.7 Shear 

 C75 0.1 0.25 315 219 78+ 20.0 Flexure 

2nd G75 0.1 0.25 322 222 81+ 25.4 Flexure 

 S75 0.1 0.25 273 188 53+ 9.0 Shear 

 C150∠ 0.1 0.18 320 222 80+ 19.0 Shear 

3rd G150∠ 0.1 0.18 280 193 55+ 13.8 Shear 

 S150∠ 0.1 0.18 268 187 52+ 10.2 Shear 

All strengthened specimens showed a significant increase in shear capacity on average by 62 

%, 71 % and 62 % for the first, second and third group, respectively.  

• Bar type 

Carbon deep embedded FRP bars provided the highest contribution to shear capacity, on 

average 76 %. Glass deep embedded FRP bars contributed an average 67 % increase in shear 

capacity. Specimens strengthened with steel DE bars all had a similar increase in shear 

capacity, an average 50 %, regardless of the configuration used. In the first strengthening 
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configuration, CFRP bars provided highest contribution to the shear capacity due to their higher 

axil rigidity in comparison with GFRP and steel bars. In the second configuration, specimens 

strengthened with CFRP and GFRP bars had similar ultimate capacities. Excellent bond 

conditions between DE bars and concrete enabled utilization of high strains in bars, and 

eventually led to a flexural failure. However, steel DE bars due to their lower axial rigidity 

(lower modulus of elasticity) in compassion to FRP bars could not eradicate brittle shear 

failure. Specimens in the third strengthening configuration had different ultimate capacities. 

As in the first strengthening configuration, good bond conditions and high axial rigidity of 

CFRP bars enabled highest contribution in shear capacity.  

• DE bar inclination 

The specimen strengthened with inclined CFRP bars, C150∠, showed a higher increase in shear 

capacity (80 %) in comparison with the specimen strengthened with vertical CFRP bars, C150, 

(70 %). The specimen strengthened with vertical GFRP bars (G150) had an increase in shear 

capacity of 66 %, whereas the specimen strengthened with inclined GFRP bars (G150∠) had a 

smaller increase in shear capacity, 55 %. It is important to note that inclined bars have led to 

the formation of diagonal discontinuities that formed an angle of almost 90 degrees with DE 

bars. Vertical and inclined steel DE bars provided similar contribution to shear capacity. The 

lowest contribution was however, provided by inclined steel DE bars. Overall, no significant 

difference was observed whether the bars are inserted vertically or at angle of 450.  

• DE bar spacing 

Reducing the spacing between DE FRP bars resulted in higher contribution to shear capacity 

of strengthened specimens and led to the flexural failure. However, this was not the case with 

steel DE bars spaced at 75 mm which provided similar shear capacity to one obtained in 

specimens strengthened with vertical and inclined steel DE bars spaced at 150 mm.    

As previously presented, only some of the shear links in strengthened specimens yielded prior 

to failure, mostly those in the region near the load. This is probably due to the excellent bond 

conditions between DE bars and concrete. This mobilized stresses around DE bars and enabled 

greater part of the applied load to be accepted by deep embedded bars.  This is particularly 

pronounced in specimens strengthened with closely spaced vertical DE bars and specimens 

strengthened with inclined DE bars.  However, strain levels in shear links in strengthened 

specimens were slightly higher than those obtained in the control specimen. 
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Assumption to consider plastic behaviour of FER DE bars seems to be appropriate for bars in 

this experimental program. Controlled slip behaviour of DE bars was observed since very high 

strains were recorded during the test.   

Figure 6.53 shows the curves for applied load versus maximum vertical displacement at the 

point load for the control and strengthened beams. The figure on the left represents the 

specimens strengthened with FRP DE bars and figure on the right the beams strengthened with 

steel DE bars.  

  

a) b) 

Figure 6.53 - Load vs vertical displacement: a) specimens strengthened with FRP DE bars 

and b) specimens strengthened with steel DE bars 

All test specimens except C75 and G75 failed in shear. The shear failure mainly occurred by 

debonding of the bars from the top or bottom concrete surface in the specimens strengthened 

with carbon bars. Besides debonding, some of the glass bars also experienced fracture of fibers 

in cases where strains close to their ultimate strain were obtained. Similar behaviour occurred 

in the specimens strengthened with steel bars where, besides debonding, some of the bars 

ruptured. 

Unlike the control specimen where first flexural and shear cracks developed at loads of 40 kN 

and 65 kN, respectively, the loads at which the first flexural and shear cracks occurred were of 

a similar magnitude for all strengthened specimens, 55 kN and 85 kN, respectively.  Flexural 

cracking of concrete occurs when the tensile stress exceeds the concrete tensile strength. This 

is due to a lower concrete cube strength of control specimen comparing to other specimens, as 

reported in part 5.4.2. In addition, the crack pattern was comparable across all specimens until 
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the formation of the major shear discontinuity. The first group was characteristic for the 

formation of two parallel major discontinuities. The first one initiated on the beam web (around 

135 kN for CFRP and steel bars and 105 kN for GFRP bars), midway between the support and 

the point load and at the level of longitudinal reinforcement, and propagated simultaneously 

towards both the flange and the support. The second crack initiated soon after the first one 

(around 190 kN for CFRP and steel bars and 170 kN for GFRP bars) on the beam flange, 

midway between the support and the point load, and propagated towards the support. Both 

major discontinuities had an inclination between 300 and 350. As soon as the second crack 

formed in the flange, it caused an abrupt failure. 

A very similar crack pattern was observed in the second group (only specimen S75 failed in 

shear). Failure occurred soon after one distinct crack developed on the beam’s flange, midway 

between the support and the point load, and propagated towards the support. Inclination of the 

failure crack was about 340. 

The crack pattern in the third group was similar to the previous two groups until the formation 

of the major failure discontinuity that stretched from the support to the point load. Multiple 

secondary parallel cracks were also observed. Inclination of the failure discontinuity was 

around 220. 

6.6.2 Effectiveness of DE bars 

Figure 6.54 present curves of applied load versus strain for specimens strengthened with CFRP 

and GFRP bars. As can be seen from the strain curves, vertical FRP bars were activated at shear 

crack development whereas some inclined FRP bars started contributing to the ultimate load 

capacity at a lower load (at development of the flexural cracks).  

The strain values presented in the graphs are not necessarily the absolute maximum values in 

each bar because in most cases strain gauges were not intercepted by the major shear 

discontinuity.  
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Figure 6.54 - Load vs maximum FRP strain: CFRP and GFRP vertical and inclined bars  
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Measurements showed an average value of strain at failure of over 0.4 % obtained from the 

strain gauges installed on the deep embedded FRP bars. In fact, strains reached in the CFRP 

and GFRP bars were significantly higher than the conventional limiting strain of 0.4 %. This 

confirms that FRP bars used for strengthening in the Deep Embedment technique can reach 

higher values of strain, initially proposed in the literature and guidelines as a limiting value to 

allow FRP bars to prevent loss of aggregate interlock, as explained in the Section 3.3.  

Table 6.9 summarises the maximum recorded strain values in DE bars for each specimen. The 

average recorded strains were 0.69 % and 1.19 % in CFRP and GFRP bars, respectively. The 

average utilization of CFRP bars was 39 %, while the average utilization of GFRP was 66 % 

due to their lower Modulus of Elasticity.  

Table 6.9 - Strains in FRP bars above 0.4 % 

Specimen DE bar 
Strain 

[%] 

Average 

strain in 

specimen 

[%] 

Average 

utilization 

of FRP bars 

in 

specimen 

[%] 

Average 

strain in 

FRP 

bars 

[%] 

Average 

utilization 

of FRP 

bars [%] 

C150 2, 5 and 6 
0.58 / 0.81 / 

0.78 
0.72 40 

0.69 39 

C150∠ 
1, 2, 3, 4, 

5 and 6 

0.62 / 0.72 / 

0.84 / 0.55 / 

1.02 / 0.65 

0.73 42 

C75 

3, 5, 6, 9, 

10, 11 and 

13 

0.63 / 0.72 / 

0.42 / 0.61 / 

0.55 / 0.54 / 

0.45 

0.56 33 

G150 2, 3 and 6 
1.51 / 1.14 / 

1.90 
1.52 85 

1.19 66 

G150∠ 
1, 2, 3, 4, 

5 and 6 

0.68 / 1.6 / 1.44 

/ 1.36 / 1.48 / 

1.36 

1.32 74 

G75 

2, 3, 4, 5, 

10, 11, 12 

and 13 

0.75 / 0.83 / 

1.35 / 0.6 / 0.25 

/ 0.95 / 0.65 / 

0.55 

0.74 39 

A greater number of bars reached strains higher than 0.4 % when inclined compared with when 

bars were vertical. This contributed to a greater ultimate strength in specimen C150∠ compared 

with specimen C150. However, this was not the case when GFRP bars were used. Both vertical 
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and inclined GFRP bars provided a similar contribution to the shear resistance, regardless of 

the number of bars contributing.   

Steel bars used for strengthening in the Deep Embedment technique also reach significant level 

of utilization. Table 6.10 shows the number of yield and fractured bars crossed by main shear 

discontinuity in each specimen. Significantly strong bond between steel bars and concrete 

forced strains to soar locally leading to bar snapping.    

Table 6.10 - Number of yielded and fractured DE steel 

bars 

Specimen Yielded DE bars Fractured DE  bars 

S150 3 1 

S150∠ 1 4 

S75 3 4 

 

6.6.3 DIC results  

The results obtained from the DIC technique (MatchID software) are in accordance with the 

development of the cracks previously described for each specimen. Figure 6.55 shows each 

specimen at the load corresponding to the appearance of the critical, major discontinuities and 

the crack formation prior to failure. DIC technique was used not to provide strain values for 

comparison with ones obtained in strain gauges. This technique was specifically used to 

provide a clear qualitative picture of where crack development took place, therefore strain keys 

are provided only for general comparison.  

 

  

Principal strains E1, control specimen CON: 130 kN (left), prior to failure (right) 
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Principal strains E1, specimen C150: 190 kN (left), prior to failure (right) 

 

 

  

Principal strains E1, specimen G150: 170 kN (left), prior to failure (right) 
 

 

  

Principal strains E1, specimen S150: 180 kN (left), prior to failure (right) 
  

 

  

Principal strains E1, specimen S75: 190 kN (left), prior to failure (right) 
 

 

  

Principal strains E1, specimen C150∠: 210 kN (left), prior to failure (left) 
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Principal strains E1, specimen G150∠: 210 kN (left), prior to failure (left) 

 

 

  

Principal strains E1, specimen S150∠: 210 kN (left), prior to failure (right) 

Figure 6.55 – Crack development during the test (DIC)  

Figure 6.56 presents the crack development in specimens C75 and G75. The DIC technique 

revealed crack formation comparable with specimen S75 until the moment of internal stress 

redistribution caused by the contribution of transverse reinforcement and the FRP bars to shear 

resistance. This led specimens C75 and G75 to fail in flexure, which is confirmed with blank 

pictures on the right in Figure 6.56, (key strains are not provided herein).  

  

Principal strains E1, specimen C75: 230 kN (left), flexural failure (right) 

 

  

Principal strains E1, specimen G75: 220 kN (left), flexural failure (right) 

Figure 6.56 - Crack development in specimens C75 and G75 
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6.6.4 Predicted shear resistance of the beams according to current design codes 

The predicted shear resistance of the control specimen has been calculated according to BD 

44/15, (2015) - The assessment of concrete highway bridges and structures, EC2 - Eurocode 

EN 1992-1-1 (2004) - Design of concrete structures. General rules and rules for buildings, ACI 

318 (2014) - Building Code Requirements for Structural Concrete and fib Model Code (2010). 

The results obtained from these codes are summarised in Table 6.11 and compared with the 

test results.  

Table 6.11 - Predicted shear capacity for control specimen  

TEST BD44/15 EC2 fib MC10 ACI 318 

Vu  

[kN] 

VBD44 

[kN] 

VBD44

V𝑢
 

VEC2 

[kN] 

VEC2

Vu
 

Vfib 

[kN] 

V𝑓𝑖𝑏

V𝑢
 

VACI 

[kN] 

VACI

Vu
 

123 91 0.74 78 0.63 119 0.97 122 0.99 

The most conservative prediction are obtained by EC2. This value is close to the load at which 

the first shear cracks appeared in the web near the load point and in the flange above the 

support. EC2 considers only steel contribution and ignores the contribution of concrete to the 

shear capacity, hence the low predicted value of the shear capacity. BD44/15 predicts 

approximately three quarters of the actual shear capacity while the predictions obtained using 

fib MC10 and ACI 318 are closest to the ultimate shear capacity recorded in the control 

specimen. 

