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"The mathematics are either Pure or Mixed, Mixed 
hath for subjects some axioms or parts of natural 
philosophy - - - - for many parts of nature can 
neither be invented with sufficient subtility, nor 
demonstrated with sufficient perspicuity, nor accom
modated into use with sufficient dexterity, without 
the aid and intervening of the mathematics.

And as for the Mixed Mathematics, I may only 
make this prediction, that there cannot fail to be 
more kinds of them, as nature grows further disclosed."

SIR FRANCIS BACON
The Advancement of Learning
Second Book
1605



SUMMARY

The control of systems with time-delay elements 
is reviewed. The differences between continuous 
and sampled-data control are discussed. A control 
method (for digitally controlled systems) is proposed 
based on the method due to O . J, Smith for continuously- 
controlled systems with a single delay.

The effects of imperfections in the system model, 
and the effects of disturbance to the system are des
cribed and analysed.

The method is extended for cascaded and other 
systems where the effect of delays is inseparable from 
the plant dynamics.

Simulation studies using a hybrid computer are 
presented and discussed, in particular the effect of 
the use of short and extended shift registers for the 
simulation of pure time-delays is given detailed treat
ment .
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INTRODUCTION

The study of systems which include one or many 
time-delay elements is an interesting one. Ît is
of interest to the Mathematician because the trans
cendental equations that arise naturally in the 
analysis of such systems are far from trivial, and 
some still await solution! The classical problems 
of the extraction of roots for example does not extend 
in any obvious manner to such equations. (Ba 1)
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'it.is of interest to the Engineer who may well 
be concerned with measurement and control of systems 
with delays\ Examples arising naturally in Chemical, 
Mechanical and Electrical Engineering will be mentioned 
later.

The subject has been at some time of interest to 
the Physicist also, the classic paper of Callender, 
Hartree and Porter is well known. (Ca 1)

The study of time-delay systems should also be 
important to the Politician and Economist. Sampled- 
data systems began to be widely studied in the 1940*s 
(Ja l), and more so recently due to the increasing 
(and fashionable) use of the digital computer.

The author's interest was first drawn to the 
problems of sampled-data control during the design of 
a special purpose digital computer for the control of 
a steerable aerial (Ma 1). The application of 
sampled-data control theory to systems with time- 
delays is an extension of this interest.

It is hoped that the work of this thesis further 
illuminates the area where Mathematics and Engineering 
over-lap.

This study is divided into four parts. The 
review is a survey of the literature to mid 1971, 
both of the analysis of continuous and discrete systems 
with time-delays.



The value of some of the published results, it 
will be shown, is brought into question as a result 
of simulation studies treated at the end of the review.

The second part consists of an extended discussion 
of O . J. Smith's method (Sm 1) for the control of con
tinuous systems with time-delay. This is important 
because the extension of the principles of this method 
are held by the author to offer the most promising 
entre from the continuous to the discrete case.
This extrapolation of Smith's method to the discrete 
case forms the corner-stone of the work of this thesis.

Part three discusses simulation studies to 
investigate the properties, advantages and design 
difficulties of the chosen method, particularly in 
respect of plant/model mismatch, and the effects of 
disturbances to the plant.

The fourth part discusses natural extensions of 
the method to more complex systems, and discusses 
applications.

The appendices discuss details of the simulation, 
and attempt to clarify some of the obscurities in the 
literature, in particular in the treatment of the 
sample-and-hold element.

Details of corrections to published designs are 
given together with brief notes on digital filter 
design, and conclude with an example of intersample 
analysis.



CHAPTER 1 
REVIEW

In 1.1 to 1.4 the "state-of-the-art" is reviewed 
of the mathematics of systems with time-delays.
Both continuous and discrete control is considered.

Simulation studies of published control designs 
are included to illustrate the variety of approach to 
digital control design and to illuminate the particular 
difficulties of this type of control.

For completeness plants both with delay and 
without delay are considered and compared.



CHAPTER 1.1 
ANALYSIS OF SYSTEMS WITH TIME-DELAY

1.1.1 INTRODUCTION
To produce a universally satisfactory definition 

of system is difficult (Be 2). We shall use system 
in this work to describe a set, or sets of variables 
interconnected in some way and describable to sufficient 
accuracy for our purposes by a set of mathematical 
relationships. It is usual to denote some variables 
as input variables (inputs) and some as output varia
bles (outputs) and what appears physically, or in 
theory, between inputs and outputs as "the system".

We shall be concerned with constant linear systems.
All real systems are of infinite order, though in prac- 

eti$e the order is often taken as finite without signi
ficantly affecting either stability analysis or con
troller design. This will be true if neglected 
time-constants or time-delays are very much smaller 
than the reciprocal of the unity gain frequency.
For those real systems in which time-delays occur, 
and for which the above approximation is invalid, it 
may still be possible to neglect high order terms 
other than those associated with the delay.

Any time-delay system may be arbitrarily divided 
for purposes of analysis into a dead-time and a 
system determined by ordinary differential equations 
of finite order, if we take as a definition of dead-
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time the time between stimulus and any significant 
change of any derivative of output.

We are not concerned with distributed time lags 
such as might occur in a dispersive medium in which 
the time-delay itself produces distortion as well as 
delay. We restrict ourselves to the case where it 
is not possible to gain access to the system both 
immediately before and after the delay elements.
We shall explore later the case where measurements 
may be made freely at any points in the time-delay 
system.

It is the intention of the author that the choice 
of control method should not be dictated by the inade
quacy of existing control theory to deal with the 
mathematical difficulties associated with the solution 
of certain transcendental equations. It is possible 
that poorer control than is possible will result if 
the higher order terms in the plant are neglected 
for mathematical convenience.

As specifications become more stringent the real 
system and its mathematical description must approach 
more closely, and it is intended that this study should 
aid steps in this direction.

Denoting response, , to a stimulus, ,
we have '̂ (ér) across the time-delay T.



It is simple to imagine and describe such delays 
but they give rise to many mathematical difficulties.

The only departure from linearity that will be 
discussed is in 3.3 where the extremely important 
effects of "quantisation" will be described.

1.1.2 TRANSFORM METHODS
Given that the system is linear and with constant 

coefficients it is appropriate to use integral trans
form methods to simplify the analysis. The literature 
for linear systems without time-delays is extensive 
(and repetitious). The techniques of the Laplace 
Transform are well known and widely-applied to such 
systems. Such "delay-free" systems are describable 
by linear differential equations with constant coeffi
cients. The central difficulty in the use of trans

isform methods being the need to find the roots of a 
polynomial of order equal to the order of the system. 
This problem has been of interest to the mathematician 
for many centuries, and there are well established 
methods. The knowledge of these roots enables the 
response to be found for all inputs, and knowledge of 
the unfactored polynomial and some minor manipulations 
enables statements to be made concerning the "stability" 
of the system. (Tr 1, Be 1)

With the addition of dead-time to a system 
Laplace Transform methods are still appropriate, the

-STtransfer function of a single time-delay I being ^
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However, the inclusion of this additional term 
increases the mathematical complexity as the 
"characteristic equation" of the system is now 
transcendental, the number of roots is now infinite, 
and stability criteria based on the coefficients of 
the characteristic equation are no longer direct.

1.1.3 GRAPHICAL METHODS
An excellent survey of methods available to 1962 

is given by N. H. Choksy (Ch 1), where the graphical 
approach due to Satch^ (Sa 1, Ts 1 ) is shown to be an 
improvement on the naive (but intuitively appealing) 
use of the Nyquist diagram in the stability of time- 
delay systems. As the time-delay has an apparently 
simple description in the Nyquist diagram, i.e. the 
unit circle on the origin the difficulties are at first 
unsuspected. It is the ambiguity of phase that gives 
rise to the difficulties, e.g. the number of roots.

An extreme example, which is perhaps open to the 
objection that it has finite gain at infinite fre
quency, is the following.

A closed-loop negative feed-back system consisting 
of feed-back round a single delay *7̂  has the charac- 
teristic equation I -4- -e. —  O  . This has
roots on th^to axis at 5 — J  jff equi-
spaced from -dz J to infinity in both directions,
and this is the simplest closed-loop time-lag case!
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The time-delay has a simple description in the 
Bode diagram, and this author is surprised to find so 
few references using this approach, Hakim (Ha 1) 
has used linear phase plots in the analysis of trans
istor feed-back circuits to take account of "excess- 
phase" in the design of wide-frequency feed-back 
amplifiers.

Another graphical technique, both for stability 
and design is due to Chu (Ch.3); it is based on the 
root-locus approach of W, R. Evans (Tr 1) and uses
super-position of phase loci, and the gain and phase-

- .loci for delay: ^  and —

Although not pursued here it is clear that this 
method will provide insights into the solution of 
transcendental equations of the type =- ̂

which it is understood are difficult to solve by 
numerical methods.

Examples of stability boundaries in the coef
ficient plane are given in Chocksy (Ch 1).

1.1.4 ANALYTICAL METHODS
Analytical methods are concerned with the two 

problems:- stability, and degree of stability, the 
latter being indicated from the roots of the charac
teristic equation (Ba 3). For the single-input,
single output system this will reduce to the form 

/ , Ic - S T/ =■ Q  the order of the polynomial
P^Obeing less than or equal to that of
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Therefore 0  -f* /C ) =- O  and in the
case of several delays in a system with minor loops 
the equation will generalise to

CS-Ô >6=0an equation similar to those treated by Pontryagin 
(P6 1) on the zeroes of exponential polynomials.
If negative powers in S are removed by multiplying 
through, and if S is then replaced b y p o l y n o m i a l s  
of the type ^  d'J result. Criteria
for stability depend on the zeroes of 
which in general contain trigonometric and algebraic 
terms, and are thus only of a reduced order of com
plexity than the original. The most directly 
applicable results are quoted in Choksy (Ch 2) who 
also warns of the pitfall of using a truncated Taylor 
Series for the negative exponential terms in the 
characteristic equation. Suitably chosen examples 
show that as the order of the lowest neglected term 
increases the roots may indicate alternately a stable, 
or unstable system. We shall see later that the 
application of other intuitively appealing methods 
fail - underlining the dangers in generalising too 
loosely from well established linear d^day-free 
systems.

1.1.5 MIXED METHODS
Karmarkar (Ka l) in two recent papers has dis

cussed further extensions of Pontryagin*s results. 
With other than.the simplest systems it is necessary
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to consider the terms introduced
earlier resolved once more into trigonometric terms 
and terms involving design parameters. Criteria 
are given for plotting stability regions in para
meter space for two design parameter systems and an 
extension using computing techniques for multi
parameter systems. These methods are extended to 
non-linear and distributed parameter systems.

Computing methods include the mechanisation of 
root-locus techniques. (Wi 1)

1.1.6 SIMULATION METHODS
For linear systems of the type described the 

hybrid computer is a clear candidate for simulation 
studies. Given that a suitable simulation for dead
time is possible, and this is by no means straight
forward, it is evident that fairly clear-cut methods 
are available for studying such systems. Meadows 
(Me 1) introduces an analogue computing technique to 
investigate stability in the Nyquist diagram for 
systems where the characteristic equation is known. 
This technique does not require the simulation of 
delays in the time-domain. The time-delay simula
tion is treated in detail in Appendix A4. Details 
of analogue computer simulation are discussed closely 
in Appendix A2
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CHAPTER 1.2 
ANALYSIS OF SAMPLED-DATA SYSTEMS

1.2.1 INTRODUCTION
Before the 1950's techniques for linear, constant 

systems had become well established, with the exception 
of root-locus methods. It is not surprising that 
the analysis of sampled-data systems attempts, where 
possible, to follow closely existing methods for con
tinuous systems.

The numerical analyst has devoted himself for at 
least four-hundred years (To 1) to the analysis of 
data given in tabulated form. If the data are given 
in terms of equi-spaced values of the argument the 
numerical analysts' problems are entirely analogous 
to the problems of stability and control which arise 
when measurements of a varying physical quantity are 
available only at equi-spaced instants of time.

Due to the difficulties in making precise 
measurements quickly, and processing accurate data 
without the introduction of errors the analysis and 
use of sampled information has become increasingly 
important. Specifications of system performance 
have become more stringent (Ma 1) as the digital 
computer has become more readily available for on
line use in system control.
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The Statistician has interested himself in a 

much greater variety of sampled-data, and the analysis 
of cime-series such as we are concerned with here is 
now a central problem in statistical theory (and 
practice).

It is not a coincidence that the z-transform, a 
natural tool in sampled-data analysis was developed 
for different purposes, and under a different name as 
early as 1730 by De MoiVre before "systems" or even 
"branches" of engineering were known.

Present methods of analysis of sampled-data 
systems have arisen from this three-pronged attack 
on sampled-data problems.

It is unfortunate that the numerical and trans
form approach are still in a sense rivals, and methods 
of attack still depending too strongly on the back
ground - mathematical or engineering biased - of the 
analyst. That the author of this thesis had the 
up-bringing of a Phycisist hopefully will enable an 
objective view to emerge.

However control-system theory can still benefit 
from the study of numerical analysis - and the 
numerical analyst can learn much from the physical 
approach of the engineer or applied phycisist.

The transform approach, the rigour of which is 
still occasionally brought into question, (Az 1, Do 1, 
Do 3, Ro 1 , Ca 1) is gradually giving way to time-
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domain methods (Do 2, To 2), which have the two-fold 
advantage of being (1 ) amenable to digital computer 
solution arising from (2) the way in which Matrix 
theory arises naturally in the time-domain descrip
tion. Both time- and transform-variable methods 
rest on the central results of linear system theory 
the convolution integral, and the corresponding con
volution sum.

Of the literature on sampled-data systems, four 
references have been particularly helpful. The 
paper by R. H. Barker (Ba 1), the books by Monroe 
(Mo l) and Jury (Ju l) and the book by G. Doetch (Do l). 
The first gives deeper physical insight, the second 
and third illuminate the digital computing, and z- 
transform approach and the fourth emphasises the need 
for great care in the application of published methods. 
The books by Tou (To l) and Kuo (Ku 1) have also been 
found useful.

Sampled-data systems differ from continuous 
systems in three important ways, firstly, such systems 
have a time-varying element, a sampler, which for our 
purposes will sample periodically: secondly, an
increasing number of sampled-data systems include 
digital controllers and there is inherent non- 
linearity (in the small) due to quantisation (Ed 1): 
thirdly, due to the presence of a digital computer in 
the control-loop there are delays due to finite cal
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culation times. This third problem is receding due 
to the much higher computation rates now possible. 
Delays inherent in the plant itself are those with 
which we are interested here.

As the sampling process is periodic it will be 
convenient to take the time origin at a sampling 
instant. The time-origin is not freely disposable 
as in continuous systems, and care has to be taken in 
attempting to define a transfer function not to 
interpret its use as freely as in a continuous system. 
This is a difficulty rather of concept than of prac
tice .

One is interested in the response of sampled 
systems at other than the instance of sampling.
While the response at the sampling instance is 
straightforward to find - the additional complexity 
of calculation for intersample behaviour is formidable. 
The modified transform due to Barker (Ba 1, 2), and the 
use of fictitious synchronous samplers (Ku 1, To 1,
Do l) are advanced as suitable methods. Their use
is discussed in Appendix 7.
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CHAPTER 1.3 

CONTROL-METHODS FOR SYSTEMS WITH TIME-DELAY

1.3.1 INTRODUCTION
Methods for continuous systems may be subdivided 

into approximation methods and direct methods.

Approximation methods arise out of the desire to 
use methods existing for delay-free systems as much as 
possible. If the time-delays are short compared 
with other time constants in the system there will be 
little difference in open loop response at frequencies 
of interest (i.e. particularly to unity-gain frequency). 
This is an exploitation of the constant amplitude 
response curve and the attendant small phase shift 
(where it is most important) due to the smallness of 
the — W p h a s e  term. Several methods - all
extensions of delay-free methods have been described 
(Bu 1, Mi 1, Mo 1, Mo 3). Were all delays so small
there would be no need for more techniques, Some 
simulation studies have even assumed that for purposes 
of approximation the effect of a delay may be represen
ted as a first-order lag.

An extension of this technique for larger delays 
is to use higher order approximations - such as that 
due to Pad^ (Fi 1). There are dangers here however 
as the use of such approximations involve the trunca
tion of a Taylor Series which can lead to errors, 
particularly in stability studies. The difficulties
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of simulation of time-delays are discussed in A4.

Direct methods in which the delay enters into 
the calculations without approximation are few.
Even in the excellent method due to Smith (Sm 1) 
approximations not appearing in the theory appear 
in the realisation of the control scheme albeit for 
sound engineering reasons. The method is based on 
the assumption that the *̂ best” response is a delayed 
version of the delay-free response. This method is 
central to our approach and we described it in some 
detail.

