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S U M M A R Y

Optimal and sub-optimal excitation control of a single machine 

system is investigated. Optimal excitation control is derived 

by using singular optimal control theory, while sub-optimal 

control is derived by using function minimisation techniques 

employing dynamic sensitivity functions.

Both bang-bang and continuous feedback controls have been 

considered. A dual mode control arrangement has been used where 

the control operates in a bang-bang mode during large disturb

ances and in a continuous feedback mode during small disturb

ances. It was found that substantial overall improvements were 

achieved by the optimal and sub-optimal controls in the 

generator performance both under small and large disturbances.

It was also found that the sub-optimal controls furnished a 

substantial improvement in transient performance of the system 

under a wide range of operating conditions and parameters.

These conclusions have been confirmed on a practical micromachine 

system.

A sub-optimal control consisting of non-linear functions of 

state has been investigated. This non-linear feedback control 

made substantial improvement in the system performance under a 

large range of operating conditions and parameters.
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List of Principal Symbols

The principal symbols used in this thesis are listed as 

follows. Symbols which do not appear in the list will be 

defined in the text as they are introduced.

= stator voltages in d and q axes respectively

= field voltage

i^j i^ = stator currents in d and q axes respectively

i^^j ^iq ” currents in field and d and q axis damper

windings respectively

= stator resistance in d and q axis windings

r_., r\ r_ = resistances in field and d and q axisfa Id iq
damper windings respectively

= stator flux linkages in d and q axes

respectively

“ flux linkages in field and d and q axis

damper windings respectively

x̂ j-j ,x, ̂ - ,x_ = total reactances of field and d and q axisffd lid 11q
damper windings respectively

X j, X = mutual reactances between any pair of dad aq
axis windings and between q axis windings 

respectively

x^, x^ = synchronous reactances in d and q axes

respectively

xj, = d axis transient reactanced
x’j, x” = d and q axis subtransient reactancesd q

respectively

(vii)



= q axis voltage behind transient impedance

eJJ, e^ = d and q axis voltages behind subtransient

impedances respectively

T' , T' = d axis transient open and short circuitdo d
time constants respectively (sec)

T^o’ = d axis subtransient open and short circuit

time constants respectively (sec)

T" 5 T" = q axis subtransient open and short circuitqo q
time constants respectively (sec)

T' , T ’ = q axis transient open and short circuit
qo q

time constants respectively (sec)

= air gap torque

T = mechanical torque input to rotorm
= damping factor 

H = inertia constant kWs/kVA

M = H/wfg
Ü) , f = rated frequency (rad/sec and Hzo o

respectively)

Ü) = instantaneous angular velocity of rotor

(rad/sec)

y - rotor slip speed (rad/sec)

6 = rotor angle (rad)

V^, = voltages at infinite busbar and machine

terminals respectively 

x^ = transfer resistance and reactance

respectively

Xq = resistance and reactance respectively

representing transmission line

(viii)



R^ 5  = resistance and reactance respectively

representing generator transformer 

= eigenvalues, i = l,2,..,n 

P = differential operator d/dt

s = Laplace operator

t = time (sec)

s^ = switching gains i = l,2,..,n

= state feedback gains i = l,2,..,n 

= reference voltage to excitation regulator 

= feedback signal

= derivative feedback signal of AVR 

F = objective function

V = performance index

X = state vector

u = control vector

z = sensitivity vector

A = prefix to denote a deviation about the

initial operating point 

T = superscript to denote transpose of a

matrix or vector 

-1 = superscript to denote the inverse of a

matrix

= superscript to denote differentiation 

w.r.t time t

0 = subscript to denote steady state value

r = subscript to denote reference

The constants T and K with appropriate subscripts denote 

control system time constants and gains.
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CHAPTER 1 INTRODUCTION

1.1 Power System Stability

The advent of increasing demand for electrical power has 

produced generating units of large capacities, low specific 

inertia and longer transmission lines at higher voltages. In 

addition, consideration of reliability and economy of operation, 

of power systems, has produced the impetus for interconnection 

of systems, resulting in even larger power systems. Unfortun

ately, these trends in power system development have tended 

to aggravate the problems concerning the operation and 

stability of the power system. A power system basically con

sists of synchronous generators and loads, interconnected by 

transmission systems, and the stability of a power system is the

ability of the synchronous generator to regain and maintain
1 2synchronism after a disturbance ’ . The steady state stability 

of the power system is concerned with the slow and small dis

turbances (such as normal load fluctuations) while transient 

stability is concerned with large and sudden disturbances to 

the system (such as ones caused by system faults and switchings). 

The stability limit of a power system is the maximum power the 

generator can deliver without losing stability when subjected to 

a disturbance. The steady state stablity limit is the maximum 

power the generator can deliver without loss of stability when 

subjected to a slow and small disturbance, while the transient 

stability limit is the maximum power the generator can deliver 

without loss of stability when subjected to a sudden and large 

disturbance.



^he maximum power which a generator can deliver is governed by
3the capacity and the operating conditions . The maximum power

delivered, during operation under lagging power factor, is

limited by the maximum power output of the turbine and heating

of the rotor and the stator while the maximum power delivered,

during operation under leading power factor conditions, is

limited by stability considerations. Whilst the steady state

stability limit depends on the presence of small and slow

disturbances, which is well defined, the transient stability

limit depends on the type and severity of the disturbance,

adopted to define the stability limit. In this particular case,

transient stability is defined as the ability of the generator

to stand a 3-phase short circuit fault of a standard duration

close to the generator terminals without losing synchronism.

Under these circumstances the transient stability limit is
qlower than the steady state limit .

The steady state stability limit is an important consideration,

especially under light load conditions and the problem of

improving the steady state stability has been studied by many 
5-9authors . These studies include the use of a continuous

fast-acting, automatic voltage regulator (AVR) which allows

stable operation of rotor angles well above that obtained using
5-9a non-continuous acting voltage regulator. Some authors 

employ feedback of various signals to improve the stability 

limits using excitation control. All these methods have been 

shown to provide an adequate margin of stability in the leading 

power factor regions, even under low loads.



Although the steady state stability limits are constantly

improved, the operation of the power system tends to become

increasingly constrained by its transient stability limits.

Transient stability is a major consideration for fixing the

operating limit of a synchronous generator operating in the

leading power factor region, because with large capacity of

generation and transmission the transient stability limit can

be lower than the steady state stability limit. Moreover, the

modern trends in power system development, as mentioned above,

aggravate the transient stability problem even further. A

transient stability problem basically arises because of the

power difference acting on the rotor mass of the generator

subsequent to some large and sudden disturbance and this power

balance is the ultimate governing factor for the stability of

the generator. The most direct approach is to maintain a

balance of power, either, by reducing the mechanical input power

or by increasing the electrical output power of the generator

during and after the disturbance. Methods of achieving this
9 10goal have been used and include fast governing * , fast

11 12valving * , reduction of fault clearing time, braking resis

tors^^, fast excitation with increased ceiling voltage^^, power

factor correction^^, phase shift insertion^^, and the line 
31reactance control .

In the last decade a number of papers have appeared on the

application of optimal control theory to the design of exci-
17-31tation controllers and governing systems . However, due 

to computational difficulties, most of these studies have been



restricted to linearised models of the non-linear power

le t
25-27,29

systern^^ 24,32^ although some attempts have been made to apply

the optimisation principles to the non-linear system 

resulting in open-loop controls, which are undesirable because 

these are only applicable to one set of operating and fault 

conditions. Optimal controls for the linear system have been
17-21obtained through the solution of the Matrix Riccati equation 

requiring feedback of all the states, which can lead to imple

mentation difficulties. Some workers have obtained sub-optimal 

controls employing feedback of the output variables^^ by 

an indirect method through the solution of the Liapunov matrix 

equation. Although the optimal and sub-optimal controls 

derived using the linear model produce optimum performance for 

small disturbances, these controls may not remain optimum under 

large disturbances because the linearised model is no longer 

valid under these conditions and the original non-linear model 

must be used for the optimisation of the system performance,

under large disturbance conditions. Some recent studies have
28been conducted on closed-loop non-linear power system for

control system design but require; the solution to the two point

boundary value problem, which can be rather time consuming. The
29-35effect of bang-bang control and its improvement of the

transient stability has also been considered by various authors. 

Most of these studies are based on the second order represen

tation of the system and use intuitive arguments to obtain bang-

bang controls which can sometimes be difficult to determine.
32Some studies even employ the linearised system to study bang- 

bang controls.



The main object of this study is to apply optimal control theory 

and sensitivity to the improvement of the power system per

formance. The investigations are mainly concerned with the 

improvement of the transient performance of the system. These 

studies are made using linear and non-linear machine models, 

which are valid for all types of disturbance, small or large. A 

Linear model is used for the optimal control studies while a 

non-linear model is used for the sub-optimal control studies.

The optimal and sub-optimal controls are considered to be bang- 

bang control or continuous control or a combination of the two 

controls. The optimum closed loop controls investigated are 

closed loop control which may be implemented in practice. 

Optimisation methods are used for the design and optimisation 

of synchronous generat. ors to meet the specified performance 

criterion.

1.2 Sensitivity

A physical dynamic system, whatever its nature, is always 

subject to changes in the behaviour of the dynamic system.

These changes may be due to structural changes or parameter 

changes induced by temperature changes, ageing, humidity, 

weather conditions or environment. It is important that these 

changes do not deteriorate the performance of the system. It 

is also important to know how the behaviour of the dynamic 

system is modified when changes in the structure and the 

parameters of the system take place. These changes in beha-



viour can be studied using sensitivity. Sensitivity of a 

physical dyncunic system (or a mathematical model) is a measure 

of the change in the behaviour of the dynamic system (or 

mathematical model) induced by the variation in the structure 

or the parameters of the system. Like stability, observability, 

controllability, optimality, sensitivity is an important 

property of a dynamic system. In fact sensitivity and 

stability are very closely related to each other and stability 

can be thought of as a special case of sensitivity. Sensi

tivity is extremely useful and has a wide range of applications 

in control engineering: system identification, modelling of a 

physical system and processes, stability of dynamic systems, 

design of control systems and system optimisation.

Sensitivity of a dynamic system is normally studied using a 

mathematical model of the physical system. The mathematical 

model is represented by a finite set of algebraic and differen

tial equations which are approximate and incomplete. Thus the 

validity of the mathematical model depends on how close the 

mathematical model is to the physical system. In a physical 

system, the accuracy to which components may be realised is 

limited and the cost of manufacture and measurements increase 

rapidly with increase in accuracy. Therefore the mathematical 

model is not an exact representation of the physical system but 

is one which is structurally close to the original system and 

possesses parameters near to those of the original system.

Suppose the mathematical model for the design is given by

X = f^(x,p^,t) (1.1)

6



where is a linear or non-linear operator characterising 

the structure of the system, p^ is the parameter vector and 

X is the state vector. The physical realisation of the design 

can be represented by

k = f(x,p,t) (1.2)

Equation (1.1) represents the design of a physical system 

while eqn (1,2) represents the physical realisation of a design, 

The physical system with a structure characterised by operator, 

f, is in general different to the system of design with a 

structure characterised by operator f^. However the two 

systems are in the neighbourhood of each other, both in para

meter space and structurally.

In order for the mathematical model to be valid, the beha

viour of the physical realisation of design and the design of 

a system should be sufficiently close to each other, both 

qualitatively and quantitatively. This requires that the beha

viour of the system represented by eqn (1,2) should depend con

tinuously on the operator f in the neighbourhood of f^ in the 

operator space and depend continuously on the parameter p in 

the neighbourhood of p^ in the parameter space. Also the 

operator f and the parameter vector p should be sufficiently 

close to f^ and p^ in operator space and parameter space res

pectively, The difference between the operator f and f^ and 

between p and p^ is governed by the limitations on experimental 

accuracy and economic consideration. Information on the sensi

tivity of system performance to parameter variation is



essential for specification of component accuracies for 

measurement and manufacture processes.

Sensitivity was first considered by Bode^^ as the ratio of the 

percentage change in the system performance to the percentage 

change in some parameter. Sensitivity theory has subsequently 

been developed considerably and a comprehensive bibliography
37-39can be found in the literature . A number of papers have

been collected by Cruz^^ on the subject. In the field of power

systems, sensitivity has been employed for the excitation

control of synchronous generators using linearised form of
41-44the non-linear power system « Most of these studies are

based on eigenvalue sensitivity analyses, either by the direct

method or via the "Generalised Mitrovic method"^^. More
45recently, dynamic sensitivity functions for the power systems 

have been used for the optimisation of performance of a non

linear power system. These sensitivity functions have been 

derived by differentiating the system equations with respect to 

a parameter, for which sensitivity functions are required.

This study is concerned with the control of a turbo-generator 

set connected to a large power system with the system repre

sented by varying mathematical details. The behaviour of the
. ^ • 4. • T 4-' 46-49,51system, from previous computer simulations using

mathematical modelsof varying details and field test^^ 

appears to depend continuously on the structure and the para

meters of the system and is not affected, if certain charac

teristics, such as magnetic non-linearities, parasitic effects.

8



small energy storage elements, are neglected. In these studies, 

the dynamic sensitivity of the system is mainly studied with 

respect to variation in parameters. Dynamic sensitivity 

functions are employed to derive sub-optimal controls for the 

system and analysed to study the sensitivity characteristics 

of the system with respect to the parameters.

1.3 Optimal Control

Optimal control theory is concerned with deriving an optimum 

control for a system, subject to certain constraints. This 

optimum control may be a sequence of controls or a continuous 

function of time, which, when applied to the given control 

system, will cause the system to operate in some optimum 

manner. The optimality of a control system is measured by a 

performance index, V, which is a measure of some cost, and is 

usually expressed as a time integral of the performance measure 

over a specified period of time. An optimum control is 

defined as one which extremises the performance index. A brief 

summary of the techniques for the solution of the optimal con

trol problem as developed by the calculus of variation, 

Pontryagin* s maximum principle and Dynamic programming are given 

in this section.

Consider a dynamic system described by the vector equation

& = f(x(t), u(t),t) (1.3)



where x(t) is the state n-vector and u(t) is the control m- 

vector. For convenience and simplicity x(t) and u(t) will be 

written as x and u respectively. Let the performance index be 

given by

V = J  L(x,u,t) dt (1.4)

where L(x,u,t) is the performance measure.

The optimal control problem is to find the necessary conditions 

to be satisfied by the control vector u and the state vector x 

for time t such that t^ < t < t^, which minimises the per

formance index (1.4), subject to the constraints of the dynamic 

system represented by the state equations (1,3).

When calculus of variation is applied to the above problem, with 

the assumption that the control vector u is unconstrained, the 

above constrained problem is transformed into an unconstrained 

problem. This transformation results in a new performance
53measure, which has to satisfy certain necessary conditions for 

optimality. These necessary conditions, when applied to the 

dynamic system, usually give rise to a two point boundary 

value problem (TPBVP) consisting of 2n ordinary differential 

equations with boundary conditions specified both at the initial 

and final points, where n is the order of the system being 

studied.

The optimal control problem as formulated, using calculus of 

variation, requires that the state equations have continuous

10



first partial derivatives with respect to the control variables 

Another drawback of this formulation is that any constraints 

on the control variables cannot be handled conveniently.

An extension of the calculus of variation approach results in

the Pontryagin*s maximum principle. Pontryagin*s maximum

principle is basically a generalisation of the calculus of

variation approach, which takes into account systems whose

input signals are constrained. Pontryagin*s maximum principle

formulates the optimal control problem in terms of the
53Hamiltonian function defined by

H(x,X.(t),u,t) = L(x,u,t) + ^(t) f(x,u,t) (lo5)

For the performance index to be a minimum, the Hamiltonian 

function must satiny the necessary conditions given by the set 

of equations

3H■gjU = 0 (control equation) (1.6)

9H - X = 0 (state equation) (1.7)

3H + X. = 0 (Adjoint equation) (1.8)

l-T-|X X| = 0  (Transversality equation) (1.9)
%

Pontryagin*s maximum principle states that, for an optimal 

control to exist, the Hamiltonian must be at its minimum value 

for a particular control input u, which is a member of a set of
11



admissible controls.

i.e. H = min [ H(x,X(t),u,t) ] (1.10)
u(t)

The above formulation also gives rise to a TPBVP, but relaxes 

the requirement of continuous partial derivative of the state 

with respect to the control variables and constrained control.

An alternative method of determining the optimal control law is

the method of Dynamic programming. The necessary conditions to

be satisfied by the optimal control here are that it must satisfy
53the Bellman* s equation given by

V 'T
(x,t) = min 1 L(x,u,t) + f (x,u,t,) ^  (x,t)] (1.11)

u(t)

where the minimum performance function V is defined as

* ^V (x,t) = min J L(x,u,s,) ds (1.12)
u(t) t

There is as yet no general solution available to the above 

differential equations of Bellman except for the special cases 

such as linear systems with a quadratic performance index 

L(x,u,t), The result obtained for this so-called linear regu

lator problem is the same as that obtained using the matrix 

Riccati equation.

The general optimal control problem is difficult to solve by the 

methods available, but the form of the optimal control, for a 

certain class of control problems, can be obtained using the

12



methods discussed above, Pontryagin*s maximum principle 

may be employed for problems where the partial derivatives 

of the state equations with respect to the control variables 

may be discontinuous or the control input may be constrained, 

such as the case when the control input is limited and is of 

a bang-bang form,

1.4 Bang-Bang Control

Consider a control system described by the vector differential 

equation in which the control vector u(t) appears linearly 

such that

X = f(x,t) + B(x,t) u(t) (1.13)

where x is a state n-vector and u is a control m-vector. The 

control input u(t) is constrained to lie between limits so 

that

|u(t)| s 1 (1.14)

It is common practice to take the bounds on the control input to 

be - 1 because it is always possible to redefine the variables 

so that this condition is satisfied.

The problem then becomes to find a control u(t) which minimises 

the cost function

13



V  = J" L^(x,t) + L (x,t) u(t) dt (1.15)

/

subject to the dynamics of the system given above. For con

venience, the arguments of L^(x,t), L^(x,t), f(x,t) and 

B(x,t) will be dropped in the sequel.

Using Pontryagin's maximum principle, the Hamiltonian function 

may be written as

H(x,X,t) = ^ 1 + ^ 2  u(t) + + B u(t)) (1.16)

where X is the Lagrange multiplier n-vector.

When the necessary conditions, given by equations (1.4) - (1.7), 

are applied to the Hamiltonian function H, the minimum of the 

cost function is given by the minimum of the Hamiltonian 

function with respect to u

i.e. 1^ = 0 = + Lj, (1.17)

Because of the linearity of the Hamiltonian function in control 

input u, the maximum principle then implies that the optimal 

solution is

u = Sgn [-(b” +L 2 )] (1.18)

= Sgn[ (j) (t)]

where Sgn[ <f> (t) ] = 4-1 if c|)(t) > 0

= -1 if <})(t) < 0

m



The control input u should be made as large as possible
Tdepending on the sign of B so that the system can be

steered from the initial state to the desired state in an 

optimum manner.

The Hamiltonian function also satisfies

X = -9H/9x
X = 9H/9X (1.19)
_T , fX^X 1 = 0

to

From the above results, whenever the control vector appears 

linearly in both the state equations of the control system 

and the cost function and, in addition, if each component of 

the control vector is bounded, the optimal control is bang- 

bang in. form.

Optimal controls of the form given by equation (1,18) occur

frequently in practical applications and are referred to as
T'Bang-Bang* controls. The expression B X+L^ is called the 

switching function. This yields a well defined piecewise 

continuous (bang-bang) control, as long as the switching 

function, ^(t), given by equation (1.18) has isolated zeros.

If the switching function is zero over some finite interval of 

time, the Hamiltonian function will become independent of the 

control variable over that interval of time and yield no infor

mation of the desired optimal control. The problems in which 

the switching function becomes identically zero is known as

15



’Singular Control* and can be solved for certain cases. This 

is discussed in more detail in the next section.

Thus, in general, for the above class of problems, the optimal

control is either bang-bang or singular in form. In fact,

several cases can arise. For instance, the optimal control

can be purely bang-bang as in the case of time-optimal con-
54trol of * normal * systems , or the bang-bang control may have

an infinite number of switchings (chattering) as in the case

of minimising an integral square error for pure integrator

plants^^. Alternatively, the optimal control could be partly

bang-bang and partly singular, as in the case of minimising
56

a general quadratic performance index for linear systems .

There is , as yet no general solution for the above class of 

problems, except for the linear case, an example of which is 

inverse optimal control described in Chapter 3, where the

switching function is a linear combination of all the states.

The normal procedure to find this optimal control function is 

to substitute the control function in the state equations and 

the Hamiltonian equations and then solve for the state and the 

adjoint equations. However, the drawback to this method, is 

that it results in a TPBVP which cannot be solved readily.

The solution of the above problem, even if it is possible, 

would require a fast computer with a large memory and the re

sulting control is an open loop control which is undesirable 

for the control of most practical systems.
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1.5 Singular Control

As mentioned in the previous section, when the control system 

equations and the performance index are linear functionsof 

control input u, the optimal control for this class of problem 

is of the form

u = Sgn [*(t)) (1.20)

It is characteristic of solutions of optimisation problems 

that the switching function, <|)(t), may, sometimes become 

identically zero over some finite interval of time. During 

this interval of time the Hamiltonian function becomes in

dependent of the control function u and yields no information 

of the desired optimal control. The problems in which the 

switching function becomes identically zero over some finite 

interval of time is known as 'Singular Control'.

The existence of the singular control satisfies the conditions 

given by the equations

*(t) = <J(t) = V(t) . . . = 0 (1.21)
and the canonical equations

X  = 3 H / 9 X 1  Q

u=u

X = -9H/9x|
u=u

(1.22)

In general, a singular control of the form u^Ct) = u^(x,X,t)
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can be determined by taking successively higher time deri

vatives of the switching function, <()(t), and substituting in 

to the canonical equations. By this mean, an expression for 

the mth derivative of the switching function can be obtained, 

given by

" - = e(x,X,u,t) = 0 (1.23)
dt

where m is some integer such that m < n.

This derivative function must hold along the singular trajec

tories. An expression for singular controls obtained by 

solving for u(t) in eqn (1.23) satisfying the constraint 

ju(t)| $ 1. The singular control function obtained by this 

procedure may require some stabilisation so that the corres

ponding singular trajectories are stable about the singular 

control surface.

One method of stabilising a singular control, on the singular 

surface, consists of adding, to the control input, functions 

which are identically zero on the singular control surface .

i.e. u' (x,X,t) = u (x,X,t) + E a. -— (1.24) 
® ® 1=1 1 dt^

where a^ is an arbitrary real scalar.

When the expression for the singular control, u^, is substitu

ted into the canonical equations, which are non-linear, this 

results in a set of 2n differential equations. Again, the
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initial conditions of the state equations and the terminal 

conditions of the adjoint equations are known resulting in a 

TPBVP.

Although an expression for the singular control, u^, can be 

obtained, it may not necessarily be optimal. An optimal 

singular control has to satisfy the necessary and sufficient 

conditions for optimality. There are, as yet, no general set 

of necessary conditions that determine the optimality of a 

singular control, but sufficient necessary conditions (which 

exist) which an optimal singular control must satisfy are^^:

1) The generalised Legendre Clebtch condition

2) Jacobson’s condition

In general, the optimality of a singular control is difficult 

to determine, except in the special case of linear systems.

In the case of linear control systems with quadratic performance 

index, but linear in control u, sufficient conditions exist to 

determine the optimality of the singular control. Also the 

solution of singular optimal controls for the linear systems 

are easier to obtain.

Singular control for time invariant, linear systems with a

quadratic performance index, free terminal time and fixed end

point has been studied quite extensively by various authors^^
59Sobral and Rohrer have obtained the necessary and sufficient 

conditions for the singular optimal control of
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X = Ax + Bu |uu| $ 1 i = 1,2,..,m (1.25)

with the performance index given by 

tf
V = /  x*̂  Q X dt (1.26)

to

These controls have been studied under the following assump

tions

a) u is a scalar

b) matrices A, B and Q are constant

c) Q is a positive definite

and have shown that the optimal singular control u* is of the 

form

u* = K*̂ x (1.27)

on the singular strip

Ik ’̂x I $ 1 X = 0 (1.28)

where K and are constant vectors.

The methods employed above are rather special and not directly 

applicable to time varying systems with non-positive definite 

performance weighting matrices.

Johnson^^ studied the time varying problem with the above three
20



59assumptions. Rohrer and Sobral relaxed assumptions (a) and

(b), while Srisina obtained results by relaxing assumption

(c). A general solution, where the three assumptions were 

relaxed has been obtained by Moylan & Moore^^ and will be 

discussed fully in the next Chapter.

The general solution of singular optimal control problem for 

a non-linear system is inherently difficult to solve, whether 

it be formulated by the Pontryagin’s maximum principle, re

sulting in a TPBVP, which in general, can only be solved by 

iterative methods requiring successive integration of state and 

adjoint equations, or by dynamic programming, resulting in a 

partial differential equation for which no general solution is 

available. Furthermore, even when the solution is achieved, 

the optimal control, in general, is in the form of an open loop 

control or feedback control with time varying feedback gains, 

except for the special cases such as a linear control system 

with a quadratic performance index. The optimal singular con

trol problem for linear systems with a quadratic performance 

index involves a linear combination of feedback of all states.

The optimal open loop controls, obtained in the general case, 

for the optimal bang-bang control or singular optimal control, 

are only applicable to systems which have fixed parameters 

and operating conditions and subject to a given set of dis

turbance. This is highly impractical for the control of turbo

generator sets in power systems.

The system investigated in this work is a turbo-generator set
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connected to a large power system. From the evidence of 
24 45various studies ’ the excitation control of turbo

generator sets consist of both bang-bang control and contin

uous control. When the turbo-generator is operating under steady 

state, the control input to the system is a continuous function 

of time. This continuous control can be interpreted as a sin

gular control. The singular control may be optimal or sub- 

optimal depending on the type, structure and control of the 

system. However, when the turbo-generator set is subjected 

to a large disturbance, it requires the maximum amount of 

energy for optimum control and will operate in the bang-bang 

mode. When the states of the system are within some specified, 

or unspecified, region in state space, the control input will 

change over from bang-bang control to continuous control. 

Therefore the turbo-generator operates in two modes, the bang- 

bang mode and singular mode.

In this investigation, both optimal and sub-optimal bang-bang 

and singular controls are investigated for both the linear and 

the non-linear representation of the power system. Optimal 

controls are derived using the linearised form of the non-linear 

system, which is linearised about the operating point, while 

the sub-optimal controls are derived using the non-linear 

representation of the system. The sub-optimal control studies 

have been carried out by assuming the form of the control where 

the control input has been assumed to be a function of linear 

combination of states based on the results of linear optimal 

controls. The assumed forms of control are derived by minimising
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an objective function, using the dynamic sensitivity func

tion. By assuming apriori the form of the optimum feedback 

control the sub-optimal control problem is transformed to 

one of a parameter optimisation problem which can be solved 

readily by employing function minimisation using sensitivity 

functions.

An extension of control of non-linear systemshas also been 

investigated by assuming a non-linear feedback control.
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C H A P T E R  2 SYSTEM SENSITIVITY

As mentioned in Chapter 1 sensitivity analysis is the study 

of the changes in behaviour of a dynamic system produced by 

changes in the system parameters. Basically there are two 

forms of sensitivity, namely structural sensitivity and 

parameter sensitivity. Structural sensitivity is a measure 

of the change in the system behaviour due to a change in the 

structure of the system, while parameter sensitivity is a 

measure of the change in system behaviour due to a change in 

some system parameter. The most typical system parameters 

are the system initial conditions, values of system constants, 

gains and time constants, characteristic frequencies, pulse 

frequency, pulse height, pulse width, sampling frequency, 

sampling interval, delay and quantisation errors etc. However, 

the present study is limited to the parameter sensitivity of 

continuous and discontinuous non-linear systems. Dynamic 

sensitivity equations are derived for both the continuous 

the discontinuous control system.
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2.1 Sensitivity Analysis

Consider a dynamic system described exactly by the vector 

equation

X = f (x,P ) (2.1)o o

where is a non-linear operator characterising the structure 

of the system. P^ is a parameter r-vector and x is the state 

n-vector. When the dynamic system is subjected to a disturbance, 

the state of the system is transformed from the initial state 

to the final state, continuously in time. If the disturbance 

to the system is known, the behaviour of the system is com

pletely determined. The state of the system at any instant 

after the known disturbance is given by the exact solution of 

the vector equation (2.1) denoted by

X (t) = X(P ,t) (2.2)o o

which is normally written in an implicit form through some 

operator given by

F (x (t) P ) = 0 (2.3)o o o

Mathematically, for a given disturbance and time invariant P^ 

equation (2.3) represents a mapping from the parameter space P 

to state space X such that
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F (t) : P + X o

At a particular instant in time, denoted by t^ the mapping 

maps a point P^ in parameter space to a point X^(t^) in 

state space. But, if the system is time invariant, the 

mapping maps a point P^ to a continuous set of points in 

state space, in the course of time, called a trajectory 

denoted by X^(t) such that

F : P -J- X_(t) (2.4)o O o

This mapping is uniquely determined by the solution of

eqn (2.1), given by eqn (2.3). In actual practice, however,

study of a physical system is usually based on experimental

measurements, by which the corresponding initial parameters are

determined. The ultimate accuracy of such measurements is

limited. Therefore neither the parameter vector P^ nor the

operator F^ (ie structure of the system) can be identified

exactly. Since structural sensitivity is not considered in

this investigation, F^ will be assumed in the sequel to be

exactly identified and will hereafter be written as F. An

exact solution of eqn (2.1) cannot be obtained if the parameter

vector P^ is not identified exactly. However, the value of

the parameter vector P in practice would not be exactly P^

but would be in the neighbourhood of P^. It would then be

possible, to imbed the exact solution of eqn (2.1) into a

family of solutions in neighbourhood of the nominal parameter

vector P^, provided the behaviour of the system depends con-
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tinuously on the parameter vector (If the behaviour of the 

system does not depend continuously on the parameter vector, 

the behaviour of the system will be totally unpredictable 

when the parameter vector is not exactly P^). This is achieved 

by imbedding the original system given by eqn (2.1) into a 

family of systems which have the same structure but with 

parameter vector close to P^ such that

F(x,x,P,t) = 0 (2.5)

where parameter P is an approximation to P^. If the original 

system given by eqn (2.1) is imbedded into the family of 

systems represented by eqn (2.3), for varying values of para

meter vector, the solution of the original system will be 

imbedded into the solutions of the family of systems repre

sented by eqn (2.5).

In mathematical terms, the original system represented by eqn (2.4) 

cannot be realised exactly, because P^ is not identified 

exactly. As an alternative, another mapping, S, is considered 

which maps a sub-space of parameter space P to a sub-space of 

state space X. Assuming that some range is defined in the 

parameter and state space so that continuity and neighbourhood 

at a point are defined, the mapping is represented as

S ; P(P ,e) -► X(x (t),a) (2.6)o o

where P(P^,e) is some neighbourhood (the extent of which is
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specified by e and is called e neighbourhood of P^) of P^ in 

the parameter space and X(x^(t),6) is the corresponding 

neighbourhood (the extent of which is specified by 6 which 

depends only on e) of the trajectoryx^(t) in the state space.

In order to determine the mapping, represented by eqn (2.6), 

an infinite number of solutions of eqn (2.3) is required for 

the infinite number of points in the neighbourhood P(P^,e) of 

P^ in the parameter space. However, this is obviously not 

a practicable solution and other means must be sought.

