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ABSTRACT 

Static and fatigue properties are important factors when developing design rules to 
optimize the reduction of damage in the middle of a composite component loaded 
under a three point bending test.  
 
The progressive damage which occurs in a composite laminate during fatigue will 
affect the mechanical properties of the component to an extent which depends on 
the material type and lay-up of the composite and on the mode of testing. By 
choosing an appropriate combination of ply materials and ply stacking sequence for 
the composite laminate, a better static condition, as well as better fatigue behavior 
of the component is expected under in-service conditions. 
  
In order to minimize the through-thickness damage in the middle of a composite 
laminate under a short beam shear test, the present work focuses on determining 
the best stacking sequence, combining two different materials through-thickness of 
a composite component. The use of an algorithm that has been created to run all 
possible combinations of angles and materials was the key to finding the best 
stacking sequence for a composite component. Through the optimization method, 
two different hybrid laminate lay-ups were obtained for a maximum of 40% of glass 
plies within a composite laminate. The laminates developed through the algorithm, 
which are, the Hybrid Design 1   0C /  45C /  45  /  45C   and 

Hybrid Design 2  0  /  45  /  90C /  45  /  90C , have shown that 
the best ply orientations to minimize the damage in the middle of a composite 
component occur when the value of the variable angle θ in θ plies has a maximum 
value of 90 degrees. The algorithm used showed that best laminates were obtained 
when glass plies were not used as the central plies in a glass/carbon composite 
laminate, with a maximum 40% of glass plies. 
  
Static and fatigue tests were performed on both hybrid designs and on a quasi-
isotropic composite laminate ( 0/45/90/ 45 ) made of carbon plies. The results 
of the static and fatigue tests have demonstrated that the best design, giving the 
best static and fatigue behavior is the Hybrid Design 1. Also, it has been 
demonstrated through experimental tests that 90 degree plies within a composite 
laminate subject to a three point bending condition will cause the component to be 
weaker in terms of fatigue and static properties due to the tendency to develop 
inclined cracks in the through-thickness direction on the 90 degree plies of the 
composite laminate, causing delamination and loss of stiffness of the component.   
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ACRONYMS AND DEFINITIONS 
 

 
LIST OF ABREVIATIONS: 
 
3PB Three point bending tests which uses a wider distance between the 

support rollers in regards to the SBS test, these tests also require a 
longer specimen than the one used in a SBS test. 

ABD Matrix ABD matrix given by the constitutive equation which represents the 
bending and stretching coupling terms, and the coupling between 
normal stress, shearing and twisting deformation. 

CDS Characteristic damage state. 
CLPT Classical laminate plate theory. 
CT Computerised tomography. 
ILSS Interlaminar shear strength. 

ILSSApparent Interlaminar shear strength based on the standard D2344/2344M 
(2006) and BS14130:1998 (2004) 

ILSSFE Interlaminar shear strength based on the finite elements model. 

ILSS2-D Interlaminar shear strength in accordance with the equation (99).  

ILSSReddy Interlaminar shear strength in accordance with the equation (80). 

ISS Interlaminar shear stress for any load applied below the ultimate 
load. 

N.A. Neutral Axis. 
NLR National aerospace laboratory of the Netherlands. 
SBS Short beam shear. 
S-N curve Fatigue curve. S means stress, and N means number of cycles 
Static Fatigue ISS Static fatigue interlaminar shear strength. 
Static ISS Static interlaminar shear strength. 
TTSS Through-thickness shear stress. 
UD Unidirectional. 
 
 

 

LIST OF ALGORITHM VARIABLES: 
 

 Minimum value for angle    
_  Minimum value for angle    
 Maximum limit for angle     
_  Maximum limit for angle   
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 Increment on the angle   
_  Increment on the angle   

 Ply angle chosen by the user to be fixed during the execution of the 
algorithm 

 Interlaminar shear strength of ply j (   ) 
anglecomb Instruction to be typed in the command window of Matlab to get the 

total amount of angle combinations for a determined input. 
 

_  Number of angles chosen by the user to be run. 
 

 % Minimum percentage required within the laminate for each angle 
chosen.            
    

base number 
 

Number of base angles_  ( i.e. if angles_ 2, the number will be 
based in a binary format). 

'C' Carbon ply. 
dtotal Sum of all values equal to D j  which belongs to the ply (j). 

 Young modulus of each ply. 
 

  Young modulus of the fibre without the resin (matrix) surrounding it. 
  

  Young modulus of the matrix. 
 

 Young modulus of each single ply (equal to E j ). 
 

 Young modulus of the fibre without the resin (matrix) surrounding it 
(for each single ply will be equal to E j ). 

 Young modulus of the matrix (equal to E  j ). 

 Young modulus in the second direction of each single ply  
(equal to E j ). 

 Young modulus in the x principal of the laminate for each single ply 
(in accordance with the Rule of Mixtures). 

 Young modulus in the x direction of the laminate in accordance with 
the Rule of Mixtures ( equal to E L  ). 

'G' Glass ply. 
 

 %   Variable that defines the maximum percentage of glass plies within 
the laminate. 

 Extensional stiffness component of x direction of the composite 
laminate ( A j ). 
 

 In the algorithm this variable represents:   A j  
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loadapplied Load to be inputted by the user. 

 Thickness of each ply. 
 

 Number of solutions given by the algorithm. 
 

p Load per unit width. 

_  Number of plies that the laminate has. 
Py=qq Half of the total load input by the user in accordance with Young & 

Budynas (2002), section 8.17; table 8.1 - case 1c (for a right and 
left end simply supported). 

t carbon Thickness of the carbon ply (average). 
t glass Thickness of the glass ply (average). 
totalthick Sum of all the ply thicknesses along the thickness of the laminate. 

  Volume fraction of the fibre. Dimensionless parameter. 
 

  Volume fraction of the fibre. Dimensionless parameter. 
 

_  Matrix volume fraction average. 

width  Width of the composite laminate to be input by the user. 

ydistance  Dimension taken from the middle plane of the symmetric laminate 
up to the top of each ply. 
 

 
 

 

LIST OF SYMBOLS: 
 
Material Properties: 
  

Subscriptions 1,2,3 The subscriptions 1,2,3 denote the material principal axes. 

 Factor used in the Timoshenko's equation (166). 

 reinforcing efficiency for each group of fibres (rule of Mixtures). 

 Material strain. 
 Strain in principal direction of the ply which is parallel to the fibre. 

 Effective strain of the material, which is given by the ratio between 
the initial length of the component and the final length just before 
the failure of the material due to the ultimate load (ε ∆L

L
 ) . 

 One dimensional stress 

   Maximum stress that a material can withstand under tensile load 
before failing or breaking. 
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   Maximum stress that a material or structural member can withstand 
under bending loading conditions. 

   Maximum stress that a material can withstand under compressive 
loading. 

  Principal stress in direction x of the stress element which is within a 
ply. 

 Principal stress in direction z of the stress element which is within a 
ply. 

 In plane (on the lamina) shear stress. 

 Through-thickness shear stress. τ  will be equal to ILSS when 
the variable P is equal to the ultimate load. 

 ;   Maximum shear stress on the z-x plane of a stress element that is 
within a composite ply 

 Proportion of total fibre content 
 Sum of values D j  which belong to the ply (j) (equal to the 

variable dtotal, which was used in the algorithm). 
E Young’s Modulus 

 Composite modulus  

 Longitudinal modulus of the fibre (without resin surrounding the 
fibres) 

 Resin (matrix) Young’s Modulus 

 Longitudinal Young’s Modulus  

   
 F  

   Young's Modulus in the x system's axis direction an orthotropic 
composite ply subjected to an uniaxial loading at 45 degrees to 
the 1 direction  (see Figure 32)  

   
 F  

 Young's Modulus in the y  system's axis direction of an orthotropic 
composite ply subjected to an uniaxial loading at 45 degrees to 
the 1 direction  (see Figure 32) 

 Transverse Young’s Modulus 

 Through-thickness Young’s Modulus 
 

 Tensile load applied on a single orthotropic ply. The tensile load
F  does an angle of 45 degrees in regards to the fibre direction of 
the orthotropic ply. 
 

 Longitudinal / transverse shear modulus 

 Transverse / through-thickness shear modulus 
 Longitudinal / through-thickness shear modulus 
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 Poisson’s ratio for transverse stress from longitudinal stress 

     
 F  

 Poisson's ration in the x-y plane of an orthotropic composite ply 
subjected to an uniaxial loading at 45 degrees to the 1 direction  
of the  (see Figure 32) 

 

 Poisson’s ratio for through-thickness stress from transverse stress 

 Poisson’s ratio for longitudinal stress from transverse stress 

     
 F  

 Poisson's ration in the y-x plane of an orthotropic composite ply 
subjected to an uniaxial loading at 45 degrees to the 1 direction  
of the  (see Figure 32) 

 

 Poisson’s ratio of the fibre 

 Poisson’s ratio of the matrix (resin) 

 Fibre volume fraction 
 

  Volume fraction of the fibre, which is used for calculating the 
Young’s modulus of the principal direction of the laminate -  x 
direction (in accordance with the rule of mixtures) -- expressed in 
percentage. 

 Volume fraction of the matrix (resin) -- expressed in percentage. 

 Shear strain. 
 
 

Miscellaneous: 
 

 Ply orientation angle. 

a Span of the composite beam. 

A' Shape parameter of the S-N curve (equation (176)). 

A Cross section area of the composite laminate.  

 Width of a single fatigue specimen which is obtained from the 
table D.1 and D.2 of the Appendix J. 

 
 

General expression that represents the extensional stiffness 
couplings of the ABD matrix (for in plane stress on a lamina). 

  Extensional stiffness coupling for a single ply (lamina). 

 Extensional stiffness component of the principal direction 1, taken 
from the ABD matrix of the laminate for each ply (Campbell 2010, 
p.432). 
 

B Scale parameter of time which has the dimension of the cycle life    
N and is the rational unit of fatigue life. 
 

 
 

General expression which represents the bending membrane 
couplings of the ABD Matrix (for in plane stress on a lamina). 
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 Width of the laminate that will be submitted to a SBS test according 
to standard D2344/2344M (2006) and BS14130:1998 (2004) 

 
 

General expression which represent the bending stiffness couplings 
of the ABD Matrix (from in plane stresses on a lamina). 

  Bending couplings for a single ply (lamina) 

 Bending stiffness coupling of the principal direction 1. Taken from 
the ABD matrix of the laminate. 

Endurance Lower limit of the fatigue curve (S-N curve). 
F Apparent static ultimate load (F) of a single composite laminate 

that will be submitted to a fatigue test condition. 

F0 Central point load 

 Fatigue variable that refers to the maximum external load applied 
on the component. 

 Fatigue variable that refers to the minimum external load applied 
on the component. 

 Fatigue variable that refers to the mean load applied on the 
component. 

hj-1 Distance from the mid-plane up to the top of the jth-1 lamina 

hj Distance from the mid-plane to the bottom of the jth lamina 
 ,  ,       Moments of inertia in regards to the x axis, y axis and the 

rectangular plane xy respectively 
 

    Subscript used to identify a single ply into a laminate.  

 Radius of gyration of the cross section with respect to the y axis. 

L Span of a composite laminate subjected to a SBS test. Distance 
between the two support rollers. 

 Moment around the y axis which is a function of the x coordinate 
of the composite laminate axis system. 

    Resultant of the bending moment per unit width that acts around 
the y axis direction which is perpendicular to the plane x-z and its 
vector is located onto the plane y-z (Figure 35). 

    Resultant of the bending moment per unit length that acts around 
the x axis direction which is perpendicular to the plane y-z and its 
vector is located onto the plane x-z (Figure 35). 

      Resultant of the bending moment per unit length that acts around 
the y axis direction and its vector is perpendicular to the plane x-z 
(Figure 35). 
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    Resultant of the bending moment per unit width that acts around 
the x axis direction and its vector is perpendicular to the plane  
y-z (Figure 35). 