1.3.2 O. J. SMITH’S METHOD
The discussion of Smith’s method is a condensation 

of Ref. (Sm 1). Refer to Fig. 1 (overleaf').

Let the linear plant be denoted by P(s) which is 
a product of two terms G(s) and the delay T(s).
Denote the feed-back loop transfer function by H(s) 
and a controller which has been designed on the 
assumption that time-delays are absent by, D(s).
D(s) is designed by conventional methods for continuous 
systems. (Tr 1, Ja 1).
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4-

Fie I

Input and output transforms are ZK,  ̂ ^ .

Fig, 2 shows the intended system where the new 
*controller D(s) is so designed that the system 

transfer function

/ -+ /V/SJ.

is maintained, i.e. that 2)^' is as before.

F/Û 2.
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It is an essential feature of Fig, 2 that there is no 
direct connection to the junction of G(s) and T(s).
In an actual plant parts of G(s) may appear before or 
after .T(s), but as the System is linear by definition 
no loss of generality results by assuming the terms in 
G(s) occur together.

By comparison of the closed loop transfer functins, 
or by block diagram manipulation it follows that D*(s) 
is related to D(s) thus:

2>
/ -h /V Ct. ( J— ~r \

where the argument(s) has been dropped for simplicity 
of notation. The form of this expression suggests 
synthesis by local feed-back resulting in the form 
shown in Fig. 3.

4-j

FIC3
Clearly this is a more obvious synthesis than by an 
additional series-stabiliser.
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The additional terms needed to remove the effects 

of delay are an additional H(s), G(s), T(s). H(s) 
is known, G(s) and T(s) are known. In a sense the 
additional feedback-loop(s) around D(s) model the 
plant, assuming that for the plant model the link 
from G(s) to T(s) is accessible.

It is now possible, in theory, to derive a con-
—s7~

trol for plant =■ by these additions.
—& !

A new difficulty is to simulate the delay term S. 
Polynomial transfer functions of finite order do not 
model «S. sufficiently well, as discussed in A4 but 
T(s) can be simulated sufficiently accurately for our 
purposes by a shift-register.

Smith’s approach to the difficulty of simulating 
-sT

the ̂  term was to include the unity term and simu
late { I ^  J One method discussed by Smith was 
to use a third-order approximation to dead-time.

which has a pole zero pattern symmetrical about the 
axis due to the all-pass characteristic of the 

time delay. ^ a r e  chosen "to give
an optimum response to a step transient".

0 -sr I—  JZ, J has the same poles but different zeroes.
The synthesis of the resulting third order transfer 
function then follows using conventional methods.
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Examples of this synthesis are given in Smith’s paper 
using either electrical or pneumatic elements.

G(s) is a model of the delay-free parts of P(s). 
It will be assumed that G(s) is known accurately and 
that its coefficients are constant. That this 
assumption may be somewhat unrealistic for real plant 
is accepted. The effects of possible plant-model 
mis-match are treated later, in 3.1.

The complete scheme for continuous control is 
as shown in Fig. 4 where all blocks are defined.

FIG.d
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1.3.3 DIGITAL CONTROL METHODS

It is desirable when designing a system involving 
digital control that it is not necessary for all the 
control to be digital. There is often some practical 
compromise to be found. Before using digital control 
it is necessary to ask - why digital control at all? 
There are many designs in which both continuous and 
digital control are used in conjunction. (Ma 1).
The author has heard used the expression ”What can be 
done digitally can be done at least as well by con
tinuous control". This is the sort of extreme point 
that must be made occasionally to avoid using digital 
control rashly in inappropriate cases. Digital con
trol is still expensive. The Smith approach was 
invented for continuous control. However the author 
holds its principle and realisation by minor loop 
feed-back worthy of extension to digital control.
An extension not anticipated in Smith’s paper using 
this approach is found (as was hoped) to be useful in 
making the steps from continuous to digital control 
straightforward. It helps to find the right com
promise (where it exists) between an all-digital and 
an all-continuous control. These steps will be dis
cussed in 2.1. Simulation studies will reveal in
2.2 how the choice is to be taken between the two 
extremes.

All discrete-systems contain time delays. The 
zeiD-order hold inherently introduced a delay equal to
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half the hold-time. All physical digital systems 
must contain a hold-device. The .’’fictitious" 
sampler concept is very aptly so-called. The 
difficulties arising in sampled-data physical sys
tem analysis relies very heavily on the idea of 
impulse-sampling and the difficulties discussed 
earlier centre on the use of this fiction.

The hold-time and the sampling time may be short 
however and their effects may sometimes be neglected 
(Ta 1, To I5 Ra l) and also where possible the finite 
computer-time in a digital controller.

However there are advantages to the use of a 
zero-order hold which occupies all of the inter-sample 
period, firstly the inherent extra ’’gain", and in our 
case the use of the inherent delay to simulate part 
of the plant delay-time.

Studies of delay-time have been concerned with 
time-delays from both causes - computing-time and 
plant-delay time. (Ju 1, To 1)

1.3.4 COMPARISONS OF DISCRETE AND CONTINUOUS CONTROL
Control methods for sampled-data systems, with or 

without delays, differ from continuous methods in three 
important respects. (Be 3, Bu 1)

Firstly, it is tempting to exploit apparent 
advantages of the sampled-data system; such as finite 
settling time.
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Secondly, the use of a (special-purpose) computer 
as a controller enables greater precision in design 
parameters and in the retention of data. (Mo 1, Ra 1)

Lastly, it is possible to use non-linear or con
ditional feed-back with data in digital form.

1.3.5 BARKER’S METHOD
The paper by Barker (Ba 2) is concerned with the 

digital control problem for systems with delayed feed
back which is formally equivalent to the problem we 
are concerned with. It is well known that addition 
of delay has, in general, a de-stabilising effect on 
a system, and Barker’s approach is to make the system 
behave as far as possible as it would in the absence 
of delay. Barker developed the modified z-transform 
both for the analysis of inter-sample behaviour of 
feed-back systems and also for the analysis of systems 
with delayed feed-back. We shall discuss this method 
in some detail.

are sequences of sample-values 
at the points shown in Fig. 5: (over
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C k

Fia 5

The sequence 5]̂  is the sequence necessary to 
give the desired response at is deter
mined assuming the absence of delay and stabiliser.

The stabiliser modifies the sequence which
has been affected by the delay in order to producej^^
It is assumed that the plant cannot be modified 
internally.

Barker*s method is not as clear-cut as the dia
gram suggests, for quoting Barker: "The controller
may be of the same form as when there is no delay 
though in general the values of the adjustable 
parameter may be different".

The stabiliser contains a numerator term to 
cancel the effects of the delay. To be realisable 
the stabiliser must contain denominator terms of at 
least the same order in ^  , these additional terms
make necessary the modification of "controller" para
meters. The controller parameters and stabiliser 
denominator terms are also modified to take account of 
the difference between the delay and an integral number
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of sampling periods.

The characteristic equation of the delayed system 
without the stabiliser is of the form

the effect of the
stabiliser being to modify the characteristic equation to

( ^  3 o

where the A*s are design constants. Barker discusses 
ways in which these design parameters may be chosen to 
give a desired disposition of roots, apart from those 
appearing at the origin. These roots can be chosen
to be the roots of the control system with delays 
absent. The controller and stabiliser can be com
bined into a single unit. The design difficulty is
associated with the choice of the A*s.

If a system such as this is subject to changes 
in plant characteristics due to changes in environ
ment say, it is not clear how control could be modi
fied systematically due to the way in which values of 
the parameters are chosen.

Methods of design in which the effects of plant 
parameter variation is explicit in the control scheme 
are desirable. Further details of and insights into 
this method are given in section 1.4 where various 
designs are simulated and compared.

1.3.5 AN ADDITlONAL METHOD
A recent paper by Gray & Hunt (Gr 1) discusses 

digital control for systems with time-delays, but
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clearly implicit in the method is access to plant 
variables. We assume throughout that only the 
plant output can be measured.
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CHAPTER 1.4 
SIMULATION STUDIES OF CONTROL METHODS

1.4.1 INTRODUCT ION
We consider here in detail control methods both 

for systems with and without delays. The methods 
selected are chosen for several reasons. They 
enable comparisons to be made of some published 
designs, and illustrate in which ways some designs 
are to be preferred to others.

As the method developed for digital control of 
systems with delay is based on Smith's approach to 
continuous control. Smith's method is given special 
attention.

The simulations also help the comparison of the 
extension of Smith's method to other methods.

Also included are the effects of parameter 
changes in the delay-free case for comparison with 
the similar effects discussed in 3,1 for digital 
control of systems with delay.

It will be re-called that the first stage of a 
Smith design involves a control design for the delay- 
free case. For this reason we have included here 
various digitally controlled delay-free examples. 
Later in 2.2 we shall add a delay element to these 
designs when we extend Smith's method to digitally 
controlled systems.
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Some of our examples are chosen from standard 

texts, but sufficient detail is given for completeness. 
Several of these published examples were found to be 
in error, usually for minor reasons but with major 
consequencies. Details of the corrections necessary 
to these published designs are given in Appendix A5. '

Central also to our method is the use of both long 
and short shift registers for the simulation of time 
delay. This is given some attention in this chapter 
with more detailed treatment in Appendix A4.

1.4.2 DETAILS OF THE RESPONSE MEASUREMENTS
In taking measurements from simulations of plants 

with delays, it is helpful for purposes of comparison 
to take measurements at the input to the delay element.

Fig. 6 shows a configuration common to many of 
our simulations both in this section and in 2 .2 , and 
parts of chapter three.

FIG. 6
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Although we assume that the point B, in Fig. 6 
is inaccessible for purposes of control, it will be 
assumed accessible for purposes of graphical com
parison. For the zero-delay case A and B are coin
cident .

If a Smith design is correct the responses at the 
point at B, both without the delay present, and with 
delay and additional minor-loop controller, should be 
identical.

1.4.3 SIMULATION OF DELAY
The simulation of plant delay in this thesis is 

at all times by means of a shift-register, with a 
clock rate significantly hi^er than the system unity 
gain frequency, i.e. the shift rate will be such that 
the transfer function is sufficiently close to 
for all cases of interest. Experiments to verify 
this approximation are described in A2, with detailed 
mathematical treatment in A4.

The delay in the delay model will in all cases be 
a short shift register, i.e. where the number of stages 
is small. We shall show that a surprisingly few 
stages will be needed. The relationship, established 
in A4, between plant delay 72 and number of stages /u 
is "72 “ 4  where is the intersample (or
inter-shift) time. This is for the case of a con
tinuous series controller. (For a digital series 
controller 'Têt -h A . )
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The shift register word-length is 10 bits 
corresponding to [ m.tt. giving a quantum size of

*00*2. m .

Volmeter measurement accuracy is to about 
or better. The effect of this quantisation is 
discussed for digital control in 3.3

1.4.4 DESIGN OF A SIMPLE SMITH CONTROL FOR A SECOND 
ORDER PLANT

K
We assume a plant of the form with

single loop negative unity feed-back. We assume
and choose k. to give closed-loop poles on 

the db3c>̂  lines in the closed-loop pole-zero diagram. 
This results in of O-XS' . Let this AZ be the
"controller". With the addition of delay to the 
plant, the additional minor loop control (via a Smith 
design) will be as shown in Fig. 7.

Mo 0^1—

CorJT£oî

e SCS'i-O'S'̂

/ —ST<<

a=-o*s

FIG 7
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In the experiments to follow we shall vary the 
amount of plant delay and model delay for various 
inputs, and also explore the effects of mis-match 
between the plant and its model, for continuous series 
controllers.

1.4.5 EXPERIMENTS FOR PLANT WITH DELAY WITH A 
CONTINUOUS SERIES CONTROLLER

Table 1-4(A) lists the experiments and the 
appropriate graphs. We shall give further details 
of the reasons for each of these experiments in turn 
with comments on the form of the results.

Table 1-4(D) lists the tests on plants with 
digital series - controllers where there are no plant 
delays. The cases where delays have been added to 
these delay-free plants is treated in Chapter 3.

1.4.6 EXPERIMENTAL RESULTS FOR CONTINUOUS SERIES 
CONTROLLERS

The computer programme, discussed in more detail 
in A2, enabled the length of the plant delay shift- 
register to be adjusted readily.

EXPERIMENT lA
The first series of tests used the example dis

cussed in 1.4.4

A nominal plant delay of 3.5 seconds was chosen, 
simulated by a shift register of 350 stages with a 
shift-rate of 100 per second.
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The minor loop simulation of delay model was 
chosen to a shift register of 3 stages, with a shift 
rate of 1 per second.

During the first experiment the length of this 
short shift register was fixed, the only variable 
being the length of the long shift-register, that 
simulating plant-delay.

Fig. 8 gives sufficient detail for our purposes - 
the definitions of each ^̂ block̂ ’ have been repeated for 
convenience.

The ideal response, i.e. that for the delay-free 
plant can conveniently be obtained from the point C 
in the diagram with S3 closed, and Si, S2 open, as 
plant and model are identical. This response was 
plotted.

All three switches were then closed and the output 
from B plotted on the same graph, lengths of plant 
delay • The results are shown on graph lA; 
where it will be seen that the response corresponding 
to seconds superimposes upon the ideal
response.

This accomplished twoihings. Firstly, the 
demonstration of Smith’s method for this simple 
example, and secondly that the short-shift register 
v;as suitable for the plant delay model.
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EXPERIMENT IB

One must be extremely careful in drawing con
clusions solely from the case of step-inputs.

For this reason the results are compared for 
step and sine wave inputs, firstly taking measure
ments from C, as before with S3 closed, and then 
making the comparison with the output from B with 
similar inputs. Graph IB shows that the corres
ponding results superimposed.

EXPERIMENT 1C
This demonstrates similar results for cosine 

forcing.

EXPERIMENT ID
So far the experiments have demonstrated the 

effects with a chosen length of short shift register.
We have shown that for 0 = 3  , and "7^=3'^ seconds
we have super position, i.e. the output with delay is 
exactly a delayed version of the response with delay.
In this experiment we observe the output at A, with 
all switches closed, i.e. Smith control for the cases 
where ^ . Where /I = 1 second and

= 1, 2, 3, 4, 5, and compare this with the delay- 
free result.

It will be seen that the responses are (sensibly) 
identical apart from the time-delay, thus demonstrating 
that the use of a short shift-register gives good con
trol .
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EXPERIMENT IE
This is a repeat of experiment ID except that a 

cosine input has been used. The ideal, delay-free 
response to the cosine is shown hatched. Again the 
only difference is the delay, in accordance with the 
principle.

EXPERIMENT IF
In this experiment Td is fixed at 3.5 seconds, 

and the short shift-register to 3 stages, so that we 
have the conditions of experiment lA.

We time-scale the plant and plant model by altering 
a, and k so that the delay-free system closed loop poles 
are still on the 30® line in the pole zero diagram.

The size of the input-step, and the time-scale of 
plotter are adjusted with each run. Tlie details of 
each run are given on the graph. The output responses 
are given on graph IF. The shape of the output is 
preserved, in accordance with the principle of the 
method. Of particular note on this graph is evi
dence of quantisation of the output. This is only 
because the effect of quantisation has been exaggera
ted by the rescaling.

EXPERIMENT IG
We have so far only examined the effects of mis

match with respect to plant delay - and its model.
In practice the plant will not be modelled exactly,



39 ‘

for were the plant fixed and known, and the plant 
delay fixed and known, there would be no need for 
feed-back at all. One of the principle needs for 
feed-back is ignorance of the plant parameters, in 
fact the ^^measure” of feed-back needed is in a sense 
*’a measure" of ignorance of the plant, or of distur
bance due to noise.

In this experiment we explore the effect of mis
match between a plant-time constant and the corres
ponding parameter in the model. The details of the 
runs are given on graph IG. It will be seen that 
the addition of delay to the plant has increased the 
sensitivity to mis-match, in spite of the extra feed
back terms. What one must recall is how the plant 
might have behaved with only the extra delay and no 
additional control. Such direct comparison is not 
possible, as without the additional control the loop 
is unstable.

EXPERIMENT IH
This repeats IG for variation of k. , with and 

without delay. Details of the runs are given on the 
graph. Again there is some deterioration of per
formance due to the inclusion of delay, but not to 
the extent of instability for the chosen change of 
parameter.
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1.4.7 GENERAL COMMENTS ON THE RESULTS FOR A 
CONTINUOUS SERIES CONTROLLER 

Experiments lA to IH have demonstrated the 
application and properties of the Smith method of 
control for plants which can be controlled by a 
continuous series controller. The power of the 
method, at least for a single plant, has been shown, 
and attention has been drawn to some of the design 
difficulties.