The predicted shear capacity for DE strengthened specimens was calculated using TR55 (The 

Concrete Society Technical Report 55), currently, the only design guidance for shear 

strengthening of RC structures with Deep Embedment FRP materials. TR55 suggests that the 

bond strength of DE FRP bars may be taken as 15 MPa in the absence of test data. The 

originally proposed strain limit of 0.4 % for externally bonded FRPs assumed here for the DE 

FRP bar capacity, whereas the capacity of the steel DE bars depends on its yield strain. The 

contribution from the embedded bars is calculated based upon a 45° truss analogy and, as TR55 

suggests, added to the steel stirrup contribution calculated based upon a variable angle truss 

(BS EN 1992.). The predicted results are presented in Table 6.12.  
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Table 6.12 - Predicted shear capacities of strengthened beams 

 C150 G150 S150 C75 G75 S75 C150∠ G150∠ S150∠ 

TR55 
VTR55 

[kN] 
104 89 106 130 100 133 117 94 121 

TEST 
Vu 

[kN] 
209 200 184 

Flexure 

219 

Flexure 

222 
188 222 193 187 

VTR55

V𝑢
 0.49 0.45 0.58 0.6 0.45 0.71 0.53 0.49 0.65 

From the results, it is apparent that TR55 constantly under-predicts the shear capacity of the 

strengthened beams. The calculated predictions are conservative because TR55 suggests 

adding the contribution of DE bars (450 truss analogy) to the steel stirrup contribution 

calculated based on BS EN 1992 which neglects the concrete contribution. Furthermore, TR55 

assumes that the strains in the FRP bars will remain under the 0.4 % value. However, the 

predictions it provides are safe for the use of the Deep Embedment technique in practice.  

Increase in shear capacity calculated as a difference between the shear capacity of strengthened 

specimens and shear capacity of the control specimen is compared with additions in shear 

calculated according to TR55 guidelines as presented in Table 6.13. As previously presented 

in Chapter 2, in accordance with this guideline, the contribution from DE bars is calculated 

based on the 450 truss analogy with assumed level of effective strain in the FRP bars under or 

equal to the 0.4 % value which may give under-predicted total shear capacities. 

Table 6.13 - Predicted contribution from DE bars 

 C150 G150 S150 C75 G75 S75 C150∠ G150∠ S150∠ 

Vu -Vu,CON 86 82 61 flexure flexure 65 99 68 64 

Vf, TR55 26 11 28 52 22 56 39 16 40 

𝑉𝑓,𝑇𝑅55

𝑉𝑢 − 𝑉𝑢,𝐶𝑂𝑁
 0.30 0.13 0.46 / / 0.86 0.4 0.24 0.63 

However, when only additional contribution that the DE bars made to the test specimens is 

considered, and the strains in the various materials are increased in line with both the push-off 
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and continuous-beam tests presented in this thesis, the predictions are significantly improved, 

as presented in Table 6.14. 

Table 6.14 - Predicted contribution from DE bars when 0.7 % and 1 % effective strains are 

considered for CFRP and GFRP bars, respectively  

 C150 G150 S150 C75 G75 S75 C150∠ G150∠ S150∠ 

Vu -Vu,CON 86 82 61 flexure flexure 65 99 68 64 

Vf, TR55 36 25 28 72 49 56 51 35 40 

𝑉𝑓,𝑇𝑅55

𝑉𝑢 − 𝑉𝑢,𝐶𝑂𝑁
 0.42 0.30 0.46 / / 0.86 0.51 0.51 0.63 

6.7 Concluding remarks 

Based on analysis of the results of an experimental program carried out on the continuous 

reinforced concrete T-beams strengthened using the Deep Embedment system, the following 

observations can be drawn: 

• In all the adopted strengthening configurations, a significant increase in load carrying 

capacity was obtained. The ultimate shear capacity increased by more than 50 % across 

all the beams, and peaked at an increase of 80 %, demonstrating that the DE technique 

is an effective solution for strengthening of continuous RC T-beams deficient in shear, 

whether vertical or inclined bars were adopted and regardless of the type of DE bar 

material used. 

• For the beams strengthened with vertical FRP bars, decreasing the bar spacing resulted 

in a higher contribution to shear resistance and led to the possibility of eradicating 

brittle shear failure completely. 

• One of the fundamental findings is that the inclined bars are not shown to be more 

effective than vertical bars. This has also been demonstrated numerically by Qapo et al. 

(2016). 

• Steel DE bars significantly increased shear capacity of specimens in all three 

strengthening configurations. However, the use of FRP bars appears to be marginally 

superior, based on these tests, and FRP has other durability benefits too.  
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• Activation of the shear links and DE bars depended on crack development. Not all the 

shear links yielded prior to beam failure. Shear links that yielded were mostly near the 

load. 

• The results from DIC technique confirmed the load levels at which major shear crack 

initiation occurred in each tested group. 

• Significantly higher strains were recorded in the deep embedded CFRP and GFRP bars 

than suggested by the universal conservative limiting strain of 0.4 %, demonstrating 

that better material utilization is possible through the Deep Embedment technique. 

• The average recorded strains were 0.69 % and 1.19 % in the CFRP and GFRP bars, 

respectively. These values compare favourably with the levels of strain obtained in the 

push-off tests described in Chapter 3. The strain gauges were crossed by the main shear 

crack in the push-off specimens, which was not always the case in beam tests. This 

suggests slightly conservative strain estimates but is still an important finding as it 

suggests a strong tie-up between the push-off testing regime and the continuous beam 

results, which could be useful for the design of future experiments. The average 

utilization of CFRP bars was 39 %, while GFRP bars were significantly more utilised 

due to their lower Modulus of Elasticity.  

• Very high strains were recorded in DE FRP bars and some of steel DE bars raptured at 

failure. This is an important outcome as it means that the bond between DE bars and 

concrete through the epoxy was extraordinary strong so that strains soared locally, 

leading to steel bar rapture and fibre snapping on FRP bars.  

• The shear capacity predictions obtained using the fib MC10 and ACI 318 were in a 

good agreement with the actual shear capacity of the control specimen.  

• When used entirely in the spirit in which TR55 was written, the shear capacity 

predictions by TR55 under-predict the actual shear capacity of the strengthened beams 

due to the assumption that the baseline shear capacity of the beams comes from an EC2 

prediction, which has been shown here to be conservative, and due to a further 

assumption that the strain in the FRP bars will remain under the limiting 0.4 % value.  

• When TR55 guideline is used to predict only the additional contribution that the DE 

bars made to the test specimens, and the strains in the various materials are increased 

in line with both the push-off and continuous T-beam tests presented in this thesis, the 

predictions are significantly improved. However, there remains an opportunity to 
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improve predicted capacity still further, such that more efficient use may be made of 

the DE technique. The following chapter introduces such an approach. 
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7   DEVELOPMENT OF ANALYTICAL MODEL 

7.1 Introduction 

The test results on ten continuous reinforced concrete T-beams, presented in the previous 

chapters have underpinned the conclusion that some current design codes are not precise in 

predicting the actual shear capacity of existing concrete structures. Although for design 

purposes conservative predictions of shear capacity are suitable for use in preventing brittle 

shear failure, in the case of strengthening they may lead to an unnecessary or unsuccessful 

intervention.   

The only design guideline for strengthening existing concrete structures, which includes the 

Deep Embedment technique, TR 55 (2012), might result in an under-predicted shear capacity 

of strengthened beams. The use of this guideline in parallel with design codes that predict a 

lower shear capacity of an unstrengthened beam may lead to imprecise conclusions about the 

overall behaviour of the strengthened beams. In other words, an analytical model that predicts 

merely the additional capacity of the strengthening material is not necessarily an appropriate 

indicator of overall capacity. 

Therefore, an analytical model that assesses the overall capacity of the strengthened structure 

is sought. Plasticity theory applied to unstrengthened and strengthened Reinforced Concrete 

continuous T-beams provides just such an opportunity.     

7.2 Concrete and Plasticity theory 

As previously explained in Chapter 2, the application of plasticity theory to shear in reinforced 

concrete has been studied for several decades. Excellent predictions have been obtained for 

various important problems by Nielsen (1999), Ibell et al. (1997a, 1997b, 1997c, 1998a, 1998b, 

1999), Zhang (1997). Plasticity methods have also been adopted in Eurocode 2.  

The Modified Coulomb failure criterion for concrete is assumed in plasticity theory. It is 

possible to distinguish between two failure modes; sliding failure and separation failure. While 

the first failure relates to movement parallel with the yield line, the second occurs when there 

is movement perpendicular to the yield line. For all combinations of stress, the internal angle 
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of friction φ is assumed to be 370 (Nielsen, 1999). Since the strength of concrete is very limited 

in tension, it is often disregarded while the longitudinal and transverse reinforcement are 

assumed to accept only axial tension forces. Any dowel effects are ignored.   

The compression stress-strain relationship of concrete is characterised by strain softening in 

which the curve has a short descending portion beyond its ultimate strength and not the yield 

plateau that would normally be required to apply to plasticity theory. It could be easily 

concluded, therefore, that concrete structures cannot endure large deformation at a constant 

stress level. However, the choice of an appropriate effectiveness factor, υ, applied to the 

concrete compressive strength allows for a suitable strength value lower than the peak value, 

thereby allowing the use of plasticity theory to provide useful and practical predictions.  

To find an approximation to structural capacity, the lower-bound theorem of plasticity requires 

that an equilibrium condition be found through ductile redistribution in which the material is 

just yielding. While this theory is safe in providing predictions of structural strength for design, 

it is not always easy to adjust the solution for existing structures. By contrast, in the upper-

bound theorem, the kinematic failure mechanism and energy principle used to obtain the 

ultimate capacity of the structure are determined while predicting the shape of the yield lines 

at failure. The yield lines separate rigid blocks of concrete, along which all displacement and 

energy dissipation occur. In order to calculate the energy dissipated along these yield lines, 

plasticity theory considers the resultant relative displacement δ, inclined at angle α to the yield 

line created between two concrete blocks, as in Figure 7.1.  

 

Figure 7.1 - Discontinuity between two rigid concrete blocks under relative displacement 

(Nielsen, 1999) 

Considering a thin layer of thickness Δ between two blocks, where all plastic strain flow is 

assumed to occur, and disregarding the concrete tensile strength, Nielsen (1999) analytically 
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demonstrated that the energy dissipation per unit length of yield line, for both conditions of 

plane stress and plane strain, can be expressed as: 

𝐸Ḋ𝑐 =
1

2
𝑏𝜐𝑓𝑐(1 − 𝑠𝑖𝑛𝛼)𝛿 [7.1] 

where fc is the effective concrete compressive strength and b is the width of the concrete block. 

Equation 7.1 is valid in the range −
π

2
≤ α ≤

π

2
. Note that α cannot be less than φ under 

conditions of plane strain since under these conditions sliding displacement of stones over 

stones could not occur if there were no opportunities for lateral displacement. On the other 

hand, there is nothing to prevent aggregates sliding around each other, so that there are no 

limits to the angle α under conditions of plane stress. 

Concrete energy dissipation is independent of the steel energy dissipation. Energy dissipated 

in the steel may be calculated as: 

𝐸𝐷𝑠 = 𝐴𝑠𝑓𝑦𝛿𝑠 [7.2] 

where As is the steel bar area, fy the yield strength and δs the relative displacement across the 

discontinuity in the direction of the bar. The total energy dissipation along the whole length of 

the discontinuity l is simply found by summing the energy dissipated in the concrete and in the 

n number of steel bars crossed by the crack: 

𝐸𝐷 = ∫
1

2
𝛿(1 − 𝑠𝑖𝑛𝛼)𝑏𝜐𝑓𝑐 𝑑𝑥 + ∑ 𝐴𝑠𝑖𝑓𝑦𝑖𝛿𝑠𝑖

𝑛

𝑙

0

 
[7.3] 

7.3 Upper-bound solutions for concrete beams deficient in shear 

7.3.1 Nielsen and Braestrup 

Various solutions to the problem of shear in beams with and without transverse reinforcement 

have been suggested by Nielsen and Braestrup (1975), involving both lower and upper bound 

solutions. Consider a simply supported beam with constant shear reinforcement degree ψ, 

defined in [7.5], loaded through two symmetrical forces P with a simple displacement field, as 
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shown in Figure 7.2. The central part I of the beam is allowed to move vertically downward 

under a displacement δ while parts II do not move. A straight yield line forming an angle θ 

with the horizontal is developed between those two parts. 

 

Figure 7.2 - Beam undergoing a shear failure mechanism 

Calculating the work done by the external load WD=Pδ and putting it equal to the total internal 

energy dissipation in the concrete and in the stirrups, the solution corresponding to this failure 

mechanism when minimized with respect to the angle θ is able to be expressed in the following 

form, (Nielsen and Braestrup, 1975): 

tan 𝜃 =
2√𝜓(1 − 𝜓)

1 − 2𝜓
;   [7.4] 

In the case when h/a = tan (𝜃), the discontinuity line runs from the load to the support and 

shear reinforcement degree, 𝜓0, is calculated as in Equation 7.6. The discontinuity line is 

vertical in the case when tan (θ) = ∞ which corresponds to the upper limit of the shear capacity. 

The shear reinforcement degree is then equal to 0.5, as in Equation 7.7. 

 Shear reinforcement 

degree 
Solution 

ℎ

𝑎
≤ tan 𝜃 ≤ ∞ 𝜓 =

𝐴𝑠𝑣𝑓𝑦𝑤

𝑏𝑠𝑓𝑐
 

𝜏

𝑓𝑐
=

𝑃

𝑏ℎ𝑓𝑐
= √𝜓(1 − 𝜓) [7.5] 

ℎ

𝑎
= tan 𝜃 𝜓0 =

√𝑎2 + ℎ2 − 𝑎

2√𝑎2 + ℎ2
 

𝜏

𝑓𝑐
= 0.5 [√1 + (

𝑎

ℎ
)

2

−
𝑎

ℎ
] + 𝜓

𝑎

ℎ
 [7.6] 
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tan 𝜃 = ∞ 𝜓 = 0.5 
𝜏

𝑓𝑐
= 0.5 [7.7] 

 

• Effectiveness factor υ 

Valerio (2009) derived solutions for the beam capacity when the effectiveness factor υ is 

applied to the concrete strength. 