The mapping given by eqn (2.6) will be continuously dependent 

on the parameter vector if the neighbouring solution of X^(t), 

existing for values of parameter vector P other than P^, is 

qualitatively of the same type as X^ and differ little from X^ 

when P differs little from P^. The qualitative analysis of 

the effects of small parameter changes on the behaviour of the 

system is studied by introducing the variations of the para

meter vector P about P^ for a given reference solution

Xc/Pp't)-

Assuming that the mapping given by eqn (2.6) is continuously 

dependent on the parameter vector P, and introducing a varia

tion AP in the parameter vector about P^, the solution of the 

mapping can then be accomplished by the Taylor expansion about 

the nominal point P^ in the parameter space to give

9XX(P^+AP,t) = X(Pg,t) + —  AP + .... higher order terms

(2.7)
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X(P^+AP,t) = X(P^,t) + AX

where the change in X denoted by AX is small such that the

point X(P^+AP,t) is in the sub-space X(x^(t),6) and P^+AP is
9X ^^iin the sub-space P(P^,e), is the nxr matrix evaluated

° j
at P^, i = l,2,..,n ; j = l,2,..,r and AP is the r vector 

of parameter variations.

Assuming that the variation AP in the parameter vector P is 

sufficiently small, the Taylor series can be truncated to give 

an approximate solution. When the Taylor series is truncated 

after the linear term, it reduces to the first order approxima

tion given by

ay
X(P^+AP,t) = X(P^,t) + If ÛP (2.8)

9XThe partial derivative —  is sometimes known as the first order 

sensitivity function of X with respect to variation in P. 

Similarly the higher order sensitivity functions are defined 

as the corresponding higher order partial derivatives.

So far the sensitivity problem has been treated in terms of 

the modelling of a physical system, based on the imbedding 

of the nominal solution into a parametric family of solutions. 

Depending on the nature of imbedding, the resulting sensitivity 

functions will be valid "globally" or only "locally". The 

limits of validity, for stability and behaviour of system, 

determined for a particular parametric family depending on 

€ & 6 and are related to critical or bifurcation values of
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the parameters. If, for some changes of a parameter, the 

solution varies without undergoing any qualitative change, 

such values of parameters are called ordinary values, other

wise they are bifurcation values.

The sensitivity problem can also be formulated by treating 

the problem as the design of a physical system described by a 

mathematical representation or the problem of changing system 

performance with a parameter variation due to changing condi

tions. In the physical realisation problem, the system of 

eqrs (2.1) represents the design while eqn (2.5) represents the 

physical realisation of the design. In the parameter varia

tion problem, the system of eqns (2.1) represents the nominal 

system and system of eqn (2.5) represents the system as 

affected by the changing conditions.

The first order sensitivity function is defined as the partial 

derivative , where x is the system quantity and P is a 

system parameter. This sensitivity function is a measure of 

change in the quantity x due to a small change in the para

meter P. Other definitions of sensitivity may be used, but 

should be given the proper interpretation. The choice of 

definition depends on the circumstances and the common ones are 

given by

P (2.10)9(InP) 9P
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The sensitivity function can be interpreted as the

ratio of the fractional change in x to a small change in P.

The sensitivity function ĝ '̂ nP) be interpreted as ratio

of change in x to a small fractional change in P and
can be interpreted as the ratio of fractional change in x to

a small fractional change in P. All these sensitivity 

functions have the same physical meaning, but have to be 

interpreted according to the definition. Each of the sensi

tivity functions has a different application under different 

circumstances. One important application of the sensitivity 

function of the form ~  is the parameter optimisation as 

developed later. This form of sensitivity function can be used 

to compare the influence of different parameters on the per

formance of the system. The logarithmic sensitivity functions 

are most suitable for determination of precision levels in 

measurement and setting of operational parameters, because 

errors involved in these processes are directly proportional 

to the parameter values.

Any form of sensitivity function may be used, provided it is 

given the appropriate interpretation. Among all the forms of 

sensitivity functions, the one for ^  is the most convenient 

form to derive and the other forms may be readily evaluated 

from this form.
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2.2 Dynamic Sensitivity Equations

2.2.1 Continuous Systems

Consider a dynamic system given by the vector equation

X = f(x,u,a,t) xCt^) = x^ (2.12)

where x is the state n-vector, u is the control m-vector and 

a is a parameter r-vector, for which the sensitivity functions 

are required (which is assumed to be independent of time).

The solution of the system of eqn (2.12) depends on the para

meter vector a and the initial conditions of the state vector 

x^. Any change in the parameter vector a or in the initial state 

vector x^ will produce a corresponding change in the resulting 

solution of the system, about the nominal solution. The change 

in the solution x due to a change in a and x^ is given by

6x(t) = x(x +6x , a +6a,t) - x(x ,a,t)o o o

This equation can be expanded in a Taylor series to give

6x(t) = T—  6x + —  <5a + higher order terms (2.13)dx o 3a ®o

where and ^  are evaluated at 6x = 0, 6a = 0 and are9x 3a oo ax
known as the sensitivity coefficients. The coefficient —  is

the sensitivity of the state x with respect to the parameter a.
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while the coefficient 9x/9x^ is the sensitivity of the state 

X, with respect to the initial conditions of the state. The 

validity of these coefficients, in the large or in the small, 

depend on the contribution of the higher order terms in the 

Taylor series. Small changes in the initial conditions and 

parameters will produce a small change in the system behaviour 

resulting in small enough higher order terms to be ignored.

These sensitivity functions are evaluated in the following 

manner.

By differentiating eqn (2.12)with respect to a the sensitivity 

function 9x/9a may be obtained by solving the linear differ

ential equation

Z = GZ + 1^ (2.14)

where Z is the nxr sensitivity matrix given by

i = 1,2,..,n j = 1,2,..,r

and G is the Jacobean matrix given by

° = ISijl
i = j = 1,2,..,n
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The initial conditions for eqn (2.4) are given by

= 0 t = 0 i = 1,2,..,n

] — 1,2,..,r

In a similar manner, the sensitivity function 9x/9x^ may be 

obtained by solving the linear differential equation

Ÿ = GY (2.15)

where Y is the nxn sensitivity matrix given by

9x. . . , Bx.
^ = [ ? ! ] ]  ^]o ]o

i = j = 1,2,..,n

where x. refers to the initial condition of ith state 30

The initial conditions for eqn (2.15) are given by

= 0 i X i t = 0

= 1 i = j

The sensitivity function Y is basically a sensitivity of the 

system to a step disturbance of the initial conditions. 

Differentiating a step change of initial condition, an impulse 

response of the system is obtained. A disturbance of initial 

conditions does not necessarily have to be applied at t = 0
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but rather at t = t^*

If the sensitivity of the state with respect to a parameter B 

(which determines the initial conditions of states) is 

required, the sensitivity functions are exactly as above. The 

initial conditions for the sensitity equations, will, in 

general depend on the initial value of the state and the 

parameter 3.

The above sensitivity eqns (2.14) and (2.15) are linear and of 

order n if r = 1. In general, for a system of order n con

taining r parameters ( r > 1) or initial conditions for which 

sensitivity functions are required, r sets of sensitivity equa

tions, each of order n, are introduced. The r sets of sensi

tivity equations plus the system equations making a total of 

(n+l)r equations, must be solved together to obtain the system 

state and sensitivity equations.

Higher order sensitivity equations can be derived in a similar 

manner by further differentiation of the sensitivity equation 

with respect to parameters or initial conditions. The higher 

order sensitivity functions can be obtained by solving these 

equations together with the system equation and lower order 

sensitivity equation.

2.2.2 Discontinuous Systems

So far the sensitivity problem has only been considered for the 

case when the state equations are continuous. However, if there
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are any discontinuities in the state equation, the variational 

equations are no longer valid at these points. Assuming that 

the discontinuity is of the first kind (ie the function is 

finite before and after the discontinuity) sensitivity func

tions can be derived such that the discontinuities are re

presented by analytical functions.

Consider the dynamic system represented by an equation of the 

form

X = f(x,a,t,D) (2.16)

where x is the state n-vector, a is parameter r vector. The 

function D defines a number of discontinuities so that it has 

a relay type characteristic which can be represented by, 

generally

= Sign(g(x,a,t)) (2.17)

= +1 if g > 0

0 g = 0

-1 g < 0

where g may be some linear or non-linear function of x, a and

t .

Differentiating the above equation with respect to a gives

2 = G2 + (2.18)
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ax
where Z = [ t— 1 i = 1,2,..,n j = 1,2,..,r3a.

The sensitivity equations, given by eqn (2.18), are exactly 

those of eqn (2.14) obtained in the continuous case except 

the extra term on the right hand side, which involves the 

discontinuity and its sensitivity function.

To determine the sensitivity function Z of the state x with 

respect to a it is necessary to determine the sensitivity 

function

9D
( Sign(g(x,a,t))] (2.19)

Now

!!i = !!i3a 3g 9x 9a 9a

and using the rule for differentiating compound functions and 

the fact that D is a complete function of g gives

9D. 3D. 3D./at  ̂D. 1 _  1 dt _ 1 _ 13g at 3g 3g/3t g

Since g is a function of time 3Du/3t can be written as

~  [Sign(g(x,a,t))] = 2 A (t-t^) Sign(g^)

where A is the Dirac delta function defined as
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A(t ) = 0 t 0

g(x(t^),o,t) = 0

-and g^ is the value of g just after the switching at t = t^

Therefore the sensitivity function 3Du/9o can be written as

3D 2 A (t-t ) . .
= ----1  Sign g(x,a,t) Z + 3&)

or if g(x,a,t) has more than one zero

3D. «> A (t-t.)  ̂ jv
I T  = 2 1 ^ ^ )  Sign g(x,a,t.) (jf Z + ) (2-20)

]--L ]

or

3D.
= 2 Z F(x,a,t.) A (t-t.) (2.21)

i=l ] ]

^ e r e

when eqn (2.21) is substituted into eqn (2.18), the resulting 

sensitivity system contains an input to the system which is an 

impulse. This means that in order to solve eqn (2.18), the
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impulse response of the sensitivity system given by eqn (2.14) 

is required.

In general, eqn (2.18) cannot be solved analytically as it 

stands. The solution of these equations can only be obtained 

by solving the non-linear state equations and the sensitivity 

equations, numerically on a digital computer. It is difficult 

to simulate the Dirac delta function accurately, although it 

can be represented approximately (by approximating the impulse 

to a rectangular shape of unit area), but care must be taken 

if conditions imposed on the differential equations by the 

numerical methods are not to be violated. The numerical methods 

require that the function f(x,t) (x = f(x,t))and f'(x,t) must 

be continuous within the time regions for which integration is 

to be carried out. In the above particular sensitivity system, 

there is a singularity at time t = t^ and f(x,t) is no longer 

continuous.

However, the above sensitivity equations can be transformed 

such that the impulse corresponds to a change in the conditions 

of the state at t = t^ (very similar to initial condition sen

sitivity functions) and this is shown in AppendixA1, After

manipulation, the problem reduces to

Z = GZ + ~  dot

where

Z(tj) = Z(t“) + 2F(x,a,tJ
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Thus the sensitivity equations are exactly the same as those 

given hy eqn (2,14) except at the discontinuity, when a discon

tinuity occurs the value of Z(tj) is modified as given above.

2.3 Sensitivity and Stability of Non-Linear Systems

There is a direct relationship between the stability charac

teristic and the sensitivity analysis of a dynamical system.

Liapunov stability can be considered as a particular case of 

sensitivity analysis. To establish a direct relationship be

tween the stability and sensitivity analysis consider the non

linear system given by

X = f(x,u,t) (2.22)

where x is the state n-vector and u is the control m-vector.

The local stability (stability in the small) of the system, 

about a singular point (a point of equilibrium), can be studied 

by linearising the system about that equilibrium point. The 

origin of state space can be shifted by transformation, and 

the singular point can be taken as situated at the origin with

out loss of generality. The linearised equation is given by

X = Gx -H Bu (2.23)

where G and B are the Jacobean matrices given as
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= (Si]] -

: = = l&l
The local stability of the non-linear system about the 

singular point is determined by the eigenvalues of G. If 

all the eigenvalues of G have negative real parts, the non

linear system is asymptotically stable in the neighbourhood 

of the singular point. If some of the eigenvalues have posi

tive real parts the system in unstable. If some of the eigen

values are imaginary, no general conclusion can be drawn on the 

stability of the system at the singular point.

As shown in Section 2.2.1 the sensitivity equations of the 

system with respect to a parameter is

Z GZ + II (2.14)

and the sensitivity equations of the system with respect to 

the initial condition is

Ÿ = GY (2.15)

By comparing the linearised system equations, eqn (2.23 ) with 

the sensitivity equations, eqn (2.14) and (2.15), it is 

observed that they all have the same homogenous parts. In
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.other words, the system of differential equations have the 

same characteristic equations and hence identical eigenvalues 

and eigenvectors. Thus, the stability of the sensitivity 

system and the stability of the non-linear system in the 

neighbourhood of the singular point, have the same character.

If the dynamic system is stable, the sensitivity system is 

stable and if the dynamic system is unstable the sensitivity 

system is unstable. However, in the case of the sensitivity 

of the system with respect to a, there is an extra term, called 

the non-homogenous part, which acts as a forcing function.

The forcing function is a function of the solution of the 

original non-linear system eqn (2.22), which excites the 

sensitivity system at the frequency of the solution of the 

system. If the frequency of oscillations coincides with the 

natural frequency corresponding to any imaginary eigenvalues, 

resonance occurs in the sensitivity system and it becomes 

unstable. If all the eigenvalues have negative real parts or wh 

df) the frequency of oscillation is not coincident with the 

resonant frequency, the sensitivity system oscillates with 

steady amplitude. If the dynamic system goes into a limit 

cycle, the sensitivity system may or may not go into steady 

oscillations depending on the nature of eigenvalues.

42



C H A P T E R  3 OPTIMAL AND SUB-OPTIMAL CONTROL

In this Chapter, theoretical results are derived for the 

control of linear and non-linear systems. These results are 

the basis of the control schemes employed in the following 

Chapters.

The optimum control for the non-linear system is based on 

the results of linear optimal control theory (using a 

linear system, which may be a linearised model of a non

linear system, about the operating point). Optimal controls, 

for the linear control systems, are derived using Inverse 

optimal control and Singular optimal control theory. These 

optimal controls, are both bang-bang and continuous in form 

and these forms are then used to generate a dual mode control 

arrangement. These controls are used as sub-optimal controls 

for the non-linear system. For this study, the sub-optimal 

control is assumed to be some function of a linear combination 

of states. The sub-optimal control problem is transformed to 

one of a parameter optimisation problem with the parameter 

optimisation problem solved, using function minimisation 

techniques, via the sensitivity functions.
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3.1 Instantaneous Optimal Control

The normal procedure for optimal control design is to choose 

a performance index, which represents what is required of 

the system being designed. Given this performance index (or 

cost function), a control which will minimise the performance 

index subject to the dynamics of the system must be found. 

These control problems, in general, have such complex solu

tions that the control policy cannot be implemented in a 

feedback manner and alternative methods of control policies, 

which can be implemented in a feedback manner, have to be 

considered. For example, consider the performance index V 

of the form

V = J F(x,u) dt . (3.1) .
0

for a control system specified by the equation

X  = f(x,u,t) |u| ^ 1 (3.2)

Instead of looking for a control action u, which will minimise 

the performance index V, it may be possible to choose the 

control action such that F(x,u) is minimised instantaneously 

despite future consequences. This corresponds to a search 

for the control action which drives F to zero as rapidly as 

possible and this may produce interesting results.

As a particular example, F can be chosen to be a positive 

definite quadratic form, such that
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F = I  x'*' C X (3.3)

where C is a symmetric positive definite matrix. With this 

choice, F will always be positive for all positive and 

negative deviations of the state vector. The control that 

drives F to zero as rapidly as possible, is one which minimises 

the function.

P = C X (3.4)

If the state equations are of the form

X = f(x,t) + B(x,t) u(t) (3.5)

where f(x,t) is a non-linear vector function and 

B(x,t) is a non-linear matrix function

Equation (3.4) can be re-written so that F becomes

F = x^ C f(x,t) + x*̂  C B(x,t) u(t) (3.6)

The minimum value of F, with respect to control u, is given 

by

u = Sgn(-B^ C x) (3.7)

This immediately results in a feedback control law and, if B 

is independent of the states, then this law is simply a linear
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-switching law. This is an extremely useful result, because 

it is simple to implement, even for higher order non-linear 

systems.

If the matrix C, in eqn (3.3), is chosen such that F is a 

Liapunov function, then the controlled system will always be 

asymptotically stable. In other words, F should not only 

-be a positive quadratic form, but also, its time derivative 

should be a negative quadratic in form.

3.2 Inverse Optimal Control

The control policy obtained in the previous section is so easy 

to implement that it suggests that the subject of instanta

neous optimal control should be pursued somewhat further. In 

particular the serious drawback of instantaneous optimal 

control is the possibility that rapid return towards equili

brium may cause serious future difficulties, which have not 

been accounted for. This leads to the question, whether or 

not this control can ever correspond to an optimal control for 

some performance index that has not been considered. This 

idea of starting out with an arbitrary control law and looking 

for a performance criterion to make the control policy optimal

Is called an *Inverse Optimal Control Problem*. This was first
64suggested by Kalman and has been applied to a number of 

•examples by Denn^^, including the following example.

For simplicity, consider the linear control system

X = A X f B u (3.8)
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with symmetric bounds on the control variables, so that

|u| S 1 (3.9)

Take the control policy as a linear combination of states 

for the switching function, as suggested by the previous 

section, such that

u = Sgn(-B^ C x) (3.7)

The general expression for the performance index is given by

T
V = J  F(x) dt (3.10)

o

where F(x) > F(o) ^ 0 x ^ 0

The function F(x) is unknown for this problem. The 

Hamiltonian for the linear stationary system described by 

eqn (3.8) and the performance index V, eqn (3.10) is given by

H(x,u) = F(x) + (A X + B u) (3.11)

Since the Hamiltonian is a linear function in u, the optimal 

control, (whenever the coefficient of u is non-zero), which 

minimises V, is given by

u = Sgn(-B^ X) (3.12)
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Eqn (3.7) and (3.12) define the same control law if

X = C X (3.13)

It remains to be determined, whether such a relation corres

ponds to the minimum principle and, if so, what form the 

resulting performance index takes.

The Hamiltonian also satisfies the equations

• 3F TX = X (3.14)

Substituting eqn (3.13) into eqn (3.14) gives

X = - | “ - a ' ^ C x  (3.15)

But eqn (3.13) also implies that

X = C X

Using eqn (3.8) and (3.13) and eliminating x, u and X gives the 

result that

X = C A x - l - C B  Sgn(-B^ C x) (3.16)

Since both eqns (3.15) and (3.16) must be identical, a set of 

partial differential equations, that define F, are obtained 

such that
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Il = - (CA + A^C)x - CB Sgn(-B^ C x) (3.17)

Integration of eqn (3.17) leads to the result that

F = - I  xF (CA + A ^ O x  + |u% B*̂  Cx| (3.18)

The condition H = 0 establishes the integration constant to 

be zero and eqn (3.18) reduces to the form

F = I X? Qx + |u% B^ Cx| (3.19)

Twhere Q = -(CA + A C)
T

and V = J" I  x*̂  Qx + |u^ B*̂  Cx| dt (3.20)

Thus the performance index is a function of the states and 

is linear in the control input u. This agrees with the 

previously established statement, that, if the state equations 

and the performance index are linear in the control u, then 

the optimal control is a bang-bang control.

3.2.1 Stability

The absolute value term in eqn (3.20) is a linear combination 

of states and can vanish for x ^ 0. Therefore it may contri

bute little to the cost function and the performance index is 

then a quadratic function of x. Since under these conditions 

the performance index is quadratic in x and the state equations

are linear, it can be assumed that V is also given by a quad-
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ratio form as

V = I  Cx (3.21)

If the control system is to be stable, then eqn (3.21) be of 

positive definite form and its time derivative be of negative 

definite form. Therefore matrix C should be a positive 

definite matrix and V should be negative definite such that

V = I  (x^ Cx + x*̂  Cx)

using eqn (3.8) and (3.7) gives

V = i  x^(CA + A ^ O x  + |u'̂  Cx|

- x’’’ Qx .+ I J  b '̂ Cx| (3.22)

Therefore, for the system to be stable, the quadratic form 

V must be a Liapunov function for the uncontrolled system and 

the uncontrolled system must be asymptotically stable. In 

this case, V will be a negative definite function for the 

controlled system, and the controlled system is also stable.

The asymptotic stability of the controlled system is guaran

teed, provided that the uncontrolled system is asymptotically 

stable for an arbitrary positive definite matrix Q.

3.3 Singular Optimal Control

The singular optimal control problem considered in this section
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is an investigation of a linear control system with a quad

ratic performance index.

Given a completely controllable system of the form

x(t) = A(t) x(t) + B(t) u(t) (3.23)

x(t ) = X o o

with a constraint on the control input u such that

|u_(t)| $ 1 i = l,2,..,m (3.24)

where u is an m dimensional control vector, 

then an optimal control u over the closed interval [t^,t^] 

is required, which minimises a quadratic performance index V, 

of the form

V = /  X? Qx dt (3.25)
to

From Chapter 1 (section 1.4) the solution for the control of 

the above class of problem can be completely *bang-bang* con

trol, or completely singular control or even partially singu

lar and partially bang-bang control. The bang-bang control 

case has been considered in the previous section and only 

the singular controls will be considered.

In order to solve for the singular solutions, the singular 

control problem is converted into a non-singular control 

problem^^. Thus new variables are defined so that
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= u (3.26)

= X - Bu^ (3.27)

where the boundary condition for eqn (3.26) will be specified 

later. Substituting eqns (3.26) and (3.27) into eqns (3.23) 

and (3.25) gives

^1 “ A + Bĵ  u^ (3.28)
and ^

V = /  (x^ Qx^ + 2x^ S^u^ + u^ Ru^) dt (3.29)
^o

where

B^ = AB - B S^ = QB R^ = b ’̂QB (3.30)

This transformation has converted the singular control 

problem into a non-singular control problem.

If the matrix Q is chosen to be positive definite, then R^ is 

also a positive definite matrix. When standard linear optimal 

control theory for the linear regulator problem is applied to 

the above problem, the following Riccati differential equation 

d.s obtained.

- I T  - I T T  - I T  - I T-P = P(A - S^) P - PB^R^ B^P + Q-S^R^

(3.31)

= 0
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The optimal control u* is given by

“Î ’ *1 (3.32)

where = -r "^(B^P+S^) (3.33)

and the minimum of the performance index is given by

V*(x (t ),t ) = x & t  ) P(t ,t ) X (t ) (3.34)l o o  1  o o r  1  o

It can be shown that^^, by certain manipulations of the above 

equations, the following relationships are obtained.

PB = 0 (3.35)

A  = -I (3.36)1 —

V*(x(t ),t ) = x^(t ) P(t ,t ) x(t ) (3.37)o o o o f  o

These relationships can be used further to derive further 

results as follows.

From eqns (3.27)

K^x = K^x^ + Bu * (3.38)

T T T= K^x^ + K^BK^x^

Tand using the relationship K^B = - 1 eqn (3.38) reduces to 

K^x = 0 (3.39)
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Now, using u =

u = u / =  ( K ^ )  = +

and, using (3.27) when u = u*, gives

u* = (K^ A + K^)x = K^x (3.40)

These above equations are the conditions under which the 

transformation is valid.

When the control constraint (3.24) is satisfied, the optimal 

control is singular and the following constraint must be 

satisfied, i.e.

|(K^x).| s 1 and (x]^x)^ = 0 (3.41)

for all t t^ 3  t 3  t^
Twhere (K^x)^ = 0  represents the singular strip.

Given these conditions, the optimal control is given by 

eqn (3.40). However, when the conditions given by eqn (3.41) 

do not hold, the optimal control is in general bang-bang con

trol and the optimal control in the vicinity of the singular 

strip is given by

u = Sgn(K^x) (3.42)

Therefore by rejecting those solutions of the singular mini-
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misation problem which violate the constraint of eqn (3.24) 

at any time, t^ 3  t 3 t^, the solutions that remain are the 

solutions of the singular optimal regulator problem.

3.3.1 Further Singular Solutions

In the previous singular transformation, it is possible for 

matrix to be singular and the transformed control prob

lem is again a singular control problem. This requires 

further singular transformations to transform the singular 

control problem in to : oc : non-singular control problem.

Consider the case where R^ is identically zero with new 

transformations

“ 2  = “l
Xg = x^ - B^Ug (3.43)

where u^, x^ and are defined as above. The problem is 

transformed into one of solving the following new problem.

Given the control system

= A Xg + Bg Ug (3.44)

and the performance index V of the form

t ^
V = /  (x^QXj + ZXjSjU^ + UgRgUg) dt (3.45)

^O
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where = AB^ - B^ = QB^ = B^QB^ (3.46)

It is required to find a control, u^» which minimises V 

subject to the dynamics of the system given by eqn (3.44).

If Rg is non-singular, the optimal control law may be derived 

as before, if not, further singular transformations are 

necessary.

Suppose, in general, that j transformations are necessary

before a non-zero R. is found. Then the control problem is3 . .
transformed to

X. = Ax. + B.u. (3.47)] ] ] ]

with a performance index of the form

() ^    . ________3 3 3 3 3  3 3 3V = /  (xTq x  ̂ + 2xjs^u_. + uTr _,u ^) dt (3.48)
to

where B ., S. and R. are obtained from the recursive relation- 
3 3 3

ships given by

= “ i - i - V i
s. = QB. , i = 1,2,..,] (3.49)1 1-1

where B is identified as B. o

The optimal control for this system is given by
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u* = K* Xj (3.50)

where K* = -(PB.+S.)R.^ ] 3 3 3
and P(t,t^) is the solution of

• - I T  - I T T  - I T  - I T-P = P(A-B.R.st) + (A-B.R. St) P-PB.R. B.P - S.R. St + Q 3 3 3  3 3 3  3 3 3  3 3  3
(3.51)

P(t^,t^) = 0

In a similar manner as before this satisfies the following 

conditions'^.

= 0  i = l,2 ,..,i-l

kT B. = - I (3.52)
i i = 1 ,2 ,...j

Ki Bi-k = 0

v*(x(t),t) = x'^(t)P(t,t )x(t) (3.53)

K? X = 0 i = k,2,..,j (3.54)

The optimal control for the original system is given by

u* = K^x

where K is computed successively from the relationship

K. , = a "̂ K. - K. (3.55)1-1 1 1

and K is identified as K. o
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The singular strip lies on the intersection of the hyperplanes

kTx = 0  i = 1 ,2 ,..,]

These transformations are only valid if the singular strip 

is restricted such that

Ik x| < 1  for all t 3  t $ tO J

3.3.2 Infinite Time Singular Control

The previous results may be extended to the limiting case as 

the terminal time t^ approaches infinity. For convenience, 

consider the case when j = 1  with the assumption that the 

limit.P(t) = Lim P(t,t ) exists and the matrices Q,S,R,A and

B are constant.

With the above assumptions, the solution, P(t), is given by 

the solution of the matrix Riccati equation

0 =P(A-B^R“^sJ|) + (A-B^R^^S^)"^P-PB^R^^B^P + (3.56)

The closed loop system is given by

X, = (A+B kL x , = A,x, (3.57)
jL 1 1 1  JL 1

where K^ = -r “^(b J|p+S^)
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The closed loop system matrix A, has q eigenvalues at the

origin, where q = rank B. This may be established from the 
62relationship

(A+B^K^)B = AB + AB kJb

Tusing K^B = -I such that

(A+B^K^)B = a B

where a = 0

Thus the closed loop system has (n-q) eigenvalues which are 

independent and q eigenvalues at the origin.

-1 TIn a similar manner the system matrix, A-B^R^ also has q 

eigenvalues at the origin.

3.4 Solution of the Matrix Riccati equation

The matrix Riccati equation is non-linear but can be solved in 

one of several ways^^. For the present investigation, the 

^solution of the Riccati equation has been obtained in an 

iterative manner

It is well known that the matrix Riccati equation for the linear 

regulator problem is of the form

A^P + PA - PBR'^B^P + Q = 0 (3.58)
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where the optimal control is given by

u* = -r " V px = K*x  (3.59)

such that this control minimises the quadratic cost function 

given by

00

V = J  (x^Qx + u^Ru) dt 
o

subject to the dynamics of the system 

X = A X + B u

The matrix Riccati equation can be rewritten in a form given 

by

( A - B R ' V p )"̂ ? + P(A-BR“V p ) = -(Q t PBR”V p ) (3.60)

(A + BK)Tp + p(A + BK) = -(Q + A k )

T P + P A^ = -Q^ (3.61)

A value of K or P is estimated and A^ and are calculated. 

Using A^ and Q^, eqn (3.61) is solved to give an improved es

timate of P. The improved estimate of P is used to recalcu

late A^ and Q^. This process is continued until the solution 

converges to the desired solution. This procedure is called 

Newton's sequence. It has been shown^^, that, under certain 

controllability and observability conditions, if the procedure
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is started off with an intial estimate of K or P, such that 

the matrix is a stable matrix, then the solution will 

always converge to the unique solution. In systems when the 

system matrix A is a stable matrix, the procedure may be 

started with an initial estimate of K = 0. However, if the 

matrix A is originally unstable, an initial estimate of the 

matrix K is required such that matrix A^ is a stable matrix. 

One method of choosing a value of K to stabilise an unstable 

system will now be described.

3.5 Stabilisation of Linear Control Systems

In the study of linear control systems described by the vector 

equation

X = A X + B u

it is often necessary to compute a control law of the form 

u = Kx

such that the matrix A + BK is a stable matrix. One important 

application is in the use of Newton's method to solve the 

steady state Riccati equation, arising from the continuous 

linear optimal control problem. The Newton sequence converges 

to a proper solution if the initial gain matrix K is such 

that (A+BK) is a stability matrix. In the case of a stable 

matrix A, the gain matrix K can be set to zero, but, in the
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case of unstable matrix A, a gain matrix K is required such 

that (A+BK) is stable. One important application of stabi

lisation is to the solution of the Riccati equation, arising 

from singular optimal control theory. The matrix Riccati 

equation obtained, for the solution of singular optimal 

control,has a matrix A which has eigenvalues at the origin. 

These eigenvalues at the origin are considered to be unstable 

by the numerical procedure. The numerical procedure requires 

that the matrix A has all its eigenvalues in the left hand 

half complex plane and no eigenvalues at the origin or on the 

right hand side of the complex plane.

68A stabilisation algorithm due to Kleinmann for the stabili

sation of linear systems could be used. This algorithm is 

only applicable to completely controllable or observable 

systems. This has been extended by Sandell^^ to cater for 

systems that are stabilisable. This algorithm requires the 

solution of an integral of the form

^ T
W(t ) = /  dt (3.62)

SO that the gains matrix is given by

K = bV ( t )

where W*(t) denotes the pseudo inverse of W(x) and t has to 

be chosen such that W(t ) is well behaved. This constraint can 

sometimes lead to longer computation time. However, in this

62



70particular case, an algorithm derived by Bass was found to

be very convenient and readily applicable. This method is

only applicable to completely controllable and observable
71systems, but has been extended by Armstrong in a similar 

manner, to that of Kleinmann’s algorithm, to cater for 

stabilisable systems.

71The following results are stated . Firstly, given a con

stant nxn matrix C, the matrix - (C+BI^) is a stable matrix 

if 3 > I |c| I where { | | | is any matrix norm for which there

is a consistent vector norm. Secondly, given a constant nxn
T Tmatrix A and Q, if either Q = Q  > 0 or Q = BB with A,B

controllable then

A Z + Z A*̂  = -Q (3.63)

has a positive definite solution Z if and only if A is a 

stable matrix. Thirdly, Bass’s algorithm is used. If A,B 

is controllable, then the control law

u = Kx K = -B^Z"^ (3.64)

Tstabilises the system where Z = Z >0, satisfies the 

Liapunov equation

[-(A+3I^)]Z + z[-(A+3I^)]^ = -2BB (3.65)

where 3 > ||A||
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This algorithm can be extended by a modification such that if 

A,B is stabilisable, then

K = -B^z* (3.66)

Tstabilises the system where Z = Z ^ 0 satisfies eqn (3.65) 

and Z is the pseudo inverse of Z.

This modified algorithm was found to be suitable and required 

little extra computing. The solution of Liapunov equation is 

available, since it is used to solve the Riccati equation.

The degree of stability of this present method is manipulated 

through 3 .