There is nothing in the literature, to the
author*s knowledge, which has drawn attention to the

3mihK*-
mis-match case for continuous^control. However our 
work is directed towards the corresponding problem for 
a discrete series controller.
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TABLE 1-4(A)
CONTROL VIA SMITH'S METHOD WITH CONTINUOUS 

CONTROLLER AND SHORT SHIFT REGISTER

Test Title of Experiment Graph

A Fixed length of SR with various j

delays. Step input.

B A, repeated with cosine inputs.

/c
C Comparison of responses for

plant, with and without Hedeley 
element. Various forcing 
functions.

D Various delays, with corres- /2j
ponding SR length. Comparison 
of responses to ideal. Step 
input s.

E D, repeated with cosine inputs.

F Effect of time-scale of plant. /P
Comparison of responses, to 
input steps.

G Effects ofplant/model mis-
match. Comparison of delay- 
free and delayed plant responses 
for a time-constant mis-match 
step-forcing.

H Repeated for variation in K.
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1.4.8 EXPERIMENTAL RESULTS FOR DISCRETE 
SERIES CONTROLLERS 

The tests in this series of experiments intro
duce various series digital controllers to which we 
shall add delays in 2 .1, 2.2

The particular controllers listed have been 
chosen for reasons mentioned in part in 1.4.1.
Details of experiments, and a brief discussion of 
the design is given for each case in turn.

EXPERIMENT 2A
For this first test was chosen a ^Minimal 

Response" design due to A. J. Monroe. (Mo l), p.231. 
The principle of a minimal response design, also 
called minimum-prototype design, is that the error 
at the sampling instants be brought to zero, and 
maintained there, in the minimum number of sampling 
instants. This design study is particularly well 
treated by Monroe and was used as a "dynamic test" 
of the computer programme. This test was used on 
each occasion on which modifications were made to 
the computer programme, and whenever there was any 
need to check the hybrid system out, for the detection 
of errors in either the analogue or digital parts of 
the hybrid computing system.

Monroe gives graphical results of his studies 
with estimates of the inter-sample behaviour.
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The plant in this case had the transfer function 
, with which must be included the

/_term--------——  of the sample-and-hold unit
3 A

following the series digital controller. Fig. 9 
shows the experimental arrangements, it was conveni
ent for us to take as the controller, reducing
the plant gain accordingly, A sample rate 1 per 
second was used.

F\c q

/ ^ - 3—  / /o6 z -f- ù Z — 6 6 6 ^  Z
/ -f- A 36̂ :2%̂  — —  O /9'S

a third order controller. The programme was such 
that controllers up to 5th order could be used.
(This was thought to be a realistic upper estimate.)

The experimental results confirmed Monroe*s 
design and our simulation giving good agreement at the 
sampling instants, in spite of quantisation ignored 
in the calculation, and the finite word length in the 
calculations.
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However our measurement of inter-sample behaviour 
shows Monroe's estimate to have been over pessimistic. 
Graph 2A shows our results. These are superimposed 
on Monroe's results in appendix A5, with corrections 
to other published data. We give in graph 2A step- 
and ramp response for this minimum prototype case, 
with Monroe's sample figures (suitably scaled).
Further data on this case is given in appendix A2, 
where the programme and its checks, are discussed.

EXPERIMENT 2B
As a further test on systems of the minimum- 

prototype form we simulated a further example due to 
Monroe (Mo 1, p.244). The plant is the same as in
experiment 2A. The'tipple-free response" was very 
little different from the earlier result for 2A, 
except that the first "undershoot" was eliminated, 
and as expected the settling time to zero sampling- 
point error was longer. Clearly quantisation 
effects will provide the limit to the minimum ripple 
to be expected. The quoted 1%)/^ (Mo 1, 14.83) was 
corrected to

( i _ Ü /76 ^
EXPERIMENT 2C

Further to our checks 2A 2B, we chose two 
examples from B. C. Kuo (Ku 1). Examples 9.6 and 
9.11. These are again examples which are treated 
in some detail by Kuo, and we were able to make com-
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parisons with his published figures. The controller 
was of only second order, but the sample rate was 10 
times higher. The design was to produce less than 
10% over-shoot - at the sampling instants.

From graph 2C it can be seen that the response to 
a step is within 6% at the sampling instants - but the 
mean maximum overshoot (at .35 seconds) is 20% between 
samples•

Unfortunately inter-sample behaviour is not dis
cussed by Kuo in this context, but the Fig. 9.34 is 
unhappily misleading as the sample points have been 
joined by fine lines, without a note that this is just 
joining points.

More seriously the plant z-transfer function 
given is grossly in error, but corrections have been 
made, and the design is such that the correction to 
DC'T.̂  ±s obvious, and with both of these corrected 

the output is as was Kuo's intention. Unfortunately 
this error was not discovered initially and the design 
as published was found unstable. It was fortunate 
that we chose Monroe's example first. There are 
lessons here. Let us hope that this author, i.e. 
J.E.M., has learned them.

With the corrections to the controller, the 
results agreed closely at the sampling instants.
The corrections to the design are given in detail in
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appendix A5.

EXPERIMENT 2D
This is a later example from Kuo (Ku 1, 9-11) 

with the following specification:
1) Steady-state to ramp to be zero.
2) Overshoot to step as small as possible.

(This must mean at the sampling instants in
this context !)

As the same plant was used as in 9-6 , the design was 
subject to the same correction for plant z-transfer 
function, and theD^Z:^ modified accordingly. The 
resulting graph 2D gives the response obtained which 
agrees well with the figures given in Monroe's fig.
9-40(a), but shows how important the investigation of 
inter-sample behaviour is. The peak overshoot (at 
0,15 seconds) is of the order of 210% and the output 
is very lightly damped. This would seem to be a 
candidate for a ripple-free design! Much more so 
than Monroe's example in experiment 2A.

These experiments 2C and 2D do show how impor
tant it is to simulate the design in order to know 
the inter-sample behaviour. It would appear to be 
a very dangerous approach to use the z-transform only, 
thus only having knowledge of the behaviour at the 
sample points.

EXPERIMENTS 2E AND 2F
This and the following example were chosen from
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the book by E. I. Jury (Ju 1).

These designs bring inter-sample behaviour 
explicitly into the design, using the modified z- 
transform.

The two examples are connected in that the second 
design uses a second order controller that gives the 
same response for the first few sampling instants as 
does the first design with a fourth-order controller. 
It is interesting to compare the results, especially 
as the latter design gives some insights into Barker's 
method discussed earlier, in 1.3.

Unfortunately the designed controller is given 
wrongly. The results in Jury used the open loop 
controller (which was correct), and we initially 
used the corresponding closed-loop version which was 
in error. The results given here are for the 
corrected version. The corrections are given, with 
more details, in appendix 5.

The results for these tests are to be found in 
section 2.2 and 3.1, where the designs are used in 
conjunction with additional delay.

The graphs are 3B and 3C respectively.

There was much closer agreement in this case 
between design and experiment because the complete 
inter-sample behaviour had been brought into the 
analysis.
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It should be noted that in these examples the 
plants chosen are of a very simple form, but sufficient 
to illustrate principles. With even simple cases 
the calculation of inter-sample behaviour, say, is 
extremely lengthy. One expects that a sensible 
compromise between calculation and simulation could 
form the basis of design in more complex cases, or to 
devise computer programmes to perform the calculation 
in some way. There is room here for further research 
into such methods.

EXPERIMENT 2G
In this experiment, the design of experiment 2A, 

the Monroe minimum prototype was repeated. As this 
design includes cancellation of system poles and zeroes 
there is likely to be a sensitivity problem. The 
test consisted in modifying each of the riumerator con
trol coefficients in turn by 10% to see, what signifi
cant changes resulted in the output. The results 
are given in graphs 2G-1 and 2G-2. As expected, the 
onset of differences between the responses in the 
modified and nominal case, depends on the parameter 
adjusted. The results show the sensitivity to be 
greater for the lowest order coefficients A1, A2, but 
here the absolute change in parameter was higher.

Several other tests similar to these were carried 
out for other plants, and there are clearly, many such 
tests which could be conducted. This is a major
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problem and one in which the literature is not 
extensive.

We shall address ourselves later to the 
sensitivity problem in connection with cases where 
plant-delay is present.
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TABLE 1-4(D)

SIMULATION OF VARIOUS DIGITAL CONTROLLERS 
FOR DELAY-FREE PLANT

Test Title of Experiment Graph

A Minimum prototype - response to 2/4
step and ramp. (Monroe)

B Minimum prototype - "ripple-free" 2^S

design. (Monroe)
Response to step and ramp.

C 10% over-shoot design
(Kuo 9.6).

D Steady-state zero to ramp design 2D
(Kuo 9.11).

E Step response design with 4th 2-^
order compensator (Jury).

F Step response design, 2nd order
compensator (Jury).

G Repeat of A, to demonstrate ZQly

effects in controller parameter 2 Q 
offsets•
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CHAPTER 2 
SYNTHESIS

2,1 and 2.2 discuss the extension of O. J, Smith*s 
method for use with digital series controllers.

The method is illustrated by showing the modifi
cations necessary to a given delay-free control, when 
a delay is added to the plant.

Results of simulation show the method applied to 
different plants, for various choices of delay time.

The advantages of this method of control for 
digital series controllers are brought out in this 
section.
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CHAPTER 2.1 
THE EXTENSION OF SMITH*8 METHOD

2.1.1 INTRODUCTION
It will be recalled from 1-3 that the principle 

of the method is first to design a series controller 
on the assumption that delay is absent from the plant, 
and then to modify the control by means of an addition
al minor-loop round the series controller.

From the earlier description it was seen that in 
a sense the plant and the delay are modelled in the 
minor loop and with suitable choice of sign of feed-' 
back - signals the effect of the delay is merely to 
delay the output without otherwise affecting the 
response.

We have already noted in 1-4 that the plant-delay 
model can be a digital shift-register of a few stages. 
There would appear to be no reason in principle why 
the principles of Smith's method should not be extended 
to the case where the series controller 2 ^/%^ is a 
digital controller.

It will most likely be the case that given that 
digital control was appropriate for the undelayed 
plant, that the addition of a short shift register 
would involve no new difficulty with hardware.

Digital control may be appropriate to the un
delayed case when the feed-back or input signals are
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themselves digital due to the need for great accuracy. 
(Ma 1)

Many cases of digital control use a special- 
purpose digital computer for control and data-logging 
and the inclusion of additional shift registers to 
these special purpose digital computers would be 
straightforward. With smaller relatively inexpen
sive general purpose controllers it is possible that 
a special purpose computer would not need to be 
designed.

There is no reason in principle why the plant- 
model itself should not be simulated digitally also, 
although this model would possibly need to be driven 
at a higher clock rate. Digital simulation, using 
well established methods of synthesis via the z- 
transform, would use a z-transfer function of the 
same order or higher than the plant transfer 
function. Brief notes on digital simulation are 
given in appendix At.4. (See also the excellent
treatment by Kaiser (Ka 1).)

It is seen therefore that the method of Smith 
can be extended, in stages as it were from a com
pletely continuous control, such as Smith himself 
discusses, to a completely digital control.

The use of digital control of any sort is in 
some sense an "open-loop method" as the loop is only
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"closed" at the sampling instants. For this reason 
all digital control will be less tolerant to changes 
of plant parameters than in the continuous case.
These extremes merge together as the inter-sample 
time decreases to "small" values. |

We explore the effects of plant parameter changes 
(or to inexact identification of plant) in Chapter 3. 
We include there the effects also of the variation of 
the delay-time itself, although in some cases this 
delay-time will be a constant and acçdrately known.

2.1.2 CHOICE OF SIMULATION EXAMPLES
We shall treat three cases in some detail.

First of all we shall discuss the modification of a 
minimum-response design for the addition of delay to 
the plant. Secondly we shall consider the addition
of delay for the case of the two series controllers

\
which we discussed in 1.4,8 in experiments 2E and 2F.

In these examples there is need for two digital 
simulations: the series controller  ̂ and the
short shift-register: the plant-delay model.
There are now two "sample and hold" elements each 
with the same "hold" time so that the extra term ^  in 
the model delay is no longer appropriate. This is 
the only significant difference in the cases of con
tinuous and discrete series controllers.

As before the actual plant-delay is simulated 
by a long shift-register driven at a significantly
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higher rate than the error sample-rate.

Appendix A2 gives details of the programme for 
these operations. It was possible to arrange for 
the analogue computer to return to "hold" at each 
sampling instant so that sampled error and output 
could be read accurately from the DVM rather than be 
taken (at lower accuracy) from the graphs. It is 
usually the case that output values at sampling instants 
are the figures quoted in the literature. By com
paring the output values, before and after the delay 
and additional controller are added, an accurate 
assessment of control performance can be made. In 
theory were control as intended the figures should be 
identical apart from a time-shift. All these simula
tion studies showed the method worked as well with 
digital as with continuous series controllers.
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2.2.1 THE EXPERIMENTAL RESULTS

EXPERIMENT 3A
In experiment 2A of 1.4.8 we saw that it was 

possible to repeat accurately the design performance 
as given by Monroe of a minimum prototype design.
Fig. 10 shows the additions necessary to take account 
of the additional elements. This is given in some 
detail in order that the digital and analogue parts of 
the simulation may be clearly differentiated.

The experimental arrangement given in Fig. 10 was 
used for several tests.

Firstly, after demonstrating that the method 
appeared successful readings were taken with the com
puter, in the hold mode, of the output for a step 
input of 0.2 m.u.

Table 3A-1 shows these values for various values 
of delay. If control is successful the results 
should repeat, one sampling interval out of phase so 
to speak, as the delays were successively increased 
by one sample period. Examination of table 3A-1 
shows that there was no deterioration in performance 
as a result of the added delay and the additional 
control loop.

The bracketed figures in the second column are 
the results of a repeat of the zero-error case and 
was taken after the runs with delay.
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TABLE 3A-1 
THE OUTPUT FROM A FIXED PLANT 

WITH VARIOUS DELAYS

Sampling
Instant

0

6

8

9

10
11
12
13

0
.0001 
.0002)
.1534
.1631)
.4388
.4422)
.2058
.2030)
.1980
.1953)
.2058
.2040)
.1998
.2078)
.1999
.2007)
.1978
.2034)
.1979
.2011)

DELAY (SAMPLE PERIODS)
1. 2 . 3. 4. 5.

.0001 .0002 .0001 .0001 .0001

.0001 .0002 .0001 .0002 .0002

.1523 .0002 .0001 .0001 .0001

.4412 .1542 .0001 .0001 .0002

.^010 .4413 .1523 .0002 .0001

.1972 .2070 .4392 .1582 .0002

.2147 .1992 .1972 .4490 .1541

.2108 .2050 .1972 .2147 .4452

.1973 .1992 .2225 .1972 .2108

.2108 .1992 .2069 .1953 .2031

.2030 .1992 .1972 .2108 .2010

.1953 .1991 .1972
.1991
.2050
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Graph 3A shows the effect on output of including 
various delays and their corresponding minor loop 
controllers. It will be seen here that the outputs 
are shifted versions of the undelayed case.

Comments about whether the method chosen here is 
the most appropriate to a "minimum-response" design 
are given at the end of this chapter.

EXPERIMENT 3B
In this experiment we repeat simulations of the 

two designs of Jury, mentioned earlier in 1.4.8 as 
experiments 2E, 2F. It is interesting to compare the 
response of the two controllers, and to see if there 
is any difference in the ways in which their responses 
differ after the addition of delay. The controllers 
differ in that controller Cl is of fourth order, and 
controller C2 is of second order, and of a particularly 
simple form, viz: 4, %
The coefficients in the second case are derived from 
knowledge of the errors at the sampling instants in 
the earlier fourth order design.

For comparison we give the controller transfer- 
f unctions. Cf (z.) ,  ̂.

GCt̂  - /-a<73 y. 3-/S-2 -û ûŸt̂J ̂ -0-3S-/ ■ z ' - - ^ o  ios )

CiCl.) - /•5'éS' _ -Zî ~ û-doz. ■+Ô //0

~Z.̂
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where is the corrected version of Jury*s 5.24,

Graph 3B shows the response of the two designs 
in the zero delay case, which agree with Jury's 
results, and for the case of an additional delay of 
2 seconds, which corresponded to four sampling-intervals 
A shift register of 4 stages was used for the delay 
model, and a shift register of 200 stages for simula
tion of plant delay.

The experimental arrangement was very similar to 
that for 3A,

The responses for the case of the additional delay 
are shifted versions of the delay-free case with minor 
deterioration of performance. The response for C2 
was not noticeably inferior to that of Cl, We shall 
return to this comparison in another context in 3.1.

EXPERIMENT 3C
This is a further comparison of Cl and C2, this 

time with an added delay of 5 seconds (500 stages of 
SR) and a plant model of 10 stages. Again the res
ponses were shifted versions of the delay-free case, 
if anything the responses were slightly "better" than 
the 2 second delay in 3B. There is no way in which 
the simpler controller design C2 differs in its per
formance from the controller Cl case.