𝜓0 ≤
𝜓

𝜐
≤ 0.5 

𝜏

𝑓𝑐
= √𝜓(𝜐 − 𝜓) [7.8] 

𝜓

𝜐
≤ 𝜓0 

𝜏

𝑓𝑐
= 0.5𝜐 [√1 + (

𝑎

ℎ
)

2

−
𝑎

ℎ
] + 𝜓

𝑎

ℎ
 [7.9] 

𝜓

𝜐
≥ 0.5 

𝜏

𝑓𝑐
=

𝜐

2
 [7.10] 

• The influence of longitudinal reinforcement on shear capacity 

If relative displacement is assumed as non-vertical, Jensen et al. (1978) showed that shear 

capacity can depend on the degree of longitudinal reinforcement, 𝛷. Considering the degree of 

longitudinal reinforcement sufficiently high then, according to the plasticity theory, shear 

capacity will not be influenced. 

𝛷 =
𝐴𝑠𝑙𝑓𝑦𝑙

𝑏ℎ𝑓𝑐
 [7.11] 

the solutions for the beam capacity when vertical shear links are present are as follows, 

(Nielsen, 1999): 

𝛷

𝜐
≤ 0.5  and  𝜓0 ≤

𝜓

𝜐
≤ 0.5 

𝜏

𝑓𝑐
= 2𝜐√

𝜓

𝜐
(1 −

𝜓

𝜐
) √

𝛷

𝜐
(1 −

𝛷

𝜐
) [7.12] 

𝛷

𝜐
≤ 0.5  and  

𝜓

𝜐
≤ 𝜓0 

𝜏

𝑓𝑐
= 0.5𝜐 [√ 4

𝛷

𝜐
(1 −  

𝛷

𝜐
) + (

𝑎

ℎ
)

2

−
𝑎

ℎ
] + 𝜓

𝑎

ℎ
 

[7.13] 
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𝛷

𝜐
≥ 0.5  and   

𝜓

𝜐
≤ 𝜓0 

𝜏

𝑓𝑐
= 0.5𝜐 [√1 + (

𝑎

ℎ
)

2

−
𝑎

ℎ
] + 𝜓

𝑎

ℎ
 

[7.14] 

𝛷

𝜐
≥ 0.5  and  

𝜓

𝜐
≥ 0.5 

𝜏

𝑓𝑐
=

𝜐

2
 

[7.15] 

From the exact solution (the same solution is obtained by maximising the results of a lower-

bound model), it is possible to study the parameters influencing the effectiveness factor υ. An 

extensive study by Nielsen et al. (1978) showed that the dominating parameter is concrete 

strength fc since concrete exhibits a drop in ductility under an increase in strength. Therefore, 

for 𝑓𝑐 ≤ 50 𝑀𝑃𝑎, the effectiveness factor can be taken as: 

𝜐 = 0.8 −
𝑓𝑐

200
 [7.16] 

provided the degree of vertical reinforcement ψ meets the following conditions: 

𝜓 ≥ 𝜐𝜓0 𝜓 ≥ 0.05𝜐 𝜓 ≥
0.16

√𝑓𝑐

 

7.3.2 Ibell et al. 

Nielsen and his research team in Denmark developed several solutions for the plastic analysis 

of a simply supported beam, under either symmetrical point loads or uniformly distributed load. 

With the aim of finding a more general solution, Ibell et al. (1997a, b, c; 1998a, b; 1999) 

developed an upper-bound plasticity model for shear assessment of existing beam-and-slab 

concrete bridges. This model was successful in considering various failure modes recorded in 

the set of small- and large-scale bridge beams with varying degrees of steel reinforcement and 

load arrangements. Figure 7.3 shows the model of shear failure in a single simply-supported 

beam divided into five layers. A line drawn through each point located at each level of the 

beam represents the yield line of discontinuity that separates two rigid beam blocks. Each block 

is allowed to rotate by η1 and η2 around each support while the right hand side block can also 

slide horizontally by uh. 
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Figure 7.3 - Shear failure mechanism model (Ibell et al.1997c) 

For each new configuration of the yield line obtained by moving the x-ordinates, various values 

of the relative rotations and displacement could be studied. The sum of the energy dissipated 

in the concrete and in the reinforcement is divided by the work done as a result of the external 

load until the minimum ratio is found to predict beam shear capacity.   

Based on substantial calibration work against the results of 230 tested beams, Ibell et al. 

(1997b) proposed an empirical equation to calculate the effectiveness factor for shear failure 

occurring in the beam. The proposed equation included the percentage of longitudinal 

reinforcement, percentage of shear links, concrete strength, shear span to effective depth ratio 

and the height of the beam (size effect).   

𝜐𝑠ℎ𝑒𝑎𝑟 = 0.35𝑓1𝑓2𝑓3𝑓4𝑓5 
[7.17] 

Where: 

Longitudinal reinforcement [%] 𝑓1 = √0.35 + 0.32𝜌𝑠 0.8 ≤ 𝜌𝑠 ≤ 4 

Shear reinforcement [%] 𝑓2 = √1 + 1.5𝜌𝑠𝑣 0 ≤ 𝜌𝑠𝑣 ≤ 0.6 

Cubic characteristic concrete strength 

[MPa] 
𝑓3 = (2.4 − 0.04𝑓𝑐𝑢) 20 ≤ 𝑓𝑐𝑢 ≤ 45 

Shear span to effective depth ratio 𝑓4 = (0.2 + 0.2
𝑎

𝑑
)

1.5

 
𝑎

𝑑
≥ 2.5 

Size effect [mm] 𝑓5 = 0.35√1 +
1000

ℎ
 80 < ℎ < 700 
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7.3.3 Theory of sliding in cracks 

When considering classic theory of plasticity, the shear strength of concrete beams containing 

a low proportion of widely spaced shear reinforcement, may be overestimated. This can simply 

be explained by a very low inclination of the diagonal stress field at failure in such beams. In 

this case, in order for the effective concrete stress to transfer through a number of cracks 

running in different directions, additional transverse reinforcement would need to be employed. 

Therefore, the initiation of sliding in the cracks will lead to a lower shear capacity compared 

to the beams with a sufficient number of stirrups. The design codes overcome this problem by 

limiting the value of cotθ while requiring a minimum amount of shear reinforcement.    

The theory of sliding in cracks was first introduced by Zhang (1997) in her study on beams 

without shear reinforcement. This model was based on the characteristic shear failure observed 

in these beams where formation of critical shear cracks led to sliding failure. Since the sliding 

strength of concrete can be significantly reduced by cracking, the yield lines formed in these 

cracks can have lower sliding resistance than the yield lines predicted by usual plasticity theory. 

This theory can also easily be applied to continuous T-beams and will be explained on beams 

from this experimental programme. 

The crack pattern observed at failure in continuous T-beams with identical constant 

reinforcement at the top and bottom is schematically presented in Figure 7.4. The first cracks 

are formed in the region under the load at maximum bending moment, while the region above 

the interior support is stronger due to the impact of the flange. Diagonal shear cracks develop 

in the shear span closer and closer to the intermediate support and to the load. Sliding failure 

is expected to develop in the crack starting from the intermediate support due to the higher 

shear forces in this region.  
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Figure 7.4 - Curves representing cracking and shear capacity load for continuous T-beams 

without shear reinforcement, (Hoang and Nielsen, 1998) 

Looking at the interior support region, the load magnitude needed to develop shear cracks is 

lower for cracks near the interior support and higher for cracks positioned closer to the load, as 

illustrated by the cracking load curve in Figure 7.4. Conversely, cracks positioned closer to the 

intermediate support are steeper than the ones closer to the load and require higher load to 

develop a sliding failure, as shown in the shear capacity curve in Figure 7.4. Sliding failure 

along a critical crack (often observed as a last formed crack) will happen if the critical crack at 

a particular position transforms into a yield line of discontinuity at the minimum load-carrying 

capacity. Therefore, the shear capacity of the beam as well as the position of the critical crack 

are determined by the intersection point of the cracking load and shear capacity curves. 
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Figure 7.5 - Shear capacity and shear c  racking capacity of continuous T-beams without 

shear reinforcement 

According to plasticity theory, shear capacity of beams without shear reinforcement will not 

be influenced if the degree of longitudinal reinforcement is sufficiently high (Jensen et al. 

1978). Therefore, assuming a straight yield line at different positions 𝑥 = 𝑎 − 𝑥′ and vertical 

relative displacement, as illustrated in Figure 7.5, the shear capacity of a T-beam with flange 

width bf is calculated by the following expression: 

𝑉𝑢 = 0.5 𝑓𝑐𝜐[𝑏ℎ + (𝑏𝑓 − 𝑏)ℎ𝑓] [√1 + (
𝑎 − 𝑥

ℎ
)

2

−
𝑎 − 𝑥

ℎ
] 

[7.18] 

The cracking load may be found by a moment equation around point S: 

𝑀𝑆(𝑃) = 𝑀𝑐𝑟(𝑥) 
[7.19] 

𝑀𝑆(𝑃) may be reduced considering a downward directed load along the length  x. Neglecting 

the depth of the compression zone, the shear cracking moment 𝑀𝑐𝑟 is evaluated from an 

equivalent plastic normal stress distribution along the yield line producing the expression for 

the cracking shear force for continuous T-beams: 
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𝑉𝑐𝑟 =
0.5𝑓𝑡,𝑒𝑓𝑓 [((𝑎 − 𝑥)2 + ℎ2)𝑏 + (1 + (

𝑎 − 𝑥
ℎ

)
2

) (𝑏𝑓 − 𝑏)ℎ𝑓
2]

𝑅1(𝑃) (
3
2 𝑙0 + 𝑙1) − 𝑅2(𝑃)

𝑙0

2

 [7.20] 

𝑅2(𝑃) = 𝑃 =
𝑉𝑐𝑟

𝛾
 𝛾 =

𝑉𝑐𝑟

𝑃
  

where 𝑓𝑡,𝑒𝑓𝑓 is the effective concrete tensile strength and it may be taken to be: 

𝑓𝑡,𝑒𝑓𝑓 = 0.156𝑓𝑐

2
3  (

ℎ

0.1
)

−0.3

 [7.21] 

where 𝑓𝑐is the concrete compressive strength in MPa and h is in metres. The value of x is then 

calculated by equating equations [7.18] and [7.20]. Equations to calculate the cracking load for 

continuous beams and other cases of statically indeterminate beams were developed in the 

Report R by Hoang (1997). 

As previously mentioned, an effectiveness factor υ is introduced into the theory, which 

according to Zhang (1997) may be taken as: 

𝜐 = 𝜐𝑠𝜐0 [7.22] 

where  𝜐𝑠 is taken equal to 0.5 and represents the reduction factor in cohesion due to cracking 

and also the reduction in capacity of cracked concrete. From the push-off tests, Zhang (1997) 

observed no significant change in the friction angle in the cracked concrete.  𝜐0 is expressed 

through the following empirical equation: 

𝜐0 = 𝜆
3.5

√𝑓𝑐

0.27 (1 +
1

√ℎ
) (0.15𝜌 + 0.58) [7.23] 

where 𝜆 is a constant factor depending on the loading type, 5 < 𝑓𝑐 < 60 MPa,                        

0.08 < ℎ < 0.7  𝑚 and 𝜌 < 4.5 %. 

The crack sliding model is capable of considering lightly reinforced beams as well.  Hoang and 

Nielsen (1998) extended this theory on simply supported beams with degree of shear 

reinforcement 𝜓 lower than  𝜐𝜓0, 0.05𝜐 or 0.16/√𝑓𝑐 but up to 0.25𝜐0 since past this degree 
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yielding in the stirrups is not observed. In lightly reinforced beams, due to a very low 

inclination of the diagonal stress field, sliding in cracks can lead to lower capacities than in 

beams with adequate number of shear links. By considering the variable angle truss model, 

codes of practice require the use of a minimum number of shear links. Hence, presented is the 

extended equation for the shear capacity curve of lightly reinforced continuous T-beams: 

𝑉𝑢 = 0.5 𝑓𝑐𝜐[𝑏ℎ + (𝑏𝑓 − 𝑏)ℎ𝑓] [√1 + (
𝑎 − 𝑥

ℎ
)

2

−
𝑎 − 𝑥

ℎ
] + 𝑏ℎ𝑓𝑐

𝑎 − 𝑥

ℎ
𝜓 

[7.24] 

while the equation calculating the shear cracking curve remains the same as [7.20] (which  

neglects the influence of the shear reinforcement). Theory of sliding in cracks considers closely 

spaced stirrups in the web rather than replicating the state often found in reality where 

considerable spacing between stirrups is applied.  To be able to account for this problem, the 

number of the stirrups included in the length x’ as well as the distance between them need to 

be considered. In addition, knowing that stirrups cannot be effective over the whole depth h of 

the beam, a term that includes their influence in the equation should be multiplied by ds/h where 

ds represents the effective depth. 