3.6 Dual Mode Control

The control system described by the eqns (3.23) - (3.25) has 

two modes of operation. In one mode, the bang-bang mode, the 

control input to the system is either of a fixed positive or 

fixed negative value and any sign changes occur instantaneously, 

according to the switching function. In the second mode, the 

chattering mode, the control input chatters between its maxi

mum and minimum value. The chattering mode is present when the 

switching function is zero (or very small) for some interval 

of time. The chattering mode is also known as the 'Sliding 

mode * or the 'Singular mode *.

During bang-bang mode the switching function oscillates about 

the zero axis with isolated zeros. As the switching function 

approaches zero, it crosses the zero axis onto the opposite
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side, thereby changing the sign of the control input. This

control input drives the state trajectories such that the

switching function again tries to cross the zero axis on to

the original side, thereby changing the sign of the control

input again. This sign reversal of the control input occurs

again and again, according to the zeros of the switching

function. However, when the magnitude of the switching

function is zero for some time interval (i.e. the condition 
TK^x = 0  is satisfied), the control input begins to oscillate 

between its maximum and minimum values. The frequency of 

oscillations is dependent on the frequency of the zero 

crossing of the switching function and is determined by the 

magnitude of the control input. Therefore the control 

input chatters between its maximum and minimum values, with 

an average sliding value that could alternately be realised , 

by a continuous state feedback control. This latter point 

is exactly the result obtained in Section 3.3 . For large 

deviation of state, the control input may operate both in the 

bang-bang or the chattering mode depending on the switching 

function. For small deviations of the state, the control 

input will operate in the chattering mode and will remain in 

this mode, even on reaching the origin in state space.

A dual mode control may be constructed with a switch that 

connects either of the two controllers in the feedback-loop 

at any one time. One controller implements a continuous 

feedback law and the other implements a bang-bang control, 

where the switching times are dependent on the location of the 

system trajectory in the state space.
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A possible approach of realising this dual mode control is

to monitor the switching function and observe when chattering

occurs. The chattering is detected by the switching function

being inside e , where e is small. When the switching

function lies inside e, the control u = Sgn(K^x) can be re- 
T Tplaced by u = K Ax/K^B which is a linear combination of states

The difficulty arising with this arrangement is that, if,

owing to inaccuracies or disturbance |K^x| < e fails to be
Tsatisfied and becomes |k^x | = S > e for some small S, the

Tcontrol system will not have the property that K^x will 

subsequently tend towards zero.

An alternative control that can be used, on the singular 

surface, is

u = (K^(A+y I^)/K^B)x (3.67)

where y is some positive value, and determines the stability

orthogonal to the singular strip. The control is an equivalent

representation of the required process on the switching 
Tsurface, since K^x = 0  and such a control will penalise the 

switching function outside.

A significant property of bang-bang control is that the control 

input is prevented from exceeding some limit. A saturation 

device at the plant input may be sufficient in achieving the 

same purpose. In these circumstances, dual mode control can 

alternately be realised by the saturation device and the con

trol input would be of the form
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u = Sat[K x] (3.68)

where Sat(a) = 1 a > 0
= a |a| $ 1
= -1 a < -1

This form of dual mode control is easy to implement compared 

to the dual mode control described above.

3.6.1 Linear mode design of dual mode systems

For simplicity consider a single input system given by

X = A X + b u (3.69)

and the performance index

V = /  x^Qx dt (3.70)
to

where Q is a positive definite symmetrix matrix. It is
Trequired to normalise Q such that b Qb = 1 and the control 

-dnput is constrained such that

|u| 3 1

The optimal control for the above system is bang-bang over 

the entire state space, except on the singular strip. The 

dual mode control consists of the bang-bang mode and the
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singular mode. The bang-bang mode control is given by

u = Sgn(k^x) (3.71)

while the singular mode control is given by

u = kJ|(A+Yl)x (3.72)

The singular mode control satisfies the constraints

k^x = 0 jk^Axj < 1 (3.73)

where k^ = -b^(A^P + Q) (3.74)

and P is the steady state solution of the Riccati equation

-P = PA + A*̂ P - (Q+PA)bbT(A^P+Q) + Q (3.75)

P(T,T) = 0

The control, on the singular strip, for all positive values
Tof Y will be optimal because Y^^x = 0  on the singular strip, 

The closed loop system, on the singular strip is given by

X = [a + bkJ'(A + yI)1 X (3.76)

The closed loop system is asymptotically stable provided Y > 0-
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TPremultiplying eqn (3.76) by gives

~  (k^x) = [k^A + kJ|bk^(A+Yl)] x

Tusing the relationship given by eqn (3.36) as k^b =-1, eqn (3.77) 
*reduces to

—  (k^x) = -Y(k^x) (3.78)

This shows that the degree of stability orthogonal to the

singular strip is y » In other words, the control system

given by eqn (3.76) has (n-1) eigenvalues in the left hand

half plane and one eigenvalue at X = -y. With Y= 0» the
Ttrajectories off the hyperplane k^x = 0  will never approach 

the hyperplane and the system is therefore not asymptotically 

stable. For large values of y» the eigenvalues of the 

closed loop system will be the same as for the linear regu

lator problem.

In general, a control system may require j (j<n) singular 

transformations to transform the singular control problem into 

a non-singular control problem. Suppose after the jth trans

formation the control system is given by

X. = Ax. + b.u. (3.79)] ] ] ]

* In a similar manner, results such as the ones given here can

be obtained by extending the inverse optimal control problem
T(Section 3.2), i.e. substitute the condition B Cx = 0.
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The optimal control for this system is given by

u« = (3,80)

The optimal control, on the singular strip, for the system 

given by

X. - = Ax. _ + b. u. - (3.81)]-l ]-l 3-1 3-1

is given by

u* T = k*^(A + Y-l)x. , = k&^\x. (3.82)3-1 3 3 3-1 3-1 3-1

This control system is asymptotically stable provided Yj ^ 0-

In a similar manner, the optimal control, on the singular 

strip, for the control system, given by eqn (3.69), is given 

by

T Î
u* = k* IT (A + Y'l) (3.83)

] i=l ^

The closed loop system is given by

T ] 1X = [ A+bk. TT (A+y .I)j X (3.84)
] i=l 1

This control system is asymptotically stable provided 

Y^ > 0  i = 1 ,2 ,..,].

The control system given by eqn (3.84) has j eigenvalues at
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-y^5 i = 1,2;..,]. This can be shown in the following manner

The eigenvalues of the matrix

A + bk_. TT (A+y.I) 
i=l

are given by

|XI - A - bkj TT (A+Y;I)| = 0 (3.85)
1=1

But

IXI-A-bkT I (A+Y.I)I = |XI-A|.|l-(XI-A)'^bkT w (A+Y.I)| 
] i=l 1  ] i=l ^

and using the identity jI^+LM|= |I^+ML[

|l-(XI-A)"^bkT m (A+y.I)I = |l-kT I (A+y.D (XI-A)"^b| 
] i=l 1   ̂ i=l ^

= |l-kt TT (A+Y.I).(A+Y I)(XI-A)' b| 
 ̂ i=l ^ ^
i^r

(3.86)

Now if X = “Y^ the above eqn (3.86) simplifies to

ll+kT TT (A+Y-Dbl =|l+kT(A^ ^+a A^ ^+ ... a. ^)b|' ] ' ] o ]-I
i?̂ Y

and using the identities given by eqn (3.52) as
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‘' i V k  = ° k > 1

The above reduces to

det(l-l) = 0

This procedure can be carried out for all r = l,2,..,j.

Then, the optimal closed loop system has (n-j) eigenvalues

independent of y^ and j eigenvalues at i = l,2 ,..,j.

If any y, = 0 ,  the trajectories off the hyperplane 
T ^k. TT (A+y.I)x = 0 will never approach the hyperplane and 
 ̂ i= 2  ^

the system is therefore not asymptotically stable. For large 

value of Y^, the eigenvalues of the closed loop system corres

pond to some linear regulator problem.

The values of i = 1,2,..,j should be chosen carefully so 

that the stability of the system is not deteriorated.

3.7 Optinisation of performance of non-linear systems

The optimal controls produced for non-linear dynamic systems, 

using optimal control theory, are, in general, some form of open 

loop controls. These controls can only be applied to systems 

with fixed parameters and operating conditions when subjected 

to the same disturbance. This form of control, is undesirable 

for the control of turbogenerators.

72



The previous section shows that, for a linear time invariant 

system with a quadratic performance index, the optimal con

trol, for large deviations of state from the nominal point, 

is bang-bang in form and the switching function corres

ponding to this optimal control is a linear combination of 

all the states. Similarly, the optimal control, for small 

deviations of state, is singular control (or continuous feed

back control) and the feedback control corresponding to this 

optimal singular control is a linear combination of

all the states. This appears logical and appropriate, because 

utilisation of all the states for control results in feedback 

of information that completely specifies the system. It is 

logical, therefore, to assume that the optimal control for a 

non-linear system is also some function of all the states of 

the system, and that a sub-optimal control could be achieved 

by choosing a control input which is some function of all or 

some of the states of the non-linoar system. The control 

input in these studies is assumed to be a function of the 

linear combination of states. Therefore the control function 

for the non-linear system

X = f(x,u,t) (3.87)

can be written as

u = g(K"^x) (3.88)

where K is an nxm gains matrix and the function g may be a
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signum function or unity depending on the form of control. 

During bang-bang control, the control input may be

u = Sgn(l^x) (3.89)

where Sgn(a) = 1 if a > 0 

= - 1  a < 0

and during singular control, the control input may be given 

by

u = K^x (3.90)

and which satisfies the constraint |u| 3  1

where and are nxm gains matrices for bang-bang mode

and singular mode respectively.

There are several ways in which these controls may be imple

mented for the control of a non-linear system. Some of the 

methods of implementing the above controls is to use the dual 

mode control arrangement in the following ways. Firstly, use 

bang-bang mode control, given by eqn (3.89),until the commence

ment of chattering. The chattering mode is detected by the
Tmagnitude of the switching function (K^x) being less than e, 

where e is small. When the switching function lies inside e, 

singular control is applied to the system. Secondly use bang- 

bang control mode, whenever the system states lie outside a 

specified region in state space. The specified region defines 

the bounds of the singular control. This can be detected by
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the state vector being less than 3 » where 3 is the bound of 

singular control and can be chosen arbitrary to suit the 

requirements of the system.

When the first dual mode control arrangement is used the 

switching function may lie inside e, for some time interval, 

for large deviations of state. The singular control during 

this interval may be bang-bang or continuous and should be 

capable of steering the system towards the desired state in an 

optimum manner, even though the state deviations are large. 

Therefore the singular control may operate both under small 

signal and large signal conditions. However, in the case of 

second dual mode control arrangement, singular control will 

only operate when the state deviations are small, but it is 

possible for the system to chatter when the switching function 

lies inside e for large signal conditions. This can be avoided 

by combining the two arrangements. In other words, use singu

lar control when the switching function lies inside e or the 

state vector lies inside 3 .

The above dual mode control arrangements for the non-linear 

system suffer from one minor difficulty. The sub-optimal 

controls for bang-bang mode will have been derived under 

different optimising conditions and there will be no link be

tween one mode and the other mode when the control input 

changes from one mode to the other mode, on the boundary of the 

two modes. It is possible for the control input to chatter be

tween the two control modes. The situation may be such that, 

when the control input changes from one mode to the other 

mode, the new control mode may try to drive the system in such
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a manner, as to force the control input into the original 

mode and vice versa. In this manner, the control input 

begins to chatter between the bang-bang control mode and the 

singular control mode, about the boundary of the two modes. 

This situation would not arise if the two controls were 

truly optimal.

In order to reduce the chattering effect, the singular con

trol input is modified, to include a portion of the switch

ing function such that if the sub-optimal control in the 

bang-bang mode is given by

u = Sgn(l^x) (3.91)

then the sub-optimal control oh the singular strip is given 

by

u = KgX + yK^x (3.92)

This control still has the same properties as before, because 
TK£x = 0  on the singular strip, but penalises the control input 

when changing from singular mode to bang-bang mode. The 

value of Y determines the stability orthogonal to the singular 

strip and can be chosen arbitrarily to suit the circumstances.

An alternative way of realising the dual mode control is to 

use a saturation device, which will prevent the input exceed

ing the specified limits. In these circumstances the control 

input is given by

76



u = _Sat(K^x) (3.93)

Although this form of control may be less optimum than the 

dual mode control arrangement described above, it is easier 

to derive and implement. There is no question of the con

trol input going into chattering mode. Thus the sub-optimal 

control for the non-linear system can be assumed to be a 

function of linear combination of states.

With the above assumption, the performance of the non-linear 

system can be optimised by choosing a set of optimum gains 

for the control input. This approach converts the sub- 

optimal control problem into one of parameter optimisation. 

The parameter optimisation problem is formulated as a func

tion minimisation problem such that given a dynamic system 

described by the vector equation

X = f(x,p,t) x(tg) = x^ (3.94)

where x is the state n-vector, p is the vector of optimising 

parameters, then choose p (orp(t)) if p is time-invariant ) 

over the interval 0  3  t $ t^ so that an objective function is 

minimised.

73Many function minimisation methods have been developed over 

the years, and the gradient methods are among the most powerful 

ones to date. Basically, all these methods try to locate the 

minimum of the objective function by a series of searches in 

the parameter space. The direction of search, using gradient
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methods, is determined using the first partial derivative of 

the objective function with respect to the optimising para

meters. These first parital derivatives are exactly the first 

order sensitivity functions derived in Section 2.2 and the 

state sensitivity functions can be used to evaluate the gra

dient of the objective function with respect to the parameter.

The function minimisation routine used in this investigation

is the Fortran version of the original ALGOL procedure based
72on the Quasi Newton method of Gill, Murray and Pitfield

3.7.1 Optimisation by minimising Performance Index

In this investigation, optimisation is achieved by directly 

minimising the objective function. The’ objective function 

used is a measure of the performance of the system and is a 

quadratic performance index of the form

T
V - J  x^Qx dt (3.95)

o

where x is the state vector.

In practice, it is very difficult to devise a performance index 

which represents precisely what is required of the system. The 

design procedure adopted here is to optimise the performance 

of the system using a performance index which represents rea

sonably well, the requirements of the system and obtain a few 

local optima. These optima are compared in terms of the system 

performance and sensitivity. The ones which are best suited
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to the requirement are selected.

The control input for the control system given by eqn (3.87) 

is given by

u = g(K^x) (3.88)

The elements of K are the optimising parameters, to be 

determined, in order to minimise the performance index. The 

sensitivity function, Z, of the performance index with respect 

to an optimising parameter is derived by differentiating eqn 

(3.95) with respect to the parameter (say k)

T
Z = 1^ = /  W  "It (3.96)

o

This sensitivity function is evaluated by integrating the 

auxiliary equation

and the sensitivity of the performance index after time T is 

given by

Z = W(T) (3.98)

The right hand side of eqn (3,97) is evaluated by substituting 

the values of the state sensitivity functions obtained from 

the numerical integration. In practice eqn (3.97) is inte

grated together with the system and sensitivity equations to
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obtain the values of the performance index and its sensiti

vity function for the minimisation routine.

The minimisation routine is supplied, when required, with 

the values of the sensitivity functions of the performance 

index with respect to the optimising parameters and/or the 

value of the performance index. The value of the performance 

index is evaluated by solving the system equations and the 

value of the sensitivity functions is evaluated by solving 

the sensitivity equations. The optimisation program is 

illustrated by the flow chart given in Fig 3.1. Machine data 

and the initial operating conditions are read in and used to 

determine the steady state values of the state variables.

The function minimisation routine is then called to minimise the 

performance index. This process consists of a series of linear 

searches, in a systematic sequence, in the parameter space.

The direction of search is determined by using the sensitivity 

functions of the performance index. During each linear search, 

polynomial interpolation is used to locate the minimum in that 

direction. Linear searches are continued until either the per

formance index is not reduced in that direction or the conver

gence criterion is satisfied. A local search is then performed 

to ensure that the point arrived at is not a saddle point. If 

the local search succeeds in reducing the performance index 

further, thaithe linear searches are continued if either the 

convergence criterion is not satisfied or the last linear 

search failed. Otherwise, the minimisation process is stopped 

and the response curves at the optimum are plotted.
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The control system used in these studies is a single machine 

system represented by a non-linear system. In general, for 

a non-linear system, there is more than one local minima in 

the region of practical interest in the parameter space. Op

timisation results show that the rate of convergence, of 

minimisation, are influenced by the initial point chosen to 

start the function minimisation.

If the sensitivity functions of the performance index with 

respect to the optimising parameters are not readily available, 

then another version of the function minimisation subroutine 

which calculates its own sensitivity functions may be used.

This sub-routine only requires the values of the performance 

index, (r+1) times, and calculates the sensitivity functions 

using difference approximation methods, r is the number of 

optimising parameters.
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C H A P T E R  4 FORMULATION AND SOLUTION OF THE

CONTROL PROBLEM

The formulation and solution of the sub-optimal control 

problem is described in this Chapter, by considering sub- 

optimal excitation control of a conventional synchronous 

machine connected to an infinite busbar with the machine 

system represented by non-linear models of varying details. 

The object is to optimise the transient performance of the 

single machine system using excitation control and sub- 

optimal excitation control is achieved by using both closed 

loop bang-bang control and closed loop singular control.

In the case of bang-bang control, the control input is re

presented as the sign of a switching function, while in the 

case of singular control, the control input is a continuous 

feedback of system states. The switching function and the 

state feedback are both a linear combination of all or some 

of the states.

83



4.1 Description of System

The system to be investigated in this study is the excitation 

control of a single machine system consisting of a synchronous 

generator, connected to an infinite busbar through a generator 

transformer and a transmission line in the manner shown in 

Fig 4.1.

The machine data used was supplied by the CEGB for a typical 

500 MW turbogenerator set and transmission system and the 

single machine system simulates the Pembroke Power Station.

This station consists of four such sets and has a total gener

ating capacity of 2000 MW. The power station is linked to the 

400 kV network by two double circuit transmission lines about 

70 miles long. Standard initial conditions corresponding to 

the machine delivering 0.85 pu power at unity power factor at 

the infinite busbar with the machine terminal voltage at 1.0 

pu have been used in many studies. The system disturbance is 

simulated by applying a symmetrical ,3-phase short circuit at the 

high-voltage side of the generator transformer for a given 

duration. The fault duration of 0.22 seconds,has been chosen to 

simulate the stuckbreaker condition. The standard CEGB fault 

duration of 0.14 seconds is also used on some occasions for 

the study of optimum control. The fault duration used for each 

study will be stated explicitly.

4.2 Excitation System

Over the years, excitation systems have developed considerably,
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from that based on d.c. exciters with an electromechanical AVR 

to installations employing thyristor controlled a.c. exciters. 

Although the main types of excitation systems employed at 

present are a.c. exciters with rotating diodes at their out

put, the modern trend is towards the use of high-speed exci

tation systems employing thyristors. The main structural 

difference between existing a.c. exciters and thyristor exci

ters is the method of power control. In the case of standard 

a.c. exciters with rotating diodes, excitation control can 

only be achieved at the field of the exciters. However, the 

thyristor converter is basically an inertialess system and has 

a very fast response compared to present day a.c. exciters. 

Another advantage of the thyristor converter is that it offers 

the major advantage of voltage reversal. Voltage reversal is 

not possible in the case of a.c. exciters, because of the 

presence of the uncontrolled rectifiers in its output. More 

recently a brushless thyristor excitation system has been 

suggested but is still under development. The brushless thy

ristor excitation system is basically a rotating thyristor 

converter in which the thyristor converter and the armature 

of the exciter generator are housed on the shaft of the machine 

with a fixed field voltage on the exciter and very wide control 

of excitation is possible with this system.

In this study, because of the modern trend in excitation sys

tems, mainly thyristor exciters are considered, though some 

attention will be given to existing a.c. exciters. The basic 

structure of a thyristor excitation system is illustrated in 

Fig 4.2. Power for the thyristor converter can either be
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obtained from the unit transformer or from a separate source. 

The terminal voltage of the generator is stepped down via a 

step down transformer rectified and scaled to produce a feed

back control signal. The control signal produced, is used 

to control the excitation for the generator from the output 

of the thyristor converter.

The basic structure of the a.c. exciter is very similar to 

the thyristor exciter, except for the power amplifiers and 

is illustrated in Fig 4.3. In this case, the AVR loop may 

include magnetic amplifiers, as in the earlier design, or a 

thyristor amplifier in the field of the exciter.

The modelling of the excitation system is subject to the
47following assumptions

(a) The parameters of the excitation system remain unaltered

throughout the transient change.

(b) The characteristics of the thyristor converter or the

rectifiers (in a.c. exciters) are linear.

(c) Saturation in the excitation system can be represented 

by limits on the output voltages.

(d) Reactive power limit control may be neglected.

4.2.1 Simple thyristor excitation system

The thyristor excitation system shown in Fig 4.2 is considered 

without the terminal voltage feedback. The excitation system 

is considered to be a straightforward path gain without any 

time lags and is shown in Fig 4.4. This configuration is used
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to study the preliminary effects of the bang-bang excitation 

control on the transient performance of the system. The 

limiter is used to simulate the limits of the excitation 

voltage as dictated by the system. The exciter is supplied, 

with power, from a separate source so that it is not effected 

by the system conditions.

4.2.2 Excitation system without the stabiliser

An important feature of an automatic voltage regulator is 

its ability to fulfill the steady state voltage regulation 

requirements. The AVR is represented by a first order lag 

as shown in Fig 4.5 The excitation system shown in Fig 4.5 

may represent a system with a thyristor exciter or an a.c. 

exciter. The forward transfer function represents the main 

regulator and the exciter. The time lags introduced by the 

transducers are very small compared to the regulator time 

constants and are neglected. The value of time constant, T , 

is large for a.c. exciters compared to that of thyristor 

exciters. In this arrangement, the feedback signal is mixed 

with a reference voltage and the terminal voltage to form the 

control signal for the regulator. This excitation representa

tion is used for the optimal control studies.

4.2.3 Generalised Excitation System

In the above excitation system representation, if the steady 

state terminal voltage regulation is to be maintained, using 

high regulator gain, stabilisation is necessary. The stabili
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sation is required only during transient conditions and the 

excitation system with stabilisation is shown in Fig 4.6.

This model is physically realisable in practice. The stabi

lisation basically reduces the gain during transients and 

maintains the steady state stability. This model reduces 

to the previous model if the stabilising feedback is removed. 

Feedback signals before the main excitation system makes this 

arrangement convenient for practical implementation on the 

existing exciters.

4.2.4 Modified Excitation System

Although it is convenient to incorporate feedback signals before 

the excitation system, it is advantageous to implement the 

control signals after the power amplification device, especially 

in the case of a.c. exciters. This arrangement is shown in 

Fig 4.7 where the a.c. exciter output is mixed with the output 

of the thyristor bridge controlled by state signals to form the 

generator excitation. This arrangement can be used for dual 

mode control operation, where the thyristor bridge is used 

during transient period and the a.c. exciter is used during 

steady state or small signal conditions. This arrangement has 

the advantage that reverse excitation is possible and the 

question of noise amplification is reduced. This model sim

plifies to the first order lag representation of Fig 4.5 when 

the stabilisation loop is removed as shown in Fig 4.8. The 

control signals are fed after the exciter.
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4.3 Synchronous Machine Representation

75The synchronous machine model is based on Park's original 

2-axis transformation, obtained by applying an axis trans

formation to the actual 3-phase equations of the idealised
, , . 46,47,75-78 „ . ^synchronous machine ’ . Basically, this trans

formation resolves the 3-phase quantities into components 

along the pole and interpole axes, known as the direct and 

quadrature axes and a component relating to zero sequence 

effects. However, the operation modes considered here do 

not involve zero sequence components. The current paths in 

the rotor iron and in the damper windings, if present, are 

represented by additional rotor windings on both the direct 

and quadrature axes.

The direct axis and quadrature axis flux linkage and voltage 

equations, for the generator, can be derived from the schema

tic diagram of the 3-phase windings shown in Fig 4.9 under
47the following assumptions

(a) A current in any winding is assumed to set up an mmf 

wave which is sinusoidally distributed in space around 

the air gap.

(b) The effects of hysteresis are neglected.

(c) A component of mmf acting along the direct axis produces 

a sinusoidally distributed flux wave in the direct axis 

only, and a quadrature axis mmf produces a sinusoidally 

distributed flux wave in the quadrature axis.
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The algebraic signs of Fig 4.9 correspond to generator action 

and the machine operating equations, in per unit form, are as 

follows.

♦fd = *ffd^fd ~ *ad^d *ad^ld (4.1)

*d = ^ad^fd ~ ^d^d *ad^d (4.2)

♦id = *ad^fd " *ad^d *lld^ld (4.3)

-X i + X iq q aq q (4.4)

*lq = -X i + X.. i.aq q llq Iq (4.5)

Voltage equations

’fd = ^*fd/% + ffdifd (4^6)
V, = Pip,/ü) - w# /w - r i (4.7)d d o  q o a d
0 = + (^^8)

V = Pi|> /o) + w#./w - r i (4.9)q q o M o  a q
0 = Pijj /ü) + r i (4.10)Iq o Iq Iq

Air gap torque equation

For this and the subsequent models, the equation of motion 

of the rotor is given by

Mp^6 = T - T - K , P6/w (4.12)m e d o
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and the machine terminal voltage is given by

V. = /v.^ + V ^ (4.13)t Û q

Saturation effects in the machine have been neglected because 
49it has been shown that the saturation has little effect on 

the transient stability of the machine. The value of the 

damping coefficient in the swing equation is difficult to 

predict accurately and has been assumed to be a constant.

The above seventh order machine model takes into account the 

effect of the mains frequency components. This model can 

satisfactorily account for most of the known phenomena met in

the balanced 3-phase transient operation of power systems,
49including rotor back swings following a severe fault close 

to the machine terminals. However, the presence of the mains 

frequency components gives rise to the need for a very small 

integration step in the simulation. This increases the com

puting time tremendously, especially when the solution of the 

system is required repeatedly as in system optimisation. Also, 

this model is unsuitable for the sub-optimal control study 

because suitable signals are not available for feedback infor

mation. The above equations can be combined into operational 

form by eliminating the rotor currents. After suitable alge

braic manipulation, the following equations are obtained^^:

pe' = [ V. - (x,-x")i, - e" ] /T' (4.14)q f d d d  q ' do
pe" = I (x -x")i - e" ] /T" (4.15)d q q q d qo
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pe» = I - Cx^-xpij - e; -(T^(e»-x^i^) + T^x^i^

- Tkd Vf)/?Ao: /?3o (4-16)
V. = p(e"-x".i,)/w + (ü(e"+x"i )/w - r i ,  (4,17)d ' ^ q d d o  d q q o a d
V = p(-e"-x"i )/w + w(e"-x"i,)/w - r i  (4.18)q d q q o q d d o a q

The above differential equations can be simplified, by 

neglecting the decay of stator flux linkages and the less 

significant terms, to obtain the fifth order machine model of 

the form:

pe*q = 1 - ("d-’̂ d’id - /lAo (4.19)

Pëd = [ (x -x")i - e"l/T" q q q d qo (4.20)

pe"q = I e* - (xt-x")i, - e"]/T" q d d d  q do (4.21)

«d = V, + r i , - x"i d a d  q q (4.22)

e"q
z V + r i + x"i_ q a q d d (4.23)

le = e"i + e"i - (x"-x")i i d d  q q  d q d q (4.24)

The fifth order machine model can be further simplified by 

neglecting the effect of the damper windings to give a third 

order machine model of the form

r' (4.25)do
(4.26)

(4.27)

(4.28)

The third and fifth order models are employed for the non

linear and linear system studies while the seventh order model 

is used to test the validity of studies.
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4,4 Transmission System

The synchronous machine is connected to the transmission system 

through a step up transformer. The equations for the trans

mission system between the generator terminals and the 

infinite busbar are given and the following assumptions are made:

(a) Transformer magnetising and line-charging current can be 

neglected

(b) The transformer and the transmission line connecting the 

generator to the rest of the system can be represented by 

lumped series inductance and resistance.

When the 2-axis transformation is applied to the 3-phase equa

tions for the transmission system, the following equations in 

the d and q axes of the generator are obtained.

V, = V, Sin 6 + X pi /w + R i - wx.i /w (4.29)d b t d o t d  t q o
V = V, Cos 6 + X pi /o) + R i + wx. i,/w (4.30)q b t ^ ^ q o t q  t d o

In a similar manner as before, these equations can be 

simplified by neglecting the less significant terms and 

neglecting the speed deviations the following equations are 

obtained

V, = V, Sin (S + R^i, - x^i (4.31)d b t d t q
V = V, Cos 6 + R^i + x_i, (4.32)q b t q t d
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4*5 Governor and Turbine

In these studies the turbine is assumed to deliver constant 

amount of power, both during steady state operation and 

transient state operations. Only excitation controls are 

considered in these studies.

4.6 Linearisation of Single Machine System

In the study of power systems, for small signal conditions, 

it is convenient to linearise the non-linear system about the 

operating point, using the theory of small perturbations. This 

form is also suitable for studying the steady state stability 

characteristics of the system. In this section the fifth order 

machine model, fitted with an excitation system given in Fig 

4.5,is linearised about the operating point. By linearising 

the equations about the operating point a set of first order 

linear differential equations and a set of linear algebriac 

equations are obtained. First the equations for the system 

are rearranged in a suitable form as follows.

p I *  1 = (4.33)

p h  ] = 1 I m  -  l e  -  K d d l  ] (4.34)

Ple^j =  1 - ( % d - X d ) i d  -  " g ]  / l A o (4.35)

= I (x -x")i - e*’] /T"q q q d ̂ qo (4.36)

P[e^l = I " g  - ( X d - X d ) i d  - "q 1 ^ I d o (4.37)

plVf] = 1 - Vf] /Tg (4.38)
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Auxiliary equations

T = e eyi, + e"i - (xy-x")i,i d d  q q  d q d q (4.39)

Id = ( (R^+R )(e"-V,Sin6) + (x^+x")(e’’* t a  d D t q q -V^Cos6)]/D (4.40)

\  = [ (R^+R )(e"-V. Cos6) - (x^+xy)(ey- t a q b t d d -Vj^Sin6)]/D (4.41)

V Sin 6 t R. i, - x. i . b t d t q (4.42)

V =q Vb + Xt^d (4.43)

= v V ^  + V ^ d q (4.44)

where

^dd (4.45)

D = (R +R )^ + (x.+xy)(x.+x") t a  t d t q (4.46)

When the above equations are linearised about the operating

point, the following linearised equations are obtained.

p[A« = Ay (4.47)

p [a y = 4 at^ + K^/rl/M (4.48)

p[Ae^ = ( AV^ - (x^-x')Ai_j - Ae-]/r^ (4.49)

plAe^' = ( (x -x")Ai - Aey ] /T" q q q d qo (4.50)

pfAe"‘ q = ( Ae* - (xI-xy)Ai^ - Ae" ] /T» q d d d  q do (4.51)

p( = t (-AV\+AV.)K - AV_]/T ■ t i g  r g (4.52)

Auxiliary equations

AT = Ae e Vi, + e"Ai, + Ae"i + e"Ai - (xV- d d  d d  q q  q q d

■

IdAlq+Aldlq)
Ai, = I (R +R )(Ae"-V, Cosô Aô) + (x++x")(Ae"+V^Sin6 A6)]/D (4.54)Q L a ( I D  x a q D

95



ù± = Î ( R  +R )(Ae"+V,Sinô Aô) - (x^+xyXAeV-V, Cosô Aôj/D (4.55) d t a  q b t d d b
AV, = V, Cos6 A6 + R. Ai - x Ai d b t d t q
AV . = -V, Sîn6 AÔ+ R^Ai + x^Ai, q b t q t d
AV^ = (V.AV, t V AV )/V^ t Q Q q q t

(4.56)

(4.57)

(4.58)

The above differential equations and the algebraic equations 

can be written into matrix form given by

X
' «1 1 " 2 ' X Bl'

0 . " 3  i ' V y +
;b‘2,

u (4.54)

where x is the state vector, y is the vector of auxiliary 

variables and to and are the system sub-matrices

such that

X = ( AÔ Ay Ae* AeV Ae" AV_J ‘ q d q f'

y = [AV_ AV, AV Ai^ Ai AT 1  ̂ ■ t d q d q ê

u = I AV^]

«1 - 1 j ]

«2  = I b i j ]

"3 = [ C i j ]  

« 4  =Id.j] i — 3 — 1*2,3,..,6

-  I « i  J 
=le. J i = 1,2,...,6

96



The elements of these submatrices are given in Appendix A2.