Various other experiments along similar lines to 
this with various delays were performed and in no case
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was there found any departure from the expected 
results. These additional experiments brought out 
no further features for discussion and so have not 
been included here.

2.2.2 GENERAL COMMENTS ON THE RESULTS
These experiments have demonstrated that even 

for designs involving a series digital controller of 
some complexity that the approach we have suggested 
in^»l the extension of Smith's method will give good 
results in the case of plants with delays and with 
digital series controllers. Tests of several designs 
have shown that the addition of a plant model, and a 
short shift-register to model the plant delay will 
give a response which is sensibly equal to the un
delayed response with the appropriate time-shift.

We have used throughout the principle put forward 
by Smith that the "best" response is a shifted version 
of the delay-free response. We shall see later that 
we shall have reason to relax this principle slightly 
when we have to consider in particular the effect of 
variation of the delay under practical conditions.
This is discussed in 3.1. when sensitivity of the 
design to parameter variation is investigated.

A possible exception to the use of this principle 
is of course to a'ininimum-response" design for other

rthan step inputs. In the case of a #Amp response 
for example the error would never be zero by our



62

approach, we would merely produce an error-free delayed 
ramp. However if the minimum-response design is 
attempted along conventional lines, for example follow
ing Monroe's methods, the resulting controller would 
be of very high order (the order depending on the 
delay). If one is able to accept the delayed ramp, 
the control uses a relatively low-order controller 
with the addition of a "short" shift register, and a 
simulation Analogue or digital) of the plant. There 
are other approaches here, such as the use of the 
staleness weighting factor, an approach that the author 
has not pursued very far.

1 suspect however from a study of the staleness 
weighting method that the method used in experiment 3A 
to be the more straightforward approach, it certainly 
minimises the amount of calculation.
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TABLE 2.2

Test Title of Experiment Graph

A Smith control - 3A
Minimum-prototype with 
various added delays.

B Comparison of controllers 3B
Cl, C2 for delay added to 
a step-response design.

C Repeat with longer delay. • 3C
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CHAPTER 3 
DESIGN

This section analyses the effects of mis-match 
of plant and model due to 1) Change in plant parameters

2) Imperfect modelling, 
and also the effects of disturbances due to extraneous 
noise.

The effects of quantisation are included as a 
contribution to imperfect modelling.

We make suggestions of alterations to the initial 
design in order to minimise the effects of parameter 
off-sets, in particular the off-sets in the plant delay
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CHAPTER 3.1 
THE EFFECTS OF PLANT-MODEL MIS-MATCH

3.1.1 INTRODUCTION
It was assumed for the purposes of the simulation 

studies of chapter 2 that the plant could be modelled 
exactly. This assumption will now be relaxed, and 
the effects on the performance of the controlled sys
tem investigated.

Imperfect modelling will be more often the rule 
than the exception. Were all plants known exactly 
there would be little need for feed-back control.
For the measure of feed-back is in proportion, so to 
speak, to the measure of ignorance about the plant.

Ignorance of the behaviour of a system will 
depend on the nature of the system. Passive elec
trical systems are more easily modelled than, say, a 
system involving active elements. Some high order 
plants may be difficult to model, as plant identifica
tion may be hindered by noise.

All practical systems will have parameters that, 
in spite of good design, may vary in magnitude perhaps 
slowly with time, even if these parameters are initially 
well known. The degree of parameter variation will 
usually be known to the designer and it will be neces
sary to decide, at some stage,, whether variability of 
parameters can be taken account of sufficiently well
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by a conventional control, or whether adaptive con
trol will have to be applied in addition.

Plant model mis-match can be particularly serious 
if the controlled plant contains pure integration terms. 
The difficulty here is two-fold. Firstly drift of 
the plant due to the d.c.component of extraneous noise, 
and secondly the drift of the integrators in the model.

In a sense all modelling is approximate as all 
real plant is in reality of infinite order. We are 
concerned here with the mis-match in the frequency 
region near and below the unity gain frequency, i.e. 
within the working bandwidth.

It is particularly helpful for our discussion if 
the diagram of the controlled system is re-drawn as 
shown in Fig. (I , where for convenience of preliminary 
discussion ^  I

F \ C x II



67

If the plant P  is modelled exactly by 4  and 
T  then the signal will be the ideal feed-back
signal; and c l ( ( r ) will be zero. For varying degrees 
of mis-match (t) will depart from ideal, and the 
signal ûi(t) will contain information about plant mis
match.

Simulation studies will show the deterioration in 
control due to mis-match, and sensitivity calculations 
will be directed towards seeing how the information in 

) may be used towards improving performance when 
mis-match is present.

Clearly ûCllr) , and signals obtained by operations 
on it would figure centrally in any scheme of adaptive 
control, were the variation of plant parameters to be 
over-much for a non-adaptive control scheme.

The fallacy due to Horowitz (Ho l) that varia
bility of parameters can always be controlled by 
sufficient use of negative feed-back ignores the 
reality that all real plant is of infinite order. (Di l)

The theme of adaptive control in the context of 
mis-match in delay is not pursued here. It could 
well form the basis of further research beyond the 
scope of the present thesis.

The author is particularly indebted to Professor K. V. 
Diprose for certain insights into the mis-match problem.
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3.1.2 THE EFFECTS OF MIS-MATCH IN PLANT D.C. GAIN 

The simulations described in this section were 
concerned with recording the effects on output of 
modifying the plant zero frequency gain by chosen 
amounts^ 0 %arid observing the output signal.

It is convenient for purposes of comparison to 
record the effects for output behaviour without the 
main outer loop, and also with the complete control 
scheme. Fig. 12 shows the experimental arrangement.

G A )  - -  T rs )

G Vs) ■- t Vs )

F IG  I I

The output as A  was recorded for identical step 
inputs for the key switch in positions , andjÿ 
For position oi , the output ^  shows the effect
of the change in the gain setting. This is delayed
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by ”1” for convenience of comparison. This output
is for the plant compensated by and the minor

/
loop including C{ . For position ^  the full control
is implemented; and the step response recorded for the 
same offsets in gain. The offsets were from the 
settings which made plant and its model equal.

The experiment was conducted for the case of the 
(Monroe) minimum prototype, and for the two (Jury) 
step response designs with controllers Cl , and C2 
discussed in the previous chapter. The latter two 
cases were chosen to see if the relaxation of order 
of controller contributed to any difficulties associa
ted with mis-match. The results are recorded as
graphs 4A, 4B, 4C and 4D.

The graphs exhibit certain common features. In 
each case the oC a n d ^  responses were (sensibly) 
identical for the duration of the delay period.
This is as expected as the difference signal (allowed 
to be fed back for ^ cases only) has to re-circulate 
through the delay in order to make its presence felt 
at the output. Such delays in control are inevitable 
The ^  responses then showed an improvement due to the 
feed-back of the difference signal. For the offsets 
chosen the principle overshoot occurred as the first 
peak. There being no evidence of a serious tendency 
towards instability, although in the more critical
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case of the minimum prototype design there is clearly 
"ringing" at twice the delay period. In the litera
ture there is a commonly expressed view that minimum 
prototype designs are quite impractical due to the 
sensitivity problem, the basis for this sensitivity 
being due to deliberate pole-zero cancellation in the 
design procedure. The parameters in the design 
which are subject to change are not thosë in the con
troller, which can surely be regarded either as fixed, 
or catastrophically wrong, but the parameters of the 
plant, and delay.

As the poles and zeros are complicated functions 
of both the "free" parameters of the plant and the 
"fixed" parameters of the controller perhaps the weak
ness of the minimum prototype has been exaggerated.

In the Cl , C2 comparison we see that the ̂  
response remains within the envelope of the OC res
ponse, but here of course the performance required of 
the controller is much less demanding. There is no 
evidence of deterioration in performance between Cl 
and C2 «

3.1.3 MIS-MATCH IN A TIME-CONSTANT
Graphs 4E and 4F exhibit similar behaviour for 

offsets of a time constant in the case of(ZI and d  
(Jury) designs.
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TABLE 3.1,3

Test Title of Experiment Graph
Effects of Mis-match

A Mis-match in gain. Monroe 4A
prototype 5%.

B Repeat 10%. 4B

C Jury Cl and C2 compared - 4-  5%. 4C

D Repeat rt 10%, 4D

E Mis-match in time-constant 4E
^  5%, 10%,

F Repeat dt. 10%, only. , 4F
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3.1.4 MIS«MATCH IN DELAY
The sensitivity problem for parameters other than 

delay is straightforward sharing as it does so many 
common features with classical, minimum phase, design. 
It is due to the important addition of time-delay into 
the problem that new difficulties have arisen. For 
this reason this aspect of sensitivity has received 
greater attention.

The author does not know of any similar studies 
on the problem of mis-match in delay, other than the 
recent papers by Gray and Hunt (Gr 1, 2) where the 
mis-match problem receives mention, but not detailed 
discussion.

The study of variation of the time«delay is in 
two parts. In the first series of experiments the 
nominal delay"time remains fixed, and the effect of 
d:5 %andifc: /0 %  changes about this nominal value 
are recorded, both for short and long term behaviour. 
We use the (Monroe) minimum prototype, and the (Jury) 
step response controllers Cl , C2 as examples.
These tests are recorded as graphs 5A - 5F.

In the second series of tests we explore both 
the effects of —  5/o change from various nominal 
delays, and then the effect of an absolute change 
(0«25 secs.) for various nominal delays. These
tests are recorded as graphs 5G « 5J.



73

Comparisons are made of the two controllers ,
and to see whether the alteration of controller co
efficients has significant effects upon the delay mis
match phenomena.

Graphs 5A, 5B and 5C show the short and longer 
term effects of 5% and 10% mis-match in delay for the 
case of the minimum prototype with a nominal 2*0 second 
delay.

Curve 5B shows that a 10% mis-match in the delay, 
in this example, exhibits "lightly damped" behaviour. 
Curve 5B shows that in the long term the 5% case 
diminishes in peak amplitude. The time of observa
tion must necessarily be several delay periods as 
clearly instability will have a period of twice the 
delay time.

Curves 5D, 5E-1 and 2 and 5F illustrate similar 
phenomena for the Jury Cl and C2 controllers.

Curve 5F compares the longer-term behaviour of 
controllers Cl and C2.

In the cases 5D » 5F the nominal delay was 5 
seconds. The results were similar to those for 5A - 
5D, the 10% mis-match showing that 10% for the examples 
chosen was beyond a reasonably practical limit.

The analysis of these instabilities, and possible 
remedies are discussed in 3.1.5 and 3.1.6.



74

The curves 5G, 5H and 5J were obtained for a 
Jury -Cl, design and explored what effects if any 
are due to either "choice" of nominal delay, or the 
effects of absolute rather than proportional changes 
in delay time.

The curves of 5G correspond to zero delay, and 
to a -5% offset for nominal delays of 1, 2, 3, 4 and 
5 seconds respectively. It will be seen that the 
first "undershoot" is of increasing amplitude with 
nominal delay, rising to 40% for the "5 second" delay.

5H is a repeat of this for the delays of 1, 3,
5 seconds, with -5% mis-match.

The curves of 5J show the effect of an absolute 
offset of 0.25 seconds for nominal plant delays of 
1, 3 and 5 seconds. It is seen here that the first 
undershoot is sensibly constant under these conditions. 
The subsequent overshoots though diminishing do not 
exhibit the phenomena of constant amplitude irrespec
tive of nominal delay.

The reasons for this behaviour and possible 
changes in design consequent upon it will be discussed 
further in 3.1.5 and 3.1.6.

3.1.5 It is now necessary to put the results of 3.1.2 • 
3,1,4 into the context of sensitivity theory and to see 
how far the mis-match phenomena can be explained and 
corrected.
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It is well known (Tr 1, Ho l) that reduction in 
sensitivity to parameter variation is one of the ad
vantages of negative feed-back. In the continuous 
single loop case sensitivities are reduced by the fac
tor I'+ , where f]Cs) and B>^S^ have
their usual significance.

In the case of the single negative feed-back loop 
with digital controller and plant f  with sample
and hold the corresponding factor is:

I-h

The lines of the derivation of this expression are as 
follows :

—  Hî C'z.) K/'z]

— V 7z) ' HC<Tzj
H(<U) ■ H(k(z.),

=  /  %  m z )
ycz) / -f D / z j  HQ(z) H^fz)
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We have defined sensitivity in this way rather than 
in terms of the logarithmic derivative.

For the Smith-type digital controller, with 
plant and delay , and I , and correspond
ing models "̂2.̂ and '/ ' ̂'2.̂  the trans
form of the output is given by

7)^2; T 7 2 )  y / z )\ ^   — -—  -■ ■■ ■ ---------
- hz'C'z) T^jJ

where it is noted that in the absence of parameter 
imbalance the :fi.nal denominator term is zero. (This 
will never cancel exactly in practice due to the 
difficulties of simulating a pure delay, either by 
shift registers (see Appendix A4 ), or by other means 
such as Fade.

In the matched case V/2 ) = TTS)

The corresponding sensitivity expression is nov7

(t- T>n) 77z; Macz)

'̂(z) HCiéz) ( l-f-J)C-Z)
■+')(±)[l4C(lz)Vz) - Hc,'n)r\zjj

~̂ h<K Ĥ (z)

i-h - > z j  r'rz) 7
-0(z)[ni(̂ }T(z) -
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In the steady state / ^
and the expression reduces to

HCt̂ -z) i-h'î>cz)i-liC,Ÿz) -a2>/2;//V4/2J - /y t iV z j]

-   / ______________________

I ■+H C^z) 7>(z)

This expression indicates again the importance of the 
large value of steady-state .

This expression applies only at the sampling 
instants. The corresponding expression in the 
modified ^  transform for behaviour at the intersample 
points is more complex as numerator terms in 
do not cancel with the corresponding term from
the denominator.

Lindorff (Li l) suggests the use of a sensitivity 
function for digital systems in a mixed notation of 2 - 
and S  which is very difficult to interpret.

The corresponding results for variations due to 
small changes in delay must necessarily involve the æ — 
modified transform and differentiation with respect to

M  .
There is happily an alternative derivation of 

sensitivity in this case which relates in a very direct 
manner to the design procedure.
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Consider Fig, 13.

FI 0.15

The voltage appearing at in this diagram
will be the same, in the absence of mis-match as the 
output of the undelayed system considered as the first 
step of a Smith procedure, and according to the
principles discussed in 2,1 the delayed version of it 
i.e. • Let "T and IT^differ by a small mis
match AT" corresponding to a time A 6" , Let the out
put due to this mis-match be — Z. *~‘7” — A ^ }

Then the difference in output will
We note also that this is the same as the signal ,
b.c.u..T.T' Mt). A6
and in the limit, recalling the definition of derivative,

/Vwe see that ^  d̂ê ojLjê  t ) X/\lfr

Thus the feed-back signal, the magnitude of which tells 
how effective the feed-back is to be is given to first 
order by the product of mis-match in time multiplied by
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the slope of the ideal response at the corresponding 
instant.

This relationship will hold until the action of 
on is again effective at the output i.e.

*7~ seconds later. We have seen however that the 
mis-match effects are most critical in the short 
term. Regarding as a fixed small quantity, the
mis-match is proportional to the rate of change of the 
ideal signal. This explains why the response was
constant in undershoot for absolute rather than pro
portional changes in delay time, and also why the 
minimum prototype gave the worst results. With the
minimum prototype the input slope has been maximised 
in order to minimise the response time. In systems 
where changes in delay are likely the difficulty in design 
can be met either a) by relaxing the ideal response, or 
compensating by automatic adjustment of • so that sta
bility is maintained and more delayed ideal response 
produced. This latter is of course an adaptive con
trol further consideration of which falls outside our 
present considerations.

3.1.6 SUMMARY
We have discussed and observed in this chapter 

the effects of parameter changes in both plant and 
delay. The way to minimise the effects of such mis
match is to design (or redesign) the original delay—
-less closed loop so that it itself has good performance
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with respect to parameter changes. . This is to be 
achieved by maintaining the factor 
as large as possible in the frequency region of 
interest, and in particular in the steady state.
In open loop design this is usually the case for 
other reasons also. For the case of plants subject 
to variability in delay consideration may have to be 
given to relaxing the ideal response to reduce rates 
of change of slope.
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TABLE 3.1.4 
Effect of Mis-match in Delay

Test Title of Experiment Graph

A Monroe Minimum Prototype 5A
dL 5% mis-match - short term.

B Repeat dL. 10% - short term. 5B

C Repeat db 10% - long term. 5C

D Jury Cl zt 5% - short term. 5D

E-1 Jury Cl ;=tr 10% « short term. 5E-1

E-2 Jury C2 10% - short term. 5E-2

F Jury Cl, C2 compared, -5%, 5F
long term.