7.3.4 Valerio et al. 

Valerio et al. (2009) proposed a new model for beams with vertical reinforcement based on the 

previously explained theory of sliding in cracks. It was observed that adopting a straight line 

for the critical shear crack is not correct for very lightly reinforced beams. Experiments showed 

that cracks often tend to change their direction and become steeper in the space between two 

neighbouring stirrups, thus contributing differently to the shear capacity. Therefore, Valerio’s 

model assumes that until shear cracks start to form, lightly reinforced beams behave as beams 

without shear reinforcement and that the presence of the stirrups, spaced at distance s, can 

affect formation of steeper lines between two bars, providing higher energy dissipation. The 

yield line can then steepen until the difference between the energy dissipation provided by the 

new shape of the yield line and the one corresponding to the unstrengthened beam can no longer 

be carried by the stirrups. 

Two possible mechanisms were proposed, as illustrated in Figure 7.6: 
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• Tri-linear mechanism – yield line can steepen between two central stirrups positioned 

so that the centre of the distance between them is in the middle of the yield line 

horizontal projected length x’. 

• Bi-linear mechanism – yield line can steepen between first two stirrups crossed by the 

yield line where one stirrup is positioned at the edge of the yield line. 

 

Figure 7.6 - Valerio et al. (2009) two proposed mechanisms for the shear capacity of beams 

with stirrups 

The capacity of each shear link crossed by a new yield line is equal to 𝑉𝑠𝑖 = 𝐴𝑠𝑖𝑓𝑦𝑖. If the shear 

link is crossed at a distance lb lower than h-db it is disregarded in the calculation of the total Vs. 

The bond length lb is equal to the distance from the concrete edge to the point where each shear 

link is crossed by the yield line. 

In the tri-linear mechanism, the total shear capacity of the beam can be calculated as: 

𝑉𝑡𝑜𝑡 =
1

2
𝜐𝑏𝑓𝑐((1 − cos 𝛾)𝐿2 + 2(1 − cos 𝛽)𝐿1) 

[7.25] 

𝐿1 =
𝑥′ − 𝑠

2cos 𝛽
 𝑙𝑏,𝑐 =

𝑥′ − 𝑠

2
tan 𝛽 
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𝐿2 =
𝑠

cos 𝛾
 𝑙𝑏,𝑖 = (𝑥𝑏,1 + (𝑖 − 1)𝑠) tan 𝛽 

tan 𝛾 =
ℎ

𝑠
−

𝑥′ − 𝑠

𝑠
tan 𝛽 𝑥𝑏,1 =

𝑥′ − 𝑠

2
− (

𝑛𝑠

2
− 𝑠) 

In the bi-linear mechanism, the total shear capacity of the beam can be calculated as: 

𝑉𝑡𝑜𝑡 =
1

2
𝜐𝑏𝑓𝑐((1 − cos 𝛾)𝐿2 + (1 − cos 𝛽)𝐿3) [7.26] 

𝐿2 =
𝑠

cos 𝛾
 

𝑙𝑏,𝑖 = (𝑥𝑏,1 + (𝑖 − 1)𝑠) tan 𝛽 

𝐿3 =
𝑥′ − 𝑠

cos 𝛽
 

tan 𝛾 =
ℎ

𝑠
−

𝑥′ − 𝑠

𝑠
tan 𝛽 𝑥𝑏,1 = 𝑥′ − 𝑠𝑛 

where n represents the number of shear links crossed by the new yield line. 

7.4 Analysis of the control, unstrengthened specimen  

The degrees of shear and longitudinal reinforcement along with the effectiveness factors 

calculated according to classic plasticity theory, the theory of sliding in cracks (λ=1.2) and 

model developed by Ibell et al. 1997b are summarized in Table 7.1. 

Table 7.1 - Reinforcement degrees and effectiveness factors for control specimen  

Shear 

reinforcement 

degree 

Longitudinal 

reinforcement 

degree 

Classic 

plasticity theory 

Theory of 

sliding in 

Cracks 

Ibell et al. 

ψ Φ υc υs υI 

0.013 0.244 0.486 0.203 0.122 

Based on classic plasticity theory, all the conditions for the beams in this present study to be 

considered to be lightly reinforced are satisfied. The shear reinforcement degree ψ is lower 

than υcψ0, 0.05υc and 0.16/√𝑓𝑐 = 0.021.  

Hoang and Nielsen (1998) proved that the theory of sliding in cracks could also be applied to 

lightly reinforced simply supported beams since their effectiveness factor could be taken as 
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equal to the effectiveness factor of the beams without shear reinforcement. As previously 

presented, the shear capacity curve of lightly reinforced continuous T-beams can be obtained 

by the equation 7.24.  

Nevertheless, in research by Ashour (2000) it was reported that for a value of longitudinal 

reinforcement degree larger than 0.1, the influence on shear capacity is minimal. Therefore, 

assuming that there will be no yielding of the longitudinal reinforcement, models considering 

vertical displacement are applicable.  

7.4.1 Theory of sliding in cracks model extended to lightly reinforced continuous T-beams 

Considering introduced equations defining the shear capacity curve [7.24] and cracking load 

curve [7.20], the diagram showing the solution (intersection point) for continuous beams of the 

present research is illustrated in Figure 7.7. The dashed line represents the shear capacity curve 

for the beams without shear reinforcement. 

 

Figure 7.7 - Curves representing cracking and shear capacity load for continuous T-beams 

with shear reinforcement 

Minimum values are now displayed by a shear capacity curve. In the case where the cracking 

curve cuts the shear capacity curve at a position x larger than that corresponding to the 
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intersection point, the load carrying capacity would be determined by the minimum value of 

the shear capacity curve.  

7.4.2 Valerio et al. (2009) model extended to continuous T-beams containing vertical 

stirrups 

Figure 7.8 represents the two failure mechanisms proposed by Valerio et al. (2009), extended 

and applied to the continuous beams studied here. Based on the crack pattern observed at failure 

in the continuous T-beams containing identical constant reinforcement top and bottom, where 

sliding failure is anticipated to develop in the crack starting from the pinned support due to the 

higher shear forces in this region, the mechanisms shown are assumed to develop. Equations 

for calculating the total shear strength in both mechanisms are the same as for the simply 

supported beams, [7.25] and [7.26] since only vertical displacement is considered. It must be 

noted that the contribution from the flange should be added to the total concrete contribution 

since yield lines can now simultaneously cross both the web and the flange.  

The first step in finding the solution is to determine the angle θ that corresponds to the 

unstrengthened beam capacity Vc. Each new value of angle β (starting from θ value) will then 

form the new shape of the yield line and the total shear capacity Vtot can be calculated. This 

process continues until the difference between total shear capacity and the one corresponding 

to the non-strengthened beam equals the maximum contribution from the shear links crossed 

by the new yield line, Vtot – Vc = Vs. The total energy dissipation in the concrete increases with 

angle β, and the number of crossed shear links decreases until equilibrium is reached.  
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7.4.3 Proposed model for continuous T-beams with stirrups 

A new model is now proposed for continuous beams with stirrups. This model is developed 

based on the crack patterns observed in the tests, each forming a characteristic mechanism and 

model developed by Ibell et al, (1997b) assumed for simply supported beams. Later in this 

chapter, this model will also be extended for the analysis of the strengthened beams. Two 

possible mechanisms are considered: one where the beam is divided into two rigid blocks and 

a second where three rigid blocks are considered. 

First mechanism 

Figure 7.9 represents the first shear failure mechanism assumed to develop in continuous T-

beams.  The beam is divided into two rigid blocks, I and II. It is assumed that rotation η of the 

rigid block II occurs about the right end support at the level of the bottom longitudinal 

reinforcement. The load P then passes a certain distance ω, as shown.  No movement in the 

rigid block I is assumed, as any rotation around the intermediate support is prevented by the 

reaction force R1. By assuming rotation of block II and that the longitudinal reinforcement 

carries axial forces only, this model allows the longitudinal reinforcement energy dissipation 

 

Figure 7.8 - Two failure mechanisms for the shear capacity of continuous T-beams with 

stirrups extended from Valerio et al. (2009) model  
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to be accounted for in the total energy dissipation calculation. Since centre of rotation was 

assumed at the bottom longitudinal bars, no extension in these bars is considered. The top 

longitudinal reinforcement will however, be in compression. Initial calculations indicated that 

small horizontal movements of the right rigid part do not have a significant influence on the 

solution since there is no change in the length of the bottom longitudinal reinforcement (centre 

of rotation is on the bottom longitudinal bars) and therefore will not be included in this model. 

 

Figure 7.9 - First shear failure mechanism  

This model assumes that a failure mechanism will develop along the yield line starting from 

the intermediate support, as illustrated in Figure 7.9 and Figure 7.10. The geometry of the tri-

linear yield line is defined by varying the positions of points A, B and C. The X-ordinate 

depends on the position of the shear links (s is the spacing between shear links) while in the Y 

direction the beam is divided into five layers. Point B has to be incremented by at least one step 

in the X and Y directions from point A in order to avoid unfavourable yield line shapes. For 

example, if point A has the coordinates X0 and Y0 point B will have to start changing its position 

from coordinates X0 + s and Y0 + t. Point C, however, has a constant Y ordinate equal to the 

beam height h and it has to be at least one-step further from the point B in the X direction until 

it is positioned at the edge of the shear span. The thickness of the beam layers can be determined 

in accordance with the beam size, however the value Y0 should not be lower than h-ds (ds is the 

effective depth). Recommended is to take Y0 = 0.125h and t=0.25h, (Ibell et al.1997c). The 

shear reinforcement is assumed inactive if crossed by a yield line outside of the central h-2Yo 

zone, as shown in Figure 7.10, as it means the yield line can skirt around the bar. The bottom 

picture in Figure 7.10 is a close up of the top picture. 
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Figure 7.10 - Geometry of the first failure mechanism 

The internal energy dissipation, ED, for each new shape of yield line is then aggregated and 

compared with the work done by the external load, WD. Overall energy dissipation represents 

the sum of the energy dissipated in concrete Ec, longitudinal reinforcement El and shear 

reinforcement Esl.  

𝐸𝐷 = 𝐸𝑙 + 𝐸𝑠𝑙 + 𝐸𝑐 
[7.27] 

• Work done by the external load 

The total work done WD by the external force Pu is obtained by multiplying this force by the 

distance through which it has moved ω. 

𝜔 = 𝑋𝑃𝑢 ∗ 𝜂 WD = Pu ∗ 𝑋𝑃𝑢 ∗ 𝜂 
[7.28] 
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• Energy dissipated in the longitudinal reinforcement  

Considering that the centre of rotation of rigid block II is positioned at the level of the bottom 

longitudinal reinforcement and, therefore no elongation of this reinforcement occurs, only 

energy dissipation from the top longitudinal reinforcement will be considered. It can be 

calculated by multiplying the bar area 𝐴𝑠
′  by the yield strength 𝑓𝑦 and by the relative 

displacement in the direction of the reinforcement. 

𝐸𝑙 = 𝑓𝑦 ∗ 𝐴𝑠
′ ∗ 𝑑𝑙 ∗ 𝜂 [7.29] 

where 𝑑𝑙 represents the distance between top and bottom longitudinal reinforcement. 

• Energy dissipated in the shear reinforcement  

A similar calculation can be conducted for the energy dissipation in the shear reinforcement as 

for the longitudinal reinforcement. The area of a two-leg shear link 𝐴𝑠𝑣 is multiplied by the 

yield strength 𝑓𝑦𝑣 and by the relative displacement in the direction of the shear links. 

𝐸𝑠𝑙 = ∑ 𝐴𝑠𝑣 ∗ 𝑓𝑦𝑣 ∗ 𝑋𝑠𝑙𝑖 ∗ 𝜂 [7.30] 

where 𝑋𝑠𝑙𝑖 represents the horizontal distance between the centre of rotation and each shear link 

crossed by a yield line. 

• Energy dissipation in the concrete   

Under the kinematic displacement η (rotation), a random point i on the yield line would 

experience relative displacement δi with δxi as x-component and δyi as y-component across the 

yield line, see Figure 7.11. Therefore, the energy dissipation across each yield line can be 

calculated by applying numerical integration of equation [7.1]. 
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Figure 7.11  - Displacement vector 

 

𝐸𝑐 = ∫ 𝐸𝑐1

A

0

+ ∫ 𝐸𝑐2 + ∫ 𝐸𝑐3

𝐶

B

B

𝐴

 [7.31] 

where 𝜑𝑖 represents the angle each yield line forms with the horizontal axis and 𝛼𝑖 the angle 

between the displacement vector and yield line. As previously noted, the influence of the flange 

must be added to the overall energy dissipation in the concrete by adjusting the breadth of 

concrete appropriately.  

Second mechanism  

Figure 7.12 represents the second possible shear failure mechanism assumed to develop in 

continuous T-beams based upon observation of failure modes in experimental tests.  In this 

case, the beam is divided into three rigid blocks, I, II and III. It is then assumed that rotations 

η2 and η3 of rigid blocks II and III occur about the intermediate support and right end support, 

respectively. Both centres of rotation are on the level of the bottom longitudinal reinforcement. 

The load P then passes through a certain distance ω, as shown. As in the first model, any 

rotation of rigid block I about the intermediate support is prevented by the reaction force R1.  

 

Figure 7.12 - Second shear failure mechanism  
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The second mechanism assumes that failure will develop along two yield lines L2 and L3. Line 

L2 starts from the support R2 and line L3 from the load, P, as illustrated in Figure 7.13. The 

geometry of these two yield lines is defined by varying the position of points A and B. The X-

ordinate of these points depends on the position of the shear links (s is the space between shear 

links) and they are allowed to move along the top (point A) and bottom surface (point B) along 

the shear span a. As before, the shear reinforcement is assumed inactive if crossed by a yield 

line outside of the central h-2Yo zone, as shown in Figure 7.13, as it means the yield line can 

skirt around the bar. As before, Yo can be taken as 0.125h. 