The matrix equation can be transformed using matrix reduction 

techniques, in the state space form as given by

X = A X + B u (4.60)

where

A =

B = Di -

4.7 System Sensitivity Equations

The sensitivity equations of the system, with respect to a 

parameter, are derived by differentiating the system equations 

with respect to that parameter as described in Section 2.2.1. 

The sensitivity equations for the fifth order machine model are 

derived in this section. Sensitivity equations for any other 

model can be derived in exactly the same manner. The machine 

is fitted with a generalised excitation system described in 

Section 4.2.3. The control input to the system is assumed to 

be some function of the linear combination of states of the 

system. The equations for the fifth order machine model are 

rearranged, in a form, suitable for numerical solution and are 

given by eqns (4.38) to (4.46) except for the excitation system 

equations which are given as follows.

P Vf = .( (V^-V^+V.-V^)Kg - V^l /Tg (q.61)
p V = [ K pV, - V )/T (4.62)s s f s s
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where = stabilising feedback in the main regulator

V. = F(K_A0+K.Ay+K.Ae»+K, AeV+K^Ae") (4.63)1 1 z d q 4 d b q
= F ( A )

The sensitivity equations with respect to a parameter K 

(K^ to K^), the main regulator gain and the stabilising

feedback gain are given as follows.

r M  1 - ^  (4.64)
P ‘ 3K J ” 3K

9T
P t f i  J = - (  lÜ T  + *dd iK  ( * - 6 5 )

9e* 3V_ 9i, 9e* ,
P = [ 1ÜT ' ( V ’̂ d̂  iK" ■ ''I'do (“ -66^

3eV 3i 3eV
P I inf] = ( ( V " q ^  - lüT ]/i;o ■ . (4-67)

3e" 3e* 3i 3e"
P Î-3K J = Ï - ( « ^  -3# - -3# ’ /l%o (4-88)

where K = in turn

3V 3V 3V. 3V 3V_
^ ("3K"^ "  ̂ ~ W  T k  ^ ^ ^ g  ~ ~ W  ' ̂ ^g (4.69)

3V 3V. 3V
p l i n f J  = ( %s ?(-% (-) -  i n r  1 /? :  ( * ' 7 ° )

where K = K^,K ,Kg,K ,K in turn

3V 3Vf 3V 3V
P ( ^ J  = [ (V^-V,tV,-V^) - K - ̂  t ^ )

g g g g g
3v

-ÎÎt J/T (4.71)
g .
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3V 9V
P l â f ]  = I Ks P (âK-j - ]/ls <4.72)

g g g
3V 3V 3V. 3V 3V.

P  ̂3ÎTJ ■ ̂ W  W  ~ 3^^^g “ 3ir ̂  ̂ T’g (4.73)s g s s s ®

3V -3V̂  3V
p lâîrJ = ( %s p (âir) + pVf - (4.74)s s s

Auxiliary sensitivity equations:

%  = I ( ^ + P a ) ( S - I f )  4 ( V ’'ë^(Ï4Vj,Sin6 ||)1/D (4.75)

^  = f(Bt4Ra)(^4Vj^Sin6 |f) - (x^+x»)(^- V^Cosi |f)I/D (4.76)

3T 3eV ai 3e" 3i 3i 3i
' W  ’ ‘‘‘ ®d"3K' "3^^q ^q"3^ ” ^^d"^q “̂̂ ^ q  "sîf^d^

(4.77)

av, _  ai 3i
”3ÏT ■ 3K \  W  *t 3K (4.78)

av ai 3i
3K ■ ^  ^t "31^ '*’ ^t ~ W  (4.79)

3V 3V 3V ,
-ar = [Vd inr + ^q in?' ̂  '^t (^-so)

where K = K. ,K_,K ,K ,K ,K ,K in turn.
± 2 3 4 5 g s

The sensitivity equation for the input voltage is given by

3Fwhere g =
3 ( A )
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ïn expanded form the sensitivity of the input signal with 

respect to each parameter is given by

3V 3e* 3eV 3e"
‘ Sf^l âK^ ^2 9K^ ^3 3Ï^ \  3ÏÇ ^5 31^ (^-82)

av 3e* 3eV 3e"
3K^ " dK^ ^2 3K^ ^3 ^  ''' \  3K^ ^5 ^  (^*83)

av. 3e* 3eV 3e"
3K^ ” ®f^l 3K^ ^2 3K^ S  3l^ \  3ÏÇ ^5 31^ (4.84)

3V. 3e* 3e" 3e"
3ÏÇ ■ 2[Ki 9 ^  + ^2 ^3 31^ \  ^  ^5 31^ ^.d^ (4.85)

av. 3e* 3e" 3e"
air = s[Kl 3K: + *2 3K: + *3 3K^ + *4 3K: + %5 3x5 + *6̂ 1 (4.86)D b 5 b 5 5

3V. , 3e' 3e" 3e"
sir ■ ^[^1 3K” ^2 3Ï?" ^3 3i^ '*' \  sir ^5 ' (4.87)g g g g g g
av. 3e* 3eV 3e"
sir ' 3ïr '*’ ̂ 2 W ~  ■'■ ̂ 3 3i^ \  W  '*' ̂ 5 W  (4.88)s s s s s s

The value of g is determined by the control function F. When 

the control input is given by

Vi = Sgn(KlY)

the value of g is given by

«0 6(t-t.) Sgn(K'^Y^)
g = r B.  J— T------  (4.89)

3=1 ) à? (%'?)

where K^Y (t.) = 0 K^’y '̂ = k "̂ Y (tt)

B. = V+. V-
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and when the control input is a straight feedback of linear 

combination of states given by

V. = V S ^ (K.A6 + K.Ay + K.Ae' + K, AeV + K^Ae") (4.90) 1 max at 1 2 3 q 4 d 5 q

the value of g is 1.0

Whenever the input voltage exceeds its limits the sensitivity

of the input voltage, with respect to each parameter is zero.

An inspection of the system and sensitivity equations with 

respect to a parameter shows that while system equations may 

be solved independently, sensitivity equations have to be 

solved together with the system equations. However, there is 

no connection between two sets of sensitivity equations. Thus 

sensitivity equations with respect to one parameter, may be - 

solved independently of sensitivity equations with respect to 

another parameter. Solution of appropriate subsetsof sensitivity 

equations may be #oun d to yield the required information.

4.8 Numerical Solution

The steady state values of the states are calculated from the 

steady state phasor diagram and are shown in Appendix A3. The 

differential equations are solved using numerical techniques.

The system and sensitivity equations are grouped together into

two sets: differential equations and auxiliary equations and

are written in to a subroutine. The differential equations

are integrated using the 4-stage Runge-Kutta numerical method,
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written into another routine. The Runge-Kutta routine is 

supplied with the steady state values as the initial starting 

point and evaluates the differential equations four times 

during each step. The values of the states, after each evalua

tion, are used to solve the auxiliary variable to be used for 

"the differential equations, during the next evaluation. The 

values obtained, at the end of each step are used as the 

initial values for the next step. This procedure is continued 

nntil the integration time is reached.

During each step, variables which are subject to limits are 

checked against their limits. If any of the variables exceeds 

its limit, it is clamped down at the limit and all its partial 

derivatives of appropriate variables are set to zero. These 

measures are removed as soon as the magnitude of the variable 

starts decreasing. No action is taken if the variable remains 

within its limits.

The 3-phase short circuit fault is simulated by adjusting the 

values of (infinite busbar voltage) R^ and (transfer 

impedance). Under normal operation, the busbar voltage is the 

equivalent infinite busbar voltage and R_̂  and X^ are the 

transfer resistance and reactance respectively of the generator 

transformer and transmission line. During the fault the busbar 

voltage is put to zero and the transfer resistance and reactance 

tR^ and X^ respectively) are set to the transfer resistance and 

reactance of the generator transformer.
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C H A P T E R  5 OPTIMAL AND SUBOPTIMAL BANG-BANG

EXCITATION CONTROL OF CONVENTIONAL 

GENERATOR

Investigations are documented in this Chapter for the optimal 

and sub-optimal bang-bang excitation control of the single 

conventional machine system. In the case of optimal control, 

the non-linear system is linearised about the operating point, 

so that the optimal control theory may be applied readily.

The optimal control is derived using inverse optimal control 

theory.

For the case of sub-optimal control, the transient performance 

of the non-linear system is optimised, using minimisation 

routine, using a switching function as a linear combination of 

states.
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5.1 Initial Optimisation Studies

The initial studies were performed for the time-optimal control 

of large oscillations in the power system by bang-bang excitation 

control. The power system is simulated by a single conventional 

machine system represented by the fifth order model. The 

control system is assumed to be normal so that the control input 

consists only of maximum or minimum value. The control law is 

derived using the time-optimal control algorithm, whereby the 

input is assumed to consist of bang-bang control, with r number 

of switchings, where r can be finite or infinite. This time opti

mal control problem is then transformed into one of parameter 

optimisation where the optimising parameters are the switching 

instants of the bang-bang control. The results of this inves

tigation are used to assess a closed loop bang-bang control, 

based on rotor angle and speed deviation about the nominal value, 

such that the number of switchings of the closed loop bang-bang 

control is limited.

5.2 Time-optimal control of Non-linear systems

Consider a control system described by a set of vector differen

tial equations, in which the control input u(t) appears linearly 

such that

X =. f(x,t) + B(x,t) u(t) (5.1)

where x is an n-dimensional state vector and

u is an m-dimensional control vector, which satisfies the
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constraint given by

|u(t)| S 1 (5.2)

A control input u(t) is required, which will minimise a cost 

function given by the equation

I = J dt (5.3)
to

This cost function corresponds to the minimisation of time

t--t , where t^-t is time for which the control input is f o f o
applied. After time t^-t^ the control input will return to the 

normal operating value.

Using Pontryagin's maximum principle, the minimisation of the

above cost function corresponds to the minimisation of the

Hamiltonian function given by

H = 1 + x"̂ (t) [ f(x,t) + B(x,t) u(t)] (5.4)

Thus the time-optimal control policy is given by

u(t) = Sgn [-B^(x,t) X(t)] (5.5)

where Sgn[-B x ] = + l  if B X < 0

-1 if B^X > 0

The control input u(t) should be made as large as possible
Tin a direction depending on the sign of B X. The Hamiltonian
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equation also satisfies the adjoint equations given by

X(t) =-|2 = -(||)T x(t) - x'̂(t) (B(x,t)) u(t)
(5.6)

Whenever the control input vector appears linearly in both the 

cost function and the state equations, and, in addition, if 

each component of the control vector is bounded, the optimal 

control is bang-bang in form. Eqn (5.5) is fairly general in 

that it gives the structure of the optimal control as bang-bang, 

unless the coefficient of u(t) in eqn (5.4) becomes identically 

zero and the control becomes singular.

The major problem of the time optimal control is to find at what 
Tinstant does B X change sign so that the control input u(t) can 

be switched over from one level to another accordingly. The
Tnormal procedure to find the time behaviour of the function B X 

is to substitute the optimal control function given by eqn (5.5) 

into the state equations and the Hamiltonian equation and solve 

for both the state and the adjoint equations together. However 

the drawback of this method is that it results in a TPBVP which 

cannot be solved readily.

Although the exact time behaviour of the optimal control is not 

known, the form of the optimal control is known. (This property 

of the optimal control can be exploited to generate some optimal 

control). If there are no singular control intervals the 

optimal control will consist only of sequences of two possible 

values, 1 and -1, i.e. the system is subject to maximum control 

in either direction.
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A practical approach for determining the bang-bang form of

control is to assume the optimal control inputs consist of r

number of switchings. These r switchings and the switching 

instants can be determined by minimising an objective function, 

using the function minimisation approach. This approach trans

forms the time-optimal control problem into one of parameter 

optimisation problem where the optimising parameters are the 

switching times of the bang-bang control. An objective function, 

which represents what is required of the control system, can be

formed and minimised with respect to the switching times. A

time-optimal control algorithm for high order non-linear time
79varying systems has been described , where the objective func

tion has been chosen as a composition of terminal time (i.e. the 

duration of control practiced) and the sum of the squares of 

the deviation of the states from a desired terminal state. The 

method assumes that there are no singular control intervals and 

that the optimal control exists and is unique so that the con

trol input just consists of two extreme values, +1 and -1, and 

zero under steady state conditions. The control input is 

assumed to consist of r number of switchings where r is a 

finite number. The minimisation of objective functions is

achieved by hill-climbing on the switching times of the control
80input, using Rosenbrock’s minimisation method

The method of evaluating the switching times using Rosenbrock’s 

minimisation method was found to have a very slow convergence 

and required a large number of function evaluations. This is 

virtually impossible for high order non-linear systems, where 

the objective function has to be computed by numerical integration
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technique, which takes a long time to perform. Therefore second 

order converging minimisation methods such as gradient methods 

should be considered. The function minimisation method used in 

these studies is the quasi Newton method of Gill & Murray.

The algorithm used to determine the switching times is the same 

as that of Davison and Munro, except the objective function is 

changed a little and a second order converging minimisation 

method is employed in place of the Rosenbrock*s method. The 

algorithm is described below.

It is assumed that the time optimal control exists, is unique 

and is normal. This means that the control input will be 

purely bang-bang and the problem reduces to determining the 

correct number of switchings and the switching times.

(1) Assume an arbitrary number of switching intervals N for 

the control input. The procedure will find the correct 

number of switchings no matter what the initial estimate 

of N is.

(2) Take an initial estimate for these switching intervals T.
N ^

so that the terminal time T=.Z_ T. is less than t^ where1=1 1 f
the system equations are solved for time t^.

(3) Assume that in the first switching interval T^ u(t) = +1.

It makes no difference in the procedure. If this choice is 

wrong, T^ approaches zero as the algorithm proceeds.

(4) Choose an objective function, to be minimised, as a

composite criterion function given by

Jl = C^T + CgX^ft^.) x(t^) + Cg QgX dt
o

where C , C and C are some weighting factors.1 2  o
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(5) Calculate the response of the system by solving the state 

equations (5,1) and the gradients of the objective 

function with respect to the switching times.

(6) At this stage the quasi Newton minimisation method is 

used to refine the set of N switching intervals

During this minimisation the parameters are all constrained

to be positive i.e.

% 0 i = 1,2,..,N

This implies that the parameters * *’T'jj will be found

so that the final state x(t) at the end of the final
N

switching interval (at T =.I T . )will be as close to the 

desired terminal point as possible and such that the time, 

T, taken to reach this terminal point will be minimised.

The quasi Newton minimisation proceeds in the manner as 

described in Section 3.7.1.

(7) After minimisation of has been completed, depending
Ton whether the function'J2  = x (t^)Q^^x(t^) has approached 

zero and whether any switching intervals have tended to 

vanish, the correct number of switchings N^ is found.

(8) The switching times T^^jT^,.. ,Tĵ  are then accurately 

found by minimising the objective function with respect 

to the switching times.

The effect of bang-bang control is demonstrated for the exci

tation control of a synchronous machine described in Section

4.3 represented by the fifth-order machine model. The machine 

is operating at its normal operating point given in Section 4.1. 

The gradients of the objective function with respect to the
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switching times, as required by the minimisation routine 

are exactly the sensitivity function of the objective 

function with respect to the optimising parameters, given by 

equations of Section 2.2 and those of Section 4.7.

When the machine is subjected to a large disturbance, the 

machine starts accelerating, resulting in an increase of 

rotor angle from its steady state stable value towards an 

unstable value. However, increase of excitation in the 

positive direction, decreases the rotor angle from its 

initial value. Therefore it is a valid assumption to apply 

maximum positive excitation to the machine, during the first 

switching interval, whenever the system is subjected to a 

large disturbance.

In theory, the optimum number of switching intervals, of a 

bang-bang control, depends on the cost function and the 

character of the system being designed. As pointed out 

earlier, the number of switching intervals in these circum

stances may be finite or infinite. The time-optimal control 

algorithm, described above, can be used to derive a bang- 

bang control with r switching intervals where r can be finite 

or infinite. However, for any practical system, employing 

bang-bang control, it is the first few switching intervals 

which steer the system towards its terminal point (or origin) 

in state space, while the rest of the switching intervals have 

little effect thereafter and the system may go into a 

chattering mode. Therefore the number of switching intervals 

is determined by the starting point and the terminal point in
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State space and the amount of deviation of states, about the 

terminal point, that can be tolerated without effecting the 

stability requirements of the system.

The effect of bang-bang control on the transient performance 

of the system has been studied using an objective function as 

a composition of the terminal time, square of the state 

deviation about the terminal state and an integral square 

error with appropriate weighting factors. Some optimisation 

runs were carried out for the system using bang-bang control 

during large oscillations and constant excitation control 

during steady state. The bang-bang control generated, for 

which typical optimum switching times obtained with five 

switchings are T^ = 0.417, T^ = 0.217, T^ = 0.638, T^ = 0.171 

T^ = 0.297 seconds. The response of the system with this 

control, following a 3-phase fault is compared with that of 

constant excitation control given in Fig 5.1. From Fig 5.1 

it can be seen that bang-bang excitation control produces a 

big improvement over the constant excitation control on the 

transient performance of the system. With bang-bang control, 

the terminal voltage dip, after the removal of the fault,is 

much smaller and the steady state is restored in 2.0 seconds. 

The first rotor swing is much smaller and the oscillations 

are virtually damped out in 2.5 seconds.

The effect of the number of switching intervals on the perform

ance of the system was studied using three switching intervals 

The system is subjected to the same operating and fault con

ditions as above. The switching times obtained in this case
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were = 0.401, = 0.220, = 0.514. The response of the

system with this control, is shown in Fig 5.2. Also shown in 

Fig 5.2 for comparison purposes is the conventional AVR 

response. By comparing Fig 5.1 with Fig 5.2, it can be seen 

that there is a slight deterioration of the response of the 

system when three switchings are used in place of five 

switchings. The terminal voltage responses are very similar. 

It is expected that it would hardly be possible to improve 

the first swing stability over the conventional AVR without 

increasing the ceiling voltage. This is because upon collapse 

of terminal voltage under fault conditions, the conventional 

AVR invariably forces the excitation to its ceiling and main

tains it there till after the fault is removed, thus keeping 

first rotor swing down. However conventional AVR provides 

little damping of subsequent oscillations, since once the 

terminal voltage is restored, the AVR becomes ineffective 

and provides little control. This is the case as may be 

observed in Fig 5.2b. The first rotor swings for both con

trols are almost the same, but damping characteristic of bang- 

bang control is more superior over the conventional AVR. The 

result of these preliminary studies shows the effectiveness 

of bang-bang control in improving the transient performance 

of the single machine system.

5,3 Closed Loop bang-bang Control

The bang-bang control generated above has been derived for 

one set of fault conditions and is only applicable to the same
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fault conditions. Thus this bang-bang control is an open 

loop control and is undesirable in the control of power systems,

However, the open loop bang-bang control (given by optimal 

control theory) can be synthesised as a feedback controller.

The feedback control can be achieved by observing the present 

states of the system and implementing the control action. The 

procedure used to obtain this feedback controller starts by 

constructing the switching locus of the controller, which in 

this case is obtained using just two states, the rotor angle 

and the slip speed. The switching locus is obtained by 

marking the optimum trajectories, in the two dimensional state 

space, at the instant of optimum switchings for different 

fault conditions. The two dimensional state space is then 

divided into two sections, one corresponding to positive exci

tation and the other to negative excitation.

A control law generated from the two dimensional state space 

depended on the sign of the ratio of the change in slip speed 

deviation to the change in the deviation of the rotor angle 

and also depended on the sign of the rate of change of devia

tion. The control law is implemented, depending on states of 

the system in the two dimensional state space, and such that 

when the state trajectories enter a specified region around 

the origin (i.e. when the states are near enough to the 

terminal point) the controller is switched back to steady 

state excitation. This closed loop controller is an approxi

mation to the optimum open loop control obtained above, but is 

hoped to produce near optimum results.
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The bang-bang controller is applied to the synchronous 

machine whenever the deviation of the rotor angle and the 

slip speed were outside a specified region. The region was 

defined to be an elipse about the origin. The transient 

response of the system subjected to a 3-phase fault with this 

controller is shown in Fig 5.3. From Fig 5.3 it can be seen 

that there is some deterioration in the response of the system 

compared to the response of the optimised system. This is to 

be expected because the control law applied is only an 

approximate and is based on the two dimensional state space. 

However, the response of the closed loop system is superior 

to that obtained using constant excitation or AVR control. The 

fact that excitation voltage takes on values of steady state 

excitation is explained by the fact that the trajectories 

enter and leave the specified region of state space.

To test the validity of this control, the control was applied 

to the system for a different fault duration. The fault 

duration chosen for this study was 0.14s which is the standard 

CEGB fault clearing time. The response of the system for 

these fault conditions, with closed loop control is given in 

Fig 5.4. Also shown in Fig 5.4 is the conventional AVR 

response. Again it can be seen that this closed loop bang- 

bang control is superior to the conventional AVR in terms of 

the damping characteristics of the system.

5.4 Optimal Excitation Control

Under small signal conditions, the dynamics of the single
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machine system can be described by a set of linear ordinary 

differential equations. The linear model used in this study 

of optimal control is derived by linearising the non-linear 

system about the operating point as described in Section 4.5. 

The operating point chosen is the steady state operating 

point described in Section 4.1. The linearised system 

equations, obtained are written into a suitable form given by

X = A X + B u (5.7)

where x = fA6 Ay Ae* Ae" Ae" AV_] V q d q f

With the system equations formulated in the standard state 

space form of equation., the standard result of the * Inverse 

Optimal control’ described in Section 3.2 can be directly 

applied to obtain an optimal controller. The performance 

index used is of the form

T
V = /  x^Qx + |u V p x | dt (5.8)

The absolute value term in the performance index is a linear 

combination of states and can vanish for x / 0. It is hoped 

that it will contribute little to the performance index and 

will simply effect the bending of the trajectories somewhat.

In order to solve this optimal control problem, the solution 

of the Liapunov equation

A^P + PA = -Q (5.9)
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is required. The solution of the Liapunov equation

exists provided X, + X. ^ 0  for all i,j, where X. and X. are 1 ] 1 ]
the ith and jth eigenvalues of the matrix A. This condition 

will normally be satisfied for any stable system. The solu

tion of the Liapunov equation is obtained using the direct 

method of transforming the Liapunov equation into a set of 

linear simultaneous equations.

The optimal control u* is given by the equation

u* = Sgn[ -B^Px ] (5.10)

A value of = 0.2 has been chosen for the optimal bang- 

bang control studies carried out in this section.

An optimal control corresponding to the excitation system 

given by Fig 4.5 was obtained. The optimal control was 

obtained using the following weighting matrix in the perform

ance index.

Diag Q = [  10 5 1 1 1 1 ]

and the optimal control u* is given by

u* = Sgn [ K^x

where the switching gains feedback matrix K is given by

K = [-6.41 -1.18 -16.14 5.66 13.38 -2.5] x lo"^
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This control will be referred to as control LB. The performance 

of the optimal bang-bang control is evaluated using the non

linear machine model, by disturbing the system from its steady 

state and allowing it to settle down freely back to steady 

state. The small disturbance applied was a 5% increase in 

the infinite busbar voltage for 0.25 seconds. The response 

curves of the machine fitted with control LB is shown in 

Fig 5.5, where the conventional AYR (Control LO) response is 

included for comparison. In Fig 5.5, for time t < 0.0, the

system is operating at the normal operating point with V, = VD bo
and for time 0 < t ^ 0.25, the machine is operating such that 

= 1.05 and for t > 0.25 the infinite busbar voltage is 

set back to the normal operating busbar voltage.

The response curves have been plotted for the variation, from 

the steady state, of the variables rotor angle, slip speed, 

terminal voltage and generator output. It can be observed, 

from Fig 5.5, that the machine fitted with optimal bang-bang 

control, control LB, takes less time to converge back towards 

steady state than the machine fitted with conventional control. 

It is observed that the disturbance induces a rotor swing in 

the machine, the first rotor back swing, in the case of 

optimal control, is higher than the conventional AYR, but the 

following rotor angle swings are much more pronounced in the 

case of conventional AYR control. The damping affected by the 

optimal control is superior to that affected by the conventional 

control. The slip speed curves show the same type of behaviour 

as the rotor angle swing curve. The initial change in generator 

output, during the disturbance, for the optimal control is more
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than that for the conventional control, which consequently 

gives rise to a greater rotor backswing and initial rotor 

slip. However, after the removal of disturbance, the change 

in generator output is very small compared to that for conven

tional control, thus giving rise to the improved response of 

the system. The terminal voltage response, as shown in Fig 

5.5a, exhibits even greater difference between the two 

machines. After the disturbance the terminal voltage of the 

machine fitted with optimal control decays more quickly than 

the machine with conventional control.

5.5 Sub-optimal Closed Loop bang-bang Control

In this study, the transient performance of the single con

ventional machine system is optimised using sub-optimal 

excitation control. The control input signal is assumed to 

be purely bang-bang and the switching function corresponding 

to this bang-bang control is taken as a linear combination of 

the states. The performance is optimised using the optimisa

tion method described in Section 3.7 and the system repre

sentation described in Section 4.3.

In the optimisation, the switching gains are taken as the 

optimising parameters. The main regulator gain and stabi

lising feedback gain K^, of the conventional AVR, are assumed 

fixed a priori, and are not taken as optimising parameters. 

These gains are limited to certain ranges in value by the 

operational requirements and are not strictly free parameters, 

The values of these gains have been chosen to exhibit good
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dynamic stability. It had been noted that high regulator 

gain should be used to give satisfactory steady state 

voltage regulation throughout load variation. However, 

this high regulator gain impairs the dynamic stability and 

a derivative stabilising feedback is necessary to reduce the 

effective transient gain in order to maintain a good dynamic 

stability margin. A main regulator gain of 200 and a stabilising 

feedback gain of 0.035 have been obtained by optimising the 

performance of the conventional AVR with respect to without 

any other control input. By optimising the conventional AVR 

in this manner, the system will give a satisfactory performance 

when other input signals are not present. The conventional AVR 

can also be used as a basis for comparison.

The bang-bang control is generated from a switching function 

as a linear combination of states. When the system is sub

jected to a large disturbance, the switching function has 

isolated zeros and when the system is subjected to a small 

disturbance or the system is operating under steady state con

ditions, the switching function has zeros which are very close 

to each other. The sensitivity functions of the states with 

respect to the switching gains can be evaluated mathematically 

using the zeros of the switching function. The sensitivity 

functions, in this case, are very similar to the sensitivity of 

a continuous system except at the zeros of the switching func

tion. At the zero of the switching function, the sensitivity 

system is applied with an impulse at the input, of a magnitude, 

depending, on the difference in the control input before the 

zero and after the zero. The evaluation of these sensitivity
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Jfiinctions, on a digital computer, when the zeros are very 

close to each other, is very difficult, because the time 

interval between one switching and the next becomes compara

ble to the step length used in the integration routine. This 

causes considerable amount of errors due to the fact that the 

discontinuity does not occur at a known point in time. The 

maximum error that can occur in estimating the switching 

interval is at most two step lengths. If the switching inter

val is of the order of a step length the maximum error in 

estimating the switching interval is proportional to 

2 h/tg-t^ where h is the step length and t^ and t^ are the 

switching instants.

In these studies the control input is assumed to be purely 

bang-bang. During steady state operation, (i.e. when the 

state deviations about the steady state are small) the 

switching function has zeros which are very close to each 

other, and the control input goes into the chattering mode.

In these circumstances, the minimisation routine, which 

requires the sensitivity functions, was found to be unsuitable 

for reasons given above. However, another version of the same 

routine, which calculates its own sensitivity functions of 

the objective function with respect to the optimising para

meters, using the difference approximation by solving the 

system equations (r+1) times, was found to be suitable, where 

r Is the number of optimising parameters.

It is well known that, in general, a non-linear function may 

have more than one minima which may be an absolute or a 

local minima. In the system considered in these studies,
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different local minima can be obtained in the region of 

practical interest in the parameter space. In the minimisa

tion, it was found that the local minima actually arrived 

at and the rate of convergence are strongly influenced by 

the initial point used to start the function minimisation.

The computing time for a typical minimisation using the 

fifth order machine model is about 5-7 minutes on an ICL 

4/70 computer.

A considerable number of optimisations have been carried out 

and those which are of significance are described in the 

following sections. The optimisation procedure adopted was 

to take several optimisation runs and obtain a few local 

optima. These controls were then compared in terms of their 

system performance and those which best suited the requirement 

were selected.

Machine data for a typical 500 MW set was used in most of the 

studies. A second set of machine data, for the micromachine 

model at the University of Bath, was also used to confirm 

certain findings. This will be clearly stated when it is used, 

The micromachine model will also be used to test some of the 

theoretical results on a practical model and will be given in 

Chapter 9. The data for the two sets of system and machines 

are given in Appendix A4. Unless otherwise stated, the 

studies are carried out using the fifth order machine model 

where the excitation voltage is allowed to vary between posi

tive and negative ceiling and the control input voltage signal 

to the AVR is allowed to vary between positive and negative 

limits. 121



5.5.1 limits on the Control Input

In any physical system, the operation of the system is 

limited in one way or another. The limitations may be in the 

form of saturation or in the form of capability limitation 

of the ^stem. These limitations are governed by the 

particular system and its operation. Normally a system is 

designed such that it operates within its capabilities and 

without going into saturation. In the case of m o d e m  auto

matic voltage regulators, used for excitation control of a 

synchronous machine, the output is limited such that the 

field voltage of the synchronous machine is always within the 

specified limits for any input to the AVR. The input to the 

AVR is the terminal voltage of the synchronous machine, 

derived from the output of the generator, against a reference 

signal. Under steady state the input voltage to the AVR is 

virtually zero thus operating in the linear portion. During 

large disturbances to the synchronous machine the terminal 

voltage may undergo a maximum change of at most 1.0 pu. For 

large input signals, the output of the AVR goes into saturation. 

The magnitude of the input to the AVR, in these circumstances, 

is thus limited to 1.0 pu. If the state signals are also 

applied to the input of the AVR the magnitude of the input 

signal may exceed the saturation levels within the AVR. In 

engineering applications, it is ; common practice to use 

amplifiers in their linear region, unlessotherwise 

stated., . This requires that the input signal should be 

limited to certain range of values. The limits on the magni

tude of input signal depend on the individual system and
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application. In the studies carried out on the single 

machine system, the state feedback signal is assumed to lie 

in the range of ± 5 pu. This value of maximum magnitude has 

been used for most studies, though some smaller limits are 

also considered to study the effect of changing the constraint.

5.5.2 Choice of Performance Index

The optimum control of a system is one which minimises the 

performance of the system. Although it is difficult to cons

truct a performance index which represents precisely what is 

required of the system being designed, it is vitally important 

that such a performance index adequately represents the design 

requirements. In the case of design of optimum control sys

tems for the turbo-generator, there are three basic requirements 

that the optimum control should fulfil. These are given as

(1) Quick recovery of the machine terminal voltage after a 

severe fault on the system

(2) High first swing stability margin (of rotor angle)

(3) Effective damping on subsequent oscillations of the rotor 

angle

A performance measure, assumed to adequately represent the 

above requirements, was constructed and is given by

' ' { '  , A ? «o
where Â  ̂and A^ are the weighting factors.
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A minimisation of the above integral function over the tran

sient period, following a system disturbance, implies a 

reduction in the terminal voltage and rotor angle transients. 