G Jury Cl, design -5% mis-match « 5G
various delays.

H , Jury Cl. Repeated -5%, 5H
1, 3, 5 seconds delay only.

J Jury Cl. Absolute offset 5J
0.25 seconds for plant delays 
of 1, 3 and 5 seconds.
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CHAPTER 3.2 
THE EFFECT OF DISTURBANCES 

TO THE PLANT

3.2.1 INTEGRATOR DRIFT
If the plant to be controlled contains pure inte

gration terms or if there are noise disturbances with 
non-zero mean, either of which, circumstances may occur 
in some applications, it is necessary to consider the 
effect of this imbalance on system behaviour. Any 
unchecked drift of this form will lead to over-load and 
malfunction.

As shown in 3.1.1 it is possible to consider the 
two feed-back paths serving tv/o separate functions.
îRie one depending on exact knowledge of the plant .6,6 
the ”ideal” feed-back path^and the other path which 
will only have non-zero signal when either the plant 
and its model, or the delay and its model are mis-matched 
or when there is asymmetrical disturbance due to the 
environment of the plant. (It is assumed that this 
effect dominates similar effects in the models, which 
are much more exactly realised and in a more closely 
controlled environment.)

3.2.2 THE MODIFICATION OF OFF-SET FEED-BACK PATHS
It is instructive to consider the modified control 

scheme shown in Fig. 14.
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i r

Flû i

For the case in which ^/= / and = O , we 
have the Smith-type control discussed earlier. Noise 
is introduced into the scheme as shown. ’ The signal 
will be zero for perfect matching and for the noise 
signal ̂  equal to zero. In the Smith design 
the mis-match signal is applied via[)/^to both plant 
and models. It would seem reasonable to apply perhaps 
part (or all) of this asymetry signal as^metrically - 
for example via . Where the plant ^  contains
terms this subsidiary feed-back can prev mt overload 
due to drift. Experiments to be discussed in detail 
later served to explore the factors effecting the choice 
of kf and k'2- 9 which need not necessarily be scalar
gains. A minor-loop stability problem will result if

is not kept small, especially as already contains*
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in the case considered here a pure integration term.
It will be recalled that we have excluded the possibility 
of access to the "join̂ ' of Q and *7" so that feed-back, 
via ^ 2. , necessarily involves feed-back round a loop
containing delay terms.

The signal to noise ratio for the case of a con
tinuous controller , with ̂  a n d  A/ defined as
shown in the diagram, is given by

/ -t hx Ç 't '

1-+ Q'ùO —é.T'J
A similar formula is also applicable ro the digital 

control case, for it will be recalled that^^^ , T” 
representing a delay of an integral number of sampling 
intervals commutes with^,^^ Putting ^  = /̂l~̂

is quite impossible a s r e p r e s e n t  pure prediction!

We now explore the unmodified Smith type design and 
investigate the modifications later.

3.2.3 THE INVESTIGATION OF THE EFFECTS OF DRIFT 
(OR NON-ZERO-MEAN PLANT DISTURBANCE)

The step response design of Jury (controller Cl, 
and subsequently C2) with the addition of delays and 
additional feed-back loops were used to explore the effect 
of an additional d.c. signal to the plant input.

Fig. 15 shows detail of the experimental arrange
ments. The controller in the earlier tests
was Cl. As C2 was found to give an acceptable (noise-
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free) response we used this simpler controller for the 
later tests. This was in case sample-by-sample analy
sis later proved necessary. The additional plant 
delay was 2*0 seconds and of course graph 6A shows the 
short term effects of d.c. offsets applied at the input 
to the plant at the input of amplifier Cl. The legend 
on the graphs shows the setting of FPl for the results 
obtained. Both positive and negative offsets were 
used.

The curves of 6A exhibit a deceptive simplicity.
Were this behaviour maintained during the duration of the 
input step the problem would have admitted of a quick 
solution.

Figure 6B shows the responses to the input step 
for the undelayed plant. The step-response with a
Smith design for a 2 second delay are given both with 
and without a drift signal, and also the effect
of drift applied alone. These are short term results.

Long term results give unreliable plots as over
load and malfunction are inevitable if no additional 
attempt is made to "correct” the effect of drift at the 
output.

3.2.4 THE ADDITION OF THE " LOOP
Graphs 6C and 6D show the effects of adding an 

additional control loop with variable gain
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This loop feeds back a proportion of the difference 
signal cl(irj in antiphase to drift input to amplifier 
Cl.

This is the "asj^metry-signal fed back as^metrically" 
mentioned in 3.2.1. Xy , the proportion of difference 
signal feed-back to the controller input remained at 
unity throughout the experiments. The effects of setting 
ki^O are explored later.

6C shows the resulting output behaviour for increas
ing values of ki. from zero to 1*0.

The zero is the case of "incorrected" drift
and shows that the curves of 6A do not continue well- 
behaved, The break in this curve (and the others) 
indicate onset of computer over-load. .(In the real 
plant this could well represent saturation if our maxi
mum values are sensibly chosen,)

6D shows corresponding curves for integral feed
back, The gain needs to be much less, as expected,
and this type of additional control is clearly impractical.

There is a readily calculated upper stability limit 
for the choice of . Using an analytical mentioned
in Chapter 1 we find that the critical frequency LO 
and the critical gain for oscillation are related by
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/ O  /Te Zcô =

^ at\d l'fê ccte.

=  arc &r\ Ĉ /zry) .

•■- ^  =  N 3  /(2= /3.

This puts an upper limit on /Cx , and clearly 
must be rather less than this figure.

We see from 6C that over-load is successively 
delayed as is increased. We have not proceeded
in this graph to the effects of oscillation due to too 
large a /ti. .

In graph 6E we explore the effects of reducing the 
k-f gain to zero, and observing the step response for 

various values of . It is seen that instability
occurs for cases where kx. ^  1»3. We note that

exhibits the minimum stable final value, con
ducive with stability. Re-making the outer loop i.e. 
restoring kf to unity results in the response shown. 
For the case chosen (i.e. a Jury C2 controller with a 
Smith-type control for a 2 second delay) the addition 
of the additional k'2. loop has improved the performance 
with respect to integrator drift.

In theory the addition of the ki, loop should not 
affect the noise-free response to the step as in the 
noise-free case the signal ûClt^ should be zero.
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In 6F we observe the effects of the kx. loop on 
the noise-free response, where it is seen that the noise- 
free response has been modified by this addition.

The reasons for this are not hard to find, and they 
emphasise the basic difference between the continuous 
and the discrete cases of feed-back round loops with 
delays.

As far as the digital control loop through 2̂ /2:̂  
is concerned the plant delay and its model are matched 
at the sampling instants when /) A  . However for
the continuous loop optimum match of pure delay and the 
model occur when ^  . It is impossible
to satisfy these two conditions together without modifi
cation. However this modification is very straight
forward to implement in cases where the drift (or non- 
zero-mean noise) is a problem. The solution is to
double the sample rate and to double the number of 
stages in the delay model, and to take the digital 
feed-back from the output of this shift register, and 
the continuous control from the previous stage via a 
sample-and-hold device with a twice sample-spacing "hold" 
time. The alternative is to use a model of many stages 
so that the difference in digital and continuous cases 
are negligible. This would involve much too high a 
sample rate of course and is approaching continuous 
control by using high sample rates which we have exclu
ded throughout as impracticable.
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TABLE 3.2 
Effects of "drift", or d.c. disturbance

Test Title of Experiment Graph

A Effect of various d.c. offsets 6A
to plant with delay - short term.

B Effect of drift term. With 6B
and without input signal.
Jury C2 with 2 second delay.

C Effect of additional kz. , 6C
loop - long term.

D Effect of additional ^ 2. « 6D
loop with integration - long ■ 
term.

E Effects for !<.■=• O  > 6E
various •

F Comparison of noise-free, and 6F
input and drift responses for 

=■ ( > kic / •
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CHAPTER 3,3 

THE EFFECTS OF QUANTISATION '

3.3.1 INTRODUCTION
It is necessary to distinguish two effects.

Those due to quantisation in the simulation experiments, 
and those due to quantisation in the actual control 
application.

The common ground in both the simulation experi
ments, and the realisation of the control scheme in 

c
practice are the digital controller, and the model of 
plant and model of delay.

In our experiments we were limited by the equip
ment available, i.e. the 10 digit ADC which was used to 
represent a range of 2 machine units.
This limited the fineness of quantisation. This could 
have been made more coarse either by amplitude scaling 
the problems to unrealistic minimum values, or alterna
tively by introducing into the computer programme a 
"mask̂ ' to reduce to zero a chosen number of least signi
ficant digits; either in the DAC or ADC or both.

The subject of quantisation has been critically 
discussed in the control literature, notably by Knowles 
and his colleagues at Manchester. (Kn 1, 2, 3)
The use of delay lines, though not treated explicitly 
by Knowles is held to introduce no additional complexity.
In fact the delay line is the simplest of digital structures.
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We remark on two features only of the effects of 

quantisation. The effect on the steady-stage beha
viour and on the minimum-ripple design procedure as 
discussed particularly by Monroe. (Mo 1, and A5 )

3.3.2 QUANTISATION EFFECTS ON THE STEADY-STATE
The staircase form of the uniform quantiser is well

known. One has to distinguish the two- cases where the
curve is anti-symetric about theon^i»^ . For this
input voltage in one case the quantiser transfer
characteristic is horizontal, in the other vertical.
The output in the former case is zero, and in the latter

4./either plus or minus ‘̂2- , where is the quantum step.

Our experiments used a characteristic of the former 
type so that integrators in the plant were not excited 
in the zero-input condition. Due to unfepeatability 
(in the small) of some experiments, a natural reason 
for enquiry into the experimental arrangement, it was 
discovered that with the controller and plant being 
investigated the unrepeatability was to be expected.

Fortunately the controller was found to have an 
unrealistically low steady-stage d.c. gain, the correc
tion is given in Appendix A3.

The reason for the unrepeatability where the con
troller steady-stage gain is low is this. In circum
stances where the plant contains pure intégrât ion there
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is always the possibility, in the steady-stage of a 
constant non-zero output offset. This steady-state 
voltage is fed-back and the difference from the input 
signal results in an error to the digital controller 
only if the error voltage is greater than .
However if the digital controller gain is the steady- 
state (found by putting / , and taking limits if
necessary) is less than unity, say /V then there will 
need to be an input signal (error) of A/ before
the input to the integrator changes from zero. We 
have seen from earlier in this chapter the reasons for 
keeping d.c. gains of digital controllers as large as 
possible. We note, of course, that unrepeatability 
in any analogue/digital experiment to within 1 digit 
is always to be expected.

3.3.3 MINIMUM-RIPPLE DESIGN
We comment here briefly that all digital control 

calculations involving the use of the ^-transform 
neglect quantisation which is a non-linear process.
In a controller it is essential to work to a much higher 
order of accuracy particularly if interpolation of input 
data is involved. (Ma 1)

It is feared that the minimum-ripple design pro
cedures must take into account quantisation as the 
limiting factor in output ripple. It was found for 
example in simulation experiments that 10 bit digitisa
tion was insufficient to reproduce published figures
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unless voltage levels were adjusted by redefining minima 
in amplitude scaling. In particular, as we remark in 
Appendix A5, in some applications even fine-quantisation 
can nullify the effects of careful programming for 
minimum-ripple.

For many practical applications 10-digit accuracy 
i.e. *1% would be sufficient, although in an example of 
precise position control 17 bit accuracy (in 
and 23 bit accuracy in linear interpolation of input 
data were found necessary to obtain errors less than 2 
minutes of arc in -=L ' X ~ 7 . (Ma 1 )

3.3.4 SUMMARY
It is not thought that quantisation effects intro

duce additional difficulty into designs involving time- 
delays. The effects are as predictable" as in other 
digital applications. The effects are minimised if 
controller d.c. gains have been sensibly chosen. It 
is well known that theoretical error bounds are very 
pessimistic, and it is conjectured that a quantum step 
of, say, one-fifth of the required system error provides 
a realistic starting value for system design.
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CHAPTER 4 
EXTENSION

Extension of the design method is considered for 
cascaded plants with inseparable delays and for the 
corresponding multi-variable case.

Some applications are considered including some 
described as "typical" in process control.
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CHAPTER 4.1 
EXTENSION OF SMITH'S METHOD TO 

CASCADED INSEPARABLE LAGS

4.1.1 INTRODUCTION
We have considered so far the case of a single

input single-output plant with a single delay element, 
and have shown that Smith's method is appropriate to 
this for digital controllers. The method extends as 
we shall show to plants which have several stages of 
plant-and-delay. Smith's method can be applied sys
tematically to each plant in turn. The method thus 
extended will be appropriate to both continuous and 
digital control.

4.1.2 THE TWO-STAGE CASE
We shall consider the two-stage case in some 

detail. The extension to -stages is then straight
forward. Fig./^ illustrates the equivalence for a 
single stage design and introduces the notation for the 
higher order case. For completeness we have included 
a non-unity element in the feed-back path.
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0 -

Flü IL
in Fig. /6 is given by IZ)/ = 

is the control loop consisting of Ct G , Ff 
The two-stage case can now be considered by the addi
tion of y say to the control scheme of Fig. /6 .

Fig. /7 shows these additions.

FIG n
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The two-stage plant resulting from the addition 
of Cc'2̂'̂2- 2̂, can now be considered as a one-stage 
plant, with delay-less plant ^ 2. and total series 
delay ”77-f-Tô_ , A series controller (2%. , say, can
now be designed using delay-free principles, and the 
corresponding "minor"-loop controller "2 2̂- will be

3. = ^  //-
This results in the arrangement shown in Fig.

FIG lg

Fig, shows this two-stage in full. It is 
seen that the control has in fact been implemented 
without access to the point between plant and delay 
being necessary. From the equivalence shown in 
Fig,/^ , the extension to higher order cascaded plants 
by augmentation of the plantai 7T72 to ^ 2.^3 ^ 71 ̂  
follows exactly the steps from the single to the two- 
stage case.

4,1,3 THE/t-STAGE CASE
As suggested in the preceding paragraph the 

extension beyond two stages is straightforward.
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Fig, however gives the impression of not too com
plicated a structure, however it will be recalled that

and ̂ 2. are themselves structured, e.g.

and contains in , a model of Cf/Ff and C.j ,
and in the exponential term a model of the accumula
tion of delays. Fig.,20 shows the structure in 
terms of elementary blocks, i.e. ^ • j ^  ^
etc. for the case of three stages.

Fig..2/ gives the structure of the nth stage for 
an A —stage scheme. The structure of the general case 
has now emerged. It is seen to what extent modelling 
has increased.

Attempts have been made to reduce the complexity 
of this structure, for example it is tempting to try 
to produce all the model delays from a common shift 
register, suitably topped along its length. These 
attempts have proved fruitless and it is thought that 
the complex structure is inevitable on account of the 
inaccessibility of both terminals so to speak of the 
plant-delay elements.

Each minor loop controller can be brought to its 
lowest terms in any particular example. The struc
ture of the as shown in the diagram need not be
preserved for modelling purposes each^ can be rep
resented by the elementary elements taken together 
into one transfer function, and a delay element.
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Calculations have shown that the number of 
elements necessary for full control via the exten
sion of Smith’s method for an A-stage cascade of 
plants with delays to be as given in Table 4-^-3.
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TABLE 4.1.3

Number of stages. : rv of type Cr(^)
and ait y delay being inseparable.

Number of controllers : Forward path fl . Q  —
Feed-back path
---- 2. j /

Number of plant
Models :
Number of trans- main f.b. paths /7 . ^
ducers f .t>: minor loop f.b. D

Number of simulated
delays : ——

A  T ;  7T'/1, ---

SUMMARY ..
For /%/ -cascaded stages with inseparable delays the 

total requirements are as follows:
^  forward path controllers

 ̂ f.b. controllers or their approximation 
stage models 

transducers
transducer models ^

/X simulated delays of the form / f 
i.e. /% controllers, transducers and a total of 3T( /̂
models (stage and delay and transducer).
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4.1.4 SUMMARY OF CASCADE METHOD 
CcsnrrolThe of cascaded plants has been attempted,

where each stage in the plant was brought explicitly 
into the design in turn, and it is seen that a control 
scheme along these lines has divided the design for 
Ab-stages into A, separate delay-free designs, with 
however a final complex structure.

The simplest design for/^-cascaded stages would 
be to ignore the accessibility of the points between 
each delayed plant, and to consider a single-stage 
design of a plant consisting of to C ^  in tan
dem followed by a delay "TJ -f- • ---
The resulting control would be far simpler in form, 
but in not using all the information available from 
the plant would necessarily be inferior in performance 
to the complex structure discussed earlier. In any 

■ practical design a compromise would have to be made 
between these two extremes which would depend on 
variability of the plant parameters, and in the effects 
of extraneous disturbances.