 

 

Figure 7.13 - Geometry of the second failure mechanism 

The internal energy dissipation, ED, for each new shape of yield line is then summed and 

compared with the work done by the external load, WD. Overall energy dissipation is then 

calculated by using equation [7.27]. 
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• Work done by the external load 

The total work done WD by the external force Pu can be calculated for both rotating rigid blocks 

so the relation between the rotation values can be found. 

𝑊𝐷2 = 𝑃𝑢 ∗ 𝜂2 ∗ 𝑋𝑃𝑢2 

𝑊𝐷3 = 𝑊𝐷2  𝜂2 = 𝜂3 ∗
𝑋𝑃𝑢3

𝑋𝑃𝑢2
 [7.32] 

𝑊𝐷3 = 𝑃𝑢 ∗ 𝜂3 ∗ 𝑋𝑃𝑢3 

• Energy dissipated in the longitudinal reinforcement  

Considering that both rotation centres are positioned at the level of the bottom longitudinal 

reinforcement, only energy dissipation from the top longitudinal reinforcement will be included 

in the total energy dissipation.  

𝐸𝑙 = (𝑓𝑦 ∗ 𝐴𝑠
′ ∗ 𝑑𝑙 ∗ 𝜂2) + |𝑓𝑦 ∗ 𝐴𝑠

′ ∗ 𝑑𝑙 ∗ 𝜂2 − 𝑓𝑦 ∗ 𝐴𝑠
′ ∗ 𝑑𝑙 ∗ 𝜂3| [7.33] 

where 𝑑𝑙 is the distance between top and bottom longitudinal reinforcement and As’ area of top 

longitudinal reinforcement. 

• Energy dissipated in the shear reinforcement  

A similar calculation can be conducted for the energy dissipation in the shear reinforcement as 

for the longitudinal reinforcement. The area of a two-leg shear link 𝐴𝑠𝑣 is multiplied by the 

yielding strength 𝑓𝑦𝑣 and by the relative displacement in the direction of the shear links, for 

both yield lines. 

𝐸𝑠𝑙 = ∑ 𝐴𝑠𝑣 ∗ 𝑓𝑦𝑣 ∗ 𝑋𝑠𝑙𝑖
22 ∗ 𝜂2 + |∑ 𝐴𝑠𝑣 ∗ 𝑓𝑦𝑣 ∗ 𝑋𝑠𝑙𝑖

32 ∗ 𝜂2 − ∑ 𝐴𝑠𝑣 ∗ 𝑓𝑦𝑣 ∗ 𝑋𝑠𝑙𝑖
33 ∗ 𝜂3| [7.34] 

where 𝑋𝑠𝑙𝑖
22 is the distance between the centre of rotation of the rigid block II and shear links crossed 

by L2, 𝑋𝑠𝑙𝑖
32 is the distance between the centre of rotation of the rigid block II and shear links crossed by 

L3  and 𝑋𝑠𝑙𝑖
33 is the distance between the centre of rotation of the rigid block III and shear links crossed 

by L3. 
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• Energy dissipation in the concrete   

Under the kinematic rotations η2 and η3, a random point i on the yield line L3 would experience 

relative displacement δi with δxi as x-component and δyi as y-component. This relative 

displacement vector δi is the result of the subtraction between relative displacement vectors δ2i 

and δ3i, as illustrated in Figure 7.14. The relative displacement δ2i is the relative displacement 

of the point i when observed on the rigid block II and relative displacement δ3i is the relative 

displacement of the point i when observed on the rigid block III. As in the first model, the 

energy dissipation across each yield line can be calculated by applying numerical integration 

of equation [7.1]. As before, the influence of the flange must be added to the overall energy 

dissipation in the concrete through adjustment of the beam breadth at relevant depths. 

 

Figure 7.14  - Displacement vector 

 

𝐸𝑐 = ∫ 𝐸𝑐1

𝐿1

0

+ ∫ 𝐸𝑐2

L2

0

 [7.35] 

where 𝜑𝑖 represents the angle each yield line forms with the horizontal axis and 𝛼𝑖 the angle 

between the displacement vector and yield line.  

7.4.4 Predicted capacities 

The predicted ultimate shear capacity of the control specimen is calculated using the various 

plasticity models previously described, and applied here to the continuous T-beams. The 

obtained results are compared with the test results and presented in Table 7.2. From Figure 

7.15, it appears that when all the effectiveness factors suggested by mentioned authors are 

considered, the theory of sliding in cracks gives the most accurate prediction. This theory 
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includes the shear span in the cracking shear force calculation and the effectiveness factor does 

not depend on the shear span to effective depth ratio. Therefore, when the intersection point 

between cracking load and shear capacity curves is determined, critical crack will transform 

into a yield line of discontinuity producing minimum load-carrying capacity solution.  Classic 

plasticity theory over-predicts shear capacity due to a high effectiveness factor. On the other 

hand, the mechanisms proposed by Valerio et al. (2009) produce results that are on the 

conservative side. The first and second proposed mechanisms assume the effectiveness factor 

obtained from the equation developed by Ibell et al. (1997b). 

Table 7.2 - Plasticity models predictions 

 
Classic 

plasticity 

theory 

Sliding 

in cracks 

Valerio et 

al. 1st 

mechanism 

Valerio et 

al. 2nd 

mechanism 

First 

proposed 

mechanism 

Second 

proposed 

mechanism 

Test 

Pu [kN] 276 176 149 146 201 206 173 

Vu 

[kN] 
193 123 104 102 140 144 123 

𝑃𝑢

𝑇𝑒𝑠𝑡 𝑃𝑢
 1.60 1.02 0.86 0.84 1.16 1.19  

Predictions from proposed models both slightly over-predict the shear capacity of the control 

specimen, and their validity can be confirmed when looking at the failure mechanism observed 

in the test, Figure 7.16.  

 

Figure 7.15 - Shear predictions for control specimen according to upper bound plasticity 

models 
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7.5 Analysis of DE strengthened specimens  

Valerio et al. (2009) proved that the Deep Embedment technique can successfully overcome 

bond issues associated with Externally Bonded (EB) and Near Surface Mounted (NSM) 

techniques. Early debonding of the FRP materials (usually in the thin concrete layer) prevents 

these two latter systems from reaching their full bond capacity. The set of pull-out tests 

performed by Valerio et al. (2009) showed that the bond-slip response of bars deep embedded 

in concrete is sufficiently ductile to be able to apply plasticity theory, with a fracture energy 

higher than that found in the EB or NSM technique.  

In Chapters 4 and 6 it was shown that the average values of strain in the DE bars collected from 

push-off and continuous T-beam specimens matched rather well. The strain gauges were 

crossed by the main shear crack in the push-off specimens, which was not always the case in 

beam tests. This suggests slightly conservative strain estimates but still highlights the fact that 

push-off tests are indeed truly representative of the large beam specimens when it comes to 

discovering the level of strains that can be mobilised in the FRP bars. Based on the push-off 

and continuous T-beam tests, application of effective strains of 0.7 % for CFRP and 1 % for 

  

First proposed mechanism Second proposed mechanism 

 

Test 

Figure 7.16 - Shear failure mechanisms from proposed models compared with the one 

obtained from the test 
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GFRP bars seems to reflect their effectiveness when calculating their contribution to the total 

shear capacity.  

Therefore, in the following analysis of the strengthened specimens the recorded average values 

of strains, 0.7 % for CFRP and 1 % for GFRP bars, are included in the calculation of the total 

shear capacity.  

7.5.1 Valerio et al. (2009) model extended to continuous T-beams containing both shear 

reinforcement and strengthening bars 

In the case of continuous beams containing both shear links and Deep Embedment bars, the 

model developed by Valerio et al. (2009) considers a critical shear crack opening that follows 

a vertical downward displacement between two concrete blocks. Coherently with the critical 

failure mechanism described previously for the control specimen, all crossed shear links and 

DE bars are exposed to the same with of discontinuity. The shear force resisted by a shear link 

can be calculated as 𝑉𝑠 = 𝐴𝑠𝑓𝑦, assuming that it stays constant after the shear link yields.  

The shear force resisted by the DE bar depends on the shortest embedded bar end, and is given 

by: 

𝑉𝑓 = 𝜋𝑑𝑏𝜏𝑏𝑙𝑏 = 휀𝑓𝐸𝑓𝐴𝑓 [7.36] 

where db is the bar diameter, lb is the embedded length, 𝜏𝑏 is the average bond stress, 휀𝑓 is the 

limiting strain in the bar, Ef is the Young’s modulus of the bar and Af is the bar area. Based on 

the set of pull-out tests by Valerio et al. (2009), an effective bond stress of approximately 20 

MPa was proposed when calculating the bar capacity and is limited by a strain limit of 0.4 % 

for DE FRP bars and yield strain for DE steel bars. In the extended model, strains of 0.7 % for 

CFRP and 1 % for GFRP bars are considered, as previously explained. According to the theory 

of sliding in cracks, a beam without shear links of similar geometry to those tested in this 

research would fail in shear along a yield line of projected length x’. The presence of the DE 

bars and shear links would displace this yield line and lead to formation of one of the two 

failure mechanisms previously considered for the control specimen. The optimized solution is 

then easily found numerically by the variation in angle β in accordance with equations [7.25] 

and [7.26]. 
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7.5.2 Proposed model for continuous T-beams containing both shear reinforcement and 

strengthening bars 

As previously described for the control specimen, the proposed model can also be applied to 

the strengthened beams. With the addition of deep embedded bars contributing to the overall 

shear capacity, the geometry of the yield line can be defined by points A, B and C. These points 

can now be located on a combination of shear links and deep embed bars for all three 

strengthening configurations, as illustrated in Figure 7.17 and Figure 7.18. The total energy 

dissipation is now equal to the sum of the energy dissipation in the concrete Ec, longitudinal 

reinforcement El, shear reinforcement Esl and Deep Embedment bars Ef. The solution is then 

found by comparing the total energy dissipation with the external work done by the load.  

• Energy dissipated in Deep Embedded bars 

Similar calculation can be made for the energy dissipation in DE bars as it is for the shear and 

longitudinal reinforcement. The area of the DE FRP bar 𝐴𝑓 is multiplied by the limiting strain 

in the bar 휀𝑓, Young’s modulus of the bar Ef and by the relative displacement in the direction 

of the DE bar. The energy dissipation in the DE steel bar is calculated by multiplying the area 

of the DE steel bar 𝐴𝑓 by the yield strength 𝑓𝑦 and by the relative displacement in the direction 

of the DE bar. 

First mechanism 

FRP 

bars 
𝐸𝑓 = ∑ 𝐴𝑓 ∗ 휀𝑓 ∗ 𝐸𝑓 ∗ 𝑋𝑓𝑖 ∗ 𝜂 [7.37] 

Steel 

bars 
𝐸𝑓 = ∑ 𝐴𝑓 ∗ 𝑓𝑦 ∗ 𝑋𝑓𝑖 ∗ 𝜂 [7.38] 

where 𝑋𝑓𝑖 represents the distance between the centre of rotation and each DE bar crossed by a 

yield line. The possible geometry of the first failure mechanism for all strengthening 

configurations is shown in Figure 7.17. 
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Figure 7.17  - Geometry of the first failure mechanism in all strengthening configurations 

Second mechanism 

FRP 

bars 

𝐸𝑓 = ∑ 𝐴𝑓 ∗ 휀𝑓 ∗ 𝐸𝑓 ∗ 𝑋𝑓𝑖
22 ∗ 𝜂2

+ |∑ 𝐴𝑓 ∗ 휀𝑓 ∗ 𝐸𝑓 ∗ 𝑋𝑓𝑖
32 ∗ 𝜂2 − ∑ 𝐴𝑓 ∗ 휀𝑓 ∗ 𝐸𝑓 ∗ 𝑋𝑓𝑖

33 ∗ 𝜂3| 
[7.39] 

Steel 

bars 
𝐸𝑓 = ∑ 𝐴𝑓 ∗ 𝑓𝑦 ∗ 𝑋𝑓𝑖

22 ∗ 𝜂
2

+ |∑ 𝐴𝑓 ∗ 𝑓𝑦 ∗ 𝑋𝑓𝑖
32 ∗ 𝜂

2
− ∑ 𝐴𝑓 ∗ 𝑓𝑦 ∗ 𝑋𝑓𝑖

33 ∗ 𝜂
3
| [7.40] 

where 𝑋𝑓𝑖
22 is the distance between the centre of rotation of the rigid block II and shear links crossed 

by L2, 𝑋𝑓𝑖
32 is the distance between the centre of rotation of the rigid block II and shear links crossed by 

L3  and 𝑋𝑓𝑖
33 is the distance between the centre of rotation of the rigid block III and shear links crossed 
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by L3. The possible geometry of the second failure mechanism for all strengthening 

configurations is shown in Figure 7.18. 

 

 

 

Figure 7.18  - Geometry of the first failure mechanism in all strengthening configurations 
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7.5.3 Summary of predicted capacities  

The following figures ( 7.19 to 7.27) show comparisons between predicted failure mechanisms 

when different strains in DE FRP bars are considered (0.4 % and 0.7 % for CFRP bars and 0.4 

% and 1 % for GFRP bars), and the actual failure mechanism obtained from the test for each 

specimen.  