The inverse time factor in the load angle represents an 

emphasis on the first swing. By adjusting A^ and A^ more 

weighting can be assumed on the terminal voltage or the rotor 

angle. However, in these studies the performance of the 

system is optimised, whilst the machine is fitted with an 

automatic voltage regulator. The AVR includes a feedback of 

the terminal voltage and tries to maintain the voltage level 

within specified limits. This implies that more weighting 

should be given to the rotor angle than the terminal voltage.

It was found that with weighting of A^ = 1, Ag = 5 and 

evaluating the integral over 2.5 seconds after fault inception, 

the performance is an adequate representation of the system 

transient performance.

5.5.3 Transient Performance of bang-bang Control

In this section a detailed study is made of a single machine 

system using a realistic representation of the excitation 

system. The system configuration to be used in this study is 

described in Section 4.2.3 and the relevant system equations 

pertaining to the fifth order machine model are described in 

Section 4.3. The steady state conditions are described in 

Section 4.1.

By carrying out the optimisation of the performance index, 

several optimum controls incorporating all the five states
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were obtained. The switching function used is given by

S„ = S-AÔ + s.Ay + s_Ae' + s. Ae” + s^Ae" W 1 2 3 q 4 d 5 q

where Sĵ , S2 ,..,s^ are known as the switching gains, and 

the feedback signal is given by

= Vmax SS" ( 3% I = \ a x  > 0
= -V if < 0max W

Three of these controls (control A^, A^ and A^) are described 

in Table 5.1 and are compared with the conventional AVR 

control (control AO).

For easier comparison of controls, the switching gains have 

been normalised, such that the magnitude of gain s^ is unity. 

This is valid, since this normalisation has no effect in 

changing the control input whatsoever, because the control 

input depends on the sign of and not on the magnitude of S^.

From Table 5.1, it is observed that the performance indices of 

the bang-bang controls are comparable to each other and that 

each switching gain is of the same sign. Computer plots of 

the response of the system with control AO, A^ and A^, follow

ing a 3-phase fault, are shown in Fig 5.6. The excitation 

voltages of control A^ and A^, Fig 5.6, are very similar and 

the steady states are restored in 2.5 seconds. As can be seen, 

from Fig 5.6a,the excitation voltage switches between its 

maximum and minimum value depending on the sign of the switch-
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ing function (Fig 5.6f). As the states of the system approach 

their steady state values, the magnitude of the switching 

^function approaches zero and the control input begins to 

chatter about the steady state in such a manner that the

overall effect of the control input is practically zero. As

mentioned in Section 3.5, this chattering is due to the con

trol input driving the switching function from one side of the 

zero axis towards the other side, which results in a change 

of sign of the control input and drives the switching function 

towards the opposite sign again and again. This chattering 

or sliding motion can be realised by a continuous control and 

will be demonstrated in the next chapter. As can be seen from 

Fig 5.6a the excitation voltage chatters for a small time 

interval (at about t = 0.6 seconds) indicating sub-intervals 

of the singular control. The terminal voltage collapse

during the fault and the dip after the removal of the fault

are practically identical, for all the controls, but the bang- 

bang controls reduce the overshoot.after the voltage recovery 

^and the nominal value is restored in 2.0 seconds. The first 

swing of the rotor angle response (Fig 5,6c) of all systems 

are practically identical, but again the bang-bang controls 

■provide much more superior subsequent damping characteristics. 

With bang-bang control all oscillations are damped out in 2.5 

seconds. The slip speed curves (Fig 5.6d) exhibit the same 

characteristics as the swing curves. The initial slips, for 

about 0.5 seconds, are the same for all controls, but the 

subsequent oscillations are quickly damped out by the bang- 

bang control and synchronism is attained in 2.5 seconds. The
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generator power output curves (Fig 5.6e) have similar shapes 

and are virtually in phase with the rotor angle swing curves, 

indicating that the control is achieved by the synchronising 

power of the system. It may be observed, that more power is 

transferred, by the conventional AVR, during the initial 

period, than by the bang-bang control, due to the longer 

duration of field forcing by the conventional AVR. This 

causes excessive rotor backswing after the first peak, off

setting the average about which the rotor oscillates. The 

stator current response curves also show similar characteris

tics as other response curves. The fault current of all three 

systems are the same, up to the peak at 0.4 seconds, after 

which due to longer period of field forcing by the conventional 

AVR the stator current stays high and this gives rise to the 

excessive initial power transfer. A phase plane plot of the 

rotor angle change and the speed change also show similar 

characteristics of the system as the other response curves.

With bang-bang controls, the trajectories encircle the origin 

twice at most and approach the origin faster than the conven

tional AVR. The switching function curves show some oscilla

tions about the zero axis at about 0.6 seconds after the fault 

inception causing the control input to chatter, indicating 

the existence of sub-intervals of singular controls in be

tween the bang-bang controls. It may also be observed that 

the final arc of optimum control is a singular arc, which 

shows that a bang-bang control is always followed by the 

singular control (if it exists).
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5.5.4 Elimination of subtransient feedback signals

The optimal controls produced for a linear time invariant 

system with a quadratic performance index requires all the 

states as feedback information. This means that complete 

information about all the states are required by the optimal 

controller. However, in practice, all the states are not 

available for feedback signals and only the signals that are 

-available can be used as feedback signals. The relative 

importance of the various feedback signals depend on the given 

system, while the cost and complexity of practical implementa

tion of controls are directly proportional to the number of 

states required. An investigation is therefore made into the 

effect of eliminating some of the states as feedback informa

tion and the possibility of achieving sub-optimal controls 

using reduced set of states as feedback information. The 

states eliminated are the sub-transient voltages in both the 

d and q axes.

The bang-bang controls with three states are given in Table 5.2 

In Table 5.2 control is the same as control A^ in Table 5.1 

which is a control incorporating feedback of information of 

all the five states. Control B^ is derived from control B^ by 

neglecting the feedback information of e^ and e^. Control B^ 

is an optimum control incorporating only feedback information 

of the reduced set of states (6, p6, e^), which has been 

obtained by an optimisation taking the switching gains of 

these states as the optimising parameters and using control B^ 

as the initial starting point. It may be observed that while
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control Bg has higher performance index, control Bĵ  and 

Bg are very similar. The response of these three controls for 

the control system are shown in Fig 5.7. It may be seen,from 

Fig 5.7,that while the excitation response curves for control 

B^ and B^ are almost the same, the excitation response for 

the control B^ has switchings at different times and the time 

intervals compared to control B^ and B^. The time for which 

the excitation stays at the positive ceiling, for control Bg, 

after the fault inception is reduced while the time for which 

the excitation stays at negative ceiling is increased. Conse

quently the first swing (and the consecutive swings) of the 

rotor angle is slightly higher (though difficult to see from 

the plots, computer printout shows the difference). The 

terminal voltage recovery after the removal of the fault is 

also slower, but the steady state is reached within 2.5 seconds, 

The d.ip speed response curves for the three controls are the 

same for the first 0.5 seconds after which the slip speed 

surves for control B^ starts deviating fron the controls B^ 

and B^ until the steady state is reached. The steady state 

for all the three controls is restored within 2.5 seconds.

The magnitude of the switching function is higher for control 

Bg and takes longer time to reach the zero axis for all time.

Control B^, in Table 5.2, is an optimum control incorporating 

feedback information of 6, p6, e'. In order to see whatq
changes could be made by adding the other two states for feed

back information, control B^ was optimised to obtain control 

Bg. The switching gains in control B^ for the signal e” is 

zero and very small for the signal e|j and is almost the same as
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control

These results show that for some controls at least compara

tively optimum control may be obtained by neglecting the state 

e^ and e|j for feedback information. Better optimum results 

can be obtained by optimising the performance of the system 

with respect to the reduced set of states. The resulting 

performance in this case is very close, if not better, to

the case when e” and e" are used as feedback information, d q

In order to confirm these findings, similar optimisations 

were carried out for the second set of machine data listed in 

Appendix A4. The results of this study are given in Table 5.3.

In Table 5.3, control PI and P4 are optimum controls incorpora

ting feedback of all five states while controls P2 and P3 are 

feedback of reduced set of states (6, p6, e^). Control P3 was 

obtained by neglecting the feedback of e^ and e^ in control PI, 

Control P4 was obtained by re-optimising the performance of 

the system using control P3 as the initial starting point for 

the optimisation procedure. The conventional AVR control, 

control PO, is also included for comparison. The response 

of the system with controls PO, PI and P3 are shown in Fig 5.8, 

The response curves in Fig 5.8 are very similar in nature to 

those of Fig 5.7 and comments made also apply to these curves.

The re-optimisâtion therefore confirms that e^ and e^ feedback 

is comparatively unimportant and that comparatively optimum 

results may be achieved by a feedback of reduced set of states.
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5,5,5 Effect of constraint on input signal

The magnitude of the input signal, for bang-bang control, 

is limited by the individual system and is dependent on the 

excitation system as described in Section 5.5.1. The effect of 

this constraint, on the bang-bang control, is investigated in 

this section. The relevant results are described in Table 5.4. 

To illustrate the effect, the magnitude of the input signal is 

constrained to lie inside ±1.0 pu rather than ±5.0 pu.

In Table 5.4, the switching gains of control are the same 

as those of control in Table 5.1 and those of control are 

the same as those of control in Table 5.2. The values of 

the performance index, however, are the corresponding values 

when the input signal is constrained to lie between ±1 pu. A 

comparison of control with A^ and with B^ respectively

shows that controls optimised with the input signal constrained

to lie between ±5 pu become less optimum when they are applied 

to systems in which the input voltage is constrained to lie 

between ±1 pu. It can be seen that control A^ and B^ are 

affected equally. A comparison of the transient response of 

control C^, given in Fig 5.9, with that of control A^ given in 

Fig 5.5, shows that the optimum control A^ deteriorates to 

some extent when the input voltage is constrained to lie 

between ±1 pu. It can be seen that the excitation voltage 

response curves for the controls with the input voltage cons

trained to lie between ±1 pu is slower than when the input 

voltage is constrained to lie between ±5 pu. The number of

switchings for control C^, before the system enters the
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chattering mode, is higher than for control or

It can also be seen that when the input voltage is constrained 

to lie between ±1 pu, the frequency of oscillations of the 

excitation, during chattering mode, is less than when the 

input voltage is constrained to lie between ±5 pu. This goes 

to show that the frequency of chattering of the -excitation 

voltage and the input voltage is dependent on the magnitude 

of the input voltage. The backswing of the rotor is noticably 

increased because of less efficient control of synchronising 

power by the excitation. While the constraint does not effect 

the initial field forcing after fault inception, the inability 

to reverse the excitation fast enough causes a deficiency in 

power to stop the rotor from swinging backward when the system 

reverses, resulting in the increasedbackswing. Similarly the 

second swing of the rotor angle is . higher for similar reasons 

given above. The terminal voltage response curves also become 

more oscillatory.

Control and were then re-optimised with the input voltage 

constrained to lie between ±1 pu, giving control and in 

Table 5.4 respectively. It may be observed that the switching 

gains are reduced in magnitude relative to the rotor angle 

switching gain. The switching gain for the slip speed is 

reduced while the switching gains for e^, e” and e” have been 

increased (in the positive direction) relative to the rotor 

angle switching gain. A comparison of the performance index 

of Control C^ with A^ and with C^ respectively shows that 

the adverse effect of the constraint can be changed by re

optimising the controls to obtain comparable system performance
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index. The transient response of the control and are 

shown in Fig 5.9. It can be observed that although the re

optimised controls have improved the subsequent swings of the 

rotor angle, they still have a higher, backswing compared 

to control A^. This is because of the inability of the 

excitation to reverse fast enough. The terminal voltage 

response can be seen to be improved for the re-optimised 

control but is still more oscillatory than that of control A^, 

A comparison of control with also shows that with the 

input voltage constrained to lie between ±1 pu it is still 

possible to obtain comparably optimum controls by using 

reduced set of states (6, p6, e M  as feedback information 

compared to five states feedback information. In Table 5.3 

control and have the same value of performance index.

5.6 Conclusions

Optimal control theory has been applied to improve the transient 

performance of a single machine system using excitation control.

Time-optimal control was generated by assuming the control 

input to consist of a finite number of switchings. The per

formance of the system was optimised using gradient optimisation 

techniques with the switching times as the optimising parameters

A closed loop sub-optimal bang-bang control was generated by 

assuming the control input to have a switching function as a 

linear combination of states. This sub-optimal control pro

vides effective excitation control which furnishes the same
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first swing stability as the optimised AVR but provides more 

effective subsequent damping and offers better control of 

terminal voltage after the fault.

A bang-bang control is always followed by a singular control 

(chattering mode) and it is possible for the control system 

to have sub-intervals of singular control. The frequency of 

chattering during the singular mode is dependent on the mag

nitude of the input signal and the step length used in the 

integration routine.

Comparably optimum controls can be accomplished by feeding back the 

reduced set of machine state variables (6,y,eM as those ob

tained by feeding back the full set of state variables.

Constraint of the input signal to small values reduces the 

intrinsic capability of excitation control but the controls 

obtained with the input signal constrained to lie between ±1 pu 

are comparable to those obtained when the control input is 

constrained to lie between ±5 pu.
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C H A P T E R  6 OPTIMAL EXCITATION CONTROL USING

SINGULAR OPTIMAL CONTROL THEORY

The effectiveness of bang-bang control for the control of a 

turbo-altemator has been demonstrated in the previous 

Chapter. This bang-bang control gives optimum results not 

only for large disturbances of state but also gives optimum 

results for small disturbances. When the disturbance is 

large, the optimum control operates in its bang-bang mode 

and when the disturbance is small, the optimum control 

operates in its chattering mode. However, due to practical 

consideration (which may be reliability or some similar 

consideration) it may not be a viable proposition to employ 

optimum control in their chattering mode, but use some con

trol other than chattering, which has the same properties as 

the chattering mode. This form of chattering control is also 

undesirable for the control of turbo-alternators during 

steady state or small disturbance conditions. An investigation 

is carried out in this Chapter for the consideration of 

employing continuous control during steady state and small dis

turbance conditions.
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6.1 Singular Optimal Excitation Control

Under small signal conditions, the dynamics of the single 

machine system can be described by a set of linear ordinary 

differential equations. The linear model used in this study 

of optimal control is derived by linearising the non-linear 

system about the operating point as described in Section 4.6. 

The operating point chosen is the steady state operating point 

described in Section 4.1. The linearised system equations 

are written in a suitable form given by

X = A X + B u (4.60)

where x = [ A6 Ay Ae’ Ae” Ae” AV_]^' q d q f"*
and u = [ AV^l

With the system equations formulated in the standard state space 

form, singular optimal control theory, as described in Section 

3.3, may be directly applied to obtain an optimal control. The 

performance index used is of the form

V = Qx dt (6.1)
o

By applying singular optimal control theory to the above 

problem, the problem is transformed into one of solving the 

following problem.

Given a control system

x. = A x . + B . u .  " (6.2)] ] ] ]
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find a control input u^ which minimises the performance index

V. = r (xTq .x . + 2xTs .u . + uTr u .) dt (6.3)3 -L 3 3 3  3 3 3  3 3

where B. = AB. _1 1-1
S. = QB. _ (6.4)1 1-1

Ri = i = 1.2....i

B^ is identified as B and j is the number of singular trans

formations required to transform the singular control problem 

into a non-singular control problem.

The solution of the above optimal control problem requires a 

strady state solution P of the Matrix Riccati equation given 

by

p (a -b .r T^sT)+(a -b .r T^sT)'̂  p-p b .r .bTp - s .r T^sT + Q = 03 3 3  3 3 3  3 3 3 3 3 3

which can be simplified to give

PA. + a Tp - PB.r T V p - S.RT^sT + Q = 0 (6.5)3 3 3 3 3 3 3 3

-1 TA. = A - B.R. S. 3 3 3 3

The solution of the Riccati equation is obtained by solving 

the Liapunov equation iteratively, as described in Section 3.4, 

The solution of the Riccati equation will always converge to
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the optimal solution only if an initial estimate of gains

matrix K., for the Riccati equation is such that A. + B.K. is 3 3 3 3
a stability matrix. If the matrix A. is a stable matrix then]
the gain matrix can be taken as = 0. However, if

the matrix A^ is originally unstable then an initial estimate

of K. is required such that the matrix A. + B.K. is a stable 3 3 3 3
matrix.

In the above transformed equations it was found that the

matrix A^ had j eigenvalues at the origin, which from numerical

calculations point of view were considered to be unstable. One

of the methods of stabilising a stabilisable system has been

described in Section 3.5 and can be applied directly. However,

in this case the actual matrix A is a stable matrix and can

be used in obtaining a stable gains matrix K.. An initial3
-1 Testimate of the gains matrix can be taken as K. = R. S., so3 3 3

that A. + B.K. will be a stable matrix. The matrix A. + B.K.3 3 3 3 3 3
will be exactly matrix A, which is a stable matrix.

The optimal control for the control system given by eqn (6.2) 

is given by

u5̂  = K* X. (6.6)3 3 3

where K* = -r T^(bTp* + sT) (6.7)3 3 3 3

and the optimal control for the control system given by 

eqn (4.60) is given by

u* = K* X (6.8)
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where K* is computed recursively from the relationship given 

by

K* , = AK* (6.9)1-1 1

where K* is identified as K* o

When this optimal control, given by eqn (6.8) is applied to 

the control system given by eqn (4.60), the closed loop 

system matrix A + BK* has j eigenvalues at the origin, where j 

is the number of singular transformations. These j eigenvalues 

at the origin result in instability and are undesirable in 

practical systems. However, as described in Section 3.6, this 

optimal control corresponds to the control on the singular 

strip provided.

K*| X = 0 i = 1,2,.., j

Therefore the optimal control on the singular strip is given by

u* = K* X

]
or by u* = K* x + x (6.10)

for any y^ (since K4 x = 0 on the singular strip). The 

control law given by eqn (6,10) transforms the j eigenvalues 

at the origin,in the closed loop system,to eigenvalues at 

-y^ i = 1,2,..,]. The value of y^ determines the stability
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of the system orthogonal to the singular strip, and should be 

chosen carefully. It has been shown^^ that if the value of 

is chosen to be very large then the solution of the optimal 

singular control problem corresponds to the solution of the 

Linear Regulator problem.

Before applying singular optimal control theory, it is con

venient to say something about the single machine system fitted 

with conventional AVR which will be used for comparison with 

optimal controls. Table 6.1 shows the eigenvalues of the fifth 

and third order machine models fitted with the regulator given 

by Fig 4.6 and also those found by neglecting the stabilisation 

feedback (Fig 4.5). It can be seen that in both cases the 

main effect of stabilisation is to reduce the frequency of one 

of the complex conjugate pairs of eigenvalues and also to 

produce a significant increase in the relative damping of this 

pair of eigenvalues. This is to be expected because the main 

purpose of stabilisation is to reduce the highly oscillatory 

response associated with the high forward loop gain. A com

parison of the eigenvalues of fifth order machine model with 

that of third order model shows that the effect of including a 

damper winding on each axis is to introduce two real eigenvalues 

with fairly small time constants and also to introduce some 

improvement in damping in the main modes of response. It was 

found that the eigenvalue at -75 was largely affected by the 

quadrature axis parameters and therefore could be attributed 

to the quadrature axis damper winding, whereas the eigenvalue 

at about -27 was due to direct axis damper winding. As will

140



be seen in the optimisation results, the eigenvalue at -75 

alters very littb, whereas the eigenvalue at -27 changes 

dramatically with high control effort. This is to be expected, 

since control applied to the direct axis cannot have much 

influence on modes of response determined, largely, by the 

quadrature axis parameters, and this result also indicates why 

representation of q-axis damper windings are more important 

than the d-axis damper winding on machines fitted with high gain 

exciters.

In all the linear control studies to follow the response of 

conventional AVR control will be denoted by LO.

An optimal control for the fifth order machine model, and the 

excitation system given in Fig 4.5 was obtained using the 

following weighting matrix for the performance index

Diag(Q) = [  10 5 1 1 1 1 1

In this case only one singular transformation was required to 

transform the singular control problem into a non-singular 

control problem. This means that there will be one eigenvalue 

at the origin, in the closed loop system matrix, which can be 

shifted to any position in the s-plane on the real axis, by a 

suitable choice of y.

The optimal control u* is given by

u* = K* X sn

141



where = K* + yK* = K*(A+yI^) (6.11)

The eigenvalues of the closed loop system, and the feedback 

gains for different values of y are given in Table 6.2. As 

can be seen from Table 6.2, there is one eigenvalue at -y 

corresponding to one singular transformation. This eigenvalue 

can be shifted to any position by convenient choice of y.

By comparing the eigenvalues, given in Table 6.1 (for conven

tional AVR), with the eigenvalues, given in Table 6.2 (optimal 

control), it can be seen that there is only one set of complex 

conjugate eigenvalues for the optimal control whereas there 

are two sets of complex conjugate eigenvalues for conventional 

AVR. The frequency of complex conjugate eigenvalues, of opti

mal control, and the damping characteristics of the system, is 

higher than that exhibited by the conventional AVR. It can 

also be observed that the optimal control has little effect 

in changing the eigenvalues due to the damper winding. This 

is because these eigenvalues are relatively large and have 

little effect on the performance of the system in any manner. 

As the value of y is increased,from zero to a higher value, 

the feedback gains increase in magnitude, except for the gains 

corresponding to the state Ay and Ae” which decrease with 

increase in y . The value of y determines the degree of sta

bility orthogonal to the singular strip. If a value of y is 

chosen to be zero, then the trajectories off the hyperplane 

K^x = 0 will never approach the hyperplane and the system will 

therefore be unstable. This was found to be the case when a 

value of y = 0 was used. The system went unstable and never
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approached the hyperplane.

The performance of these controls and the controls to follow 

is evaluated using the non-linear machine model, by disturbing 

the system from its steady state and allowing it to settle 

freely back to steady state. The disturbance considered is a 

5% increase in the infinite busbar voltage for 0.25 seconds, 

such that for time, t < 0, the system is operating at the 

usual operating point. At time, t = 0, the system is disturbed 

by increasing the infinite busbar voltage by 5% and at time 

t = 0.25 seconds, the disturbance is removed such that the 

infinite busbar voltage is the nominal operating busbar voltage.

The response curves for the optimal control, control LAI, is 

given in Fig 6.1, where the response of the conventional AVR 

(control LO) is included for comparison. Control LAI is the 

optimal singular control for y = 50. These response curves 

have been plotted for the variation of the variables about the 

steady state values. From Fig 6.1, it can be observed, that 

the machine fitted with optimal control LAI takes less time 

to converge back to its steady state than the machine fitted 

with conventional AVR. It can be observed, that although the 

first back swing of the rotor angle is bigger for the optimal 

control than for conventional control, but the consecutive 

swings for the optimal control are much smaller compared to 

that of conventional control. This small backswing for the 

rotor angle, for the conventional control, is due to the fact 

that the disturbance causes a step increase in the terminal 

voltage, which forces the excitation in the negative direction
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until the disturbance is removed. The field forcing in the 

negative direction increases the rotor angle, which results in a 

small backswing, but due to longer duration of field forcing, 

increasesthe forward rotor swing , thus resulting in an oscilla

tory response. This can also be explained by the generator 

output curves. The variation in generator output, for conven

tional control, is small during the disturbance and large after 

the removal of the disturbance than for the optimal control, 

resulting in small change in rotor angle during the disturbance 

and large change after the disturbance. The damping affected 

by optimal control is superiorbthai affected by conventional 

control and optimal control restores steady state within about 

3.5 seconds. The slip speed response curves show the same 

trend of behaviour as the rotor angle. The terminal voltage 

response as shown in Fig 6.1b exhibits even greater difference 

for the two controls. The terminal voltage, after the distur

bance, for the machine with optimal control, decays quicker 

compared to the machine fitted with conventional control.

As the value of y is increased, the optimal control approaches 

the solution of the Linear Regulator problem. The response 

curve for control LA3 is also shown in Fig 6.1 which has been 

obtained for y - 200. It can be seen that the comparison is 

similar to control LAI and comments made above also apply to 

control LA3. However, a comparison between the machines with 

control LAI and LA3 shows that while they give similar terminal 

voltage responses, the rotor angle response affected by control 

LAI is slightly better than that affected by control LA3. This 

shows that as the value of y is increased to a high value the
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response of the rotor angle deteriorates slightly. Too low a 

value for y can also result in an oscillatory response. There

fore the value of y should be chosen not to deteriorate the 

performance of the system too much.

6.2 Modification of Performance Index

It is difficult, if not impossible, to devise a performance 

index which represents precisely what is required of the 

system being designed. In the following study of linear opti

mal control, the performance index is modified to take account 

of the most important state variables. These important state 

variables, will normally be the main governing factors in 

determining the requirements of the system design. In the 

control of power systems it is important for the system to 

exhibit good stability characteristics and also the terminal 

voltage should remain constant. In these circumstances the 

most important variables for the power system are the rotor 

angle and the terminal voltage. The performance index thus 

devised was of the form

00 00

V = J  x^Qx dt = /  (A^AV^ + AgAS ) dt (6.12)
o o

The weighting factors Â  ̂and A^ can be chosen to give appro

priate weighting to the variables according to their importance, 

The performance of the excitation system, using singular opti

mal control theory was optimised using the excitation given in 

Fig 4.5. It can be seen, from Fig 4.5, that the excitation 

system already includes the feedback of terminal voltage and

145



thus would try to keep the terminal voltage at a constant 

level. In view of this fact, the performance index is chosen 

such that the rotor angle is given more weighting than the 

terminal voltage.

When singular optimal control theory is applied to the control 

system using the performance index, given by eqn (6.12), with 

weightings and A^, it is necessary to carry out two 

singular transformations to transform the singular control 

problem into a non-singular control problem. This means that 

there will be two eigenvalues at the origin, for the closed 

loop system, which can be shifted to any value on the s-plane 

by appropriate choice of and y^ such that the feedback 

gains matrix, on the singular strip, is given by

K*n = K*(A+yiI)(A+y2l) = K^(A+y2l)(A+y3^I) (6.13)

where K* is the feedback gain matrix corresponding to the 

second singular transformation system.

The performance of the system, using singular optimal control 

theory was optimised for weighting factors of A^ = 1, Ag = 5. 

The eigenvalues of the optimal closed loop system and the 

feedback gains, corresponding to this optimal control, for 

different values of y^ and y^, on the singular strip, are given 

in Table 6.3. From Table 6.3, it can be seen that there are 

two eigenvalues at the origin for y^ = y^ = 0. These eigen

values, when shifted along the s-plane, result in feedback 

gains (Kg^) given in Table 6.3. By comparing the eigenvalues

146



of the optimal controls, given in Table 6.2, with those given 

in Table 6.3, it can be seen that the natural frequency and 

the damping of the complex conjugate eigenvalues, for the 

modified optimal control, have been increased over the optimal 

control derived previously. This shows that by appropriate 

choice of performance index the response of the control system 

can be improved. An inspection of the feedback gains, for 

different values of and y^, other than zero, shows that 

the gains are of the same sign. The magnitude of these gains 

are bigger than the magnitude of the gains given in Table 6.2.

The response curves of the optimal control for controls LB2 

and LB4, where LB2 has been obtained for y^ = 20, y^ = 15, 

while control LB4 has been obtained for y^ = 20, y^ = 50, are 

shown in Fig 6.2. Also shown in Fig 6.2, for comparison, is 

the conventional AVR control. As can be seen from Fig 6.2 the 

machine fitted with optimal control takes very little time to 

converge back to steady state than the machine fitted with 

conventional control and is even less than the time taken by 

the machine fitted with optimal control LAI or LA3. The 

rotor angle response, for control LB2, shows that the first 

backswing of the rotor angle is slightly bigger than that of 

the conventional AVR control. There is virtually no forward 

swing of the rotor, for optimal controls, and the steady state 

is restored within 0.8 seconds. The backswing of rotor angle 

for optimal control is still bigger than for conventional 

control, because the negative change in excitation voltage is 

not large compared to conventional control. Optimal control 

increases the excitation voltage in time to try and decrease
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the consecutive rotor swings. This can also be observed from 

the generator output response, where the average power 

during the disturbance, for conventional control, is smaller 

than for the optimal control, but is larger after the removal 

of the disturbance. The slip speed response curves also show 

the same trend in behaviour as the rotor angle response. The 

terminal voltage response, after the disturbance,reaches 

steady state a long time before conventional control. The 

optimal control damps out all oscillation in about 0.8 seconds. 

The input voltage as determined by the singular control, 

given in Fig 6.2b shows that the input voltage increases 

during the disturbance and starts decreasing just before the 

removal of the disturbance. This is added to the negative of 

the terminal voltage, thus resulting in a decrease in the 

overall input to the AVR, thus reducing the change in the . 

field voltage in the negative direction. The input voltage 

converges back to zero in about 1.2 seconds, while the field 

voltage converges back to steady state a little later. This 

shows that by appropriate choice of a performance index the 

performance of the system can be improved somewhat.

In order to see what improvement could be made by increasing 

the weighting on the rotor angle, the performance of the system 

was optimised for weighting factors of A^ = 1, A^ = 10. The 

eigenvalues and the feedback gains for different values of 

and yg are given in Table 6.4. From Table 6.4, it can be seen 

that the effect of doubling the weighting on the rotor angle is 

to improve the damping and increase the natural frequency. The 

smaller real eigenvalue (X = -17.34) has also been increased.
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The overall effect of doubling the rotor angle weighting is to 

improve the performance thus increasing the stability of the 

system. The response of the optimal control LC2 is shown in 

Fig 6.3 where it can be seen that the rotor angle backswing 

has been decreased considerably, because the field voltage 

decreases by a very large value. Also shown in Fig 6.3, for 

comparison purposes is the optimal control LR. Optimal control 

LR has been obtained using the Linear Regulator Theory, where 

the quadratic performance index is such that the weighting 

on the control input was taken to be unity and weightings on 

the states were taken as A^ = 1, A^ = 10.

6.3 Modified Excitation Control

Optimal control results were also obtained for the excitation 

system described in Section 4.2.4 (Fig 4.8), where the state 

signals are fed back after the main regulator. An optimal 

control for a performance index with A^ = 1 and A^ = 5 was 

obtained. The solution of the singular optimal control 

problem, in this instance, required only one singular trans

formation. The eigenvalues and the feedback gains for this 

control, for various values of y, are given in Table 6.5.

An inspection of the feedback gains shows that the feedback 

gain for Vĵ  is always -1 for all values of y . The effect of 

this is to cancel the feedback of terminal voltage through the 

high regulator gain K^. This means that the optimal control 

is independent of the terminal voltage feedback and AVR para

meters. As a result, the eigenvalue at X = -2, corresponding
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to the AVR time constant has no effect on the performance of 

the system in any way. Therefore, this optimal control 

corresponds to the optimal control of the machine without any 

AVR control. By comparing the eigenvalues, given in Table 6.5, 

with those given in Table 6.3, it can be seen that there is an 

interesting connection between the two sets of eigenvalues.

The eigenvalues given in Table 6.3 are the eigenvalues of the 

optimal closed loop system for the same performance index as 

used above but the state signals are fedback before the AVR.

The eigenvalues of the two sets of closed loop systems are 

the same except the eigenvalue at the origin. The eigenvalue 

at the origin can be shifted to any value by appropriate 

choice of y. This shows that the singular optimal control 

produces a unique closed loop system, which has unique eigen

values, corresponding to a unique performance index, but the 

control input may be present before or after the main regulator. 

The singular feedback gains on the singular strip, given in 

Table 6.5, show that the magnitude of the feedback gains are 

higher than the feedback gains given in Table 6.3. This is to 

be expected because when control signals are applied before the 

main regulator, the signals are amplified by the high regulator 

gain which produces an output signal for the field voltage. To 

produce the same level of field voltage signal, in this instance, 

would require high feedback gains.

The response curves, for different values of y are given in 

Fig 6.4, where control LD2 is for y = 2 and control LD3 is for 

y = 10. The response curves shown in Fig 6.4 are very similar 

to the response curves shown in Fig 6,2, obtained for the same
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performance index. The input voltage response is such that 

it cancels the contribution of the AVR output and produces a 

field voltage response of a very similar nature to that given 

in Fig 6.2a. Comments made for control LB also apply in this 

case.