N Total number of plies in the laminate (in Chapter 5 the variable N 
means the number of cycles). 

   Resultant of the force per unit width that acts in the x axis 
direction and its vector is perpendicular to the plane y-z  
(Figure 35). 

   Resultant of the force per unit length that acts in the y axis 
direction and its vector is perpendicular to the plane x-z  
(Figure 35). 

   Resultant of the force per unit width that acts in the y axis 
direction and its vector is onto the plane y-z (Figure 35). 

   Resultant of the force per unit length that acts in the x axis 
direction and its vector is onto the plane x-z (Figure 35). 

  Stiffness matrix for a lamina in natural coordinate system 
 

 Shear flow per unit area of the composite laminate (see 
Figure 37). 

 Resultant of the shear flow as a function of the x coordinate of the 
composite laminate system axis (see Figure 37). 

  Resultant shear flow per unit width of the composite laminate as a 
function of the x coordinate of the composite laminate system 
axis. 

;  ;    
 ;   ;    

 

 

Components of the lamina (ply) stiffness matrix 

 ;  ; 
 ;  ; 
 

 

 

Components of the stiffness matrix for an orthotropic lamina (ply) in 
accordance with Hooke's law for a single ply. 

 Load applied (in Newtons) on a SBS test according to standard 
D2344/2344M (2006) and BS14130:1998 (2004). 

   Apparent static ultimate load of a single composite laminate that 
will be submitted to a fatigue test condition. 

 Same as the variable P. 
 Tensile load applied on a orthotropic composite laminate. 

 

S Shear force. In the Chapter 5 this variable is the maximum 
interlaminar shear stress (maximum ISS) of the S-N fatigue curve.

 



OPTIMIZED INTERLAMINAR SHEAR 
STRENGTH OF THICK LAMINATES 

 

XX of XX 
 

 Median shear stress at infinite number of cycles (median of the 
fatigue life). 

 Median of the static strength. 

  and  Support shear loads 

T Torque applied on the ends of a thin composite tube. 

 Thickness of the laminate that will be submitted to a SBS test 
according to standard D2344/2344M (2006) and BS14130:1998 
(2004) 
 

  Thickness of a single fatigue specimen which is obtained from the 
table D.1 and D.2 of the Appendix J. 

 Transverse deflection of the beam. 
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Chapter 1 
1.  

INTRODUCTION AND LITERATURE REVIEW 

1.1. INTRODUCTION 
 
Due to the lighter, stronger, low density and stiffer properties of composites when 
compared with other materials like metals, composite materials are becoming 
increasingly used in industry. Composite materials have an enormous potential in 
the construction, transport and wind energy sectors. A composite material is a 
combined structure consisting of individual materials laid up in different sequences 
so as to have a dramatic effect on the overall mechanical behaviour. An accurate 
knowledge about the through-thickness fibre arrangements, material disposition, 
damage improvement, fatigue, modes of failure and crack behaviour are essential to 
achieve a reliable and lightweight composite structure. Composite materials are 
intended to be far more efficient than any structural materials known previously. The 
concept of fibre reinforced material was known and employed in ancient times. 
Straw was used by the Israelites in the manufacture of bricks in 800 BC (Ashton et 
al. 1969), plywood was used by the ancient Egyptians when they realized that wood 
could be arranged to achieve superior strength and resistance to thermal expansion 
as well as to swelling owing to the presence of moisture (Jones 1975). In the past 
few decades considerable progress in composite materials has been made in order 
to improve the strength of both the fibre material and resin, as well as in research to 
unlock the true strength of a composite component, improving its mechanical 
properties. Ideally, the properties of engineering materials should be reproducible 
and accurately known (Harris 1999), thus, research has been developed to 
understand how to achieve new designs that, under fatigue and static conditions, 
have the best in-service structural performance.  
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1.2. AN OVERVIEW ABOUT COMPOSITE LAMINATES 
A composite material is defined as the combination of two or more micro or macro 
constituents which differ in form and chemical composition and which do not merge 
between them. The word composite is derived from the word compound, which of 
means that is something made of different materials. For instance, in the aerospace 
industry, one of the materials used on the construction of some components for 
airplanes consists of high performance fibres, which are extremely fine strands of 
glass or carbon material that makes small filaments (fibres). Those filaments, when 
combined with a compatible chemical material like resin (matrix) in an unidirectional 
orientation will form an individual orthotropic lamina (ply), which is used to form a 
composite component when multiple plies are stacked together through-thickness of 
the component. 
 

Figure 1 shows the different types of composite material systems available, 
classified with the respective constituent reinforcing elements. 
 

 
 

Figure 1 - Types of composite materials (Sierakowski 1995). 
 

An overview scheme about composites laminates could be drawn as shown in 
Figure 2. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 2 - Composite construction. Flow chart (Sierakowski 1995) 
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1.3. COMPOSITE LAMINATES - MANUFACTURE PROCESS 
Composite laminates could be of quasi-isotropic, orthotropic or anisotropic layup as 
shown in Figure 3. 
 

 
 

Figure 3 - Composite structures (Niu, 1996) 
 
 
One of many manufacture process of a composite laminate involves a series of 
procedures in order to achieve the final product. First of all, the reinforcing fibre and 
matrix are combined by stacking each unidirectional ply at a determined orientation 
in order to provide the intended final design characteristics. After this, a bagging 
process will be required in order to place the stacked plies in the autoclave, and to 
hold the laminate in position during the curing process. During the bagging process 
a bagging film, bag sealant, breather plies, bleeder plies, dam separator film and a 
mold release ply are required. After sealing the part inside the vacuum bag, a 
vacuum is drawn and held on the laminate part during the cure cycle. Subsequently, 
the bagged part is put in an autoclave in order to apply pressure and heat 
simultaneously for a fixed period of time. The autoclave, which is a heated pressure 
chamber will treat the assembly (laminate) in order to achieve a high fibre volume 
fraction and low void content for a maximum structural efficiency.  
 

Quasi-isotropic  
A laminate composed of equal 
number of plies in each of the 
orientations given by:  0° , 45° , 90° 
and -45°. The stacking sequence 
formed by those angles (0/45/90/-45) 
may be repeated to create a thicker 
composite laminate 
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Figure 4 shows a example of a cure that has been performed on a composite 
structure, which is in a vacuum bag in the Autoclave. 

 

 
Figure 4 - Composite structure after the Autoclave cure cycle (Anon. 2011) 

 
 

1.4. LAMINATE STACKING SEQUENCE 
During the laminate stacking process, the plies are stacked with a determined 
orientation as shown in Figure 5. 
 

 
 

Figure 5 - Laminate with the stacked plies (Niu 1996) 
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In order to identify the arrangement of the ply orientations within a laminate adopted 
for a single composite structure (stacking sequence), there is a code commonly 
used in composite engineering analysis, which, according to Niu (1996) should 
respect the following procedures: 
 

• Each lamina is labeled by its ply orientation. 
• Lamina are listed in sequence with the first number representing the lamina 

to which arrow is pointing. 
• Individual adjacent lamina are separated by a slash if their angles differ. 
• Adjacent lamina of the same orientation are depicted by a numerical 

subscript indicating the total number of lamina which are laid up in sequence 
at that angle. 

• Each complete laminate is enclosed by brackets. 
• When the laminate is symmetrical and has an even number on each side of 

the plane of symmetry (know as the midplane) the code may be shortened 
by listing only the angles from the arrow side to the mid-plane. A subscript s 
is used to indicate that the code for only one half of the laminate is shown. 

• When plies of fabric are used in a laminate, the direction of the fabric warp is 
used as the ply orientation angle. The ply angle is enclosed in parentheses 
to identify the ply as fabric ply. 

• When the laminate is composed of both fabric and tape plies (a hybrid 
laminate), The parentheses around the fabric plies will distinguish the fabric 
plies from the tape plies. 

• When the laminate is symmetrical and has an odd number of plies the center 
ply is overlined to indicate that it is the midplane. 

  

 
 

Figure 6 - Example of stacking sequence notations (Niu 1996) 
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Each of the plies within a laminate has a local coordinate axis system, in which the 
number 1 determines the longitudinal direction of the fibre, the number 2 determines 
the transverse direction of the fibre, and finally the number 3 determines the 
through-thickness direction of the ply which is constructed of unidirectional (UD) 
fibres.  
 

 
 

Figure 7 - Ply principal axis (Jones 1999) 
 
 

1.5. COMPOSITE LAMINATES - DAMAGE MECHANISMS 
Composite damage mechanisms are identified by two different types of failure, inter-
laminar damage and intra-laminar damage. These types of damage are described 
below: 
 
Inter-laminar damage: 
 
Inter-laminar damage is a failure that occurs between two adjacent plies, due to the 
displacement of plies within a laminate. There are three different modes of inter-
laminar damage that can cause delamination within a composite laminate. These 
modes are: Interlaminar tension (Mode I); Interlaminar sliding shear (Mode II) and 
Interlaminar scissoring shear (Mode III). The representation of each Mode is shown 
in Figure 8. 

 
 

Figure 8 - Modes of interlaminar failure in a composite laminate. 
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Intra-laminar damage: 
 
Intra-laminar damage refers to the failure within a single ply of the laminate. This 
type of damage is characterized by different modes of failure, such as: transverse 
matrix cracking, fibre breakage, interfacial debonding, interfacial shear failure.  
Figure 9 and Figure 10 shows some examples of this. 

                              
 
 
 
 
Intra-laminar combined with Inter-laminar damage: 
An example of a combined damage mechanism within a composite laminate is 
shown in Figure 11. 
 
 
 

 
 

Figure 11 - Combined damage mechanism (Anon. 1994) 
 
 
 
 
 

      Figure 10 - Fibre breakage  
(Anon. 1994) 

Figure 9 - Transverse matrix crack 
(Anon. 1996) 
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1.6. THROUGH-THICKNESS SHEAR STRESS 
Laminate composite materials have excellent properties when loaded in the fibre 
direction, under in-plane loading, but, when out of plane loads act on the composite 
part this becomes a matrix dominated problem, in which the interlaminar shear 
stress (  or ) which are represented in Figure 13 could become significant, 
resulting in a static or fatigue failure on the composite component due to the           
in-plane stresses (  ,  and ).  Attachment of a composite lug can be exposed 
to large out-of-plane transverse loads. An example is shown in Figure 12. 
 

 
Figure 12 - "ALCAS main landing gear support beam and its primary load 

components" (Creemers 2010)   
 

Most of the theories and assessments in composite laminates are based on the 
constitutive equations for composite laminates, in which relationships are for a plane 
state stress applied on each individual ply. A plane state stress considers only the 
stresses in the principal directions of the lamina (ply), except for direction z, in which 
the through-thickness shear stress    or   , as well as the principal stress   , 
are ignored based on certain assumptions that are explained in Chapter 2.  

 
 

Figure 13 - Example of a plane state stress for a thin laminate (Anon. n.d.) 
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Despite considering the through-thickness shear stress and principal stress   to be 
equal to zero, " these stresses do exist in reality, and they can be responsible for 
failures in composite laminate materials because of the relatively low shear and 
transverse normal  strengths of materials used" (Reddy 2004). Materials such as the 
resin present a low shear and transverse normal strength.  
 
"The influence of transverse loads on the failure behavior (statically and in fatigue) 
of thick composite structures was investigated in a 2007 Strategic Research 
Program "Transverse load introduction in thick composite aircraft structures". This 
program showed that composites are indeed sensitive to fatigue for stresses in the 
matrix-dominated transverse shear mode. Further, the research gave strong 
indications that in some cases traditional Interlaminar Shear (ILS) failure criteria are 
somewhat conservative" (Creemers 2010). 
 
In 2009, NLR performed a research program to investigate the interlaminar shear 
stress failure criteria in more detail. During this research thin ILS coupons were 
manufactured and tested. It was concluded that "not all differences in strength can 
be explained by the traditional ILS criteria, such as Hashin (1980)  and Kim & Soni 
(1984) " (Creemers 2010). In order to provide a better prediction and explanation of 
these differences, a newly formulated failure criterion which includes the interlaminar 
shear stress  has been derived by Creemers (2010). According to NLR, this 
failure criterion is able to explain such differences. 