  

First mechanism Second mechanism 

 

Test – specimen C150 

Figure 7.19 - Shear failure mechanisms from proposed model compared with the one 

obtained from the test 

 

  

First mechanism Second mechanism 

 

Test – specimen G150 

Figure 7.20 - Shear failure mechanisms from proposed model compared with the one 

obtained from the test 
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First mechanism Second mechanism 

 

Test – specimen S150 

Figure 7.21 - Shear failure mechanisms from proposed model compared with the one 

obtained from the test 

 

  

First mechanism Second mechanism 

 

Test – specimen C75 

Figure 7.22 - Shear failure mechanisms from proposed model and the one obtained from 

the test 
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First mechanism Second mechanism 

 

Test – specimen G75 

Figure 7.23 - Shear failure mechanisms from proposed models and the one obtained from 

the test 

 

  
First mechanism Second mechanism 

 

Test – specimen S75 

Figure 7.24 - Shear failure mechanisms from proposed model compared with the one 

obtained from the test 
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First mechanism Second mechanism 

 

Test – specimen G150∠ 

Figure 7.26 - Shear failure mechanisms from proposed model compared with the one 

obtained from the test 

  

  
First mechanism Second mechanism 

 

Test – specimen C150∠ 

Figure 7.25 - Shear failure mechanisms from proposed model compared with the one 

obtained from the test 
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Table 7.3 and Table 7.4 present predicted results from the proposed model and from the 

extended model by Valerio et al. 2009 compared with results obtained from the tests.   

Table 7.3 - Predictions for the specimens strengthened with DE FRP bars  

  First mechanism  Second mechanism Valerio et al. 2009  Test 

 
 0.4 % 

0.7 % CFRP 

1 % GFRP 
0.4 % 

0.7 % CFRP 

1 % GFRP 
0.4 % 

0.7 % CFRP 

1 % GFRP  

C150 

Pu 

[kN] 
257 270 220 225 196 224 297 

Test

𝑃𝑢
 1.15 1.1 1.35 1.32 1.51 1.32  

G150 

Pu 

[kN] 
236 254 215 223 169 196 293 

Test

𝑃𝑢
 1.24 1.15 1.36 1.31 1.73 1.49  

C75 

Pu 

[kN] 
283 303 228 233 240 / 315 

Test

𝑃𝑢
 1.11 1.04 1.38 1.35 1.31 /  

G75 

Pu 

[kN] 
258 285 221 232 194 234 320 

Test

𝑃𝑢
 1.24 1.12 1.45 1.38 1.65 1.36  

  

First mechanism Second mechanism 

 

Test – specimen S150∠ 

Figure 7.27 - Shear failure mechanisms from proposed model compared with the one 

obtained from the test 
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C150∠ 

Pu 

[kN] 
295 333 231 240 234 / 320 

Test

𝑃𝑢
 1.08 0.96 1.38 1.3 1.36 /  

G150∠ 

Pu 

[kN] 
231 270 220 238 196 234 280 

Test

𝑃𝑢
 1.21 1.03 1.27 1.17 1.42 1.19  

Mean  1.17 1.07 1.37 1.31 1.50 1.34  

CoV 

[%] 
 5.80 6.50 4.30 5.50 11.10 9.20  

 

Table 7.4 - Predictions for the specimens strengthened with DE steel bars 

  First mechanism  Second mechanism Valerio et al. 2009  Test 

S150 

Pu [kN] 261 222 200 278 

Test

𝑃𝑢
 1.06 1.25 1.39  

S75 

Pu [kN] 290 233 254 273 

Test

𝑃𝑢
 0.94 1.17 1.07  

S150∠ 

Pu [kN] 300 233 247 268 

Test

𝑃𝑢
 0.89 1.15 1.08  

Mean  0.96 1.19 1.18  

CoV 

[%] 
 9.10 4.40 15.40  

When considering only beams strengthened with DE CFRP or GFRP bars, the mean actual to 

predicted ratios are presented in Table 7.5 and Table 7.6 for each model and different strains 

in the bars. 

Table 7.5 - The mean actual to predicted ratios and CoV for beams 

strengthened with DE CFRP bars 

CFRP 
First mechanism  Second mechanism Valerio et al. 2009  

 0.4 % 0.7 %  0.4 % 0.7 %  0.4 % 0.7 %  

Mean 1.11 1.03 1.37 1.32 1.39 1.32 

CoV 

[%] 3.20 6.80 1.30 1.90 7.50 / 
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Table 7.6 - The mean actual to predicted ratios and CoV for beams 

strengthened with DE GFRP bars 

GFRP 
First mechanism  Second mechanism Valerio et al. 2009  

 0.4 % 1.0 %  0.4 % 1.0 %  0.4 % 1.0 %  

Mean 1.23 1.10 1.36 1.29 1.60 1.35 

CoV  

[%] 1.40 5.70 6.60 8.30 10.10 11.20 

Figure 7.28 shows the ultimate load vs shear capacity diagrams for each specimen obtained 

from each model and compared with actual test results. 
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Figure 7.28 - Ultimate load vs shear capacity diagrams for each specimen 
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7.6 Discussion of the results  

The upper-bound plasticity model adopted to predict the capacity of the continuous T-beams 

strengthened with Deep Embedment technique has been shown to produce reasonably accurate 

results for all specimens in this research.  

The first proposed mechanism produces results closest to those obtained in tests.  When 

considering limiting strains of 0.7 % for CFRP and 1 % for GFRP bars, the first mechanism 

provides mean actual to predicted ratios of 1.03 (CoV 6.8 %) and 1.10 (CoV 5.7 %) for 

specimens strengthened with CFRP and GFRP, respectively. Predictions are equally good 

when steel bars are considered, with a mean actual to predicted ratio of 0.96 (CoV 9.1 %), 

confirming the validity of the first proposed mechanism.  

Ultimate capacities predicted by the second proposed mechanism and the extended model by 

Valerio et al. (2009) are fairly similar, and both under-predict the capacity.  

The predictions from the second proposed mechanism do not depend on the concrete 

contribution, with the highest energy dissipation coming from the longitudinal reinforcement. 

The yield line L2 provides zero energy dissipation because it starts from the centre of rotation 

of the rigid block II. Concrete contribution is however, provided only by yield line L1. 

However, shear links and DE bars crossed by yield line L2 are included in the total energy 

dissipation. It appears from the comparisons with reality that an assumed mechanism in which 

concrete contribution is irrelevant is inappropriate in these continuous T-beams. As it is shown 

in the part 6.6.4, EC2 which considers only steel contribution and ignores the concrete 

contribution to the shear capacity, gives the most conservative prediction of the tested beam.  

On the other hand, the second proposed mechanism provides a better indication of the real 

shape of the yield lines compared to the first mechanism, particularly in the case when vertical 

DE bars are used.   

Both, accurate prediction of the shear capacity of continuous beams and possible failure 

mechanism are equally important in practice. By knowing the exact position of the major 

discontinuity line, better use and arrangement of DE bars can be achieved (spacing and 

inclination definition). This is particularly important in the case of inclined DE bars, as 

inadequate orientation can make them inactive. An accurate assessment of the existing 

structures prior to strengthening is critical in defining whether increase in shear capacity is 
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required, and possible. Therefore, both proposed models showed to be good in determining 

both of these crucial elements. 

The model by Valerio et al. (2009) considers only vertical downward displacement of the 

concrete blocks without taking into account the influence of the longitudinal reinforcement. 

Nevertheless, it is not always possible to find the equilibrium between the difference between 

the total shear capacity and the capacity of the unstrengthened specimen and the maximum 

capacity offered by shear links and DE bars especially in the case when higher reinforcement 

ratio of CFRP bars and limiting strains of 0.7 % are considered.  

Both proposed mechanisms show certain steepening of the yield lines when higher strains than 

0.4 % are considered in FRP bars, as in specimens G75, C150∠ and G150∠. Higher strains 

provide higher energy dissipation from FRP DE bars which forces yield lines to skirt around 

and cut the minimum number of bars. 

From the presented results, it appears that plasticity theory is indeed valid for Deep Embedment 

strengthened beams even though the FRP bars are elastic, because the plastic behaviour comes 

from controlled bond slip. 

7.7 Conclusions  

It has been shown that application of the upper-bound theorem to continuous T-beams 

strengthened using deep embedment provides good predictions for their capacity. This implies 

that even when using deep embedded FRP bars, reliance can be made on the inherent plastic-

based debonding of these bars to assume necessary ductility to underpin this analysis 

procedure. This is a major finding. 

It transpires that the single yield-line collapse mechanism provides the best predictions for 

capacity, while the dual yield-line collapse mechanism provides useful insights into some of 

the real collapse patterns which were observed. 

One of the limitations of proposed plasticity models is the accuracy. This is due to an inability 

to precisely predict the value of effective strains, which develop within the FRP DE bars. 

Another limitation is the strength of models verification, as only one case study has been 

conducted to confirm model behaviour. The use of two models is also not ideal as one model 
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to predict the precise capacity and the shape of the yield line of discontinuity would be 

beneficial as this could then be applied to every continuous beam.  

 Formation of both proposed mechanisms was based on the crack patterns observed in beam 

tests. As this research is currently the only one that studies the behaviour of continuous beams 

strengthened in shear with DE technique, comparison and validation of proposed models could 

not be carried out further. It is essential, therefore, to extend the understanding of such 

strengthened systems when different parameters are varied such as shear span to effective depth 

ratio, (a/d), concrete compressive strength, fc, amount of steel shear links and DE bars, ρsw and 

ρf, DE bar inclination, α, DE bar diameter, db, etc.  

As shown in Table 6.9, when a higher DE bar ratio was used, average recorded strains were 

less than 0.7% and 1% for CFRP and GFRP bars, respectively. More research needs to be 

conducted on continuous RC beams to insure safe use of DE technique and to enable its further 

implementation in recognized codes and standards. This is only possible with analytical model 

continuous upgrade and development of sophisticated bond model to predict realistic effective 

strains in DE bars. 
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8   ASSESSMENT AND STRENGTHENING EXAMPLE 

8.1 Introduction 

In the previous chapters, it has been shown that some assessment codes are producing 

conservative predictions for the specimens considered in this research. In Chapter 7, an 

analytical model based on the upper-bound theorem has been developed to represent fairly well 

the behaviour of continuous beams in both strengthened and unstrengthened configurations. 

To demonstrate the practical applicability of the proposed model to a real structure, a shear 

assessment and strengthening example is presented in this Chapter. The shear capacity of the 

beam from a continuous bridge deck was assessed according to current assessment codes and 

according to the proposed model. Following this assessment, the bridge deck was considered 

for structural strengthening using the Deep Embedment technique. The shear capacity of the 

strengthened continuous beam was then assessed using the proposed plasticity-based model. 

8.2 Bridge assessment 

The continuous slab-on-beam bridge beam was assessed according to BD21/01 when standard 

40 Tonne vehicle live loading was applied. High traffic and poor surfacing conditions were 

assumed. In accordance with Clause 5.6 of BD21/01, notional lanes per carriageway were 

defined. HA UDL with Knife Edge Load (KEL) from Clause 5.8 of BD21/01 was considered 

as it produces the worst effects on the observed span. Single Axle Load and Single Wheel Load 

were not considered.  

The shear capacity of the carriageway beam was checked at a distance d, 2d, 3d and 3.5d away 

from the support, in line with standard procedures.  

8.3 Bridge geometry and material  

The bridge chosen to illustrate the assessment and strengthening techniques developed in this 

dissertation consists of a two-span slab-on-beam continuous deck. Both sides of the bridge 

contain a footway. The overall beam length is 30 m, with two equal spans of 15 m each. The 

bridge deck consists of five 690 mm deep reinforced concrete continuous beams topped off 

with a 160 mm deep slab. The 0verall height of the beams is therefore 850 mm and they are 
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spaced at 1.8 m, centre to centre. The cross-section of the bridge is shown in Figure 8.1 and the 

equivalent single beam cross section is shown in Figure 8.2.  

 

a) 

 

b) 

Figure 8.1 – a) bridge cross-section with applied load and effective width and b) side view 

 

 

Figure 8.2 Carriageway beam cross-section 
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Full mechanical continuity between adjacent precast spans is realised by integration of the 

separate bridge beams into a reinforced concrete crosshead over the middle support, as shown 

in Figure 8.3. The in-situ integral crosshead over the support is cast between and around the 

beams on both sides, while top and bottom longitudinal reinforcement are adequately lapped 

between the beams to secure longitudinal continuity.   

 

Figure 8.3 Full continuity: in situ integral crosshead 

The top and bottom longitudinal reinforcement is formed using six 40 mm deformed bars 

(B500B-BS 4449:2005) with tensile reinforcement ratio of 2.45%.  Grade 275 steel shear links 

of 10 mm diameter are spaced at 425 mm centre-to-centre, representing a reinforcement ratio 

of 0.1 %, which is kept constant along the beam. This low percentage of shear reinforcement 

is not uncommon in older bridges. The beam’s concrete strength is assumed to be around 60 

MPa, again in keeping with real concrete strengths often found in older bridges. The effective 

depth of the beam is 770 mm. 

8.4 Load analysis 

• Permanent load 

The effective span of each beam is taken as 14.6 m since bearing pads are assumed to be 0.4 m 

x 0.4 m at external supports and 0.4 m x 0.8 m at the middle support. The effective width of 

the flange is 1.8 m. 
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The permanent loads acting on the bridge are dead load and superimposed dead load. Each of 

the depth of the road surfacing and the depth of the fill were assumed to be 150 mm, which is 

characteristic for the motorway bridges. 