The treatment for cascaded plants is applicable 
both to continuous and discrete series controllers.
Both types of control could arise in conjunction, in 
a cascade design. The difficulties in the program
ming for the discrete case are increased but there are 
no new difficulties in principle. Clearly very care
ful attention would have to be paid to the multiplexityn^ 
of converters.
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CHAPTER 4.2 
THE MULTI-VARIABLE CASE

4.2.1 INTRODUCTION
It was seen in 4.1 that the method extends to 

cascaded delays with no further difficulty, in prin
ciple. In considering the multi-input case, i.e. 
for plants in parallel - so to speak - it will be seen 
that under certain conditions there is a close formal 
parallel between the algebra of the scalar, i.e. 
single-input single-output case, and the matrix 
algebra of the multi-input multi-output case. This 
is as expected from other branches of control theory.

Under the assumption that the number of inputs 
and outputs are the same, /v , say, we can represent 
the relationship between the transformed vector of 
inputs , and vector of outputs of a plant
by P'X  where P  ±s a. square matrix of order /I . 
(As this is a matrix context there will be no need 
for square brackets, except for the inverse of summed 
terms.) The elements of P  will be functions of 
the transform, variable 5 •

We shall find that the case most directly treated 
is where the plant + delay matrix, P  , factorises into 
two matrices, the one a Ci matrix, and the other a / 
matrix, where the elements of are algebraic in S , 
and the time-delay matrix 7~ , has elements of the 
form :z. JCij ^   ̂ , where the Jc'tj' and * are
constants.
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4.2.2 EXTENDING THE SCALAR CASE
PLet the plant matrix be ’ where the elements of 

P  are of the form — S^J , Under
certain, circumstances, to be discussed later, the mat
rix P  , will, happily, factorise to give where
^  and7” are of the form discussed above.

It will be recalled that in the scalar case the 
Smith method "externalised" the delay terms, and 
allowed a design assuming a delay-free plant. If the 
factorisation of vji.T\Xo and 7~ terms is possible, it 
is then possible as we shall show to externalise the 
delay terms in the vector case also. Having isolated 
the delay-free terms a controller D can be designed 
either along the lines of non-interacting control or 
via other more recent methods, which exist for delay- 
free plant.

^^9*22. illustrates the correspondence between 
the scalar and the vector cases, the only difference 
being double arrows indicating (/\, ), parallel paths.

( See over lea*f ).
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Fie 2 2.

For the equivalence to hold in the vector case 
the two transfer functions, relating X  a nd^ must 
be the same.

Pî>'fpD'xI.e.

and Y  % +  q b x

which yields -/
"hZx-f- {c--rc,)l:Q

Fig.^3 shows the controllers resulting from 
these two expressions.
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B ) corresponds formally to the scalar case.

We have now reduced the problem, in the case 
where P factorises, to the delay-free case, i.e. 
we now need ’̂only” to design a series-controller for 
the delay-free^ -input, /t -output case. The 
design of such systems has been treated in the litera
ture, particularly by Tou (To 2).

The classical approach would be to d e s i g n s o  
that the matrixC^^ was diagonal, the so-called non
interacting design.

The non-interacting method has been criticised 
and improved methods are being developed, notably by 
Professor Macfarlane and his colleagues at U.M.I.S.T. 
(Ma 2)

4.2.3 A SECOND ORDER EXAMPLE
To clarify the vector case, a second order 

example is taken for which P  factorises and a



110

control scheme obtained using the method above.
For simplicity we shall let I be a diagonal matrix, 
although this is not essential to the method.

Substituting the in Fig.2 Z by its developed
form from Fig. 23» we obtain the matrix block diagram 
Fig .

T - T

FIG. 2 .4--

For the second order case all matrices are (2 x 2), 
If T  is diagonal we obtain the arrangement of Fig .2.S’ 
where all paths are shown explicitly. is the
controller, P  the plant, the delay-free plant 
model, and 17^7) are the models of the two (in this 
case) plant delays. -
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4.2.4 FACTORISATION OF THE PLANT MATRIX
For real plant the factorisation problem is in a 

sense an artificial one for this reason. In 
expressing the plant transfer function in matrix 
terms one will know in most cases the delay, and the 
delay-free terms, ̂ and plant variables can be chosen 
to make the factorisation explicit in the formulation 
of the problem, i.e. the matrices and / may well 
be written down by inspection without having to fac
torise P  at all. This is rather like the case of 
cascaded transfer functions of known form in S giving 
rise to a high order transfer function of which (by 
reason of the way in which the problem developes ) the 
poles and zeroes are given explicitly, factorisation 
being unnecessary. How often does one need to fac
torise to find open loop poles? The matrix formula
tion is necessary of course to solve the problem by
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the methods we have put forward. The following 
examples demonstrate this suggestion.

Plants for which the structure is shown in Fig. ̂2 6 
can be expressed by inspection as the product of 
and I matrices.

It is seen from this figure that one reason for 
simple "factorisation" can be the equality of some of 
the delays, it may be possible in cases not conforming 
to these standard cases to deliberately supply addition
al delays to the plant in order to ’̂ balance" the delays 
to be equal (in pairs for the second order case) so 
that factorisation and hence design would be more 
straightforward. These additional delays would 
not have to be too long (they would clearly always 
be less than delays already in the plant) or one sus
pects one will not be getting the "best" control, 
although proceeding to design in the vector case 
without this "balancing procedure" would make the 
design much more indirect in its approach. It is 
thought that in many practical cases plants would 
already exhibit the feature of balance. An example 
of this case is given in 4.3

4.2.5 SUMMARY OF THE MULT I-VARIABLE CASE
It has become evident in the preceding para

graphs, that it is possible in certain cases, not 
unrepresentative of these arising in practice, to 
produce a design using an extension of Smithes method.
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The method as hitherto "externalises” the delay- 
elements by means of a factorisation of the plant 
matrix and the application of a (multiple) minor-loop 
round a series controller. This controller can be 
designed by methods existing (classic or modern) for 
the delay-free multi-variable case. In a sense this 
is more straightforward than the cascade case resulting 
in far less modelling - it is thought that the realisa
tion of control schemes for the multi-variable case 
with delays is greatly simplified by this approach.
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CHAPTER 4.3 
APPLICATIONS

4.3.1 INTRODUCTION
In the survey of 1.1 only brief mention was made 

of applications. It is worthwhile here to mention 
contexts in which there is delay present, and also 
cases in which digital control is appropriate. Two 
cases described as "typical" in process control where 
delays are present are treated in 4.3.2

Delays can occur either within the plant or in 
the process of measurement. As we have considered 
linear cases it has not mattered whether the delay was 
before or after the plant, as all our transfer functions

A within-plant delay for instance occurs in a 
central-heating system where there is a delay between 
the application of heat at a boiler and the on-set of 
temperature increase in a distant room.

A measurement delay example occurs in the manu
facture of rubber-sheet.

In this case the sheet thickness is controlled by 
the spacing of rollers, but the measurement of thick
ness can only take place remotely from the rollers due 
to the "stabilisation" of rubber thickness due to self
curing. There is not a direct relationship between 
roller-spacing and rubber-thickness due to the varia-
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bility in rubber composition and the effect of environ
ment between the rollers and the measuring point, a few 
feet away, downstream, so to speak.

In process control there are cases where the 
measurement of composition of samples of product may 
be far from instantaneous. Cases such as this in
troduce both delay, and sampling into the control 
scheme. It may well be expensive to increase the
sampling-rate and hence reduce the time-delays.

In control schemes involving the transmission of 
sound-waves for remote control there will be delays 
of about one millisecond for each foot of displace
ment. The delay will also be variable, but predic
table. This involves a deeper problem than the one
we have considered, but as the delays are known a
scheme using a shift-register with an adjustable 
ou

•^pping suggests itself.

Where signals are electro-magnetic there will be 
a delay problem if the distances involved are very 
large. The problem of remote control (from a ground 
station) of a lunar-vehicle is a problem actively 
receiving attention. Here however the delays are 
known accurately, and the junction between the delay 
and the plant transfer functions is not "inaccessible" 
at least in the sense that we have used earlier.
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In the next section we discuss two examples 
involving time delays, one a scalar and one a ( 2 x 2 )  
vector case, described as typical in process control, 
for which we use the methods developed earlier.
We have included only a few worked examples, not 
because there are only few applications, but because 
the design procedure is straightforward, based as it 
is on the delay-free case.
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4,3.2 EXAMPLE 1. SINGLE-INPUT SINGLE-OUTPUT
The given plant transfer function is

{Z€~s.-ht

We shall take Ki to be /O and assume a
minimum prototype digital design is required.

(Clearly there will be a continuous solution also 
but we assume digital control to be necessary.)

Both continuous and digital control designs could 
use Smith^type control with digital shift-register delay 
models.

As we have made reference to the minimum prototype 
design in several places we give here fuller design 
details.

We seek a system function such that the
sampled error is reduced, and held, at zero in the 
shortest time.

the controller transfer function and 
are related by

(/ where iIS the

plant transfer function.

We are concerned here with the delay-free plant, 
the delay term will be added later, with the additional
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outer loop.

The steady-state error response to a step will be

For this to be zero must contain a factor
^  and there possibly another product term

say consistent only with additional delay, i.e. no
denominator factors other than %  .

^  , X /  \Cf(-Z) in this example is: ^  ( -^jr- ■

3 s ^

_  tc,

■ J-

=  jii . / /-z-y.j
js-’- f e C T

/where /y =  /SS'

T is the sampling interval, yet to be decided.
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C c t ) =  ■ 2 - / r k -
^  b - <  ( 5 ÿ r  j

=  f. (2 -,) jb^y)''-('^-')/'^-A)
' L  (?■->) C's.-^T

—  •g 0 ~ ^

J

Note that the poles at 2^-^  are in the unit circle, 
and it can be shown that so is the zero at

*2 "=-  y<3 {/^ "̂ j

Try simplest case PC^) —  / ̂ Mé'Z^^'Z . This 
is consistent with th 
expansion of
is consistent with the lowest power of 22 in series

l / z )  - _ î _ — - . -----— — —
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Choice of T

Let jĉ /O . Then an approximation of the 
unity gain bandwidth is given by

À g to r / r .

If T = 5 seconds, this corresponds to a rate of 
/v* 7 times the minimum.

• 0^7" —  % S ~  o /tf 2 g ̂  ^

^  ^  =. /•/5’ 3 ^

There is a need to retain several places of decimals 
due to gross cancellations in denominators.

s l ^ l  -f^T)  ̂ Û Î U 7 S  (  /Ù096/-f)

= ù î 7 i 7 Z

and l)(7i) - /Q.SU<̂ . (■ ! ^  Ù-7S/2é )

<?/2/Z72 ~0 ??97)
The plant delay of 10 seconds is modelled with a two 

stage shift register, with a sampling interval T of 5 
seconds.
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The control scheme is shown in Fig. 27* 

Fig. 27
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4.3.3 EXAMPLE 2. CROSS-COUPLED PLANT WITH DELAYS

The plant transfer functions are shown in Fig. 28

So  e

We note that the 20 second delay is common to ̂ if , 
and^^2_ y so that the "delay matrix" will factorise out.

The delay-less plant consisting of the ele
ments only, as defined in the figure, will be.subjected 
to a non-interacting control procedure.

It is convenient to define a diagonal matrix 
and a matrix L* J where ' CCv J , and to define

6 ^  as the matrix .

Let and(^V3 be the input and output matrices
to the system consisting , [/J , and(^] in cas
cade .
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y
I

p * - 9 " .

5- , and (2i_ are not necessarily scalar.

^ / / Q j v ■ =  TiS -f- (kiKLt-k:>f:3s) - / C z / C j

j 77 7l;

In the example chosen // **=■ /OO Ti — -2.0
(3//^ 6)/2.̂  âî./ and the elements of P6>

-f- -h CL ~

<5?/Z. —________2,____ /^sT})_____________

As^-f- -f ^
(Sz/ =: )(

^ Bs -f c

Ozz. —  /y/?2, ^ {/-hsT2^)
Tz

are

where - l̂ (/̂ Lf 'Ti. S =  Kl^Lf'-K^^^Z

For realisation of the Si t-'j % and l_ must be
i2-0. ̂ k /of first order at least. (ir.̂ « first order lags).
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It would be desirable for them to contain integration 
terms to remove the numerator terms. As we shall
see the addition of digital control with sample-and-hold 
may be included in the ^ S

This is ideal cancellation "on paper" and does not 
have the corresponding difficulties to the practical 
case although that occurs elsewhere in the non-interacting 
control. (For example in the
terms with the corresponding terms iji the plant. )

We note that G  could not be realised separately.

We have now decoupled the plant so that we have the 
equivalent of two separated plants. One consisting

only. Series digital
are now introduced and 

the elements of "2)/̂ 2̂  , chosen to produce the

of pi only, the other of 
c o n t r o i l e r s T ^ / a n d

desired control of p l a n t s , and . The addi
tion of outer loops to compensate for the plant delay 

—2.0 Sterm ^  which occurs in series with pI only in 
this example follows exactly the procedure in 4.2.2.
We can use , (and ^ 2.when necessary) to model the
plant and "decoupling" controller(5̂  for the Smith-type 
delay compensation.

Fig. 29 shows the completed scheme of control.
Each digital controller includes at its output, as before, 
a sample-and-hold element.
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The detailed choice of the9^t^^) and ^
elements, and the choice of the elements is
complicated and depends on the values of >

, and l̂ cf which in turn are partly in the plant 
désigneras control. It is seen that even for this 
2 x 2  control there is a large number of design variables.

The compromise between choice of elements of the 
continuous^J> , and the digital controllers 2)/ , 
and ^  2. are even for this 2 x 2  clearly only to be 
solved by simulation studies. We have given here 
sufficient detail so that knowing ]̂i , , and
kcf~ this simulation could be attempted given that hybrid 

computing facilities of sufficient power were available.
In our earlier simulations of single-input single output 
cases we were able to produce simulation studies, with 
fairly modest equipment, but it is clear that proceed
ing to the non-scalar case has doubled (at least) the 
demand for digital computing elements; and emphasises 
the ’’slewing" problem which is due to having to sample 
sequentially, and which was just over-come in the 
scalar case.

These problems could be surmounted by the use of 
a hybrid computer with simultaneous sampling on more 
than one channel. This would be no difficulty of 
course in doing this in practice with a special-purpose 
computer built to control a given plant.
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CONCLUSIONS

It has been our purpose in this thesis to review 
the methods existing for the analysis of systems with 
time delay elements, and in particular to discuss the 
control of such systems when digital control was appro
priate .

The central theme of this work has been that the 
method developed by O . J. Smith for continuous con
trollers is capable of extension to digitally controlled 
systems also. This we have demonstrated in chapter 2.

We have interpreted digital control to include also 
those situations in which both continuous and digital 
control should be used in conjunction and have shown 
that this is an approach naturally suggested by a 
logical extension of Smith’s methods.

We have suggested, and demonstrated, that the delay 
element in the model of plant delay can be a shift- 
register of modest length.

By a re-appraisal of Smith’s method the compromise 
has been illustrated between the use of signals indica
tive of the expected behaviour of the controlled plant, 
and the signals which are produced as a result of plant- 
model mis-match.

We have drawn attention to this problem of mis-match, 
and the related sensitivity problem and have shown.
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particularly for the case of mis-match in delay how this 
is related, in an obvious way to the behaviour of the 
undelayed plant.

Extensions of the method from the single-input 
single-output case to the general cascade and multi- 
variable case have shown that the methods can be used 
in such cases, albeit with some increase of complexity, 
particularly in the cascade case.

An example of the multi-variable case has empha
sised the need for the maximum of knowledge about the 
plant, and the obvious need to design the plant by the 
use of simulation.

We have supported our argument throughout with 
simulation studies by the use of a hybrid computer.
This is held to be the best mathematical tool for the 
analysis of systems involving both discrete and contin
uous elements.

It is often the conclusion in control theory, due 
to its wide study over several decades that solutions 
suggested to problems appear finally to be nothing but 
existing methods in a new light. It is hoped that 
this author is sufficient of an engineer not to expect 
that the results of this thesis offer a panacea for all 
the ills associated with digital controller design for 
plants with delays, and sufficient of a mathematician 
to be able to claim that the hybrid computer is the best
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of all possible methods for the analysis of "mixed" 
systems which we have studied.
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APPENDIX A.l -
THE HYBRID COMPUTER AND ITS ORGANISATION

All the simulation studies used the hybrid com
puting facilities of the School of Mathematics,
University of Bath.

The machine is not described in the literature 
and this appendix is included for completeness of 
reference.