 
 

Figure 14 - "Transverse shear stresses in thick coupons and criticality of the 
different interfaces" (Creemers 2010) 
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Reddy (2004) has demonstrated how to obtain interlaminar shear stress ( ) by 
combining the laminate constitutive equations for a composite laminate with the 
equilibrium equations for 3-D elasticity as will be explained in Chapter 2. Transverse 
deflections of laminated composite beams have been assessed by Reddy (2004) 
when subjected to a point load as shown in Figure 15, or to an uniformly distributed 
load under three point bending conditions.  
 

    
Figure 15 - through-thickness shear stress  of two different 

composite laminate under a transverse load according to Reddy (2004). 
 
According to Reddy (2004) Figure 15 “shows the effect of the stacking sequence on 
the maximum transverse shear stress  for laminates (0/45/-45/90)s and                
(90/45/-45/0)s in which F0=1.0, b=0.2, a=1.0 and t=0.1. The parabolic distribution of 
the transverse shear stress through the thickness (z coordinate) of an UD beam is 
shown in dashed lines for comparison. The maximum stress value is dependent on 
the stacking sequence.” 
 
Other studies have been performed on interlaminar stress. Choi & Thangjitham 
(1994) studied the interlaminar crack-tip response in a fibre-reinforced composite 
laminate, Makeev, et al. (2009) have studied the test method for assessment of 
shear properties for thick composites, Voyiadjis & Woelke (2008) have studied the 
determination of transverse shear stresses and delamination in composite laminates 
using finite elements. 
 

1.7. COMPOSITE FATIGUE 
In the past when composite laminates have started to be used in structures and 
experiments, it was believed that they did not suffer from fatigue. According to Harris 
(2003), in "the earliest days of composite development, their fatigue behavior was a 
subject of serious study. What was usually implied was that, because most of the 
carbon fibre reinforced plastics (CFRPs) were extremely stiff in the fibre direction, 
the working strains in practical components at conventional design stress levels 
were usually too low to initiate any of the local damage mechanisms that might 
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otherwise have caused deterioration under cyclic loading". Due to this assumption 
made on UD carbon composite laminates, it was believed that composites did not 
suffer from fatigue. Nowdays, composite fatigue is a concern during the 
development phase of a composite structural component. 
 
Fatigue damage is characterised by the degradation of either a composite or a metal 
component under cycled loading as shown in Figure 16. 
 

 
Figure 16 - Normalised property value (could represented by stress in MPa or 

load in Newtons) Vs Number of cycles (N). (Vassilopoulos & Keller 2011) 
  
 

According to Harris (2003), many factors can affect the fatigue behavior of a 
composite laminate such as: fibre type, the matrix and environment, hybrid 
composites, short-fibre composites, interleaving and loading conditions. 
 
Figure 17 show a few plots are shown that describe those fatigue behaviors: 
 

 
 

Figure 17 - Fatigue life versus aspect ratio for an applied stress of the 
indicated percentage of the composite tensile strength. The materials are 

short-fibre-reinforced boron/epoxy composites; in cyclic tension (Harris 2003) 
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Figure 18 - Logarithmic life vs Stress curve, data for UD composites of 

XAS/914 carbon/epoxy laminates reinforced with continuous and 
discontinuous fibres (R=0.1) (Harris 2003) 

 
Other studies have been done on this field. Shinji Ogihara et al. (1999) have studied 
the effects of stacking sequence on microscopic fatigue damage development in 
quasi-isotropic CFRP laminates with interlaminar-toughened layers as shown in 
Figure 19. 

 
Figure 19 - Typical stress-strain damage onset on T800H/3900-2 quasi-

isotropic laminates (plots) under a tensile test. At the right side of the image is 
shown the respective microscopic damage progress (Ogiharaa et al. 1999). 
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Phillips (1976) has studied the effect of hybrid composite laminates which consists 
of both glass and carbon plies within the same laminate. He has noticed that "hybrid 
composite materials appear to fail later than predicted, in a tough and fatigue 
resistant manner" due to the combination of glass plies and carbon plies in the 
composite laminate. Also, Dickson et al. (1989) has studied the fatigue behavior of 
hybrid composite laminates manufactured from glass and carbon plies. In his 
conclusions, he has noticed that "the fatigue stress for a life of 10  cycles and the 
fatigue ratio vary with the composition of the composite laminate in a manner that 
suggests a positive synergistic effect " which means that the combination of glass 
and carbon plies in a single composite laminate contributes for a better fatigue life, 
increasing the number of cycles is able to withstand the composite component. 

 
 

Figure 20 - Hybrid material stress/strain curve (left plot), and fatigue life of 
glass fibre composite and glass/carbon hybrids (right plot) (Phillips 1976). 

 

 
 

Figure 21 - Fatigue damage development in composite laminates  
(German 2004)  
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1.8. RESEARCH OBJECTIVES  
The literature review has shown that fatigue life in terms of crack initiation can be 
improved by finding the best ply orientation for through-thickness performance by 
the use of hybrid composite laminates.  
 
The purpose of this thesis is to report on the development of design rules to improve 
the interlaminar shear strength (ILSS), which will be needed to improve the fatigue 
life of a component under through-thickness loading. Through those rules, a delay in 
the crack initiation of the composite component will be achieved. By choosing an 
appropriate combination of through-thickness fibre arrangements, materials and 
geometry, a better fatigue behaviour of the component is expected under "in-
service" conditions. 
 
The objectives of this thesis can be summarized as follows: 
 

 Development of an algorithm to find the best material disposition of an hybrid 
composite laminate made by carbon and glass plies, in which a maximum of 
40% of the plies are made by glass material. This algorithm should run every 
possible combination of material position plus orientation. 

 
 Instruct the algorithm to use the through-thickness shear stress equation for 

2-D given in Chapter 2, and find the best stacking sequence of plies in order 
to minimize the damage in the middle of the composite laminate loaded 
subject to an SBS test (see Figure 13). 

 
 Perform and assess experimental static and fatigue test to assess and 

confirm theory. 
 

 Perform and assess CT scan of the best composite designs found. 
 

 Compare three different designs and give the best design found which has 
an improvement in both fatigue and static properties. 
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1.9. THESIS SUMMARY 
Chapter 1 is an introductory chapter which describes in general, what a composite 
laminate is and how it is made, types of damage that could be caused in the 
composite laminate loaded in a determined load condition, fatigue issues of a 
composite part, and a few research and developments that have been made on the 
through-thickness shear stress. 
 
Chapter 2 demonstrates how to obtain the interlaminar shear strength for a two 
dimensional analysis. 
 
Chapter 3 describes how the algorithm was built and the considerations taken in 
order to run all possible combinations of materials and ply orientations. 
 
Chapter 4 gives an assessment of the static tests that have been performed in 
order to confirm the findings. 
 
Chapter 5 describes the assessment that has been made of the fatigue 
experiments. Also, in this chapter is shown CT scan images of two composite 
components that were tested under a fatigue condition using a monotonic load. 
 
 
The experimental work was carried out by an MSc student (Han 2013). 
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Chapter 2 
2.  

THEORETICAL ASSESSMENT - DEMONSTRATION 

2.1. INTRODUCTION 
 
In order to achieve the best stacking sequence that will minimize the ILSS (  and 

)  in the middle of a composite laminate (central ply of the laminate) and in a four 
ply angle hybrid laminate, an optimization method has been developed in Matlab 
R2011b (Chapter 3), in order to find from all the possible combinations of angles 
and materials, the best result to minimize the damage in the middle of the laminate 
under a SBS test condition.  
 
From the results obtained through the optimization method that has been created, 
two laminate designs were chosen, the first one, with a stacking sequence limited to 
a maximum angle of 45°, and the second one, with a maximum laminate ply 
orientation of 90°. In addition a quasi-isotropic laminate was considered. 
 
All laminates have 24 plies. They are symmetric and balanced in regards to their 
middle surface in order to avoid laminate bending effects, resulting from the 
stretching of the midplane of the laminate as well as the enforcement of curvatures, 
which results in additional bending moments due to the internal strains (anticlastic 
bending) (Ashton et al. 1969, p.39). 
 
This Chapter describes the method and analysis that have been used to assess the 
static strength condition of the three designs that were chosen. The laminates were 
assessed in a condition in which the right and left ends are simply supported. 
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2.2. CONVENTION 
 
The reference system axis in use during this assessment is in accordance with the 
Figure 22 and Figure 23. 
 
 

 
 

Figure 22 – Composite laminate coupon showing relevant axis system.  
                      

 
 
 

 
 

Figure 23 - Ply number and respective system axis used throughout this 
thesis (Delaware University 2005). 

 
 

Note: The application of the Interlaminar Shear Strength equations that are 
presented in this work, should be applied from the top of the laminate shown on the 
image above, down to the bottom of the laminate.   
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2.3. ILSS IN ACCORDANCE WITH THE STANDARDS.            
 

As Han (2013, chapter 3) has demonstrated in his work, the ILSS equation which is 
given in the standards D2344/2344M (2006) and BS14130:1998 (2004) was derived 
for an isotropic short beam. 
 

According to Han (2013), and changing the system axis in accordance with the 
convention shown on the section 2.2, the shear stress flow equation represented by 
the variable  is given by: 
 

 
 

q
S
I

t z ds
S
I

t y ds (1) 

 

In which, I  and  I   are the moments of inertia in regards to the x axis and y axis 
respectively, and the variables  S  and  S  are the support loads, in which,  S  is 

equal to P and S  is equal to zero as will be explained later in this section. 
 

 
Figure 24 - Simply supported beam diagram  
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From the Figure 24, the constant t is the thickness of the beam, and, the variable P 
is the total line load applied over the top surface of the beam at the middle position 
of the specimen length, on a 3PB or SBS test condition.    
 

 Since there is no torsion in this short beam shear strength problem, then the load 
S 0  (Han 2013) .  
 

Applying the assumption given above to equation (1) gives shear flow,   as shown 
in equation (2). 
 
 

q
S
I

t z ds (2) 

For the distance from the middle of the cross section beam up to the point where the 
value of the Shear Stress is required (z s ), the equation (2) becomes: 
 

 
 

q
S
I

t z ds
S
I

t
t
2

s ds (3) 

 

As shown in Figure 24, s is limited to the interval: 0   , thus the equation (3) 
will be: 
 
 q

S
I

t
t
2

s ds 
(4) 

When   s  , then: 

 
 q

S
I

t
2

.
t
2

t
2

.
t
4

S
I

.
t
8

 
(5) 

 

Since I , and, S P  and b width of the beam ,  then: 

 
 

q
3 P
4 b

 (6) 

Since the shear flow is described as the shear force per unit length, then: 
 q t τ  (7) 
From the equation above, the equation for the ILSS in accordance with the 
standards D2344/2344M (2006) and  BS14130:1998 (2004) is given by:  
 

 
 

 (8) 

 

NOTE: τ  will be equal to ILSS (ILSS ) when the variable P is equal to the 
ultimate load.  
 

which is normally presented in the standards as: 
 

 
 

F 0.75
P
bt

 (9) 

 

NOTE: The constant P is the load applied (in Newtons) on a SBS test coupon 
according to standard D2344/2344M (2006) and BS14130:1998 (2004). 
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2.4. LAMINATE CONSTITUTIVE EQUATIONS 
 
This section will provide the base theory required for the next sections, which is 
based on the Laminate Constitutive Equations. 
 

Certain assumptions are made in the formulation of the laminate constitutive 
relationship theory. In accordance with Ashton et al. (1969, section 2.3) in the theory 
of bending of beams and plates, and, due to the geometry of the plate, the normal 
stress, σ , which is perpendicular to the plate midplane surface, is considered 
negligible in comparison to the normal stresses σ  and σ . Also, as referred by 
Ashton et al. (1969), another assumption that is made in this theory is that, any line 
perpendicular to the plate mid-plane surface before the deformation occurs, remains 
perpendicular to that surface after the deformation, and no extension or contraction 
occurs, as a result of this consideration, the shear strains   and , and the 
normal strain,  will be equal to zero. 
 