Table 8.1 shows the values assumed for the dead and superimposed dead load acting on the 

carriageway beam. The assessment loads, QA*, are determined from the nominal loads, QK, 

according to the equation QA* = 𝛾𝑓𝐿 * QK. In accordance with BD21/01, as given in Table 3.1, 

various partial factors for 𝛾𝑓𝐿 are chosen.  The assessment load effects, SA*, are then obtained 

from the relation SA*= 𝛾𝑓3 * (effects of 𝛾𝑓𝐿 * QK). Factor 𝛾𝑓𝐿 is applied to account for inaccurate 

assessment calculations, as in Clause. 3.10. 

Table 8.1 Dead and superimposed dead load 

 

Material unit 

weight 

[kN/m3] 

Nominal 

load 

QK [kN/m] 

Partial factor 

𝛾𝑓𝐿 

Factor 

 𝛾𝑓3 

Assessment 

load 

SA [kN/m] 

Self-weight 24 13.5 1.15 1.1 17.1 

Road 

surfacing 
23 6.21 1.75 1.1 12.0 

Fill 21 5.67 1.2 1.1 7.5 

Total     36.6 

 

• Live Load 

The HA UDL loading was calculated according to the equation: 

HA UDL = 336 * (1/L)0.67 [8.1] 

where L is the loaded length in meters. The HA UDL is applied together with a KEL uniformly 

distributed across the lane width bL of 2.5 m. The adjustment factor AF for spans less than 20 

m is 1.46. Considering high traffic and poor surfacing, the reduction factor K is determined 
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from BD21/01 depending on the loaded length L. The nominal values of Live load are 

calculated from the following equation:  

Snom =
Applied load ∗ K ∗ bf

bL ∗ AF
 [8.2] 

Table 8.2 shows the values taken for the live loading acting on the carriageway beam. 

Table 8.2 Live load 

 Applied load K 
Nominal 

load Snom 

Partial factor 

𝛾𝑓𝐿 

Factor 

𝛾𝑓3 

Assessment 

load 

SAL [kN/m] 

HA UDL 

[kN/m] 
57.3 0.91 25.7 1.5 1.1 42.4 

KEL [kN] 120 0.91 53.9 1.5 1.1 88.9 

The schematics of the applied loading assumed to exist on the carriageway beams considered 

here are shown in Figure 8.4. 

 

Figure 8.4 – Live loading on continuous carriageway beam 

 

8.5 Assessment of the beam shear resistance 

The ultimate shear capacity of the beam loaded at various locations along the beam was 

assessed using the upper-bound plasticity model developed in the present research. The 

proposed model showed that the carriageway beams do not have adequate shear capacity to 

withstand the 40 Tonnes Assessment Live Load in the shear span up to 3.5d from the middle 

support, see Table 8.3. For each position of the KEL, the total energy dissipation, ED, from 

concrete, longitudinal reinforcement and shear links was compared with the external work done 
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on the beam, WD, until the ratio λ exceeded unity. Figure 8.5 shows the predicted failure 

patterns in each case. 

Table 8.3 – Shear capacity assessment based on the 

proposed model 

Position of KEL 
𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙

WD
=

𝐸𝐷

𝑊𝐷
 

 [m] 

d 0.77 0.7 

2d 1.54 0.82 

3d 2.31 0.97 

3.5d 2.695 1.10 

 

 

a) 

 

b) 
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c) 

 

d) 

Figure 8.5 Predicted failure modes for each shear span: a) d, b) 2d, c) 3d and d) 3.5d 

8.6 Shear strengthening 

The assessment calculations have shown that, according to the upper-bound model, the 

carriageway beams are theoretically unable to safely carry 40 Tonnes Assessment Live Load, 

and may need to be strengthened in shear using the Deep Embedment technique up to a distance 

3.5d from the middle support. The required amount of strengthening can be determined by 

comparing the energy dissipation from concrete, longitudinal steel, shear links and DE bars 

with the work done by the external loading to obtain a ratio λ equal or bigger than 1. Tables 

8.4 to 8.9 show the variation in the coefficient λ for each chosen shear span where besides the 

conservative strain of 0.4 %, strains of 0.7 % and 1% are considered for CFRP and GFRP bars, 

respectively, in line with previous findings in this dissertation.  
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Table 8.4 – Beams strengthened with vertical CFRP bars 

Position of KEL 
𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓,0.4

WD
 𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓,0.7

WD
 

 [m] 

d 0.77 1.00 1.07 

2d 1.54 1.07 1.15 

3d 2.31 1.24 1.24 

3.5d 2.695 1.34 1.37 

Figures 8.7 to 8.9 show the predicted failure modes for each chosen shear span and the amount 

of vertical DE bars needed to increase the shear capacity of the beam to provide the results in 

the accompanying tables. The assumed spacing of the DE bars is identical to that of the internal 

shear links at 425 mm. The properties of the DE bars and epoxy resin are assumed to be 

identical to those used in the experimental part of this work.  The proposed model allows for 

either or both of a reduction in the DE bar diameter and an increase in DE bar spacing to be 

accounted for in the calculations. . Figure 8.6 presents the strengthened carriageway beam 

cross-section. 

 

Figure 8.6 Strengthened carriageway beam cross-section 

Note that, although it is unlikely that different DE bar diameters at different spacing would be 

used in practice, it is however, included into this beam-strengthening example to illustrate how 

model successfully follows the shear force change with shear span change. 
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a) CFRP bars: 2 Ø13 + 2 Ø10 b) CFRP bars: 2 Ø13 + 4 Ø10 

 

c) CFRP bars: 2 Ø13 + 6 Ø10 

 

d) CFRP bars: 2 Ø13 + 6 Ø10 

Figure 8.7 - Predicted failure modes for each shear span when vertical CFRP DE bars are 

considered: a) d, b) 2d, c) 3d and d) 3.5d 

 

Table 8.5 – Beams strengthened with vertical GFRP bars 

Position of KEL 
𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓,0.4

WD
 𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓,1

WD
 

 [m] 

d 0.77 1.00 1.35 

2d 1.54 1.04 1.09 

3d 2.31 1.15 1.20 

3.5d 2.695 1.22 1.25 
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a) GFRP bars: 2 Ø25 + 2 Ø6 b) GFRP bars: 2 Ø25 + 4 Ø6 

 

c) GFRP bars: 2 Ø25 + 4 Ø6 

 

d) GFRP bars: 2 Ø25 + 4 Ø6 

 

e) GFRP bars: 2 Ø25 + 4 Ø6 

Figure 8.8 Predicted failure modes for each shear span when vertical GFRP DE bars are 

considered: a) d, b) 2d, c) 3d and d) 3.5d 
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Table 8.6 – Beams strengthened with vertical Steel 

bars 

Position of KEL 
𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓

WD
 

 [m] 

d 0.77 1.01 

2d 1.54 1.00 

3d 2.31 1.17 

3.5d 2.695 1.22 

 

  

a) Steel bars: 2 Ø14 + 2 Ø6 b) Steel bars: 2 Ø14 + 4 Ø6 

 

c) Steel bars: 2 Ø14 + 4 Ø6 

 

d) Steel bars: 2 Ø14 + 4 Ø6 

Figure 8.9 Predicted failure modes for each shear span when vertical steel DE bars are 

considered: a) d, b) 2d, c) 3d and d) 3.5d 
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Figures 8.10 to 8.12 show the predicted failure modes for each shear span at d, 2d, 3d and 3.5d 

together with the amount of inclined DE bars needed to increase shear capacity of the beam. 

Table 8.7 – Beams strengthened with inclined CFRP bars 

Position of KEL 
𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓,0.4

WD
 𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓,0.7

WD
 

 [m] 

d 0.77 1.00 1.17 

2d 1.54 1.04 1.08 

3d 2.31 1.14 1.17 

3.5d 2.695 1.27 1.31 

 

  

a) CFRP bars: 2 Ø13 b) CFRP bars: 2 Ø13 + 2 Ø6 

 

c) CFRP bars: 2 Ø13 + 4 Ø6 

 

d) CFRP bars: 2 Ø13 + 4 Ø6 

Figure 8.10 Predicted failure modes for each shear span when inclined CFRP DE bars are 

considered: a) d, b) 2d, c) 3d and d) 3.5d 
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a) GFRP bars: 2 Ø22 b) GFRP bars: 2 Ø22 + 2 Ø6 

 

c) GFRP bars: 2 Ø22 + 4 Ø6 

 

d) GFRP bars: 2 Ø22 + 4 Ø6 

Table 8.8 – Beams strengthened with inclined GFRP bars 

Position of KEL 
𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓,0.4

WD
 𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓,1

WD
 

 [m] 

d 0.77 1.04 1.44 

2d 1.54 1.05 1.08 

3d 2.31 1.18 1.20 

3.5d 2.695 1.23 1.29 
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e) GFRP bars: 2 Ø22 + 4 Ø6 

Figure 8.11 Predicted failure modes for each shear span when inclined GFRP DE bars are 

considered: a) d, b) 2d, c) 3d and d) 3.5d 

 

Table 8.9 – Beams strengthened with inclined Steel 

bars 

Position of KEL 
𝜆 =

E𝑐 + E𝑙 + E𝑠𝑙 + 𝐸𝑓

WD
 

 [m] 

d 0.77 1.05 

2d 1.54 1.04 

3d 2.31 1.15 

3.5d 2.695 1.26 

 

  

a) Steel bars: 2 Ø14 b) Steel bars: 2 Ø14 + 2 Ø6 

 

c) Steel bars: 2 Ø14 + 4 Ø6 
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d) Steel bars: 2 Ø14 + 4 Ø6 

Figure 8.12 Predicted failure modes for each shear span when inclined steel DE bars are 

considered: a) d, b) 2d, c) 3d and d) 3.5d 
 

8.7 Summary 

A summary of the results is presented in Table 8.10 for vertical and inclined DE bars. 

Table 8.10 Summary of predicted results 

Vertical DE bars 

Position of 

KEL 
CFRP GFRP STEEL 

 [m] 𝜆0.4 𝜆0.7 𝜆0.4 𝜆0.7 λ 

d 0.77 1.00 1.07 1.00 1.35 1.01 

2d 1.54 1.07 1.15 1.04 1.09 1.00 

3d 2.31 1.24 1.24 1.15 1.20 1.17 

3.5d 2.695 1.34 1.37 1.22 1.25 1.22 

Inclined DE bars 

Position of 

KEL 
CFRP GFRP STEEL 

 [m] 𝜆0.4 𝜆0.7 𝜆0.4 𝜆0.7 λ 

d 0.77 1.00 1.17 1.04 1.44 1.05 

2d 1.54 1.04 1.08 1.05 1.08 1.04 

3d 2.31 1.14 1.17 1.18 1.20 1.15 

3.5d 2.695 1.27 1.31 1.23 1.29 1.26 

The example here of a shear-deficient continuous carriageway beam being strengthened clearly 

demonstrates that using FRP/steel DE bars as additional shear reinforcement can provide an 

effective increase in shear capacity to safely carry 40 Tonnes Live loads.  
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Different types of DE bars, spacings and inclinations have been considered here for such beam 

strengthening. The model successfully follows the change in shear force at increasing shear 

span to enable the use of variable diameter bars spaced at variable distance. In this example, 

the required diameter of FRP DE bars is determined based on the results obtained when a strain 

of 0.4 % is considered. As can be seen from Table 9.10, consideration of an effective strain of 

0.7 % for CFRP and 1 % for GFRP bars would consequently enable use of smaller bar 

diameters, especially when the shear span is equal to d.     

In this particular example, both vertical and inclined bars seem to perform effectively. 

However, the reality is that vertical drilling is probably easier. In terms of material choice, 

GFRP is cheap and durable when shielded from otherwise potentially harsh environmental 

conditions. Therefore, it appears that the use of vertical GFRP bars is most sensible in this 

particular example.  
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9   CONCLUSIONS AND FUTURE DEVELOPMENTS 

9.1 Conclusions 

Due to the often conservative nature of common assessment methods, continuous concrete 

structures may be assessed to be inadequate in shear to carry a specified assessment load even 

though its actual strength may well satisfy the required demand. Development of a realistic 

assessment technique is essential to avoid extensive costs associated with strengthening and 

replacing existing structures.  When such a realistic assessment technique flags that 

strengthening is indeed required, it is equally important that the strengthening technique chosen 

is practical, cost effective and predictable in capacity. 

The research work presented here deals with shear strengthening of reinforced concrete 

continuous T-beams using the Deep Embedment (DE) technique. This technique involves 

drilling vertical or inclined holes through the beam cross-section and inserting steel or fibre 

reinforced polymer (FRP) bars into these holes. DE bars are then bonded to the surrounding 

concrete through an adhesive material.  One of the primary objectives of the present research 

was to broaden understanding of the behaviour of RC continuous T-beams strengthened in 

shear using the DE technique. Various parameters affecting the effectiveness of this technique 

were observed. Moreover, a realistic shear assessment model was developed to predict the 

shear capacity of strengthened and unstrengthened continuous elements. 

The experimental programme was carried out on ten RC continuous T-beams. Nine beams were 

strengthened using the DE technique. Different variables such as the type of DE bar material 

(steel, CFRP or GFRP), inclination of DE bars (900 or 450) and spacing between DE bars were 

studied. 