The computer consists of three units, a Solartron 
247 analogue computer, a DEC PDP8 I 12-bit digital com
puter with Teletype Keyboard, and an additional rack 
of patchable logic. This latter unit and the inter
face equipment was designed and constructed by members 
of the Analogue Computing sub-group.

The analogue 247 computer may be used conventionally 
or under digital control. The patchable logic panel 
provides means of generating signals, including the 
provision of clock-pulses, to time the logic operations, 
and provide signals to the PDP8.

Interfacing between the patchable logic panel and 
the analogue computer is direct, and individual ampli
fiers or groups of amplifiers may be controlled by 
patchable connections.

There are facilities for producing standard signals 
from analogue signals and vice-versa, including the use
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of relays.

Interfacing is direct also from the logic rack to 
the PDP8.

Interfacing between the analogue computer and the 
PDP8 is via 12-bit stores - the input and output buffers. 
10-bit digital-to-analogue conversion is available on 
four channels and analogue to digital conversion to the 
same resolution uses a common ADC with multiplexity 
facilities. All A-D, and D-A conversion is controlled 
from the PDP8 programme.

For hybrid work the TT keyboard is used to control 
experiments, and the X-Y plotter may also be controlled 
externally by computer programming and the use of 
patchable connections on thelogic rack panel.

The PDP8 uses conventional DEC soft-ware, with 
modifications, for arithmetic operations, this is 
supplemented for hybrid computing purposes by a suite 
of programmes developed by Mr. A. S. Charlesworth and 
Mr. R.XBedding of the Analogue Computing sub-group.
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APPENDIX A.2 
THE COMPUTER PROGRAMME - 
SPECIFICATION AND TESTS

A.2.1 The computer programme, which was modified and 
added to during the course of the experiments and tests, 
finally resulted in providing the following facilities.

1) Simulation of a digital controller with the trans
fer function

 ̂ -f- "Z: ^

where the coefficients /9/ —^ could be set
from the key-board.

2) The interval between samples could be specified in 
terms of a number SAMPLE which would indicate the number 
of externally generated pulses counted between samples.

For example. With external pulses at 100 per 
second and SAMPLE = 100, the intersample time would be 
one second. With the same external pulse rate and 
SAMPLE = 50 the intersample time would be 0.5 seconds.

The; external pulses were available at either 100 
or 1000 per second from the logic panel.

3) A delay shift-register could be specified in terms 
of the number of external pulses. DEL 1 = 200 with a
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pulse rate of 100 (1 every 10 m sec) resulted in a delay 
of 2*0 seconds.

This delay was used to simulate the plant delay.

4) A second delay was specified in terms of the number 
of sampling intervals. For example DEL 2 = 2  resulted 
in a two second delay if the intersample time was one 
second. This was used to model the plant-delay.

5) The hold-time of the output of the digital control
ler in terms of the number of external pulses was set
by PW. With SAMPLE = 100, corresponding to 1 second, 
say, with PW = 50 would result in a 0*5 second hold
time . If the value of PW exceeded SAMPLE the output 
was held for one sampling interval.

(This was usually the case in the experiments des
cribed « although experiments with hold-time less than 
the sampling interval were performed for some stability 
tests not included in this thesis.)

6) A further facility not included in the programme 
but introduced as necessary by the use of the computer 
key-switch register enabled the programme to "halt" at 
each sample interval with all integrators in HOLD so 
that sample and output measurements could be made with 
the DVM for greater accuracy.

7) The TT keys C, R, H were used for "Compute", "re-set 
initial values", and "hold" respectively.
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Input and output connections for the digital con
troller, and for DEL 1 and DEL 2 were made available on 
the analogue computer patch-panel.

With these facilities available it is possible to 
conduct a wide range of digital control experiments 
with (or without) delays. The variable hold-time 
facility extends this range of experiments beyond those 
which we found necessary for our present purposes.

Included within the programme was the programme 
HYBINT, which automatically interrupted the programme 
specified above in the advent of errors, such as an 
over-load limit (i.e. in excess of 1 machine-unit ) at 
the output of the digital controller. Error messages,
El, E2, etc. indicated the error type. The HYBINT
"package" is included in all hybrid programmes to ensure 
the minimisation of machine-made computing errors.

Extensions to the programme to include digital 
plant modelling, and provision for multi-input multi
output plants suggest themselves.

A.2.2 TESTS ON THE COMPUTER PROGRAMME
The tests used to verify the computer programme 

are described in some detail. This will show applica
tion of some of the theory of systems with delay as dis
cussed in the introduction, and also demonstrate methods 
which others may well find useful. The tests also 
show experiments possible with the programme in addition
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to those described in earlier sections.

Due to the form chosen for it is possible
by setting suitably chosen coefficients to zero to 
produce several special cases of digital transfer 
functions. For example with A1 set to unity and with 
all other coefficients set to zero acts as a simple
sample and hold, the hold time of which can be chosen by 
specifying values of PW. By setting the A coefficients 
tp unity in turn, with all B coefficients set to zero it 
is possible to produce sample and hold with shift-register 
delays which are integral multiples (up to 4) of the 
inter-sample period.

By setting all A coefficients to zero except A1 
it is possible by setting suitable B coefficients to 
produce controllers of the type discussed" by Barker.
The was programmed in canonical form as discussed
by Monroe (Mo 1, p.455), with a variation due to A. S. 
Charlesworth which reduced computation time between sample 
and change of output. Programming in the canonical 
form has some disadvantages with respect to truncation 
error (Ka 1), and also involves multiplying given 
transfer-functions out sometimes. The former disad
vantage made no significant difference to our studies, 
and the latter is trivial.

As both terminals each of the elements ,
DEL 1, DEL 2 were available on the analogue panel it was
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possible to conduct experiments with each singly, and 
in combination.

The experimental arrangement shown in Fig. A.2.1 
was found useful.

Fig. A.2.1

01.

r 0
DEL 1

DEL 1 it will be recalled was the "long" shift 
register triggered at 100 or 1000 times per second.
The "length" of the shift register could be specified 
at the TT keyboard. (TTKB)

Two related series of experiments were conducted, 
both of which were concerned with critical oscillation 
of the loop in response to a step input. In the first 
tests the coefficient *a* was set to pre-determined 
values and the value of 7c, was adjusted by choice of 
the "length" of DEL 1 until critical oscillation was 
observed at . In the second 7^ was fixed and
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the corresponding Clc, measured.

If we can assume that a long shift register simu
lates a delay sufficiently well for sample-and-hold 
effects to be ignored (as we shall discuss in A.4) then 
the relationship between 7% and a is found as follows

For oscillation
_  ST2:

/ -f- jEl---------  =. o  ,

S(Ts-t-cî  ^

' !  ̂ to)

Clearly for QCCi small (c, is approximately equal 
to tX . By developing the series for 71i and sub
stituting the value for AJ it follows that for

7 ^  = .  a. ^  i-ir I  -  ^  ]

which reduces to ”7 ^  —  to better than 5%
when Ct^l and better than *5% for a <f ̂ *S~.
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Results :-

For Ct^l , the observed value of /c was 1.14 for 
100 pulees per second, and 1*140 for 1000 pulses per 
second. The theoretical figure is — 1*150
seconds, an error of the order of 10 milliseconds.

For reasons which will appear later a time of 
approximately 5 milliseconds can be added to the 
observed for the 100 per second pulse rate, bringing 
the agreement in this case to within 5 milliseconds.
This agreement was considered sufficiently close for 
practical purposes.

Graph A.2.2 shows the results for ( c plotted 
against X  , and for comparison j plotted
against . Results are shown also of the converse 
experiment.

The programme was then verified, at least with 
respect to the A coefficients of t h e j  by using 
the%)/2^ as a combined sample-and-hold and (short) 
shift register.

As explained earlier in A,2.1, by setting the B 
coefficients to zero, a sample-and-hold and a shift 
register of 0, 1, 2, 3 or 4 stages may be produced by 
setting to unity A1, A2, A3, A4 or A5 respectively.

The experimental arrangement is shown in Fig. A.2.2, 
with being used as sample-and-hold with shift-
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register set to'é stages. 

Fig. A.2.2

Cl

-KS - f H

The value of ^  was adjusted for each value of Xc 
and the results compared with the theoretical values. 
Note that no "plant" delay is present.

Using the assumption, to be discussed in A.3,
that the transfer function of the sample-and-hold is
given b y   -- in the S -domain, we derive the

CO
relationships between , AJ , and , where ^  is the 
frequency of stable oscillation, and 4. the value of 
the pot. setting for this critical case.

It will be convenient to introduce the dimensional
7

parameter cÀ into loop transfer function to enable 
checks to be kept on dimensions during the calculation.

The loop transfer function is:
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•5A

w-jr*  ̂̂  twhere ^ ̂  j3- , and A  is the inter-sample interval.
For oscillation at frequency 60 the phase and magni
tude relationships lead to

Cl =• 60 A

and

/4JA \ ^  / a V  00 )̂'̂ ^j ^   ̂ respectively.

By substitution

•=■ (tx-v A^A . A
A  -z.

—  —  . [ Svt^'^+JJùùL — S!/v\ /'UiA J
4  I

This equation and Cl — AD

give the required relationships.

Assuming the small angle approximation is valid 
(which it may not be for large ^  ) it follows that

^  . 0 0^  and hence US , and indept. of
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By expansion it is possible to shov; that

f  / -  - ^ 0 ^ }

where it is noted that 60 decreases (to second order) 

with ^  where ^(k) ~ 3  —  2> /

For the case of —  0.1 seconds, the error in
taking / is 3% for if- falling to *07% for ̂  /

This leads to the corresponding approximation

CL =  ^  J A

This result can also be derived naively from the 
theory of the previous experiment by assuming that the 
short-shift-register of this experiment is a good app
roximation to a_ pure delay.

The results of the experiment are summarised in 
the table A.2.2 overleaf:
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TABLE A.2.2

k C2c

0 .050 .05 .05

1 .1511 0.15 0.150

2 ^ .2553 0.25 0.250

3 .3651 0.35 0.346

4 .4831 0.45 0.442

That the CZc figure agrees more closely with the
small angle approximation than with the
column, may well be because the ^  value has been
assumed unity, and to second order A) decreases with

The next experiment combined the controller (with 
— / and all other coefficients = 0), and the long 

shift register. The experiment is similar to the 
previous one except that short-shift register, with 
shifts at the sampling interval, has been replaced by 
the long shift register with shifts at 1000 (or 100) 
per second.

Fig, A.2.3 shows the experimental arrangement:



Fig. A.2.3
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0 - ^
Dr%)

A|— 1 /

Call the delay ^  , the loop "transfer function"
'—will be -— —   oLSA , where

I i and ^  has the dimensions of frequency.

For oscillation at stable amplitude of frequency 60

d  - ÔO ^  ^ J

—  St̂ us'T ^
A

and

From small angle approximations
A

A further small correction may be made to account 
for the finite (though small) spacing of the long-shift- 
register pulses (i.e. .0005 or*005).

The results for shift rates of 100 and 1000 per 
second are given in table A.2.3 overleaf:
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TABLE A.2.3

CLOCK 100 p.p.s. 1000 p.p.s.

DELAY 
(secs. ) (Synail

ang/g)

<Zc

Cobs.)
(sVy^K
(xyyfe)

U c

{c>hs)

0.1 0.155 0.160 0.1505 0.155
0.2 0.255 0.260 0.2505 0.255
0.3 0.355 0.355 0.3505 0.350
0.4 0.455 0.455 0.4505 0.445
0.5 0.555 0.530 0.5505 0.535

It will be noted from the table how, especially 
for delays ^  0.3 seconds there is very close agree
ment. Some small disagreement is to be. expected due 
to finite calculâtion-times involved in the pro
gramme .

To test the effects of the addition of the 3)^2.^ 
programme, to the programme for merely obtaining the 
long shift register simulation of delay the first 
experiment was repeated, i.e. with 1000 p.p.s. the value 
of was measured for critical oscillation for given
delays. Table A.2.4 gives the results:
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TABLE A.2.4

DELAY 
(secs . )

(Prog l) 
(no controller)

(Prog 2) 
(with T)C'Z.̂  )

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.100

0.200
0.300
0.390
0.480
0.570
0.655
0.740
0.820
0.900

0.1000

0.2001
0.2980
0.3920
0.4830
0.5720
0.6590
0.7400
0.8150
0.8930

The accuracies were different in (1) and (2), the 
figures in (1) being obtained graphically (from the 
converse experiment) and (2) being obtained from the 
DVM. It is seen that the inclusion of the additional 

programme left the results sensibly unaltered.

The final test applied to the compted programme 
was to compare data obtained by our simulation experi
ment with data given in a published design. It was 
thought that this could also be used later as a routine 
dynamic check on the programme and computer. The
published design had assumed zero calculation times.
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The design chosen was the minimum- prototype due 
to Monroe - the design example on page 231 et.seq. of 
(Mo 1) "Digital Processes for Sampled Data Systems". 
This has been discussed elsewhere as experiment 2A in 
1.4.8. Table A.2,5 (below) gives the theoretical 
and observed output values at the sampling instants.

Step response Ramp response

aple Theory Obs. Theory Obs .

0 0 0 0 0
1 0.81 0.82 0 0
2 2.19 2.17 0.81 0.83
3 1.00 1.00 3.00 2.98
4 1.00 0.99 4.00 3.96
5 1.00 0.97 5.00' 4.97
6 1.00 0.96 6.00 6.00
7 1.00 0.99 7.00 6.96
8 1.00 0.99 8.00 7.92
9 1.00 0.87 9.00 8.90

Inter-sample behaviour has been discussed in 1.4.8 
and is shown in graph 2A.

To obtain the results of table A.2.5 it is essential 
to make use of the full dynamic range of t h e ^  pro
gramme. With a step of 0*2 machine units, it was 
necessary to use (published ) with a corres-

Toor
ponding reduction (by form) of the plant gain.
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Due to the close agreement between theory and 
"experiment" the programme was used without further 
modif ic at ion.
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APPENDIX A.3 
ON THE "TRANSFER FUNCTION" OF THE 

SAMPLE-AND-HOLD UNIT

A.3.1 INTRODUCTION
The author is unhappy, in general, about the 

treatment in the literature of the sample-and-hold 
unit. There would even seem to be differences of 
opinion as to which form it should take. The treat
ment that follows avoids reference to "fictitious" 
elements. That there are difficulties with these 
was discussed in the introduction (1.2.1).

We are interested in the case where S  is to be 
replaced bjĵ Ô in order to determine phase, and mag
nitude characteristics, i.e. the case of sinusoidal 
inputs. We have quoted the results of this section 
freely in Appendix 2 and elsewhere.

Surprisingly there is little discussion in the 
literature concerning the presence (or absence) of the 
denominator term ZX (the inter-sample time). This 
term appears in the (or S» ) description but not
in the ^  domain description of the sample-and-hold 
unit.

Some authors have circumvented this paradox by a 
re-definition of the-2- -transform (Ka 1).

In stability analysis one can take two approaches
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the domain approach or the %. -domain approach.
In the latter case one is concerned however with the 
behaviour only at the sampling instants. (The dis
cussion, by Truxal (Tr 1, p.501 et. seq.) is detailed 
but not helpful4, )

If possible the approach is to be desired,
partially because it is closer to the body of estab
lished classical theory and practice and is more 
closely related in a physical sense to the continuous 
elements in the loop. For purely digital systems 
the 2r transform is wholly appropriate and here, of 
course, the fictitious sampler is an unnecessary 
addition to the theory. One is really only con
cerned (analytically) with the sample-and-hold unit 
in situations where both digital and continuous ele
ments occur together.

Rather surprisingly one will have to answer the 
question "what is a transfer function?" during the 
course of the following analysis.

It will be seen that when one uses the usual 
definition of the ratio of transform of output to 
transform of input surprising results emerge, which 
are resolved however, on making the substitution

In stability studies one is often concerned in 
particular with the critical case of sustained oscilla-
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tion at one (or several) frequencies, so that the res
ponse to sinusoidal inputs of elements in the loop 
needs to be known. This is well established for 
continuous linear elements; we attempt to complete 
the loop, so to speak, by finding the response to 
sinusoids for the sample-and-hold unit.