Through the considerations taken above, and considering that  and   are 
neglected, the lamina could be considered to be in a plane stress state as shown in 
Figure 25. 
 
 

 
Figure 25 - Plane stress state on an element within the thin plate (each ply 

considered as a thin plate) simply supported. ;     are external forces. 
 
Figure 25 shows the plane stress state of an element within the thin plate, in which, 
external forces (F ; F ; F ;  F  and F ) are applied on the edges of the plate.  
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The assumption to apply this theory in composite laminates, is that, the plies, when 
in the composite laminate, are in a plane stress state. By making this assumption, 
the stress-strain relationships can be established for a composite part, however, "a 
plane stress state on a lamina is not merely an idealization of reality, but instead is a 
practical and achievable objective of how we must use a lamina with fibres in its 
plane" (Jones 1999, p.71). 
 
In a three-dimensional stress state as shown in Figure 26, Hooke’s law relationship 
for anisotropic materials is expressed as (Jones 1999) : 
 

 σ ∑ ∑  ;  for   i, j 1,2,3 (10) 
 
where the variable σ  (for i, j 1,2,3) is the stress tensor,   (for k, l 1,2,3)                       
is the strain tensor of the elastic anisotropic material, and the variables                     
(for i, j, k, l 1,2,3) are the elastic constants of the material.  
 
For a linearly elastic medium in which the strain energy function given by the 
equation (12) satisfies the relationship shown in the equation (11), then the stress 
tensor σ   and the strain tensor  are symmetric, and the conditions given by the 
equation (13) are verified in the anisotropic material properties. 
 

 
σ

∂U
∂ε

and i, j 1,2,3 (11) 

 
in which: 
 

    (for i, j, k, l 1,2,3) (12) 

 
then,  
 

  ;  ;   and  
(for i, j, k, l 1,2,3) 

(13)

For an equality shown by the expression number (14) : 
 

 σ
σ
σ
σ
σ
σ

σ
σ
σ
τ
τ
τ

     and    

ε
ε
ε

2 ε
2 ε
2 ε

ε
ε
ε

γ
γ
γ

 (14) 
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the constitutive relationship for the general case of an anisotropic material is given 
by the equation (15) (Halpin 1992). 
 
 
 

ε
ε
ε

σ
σ
σ

 (15) 

 
in which the compliance matrix [  is equal to  ;  for i, j 1,2,3,4,5 and 6. 
 

 
 

Figure 26 – Three-dimensional state of stress for an element taken from a 
single ply (lamina) as shown in Figure 7  

 
 
For an orthotropic material in which there are three mutually orthogonal planes of 
symmetry, the equation (15) is reduced to equation (16) (Halpin 1992). 
 
 
 

ε
ε
ε

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

σ
σ
σ

 (16) 

 
For a plane stress state on a orthotropic thin plate as shown in Figure 25, the normal 
stress σ  and the shear stresses  and  are equal to zero as shown in the 
equation (17). Since the stresses σ ;  and  are equal to zero, then  and  
will also be equal to zero. 
 

 σ 0 
 

(17)

This also verifies the condition given in equation (18). 
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 ε  (18)
 
Thus, by substituting the equations (17) and (18) into the equation (16), the  
equation (19) for a orthotropic material is obtained. 
 
 
 

ε
ε

S S 0
S S 0
0 0 S

σ
σ
τ

 (19) 

 
According to Reddy (2004, p.30), the compliance coefficients S , S , S , S  and 
S  are related to the engineering constants , , ,  and  as shown in 
equation (20). 
 
 

 
 

S
1

S                   

S                   

S
1

                        

S
1

 (20) 

 
 

For a homogeneous isotropic lamina (ply) in a plane stress state, in which the elastic 
constants are: E E E and , equation (19) will be equivalent to 
equation (21)  (Jones  1999). 
 

 
 

 
 

σ ε ε
E

1

σ ε ε
E

1
              

 τ γ

 (21) 

 
 

The Hooke's law relationship given by equation (21) will be expressed in a matrix 
form for the  ply, in which:  1 number of plies in the laminate (Jones 1999). 
Thus, equation (21) in the matrix form will be given by equation (22). 
 
 
 

σ
σ
τ   

Q Q 0
Q Q 0

0 0 Q

ε
ε  (22) 
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According to Jones (1999), the coefficients  Q  (in which each of the subscripts 
m,n are equal to 1, 2 or 6) are given by equations (23), (24), (25), (26) and (27). 
 

 Q
E

1 v v
 (23) 

 

 Q
v E

1 v v
 (24) 

 

 Q
v E

1 v v
 (25) 

 

 Q
E

1 v v
 (26) 

 

 ...............................Q 12 (27) 
 
 

 

The matrix that contains the coefficients Q  is also called the stiffness matrix                  
( [Q  ) for a lamina in natural coordinate system (as shown in Figure 25). 
 

The equations number (22), (23), (24), (25), (26) and (27), demonstrated previously, 
can be established for a single homogeneous orthotropic ply, in which the 
filamentary lamina can be unidirectional (UD) or woven (this research is based in 
UD plies), and assuming that each lamina (ply) is in a plane stress state as shown in 
Figure 25. 
 

As explained by Ashton, et al. (1969, p.18), "the macromechanics approach to the 
problem ignores the fibre-resin geometry and interactions and assumes the lamina 
is a homogeneous medium". In this basis, Hooke's law relationship for a 
homogeneous material with orthotropic properties (as shown in Figure 27), and, in a 
plane stress state can be expressed by the equation (28). 
 

 
 

σ Q ε Q ε
σ Q ε Q ε
τ Q γ

 (28) 

 

 
 

Figure 27 - Example of an orthotropic lamina (single ply), which, in a 
macroscopic view can be approximated to a homogeneous material with 

orthotropic properties.  
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In the equation (21) the properties of the orthotropic material given by 
E ; E ; ;   and  could be determined experimentally, using test specimens 
made up with the required material. 
 
In order to determine the Young’s Modulus E  and the Poisson’s ratio  of the 
laminate it is necessary to perform an uniaxial experimental test with UD composite 
laminates made up with a single material type as shown in Figure 28. 
 

 
 

Figure 28 – Top view of an UD orthotropic composite laminate subjected to an 
uniaxial tensile load  in the direction 1. 

 
In order to define Young's Modulus, E  and the Poisson's ratio,  using the test 
setup shown in Figure 28, the following measurements must be taken: applied load, 

, cross-section area, A with regards to the system axis 1 direction, longitudinal 
strain,  and transverse strain, . Equations (29) and (30) may then be applied 
(Reddy 2004). 
 

 
 E

P
ε

 (29)

 
 ε

ε
 (30)

 
 

To define the Young’s Modulus E , the process is repeated with the test load, P  
applied in the 2 direction of the ply system axis as shown in Figure 29. 
 

 
 

Figure 29 - Top view of an UD orthotropic composite laminate subjected to an 
uniaxial tensile load  in the direction 2. 
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In order to define Young's Modulus, E   using the test setup shown in Figure 29, the 
following measurements must be taken: applied load, P , cross-section area, A with 
regards to the system axis 2 direction and transverse strain, ε  (measured on the 
system axis 2 direction). Equation (31) may then be applied (Reddy 2004). 
 

 E
P

ε
 (31)

 

With the values for the Young’s Modulus E  and E  and the Poisson’s ratio   
given by the experimental tests (Figure 28 and Figure 29), and since the material is 
homogeneous with orthotropic properties it is possible to determine the value for the 
Poisson’s ratio  by applying Maxuell's reciprocal theorem (Hoff 1956, p.373) 
given by the equation (32). 
 

 v
E

v
E

 (32) 

 

In order to obtain the value of the Shear Modulus G  an experimental test is 
required in which the orthotropic composite laminate is pure subjected to a shear 
force on the edges of the laminate as shown in Figure 30. 
 

 
Figure 30-Top view of the orthotropic composite ply. Shear force S acting on 

the ends of the composite ply. 
 
The experimental test shown in Figure 30 is equivalent to the experimental test 
shown on the right side of the Figure 31. 

 
 

Figure 31 – Equivalence between experimental tests. Constants S and F1 are 
the shear force and the normal force respectively. 
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Then, taking this into consideration, the Shear Modulus, G  may be defined using 
the test setup shown in Figure 32, in which a uniaxial load is applied at 45 degrees 
to the 1 direction of the orthotropic ply system axis. 

 

 
 

Figure 32 – Uniaxial loading at 45 degrees to the 1 direction of the orthotropic 
composite ply Jones (1999). 

 
 

According to Craig & Summerscales (1988, p.178), the equation for the Shear 
Modulus that provides optimum results when comparing theory (equation (33)) with 
the experiments (see Craig & Summerscales (1988, p.180)) is given by the Huber’s 
equation (33). 
 

 
  2 1 xy yx

 (33) 

 

Thus, for a homogeneous isotropic ply, equation (33) reduces to equation (34) 
because E E E ;   . 
 

 
 

E
2 1

 (34) 

 

In the case of a single orthotropic composite ply, since  is a constant that comes 
from an experimental test under uniaxial loading at 45 degrees to the                       
1 direction of the orthotropic composite ply, as shown in Figure 32, meaning that the 
fibres are at an angle of 45 degrees to the loading axis, then in this circumstance the 
use of the Huber’s equation (33) will give the optimum correlation between theory 
and experiment as referred by Craig & Summerscales (1988, p.178). 
 

For a single orthotropic composite ply the Huber’s equation (33) is defined as 
follows:  ( Craig & Summerscales 1988)  
 

 
  Figure 30 Figure 32   (35) 
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giving, 
 
 

 
 

 

E       F  E       F  

2 1 ν    F ν   F  

 (36)  

 

Since the fibres of the orthotropic composite ply are at an angle of 45 degrees with 
regards to the axis system x, then :  
 
 E    F E F  (37) 
 
and also, according to Maxwell's reciprocal theorem (Hoff 1956, p.373) the 
relationship given by the equation (32) will be valid for a single orthotropic composite 
ply, so substituting equation (37) into the equation (32) gives: 
 
 ν    F ν F   (38) 
 
Thus, for a single orthotropic composite ply, Huber's equation (Craig & 
Summerscales 1988) will be transformed into the expression (39) 
  

 
 
  

E F

2 1 ν F

 (39) 

 
 

NOTE: In this thesis, the value for the Shear Modulus  that has been used was 
given by the manufactures’s data for the carbon and glass UD materials (CIBA-
GEICY 1983). This value is shown in Table 20.  
 
 
With the demonstration given previously, in which the relation given by equations 
number (28) and (32) were obtained for a plane stress state applied on a single ply 
(lamina), a general formulation for a whole laminate can be demonstrated, by 
transforming the constitutive relations of each single ply of a laminate to the 
laminate reference axes system (X,Y) as shown in Figure 23. 
After the application of trigonometric functions, and through algebraic modifications 
made on the constitutive relation for a single ply (equation: (28)), the constitutive 
equation for an orthotropic ply that makes an angle of θ degrees in regards to the 
laminate system axis X can be expressed as: 
 

 

 
 
 

σ
σ
τ

  

Q Q Q
Q Q Q
Q Q Q

ε
ε  (40) 
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Where: 
 
 

 

Q Q cos θ 2 Q 2Q sin θ cos θ Q sin θ (41)
 

Q Q sin θ 2 Q 2Q sin θ cos θ Q cos θ (42)
 

Q Q Q 4 Q sin θ cos θ Q sin θ cos θ  (43)
 

Q Q Q 2Q 2Q sin θ cos θ Q sin θ cos θ  (44)
 

Q Q Q 2Q cos θ sin θ Q Q 2Q cos θ sin θ (45)
 

Q Q Q 2Q cos θ sin θ Q Q 2Q cos θ sin θ (46)
 
 

The terms Q , which are the components of the lamina stiffness matrix 
(.equation:..(40) ) are now expressed in terms of an arbitrary system axis. 
 