6.4 Elimination of subtransient feedback signals

The singular optimal control for a linear time invariant 

system is a linear combination of all the states. This implies 

that complete information of the system state, in general, is 

required by the optimal controller. However, the complexity 

and the cost of practical implementation of the state feedback 

control are directly proportional to the number of states 

required. Furthermore the relative importance of the various 

state feedback depends on the individual system. An investi

gation is thus made into eliminating some of the states and 

the possibility of achieving a.sub-optimal control using a 

reduced set of states. The states eliminated for this study

are the subtransient states e" and e”. Furthermore the thirdd q
order model, which neglects the damper windings,can be 

employed to derive optimal controls. These controls, for 

validity, can be applied to a higher order system.

First the validity of using a third order machine model for 

the optimal control is investigated. The performance of the 

third order system was optimised for the excitation given in 

Fig 4.5 using a performance index with A^ = 1, Ag = 5. The 

system with this performance index required two singular
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transformations to transform the singular control problem into 

a non-singular control problem. The feedback gains and the 

eigenvalues for this control, for the third order system are 

given in Table 6.6. From Table 6.6 it can be seen that there 

are only two complex conjugate eigenvalues which determine the 

response of the system. The other two eigenvalues can be 

chosen, by appropriate choice of and y^ such that the con

tribution by these two eigenvalues is small. By comparing the 

optimal eigenvalues of the third order machine model, given in 

Table 6.6, with those of the fifth order machine model, obtained 

for the same performance index, given in Table 6.3, it can be 

seen that the third order machine model has a higher natural 

frequency and better damping characteristics than the fifth 

order machine model. By appropriate choice of y^ and y^ this 

system can be approximated to a second order system. The sin

gular feedback gains obtained for the third order machine 

model are higher, for the same values of y^ and y^, than the 

singular feedback gains of the fifth order machine model, for 

the corresponding states.

The performance of the optimal controls LEI and LE3 for third 

order system are shown by the response curves given by Fig 6.5. 

Also shown in Fig 6.5, for comparison purposes, is the response 

of the conventional AVR control for the third order model 

denoted by LO. An inspection of the response curves show that 

the machine fitted with optimal control is more superior, in 

terms of stability and settling time, than the conventional 

AVR control. In fact, with optimal control all the steady 

states are restored within 0.8 seconds, while the machine with
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conventional AVR takes longer than 5 seconds to restore the 

steady state. Unlike the fifth order model, the first back 

swing of the rotor angle with optimal control is smaller than 

the backswing for the AVR control. This is because the field 

voltage changes rapidly to a large value, during the dis

turbance thus forcing the rotor angle in the positive di

rection. The optimal control changes the direction of field 

voltage,in time, to prevent any overshoot of the rotor angle.

By comparing the conventional AVR control response curves, of 

the third order model with that of the fifth order model, 

given in Fig 6.2, it may be observed that the two sets of 

response curves are very similar to each other except the 

fifth order model shows a better damping characteristic than 

the third order model response. However a comparison of 

optimal controls, i.e. control LE3 with LB2, indicates that 

the third order model has a better damping characteristic 

than the fifth order model. This effect is also shown by the 

eigenvalues of the optimal control for the two systems.

This study shows that the third order machine model may be 

adequate in terms of the response it gives compared to those 

obtained using the fifth order model, at least for small 

signal response curves. Moreover since in the fifth order 

model, the gains on e^ and e^ can be small compared to the 

other states, it may be possible to neglect these feedbacks 

and still obtain a near optimal control system. This point 

is investigated in Table 6.7 and Table 6.8. Table 6.7 shows 

the feedback gains of the states for various controls. In 

Table 6.7, Control LFl and LF4 are the same as controls LBl and
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134 in Table 6.3 respectively, which are controls incorpora

ting feedback of all the states. Control LF2 and LF5 are 

derived from control LFl and LF4 respectively, by removing the

feedback of e" and e". Control LF3 and LF6 are the same as d q
controls LEI and LE4 in Table 6.6 respectively which have been 

obtained using the third order machine model. The eigenvalues 

of the fifth order machine model, when these controls are 

applied to this system, are given in Table 6.8. Table 6.8 

shows that neglecting feedback of states e|̂  and e^ introduces 

an extra set of complex conjugate eigenvalues in place of the 

negative real eigenvalues. The natural frequency and the 

damping factor of this extra set of eigenvalues is relatively 

high and thus have little effect on the performance of the 

system. The eigenvalues of control LFl and LF2 show that when 

the states e^ and e^ are neglected the response of the system 

is somewhat improved. However, when the controller designed 

using third order model is applied to the fifth order model, 

the damping is somewhat decreased. A comparison of the eigen

values of control LF3 with the eigenvalues of control LF5 

shows that the two controls have a very similar response, but 

the feedback gains of two controls are unduly different from 

each other and have been derived under different conditions 

using different machine models. However, the eigenvalues of 

control LF3 are unduly different from the eigenvalues of 

controls LFl and LF2, which have been derived under similar 

conditions. For higher values of and y^ (Table 6.8), it

is seen that when the feedback of states e" and e" are ne-d q
glected ̂ the response of the system deteriorates and when the
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controller derived for the third order machine model is 

applied to the fifth order model, the damping characteristics 

deteriorate even further. This indicates that too high 

values of and y^ can deteriorate the performance of the 

system when the feedback of states e^ and e^ is neglected.

The response curves for controls LFl, LF2 and LF3 are shown 

in Fig 6.6, From Fig 6.6, it may be observed that the res

ponse of control LF2 is better than the response of control 

LFl, yet control LF2 has been derived using control LFl, with 

the feedback of e^ and e^ neglected. This can be explained by 

the fact that control LFl is optimal for very small disturbances, 

i.e. when K^x = Kĵ x = 0. However, for deviations of state 

about the steady state,does not guarantee for K^x = K^x to be 

identically zero. It can be observed from Fig 6.6, that when 

the deviations of the states about the steady state are small 

the states with control LFl approach steady state at a faster 

rate than control LF2. The response curves of control LF3 are 

more oscillatory than the response curves of control LFl and 

LF2. This effect is also shown by the eigenvalues of the 

system, given in Table 6.8. However, the first backswing of 

the rotor angle as affected by control LF3 is smaller than for 

control LFl and LF2 indicating that control LF3 may operate 

satisfactorily under reasonable large disturbance.

This study shows that near optimal controls can be obtained 

using a feedback of reduced set of states and the feedback of 

e^ and e^ is relatively unimportant. Furthermore the design 

based on the third order model is adequate in terms of the
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response it gives, at least for small disturbances.

In order to confirm these findings, similar optimisations 

were carried out using the second set of machine data listed 

in Appendix A4. The results of these studies are given in 

Tables 6.9 to 6.12. Table 6.9 shows the eigenvalues, to be 

compared with optimal controls, for the fifth and the third 

order machine model fitted with a conventional AVR with and 

without stabilisation. The performance of the fifth and third 

order machine model, fitted with an AVR given in Fig 4.5, was 

optimised using weighting factors, in the performance index, 

of A^ = 1, Ag = 5. The feedback gains and the eigenvalues of 

these controls, for different values of and y^ are shown 

in Table 6.10 and 6.11. Table 6.10 shows the feedback gains 

and the eigenvalues for the fifth order model while Table 6.11 

shows the feedback gains and the eigenvalues of the third 

order system. The eigenvalues of the fifth order machine 

model, with reduced set of state feedback are given in Table 

6.12. In Table 6.12, control LPN has been derived from 

control LPl, by neglecting the feedback of e^ and e|j and 

control LPNN has been derived from control LP3. The response 

of controls LPl, LPN and LQ2 are shown in Fig 6.7. These 

response curves show similar trends in behaviour as before.

6 .5 Conclusions

Singular optimal control theory has been successfully applied 

to the optimisation of a linear power system employing both 

third order and fifth order machine models.
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The number of singular transformations required to transform 

the singular control problem into a non-singular control 

problem is dependent on the choice of performance index. 

Suitable choice of performance index can lead to promising 

results.

The number of singular transformations also determines the 

number of eigenvalues at the origin in the optimal control 

system. These eigenvalues at the origin were shifted (to 

values at X = -y) by adding to the singular optimal feedback 

control the switching function multiplied by y, on the 

singular strip. The value of y determined the stability of the 

optimal system orthogonal to the singular strip. Too large 

a value of y can lead to the same result as that obtained 

using the linear regulator control theory.

Application of singular optimal control to the power system 

stability problem produces a unique solution for a unique 

performance index where the control input is applied before 

or after the main exciter.

The response curves and eigenvalues indicate that almost all

practical results may be designed using a third order machine

representation. This avoids the need to feedback state

variables such as e" and e" which may be difficult to obtaind q
in practice. Furthermore, it is possible to design controls 

on a fifth order machine model and then neglect the feedback 

of these inaccessible state variables.
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C H  A P T E R 7 DUAL MODE EXCITATION CONTROL

In this Chapter, the non-linear machine system is studied 

by employing dual mode control. The dual mode control consists 

of bang-bang control and singular control. Purely bang-bang 

control has been studied in Chapter 5 while purely singular 

control has been studied in Chapter 6 for a linear system. An 

attempt is made to combine bang-bang control and singular 

control into a dual mode control arrangement.

Bang-bang control is used for large disturbances while singu

lar control is used for small disturbances, but there may be 

cases when singular control is used also during large dis

turbances. This dual mode control is implemented by employing 

bang-bang control whenever the switching function lies outside 

a specified region, otherwise singular control is used.
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7.1 Dual Mode Control

In this study, the transient performance of the single 

machine system is optimised using a dual mode control arrange

ment, consisting of a bang-bang mode and a singular control 

mode. Bang-bang control is used when the disturbances to the 

system are large and singular control mode is used when the 

disturbances are either small or large, depending on the 

implementation of control. The dual mode control can be 

realised in one of two ways in the following manner.

Firstly, bang-bang control mode can be used until the commence

ment of chattering. This chattering mode is detected by the 

magnitude of the switching function being inside e, where e is 

small. When the switching function lies inside e, singular 

control is applied to the system.

Secondly, a further constraint can be forced upon the control. 

That is to use singular control when the state vector lies 

inside some value $, where 3 can be chosen to suit the indi

vidual system, even when the switching function lies inside e.

There is very little difference between the two methods of 

control described above. There will be very few cases when 

the switching function lies outside e when the state vector 

lies inside 3, but once the system reaches the origin in state 

space, the restriction prevents the system going to a chatter

ing mode.

In these studies, the bang-bang control input has a switching
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function as a linear combination of states and has been 

derived in Chapter 5, The switching function used will be 

stated explicitly. The singular control is also assumed to 

be a linear combination of states.

The performance of the system will be optimised using bang- 

bang control and singular control. Bang-bang control for the 

non-linear system, has already been derived in Chapter 5, but 

singular control for the non-linear system has not been 

derived and will be derived in the following sections. Singu

lar controls, derived from linear optimal control theory, 

based on linear systems, will also be used to show their 

effectiveness under large signal conditions in dual mode 

operation. The singular control will be an equivalent effect 

of the chattering mode.

7.1.1 Choice of Performance Index

The performance index used in these studies will be optimised 

with respect to the singular control and should be chosen 

such that the performance index represents the effect of singu

lar control.

Singular control will effect the performance of the system only 

when the switching function lies inside e or the state vector 

is inside 3, depending on the control implementation. The 

performance of the system is optimised for a short circuit 

fault duration of 220 ms. During the first rotor swing, after 

the removal of the fault, the system will be operating under a
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bang-bang control mode and there is nothing the singular control 

can do to affect the performance during this period of time.

The singular control will only affect the performance if the 

switching function lies inside e or the state deviations are 

small. The performance index is chosen such that the per

formance was optimised when singular control is being applied 

and is of the form

^f
V = f  (A^AV^ ) + AgAa t) dt (7.1)

This performance index gives more weighting to the rotor 

angle as time progresses. The values of the weighting factors 

A^ and A^ were chosen to be 1 and 5 respectively.

7.1.2 Optimisation of Performance

The effectiveness of dual mode excitation control is studied by 

optimising the performance of the system, using the system con

figuration described in Section 4.4 and the relevant sensiti

vity equations pertaining to the fifth order machine model 

are described in Section 4.5.

The singular control input is assumed to be a linear combina

tion of states such that

\ = V Sat [ K x]1 max  ̂ •*

where K x = k,A6 + k.Ay + k„Ae' + k, Ae" + k^Ae" 1 2 3 q 4 d 5 q
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and the switching function is given by

= V

where K,x = s_A6 + s.Ay + si Ae* + s, Ae" + s_Ae" 1 1 2 ' 3 q 4 d 5 q

The performance of the system is optimised using the dual mode 

control arrangement discussed above. Singular control is 

applied whenever the switching function S^ lies inside e such 

that

Is I = Ik.xI ^ e where e is small » w* ' 1 '

The value of e used in these studies, is taken to be 5 per 

cent of the maximum magnitude of the switching function for 

the fault conditions. The actual singular control input is 

modified such that

V. = V Sat [ K X + yK_x ] 1 max ‘ 1

where the value of y determines the stability of the system 

orthogonal to the singular strip K^x = 0. The value of y can 

be chosen to suit the requirements. In this particular case 

of optimisation, there is no known relationship factor be

tween K X and K^x and y has to be chosen according to the 

values of the gains.

By carrying out a number of optimisations, several optimum 

controls incorporating feedback of five and three states were
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.-obtained. Some of these controls are described in Table 7.1.

In Table 7.1 the switching function, used during the bang-bang 

mode, is a linear combination of states, given by control A1 in 

"Table 5.1. Singular controls have been derived, by optimising 

the performance of the system, using singular feedback gains 

as the optimising parameters. In Table 7.1 control SAl and SA3 

are optimum controls, which were derived by optimising the 

performance of the non-linear system, while controls SA2 and 

SA4 are controls derived from the singular optimal controls, 

based on linear system. In these singular optimal controls, 

feedback of the field voltage has been neglected. Control SA2 

has the same singular feedback gains as that of control LBl 

in Table 6.3 while control SA4 has the same singular feedback 

gains as those of control LEI in Table 6.6. Control SAO is 

control with no singular control and the effective response is 

same as that of control Al. The response curves of controls 

SAl and SA2 are shown in Fig 7.1. As can be seen from Fig 

7.1, the response of the field voltage for control SAl has no 

chattering at all, and the singular control is a continuous 

function of time. However, the case of control SA2, shows 

some discontinuities (spikes) from 1.5 - 2.0 seconds, after 

fault clearance. This is because control SA2 has been 

derived under different conditions and, as discussed in 

Section 3.7, this is caused by one control mode trying to 

-drive the state trajectory into the other mode and vice versa. 

The control mode changes because the switching function 

violates the condition |s^| < e. This situation is possible
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even for control SAl under different operating conditions and 

was found to be the case. The rotor angle and terminal 

voltage response curves for controls SAl and SA2 almost 

follow the response curves of control SAO during the chattering 

mode. The switching function shows a drastic difference after 

the first switching. This is caused by the singular control not 

being an exact equivalent of the chattering control and driving 

the state trajectory in a different manner to that of chatter

ing mode control.

Although the response curves show that there is no chattering 

in the field voltage, when control SAl is applied during 

singular mode, it was found that, when the operating conditions 

were changed, the chattering occurred. Since the object of 

this exercise is to find continuous control, with no chattering, 

which has an equivalent effect to that of the chattering mode, 

some other form of dual mode control arrangement, which avoids 

chattering, is required and is discussed in the following 

section.

7.2 Alternative form of Dual Mode Control

The dual mode control arrangement, used above, requires two 

controllers, one controller for the bang-bang mode and the 

other controller for the singular control mode. Implementa

tion of this form of control may require sophisticated 

apparatus. Furthermore, there is no general rule or method 

by which the control (mode) may be transferred from one mode 

to another, without chattering about the changeover. It is
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possible to obtain certain combinations of bang-bang and 

singular controls, under certain operating conditions, where 

the control input does not chatter between the two modes, but 

this may only be possible for a specific operating point and 

disturbance. For any other operating condition and disturbance, 

the control input may chatter between the two modes.

An alternative form of dual mode control, which avoids the 

difficulties mentioned above, is considered. The dual mode 

control, considered in this case, is the saturating control as 

described in Section 3.7, such that the control input is given 

by

V. = V Sat [ K x] (7.2)1 max ‘

where V has been taken to be 5.0 pu. max

The performance of the system is optimised, with a control

input, as a linear combination of states. The performance

index used in these studies, evaluated over 2.5 seconds after

fault inception, is given by \
T ^

V = /  A^Av /  + dt (7.3)

where = 1.0 and A^ = 5.0.

The system configuration used in this study is described in 

Section 4.2 and the relevant system and sensitivity equations 

pertaining to the fifth order machine model are described in
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Section 4.3. The steady state and fault conditions are des

cribed in Section 4.1.

The singular optimal controls derived using the linear system. 

Chapter 6, are also studied for their large signal behaviour. 

When singular optimal control feedback gains are used, the 

feedback of field voltage is neglected, because of two reasons. 

Firstly, the generalised excitation system includes the feed

back of field voltage already (stabilising feedback) and 

secondly the feedback gain may be very small compared to the 

feedback gains of other states.

The performance of the system was optimised, and a number of 

controls were obtained. Some of these controls are given in 

Table 7.2 where the control input voltage is given by eqn (7.2) 

where

Kx = k^Aô + k_Ay + k_Ae* + k, Ae" + k Ae" (7.4)j. 2 3 q  4 Q  b q

In Table 7.2, control NAl is the same as control LBl in Table 

6.3, which has been derived using singular optimal control, 

based on linear system, except the feedback of field voltage is 

neglected. Control NA2 is an optimum control, which has been 

obtained by an optimisation, taking feedback gains as the 

optimising parameters and using control NAl as the initial 

starting point for the optimisation procedure. Control NA3 

has been obtained by using an arbitrary initial starting 

point. It may be observed, that while controls NA2 and NA3 

have similar performance indices, control NAl has a higher
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performance index. This is to be expected because control NAl 

has been derived for different optimising conditions. Control 

NAl is a relatively low gain control compared to controls NA2 

and NA3. The feedback gains of control NA2 and NA3 are of the 

same sign except k^, while the feedback gains of control NAl 

are the same sign as control NA2 except k^ and k^. The com

puter plots of the response of the system with the three 

controls NAO, NAl and NA2, where control NAO corresponds to 

the conventional AVR following a 3-phase fault, are shown in 

Fig 7.2. The excitation voltage response curves , Fig 7.2a, 

for the singular optimal control NAl and the sub-optimal 

control NA2 are very similar to each other and there is no 

chattering. The time for which the excitation voltage stays 

at the positive ceiling, for control NAl, after the fault 

inception, is slightly less than that for control NA2. Con

sequently, the first swing of the rotor is slightly higher 

than that of control NA2 or the conventional AVR and is shown 

in Fig 7.2d. Again, the excitation voltage, for control NAl, 

stays at the negative ceiling for a longer duration, off

set ti,ng the average about which the rotor oscillates. How

ever, this is soon modified when the excitation voltage takes 

on positive values. Once the large oscillations are reduced 

to small oscillations, control NAl approaches steady state 

faster than control NA2. This is because control NAl has been 

designed for small signal conditions and is more effective 

during these conditions. Control NAl and NA2 restore the 

steady state values in about 2.5 seconds. In fact, control NAl 

restores the steady state before control NA2, as can be seen
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from the slip speed response curves shown in Fig 7.2 e. The 

slip speed response curves show that the oscillations, for 

control NAl, decay to zero faster than control NA2. On the 

other hand, control NA2 has a better terminal voltage 

characteristic than control NAl, although both controls NAl 

and NA2 restore steady state within 2.0 seconds. The control 

input voltage response curves show that the control input 

signal for control NAl lies well inside the 5 pu limits and 

goes negative for about 20 ms during the initial period. After 

the first positive forcing, the control input reverses com

paratively before control NA2 resulting in a smaller duration 

of field forcing. The control input signal for control NA3 

goes into saturation for the initial period but remains within 

limit thereafter. The generator output response curves show 

that more power is transferred by control NA2, during the 

initial period, than control NAl due to longer field forcing 

by control NA2.

These results show that it is possible to obtain both a per

formance index and response curves, using saturating control 

inputs, which are comparable to the dual mode controls dis

cussed earlier but without any chattering. The control input 

will be bang-bang control whenever the value of control input 

exceeds the limits. These results also show that it is possible 

to obtain reasonably optimum results, for control derived 

using linear systems, at least for some controls, even under 

large signal conditions. Although the value of the performance 

index, for control NAl, is relatively high, the response 

curves indicate the effectiveness of the linear control.
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In order to investigate the effect of optimal controls, based 

on linear system, derived using a different performance index, 

-the performance of the system was optimised using singular 

optimal control theory, using a performance index given by

V = /  (A + AgAS^) dt

where = Ag = 1.

An optimal control was obtained for “ 20, = 30 (see

Section 6.1) and is given by control NA4 in Table 7.2. The 

value of the performance index for control NA4 is less than 

that of control NAl but greater than that of sub-optimal 

controls. The response of control NA4 is shown in Fig 7.2.

From Fig 7.2 it may be observed that control NA4 exhibits even 

better characteristics than control NAl. The terminal voltage 

response curve is almost comparable to that of control NA2 and 

comments made above also apply.

The optimal controls, optimised for small disturbances, using 

J-inearised system model, therefore achieve considerable im

provement in transient stability when they are applied to the 

non-linear systems subject to a large disturbance.

7.2.1 Performance on Different Model

The performance of the optimal and sub-optimal controls is also 

studied using the detailed non-linear model and the response of 

the system with control NAO (conventional control), control NAl

169



(optimal control) and control NA2 (sub-optimal control) is 

shown in Fig 7.3. By comparison with corresponding response 

curves shown in Fig 7.2, it can be observed that the use of 

the detailed model introduces a 50Hz component into the ter

minal voltage and the generator output response curves at 

fault inception and removal. This effect is caused by the 

decay of the stator flux linkages which are neglected in the 

simplified model. It can also be observed that the accelera

tion of the rotor following the fault is delayed for a brief 

period, because of the initial braking torqu^ caused by the

induced current in the armature, thus resulting in a small 
49rotor backswing . This can be observed from the slip speed 

curves, which show a distinct backward swinging of the rotor 

for a brief period of about 20 ms. The damping of the two 

sets of responses are comparable because the additional 

damping provided by the detailed model is compensated for in 

the simplified model by using a larger value of damping factor 

in the swing equation. In spite of differences arising from the 

two different representations, the pertinent features of the 

response of the two systems still remain and comparison made 

for different controls, based on the response curves calculated 

using simplified machine model also applies to the response 

curves calculated using the detailed model.

In Table 7.2, control NA2 has been obtained by optimising 

control NAl, using the nonlinear representation of the system, 

whereas control NAl has been derived using singular optimal 

control theory based on the linear system machine model.

Because control NA2 is an optimisation of control NAl, it
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would appear that it is possbile for control NA2 to give opti

mum results for both large signal and small signal conditions. 

Also it would be interesting to investigate the performance of 

optimum controls obtained using different system models (linear 

or nonlinear) and for different performance criteria when 

subjected to a disturbance for which they are not optimised.

The large signal behaviour of the controls has already been 

studied above. The small signal behaviour of the controls is 

studied, using the detailed non-linear model by applying a 

small disturbance of a 5% increase in the infinite busbar 

voltage for 0.25 seconds. The responses of the system for 

control NAO, NAl and NA2, when subjected to the small distur

bance are shown in Fig 7.4.

It can be observed that the rotor angle response (Fig 7.4d) 

effected by control NA2 is comparable to that of control NAl. 

While the initial rotor angle and speed excursions pertaining 

to control NA2 are smaller than those pertaining to control 

NAl, they are comparatively less damped compared to control NAl. 

When compared with conventional control, control NAl and NA2 

provide much better response curve. The terminal voltage res

ponse shows a similar trend in behaviour. The generator out

put for control NA2, during the initial period has a small 

average value (difficult to distinguish from the plots, com

puter print out shows) compared to that of control NAl, thus 

giving rise to greater initial rotor swing and the slip speed.

The results show that, although the re-optimised control, 

control NA2, furnishes improvement both on the overall small
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signal and large signal performance, over the conventional 

control, the re-optimisation does not guarantee a control 

which possesses the best small signal and large signal per

formance obtainable by separate linear and non-linear opti

misations respectively.

7.2.2 Performance of controls with reduced set of state 

feedbacks

The performance of the system was also optimised using a 

reduced set of states. The results of this study are shown 

in Table 7.3. In Table 7.3, control NBl has been derived fron 

control NAl, (given in Table 7.2) by neglecting the feedback 

of e” and e”. Control NB2 is an optimum control, incorpora

ting feedback of the reduced set of states, which has been 

obtained by an optimisation, taking the feedback gains as the 

optimising parameters and using control NBl as the starting 

point. It may be observed that, while controls NAl and NBl 

have comparable performance indices, control NB2 has a much 

lower performance index value. This is because controls NAl 

and NBl have been derived using the linear machine model, 

while control NB3 has been derived using the non-linear machine 

model. The response of the system with controls NBl and NB2 

are shown in Fig 7.5. From Fig 7.5, it may be observed that 

while the sub-optimal control, NB2, and control NBl, restore 

steady state stability in about 2 seconds, the rotor angle 

response of control NBl still has a higher first swing and 

deviates from control NB2 between 0.5 and 1.8 seconds. The
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response curves for the reduced set of states are very similar 

to the five state feedback shown in Fig 7,2.

When the feedback of e^ and e^ were neglected in control NA2, 

which has been derived by optimising the performance of the 

non-linear system, the performance index increases slightly. 

This control is given by control NB3. Control NB3 was then 

re-optimised to give control NB4 and the response of control 

NA2 and NB3 are also shown in Fig 7.5. As can be seen, the 

back swing of the rotor angle for control NB3 is smaller than 

that of control NA2.

These results show that comparatively optimum results may be 

obtained using reduced set of state feedback.

7.2.3 Effect of constraint on the Input voltage

The effect of the constraint on the input signal is investi

gated, in this section, by constraining the input signal to 

lie between ±1 pu instead of ±5 pu. The results for this 

investigation are given in Table 7.4.

In Table 7.4 the feedback gains of control NCI and NC3 are 

the same as those of control NAl and NA2 in Table 7.2 res

pectively, while control NC5 has the same feedback gains as 

those of control NB3 in Table 7.3. The values of the per

formance index, however, are the corresponding values when 

the input voltage is constrained to lie between ±1 pu. A 

comparison of control NCI with control NAl, NC3 with NA2 and
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NC5 with NB3 respectively shows that the controls optimised 

with the input voltage constrained to lie between ±1 pu are 

not affected severely when they are applied to the systems 

in which the control input is constrained to lie between 

±1 pu. The value of the performance index is comparable for 

all controls, A comparison of the transient response of 

control NC3 with NA2, given in Fig 7.6 shows that there is 

very little difference between the two sets of response curves, 

except in the case of field voltage response. The field 

voltage response shows that field voltage for control NC3 

approaches the negative ceiling at a smaller rate than that 

of control NA2. Tnus the field voltage, for control NC3 stays 

at negative ceiling for a shorter duration giving rise to a 

rise in greater rotor backswing (difficult to distinguish 

from plots but computer print out shows this). The input 

voltage shows that it is bang-bang for about 1.4 seconds, 

after which it decays to zero continuously.

In order to see the effect of optimum controls, control NCI, 

NC3 and NC5 were re-optimised with the input voltage con

strained to lie between ±1 pu, giving controls NC2, NC4 and 

NC6 respectively. A comparison of control NC3 with NC4 and 

NC5 with NC6 respectively shows that there is little im

provement in the value of the performance index and is also 

shown by the response curves given by Fig 7.6. These con

trols remain reasonably optimum when the constraint on the 

input voltage is severed because of the high gain in the 

forward path of the AVR, which requires only a small value

of control input to saturate the output.
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7.2.4 Effect of constraint on excitation voltage

As has been described in Section 4.2, that, for excitation 

systems employing a.c. exciters, reversal of excitation 

voltage is not possible. The effect of this constraint on 

the state feedback control is investigated in this section.

The relevant results are given in Table 7.5.

In Table 7.5 the feedback gains of control NDl and ND3 are 

the same as those of control NAl and NA2 in Table 7.2 res

pectively, while the feedback gains of control ND5 are the 

same as those of control NB3 in Table 7.3. The value of the 

performance index, however, are the corresponding values when 

the field voltage is constrained to have positive values only. 

A comparison of control NDl with control NAl (Table 7.2) and 

NCI (Table 7.4) shows tnat as the control input or the 

effective field forcing is severed, optimal control per

formance becomes better and better. There is a drastic 

improvement in the value of performance index (from 6.024 to 

5.366) when the field voltage is constrained to positive 

values only. A comparison of transient response of control 

NAl and NDl shows that the optimal control improves to some 

extent when its excitation voltage is constrained to positive 

values only. The backswing of rotor angle, for control NDl, 

is more apparent, because of less effective field forcing

which does not have enough power to stop the rotor from back-
. .swinging.

In order to confirm this, control NA4, given in Table 7.2, was

applied to the system when the excitation was constrained to
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positive values only. The resulting control is given by 

control ND7 in Table 7.5. As can be seen, from Table 7.5, 

the value of the performance index improves from 5.49 to 

5.264 and is almost comparable to the sub-optimal control 

ND3 (derived from control NA2).

However, a comparison of control ND3 with NA2 and ND5 with 

NB4 shows that the controls optimised with the excitation 

voltage allowed to reverse become less optimum when they are 

applied to systems in which the excitation is constrained to 

positive values. A comparison of the transient response of 

control ND3 with NA2 given in Fig 7.7 shows that optimum con

trol NA2 deteriorates to some extent when excitation voltage 

is constrained to positive values. As a result, the back

swing of the rotor angle is increased, because of less 

efficient field forcing in the negative direction. The 

terminal voltage response curve shows that it becomes more 

oscillatory than when the excitation voltage is allowed to 

reverse

Control NDl, ND3 and ND5 were then re-optimised with the 

constraint, to give control ND2, ND4 and ND6 respectively.

A comparison of the performance values shows that the adverse 

effect of excitation voltage constraint cannot be improved 

by re-optimisation. This is because, lack of field reversal 

causes a deficiency in synchronising power to stop the rotor 

from swinging backward when the system recovers after fault 

removal, resulting in increased rotor backswing. The response 

curves show that although the re-optimised controls, control
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ND4, improve the subsequent rotor swings, they are still 

higher than that of control NA2. The terminal voltage is 

improved slightly but is still oscillatory compared with 

control NA2,

7.3 System Sensitivity

It is important that the performance of a dynamic system in 

the neighbourhood of the operating point remains optimum and 

any parameter changes of the dynamic system must not nece

ssarily deteriorate the performance of the system. Therefore, 

it is important to know the behaviour of the system in the 

neighbourhood of the nominal point. The deviation of the 

performance of the dynamic system depends on the sensitivity 

of the system performance to parameter variation and the 

magnitude of the parameter variation. The influence of 

parameter variations, on the behaviour of the dynamic system 

can be evaluated using sensitivity analysis. Although the 

sensitivity of the performance index with respect to the 

optimising parameters (for linear sub-optimal controls) is 

reduced in the vicinity of an optimum, it does not necessarily 

imply insensitivity of the system variables.

Although sensitivity study of power system employing sub-
45optimal controls has been carried out , the present study 

is orientated towards the comparison of the behaviour of the 

system performance when linear optimal controls (singular 

optimal controls) and sub-optimal controls are applied.
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The excitation system and the machine model are.the same as 

those used in the previous study. The system and sensitivity 

equations of the system with respect to the excitation 

system parameters are described in Section 4.7. The rotor 

angle sensitivity functions 06/3K) with respect to the state 

feedback gains, the main regulator K and the regulator 

stabilising feedback gain K^, are shown in Fig 7.8.

In Fig 7.8, control NAO is the conventional AVR(ie all state 

feedback gains set to zero), control NAl is linear optimal 

control and NA2 is the sub-optimal control described in Table 

7,2. A scaling factor of 10 has been introduced for those 

sensitivity curves corresponding to control NAl and NA2, 

except for K^, so that these curves can be read more clearly. 