The results obtained have demonstrated that this technique is able to increase significantly the 

load carrying capacity of RC continuous beams which were originally deficient in shear. A 

significant increase in shear capacity was obtained in all the adopted strengthening 

configurations. The ultimate shear capacity increased on average by more than 50% across all 

the beams, demonstrating that the DE technique is indeed an effective solution for the 

strengthening of continuous RC T-beams deficient in shear, whether vertical or inclined bars 
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were adopted and regardless of the type of DE bar material used. Its practicality was also 

demonstrated. 

Carbon deep embedded FRP bars were shown to be most effective in increasing the shear 

capacity of strengthened specimens, on average by 76%. Glass deep embedded FRP bars 

contributed an average 67% increase in shear capacity, while steel DE bars increased shear 

capacity by about 50%. Since FRP bars appeared to be marginally superior in capacity terms, 

the use of FRP is suggested here owing to its lightweight (thereby aiding installation) and 

corrosion resistance. 

An important tie-up was discovered between the push-off testing regime and the continuous T-

beam results. Average recorded peak strains in the DE bars in the continuous beams of 0.69 % 

and 1.19 % in CFRP and GFRP bars respectively compare rather favourably with equivalent 

peak strains recorded in the push-off specimens (0.68 % and 1.14 % for CFRP and GFRP bars, 

respectively). Even though push-off tests provide slightly conservative results (strain gauges 

were crossed by the main shear discontinuity, which was not always the case in tested beams), 

this is still an important finding suggesting that they are good representative of results from the 

real beam tests when it comes to determining the levels of strain mobilised in the DE FRP bars. 

This can serve as a basis for improving the efficient design of future experiments. 

Steel DE bars were also found to be effective, and some steel DE bars ruptured at failure across 

all three strengthening configurations. This is another important outcome as it means that the 

bond between DE bars and concrete through the epoxy was extraordinarily strong, so that 

strains were able to climb locally, leading to DE bar rapture. Given that bond failure is often 

an issue in fabric-strengthened concrete structures, this high level of bond further emphasises 

the advantages of the DE technique. 

For the beams strengthened with vertical FRP bars, decreasing the bar spacing resulted in a 

higher contribution to shear resistance and led to the possibility of eradicating brittle shear 

failure completely.  

One of the fundamental findings of this research programme is that the inclined bars were not 

shown to be more effective than vertical bars. Inclined DE bars led to the formation of diagonal 
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lines of discontinuity that formed at an angle of about 220 with the horizontal axis versus about 

370 in cases using vertical DE bars, potentially providing higher concrete contribution. 

The values of strains collected from strain gauges installed on shear links suggested that the 

existing shear reinforcement did not have a significant influence on the effectiveness of the DE 

contributions. Strains recorded in existing shear links were significantly lower than strains 

obtained in the DE bars (only some of the existing shear links in the strengthened specimens 

yielded prior to failure and then mostly those in the region near the load). It is suspected that 

excellent bond conditions between DE bars and concrete enabled high attraction of shear 

resistance from the DE bars. However, note that some of the strain gauges installed in the zone 

near the load and intermediate support were not crossed by main yield lines of discontinuity. 

Thus, maximum strains in existing shear links could not be detected. Therefore, a detailed study 

on the effectiveness of existing shear reinforcement is required to capture maximum strains 

developed during tests as well as to define their interaction with DE bars. 

Application of the theory of plasticity proved to be well suited to the assessment of the RC 

continuous beams tested here as it considers the actual way in which a continuous beam 

behaves during collapse. Therefore, a powerful analytical approach, based on the upper-bound 

theory of plasticity, was developed and applied to unstrengthened specimens to produce 

realistic assessments of shear capacity. It was shown that the proposed upper-bound method is 

able to offer good shear predictions in the line with fib MC10 and ACI 318. EC2 and the BD44 

assessment codes, however, both provide conservative predictions.  

The upper-bound model was then extended to specimens strengthened using the deep 

embedment technique, producing accurate predictions for all specimens strengthened with 

steel, CFRP or GFRP bars. The assumption to consider that the FRP DE bars behave plastically 

in controlled bond slip (while the bars themselves are, of course, still elastic) seems to have 

been appropriate for bars in this experimental programme, based on observations of controlled 

bond slip behaviour at high strain. This implies that even when using deep embedded FRP bars, 

reliance can be made on the inherent plastic-based debonding of these bars to assume the 

necessary ductility to underpin this analysis procedure. This is a major finding.  

It transpires that a single yield-line collapse mechanism provides the best predictions for 

capacity. It produces results closest to those obtained in the tests.  When considering limiting 
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strains of 0.7 % for CFRP and 1 % for GFRP bars, the first mechanism provides mean actual 

to predicted ratios of 1.03 (CoV 6.8 %) and 1.10 (CoV 5.7 %) for specimens strengthened with 

CFRP and GFRP, respectively. Predictions are equally good when steel bars are considered at 

their yield capacity, with a mean actual to predicted ratio of 0.96 (CoV 9.1 %), confirming the 

validity of the first proposed mechanism. 

Under predicted results are provided by the second mechanism. When considering limiting 

strains of 0.7 % for CFRP and 1 % for GFRP bars, the second mechanism provides mean actual 

to predicted ratios of 1.32 (CoV 1.9 %) and 1.29 (CoV 8.30 %) for specimens strengthened 

with CFRP and GFRP, respectively. When steel bars are considered at their yield capacity, 

mean actual to predicted ratio of 1.19 (CoV 4.40 %) was obtained. It appears that an assumed 

mechanism in which concrete contribution does not play an important part, is unsuitable for 

tested continuous T-beams. As previously shown, EC2 which considers only steel contribution 

and ignores the concrete contribution to the shear capacity, gives the most conservative 

prediction of the tested beam. On the other hand, the second proposed mechanism provides a 

better indication of the real shape of the yield lines compared to the first mechanism, 

particularly in the case when vertical DE bars are used.   

To demonstrate the practical applicability of the proposed analytical model, the shear 

assessment and strengthening procedure was applied to an existing RC continuous bridge. The 

example here of a shear-deficient continuous carriageway beam being strengthened clearly 

demonstrates that using FRP/steel DE bars as additional shear reinforcement can provide an 

effective increase in shear capacity to safely carry the required live load. The model 

successfully follows the change in shear force at increasing shear span to enable the successful 

design of DE bars at variable spacing. 

9.2 Future developments 

In reality, almost every concrete structure is continuous in nature, but almost every laboratory 

test on concrete structures is simply-supported in nature. The work described here emphasises 

the need for further study into the behaviour of RC continuous T-beams shear strengthened 

using the Deep Embedment technique. More experimental data is needed to contribute to a 

better understanding of continuous elements shear strengthened in this way. Such testing 
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should be complemented by further testing on push-off specimens, which have been shown to 

model beam tests adequately in a resource-efficient manner. 

Previous research indicated a significant influence of concrete compressive strength on the 

effectiveness of strengthening techniques that rely on bond strength between FRP material and 

concrete. Therefore, testing RC continuous elements of varying concrete compressive strength 

should be carried out. The influence of bar diameter and thickness of adhesive layer should 

also be investigated. 

Brindley et al. (2017) showed that shear capacity can be significantly increased with deep 

embedded CFRP bars as additional shear reinforcement. An extensive research programme 

could usefully be conducted on small- and large-scale continuous T-beams strengthened using 

the DE technique to examine the size effect in such elements. 

Further development of the proposed plasticity-based analytical model is needed to be able to 

include it within design and assessment standards for continuous reinforced concrete structures. 
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10   APENDIX 1 

10.1 Plastic analysis of shear transfer for push-off specimens 

• Predicted capacity of the control specimen; CON: 

Effectiveness factor 𝜈 0.23 / 

Concrete compressive strength 𝑓𝑐  60 [kN] 

Shear plane height ℎ 300 [mm] 

Shear plane width 𝑡 200 [mm] 

Displacement vector angle  𝛼 370 [0] 

 

𝑃 =  
1

2

𝜈𝑓𝑐(1 − sin(𝛼) ℎ𝑡

cos (𝛼)
= 0.5𝑥

0.27𝑥60𝑥(1 − sin(370))𝑥300𝑥200

cos(370) 𝑥1000
= 208 𝑘𝑁 

 

• Predicted capacity of specimens strengthened with inclined CFRP bars; C100∠, C150∠ 

and C200∠: 

Effectiveness factor 𝜈 0.27 / 

Concrete compressive strength 𝑓𝑐  60 [kN] 

Shear plane height ℎ 300 [mm] 

Shear plane width 𝑡 200 [mm] 

Displacement vector angle 𝛼 37 [0] 

Effective strain of CFRP bars 휀𝑓 0.4 and 0.7 [%] 

Modulus of elasticity of CFRP 

bars 
𝐸𝑓 124 

[GPa] 

Area of CFRP bars 𝐴𝑓 28.27 [mm2] 

Bar inclination θ 45 [0] 

 

𝑃 =  
1

2

𝜈𝑓𝑐(1 − sin(𝛼) ℎ𝑡

cos (𝛼)
+

휀𝑓𝐸𝑓𝐴𝑓𝑐𝑜𝑠(𝜃 − 𝛼) 

𝑐𝑜𝑠 (𝛼)

= 0.5𝑥
0.27𝑥60𝑥(1 − sin(370))𝑥300𝑥200

cos(370) 𝑥1000
+

0.004𝑥124000𝑥28,27𝑥𝑐𝑜𝑠(450 − 370)

cos(370) 𝑥1000

= 277 𝑘𝑁 (0.4%) 𝑜𝑟 303 𝑘𝑁 (0.7%) 

 

• Predicted capacity of specimens strengthened with horizontal CFRP bars, C75∟ and 

C150∟. 

Effectiveness factor 𝜈 0.27 / 

Concrete compressive strength 𝑓𝑐  60 [kN] 

Shear plane height ℎ 300 [mm] 
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Shear plane width 𝑡 200 [mm] 

Displacement vector angle 𝛼 37 [0] 

Effective strain of CFRP bars 휀𝑓 0.4 and 0.7 [%] 

Modulus of elasticity of CFRP 

bars 
𝐸𝑓 124 

[GPa] 

Area of CFRP bars 𝐴𝑓 28.27 [mm2] 

Bar inclination θ 0 [0] 

 

𝑃 =  
1

2

𝜈𝑓𝑐(1 − sin(𝛼) ℎ𝑡

cos (𝛼)
+

휀𝑓𝐸𝑓𝐴𝑓𝑠𝑖𝑛(𝛼) 

𝑐𝑜𝑠 (𝛼)

= 0.5𝑥
0.27𝑥60𝑥(1 − sin(370))𝑥300𝑥200

cos(370) 𝑥1000
+

0.004𝑥124000𝑥28,27𝑥𝑠𝑖𝑛(370)

cos(370) 𝑥1000

= 263 𝑘𝑁 (0.4%) 𝑜𝑟 279 𝑘𝑁 (0.7%) 

 

 

• Predicted capacity of specimens strengthened with inclined GFRP bars; G100∠ and 

G200∠: 

Effectiveness factor 𝜈 0.27 / 

Concrete compressive strength 𝑓𝑐  60 [kN] 

Shear plane height ℎ 300 [mm] 

Shear plane width 𝑡 200 [mm] 

Displacement vector angle 𝛼 37 [0] 

Effective strain of CFRP bars 휀𝑓 0.4 and 1.0 [%] 

Modulus of elasticity of CFRP 

bars 
𝐸𝑓 46 

[GPa] 

Area of CFRP bars 𝐴𝑓 28.27 [mm2] 

Bar inclination θ 45 [0] 

 

𝑃 =  
1

2

𝜈𝑓𝑐(1 − sin(𝛼) ℎ𝑡

cos (𝛼)
+

휀𝑓𝐸𝑓𝐴𝑓𝑐𝑜𝑠(𝜃 − 𝛼) 

𝑐𝑜𝑠 (𝛼)

= 0.5𝑥
0.27𝑥60𝑥(1 − sin(370))𝑥300𝑥200

cos(370) 𝑥1000
+

0.004𝑥46000𝑥28,27𝑥𝑐𝑜𝑠(450 − 370)

cos(370) 𝑥1000

= 255 𝑘𝑁 (0.4%) 𝑜𝑟 275 𝑘𝑁 (1.0%) 

 

• Predicted capacity of specimens strengthened with inclined steel bars; S100∠ and 

S200∠: 

Effectiveness factor 𝜈 0.27 / 

Concrete compressive strength 𝑓𝑐  60 [MPa] 

Shear plane height ℎ 300 [mm] 

Shear plane width 𝑡 200 [mm] 

Displacement vector angle 𝛼 37 [0] 
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Yield strength 𝑓𝑦 560 [MPa] 

    

Area of steel bars 𝐴𝑓 28.27 [mm2] 

Bar inclination θ 45 [0] 

 

𝑃 =  
1

2

𝜈𝑓𝑐(1 − sin(𝛼) ℎ𝑡

cos (𝛼)
+

휀𝑓𝐸𝑓𝐴𝑓𝑐𝑜𝑠(𝜃 − 𝛼) 

𝑐𝑜𝑠 (𝛼)

= 0.5𝑥
0.27𝑥60𝑥(1 − sin(370))𝑥300𝑥200

cos(370) 𝑥1000
+

28,27𝑥𝑥560𝑥𝑐𝑜𝑠(450 − 370)

cos(370) 𝑥1000
= 281 𝑘𝑁
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