Note: each of the indices m and n are equal to 1, 2 or 6. 
 

Considering the strain at any point in a laminate undergoing some deformation as 
shown in Figure 33. 
 

 

Figure 33 - Deformation of the 
laminate in regards to the X-Z 
laminate axis (Reddy 2004).
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Figure 34- Deformation of the mid-plane laminate in regards to the Y-Z 
laminate axis (source: (Wikipedia 2009)). 

 

The equation.(40) becomes:  
 

 
 

 

σ
σ
τ

  

Q Q Q
Q Q Q
Q Q Q

ε
ε

Q Q Q
Q Q Q
Q Q Q   

  
k
k
k

 (47)  

 

in which: 
 
 
 
 

ε             

ε                           and              

k  

k             

k 2  

 (48) 

 

Laminate Constitutive Equations: 
 

For a finite element, cut from a laminate, as shown Figure 35, in which stresses are 
acting on it ( σ ,σ ,σ , ,  and  ), the resultant forces and moments acting on 
the whole laminate will be given by the following matrices: 
 
 
 
 

N
N
N

σ
σ
τ

/

/
 (49) 

and, 
 
 
 

M  

M    
M  

σ
σ
τ

/

/
 (50) 
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NOTE:   Presented below is a description of the variables given in the the equations 
(49) and (50) : 
 
 

•      - Resultant of the bending moment per unit width that acts 
around the y axis, perpendicular to the plane x-z. Its vector is located on the 
plane y-z (Figure 35). 
 
 

•      - Resultant of the bending moment per unit length that acts 
around the x axis, perpendicular to the plane y-z. Its vector is located on the 
plane x-z (Figure 35). 

 
 

•      - Resultant of the bending moment per unit length that acts 
around the y axis. Its vector is perpendicular to the plane x-z (Figure 35). 
 
 

•      - Resultant of the bending moment per unit width that acts 
around the x axis. Its vector is perpendicular to the plane y-z               
(Figure 35). 
 
 

•   - Resultant of the force per unit width that acts in the x direction. Its 
vector is perpendicular to the plane y-z (Figure 35). 
 
 

•   - Resultant of the force per unit length that acts in the y direction. Its 
vector is perpendicular to the plane x-z (Figure 35). 
 
 

•   - Resultant of the force per unit width that acts in the y direction. Its 
vector is on the plane y-z (Figure 35). 

 
 

•   - Resultant of the force per unit length that acts in the x direction. Its 
vector is on the plane x-z (Figure 35). 
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Figure 35 shows how the moments  M     ;   M   X  ;  M     
and M   X  and the forces N ; N  and N  are placed on a composite 
laminate finite element made by a limited number of plies laid up in the through-
thickness direction. 

 
 

Figure 35 - Composite laminate finite element with the forces and moments 
applied on it (Ashton et al. 1969, p. 35). 

 
Separating the continuous integral from the equations (49) and (50), and performing 
the integration over each of the N plies (layers), as is shown in Figure 36, the stress 
and moment resultants can be expressed by equations (51) and (52). 
 

 
 

Figure 36 - Laminate stacking sequence notation (Campbell 2010, p.431) 
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N
N
N

Q Q Q
Q Q Q
Q Q Q   

ε
ε  

 
Q Q Q
Q Q Q
Q Q Q

  
k
k
k

     

 

(51)  

 
and, 
 

 
 

 

M    

M    
M    

Q Q Q
Q Q Q
Q Q Q   

ε
ε    

 
Q Q Q
Q Q Q
Q Q Q

k
k
k

 

(52)  

 
Since the matrices   and   are not a function of the number of plies, then, the 
equations (53) and (54) can be reduced respectively to: 
 

 
 

 

N
N
N

A A A
A A A
A A A

ε
ε

B B B
B B B
B B B

k
k
k

 (53)

 
and, 
 
 
 

 

M   

M    
M   

B B B
B B B
B B B

ε
ε

D D D
D D D
D D D

 
k
k
k

 (54)

 
Where, the extensional-shear couplings for the whole laminate are described as: 
 

.........................A ∑ Q h hN  (55)  
 
the bending membrane couplings for the whole laminate are defined as: 
 

...............B ∑ Q h hN  (56) 

 
and, the Bending Stiffness couplings for the whole laminate are: 

 
D

1
3

Q h h
N

 
(57) 
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For each single ply, the equations referred above should be transformed to: 
 

............A E P Q h h  (58)  
 

................B E P Q h h  (59)  

 

.................D E P Q h h  (60)  

 
Note: the subscript j refers to the   . 
 
As mentioned by Ashton et al. (1969, p.37, chapter 3.5), the equation (53) indicates 
that, "for a general laminated plate the mid-plane stress resultants are given in 
terms of the mid-plane strains and the plate curvatures for small normal curvatures", 
while equation (54) indicates that, "for a general laminated plate bending moments 
arise or are given in terms of mid-plane strains and the plate curvatures. That is, 
compressing the mid-plane, as well as enforcing curvatures, results in bending 
moments". 
 
Combining the equations (53) and (54), the constitutive equation for the whole 
laminate can be written as follows: 
 
Laminate Constitutive Equation: 
 
 

 
 

 

N
N
N

M     

M    

M    

A
A
A

A
A
A

A B B B
A B B B
A B B B

B
B

B
B

B D D D
B D D D

B B B D D D

ε
ε

k
k
k

 (61)  

 
 
 

In which, the ABD matrix is given by: 
 

 
 

 

 
A
A
A

A
A
A

A B B B
A B B B
A B B B

B
B

B
B

B D D D
B D D D

B B B D D D

 

 
 

(62)  
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The constitutive equation (61) is coupled between bending and stretching, and, also 
between normal stress, shearing and twisting deformations. 
For equation (61) and following the explanations given by Campbell (2010, p. 433, 
chapter 16), some conclusions can be drawn: 
 

• If the laminate is balanced and symmetric in regards to the mid-plane, then 
the terms A A 0, and in addition all the bending membrane couplings 
that are shown in equation  (61) will be equal to zero ( B 0; and indices 
m, n 1,2,6). 
 

• The bending stiffness coupling terms : D ;  D ; D ; and  D  are always 
positive. 
 

• The bending stiffness coupling terms: D  and  D  will be equal to zero if the 
laminate is balanced and NOT symmetric, which means that, "for each ply 
oriented at  θ and at a given distance above the mid-plane, there is an 
identical ply oriented at θ at the same distance below the mid-plane. 
However such laminate will not be symmetric and B 0" (Campbell 
2010, p.433, chapter 16). 
 

• In general the bending stiffness coupling terms: D  and  D  will not be zero 
if the laminate is symmetric in regards to its mid-plane. However, If the 
composite laminate is made of UD orthotropic plies laid up at an angle equal 
to zero degrees or 90 degrees in regards to the x axis of the composite 
laminate, then the terms D  and  D  will be equal to zero. Also, this is 
applicable (D 0 and  D 0) for a cross-ply composite laminate made 
by both plies laid up at an angle equal to 0 degrees or 90 degrees in the 
thorough-thickness direction. 
 

• According to Campbell (2010), the coupling terms D  and  D  , "become 
small when a large number of plies are stacked at θ. Generally, D  and 
 D , become insignificant for thicknesses of more than 16 plies". 
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2.5. ILSS IN ACCORDANCE WITH REDDY (2004) 
In this section the demonstration given by Reddy (2004), to achieve the interlaminar 
shear strength (  ) in a composite laminate will be described. 
 

According to Reddy (2004, chapter 4.1), "when the width (variable b with its length 
along the y axis) of a laminated plate is very small compared to the length along the 
x axis and lamination scheme, and loading is such that the displacements are 
functions of x only, the laminate is treated as a beam". 
 

Considering the bending of a symmetrically laminated beam according to the 
classical laminated plate theory (CLPT), the equations for bending deflection are 
uncoupled from those of stretching displacements. 
 

For a symmetric laminate, in which no in-plane forces are acting (which means that 
the in-plane displacements ( , ) are zero) the constitutive equation (61)  for a 
laminate (CLPT), will be given by: 
 

 
 

 

M   

M    
M   

D D D
D D D
D D D

k
k
k

 (63)

 

In the inverse form, equation (63) will be expressed as: 
 

 
 

 

k
k
k

D D D
D D D
D D D

M
M    
M

 (64)  

Since  the bending of a symmetrically laminated beam in accordance with CLPT has 
been considered, in deriving the laminated beam theory, the following assumption 
have been considered everywhere in the beam (according with the system axis 
shown in Figure 22): 
 

M   X M    0 
 

Based on this assumption, the equation (64) becomes: 
 

 
 

 
k D M  

k D M      

k D M  

(65) 

 

where: 
              

                                                          D
D D D

D
 

D
D D D D

D
 

D
D D D D

D
    

 

D D D D D D D D D D D D D D D  
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Equation (48), shows that k  , k  and k   are equal to: 
 

 
 

 
k

k             

k 2

 (66) 

 

According to Reddy (2004, p.167), equation (66) shows that    (transverse 
deflection) is dependent on the coordinate y due to both the Poisson effect (D ) 
and anisotropic shear coupling (D ). These effects can be neglected only when 
the length-to-width ratio is large (transverse deflection independent of the coordinate 
y), which is a consideration that will be taken in this demonstration. This 
consideration will simplify the use of the classical laminated plate theory (CLPT) 
constitutive equations (53) and (54) in which the in-plane forces are equal to zero 
(N = N =N 0). The simplified CLPT will be combined with equation (47)  in order 
to obtain the stress equations σ

  
x, z ; σ

  
x, z  and τ

  
x, z  (equation 

(73)) for the laminated  composite beam under a bending loading condition (Reddy 
2004), while the thorugh-thickness shear stress equations will be computed using 
the equilibrium equations of 3-D elasticity (Chapter 2, section 2.5, sub-section iii). 
 
According to Reddy (2004), "for angle-ply laminates this ratio must be rather large to 
make the twisting curvature negligible". 
 
 

i. Bending Moment Equation in terms of Applied Loads 

By applying the considerations in section 2.5, the transverse deflection will be a 
function only of the coordinate x of the laminate on an instant of time equal to t                  
( w w x, t  ) , by doing so, the equations reduce to: 
 

∂ w
∂x

D M  
 

(67)  

 
The transverse deflection given by the composite laminate beam equation (67) is 
treated only as a function of the coordinate x. 
 
Notes:  
- Equation (67) is based on the consideration that the laminated beam "is long 
enough to make the effects of the Poisson's ratio and shear coupling on the 
deflection negligible" Reddy (2004). 
 
- Equation (67) could be used with the classical Euler-Bernoulli beam theory if the 

term   of the equation (67) is substituted by the equation (70). 
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Introducing the following quantities: 
 

 
 

 
.........................M b M  ; 

Q  q  dx                               

.........................Q  b Q   

E
12

h D
b

I D
    

..........................I  

(68)

 
Note: M       is the resultant of the bending moment per unit width that acts 
around the y axis which is perpendicular to the plane x-z and its vector is located on 
the plane y-z (Figure 35). The constants b and h are the total width and thickness of 
the laminate respectively. The variable q  is the shear flow per unit area of the 
composite laminate (see Figure 37), while Q   is the resultant shear flow per unit 
width as a function of the x coordinate of the composite laminate, and Q  is the 
resultant shear flow as a function of the x coordinate of the composite laminate 
system axis (see Figure 37). The variables  and  are coordinates taken along 
the length of the laminate along the x axis of the composite laminate axis system. 
 