An observation of the sensitivity functions show that most 

functions are zero during the initial period after fault 

inception for 0.3 to 0.5 seconds. The length of initial 

period for different controls depend on the duration of 

initial field forcing. In the case of control NAl (optimal 

control) the excitation stays at positive ceiling (after 

fault inception) for a shorter duration compared to control 

NAO and NA2 (Fig 7.2a). Thus the sensitivity functions during 

the initial period for control NAl remain zero for a shorter 

duration than that for control NAO or NA2. This suggests 

that while the excitation is at positive ceiling, there is 

little the excitation control can do to further improve the 

first swing response. This agrees with previous observations 

made in the optimisation study. The sensitivity functions of 

rotor angle for control NAl shows that the rotor angle res-
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ponse is sensitive to feedback gains mainly during the

transient period, from 0.5 to 3.0 seconds. The sensitivity

function with respect to the speed feedback gain has the

greatest magnitude amongst all the sensitivity functions

indicating the speed feedback is the most influential signal

as far as rotor angle response is concerned. The next

influential feedback is the rotor angle followed by e^ and

e” while e" is the least influential signal. This order of q Q
influentiality also applies to the system with control NA2. 

The terminal voltage sensitivity functions are shown in Fig 

7.9. Again the sensitivity functions for control NAl and NA2 

have been multiplied by a factor of 10 except for K^. The 

terminal voltage sensitivity functions follow the same trend 

as the rotor angle sensitivity functions and comments made 

above also apply here. _

The sensitivity functions with respect to and K^, shown in 

Fig 7.8 and 7.9, indicate that the system response is quite 

sensitive to changes in compared to changes in K^. This 

is, because the numerical value of is very small compared 

to value of K^, a unity change in represents a small 

fractional change while a unity change in represents a 

very large fractional change. Thus when they are considered 

in terms of logarithmic sensitivity function the system

sensitivities with respect to and are comparable to 

each other and is shown to be the case later on.

The sensitivity functions, for control NAl, when compared to 

the sensitivity functions for control NA2, show that they are
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more oscillatory, but comparable, to those of control NA2.

The sensitivity function for control NAO (conventional AVR) are 

even more oscillatory and divergent. As has been mentioned in 

Section 2.3, instability of the system or steady oscillations 

in the system states are always reflected in the sensitivity 

system. In fact, when the system is unstable, the sensitivity 

functions tend to be more divergent than the system states.

There exists a close relationship between sensitivity, 

stability and optimality. The optimality of a system is 

defined in terms of an arbitrary performance index, but, in 

practice, the performance indices are defined in such a way 

that they are related to the stability of the system. In the 

present investigation a performance index used to define 

optimality is a weighted error squared integral of rotor angle 

and terminal voltage. This performance index has a direct 

bearing on the stability of the system, since optimising the 

performance index means an increase of stability margin of 

the system. The relative stability of the system will, up to 

a certain extent (depending on how close the performance index 

is to the requirements of the system) depend on the value of 

the performance index and the relative stability will be 

reflected in the sensitivity system. This is the case, the 

transient response of control NAO., NAl and NA2 (Fig 7.2), 

indicate the relative stability of the system, while the value 

of the performance indices, given in Table 7.2, indicate the 

relative optimality of the system. The relative value of the 

performance index is related to the relative stability of 

system with different controls. For example, the system fitted
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control NA2 is more stable than system fitted with control NAO 

or NAl and has the smallest value of performance index.

The sensitivity functions also show this behaviour. The 

.sensitivity functions show that system fitted with control 

NA2 is less diverging, during the initial transient period, 

compared to control NAl or NAO, indicating the control system 

fitted with control NA2 to be more stable and optimum. Control 

NAO is relatively less stable compared to control NAl while 

control NAl is comparable to that of control NA2.

To arrive at a conclusion about the sensitivity of the single 

machine system fitted with linear optimal control and sub- 

optimal control, the sensitivity of several systems is con

sidered. This is done by comparing the respective area under 

the sensitivity curves by taking an integral of the absolute 

value of the sensitivity functions. Table 7.6 shows the rotor 

cingle sensitivity function integrals for control NAO, NAl, NA2 

NA4 and NB4 described in Table 7.2 and 7.3, while Table 7.7 

shows the terminal voltage sensitivity function integrals. 

Control NAl and NA4 are linear optimal controls and have been 

derived using singular optimal control theory as described in 

Section 7.2.1. Control NB4 is a control incorporating feedback 

of three states only.

Tables 7.6 and 7.7 show that the sensitivity of the system 

fitted with control NAO (conventional AVR) is much higher than 

that of the system with optimum controls. The sensitivity of 

the system fitted with optimal controls (NAl and NA4) are 

comparable to the sensitivity of the system fitted with sub-
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optimal controls (NA4, NB4) and follow the same trend. These 

sensitivity integrals for optimal and sub-optimal controls 

show that the most influential control signal, on the system 

response, is the speed feedback signal followed by the rotor 

angle feedback and e %  The least influential feedback signals

are e" and e".q d

The sensitivity function integrals considered above depend on 

the value of the feedback gain. If the range of values of 

feedback gains is large the sensitivity of large feedback 

gains will be small while the sensitivity of small feedback 

signal will be large. A unity change in a small feedback 

gain represents a large change in the system state while a 

unity change in a large feedback gain represents a small 

change in the system state. However, in practice in setting 

of component value the changes considered are normally 

fractional in nature. In terms of setting components, frac

tional changes should be considered. This is done by con

sidering the logarithmic sensitivity function defined as

and can be evaluated as —  . The integral of the3Ina X 3a
absolute value of the logarithmic sensitivity function for 

rotor angle sensitivity function is shown in Table 7.8 while 

those for terminal voltage sensitivity functions are shown 

in Table 7.9. These logarithmic sensitivity integrals provide 

a basis to specify the relative accuracy to which feedback 

gains and parameters should be set, because setting errors, 

in practice, are normally fractional. The sensitivity func

tions integrals given in Table 7.8 and 7.9 show the system 

response is most sensitive to fractional changes in
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followed by which therefore require the highest setting 

accuracy. The system response is least sensitive to frac

tional changes in K ,K ,K ,K while K falls between the two4 b g s 1
categories.

The relative magnitude of the sensitivity function integrals

show that as far as logarithmic sensitivity is concerned, the

most influential signal on the system response is the voltage

behind sub-transient e^ and yet when the sensitivity function

Ox/9a) integral is considered, the most influential feedback

signal is the speed feedback signal. This is because the

speed feedback gain is small compared to the feedback gain of

e %  The next influential feedback signal is the speed feedback

signal and rotor angle signal while the least influential

signals are e" and e".d o

7.4 Conclusions

Dual mode controls requiring two controllers, one for a bang- 

bang mode and the other for a singular mode, can chatter be

tween one mode of control and the other when used for operating 

conditions different to those for which the dual mode control 

was derived.

An alternative form of dual mode control which avoids the

question of chattering has been used. This dual mode control

is a continuous feedback of system states where the control 

input is prevented from exceeding the input limit.

183



State feedback control produces more effective excitation 

control, since it furnishes the same first swing stability 

as the conventional AVR and also provides much more sub

sequent damping. It also offers better control of terminal 

voltage response.

Sub-optimal controls derived using simplified machine model 

remain sub-optimal when applied to the detailed system model. 

This shows that the simplified model is adequate for optimisa

tion studies. However, control derived using the simplified 

model should be checked using a detailed model.

Optimal controls derived using the linearised system model 

provide a substantial improvement in transient performance 

when applied to both the simplified and the detailed non

linear system model subject to a large disturbance. Also, 

the sub-optimal control optimised for a large disturbance 

produces a substantial overall improvement in both large 

and small signal responses. This latter result can be relied 

upon because the non-linear model is valid under large signal 

as well as small signal conditions.

Comparatively optimum results can be obtained by feeding back 

reduced set of state variables (6,Y,eM as those obtained by 

feeding back the full set of state variables (ô,Yje^,eJJ,e^).

Constraint of the input signal to a smaller value makes very 

little difference to the system response while constraint 

of the excitation voltage to positive values reduces the 

intrinsic capability of the excitation control.
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The most effective feedback signal in the optimal and sub- 

optimal controllers is the rotor speed feedback. Optimal 

control exhibit similar sensitivity characteristic as those of 

sub-optimal controls.
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CHAPTER 8 NONLINEAR FEEDBACK EXCITATION CONTROL

In general, optimal control for a non-linear system given 

by eqn (3.87) are some non-linear function of all the states, 

such that the optimal control u is given by

u = F(x(t)) (8.1)

This control function can be expanded into a Taylor series 

about the nominal point to give

_ 3F 
^ " 9x ax + 26x + higher order terms

uo o

(8.2) “
Thus an optimal control can be obtained by accounting for all 

the terms in the Taylor series. In the previous chapters, 

the sub-optimal control has been taken to be a linear com

bination of all or some of the states, which are basically 

the first order term in the Taylor series. In the following 

control studies, it is proposed to use a control input, which 

takes account of higher order terms in the Taylor series.

The control input is assumed to consist of first and second 

order terms of the Taylor series, making the control input 

non-linear. This non-linear control input may result in a 

better control over wide operating conditions which are not 

characteristic of the linear control inputs. Thus, assuming 

the control input consists of first and second order terms
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of the Taylor series, the control input voltage is 

given by

n n n
\ = Sat [ Z a. fix. + I a, fix. Z fix. | (8.3)

i=i ^ ^ i=i k 1 i=i

where k = n+1, n+2,...,(nC2 +2 n)

By employing non-linear controls such as those given above, 

it may be possible to obtain reasonably optimum controls 

when all the output variables are not available for feedback. 

In the investigation to follow the possibility of neglecting 

rotor angle feedback, such that the control input is a 

non-linear function of two output states, is investigated.

8.1 System Representation

In this investigation, the synchronous generator is repre

sented by a third order machine model described in Section 4.3 

basically for two reasons. Firstly the number of sensitivity 

equations are dependent on the order of the system and the

use of this model requires a smaller computer time. Secondly, 
81it has been shown that controls designed using third order 

machine model remain comparatively optimum when applied to 

higher order system. The controls derived will be applied 

to higher order system for their performance.

The excitation control system is the generalised excitation

control system with additional feedback signals as described

in Section 4, represented by the second order system given in
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Fig 4.6.

8.2 Performance Index

The performance index is given by 

T
A.Avf + A^ A6^ dt (8.4)

where A^ = 1, A^ = 10

The performance index is evaluated over 2.5 seconds.

8.3 Optimisation of System Performance

The transient performance of the single machine system is 

optimised by non-linear state feedback using the optimisation 

method described in Section 3.7. The sensitivity equations 

are derived from the system equations in the manner described 

in Section 2.2. The additional signal in the excitation 

control system is a non-linear function of the machine state 

variables such that

V. = V Sat[K(x)] 
1  max '

where K(x) = k A6 + k Ay + k Ae’ + k A6 Ay + k Ay Ae’
J. 2L V  4  O

+ k̂ Afi Ae’ + k A6^ + k^Ay^ + k Ae’^6 q 7 8 9 q

(8.5)

188



In the optimisation, the feedback gains are taken as the 

optimising parameters.

In order to evaluate the contributions made by feeding back 

all the states, optimisation was carried out for the control 

system using all the nine feedback gains as the optimising 

parameters. Optimisation runs were then taken to study the 

effect of eliminating rotor angle feedback.

8.3.1 Sub-optimal Excitation Control

A considerable number of optimisations were carried out to 

optimise the transient performance of the single machine 

system employing feedback of all the three states (6,p6,eM 

in a non-linear manner. The control input is given by 

eqn (8.5) and the performance index is given by eqn (8.4) 

with weighting factors of A^ = 1, A^ = 10 and the integral 

evaluated over 2.5 seconds. Three typical optimum results, 

controls RRl, RR2 and RR3 are shown in Table 8.1. Also 

shown in Table 8.1, for comparison is control RRO, which is 

the conventional AVR control. Control RRl was obtained by 

using a control input as a linear combination of all the three 

states while controls RR2 and RR3 were obtained using a control 

input as a non-linear function of all the states.

The transient response of the system fitted with controls 

RRO, RRl and RR2 are shown in Fig 8.1. Immediately after 

the fault inception, all the three controls force the exci

tation to positive ceiling and remain there till after the
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removal of the fault and all these controls produce the same 

first swing of rotor angle. From Fig 8.1a and 8.1b it may 

be observed that the control input voltage and field 

voltage, for the non-linear control RR2, are bang-bang 

for the first 1.5 seconds and restore steady-state within 

2.5 seconds. It may be observed from the rotor angle and 

slip speed curves, that control RR2 restores steady state 

before control RRl (linear control). The terminal voltage 

response shows that the non-linear feedback control has a 

slightly better response than that of linear feedback control. 

The generator output curves show that more power is trans

ferred after the fault by conventional control resulting in a 

large backswing.

The responses of the control system were also calculated using 

the detailed seventh order non-linear system and are shown in 

Fig 8.2. A comparison of response curves given in Fig 8.2 

with those given in Fig 8.1 shows that the use of detailed 

model introduces a 50 Hz oscillation in the generator output 

and terminal voltage and that the rotor angle is retarded 

initially. These are characteristics of the detailed model 

and are not present in the lower order models. The field . 

voltage response curve shows that it is more forcible, in 

fact, both optimum controls are bang-bang well beyond 1.5 

seconds and the negative field forcing after the 1.5 seconds 

has been increased which were not present in the response 

curves using the simplified model. The slip speed response 

curves show a distinct retardation of rotor and the non-linear 

feedback control, control RR2, restores steady-state well
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before the linear feedback control RRl. In spite of differences 

arising from different representation, the pertinent features 

of the response curves still remain and the comparison made 

on the response curves calculated using the simplified 

machine model also applies to response curves calculated 

using the detailed model.

8.3.2 Elimination of Rotor Angle Feedback

Previous investigations and a number of other optimisation 

studies indicated that the sensitivity function of the 

performance index with respect to rotor angle feedback gain 

is always small compared with that of speed feedback or 

voltage behind transient feedback gains. This suggested 

that the rotor angle is not very influential and it may be 

possible to eliminate rotor angle feedback without impairing 

the system performance significantly. Studies were made to 

investigate the effectiveness of eliminating rotor angle 

feedback and the possibility of obtaining sub-optimal exci

tation control using only the speed and voltage behind 

transient as feedback signals. The results of this investi

gation are given in Table 8.2.

In Table 8.2, control RR4 has been obtained by neglecting the 

feedback of rotor angle in control RRl while control RR5 is 

a feedback of speed and voltage behind transient and was 

obtained by optimising the performance of the system using 

control RR4 as the initial starting point. Similarly control 

RR6 has been obtained by neglecting the feedback of signals
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containing rotor angle feedback, in control RR3 and control 

RR7 has been obtained by optimising the performance of the 

system, using control RR6 as the initial starting point,

A comparison of the value of performance index of controls 

RRl, RR4 and RR5 shows that they all have comparable per

formance index values. In fact, control RR5 has a per

formance index value which is even less than that of control 

RRl and yet control RRl is an optimum control containing 

feedback of all three states. The reason for this is that 

control RR5 has feedback gains which are comparably higher 

than those of control RRl and saturates the field faster 

than control RRl. Similarly the values of performance index 

for controls RR2, RR7 are comparable to each other. However, 

the value of performance index of control RR6 shows that, 

when the feedback of rotor angle is neglected, the non-linear 

sub-optimal controls become less optimum and the value of 

performance index is comparably high. ‘Control RR8, has been 

obtained by optimising the performance index using Ay and 

e^ as feedback signals in a non-linear manner and using an 

arbitrary stating point.

The transient response of the control system using simplified 

model when controls RR5, RR2 and RR7 are applied are shown 

in Fig 8.3 and those using the detailed machine model are 

shown in Fig 8.4. From Fig 8.3 it may be observed that the 

field voltage response curves of the two non-linear controls 

RR2 and RR7 are very similar to each other and the field 

voltage response of the linear control RR5 is also very 

similar to that of control RRl shown in Fig 8.1a. The res-
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ponse curves show that it is possible to obtain comparably 

optimum controls by neglecting the rotor angle feedback.

8.4 Performance under varying conditions

In all the previous studies the performance of the single 

machine system has been optimised using state feedback for 

a particular set of operating conditions and parameter values. 

An optimum control derived for one operating condition and 

parameter values would be of little practical significance 

if it gave optimum performance only at that particular 

operating conditions and parameter values. It is important 

that such a control should remain optimum or near-optimum 

under a reasonably wide range of operating conditions and 

parameter values, i.e. the optimality of the system should 

not be too sensitive to the machine operating conditions and 

parameters.

An estimation of the transient stability performance can be 

obtained in one of several ways and these include response 

curves, critical clearing time curves and prefault-postfault 

impedance curves. In general, if the system is stable during 

the first swing, it is also stable during the subsequent 

swings. For this reason, in the early days of transient 

stability studies, it was customary to examine the first

swing only and draw conclusions from it, thus giving rise
y-to first swing stability. Critical clearing time curves and 

prefault-postfault impedance curves are basically first 

swing stability criteria, because they are based on the
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assumption that the machine would be stable if it survived 

the first rotor swing. However, in a present day power 

system, where the synchronous machines are fitted with a 

modern fast acting excitation system, there may be occasions 

when the first swing may indicate the system to be steady 

and yet rendering the system unstable. It is therefore of 

utmost importance, while studying such systems to use response 

curves and continue plotting the swings for an appreciable 

length of time to ensure the existence of stability of the 

system. Also the controls studied in this Chapter, as far as 

first swing is concerned, there is no improvement in the 

first swing by the sub-optimal control over the conventional 

AYR control and thus first swing stability criteria cannot 

be used in comparing the relative merits of the sub-optimal 

controls with that of conventional control. Thus response 

curves were found to be more suitable for these studies.

The results presented in this Section are based on the 

analysis of the response curves. Transient response curves 

furnish a general overall assessment of the system transient 

performance, including first swing stability and subsequent 

damping of oscillations. In using the response curves to 

estimate transient stability performance, the improvement 

in transient stability is assessed by the reduction in the 

peak of the first swing (if it exists) provided the subse

quent swings are damped out. When comparing two sets of 

controls in terms of transient stability performance the 

one producing the lower peak is considered more efficient. 

However, when the two first peaks are comparable the per
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formance will be judged by the amount of subsequent damping 

provided by each control,

8.4.1 Fault clearing time

The fault clearing time of a particular system is normally 

fixed by the protection and switching equipment, but may 

vary under some circumstances. In the previous study the 

control system has been designed on the ability of the 

generator to withstand a 3-phase short-circuit cleared under 

stuckbreaker conditions, i.e. a fault duration of 0.22 

seconds. It is desirable that the optimum control remain 

optimum when the circuit breaker fails to clear the fault 

in the set time. Fig 8.5 shows the transient response 

of the system with control RR8 compared with that of control 

RRO (conventional control) when the fault is cleared in 

0.14 seconds. As can be observed from Fig 8.5, the rotor 

angle response (Fig 8.5c) and terminal voltage response of 

(Fig 8.5b) optimum controls remain optimum when the fault 

clearing time is changed from 0.22 seconds to 0.14 seconds. 

By comparing Figs 8.5b and 8.5c with Figs 8.1a and 8.1b 

respectively it is observed that the response of the corres

ponding system are very similar, except the disturbance 

caused by a fault duration of 0.22 seconds is greater and 

can be observed from Fig 8.1. In the subsequent study in 

this Section a fault duration of 0.14 seconds has been used 

to assess the transient performance of the system with 

different controls.
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8,4.2 Initial Operating Conditions

In power system practice, turbo-generators are required to 

operate under varying conditions ranging from light load to 

full load and from lagging to leading power factors. It is 

important that the optimum controls derived for one set of 

loading conditions remain optimum when they are applied to 

the system operating under different loading conditions.

Fig 8.6a and 8.6b show the transient response of the rotor 

angle deviation (after a disturbance) for control RR8 compared 

to that of control RRO for the system operating at full load 

under lagging power factor of 0.95 and 0.9 respectively. By 

comparing these rotor angle curves with the corresponding 

curves of Fig 8.5 for unity power factor, it is observed 

that the optimum controls remain optimum where the power 

factor is changed from unity power factor to lagging power 

factor. The optimum control restores steady state in about 

2 seconds and the first swing for machine fitted with optimum 

control is slightly smaller than machine fitted with conven

tional control.

Operation under leading power factor conditions is more 

critical than at lagging power factor conditions. Fig 8.6c 

shows the rotor angle response when the machine is delivering 

an output power of 0.2 pu at 0.5 leading power factor. Again 

from Fig 8.6cjoptimum control remains optimum when the 

machine is operating at light loads in the leading power 

factor region. The stability margin at low power levels is 

greater than at high power level.
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8.4.3 Transfer Impedance

The optimum controls have been derived by assuming that the 

postfault transfer impedance is equal to the prefault 

impedance. In actual practice, however, the actual post

fault impedance may change and the optimum controls should 

remain reasonably optimum when the postfault transfer 

impedance is not equal to the prefault transfer impedance.

Fig. 8.7 shows the rotor angle deviations for system fitted 

with control RR8 and control RRO (conventional control) when 

the postfault transfer impedance is twice the prefault 

transfer impedance. By comparing the rotor angle curve, 

given in Fig 8.7 with that given in Fig 8.6 (prefault impe

dance equal postfault impedance) it is seen that the first 

rotor swing is a lot higher and the stability margin is 

reduced when the postfault transfer impedance is twice the 

prefault impedance. However, the optimum control restores 

the new steady state in about 2 seconds while conventional 

control is still oscillating. Again the first rotor angle 

swing for optimum control, control RR8, is smaller than that 

for conventional control. Therefore optimum control derived 

for equal prefault, postfault transfer impedance remains 

optimum when the postfault transfer impedance is twice the 

prefault impedance.

8.4.4 Machine Damping

In modelling of the synchronous generator the damping factor 

in the swing equation is difficult to determine accurately,
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Emperical values are often used to simulate this damping 

effect. It is therefore necessary that optimum controls 

still remain reasonably optimum when implemented on systems 

which have a damping factor different from that used to 

derive the optimum control. Fig 8.8 shows the rotor angle 

deviations of the system when the damping factor is changed 

from a value of 6 to a value of 12. By comparing this 

response with the response curve given in Fig 8.5 it is 

seen that as expected the stability margin is increased.

The change in damping factor therefore increases the optima

lity of the sub-optimal control.

8.5 Change of Optimum Feedback Gains

The effect of varying operating conditions and parameters on 

the optimum feedback gains is investigated in this section.

A detailed investigation is made on control RR8 described in 

Table 8.2 by re-optimising the control under varying operating 

conditions and the re-optimisation results are summarised in 

Table 8.3.

In Table 8.3 controls RRR. and RRIO to RR16 are obtained by 

optimisation under varying operating conditions using control 

RR8 as the initial starting point for the optimisation. 

Controls RRIO to RR12 are optimised for full load conditions 

while controls RR13-RR16 have been optimised for medium and 

light load leading power factor conditions. The value of 

performance index for control RR8 under the varying operating 

conditions is included in Table 8.3 for comparison.
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As can be seen, from Table 8,3, the optimum feedback gains 

are not very far from each other over a wide range of 

operating conditions in parameter space. The order of 

magnitude and sign of the feedback gains are the same 

except for in control RR14. This agrees with the 

earlier observation that a sub-optimal feedback control 

remains reasonably optimum under a wide range of operating 

conditions. The improvement in performance index by the 

re-optimised control over control RR8, is very small.

Table 8.4 describes the re-optimisation results when the 

fault clearing time is changed from 0.22 seconds to 0.14 

seconds with control RR8 used as the initial starting point. 

Again control RR17 is not very different from control RR8 

and the reduction in performance index value is marginal.

8.6 System Sensitivity

In this section, a sensitivity study of the single machine 

system with respect to the state feedback gain is made, 

where the control input is a non-linear function of states. 

Fig 8.9 shows the sensitivity functions of the rotor angle 

of the machine fitted with control RR2 (described in Table 

8.1) with respect to the feedback gains and Fig 8.10 shows 

the terminal voltage sensitivity functions. In Fig 8.9c and

8 .10c the sensitivity functions corresponding to feedback
, y

gain Kg have been scaled down by a factor of 10 for easier 

comparison. From Fig 8.9 and 8.10, it is seen that all the
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sensitivity functions are zero for about 0.4 seconds indica

ting there is nothing the excitation control can do to 

further improve the first rotor angle swing because the 

excitation is forced to ceiling immediately after fault 

inception for about the same interval of about 0.4 seconds. 

Excitation control becomes effective as soon as the exci

tation falls below the ceiling. By comparing the magnitude 

of the sensitivity functions it is seen that the rotor angle 

and terminal voltage response are more sensitive to varia

tions in the feedback gain Kg followed by K^ corresponding 

to the speed signal. On the whole the system response is 

least sensitive to changes in feedback gains corresponding 

to rotor angle and e^ which agrees with the previous study 

that the contribution made by rotor angle feedback towards 

transient performance is relatively small compared with 

that made by slip speed and e %

An alternative method of comparing system sensitivity is 

to compare the area under the corresponding sensitivity 

curves using the integrals of the absolute value of the 

sensitivity functions. Tables 8.5 and 8 . 6  show the respec

tive integrals of the rotor angle and terminal voltage 

sensitivity functions respectively for control RR0-RR8 

described in Table 8.1 and 8.2. Tables 8.4 and 8.5 show 

that the system response is most sensitive to feedback gains

of control RRO (conventional control) and least sensitive
•,yto those of optimised controls. The system response is most 

sensitive to speed feedback signal. When optimised controls 

are compared with each other they have comparable sensitivity
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characteristics. Control RRl (linear optimal control) has 

higher sensitivity when compared to the full non-linear 

control RR2 but is comparable. Controls RR7 and RR8 show 

that when feedback of rotor angle is neglected, it is still 

possible to obtain sensitivity characteristics comparable 

to controls containing all the three states.

8.7 Conclusions

Sub-optimal excitation control has been used to improve the 

transient performance of the single machine system, both in 

terms of first swing stability and subsequent damping. Sub- 

optimal excitation control is achieved by the feedback of 

system state variables in a non-linear manner.

Comparably optimum controls could be accomplished by neglecting 

the feedback of rotor angle. Although the contribution of 

rotor angle feedback towards transient performance is 

comparatively small, an optimum control incorporating feed

back of all the states would not, in general, remain optimum 

when the feedback of rotor angle is removed. Separate opti

misation should be carried out taking the feedback gains 

of the rest of the states as the optimising parameters.

Control design based on the third order machine model is 

adequate in terms of the response it gives for large dis

turbances.

Although the sub-optimal control is optimised at a particular 

set of operating conditions and parameters, it was found that
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the control furnishes substantial improvement in transient 

performance throughout the whole range of operating conditions 

considered. Furthermore the optimum control remains optimum 

when system parameters vary. The sub-optimal control consi

dered was when rotor angle feedback was not present.

Re-optimisation of controls under different operating condi

tions showed that the optimum feedback gains are not very 

far from each other in the parameter space.

The system response is most sensitive to variation of speed 

feedback gains and least sensitive rotor angle feedback gains. 

When rotor angle feedback is neglected the re-optimised 

controls exhibit comparable sensitivity characteristics as 

the full non-linear control.
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C H A P T E R  9 IMPLEMENTATION OF OPTIMUM CONTROLS

In this Chapter, theoretical results derived from the computer 

simulation studies are implemented on a micromachine model. The 

parameters for this micromachine model are given as Set 2 in 

Appendix A4.

Although there have been many studies^^ on the practical 

implementation of optimal controls on a micromachine system, 

many of these previous studies have fulfilled their prime 

objective of excitation control using an unrealistic represen

tation of the excitation system. Tight constraints of +5% on 

the termina] voltage for a range of steady state conditions 

requires a high gain in the forward path of the AVR and the 

presence of this high gain can lead to stability problems. The 

experimental studies reported here employ the required high 

forward gain of 200 in the AVR and the excitation system is 

represented by Fig 4.5 where the time constant T^ is 2 seconds.

The practical system used to implement optimum controls is the 

micromachine model system at Bath. This system is scaled on 

the parameters of the Pembroke Power Station. A full descrip

tion of the system is given by Martin^^ where, in the original 

system, all the feedback signals were generated using analogue 

transducers. The transient velocity signal was particularly 

prone to the presence of noise and all the feedback signals were 

very noisy once their steady state values had been backed off.

It was found that it was impossible to implement the full ana
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logue controller using the excitation system given by Fig 4.5.
8 7It was then decided to use a direct digital control using a 

minicomputer and a microprocessor in the feedback path and a 

basic summary of the control system is given below.

The basic arrangement of the control system is given in Fig 9.1. 

A minicomputer (PDP-11/20) and a microprocessor (Intel 8080) are 

employed in the feedback path. The microprocessor collects 

information from the transducers and manipulates it into a 

suitable form to transmit to the minicomputer. The minicomputer 

operates a control function on the transduced signals and sends 

the result back to the microprocessor which is applied to the 

input of the AVR. The transduced signals are generated in a 

digital form such that the problem noise is reduced.

The minicomputer also acts as a data logging system whereby the 

test results can be recorded in the computer in an on-line 

manner and then manipulated into a suitable form to be plotted 

on a graph plotter.
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9.1 Experimental Results

The performance of the micromachine system was optimised using 

the off-line optimisation techniques used in Chapter 7. The 

performance was optimised for the operating conditions given 

in Section 4.1, using a standard fault duration of J.40 ms. By 

optimising the performance of the system an optimum control was 

obtained and is given as

V. z -0.4613A6 + 0.0027AY - 0.564Ae'^ q

This control will be referred to as control 81.

The computer simulation response curves of the micromachine 

fitted with control SI are shown in Fig 9.2 where the response 

of the micromachine fitted with conventional control, denoted 

by SO, is also included. The practical response curves of the 

system when this control is implemented on the micromachine are 

given in Fig 9.3. From Fig 9.2 and 9,3, it can be seen that 

the optimum control produces a big improvement in the responses 

of the system both on the computer simulation and the actual 

practical system- With optimum control, the oscillations in 

the rotor angle are removed in about 2 seconds while machine 

fitted with conventional control is still oscillatory beyond 

5 seconds. The results obtained here are very similar to the 

results obtained in Chapter 7 and the comments made in Chapter 7 

also apply to these experimental results. A comparison of 

Fig 9.2 with Fig 9.3 shows that the tvjo sets of response curves 

are not identical but very similar. This is to be expected
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because the model used in the computer simulation studies is not 

an exact representation of the actual system. The model used 

for simulation is one which is close to the actual system both 

in the parameter space and structurally. The closeness of the 

two systems is determined by the accuracy of the parameter 

values used in the simulation studies. However, these results 

show that there is a close agreement between the simulation 

results and the actual practical results. They also show that 

controls designed using simpler modes are adequate for design 

purposes.

9.2 Change of Operating Condition

The sub-optimal control derived above would be of little prac

tical significance if it only gave optimum results for the con

ditions it was optimised for. The control should be capable of 

producing near optimum results when the operating conditions 

change. In this section the validity of this sub-optimum 

control is investigated using the actual practical system.

The response of the micromachine system fitted with the above 

controller, when the fault duration is increased from 140 ms to 

220 ms is shown in Fig 9.4, where the response of conventional 

control is also included. From Fig 9.4, it can be seen that

the optimum control remains optimum when the fault duration time

is increased from 140 ms to 220 ms. The response curves of

Fig 9.4 are very similar to the response curves of Fig 9.3

except the state deviations are larger.
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The response of the system when the system is operating under 

full load at lagging power factor is given in Fig 9.5 while 

the response of the system operating under full load at leading 

power factor conditions is shown in Fig 9.6. Again it can be 

seen that the optimum control remains optimum when the system 

is operating at lagging or leading power factor conditions. A 

comparison of responses of Fig 9.5 with those of Fig 9.6 show 

that when the system is operating under leading power factor 

conditions the disturbances induce large variation of states 

compared to the lagging power factor conditions.