Two cases will be treated, firstly the case of a
sine-wave, and then the general sinusoidal input

Odh'f" é> Ccx> 03 •

The approach, which is straightforward, is to 
calculate the Laplace-transform of the output from 
the sample-and-hold for a sine-wave applied at ,
and to compare the component at frequency CO to the 
input. That even in the steady-state there are com
ponents at other than the driving frequency is obvious 
from the form of the output for it is clearly not sinu
soidal. We are going to take the view that if
has been sensibly chosen, i.e. somewhat less than half 
the sampling frequency then the fundamental sinusoidal 
term is dominant. This is rather like the "describing
function" approach for non-linear elements although of 
course the sample-and-hold device is linear as super
position holds. One is so used to situations in 
which linearity implies sinusoidal response to sinu
soidal input that there are conceptual difficulties 
here.
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A.3.2 CASE 1. SINE-WAVE INPUT

Cĉ é") = cot- l-i(t-)
'^/t) ~  ^  Si^(cokA) . f

oo H(6-k^iA)\

- ^ ( s ^  LokA).
OC>

— .SA \ ' / . —"<5̂ Z

D

__ jr /i \ . -%sA—  5  L J ' S i ^  o d L  ^

/ —  2  e  -he

•■• i:â ^  =  j . .

~  ~Rs) _, 'S<^ .

Given the usual definition of transfer function
-r- . V'̂s)discussed earlier fcSy being is a transfer

function, but with unusual properties. It is not 
usual for examples for T.F.'s to contain input para
meters, such as ^  , before the substitution 
has been made, and this is certainly not the
transfer function quoted in the literature although 
the steps taken in its derivation follow well estab
lished Laplace transform technique.

(We are not introducing paradox for its own sake, 
but because the resolution of the paradox will deepen
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our understanding of fundamentals.)

Consider ), and note that

^  * cS
I ^ —5A  — 2(SA is indeterminate when 5 —

Apply L*hopital*s Rule to obtain

c2 ^  c<D<0 A _  2-A-e"^

after cancellation and noting that

/p. 6T ̂oA- A

I s

Note the presence of the Z^ term in the denominator, 
and the form of the bracketed term.

One can see why the simplisticly derived formula 
— rye ) -« works in practice as the same

result is yielded in the special case

Expansion of S A
,__ / /, -^A \

y 1 % Z33 TL/ /—  00^0 A  -fj£
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in partial fractions will give rise to the term )

as the coefficient of the term, but other
terms will arise also due to the multiple zeroes

0 =
conveniently written as
5 =  zb of the denominator term which can be

-2-sA

(HyThese additional terms in ^  —  , are the addi
tional steady-state terms, which we have ignored in 
the stability analysis.

Comparison of theory and experiment has justified 
(in the examples used) the neglect of these terms.

A.3.3 CASE 2. THE GENERAL SINUSOIDAL INPUT
It could be argued (but wrongly) that Case 1 was 

rather special in that the origin of the sine-wave and 
that the form of / might well be different
(involving as it d o e s O  , and other input terms).

The lines of the "proof" follow those of Case 1.

^  cTma, 03 t hc^cO't

CO
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The resulting /y ̂ , is given by

J) Clc. S(t\.c<iA-f-
2sA ^  sA  .  ̂ ,—  2 e  CdscoA -+ I

•■ - 1rs) = 1  1  -t
S - 3 0 C O  [ a c o + ~  2.-^cbS(oA-+

5 Awhere we have used ^  :̂j2. as a short-hand notation.
The same difficulties of indeterminary arise. Using 
L'hëpital once more we derive

%  S i^ io A  +  h/ccsiAAyJt^tAA-cc^ic^

cioo-+jfc>to ^ a 6 oscoA-^Jsi.^u & —<u >sc<Sa )

s A s=^jco

as in Case 1.
We have thus demonstrated that, provided that higher 
terms can be ignored, the substitution of 
is justified irrespective of the phase of the sine- 
wave input to the sample-and-hold unit. This further 
justifies our use of this approach in stability analysis.

A.3.4 THE *'NEGLECTED TERMS"
^7T

The first neglected term is at frequency ^  — Kv , 
and as UO approaches^A , the fundamental term and this



168
first neglected term become comparable in magnitude and 
either "beat" phenomena or re-inforcement can occur.
In this case the approximation we have taken is no 
longer valid and a "transfer function" at W  —

J
is now dependent on the phase of the input sinusoid.
(See Do 1) This frequency is twice the sampling
frequency and difficulties in this region are inevitable. 
Of course it would be poor design to allow input fre
quencies of importance to be near to this critical value.

A.3.5 CONCLUSION
The intention of this appendix has been to apply 

classical Laplace-transform theory to the sample-and- 
hold unit in order to justify, with the minimum of 
additional theory, our use of a "transfer function" of 
a particular form in the case of sinusoidal inputs only. 
To claim universality for this form of "transfer func
tion" on this basis would be wrong. We have seen 
howler that infinite summations of the form

^  arise naturally in the theory
fz^

and hence have used some of the ̂  -transform results, 
but without introducing conceptual difficulties of the 
"fictitious sampler". This approach has been success
ful in the limited context in which it has been applied, 
for example, in Appendix 2.
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APPENDIX A. 4 
ON THE APPROXIMATION TO A PURE TIME-DELAY 

BY SHORT AND EXTENDED SHIFT REGISTERS

A.4.1 INTRODUCTION
We are concerned in this appendix with two related 

problems. How good an approximation to a pure time-
delay can be made by using a shift register with sample-and-
hold, firstly with a shift rate which is high compared to 
frequencies of interest, and secondly with a shift reg
ister with shift rate comparable (or equal) to the sys
tem sampling rate.

The calculations are similar to those of the pre
vious chapter, but closer treatment has been given of 
the "neglected" terms.

A.4.2 ANALYSIS OF SHIFT REGISTER WITH SAMPLE-AND-HOLD 
GENERAL CASE 

For the input IX ̂ 6^ starting at & ^ 0  , the
output 2̂  is given by

2 2  ^  ^ H  bT-rCt) ~ H rOr)
k-O

where is the time between shifts, and is the 
shift-register length. The effects of quantisation
are assumed negligible.
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OO

' y  x C ü j ) ^  %
o

— xS/iT -4X
—  js. • e. ^

=

This expression differs from the similar one in
_  S n ^

appendix A.3 only by the factor . Following
similar manipulations to A.3 we see that for an input 
frequency 40 the response to sinusoidal input can be 
calculated from

/ t ? )
if the terms

other than the fundamental term are negligible. This 
corresponds to a magnitude term S h ^

and a phase term corresponding to a delay of 'f' 
seconds. The clearly deriving from the shift-
register and the from the hold device. We note
that the magnitude term is independent of /L so that 
this expression is valid for all shift registers irres
pective of length provided that the fundamental term is 
dominant, i.e. that higher terms (in zt. 60 )
can be neglected. Implicit in this assumption is that

do
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A.4.3 THE "NEGLECTED" TERMS
Noting that the first neglected term is at fre

quency and that

we see that the ratio of the first neglected term to
^ _________ _ s*aTthe fundamental is /T I as the ^

term makes no contribution to magnitude. Higher 
neglected terms have a similar inverse frequency 
relationship.

This indicates the magnitude effects for the 
higher terms. To include (or exclude) all higher 
terms it is helpful to consider the energy (or power 
as we are taking ratios) of the fundamental term com
pared with the other terms. The ratio of energy 
associated with the fundamental frequency to the energy
input IS simply  h  —  to unity.

(.%!
Table A.4.3 gives the % energy associated with 

the fundamental for various
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TABLE A.4.3

Z l M  « o .  (“Ç)
0.2 .998 99.6
0.4 .993 98.6
0.6 .985 97.0
0.8 .974 94.8
1.0 .959 92.0
1.5 .909 82.6
2.0 .841 70.7
2.5 .760 57.6
3.0 .665 44.2

A.4.4 HIGH SHIFT-RATE
If the shift rate, ^  , is much greater than

6\j then p  O  and / . This will
correspond to entries beyond the top of the table and 
thus to a very close approximation to a pure-delay.

For example a shift-register of 200 stages, to 
simulate a delay of 2 seconds corresponds to = 100. 
With frequencies of the order of 10 radsyl̂ sec, say, the 

product is less than 0*1.
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A.4.5 THE SHORT SHIFT«REGISTER
Let the system sampling interval be /\ , as for

merly, and consider a shift rate ^

In this case the fundamental term is obtained from

i t é )
Sts

with the corresponding delay J A

The fundamental term dominates if ^O'E

say corresponding to 5% loss in energy at the neglected
7]
4frequencies. Let the maximum signal frequency .

hi y Ù'EThen (njt<v\̂ 77" 0-7'Ou i.e. a quarter of

the maximum permitted input frequency.

As discussed in chapter 3 it may be sensible to take 
/̂ka shift rate of /^  in which case a 5% energy loss 

corresponds to an AJ of approximately 50% of 
It is clear that shift registers of a modest number of 
stages can simulate delays to good accuracy over a large 
fraction of the permissible input frequency range.

A. 4.6 CONCLUSIONS
It has been shown in this appendix how system fre

quencies influence the choice of shift-register rate, 
and shift-register length in the simulation of pure time-
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delays, when the sample-and-hold device is included.
If a purely digital calculation is used, not involving 
an additional hold; i.e. if the shift register output 
is operated upon digitally, rather than forming the 
input to a continuous element, then the corresponding 
delay is simply . This distinction is important
and basic to the understanding of systems with both 
digital and continuous control loops, as treated in 
chapt er 3.
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APPENDIX A. 5 
CORRECTIONS TO PUBLISHED DESIGNS

A.5.1 INTRODUCTION
In chapters 2 and 3 and appendix A,2 we have men

tioned several cases of errors, usually only arithmetic 
in nature but with serious consequences. These are 
collected together in this appendix not to demonstrate 
that authors make arithmetical errors but to save those 
who may also simulate digital controllers from needless 
loss of computing time.

On several occasions this author was side-tracked 
(and seriously so) by the uncritical acceptance of pub
lished data. He hopes not to have included errors of 
his own in the corrected examples which follow.

A.5.2 CORRECTIONS
Kuo, B.C. Analysis and Synthesis of Sampled-data 

Control Systems. Prentice Hall. 1963.

Chapter 9. Examples 9.6, 9.7, 9.8.
Equation (9-115) should read

-f-

Qz- o 9cs~)
with corresponding corrections to expressions 9-126; 
9-136; 9-162; 9-166; 9-217; 9-225.

Monroe, A.J. Digital Processes for Sampled-data 
Systems. John Wiley. 1962.
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Chapter 14. Fig. 14-4. The graphs should be 
amended as follows.

The maximum in the step response occurs at 1»8 secs,
i.e. before the sample at = 2 seconds.

The ramp response should exhibit no overshoot before 
the sample at é" = 3 seconds. The "ripple” beyond = 3 
should be reversed in phase with respect to the pure ramp.

The minimum ripple filter design (14*83) on page 247 
requires modification. The numerator coefficient of
^  should read - 0.0635.

Note: Simulation studies of the minimum ripple
design show quantisation to be a limiting factor in the 
prevention of ripple. With a 10 digit ~  2 machine- 
unit simulation the ripple-free response was found 
inferior to the minimum-prototype response where ripple 
was ignored in the design. The estimate of ripple in 
the minimum-prototype design was pessimistic. (The 
lesser fault than the v c - r s )

Jury, E.I. Sampled Data Control Systems.
John Wiley. 1958,

Chapter 5. p.193. Expression (5.24) should read

It was noted by Professor K. V. Diprose that this
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corrected expression contains a common factor in 
numerator and denominator. The revise (third order) 
controller results as

'~7) *fz] - z ̂   ̂ ^ -/ Aofy-X-
O O S —  6 ‘X^

Simulation of control loops with these controllers 
gave (as expected) sensibly identical results, which 
agreed with the published responses.

We have used the former of these two expressions 
as controller Cl, in chapters 2 and 3.

A.5.3 SUMMARY
The author must repeat the statement in the intro

duction that the publishing of these corrections implies 
no criticism of the works cited. All three books, 
with others, have aided considerably in the appreciation 
of the theory and difficulties of sampled-data control.
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APPENDIX A. 6 
BRIEF NOTES ON DIGITAL SIMULATION

A.6.1 INTRODUCTION
We have made mention in earlier appendices of the 

digital simulation of pure time-delay. We shall con
sider here briefly the more general transfer function.

The excellent reference (Ka 1) contains a chapter 
on digital filters which surveys this topic very thor
oughly. We are not concerned here with the approxima
tion problem for the choice of to realise a
given frequency characteristic, as the form of transfer 
function is already known, ie. the plant transfer func
tion in S .

All digital simulations share the problem of 
aliasing due to sampling, however as we have seen if 
the sampling rate is sufficiently high then terms higher 
than the fundamental can be neglected. It is necessary
of course to ensure that input frequencies do not 
approach half the sampling frequency. The possibility
of continuous pre-filtering can be examined but there 
are cases of course where the input data is already 
digital. In a sensibly designed system input fre
quencies of importance have a well defined wpp-^r (tvviCt .

A.6.2 METHODS
We shall discuss two only of the methods available. 

The design of simulation needs to be recursive in order
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to keep the order of the corresponding transfer function 
low. There will clearly be an approximation involved 
in the simulation as the plant itself is defined for all 
frequencies, and the digital filter realisation has 
inevitable additional zeros and poles. Let the plant 
transfer function be , and the corresponding

-transfer function will be of the same order, as can 
be seen by expressing in partial fractions and
transforing- term by term and then multiplying-out. 
Providing that the sample-rate to the filter is high 
(it need not be the same as the system sampling rate) 
good simulation will result. It is suggested that 
hybrid computer studies should be used to determine the 
rate best suited to a particular problem. With the 
order of plant time-constants in mind clearly it is 
straightforward to sample this model at a- multiple of 
the system sample-time without difficulties of digital 
computation. The coefficients in the 2^ transform 
involve the sample-time explicitly, so the modification 
to coefficients is obvious.

An alternative method is to use a bilinear mapping 
■2, {/-■Z"')
^  g i v e n a n d  to

realize the corresponding ̂ -transfer function. This 
causes "warping" of the ^  axis, and it may be necessary 
to introduce a pre-warping filter (in ^  ) first in order 
that the resulting simulation is a close approximation
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to the given . This method is clearly
equivalent to replacing each integrator in an
analogue model by the corresponding A  ^

i.e. a "crude" digital integrator.

This method results in a higher order Z.-transfer 
function if pre-warping is included.

This substitution is equivalent only to the tra
pezium rule. The use of substitutions corresponding 
to less crude approximations to /s such as Simpson’s 
rule, or Weddle’s rule result in higher orderly transfer 
functions and could well repay deeper investigation in 
the context of digital simulation.

A.6.3 CONCLUSIONS
The digital simulation problem is still regarded 

as open-ended. It is the author’s belief that simu
lation studies on a hybrid computer, after synthesis in 
the ^  domain following the techniques discussed briefly 
above offer the best approach.

There is clearly a need for a close study of the 
methods of classical numerical analysis, together with 
related hybrid computer studies to enable the most 
appropriate method for digital simulation of plants to 
emerge.

As indicated elsewhere this is one of the cases 
where engineer, applied mathematician and numerical
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analyst might well co-operate fruitfully.
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APPENDIX A. 7 
AN ANALYSIS OF INTERNS AMPLE BEHAVIOUR

A.7.1 INTRODUCTION
It has been suggested in much of the foregoing 

that hybrid computation is the best medium for the 
analysis and design of digital control systems either 
with or without delay terms. To indicate what is 
involved by an alternative method we use the modified- 
Z -transform method due to R. H. Barker.

The alternative technique of the use of multiple 
sampling is not possible except when terms in the con
troller are known explicitly in terms of the system 
inter-sample time. If any coefficients have been 
found graphically, i.e. the exact dependence on A not 
being known the multiple-sampler method ife inappropriate.

A.7.2 THE EXAMPLE
We take as our example the minimum response proto

type of Monroe, discussed in chapter 2 and appendix A.2. 
We shall use these results to cross check our simula
tion of Monroe’s design. Monroe does not give other 
than estimated values of inter-sample behaviour.

In the case where Y/z ) is known already from a 
transform calculation it is possible to calculate 

SIS follows.

If the output sequence is , the sequence to
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the continuous plant and sample-and-hold must be 
Then the modified "S— transform of the output )

It would be useful to have tables of — — ~
This expression simplifies as numerator and denominator 
have common factors.

In the minimum prototype design the system trans
fer function is calculated during the design so

y/Tz ) =. x(z )

and thus j Q  ) X(^)

To obtain it is best to turn or
the équivalente!^/^ ̂  to partial fractions and to " '2:- 
modify" transform term by term.

We recall that the plant transform was

H  c u )  =-
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0./2. (>C -Z. -f- /'9 2 Lf Z

We note that for each value of ^  between samples 
it is necessary to recalculate Y for various 
values of and to substitute the corres
ponding values of oi and ̂  .

The figures obtained above agree well with the 
first two mid-sample prints, obtained from graph 2A, 
the step response simulation for the Monroe minimum 
prototype.

It is seen that even in this example where the 
calculation is shorter because is known that the
amount of calculation is formidable. This emphasises 
the need for hybrid simulation or alternatively for a 
digital computer programme to perform the routine but 
very lengthy modified 2  -transform calculations.