 
 
 
 

The equation (67) can be written in the familiar form as used in the classical Euler-
Bernoulli beam theory: 
 

M E I
∂ w
∂x

 
(69)  

 
Then, 
 

 

∂ w
∂x

M
E I

 
(70)  

 
And, the resultant shear flow will be expressed by: 
 
 

Q
∂M

∂x
 

 

(71)  
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ii. In-Plane Stresses 
 
By considering the assumptions that have been taken during this section 2.5, and 
given that  M b M      , the equations (47) and (64) will generate the 
following Matrix:  
 

 
 

 

σ
σ
τ

  

Q Q Q
Q Q Q
Q Q Q

D D D
D D D
D D D

  
M
0
0

 (72)  

 
Which will yield the following equations for the in-plane stresses of a laminated 
composite beam: 
 

 
 

 
σ

  
x, z

M z
b

 Q  D Q D Q  D

σ
  

x, z
M z

b
 Q  D Q  D Q  D

τ
  

x, z
M z

b
 Q D Q D Q  D

(73)  

 
Notes:  - The z coordinate is as shown in Figure 36. 
 - Equations (73) are derived from the classical laminated plate theory  
   constitutive equations  for  symmetric laminates  (see equations (47)  
                and  (64))  and are  applicable  for  laminated  composite  beams   
                 under a bending condition. 
 
 
iii. Through-thickness shear stress 

Despite the laminate constitutive equations being based in an assumption in which 
 and    are neglected, in reality, those stresses do exist, and can be 

responsible for failures in composite laminates, because of the relatively low shear 
and transverse normal strengths of the materials used at the interface that exist 
between the plies (resin or matrix). 
 
According to Reddy (2004), "the interlaminar stresses may be computed using the 
equilibrium equations of 3-D elasticity" which will give the following expressions: 
 

 
0

∂σ
∂x

∂τ
∂y

∂τ
∂z

0
∂τ
∂x

∂σ
∂y

∂τ
∂z

0
∂τ
∂x

∂τ
∂y

∂σ
∂z

 (74)
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Integrating the equation above for each ply with respect to the z coordinate,  the 
interlaminar stresses will be obtained (z z z ), as a result: 
 

 
 τ

  

∂σ

∂x

∂τ

∂y
dz G 

  

τ
  

 
∂τ

  

∂x

∂σ
  

∂y
 dz F 

  

σ
  

∂τ
  

∂x

∂τ
  

∂y
dz H 

 (75)

 

 

Where the variables τ
  

 ; τ
  

 and σ
  

 are known from equation (74), 

and, G  , F  and H  are constants. 

 
 

 
 

Figure 37 - Figure taken from Reddy (2004, p.171), and modified in accordance 
with the variables that have been used during this work. (a) denotes the sign 
convention of the internal forces of the beam, and (b) denotes the equilibrium 

of the interlaminar stresses in a laminated beam  
 
 
 

Figure 37 presents a laminate in which the plies are numbered from the top to the 
bottom surface. 
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For laminated composite beams, all variables are independent of the coordinate y of 
the laminate system axis which means that in equation (73) the laminate composite 
beam stresses given by: σ

  
x, z ; σ

  
x, z    and τ

  
x, z  are only 

functions of the coordinates x and z, and since 0, the derivatives of the 
equation (74) with respect to the y coordinate are zero (Reddy 2004). 
 
Through the equations (73) and (75), and considering the assumptions given above: 
 

τ x, z Q Q D Q D Q D
z z

2
G

σ x, z
dQ
dx

Q D Q D Q D
z z

6
H

 

 (76)  
 

in which, equation (71) has been used to replace the ratio  
M

  with                  
Q Q  , and, G  and H  are integration constants which will depend 
on the boundary and interface continuity conditions. 
 
According to Reddy (2004, p. 171), for layer number one (1st ply), the constants G  
and H  will be equal to zero if the laminate at the bottom surface is stress free, while 
the constants G  and H  for j ply 2,3, … are determined by considering that 
τ  and σ  are continuous at the layer interfaces, thus: 
 

 
τ  x, z τ  x, z  

 
σ  x, z σ  x, z  

 
 

Note: Subscript has been changed from     to   .  
 
And also,  
 

                                            M x 0   

                                            0  

                                             
 
As a result, for j=1,2, ...,N , the equations (76) will become: 
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τ  x, z G Q Q D Q D Q D  G  (77)  

 
 
 σ  x, z H

dQ
dx

Q D Q D Q D
z z 

6
H  (78)  

 
Equations (77) and (78) show that the transverse shear stress τ   is quadratic, and 
the normal stress σ   is cubic through-thickness of each ply (lamina) (Reddy 2004). 

 
In order to compare equation (77) with the next demonstration (chapter 2.6), a 
modification has been done incorporating the ply thickness, so, 
 

Since:  
 
 

 z z 

2
  

t z z
2

t 2 t z z z 

2
  t

t
2

z  

 
then the equation for the interlaminar shear stress (77) according to Reddy (2004), 
which has been derived from the CLPT (equations (47) and (64)) with the 
equilibrium equations of 3-D elasticity (equation (74)) becomes: 
 

 ,    ,  

  (79)  
 

Note: If the variable Q  is a function of the ultimate load, then, equation (79) is 
treated as the ILSS of the laminate; otherwise it will be treated as through-thickness 
shear stress, or, interlaminar shear stress. 
 
When Q  is a function of the ultimate load the equation (79) will be defined as: 

 

,   ,

 
 

 
 

 
 

,  
  (80)  
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2.6. 2-D ILSS EQUATION 
 
The method that has been used by Hua (2011) to derive interlaminar shear stress 
on a laminated composite beam was based on some assumptions, such as: 
 
 

 The laminate is balanced and symmetric in regards to its mid-plane. 
 
 

 In-plane forces are zero, which means that ,  and ,  will be equal 
to zero (Figure 34). 
 
 

 The laminate beam under consideration is long enough to make the Poisson 
ratio and shear coupling effects, caused during the deflection, negligible 
(similarly to the consideration taken by Reddy (2004) on his assessment of 
the ILSS equation). 
 
 

 The dependency of the coordinate y of the laminate due to the Poisson effect 
(D ) and anisotropic shear coupling (D ), is neglected, because it is 
considered that the length-to-width ratio is large enough to make the twisting 
curvature negligible, thus, the transverse deflection (w ) will be independent 
of the coordinate y. So, by this assumption D  and D  are independent 
from the coordinate y (see equations (65) and (66)). 
 
 

 This approach considers a thick laminate in which the values for the coupling 
terms: D  and  D   could be neglected when compared to the remaining 
terms of the ABD matrix (equation (62)), so, those coefficients mentioned 
previously will generate small values, thus the difference in value of the 
interlaminar shear stress without those terms will be small for a thick 
laminate. 
 
 

 In order to do a 2-D assessment, the coupling term  D  is neglected on the 
X-Z plane of the laminate axis system, as will be explained in section 2.7. 
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According to the considerations made previously and considering the Figure 38. 
 
For a 2-D Assessment: 
 

 
 

Figure 38 - Deflection caused by an external force on a composite laminate 
beam simply supported (Hua 2011).  

 
 

 
 

Figure 39 - Element (a) shown in Figure 38 (Hua 2011). 
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The 2-D ILSS equation (Hua 2011) has been derived as is shown below: 
 
For a laminate in a three point bending loading (which includes the SBS test), in 
which the force, identified in Figure 38, is acting over the upper surface of the 
laminate, the following expressions will be considered: 
 

                    Force Line Force over the upper surface of the composite laminate     
 

(81)  

                     P F
W    L

 (82)

                     Q Q  
Pz
2  

 

(83)  

In which, the variable   is the shear flow per unit width acting on the             
element (a) shown in Figure 39, which in the case of a line load (load equally 
distributed along the width on the laminated beam) will have the same value along 
the span of the composite beam assuming a constant value equal to Q   . 
 
The expressions (81), (82) and (83) are valid for a system axis as shown in         
Figure 38 and Figure 39, and in the section 2.2, of Chapter 2. 
 
Following the diagram of Figure 39, since the element is in equilibrium within the 
laminate, thus: 

 
σ

∂σ
∂x

dx σ t _ dx 0    

 

(84) 

 ∂σ
∂x

t _  
(85) 

 

Where, t _  is the thickness of the ply number  j . 
 
From engineer's bending theory and stress relationship (Budynas 1998):  
 

 

                   ε , Z  
 

(86) 

 
                   σ , Z E ,

∂ w
∂x

 
(87) 

 

 
                   M  D

∂ w
∂x

 
 

(88) 

Additionally, according with Hua (2011), and applying the equation (88) in the 
equation (86): 
 

                  ε  , M Z D  

 

(89) 

   ,

ε ,
E ,  (90) 
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Where: 
 

D  - Bending stiffness coupling in the direction 1  of the composite laminate, which 
in this case it is coincident with the x axis shown in Figure 39 (coupling form of the 
ABD matrix, equation (62)). 

 

Z - Distance from the mid-plane (neutral axis) of the composite laminate up to the 
ply number  j  
 

M      - Bending moment per unit width of the laminate, which is dependent 
on the x coordinate of the 2-D laminate system axis. 
 

ε  ,  - Strain in the x direction of the lamina, which is a function of the z coordinate.  
 

w - Transverse displacement. 
 

Through the equations (89) and (90) the stress along the x coordinate of the 
composite laminate will be: 
 

 σ    , M Z E , . D  
 

(91) 

Note:  Equation (91) will be used in chapter 4 in order to obtain the stress due to the 
bending moment σ

 ,
 in the composite laminate beam.  

The constant  ,  is obtained by through the equation (96) 
 
Differentiating σ  in respect to  equation (91) becomes: 
 

 
∂σ    ,

∂x

∂ M Z E , . D

∂x
 

 

(92) 

 

For a concentrated load acting in the middle of the laminate, the following 
expression is valid: 

 ∂ M
∂x

Q  

(93) 

 

 
Since E  ,  will be constant along the x coordinate of the laminate system axis 
(E  , E ), and, since D  will be constant along the x coordinate because the 
angle and the Stiffness along the x and y directions will be kept constant too, then, 
the equation (92) becomes: 
 

 ∂σ    ,  
∂x

Z E . D .
∂ M  

∂x
 

(94) 
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then, for a small length in the x direction (dx), localized in the middle of the laminate 
in regards to the laminate span, the equation (94) becomes: 
 

 ∂σ ,

∂x
Z E . D . Q  

 

(95) 

Substituting equation (95) into equation (85), and since: 
 

 A k E t _   
 

(96) 

 
Then, considering the 2-D assessment, where the analysis is made on the x-z plane 
of the laminate coordinate axis system:   D

D
 ,    thus: 

 
 A z

D
Q  

 

 
Which is the same as: 

 
 

(97) 

 
 

Note: If the variable Q  is a function of the ultimate load (equation (81) equal to the 
ultimate load) then, the equation (97) is treated as the ILSS of the laminate; 
otherwise it will be treated as through-thickness shear stress, or, interlaminar shear 
stress. 
 
When Q   is a function of the ultimate load the equation (97) will be defined as: 
 

 
ILSS   τ ILSS

A z
D

Q   
(98) 

Thus, 
 

 
 

(99) 

 

Note:  Equation (99) will be used in chapter 4 in order to obtain the ILSS in the 
composite laminate beam. 
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2.7. THEORY APPLIED IN THIS WORK TO MINIMIZE THE 
DAMAGE IN THE MIDDLE OF THE COMPOSITE LAMINATE 

 
From the three demonstrations that were given previously, in chapter 2.3 to obtain 
the equation (8); in the chapter 2.5 to obtain the equation.(80) and in the chapter 2.6 
to obtain the equation.(99); the one that has been chosen for this research work is 
the 2-D ILSS equation (99), given in chapter 2.6. 
 
Regarding the ILSS equation (8) in accordance with the standards (section 2.3 of 
Chapter 2), the theory takes an approach by considering the application of a load 
over an isotropic short beam, which is not applicable to the case of a composite 
laminate made by multiple plies. 
This equation just works as a quick way to derive the ILSS from the experiments, 
however, when the result of ILSS must be assessed in more detail and not by 
approximation, another theory should be considered, that could be one of either 
ILSS in accordance with Reddy (2004) or the 2-D ILSS Equation. 
 