9.3 Conclusions

Sub-optimal control derived using the computer simulation studies 

has been successfully applied to a practical micromachine system.

The results obtained from the practical system are in close 

agreement with the computer simulation results. These results 

show that it is possible to improve system performance using 

optimum controls as compared to conventional control.

The results also show that an optimum control derived for one 

set of operating conditions remains optimum when applied to a 

system operating under different operating conditions.
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C H A P T E R  1 0  CONCLUSIONS

Optimal control theory and sensitivity theory have been applied 

to the optimisation of the performance of a power system con

sisting of a synchronous generator connected to the infinite 

busbar through the transmission system. Sensitivity theory 

has been mainly used for the optimisation of the performance 

of the non-linear power system.

Dynamic sensitivity functions of states with respect to a system 

parameter, for both continuous and discontinuous systems, have 

been derived by differentiating the dynamic system equations 

with respect to the system parameter. This technique requires 

the solution of an additional system of differential equations 

which are of the same order as the system of dynamic equations. 

While the sensitivity functions for a continuous system are easy 

to solve, the sensitivity functions for a discontinuous system 

require the solution of equations involving impulse functions 

at the discontinuities. Although this impulse function at the 

discontinuity can be transformed into a change in the state 

sensitivity function, this can lead to difficulties when the 

time interval between one discontinuity and the next becomes 

comparable to the step length used in the integration routine.

In these circumstances, it is advisable to derive sensitivity 

functions using the difference method.

Inverse optimal control theory has been used to derive an 

optimal bang-bang control for linear system using a quadratic
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performance index and such an optimal bang-bang control has a 

switching function as a linear combination of states. However 

when the switching function becomes identically zero, for some 

time interval, the control input becomes singular and singular 

optimal control theory has been used to study the singular 

controls. Singular control theory transforms the singular 

control problem into a non-singular control problem using a 

number of singular transformations. These transformations also 

introduce eigenvalues at the origin, in both the open loop and 

closed loop system, which are considered to be unstable. It has 

been shown that the number of eigenvalues at the origin is 

determined by the rank of the control input matrix and the 

number of singular transformations. In the case of single input 

systems, there are the same number of eigenvalues as there are 

singular transformations. These eigenvalues at the origin can 

be shifted to any desired position by adding a portion of the 

switching function to the singular optimal control on the 

singular strip. This portion of switching function determines 

the stability of the system orthogonal to the singular strip.

Systematic methods have been used to optimise the performance of 

a non-linear dynamic system using sensitivity functions. By 

assuming that the optimal control is some function of all the 

system states and that a sub-optimal control can be obtained 

by a linear combination of all the system states, the optimum 

control problem is transformed into a parameter optimisation 

problem. The parameter optimisation problem is formulated as 

a function minimisation problem where an objective function 

representing the performance measure of the system is optimised
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with respect to the control input using sensitivity function 

formulation. This method averts the two point boundary value 

problem associated with optimal controls and this new method 

results in closed loop feedback control which is amenable to 

practical implementation. Another major advantage of this 

formulation is that the sub-optimal control can be assumed 

to consist of only the output variables and not of inaccessible 

states.

Optimisation methods have been successfully applied to the 

optimisation of the performance of a nonlinear power system using 

excitation control. As a non-linear function may acquire more 

than one minima, which may be an absolute or local minima in 

function space, it was found that the actual minimum point 

arrived at, and the rate of convergence, were largely influenced 

by the initial starting point for the optimisation procedure.

The design procedure adopted was to carry out several optimisa

tion studies to obtain several optima and those which met the 

requirement were selected.

Closed loop optimum controls were derived for a non-linear 

power system model subjected to a large disturbance. These 

closed loop controls were both bang-bang control and continuous 

state variable feedback control. In the case of bang-bang 

control, the switching function used was a linear combination 

of states, while in the case of continuous control, the control 

input was also a linear combination of states. Closed loop 

optimum controls produce more effective excitation control.

They have the same first swing stability as the conventional
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AVR, provide much more effective subsequent damping and offer 

better control of terminal voltage recovery after a 3-phase 

fault. Sub-optimal controls were derived both for systems 

which can and cannot reverse excitation and also when the input 

signal was constrained to smaller values. The capability of 

the excitation control was not effected when the input voltage 

constraint was severed but was reduced when the excitation 

voltage was constrained to positive values . It was also found 

that comparably optimum controls could be achieved by feedback 

of a reduced set of three machine states instead of feeding 

back the complete set of five states.

In the case of purely bang-bang controls, the control input 

consisted of a switching function which had isolated zeros.

When the system states approached their steady state values, the 

control input had a switching function which had zeros very close 

to each other and the control input began to chatter between its 

maximum and minimum values. This chattering mode is also known 

as singular mode control. It was felt that the problem of 

chattering could be avoided by using a dual mode control 

arrangement, whereby a continuous feedback control may be used 

whenever chattering takes place. A suitable dual mode control 

arrangement was found to be a continuous feedback of system 

states where the control input is limited.

An investigation was made into the optimal control of a single 

machine system. Optimal controls based on a linearised system 

model were derived using the singular optimal control theory.

The linear optimal controls furnish far better small-signal 

response than conventional control. The response curves and
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the eigenvalues indicate that almost all practical controls 

may be derived using the third order machine representation 

thereby avoiding the need to feedback inaccessible state 

variables.

It was also found that linear optimal control also makes a 

substantial improvement in transient performance under large- 

signal disturbance conditions. However, this result cannot 

be generalised because, in general, the linearised model used 

in the optimisation becomes inadequate under large signal 

conditions. It was found that both linear optimal controls 

and sub-optimal controls derived using the simple fifth order 

machine model remain optimum when applied to a seventh order 

machine model. This shows that the simplified machine model 

is adequate for optimisation studies.

Sensitivity analysis of the system, both with optimal and sub- 

optimal controls, shows that the system response is most 

sensitive to variations in the speed feedback gain and least 

sensitive to variations in feedback gains of the voltages 

behind subtransient reactances (e”, e^). In terms of logarith

mic sensitivity, the system states are most sensitive to 

fractional variations in the gain of the voltage behind tran

sient reactance (eM and speed feedback gain. Consequently 

these two gains should be set with the greatest accuracy. The 

system response, on the whole, is not very sensitive to 

excitation system parameters.

A final theoretical investigation was made into employing non

linear feedback control, using the third order machine model.
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This non-linear control fuynishep the same first swing stability 

as the conventional control and provides effective subsequent 

damping and offers better control of terminal voltage. It was 

found that comparatively optimum controls could be achieved by 

neglecting the feedback of rotor angle as opposed to feeding 

back all the three states. The non-linear controls derived 

using the third order machine model remain optimum when applied 

to the seventh order machine model. This shows, once again, 

that the simplified third order machine model is adequate for 

optimisation studies.

Although the sub-optimal non-linear control was optimised for a 

particular set of operating conditions and parameters, it 

furnished substantial improvement in the transient performance 

throughout the whole range of operating conditions considered. 

Furthermore, the optimum controls remain optimum when system 

parameters vary. The change in optimum gains with change in 

operating conditions and parameters in the neighbourhood of the 

nominal operating conditions and parameters is very small.

A sensitivity analysis showed that the system response is most 

sensitive to variation in the feedback gains corresponding to 

speed feedback signal.

Finally, the control derived using the computer simulation 

studies was applied to a micromachine system. The practical 

results were in close agreement with the theoretical results. 

These results also showed that a control derived for one set 

of operating conditions remains optimum when applied to a 

system operating under different operating conditions.
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APPENDIX Al

An impulse input to a control system at a given time t^ can be 

transformed into a change in the condition of state of time 

t z t^ given in eqn (2.20), as follows

Consider a control system described by the equations

X  =  f ( x , t )  + B(x,t) u(t) (Al.l)

Let there be a jump in control input u at t = t^ such that

u(tî) z U(t.) + U A(t-t.)1 1  1

The system of equations from t z to t z tT can be solved 

analytically and then numerical integration method may be 

employed outside the discontinuity.

Integrating equation (Al.l) it follows that

+ + +tzt. tzt. tzt.1 1  1

/  X dt z J f(x,t) dt + U f B(x,t) A(t-t^)dt
tzt. tzt. tzt.1 1  1

reduces to

tzt!1
x(tt) - x(t^) z J f(x,t)dt + U B(x,t^)

tzt.1
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t=tî1
Now Lim y  f(x,t) dt = 0

— + —t. t. t=t.
1 1  1

Therefore x(tî) = x(t^) + U B(x,t^)
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APPENDIX A2

Elements of the sub-matrices Ml to M4 for the linearised 

single machine system given by eqn (4.54) are as follows,

= ( ^ 3 where a .. = 
i-J 0 i = 1 ,2 , . . , 6

except a^2 - 1.0

^ 2 2
-

-Kd/MWo

^33 -

^36 = 1/T'do

^44 =

^53 =

-l/?do

* 6 6
= -1/T^

where b.. = 
1]

0 i = 1 ,2 , . . , 6

except b^g = -1/M

=
-(*d-*A)/7Ao

= (x -x")/T"q q qo
r

-(xA-%3)/Tdo

^61 - -K /T 
g 6

where c .. = 
1]

0 1— 1,2,..,6

except c^^ = Cos 6b 0

^31 = -V, Sin 6 b 0

% 4 = -1.0

C55 -1.0

^64 ^do

^65 iqo
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"4 = ii =
0 i = 1,2,..6

'̂ 11
r -ho

'*12
- h o

<*13
= Vqo

**22 z -1.0

^24
z

'*25
z - h

‘*33
Z -1.0

‘*34 =

'*35 z Rt

'*42 Z 1.0

-*44 z Ra

<*45 z -x"
q

-*53 z 1.0

^54 z h
-*55 z Ra

‘*64 z e" - (x"-x" do d q

'*65 z e" -(x"-x")iqo d q I

‘*66 z -1.0

qo

except Qg = -K /T

^2 ~ [#i] where 3^ = 0 i = 1,2,..,6
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APPENDIX 3

Steady State Calculation for CWR Machine

Specified steady state conditions

Machine terminal voltage, V_̂  = 1 pu 

Power at infinite busbar, P^ = 0.85 pu 

Power factor angle at infinite busbar cf)

Generator current, I = FL/V. cos cf),b b b

0
(A3.1)

From the steady state phasor diagram, given by Fig A3.1

= (V,+IR ,cos({),+Ix sincj) + (Ix cos(}),-IR̂ sine}). (A3.2)t D t D t b  t b L D

From eqn (A3.1) and (A3.2), is given by

-(2u-V^) + /{(2u-v2)2 _ 1/2
(A3.3)

where u = P.R_ + x tan^^P.b t t b b
and V = x.P - R tan^ Pt b t b b

The angle between and V^, 0, is given by

_ IXcos^ - IR sin^
0 = sin ^ — i ---- !:----5.

Power factor angle at machine terminal, + 8
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Angle between and , a, is given by

- Ix cos6_ - IR sin^^_ -1 q t_____a t
“ V + IR cos* + Ix sin*^t a ^t q t

Rotor angle, 6 = a + 0

Then V . = V. sina d t
V = V C O s aq t
I, = Isin(6 + * ) d b
I = Icos(6 + *, ) q b

h  r b d  ■ r ^fd^f " \d^f " *d*dtd tu

Power at machine terminal = V^Icos*^
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APPENDIX A4

The machine and system data for the single machine system 

used in this investigation are listed in this Appendix.

Two sets of machine data have been used, one extensively 

in all studies while the other in some studies to confirm 

certain general conclusions and belongs to the micro

machine model at the University of Bath simulating Pembroke 

Power Station. In the following list, unless otherwise 

stated, all values are in pu, except time constants which 

are in seconds.

Generator Rating 588 MVA ; 500 MW (rated p.f. 0.85)

22 kV 

3000 rpm

Parameter Set 1 Set 2

R 0.002 0.0079a
2.8 2.8

h 0.32 0.361

h 0.23 0.18

X 2.7 2.72
q

x" 0.23 0.2202
q

0.8 0.94

■Pit
d 0.03 0.014

I’ll 0.0835 0.1155qo

^d 6 .0 6.0

M 0.0284 0.0284
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Excitation System Parameters

K 200
g
T 0.5
g
K 0.035s
T 0.5s

fmax 6.867

-6.867fmin

Generator Transformer Parameters

R 0.0049X
X  0.1568X

Transmission Line Parameters

R^ 0.00794

Xi 0.10857

221



REFERENCES

1. CRARY S.B.: "Power System Stability", Vol 1, John Wiley,

NY, 1954.

2. KIMBARK E.W.: "Power System Stability", Vol 1 and 3, John

Wiley, 1948 and 1956.

3. BRUCK R.W. and MESSERLE H.K.: "The Capability of Alterna

tors", Proc lEE, Vol 102(a), 1955, pp 611 - 618.

4. DINELEY J.L. and KENNEDY M.W.: "Concepts of Synchronous

Generator Stability", Proc lEE, Vol 111, 1964, pp 95 - 97.

5. JACOVIDES L.J. and ADKINS B .: "Effect of Excitation Regula

tion of Synchronous Machine Stability", Proc lEE, Vol 113, 

1966, pp 1021 - 1034.

6. DANDENO P.L., KARAS A.W., McCLYMONT K.R. and WATSON W.:

"Effect of high speed excitation systems on generator 

stability limits", IEEE Trans, Vol PAS-87, 1968, p 190.

7. ALDRED A.S. and SHACKSHAFT G.: "The effect of Voltage

Regulation on the Steady State and Transient Stability of 

Synchronous Generator", Proc lEE, Vol 105A, 1958, p 420.

8. SHIER R.M. and BLYTHE A.L.: "Field Tests of Dynamic

Stability using a Stabilising Signal and Computer 

Program Verification", Trans IEEE, PAS-87, 1968, pp 315 - 

322.

222



9. HUGHES P.M.: "Improvement of Turbogenerator Transient

Performance by control means", Proc lEE, Vol 120, 1973, 

pp 233 - 240.

10. SULLIVEN A.C. and YEE H.: "Fast Governing of Turbo

generators during Transients", Proc lEE, Vol 120, 1973, 

pp 371 - 378.

11. CUSHING E.W., DRECHSLER G.E., KILLGOAR W.P., MARSHAL H.G.

and STEWART H.R.: "Fast valuing as an aid to Power

System Transient Stability and prompt resynchronisâtion 

and rapid reload after full load rejection". Paper 

71T P705 - PWR presented at 1971 lEEE-ASME Power 

Generation Conference, St Louis, Mo, Sept 19-23, 1971.

12. AANSTAND O.J. and LOKAY H.E.: "Fast valve control can

improve Turbine Generator Response to Transient Distur

bances", Westinghouse Engineer, July, 1970.

13. ELLIS H.M., HARDY J.E., BLYTHE A.L. and SKOOGLUND J.W.:

"Dynamic Stability of the Peace River Transmission 

System", Trans IEEE, PAS-85, 1965, pp 586 - 600.

14. DINELEY J.L., MORRIS A.J. and FREECE C.: "Optimised

Transient Stability from Excitation Control of Synchro- 

nouse Generators", Trans IEEE, PAS-87, 1968, pp 1696 - 

1705.

15. WILSON A.T. and PORAY A.T.: "Comparison of Methods of

Improving the Transient Performance of Power Stations", 

System Technical Planning Report No PL-ST/3/73, CEGB.

223



16. 0’KELLY D. and MUSGRAVE G.: "Improvement of Power System

Transient Stability by Phase-Shift Insertion", Proc lEE, 

Vol 120, 1973, pp 247 - 252.

17. ANDERSON J.H.: "The Control of Synchronous Machines using

Optimal Control Theory", Proc IEEE, 1971, Vol 59, pp 25 -

35.

18. YU Y.N. and SIGGERS C .: "Stabilisation and Optimal Control

Signals for a Power System", Trans IEEE, PAS-90, 1971, 

pp 1469 - 1481.

19. YU Y.N., VONSURIYA K. and WEDMAN L.N.: "Application of an

Optimal Control Theory to a Power System", Trans IEEE, 

PAS-89, 1970, pp 55-62.

20. RAMAN S. and KAPOOR S.C.: "Synthesis of Optimal Regulator

for Synchronous Machine", Proc lEE, Vol 119, 1972, 

pp 1383 - 1390.

21. HUMPAGE W.D., SMITH J.R. and ROGERS G.J.: "Application of

Dynamic Optimisation to Synchronous Generator Excitation 

Controllers", Proc lEE, Vol 120, 1973, pp 87 - 93.

22. RAMAMOORTY M., ARYMUGAM M.: "Design of Optimal Constant

Output Feedback Controllers for a Synchronous Machine", 

Proc lEE, Vol 119, 1972, pp 257 - 260.

23. DAVISON E.J. and RAU N.S.: "The Optimal Output Feedback

of a Synchronous Machine", Trans IEEE, PAS-90, 1971, 

pp 2123 - 2134.

224



24. RAINA V.M., ANDERSON J.H., WILSON W.J. and QUINTANA V.H.:

"Optimal Output Feedback Control of Power Systems with 

High-Speed Excitation Systems", Trans IEEE, PAS-95, 1976, 

pp 677 - 686.

25. IYER S.N. and CORY B.J.: "Optimisation of Turbo-generator

Transient Performance by Differential Dynamic Programming", 

Trans IEEE, PAS-90, 1971, pp 2149 - 2157.

26. IYER S.N. and CORY B.J.: "Optimal Control of a Turbo

generator including an Exciter and Governor", Trans IEEE, 

PAS-90, 1971, pp 2142 - 2148.

27. MUKHOPADHAYA B.K. and MALIK O.P.: "Optimal Control of

Synchronous Machine Excitation by Quasi-linearisation 

Techniques", Proc lEE, 1972, Vol 119, pp 91 - 98.

28. ELMETWALLY M.M., RAU N.D., MALIK O.P.: "Experimental

results on the Implemetation of an Optimal Control for 

Synchronous Machines", Trans lEE, PAS-94, 1975, pp 1142 - 

1200.

29. RAJAGOPALAN A. and HARIHARAN M.V.: "Bang-Bang Excitation

Control", Trans IEEE, PAS-93, 1974, pp 703 - 711.

30. KELLY D.H. and RAHIM A.A.: "Closed Loop Optimal Excita

tion Control for Power System Stability", Trans IEEE, 

PAS-90, 1971, pp 2135 - 2141.

31. REITAN D.K. and RAU N.R.: "A method of improving Transient

Stability by Bang-Bang Control of Tie-line Reactance", 

Trans IEEE, PAS-93, 1974, pp 303 - 311.

225



32. YOUSIF S.M.: "Dynamic Optimisation of Power-Systems",

Paper C72 238-9, presented at IEEE Winter Meeting, New 

York, Jan 30-Feb 4, 1972.

33. JONES G.A.: "Transient Stability of a Synchronous Genera

tor under conditions of Bang-Bang Excitation Scheduling", 

Trans IEEE, PAS-84, 1965, pp 114 - 121.

34. SMITH O.J.M.: "Optimal Transient Removal in a Power System",

Trans IEEE, PAS-84, 1965, pp 361 - 374.

35. DINELEY J.L. and MORRIS A.J.: "Synchronous Generator

Transient Control: Part II - Theory and Evaluation of 

New Control Techniques", presented at 

Boston, Mass, May 24 - 26, 1971.

36. BODE H.W.: "Network analysis and feedback amplifier

design". Van Nostrand, Princeton, New York, 1945.

37. KOKOTOVIC P.V. and RUTMAN R.S.: "Sensitivity of Automatic

Control Systems (Survey)", Auto Rem Conf, 26, 196 5, pp 

727 - 749.

38. SOBRAL M. Jr.: "Sensitivity in Optimal Systems", Proc IEEE,

56, 1968, pp 1644 - 1652.

39. NGO N.T.: "Sensitivity of Automatic Control Systems

(Review)", Auto Rem Conf, 32, 1971, pp 735 - 762.

40. CRUZ J.B. Jr. (Editor): "System Sensitivity Analysis",

Dowden Hutchinson & Ross Inc 1973.

226



41. LAUGHTON M.A.: "The use of Sensitivity Analysis in the

Design of Generator Excitation Control", The 2nd Power 

System Computation Conference, June 27 - July 1, 1966, 

Stockholm, Sweden.

42. KASTURI R. and DORARAJU P.: Sensitivity Analysis of

Power Systems", Trans IEEE, PAS-88, 1969, pp 1521 - 1529.

43. ELMETWALLY M.M. and RAU N.D.: "Sensitivity Analysis using

second method of Liapunov", Electronic Letters Vol 7, 

1971, No 20, pp 622 - 624.

44. ZOHDY M.A., QUINTANA V.H., APLEWICH J.D. and ANDERSON J.H.:

"Performance Sensitivity Analysis and Design of Alter

nator Excitation Control", paper presented at IEEE PES 

Summer meeting, Portaland, Ore, July 18 - 23, 1976.

45. LEE Y.B.: "Sensitivity and Optimal Control Studies of

Power Systems", PhD Thesis, University of Bath, Aug 1975

46. SHACKSHAFT G .: "General Purpose Turbo-alternator Model",

Proc lEE, Vol 110, 1963, pp 703.

47. HUMPAGE W.D. and SAHA T.N.: "Digital computer methods in

Dynamic Response Analysis of Turbogenerator Units",

Proc lEE, Vol 114, 1967, pp 1115.

48. ROGERS G.J. and SMITH J.R.: Synchronous-machine model

including Eddy currents", Proc lEE, Vol 120, 1973, 

pp 461 - 468.

227



49. PAL M.K.: "Mathematical Methods in Power System Stability

Studies", PhD Thesis, University of Aston in Birmingham, 

Dec 1971.

50. SHACKSHAFT G. and NEILSON R.: "Results of Stability Tests

on an under-escited 120 MW Generator", Proc lEE, Vol 119, 

1972, pp 175 - 188.

51. DINELEY J.L. and MORRIS A.J.: "Synchronous Generator

Transient Control: Part I - Theory and evaluation of 

Alternative Mathematical Models",

52. DANDENO P.L. and KUNDUR P.: "Stability Performance of

555 MVA Turbo-generators - Digital Comparisons with 

Systems operating tests", Trans IEEE, PAS-93, 1974, 

pp 767 - 776.

53. SPEEDY C.B., BROWN R.F. and GOODWIN G.C.: "Control Theory:

Identification and Optimal Control", Oliver and Boyd, 

Edinburgh 1970.

54. LA SALLE J .: "Contributions to the Theory of Non-linear

Oscillations", Edited by Lefschetz S., Vol 5, Princeton 

University Press, Princeton, 1960.

55. FULLER A.T.: "Relay Control Systems Optimised for Various

Performance Criteria", Proc IFAC Congress, Moscow, Vol 1, 

1960, pp 510 - 519, Butterworths 1961.

56. WONHAM W.N., JOHNSON C.D.: "Optimal Bang-Bang Control with

Quadratic Performance Index, J Basic Eng, ASME, Vol 86, 

1964, pp 107 - 115.

228



57. BASS R.W. and WEBBER R.E.: "On Synthesis of Optimal Bang-

Bang Feedback Control Systems with Quadratic Performance

Index", Proc 6th JACC 1965, pp 213 - 219.

58. JOHNSON C.D.: "Singular Solutions in Optimal Control

Problems - Advances in Control Systems", edited by 

Leondes C.T., Vol 2, pp 279 - 316, Academic Press NY 1965.

59. ROHRER R.A. and SOBRAL M .: "Optimal Singular Solutions of

Linear Multi-input Systems", Trans ASME J Basic Eng

1966, pp 323 - 328.

60. SIRISENA H.R. : "Optimal Control of Saturating Linear Plants

for Quadratic Performance Indices", Int J Control 1968, 

pp 65 - 87.

61. MOYLAN P.J. and MOORE J.B.: "Généralisâtions of Singular

Optimal Control Theory", Automatic 7, 1971, pp 591 - 598.

62. MOORE J.B.: "The Singular Solutions to a Singular Quadratic

Minimisation Problem", Int J Control, Vol 20, 1974, pp 

383 - 393.

63. BELL D.J.: "Singular Optimal Control Problems", Academic

Press, London 1975.
»

64. KALMAN R.E.: "When is a Linear Control System Optimal?",

Trans ASME, J Basic Eng Series D, pp 1 - 10, 1964.

65. DENN M.M.: "Optimisation by variational methods", McGraw-

Hill, New York, 1969.

229



66. ANDERSON B.D.O. and MOORE J.B.: "Linear Optimal Control",

Prentice Hall, Eaglewood Cliffs, NY, 1971.

67. KLEINMAN D.L.: "On an iterative technique for Riccati

Equation computations", Trans IEEE, Vol AC-13, pp 114 - 

115, 1968.

68. KLEINMAN D.L.: "An Easy way to stabilise a Linear Constant

System", Trans IEEE, Vol AC-15, pp 692 - 693, 1970.

69. SANDELL N.R. Jr.: "On Newton's Method for Riccati Equation

Solution", Trans IEEE, AC-19, pp 254 - 25 5, 1974.

70. BASS R.W.: "Lecture Notes on Control Synthesis and Opti

misation", presented at NASA Langley Research Center, 

Hampton, Va, Aug 21 - Sept 1, 1961.

71. ARMSTRONG E.S.: "An extension of Bass' Algorithm for

Stabilising Linear Continuous Constant Systems", IEEE

Trans, Vol AC-20, pp 153 - 154, 1975.

72. ROSENBROCK H.H.: "An Automatic Method for Finding the

Greatest ot Least Value of a Function", Comput J, Vol 3, 

1960, pp 175 - 184.

73. BOX M.J., DAVIES D. and SWAN W.H.: "Nonlinear Optimi

sation Techniques", Oliver and Boyd, 1969.

74. GILL P.E. and MURRAY W.: "Quasi Newton Methods for Un-

constrined Optimisation", J Inst Maths Applies, Vol 9, 

1972, pp 91 - 108.

230



75. PARK R.H.: "Two-reaction theory of synchronous machines:

Generalised methods of Analysis - Part 1", Trans AIEE, 

1929, Vol 48, pp 716, part 2, 933, Vol 52, pp 352.

76. PARK R.H.: "Definition of an Ideal Synchronous Machine

and Formula for the Armature flux linkages", Gen Elect 

Rev, 1928, Vol 31, pp 332.

77. RANKIN A.W.: "Per Unit Impedance of Synchronous Machines",

Trans AIEE, 1945, Vol 64, p 569, part 2, p 839.

78. ADKINS B.: The General Theory of Electrical Machines",

Chapman and Hall, 1957.

79. DAVISON E.J. and MONRO D.M.: "A Computational Technique

for finding Time-Optimal Controls of Non-linear Time 

Varying Systems", JACC, 1969, pp 270 - 280.

80. ROSENBROCK H.H.: "An Automatic Method for finding the

Greatest or Least Value of a Function, Comput J, Vol 3,

1960, pp 175 - 184.

81. DANIELS A.R. and DAVIS D.H.: "Suboptimal Excitation Control

and Governing of Turboalternators", presented at 12th 

UPEC, Brunei University, 2o-22 April 1977.

82. MOYA O.E.O and CORY B.J.: "On-line Control of Generator

Transient Stability by Minicomputer", Proc lEE, Vol 124, 

1977, pp 252.

231



83. NEWTON M,E, and HOGG B,W,; ''Optimal Control of a Micro-

Alternator System", Trans IEEE, PAS-95, 1976, pp 1822,

84. ANDERSON J.H. et al: "A Practical Application of Optimal

Control using a Microalternator", IEEE PES Summer 

Meeting, 1976.

85. ELMETWALLY M.M., RAO N.D. and MALIK O.P.: "Experimental

Results on the Implementation of an Optimal Control for 

Synchronous Machines", Trans IEEE, Vol PAS-94, 1975, 

pp 1192.

86. MARTIN M.A.: "Micromachine Studies of Power Systems",

MSc Thesis, University of Bath, 1973.

87. BURROWS P.J.: "Direct Digital Control of a Micromachine

Model Power System", PhD Thesis, University of Bath, 1977

232



A C K N O W L E D G E M E N T S

The author would like to thank Mr A R Daniels, Senior Lecturer 

in the School of Electrical Engineering, for his continuous 

encouragement and under whose supervision this work was carried 

out.

The author would like to thank Professor K V Diprose for the 

valuable discussions and the helpful guidance. The author would 

also like to thank fellow research students in the School, for 

their useful help and discussions, particularly Mr D H Davis 

and Mr P J Burrows.

Financial support from the Science Research Council is gratefully 

acknowledged, without which this work would not have been possible,

Finally, the author would like to thank all the staff in the 

computer centre for their full co-operation and assistance in 

running of the computer programs.

233



Control Switching Gains Value
No s. s.. s. of

1 2 3 4 5 PI
AO 0.0 0.0 0.0 0.0 0.0 6.75
Al -1.0 1.547 -12.24 -4.185 -11.49 4.997
A2 -1.0 1.111 -12.18 -7.009 -4.485 5.002
A3 -1.0 2.86 -35.54 -5.71 -1.656 5.019

Table 5.1

Control Switching Gains Value
No s. s_ s.. s. Sr of

1 2 3 4 5 PI
B1 -1.0 1.547 -12.24 -4.185 -11.49 4.997
B2 -1.0 1.547 -12.24 0.0 0.0 5.347
B3 1.0 1.558 -20,38 0.0 0.0 4.999
B4 1.0 1.6 -21.06 0.0 0.0 5.00
B5 1.0 1.59 -20.81 0.0 0.015 4.999

Table 5.2



Control Switching Gains Value
No s. S_ s„ s. of

1 2 3 4 5 PI

PO 0.0 0.0 0.0 0:0 0.0
PI 1.0 2.83 -33.79 -0.639 -0.369 5.15
P2 1.0 2.83 -33.79 0.0 0.0 5.16
P3 1.0 0.903 -11.48 0.0 0.0 5.13
P4 1.0 0.84 -10.69 0.0 0.0 5.13
P5 1.0 0.95 -12.57 0.203 0.157 5.13

Table 5.3

Control Switching Gains Value
No =1 =2 =3 ®4 = 5

of
PI

Cl -1.0 1.547 12.24 -4.185 -11.49 5.14
C2 -1.0 0.795 -8.32 -2.75 -7.71 5.054
C3 1.0 1.558 -20.38 0.0 0.0 5.14
C4 1.0 1.224 -20.41 0.0 0.0 5.07

Table 5.4
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Control
No

Feedback Gains Value
of
PIKl %2 *3 %4 K5

NAl -2. 914 0.6039 -7.747 0.675 0.0900 6.024
NBl -2.914 0.5009 -7.747 0.0 0.0 5.945
NB2 0.45 2.239 -31.84 0.0 0.0 5.033
NA2 -2.1 1.0 -12.49 -7.13 -5.55 5.028
NB3 -2.1 1.0 -12.49 0.0 0.0 5.232
NB4 0.754 3.51 -48.06 0.0 0.0 5.028

TABLE 7.3

Control Feedback Gains Value
of
PINo Kl *2 *3 S

NCl -2.914 0.6084 -7.747 0.575 0.0988 5.307

NC2 -1.457 0.60 -9.169 -4 .-535 -1.70 5.06

NC3 -2.1 1.0 -12.49 -7.13 -5.55 5.071

KC4 -2.415 0.90 -12.50 -7.07 -5.52 5.0*t8

KC5 0.45 2.239 -31.84 0.0 0.0 5.104

NC5 -1.193 2.028 -31.92 0.0 0.0 5.053

TABLE 7.4

Control Feedback Gains Value
No Kl "2 %3 *5

or
PI

NDl -2.914 0.608U -7.747 0.575 0.0988 5.365

ND2 -1.19 0.418 -0.58 -1.265 -0.902 5.188

ND3 -2.1 1.0 -12.49 -7.13 -5.55 5.237

ND4 -2.917 0.822 -12.51 -7032 -5.45 5.173

ND5 0.45 2.239 -31.84 0.0 0.0 5.312

ND6 -2.125 1.556 -32.0 0.0 0.0 5.186

ND7 -3.52 1.136 -11.56 0.04 -2.42 5.264

TABI£ 7.5
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