Comparing the 2-D ILSS equation theory (chapter 2.6; equation.(99)) with the 
Reddy's theory (Reddy 2004) (chapter 2.5; equation.(80)), both are similar 
(equations (105) and (106) show the similarity) when ignoring the effects due to the 
bending couplings D  and  D  of the ABD matrix (equation (62)). 
 
According to Reddy (2004), the through-thickness equation.(80) is expressed as: 
 

,    ,  

 (100)  
 

According to the 2-D ILSS Equation theory (chapter 2.6; equation.(99)), for a 2-D 
problem on the x-z plane of the composite laminate, the equation is expressed as: 
 

 
 

(101) 

 

In order to compare both equations, the following assumptions were considered: 
 

• The resultant shear flow per unit width of the composite laminate Q                    
is a function of the ultimate load (line load as shown in Figure 38 from 
chapter 2.6 and Figure 42 from chapter 4). 
 

• The assessment of the interlaminar shear strength (ILSS) is performed in the 
middle of the laminate, where the maximum ILSS could be found (in theory). 
 

• The laminate is under a concentrated line load on the upper surface of the 
composite part at the middle of its length. 
 



 

CHAPTER 2 - THEORETICAL ASSESSMENT - STATIC ANALYSIS 

 

49 of 126 
 

• The laminate designs under assessment are thick enough so that the effects 
of the bending couplings D  and  D  are small (negligible), when compared 
to the remaining bending couplings values shown on the ABD matrix 
(equation: (62)). According to Campbell (2010, p.433), those couplings 
variables, generally become insignificant for such conditions. 
 

• The length-to-width ratio of the composite laminate is large. 
 

• No free-edge effect exists on the composite laminate. This means that the            
through-thickness shear stress  near to the free edges of the composite 
laminate beam will be equal to zero and the normal stress σ  on the free 
edges of the laminated beam will also be equal to zero. This assumption 
implies that no crack onset will start at the edges of the composite laminate 
to be confirmed. 
 

• Additionally, the considerations taken on the sections 2.5 and 2.6 of this 
chapter to achieve equations (100) and (101) in this section remains valid. 

 
Applying the considerations mentioned above on a symmetric and balanced 
composite laminate beam, the inverse of the bending couplings become:  
 
 

                                   D
D D D

D
D D 0

D
D D

D
 

                                   D
D D D D

D
D D 0 0

D
 

D
D D D D

D
D 0 D 0

D
0 

 
 
 
 

D D D D D D D D D D D D D D D  

        D D D 0 D D D 0 0 0 D 0 D 0  

        D D D D D                                                                                               

 

Continuing: 

 

                                   D
D D

D D D D D
 

 

                                   D
D D

D D D D D
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Thus, 

          D
1

D D
D

 

 

(102)

           D
1

D D
D D

D
D D D

 

 

(103)

Since the analysis of this work is based on the X-Z plane of the laminate coordinate 
axis system (2-D assessment), in accordance with the convention shown in            
section: 2.2 of Chapter 2, the value for the bending coupling term:  D   will be 
considered equal to zero. By doing this, the symmetric and balanced laminate will 
be submitted to a condition in which only the normal curvature of the X direction of 
the composite laminate axis system is considered as presented in Figure 38 (for a 
time > 0). Laminate bending effects given by the stretching of the midplane of the 
laminate as well as the enforcement of curvatures will be avoided due to the 
symmetry and balance of the composite laminate which will result in an anticlastic 
bending when the laminate is under a condition of SBS test or 3PB test. 
 

Then, for a 2-D problem in the X-Z plane of the laminate axis system (Figure 22): 
 D

1
D

 
 

(104)

Applying the considerations explained previously in this section, and considering 
that: 

Q Q  
Pz
2                                                             

 

                 A k E t Q  t                                       
 

Note: Q  is the shear flow per unit width of the composite laminate beam (see 
equations (81); (82) and (83) ). 
 

the equations (100) and (101) becomes: 
 

Reddy's Equation (Reddy 2004): 
 

ILSS 2 , z Q  Q   
1

D Q 0 Q 0 t
t

2 z ILSS 2 , z  

 
which is equal to: 

ILSS
 

ILSS
 

Qx Q   t
1

D11

t
2

z  
 

Thus: 
 

  
 

(105)



 

CHAPTER 2 - THEORETICAL ASSESSMENT - STATIC ANALYSIS 

 

51 of 126 
 

2-D ILSS Equation: 
 

 
 

(106)

Note: According to the equations (97); (98) and (99) ILSS    τ    and   
ILSS    τ   

 
As can be seen on the equations (105) and (106), the difference between them is 
related to the distance given in the z axis. 
 

Depending on how the distance  is attributed to the Reddy's equation 
(Reddy.2004), if  is equal to zero, then, the values for the ILSS will be given at the 
middle of each ply; on the other hand, if  the minimum value of  is equal to a half of 
a ply, then, the ILSS at the middle plane of the composite laminate will be missed, 
and the values for the ILSS will be given at the upper surface of each ply. 
In regards to the 2-D ILSS equation, the expression is derived in a way that the ILSS 
could be taken at the interface of each ply, or at the middle of each ply, without any 
restriction in terms of ply thickness, and also, another advantage of this equation, is 
that it captures the ILSS at the interface in the middle of the composite laminate. 
 

Regarding the considerations and conclusions given previously, all of the research 
work has been based on the 2-D ILSS equation (106). 
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Chapter 3 
3.  

Optimization of Stacking Sequence for ILSS 

3.1. INTRODUCTION 
 
 

This work has been developed in order to get the best stacking sequence to improve 
the interlaminar shear strength (ILSS) in a short beam shear (SBS) test                   
(SBS test).  
 
An algorithm has been developed in MATLAB taking advantage of several 
considerations. Those considerations help reduce the total amount of possible 
combinations (ply orientations and material combinations) without loss of generality. 
 

Hossein Ghiasi et al. (2009) described several optimization methods used to find                    
the best fibre orientation of a composite laminate. From those methods, similar                        
ideas were used in order to reduce the total amount of possible combinations             
(Ghiasi et al. 2009, sections 4.4 and 4.6).  
 

The algorithm developed in the present thesis can consider between two and four 
different angles, and a maximum of two different UD fibre ply materials. To resolve the 
equations, the algorithm considers all possible combinations yielded by the angles and 
materials, to achieve the final result, which will be the best stacking sequence of the 
composite laminate. 
 

In order to be less expensive in terms of computation time, the algorithm was created  
to use the functionality of parallel processing, through Matlab's function:  MatlabPool.   
 

 

 

 

 



CHAPTER 3 - OPTIMIZATION OF STACKING SEQUENCE FOR ILSS 

 

53 of 126 
 

3.2. PROGRAM OVERVIEW - METHOD FOR OPTIMIZATION OF 
LAMINATES 

 
The Matlab algorithm is a program that runs every possible combination of layups 
generated  through the mixture of two different materials with a determined number 
of angles (up to 3 different angles) on each ply that lies within a composite laminate 
to determine the optimum layup. 
This tool receives user defined input for the desired material properties of a hybrid 
laminate composed of two different materials, as well as the desired number of 
angles that the user wants to vary in the through-thickness direction. It also receives 
the user defined input for the desired limits according to Figure 40. 
Most of the sub-routines and functions that constitute the code are drawn from 
assumptions that have been explained in chapter 2. The methodology followed here 
is based on the elimination of the undesirable combinations that do not allow a 
symmetric and balanced laminate to be built.    
 
 
 

 
 

Figure 40 - Methodology used by the software to proceed with the 
optimization of the stacking sequence  
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3.3. GENERAL DESCRIPTION OF THE ALGORITHM PROCESS 
 
Taking the input given by the user, the software will consider all the combinations of 
angles and materials that make the composite laminate symmetric and balanced. 
Additionally it will consider the combinations that have a minimum of 10% of zero 
degree plies within the laminate (BS14130:1998, 2004) and those combinations in 
which no more than 4 plies of the same orientation are joined together (in order to 
reduce thermal cracking and splitting along the fibre direction) 
 
After considering the valid combinations resulting from this process, the software 
stores them in a bulk data file and proceeds with the optimization of the                 
through-thickness damage in the middle of the composite laminate as shown in the 
flowchart given in Figure 41. 
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No  

Yes

Take a combination from the 
bulk data-file to proceed with 

the optimization process 

Single combination taken 
from the bulk data file 

presents a better result in 
terms of minimising τ  in 

the middle of the composite 
laminate loaded under SBS 

test condition ? 

Delete current 
combination from 

the bulk 

Gives the Output 
for the user.        

Input given by 
the user         

Yes 

No 

Generation of all combinations of angles and materials in 
which the undesirable combinations are removed. Valid 

combinations kept in a bulk data file.                     

Iteration, i > total 
number of valid 
combinations  ?  iteration = i+1 

Substitute the previous        
result given for  τ    with the 

current one.

Figure 41 - Algorithm flowchart 
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Note: Some results given by this software are shown in Appendices A and B as an 
example. 
 
 
The static experiments that were conducted (shown in Chapter 4) were essential to 
confirm the theory and the algorithm predictions about the Damage Minimization in 
the middle of the laminate. Based on the output given by the algorithm, two different 
hybrid designs were chosen and additionally a quasi-isotropic design laid up with a 
single material was considered, so three different designs were assessed in this 
work. 
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Chapter 4 
4.  

EXPERIMENTAL TEST - STATIC 

4.1. INTRODUCTION 
This work has been developed to optimize the interlaminar shear strength (ILSS) in 
the middle of a thick composite laminate under a through-thickness loading, on a 
standard method of SBS test. The optimization method was based on the "Laminate 
Constitutive Laws".  
 

By choosing an appropriate combination of through-thickness fibre arrangements 
and materials, a better static condition, as well as better fatigue behaviour of the 
component is expected under in-service conditions. 
 

This chapter describes the static experiments that were realized in Bath University's 
laboratory by Han (2013), who has laid up and tested composite laminates based on 
three different stacking sequences. Those stacking sequences were generated by 
the algorithm that has been developed in this work (see Chapter 3).  
 

The experimental work that has been performed on all the specimens has been 
done under a Short Beam Shear (SBS) test condition as shown on Figure 42 and in 
accordance with the standard  D2344/2344M (2006) and BS14130:1998 (2004).  
 
The experimental static test has been performed in accordance with Han (2013) at a 
speed of 0.1 mm/min. Further information about the experimental part of this work is 
given in Appendix C, D, E, F, G, H, I, J, K and L. 
 
 
 

 

Figure 42 – Short Beam Shear (SBS) test representation. 
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4.2. STATIC EXPERIMENTS 

4.2.1. STATIC TEST OF THE ALL CARBON DESIGN 
The All Carbon Design is a 24 ply composite laminate laid up with the following 
stacking sequence: 

0/45/90/ 45  
 
In his experimental work, Han (2013), has tested seven specimens with the            
stacking sequence shown above. The static tests that were performed in                   
the All Carbon Design, were a standard method of SBS test in accordance                      
with the ASTM D2344/2344M (2006). The experimental results of the static tests are 
shown in Table 1 (the values are taken from Han (2013), which are shown in 
Appendix C and I). 
 
 

Table 1 - Experimental results of the static test performed for the composite 
laminate All Carbon Design 

 

Specimens 
Failure Load 

(N) 

Failure Load 
per unit width 

(N/mm) 

 Thickness 
 (mm) 

Width   
 (mm) 

Length 
(mm) 

1 2449.10 353.39 3.36 6.93 18.82 
2 2622.79 381.80 3.37 6.87 18.58 
3 2484.44 344.18 3.29 7.22 18.61 
9 2524.28 367.93 3.39 6.86 18.62 

10 2318.36 337.41 3.33 6.87 19.08 
3L 2554.13 347.01 3.29 7.36 26.74 
4L 2597.05 354.78 3.29 7.32 26.94 

AVERAGE 2507.16 355.22 3.33 7.06 21 

Standard 
Deviation 102.86 15 0.04 0.23 4 

 
 

The first crack in Specimen 9 detected from the load-displacement data recovered 
by the testing machine occurred at 2503.89 N. After the first crack occurred there 
was small drop in load. The specimen subsequently failed at a load of 2524.28 N. 
 

For the case of specimens 3L and 4L the specimen length was greater than 26 mm 
in order to see if the static and fatigue results would be affected. As can be seen in 
Table 1 the static results are within the range of results obtained for the short 
specimens (length of approximately 18 mm).  
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i. Assessment of the images taken from the Static Experiment 

Based on the experiments given in Table 1, four specimens were assessed in more 
detail. The specimen numbers are: 1; 9; 2; 10 . 
 
As can be seen in Figure 43 ((b); (c) and (d)), the crack starts in the compression 
side of each of the 24 ply specimens (above the mid-plane of the composite 
laminate). The images (Figure 43 - (b); (c) and (d)) were taken after the crack 
initiation has started, so, the crack propagation for a particular instant of time will be 
seen.  
 
Due to the application of the ultimate load, several delaminations have occurred on 
each of the specimens during the failure process. All of the static tests that have 
been performed show similar characteristics, by a visual means of assessment, the 
intralaminar crack has started near to the middle plane of the specimen, within a 
single 90  ply, and at an angle of approximately 138  (as shown in Figure 49 (a)). 
After the crack initiation has started, it propagates to right side of the image, 
originating more cracks and consequent delaminations in other plies, which are due 
to the decrease in stiffness on the whole composite laminate that was originated by 
the first crack. The intralaminar failure has been initiated by principal stress. This is 
confirmed through the Figure 47 ((a); (b) and (c)) (Hybrid Design 2) showing the 
same pattern of failure as shown for the All Carbon Design. 
 
Since the specimen has been subject to an ultimate load, the through-thickness 
shear stress that has been obtained through the static test will be obtained through 
the  ILSS  equation (106) and will be represented by the variable  τ  . Also, by 
visual means of assessment, some of the specimens that were tested, present a 
failure underneath the loading roller due to the compression of the roller surface 
against the first ply of the composite laminate. This failure seems to have happened 
at the same time as the 90  plies have failed (see Figure 43 (b)). 
 
  



 

CHAPTER 4 - EXPERIMENTAL TEST - STATIC 

 

60 of 126 
 

 
 

 
Figure 43 - All Carbon Design - Static test experiments showing: (a) load-displacement plot given 

by the SBS test performed on specimen 9; (b) SBS test performed on Specimen 9; (c) SBS test 
performed on Specimen 1; (d) SBS test performed on Specimen 2. 

(a) 

(b) 

(c) 

(d) 
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4.2.2. STATIC TEST OF THE HYBRID DESIGN 1 WITH  | |  
 
The Hybrid Design 1 is a 24 ply composite laminate, made of a maximum of 40% of 
glass plies (which allows 8 glass plies in the symmetric composite laminate), and 
which have been laid up with the following stacking sequence: 
 

  0C /  45C /  45  /  45C   

 
Han (2013) has performed the experiments on the static test rig at a speed of 
0.1mm/min, in this experimental work seven specimens have been tested with the 
stacking sequence shown above.  
 
The static tests performed were of a standard method of SBS test in accordance 
with the ASTM D2344/2344M (2006). The experimental results of the static tests are 
shown in Table 2 (the values are taken from Han (2013), which are shown in 
Appendix D and I). 
 
 

Table 2 - Experimental results of the static test done for the composite 
laminate Hybrid Design 1 with | | 

 

Specimens 
Failure Load 

(N) 

Failure Load 
per unit width 

(N/mm) 

 Thickness 
 (mm) 

Width   
(mm) 

Length 
(mm) 

1 2551.83 369.86  3.38 6.90 18.60 
2  2576.28 374.56  3.39 6.88 18.81 
3 2534.99 366.33  3.31 6.92 18.62 
9  2588.00 373.45  3.40 6.93 18.37 

10 2506.02 361.10  3.40 6.94 17.97 
3L 2718.98 373.87  3.34 7.27 25.26 
4L 2436.53 369.65  3.35 6.59 24.97 

AVERAGE 2558.95 369.83 3.37 6.92 20.37 

Standard 
Deviation 86.76 4.83 0.04 0.20 3.25 

 
Note: The highest and lowest failure loads presented in Table 2 correspond to the 
widest and narrowest samples respectively. Due to this, equation (164) from 
Appendix P has been used in order to achieve the average of the loads necessary 
to setup the fatigue rig to proceed with the fatigue experiments, as will be explained 
in Chapter 5. 
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i. Assessment of the images taken from the Static Experiment 

Based on the experiments given in the Table 2, three specimens were assessed in 
more detail. The specimens number are: 3, 9, 10 . 
 

During the static tests that have been performed under a condition of SBS test, 
some common characteristics have been noticed. One of these is in regards to the 
glass plies within the composite laminate. During the whole static test process it was 
noticed, by visual means (Figure 44 (b); (c); and Figure 45 (a), (b), (c), (d)), that after 
the crack has initiated it propagates and goes from near the middle of the specimen, 
between two carbon plies, upwards to the bottom surface of the glass ply, breaking 
the carbon plies in the through-thickness direction. This situation has been detected 
on all of the specimens that were tested, except for one. Through this finding it 
seems that the glass plies work well as a driver of the crack during the static test 
process, possibly because it is less stiff than the carbon ply absorbing the crack 
energy much better than the carbon does.  
 

More common characteristics have been found during the static test process. Below 
is shown a description of each of those characteristics that by a visual means of 
assessment seems to accomplish with a regular pattern of this particular design 
(Hybrid Design 1): 
 

Three of the seven specimens that were tested have presented the first crack in the 
upper surface of the composite laminate at the same time that the delamination has 
occurred near the middle of the composite laminate due to interlaminar failure. The 
failure on the upper surface of the laminate, which is underneath the loading roller, 
is due to the compression of the roller surface against the first ply of the composite 
laminate. This did not influence the results because they are within the range of 
results presented by the specimens that did not have the failure underneath the 
loading roller at the same time as the interlaminar failure that occurred on the 
specimens (see specimen 3 of Figure 45 (c) and Table 2 as an example). 
 

All delaminations that have been verified on each of the seven static tests, have 
begun near the middle of the laminate due to interlaminar failure, in the compression 
side of the composite part (Above the middle plane of the laminate). Since the 
delamination is expected to occur in the middle of the laminate (between the plies 
number 12 and 13) or in its tensile side (not on the compression side), an 
explanation of this, is due to the laminate being balanced and symmetric, the middle 
plane will be shared by two plies with the same orientation ( 45 ), one from the 
upper half of the specimen and other from the lower half. Since both plies have the 
same orientation, this could have an effect in terms of the interface stiffness 
between those plies. Since the failure has happened between the plies number 11 
and 12 with orientations of 45  and 45  respectively, it means that the interface 
between those plies is weaker in regards to the interface between plies number 12 
and 13. 
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The first delamination presented on Specimen 9 (see Figure 55 (a)) has appeared 
near the middle of the specimen, between the ply 11 and 12 (Han 2013). 

 
According to the explanation given in section 4.2.1 i), and as will be shown in 
section 4.3.2 ii), the reason the crack initiates above the mid-plane of the composite 
laminate is due to the interlaminar shear stress  distribution as shown in Figure 56 in 
which, the cross-sections (perpendicular to the x axis) that are near to the loading 
roller create hotspots of ILSS above the mid-plane of the laminate. 
 

Since the specimen has been submitted to an ultimate load, the through-thickness 
shear stress that has been obtained through the static test will be obtained through 
the ILSS equation (106) and will be represented by the variable   . 
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(a) 

(b) 

(c) 
Figure 44 - Hybrid Design 1 - Static test experiments (SBS test) showing:                   

(a) load-displacement plot given by the SBS test performed on specimen 9;               
(b) Specimen 9 - image captured after the first crack has initiated;                         
(c) Specimen 9 - image captured in the final stage of the SBS test. 
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(a)

Figure 45 - Hybrid Design 1 - Static test experiments (SBS test) showing: (a) Specimen 10 – 
first image captured after the first crack has initiated; (b) Specimen 10 - image captured in the 

final stage of the SBS test; (c) Specimen 3 – first image captured after the first crack has 
initiated; (d) Specimen 3 - image captured in the final stage of the SBS test. 

(b) 

(c) 

(d) 
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4.2.3. STATIC TEST OF THE HYBRID DESIGN 2 WITH  | |  
 

The Hybrid Design 2,  which is laid up with 24 plies, was made in order to allow a 
maximum of 40% of glass plies within the laminate (which is 8 glass plies in a 
symmetric composite laminate), and in order to allow ply orientations of | 45| 
degrees. 
 
The stacking sequence of this laminate, and the glass and carbon plies disposition 
in the through-thickness direction of the laminate, were taken from the output given 
by the algorithm described in Chapter 3.  
 
The stacking sequence of the Hybrid Design 2 is:  
 

 0  /  45  /  90C /  45  /  90C  
 

The static tests for this design, performed by Han (2013), were performed in a 
standard method of SBS test in accordance with the ASTM D2344/2344M (2006). 
Static tests failure loads and geometric characteristics of the Hybrid Design 2 
specimens are presented in Table 3 (these values are taken from Han (2013), and 
are shown in Appendix E and I). 
 
 
 

Table 3 - Experimental results of the static test done for the composite 
laminate Hybrid Design 2  with | | 

 

Specimens Failure Load 
(N) 

Failure Load 
per unit width 

(N/mm) 

 Thickness 
(mm) 

Width   
 (mm) 

Length 
 (mm) 

1 2027.48 294.20  3.45 6.89 19.02 

2  1876.40 269.54  3.43 6.96 18.22 

3 1888.22 270.49  3.38 6.98 18.68 

6 1826.81 265.55  3.47 6.88 18.54 

7 1981.33 290.47  3.48 6.82 17.96 

9 1668.00 242.44  3.48 6.88 18.28 

10 2307.96 331.47  3.34 6.96 18.67 

AVERAGE 1939.46 280.59 3.43 6.91 18.48 

Standard 
Deviation 199.28 28.22 0.05 0.06 0.35 
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i. Assessment of the images taken from the Static Experiment 

Based on the experiments given in Table 3, three Specimens were assessed more 
in detail. The Specimen Numbers were: 3, 9, 10 . 
 
During the static tests that have been performed some common characteristics have 
been noticed. Below is shown a description of each of those characteristics that, by 
a visual means of assessment, seems to accomplish with a regular pattern: 
 
Through Figure 47 ((a) and (b)), it was observed that the cracks in this design                       
(Hybrid Design 2) have started in the tensile region of the composite laminate and 
on a 90  ply orientation. 
  
The crack initiation of each of the specimens that were tested have almost the same 
angle, this crack has occurred due to the principal stresses within a 90  ply 
(intralaminar failure). 
 
Also, another characteristic that has been noticed, in comparison with the other 
designs is the low value of the ultimate load obtained from the experiments. This 
design (Hybrid Design 2) seems to be the worst in terms of static failure in 
comparison with the All carbon Design and Hybrid Design 1. 
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Figure 46 - Hybrid Design 2 -- Load-displacement plot given by the SBS test 

performed on specimen 9; 
 

As can be seem in Figure 46, in the point of inflection, the Hybrid Design 2 presents 
a small jump, which could mean that a crack initiation has started, and then, after 
that small jump, the laminate achieves its ultimate load. This point seems to have a 
direct connection with the matrix of a composite laminate, however it could be a rig 
error (machine compliance). Due to the uncertainty of this affirmation, further 
investigation is required. 
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Figure 47  - Hybrid Design 2 - Static test experiment (SBS test) showing:                   
(a) Specimen 9 - shows the crack initiation captured by the camera at the instant of the 

crack onset; (b) Specimen 9 – zoomed-in image of the area in part at where the first crack 
has initiated; (c) Specimen 9 - image captured in the final stage of the SBS test, showing 

the crack propagation in the through-thickness direction at a determined angle, 
accompanied by the delamination of some plies. 

(b)

(a)

(c)
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From the specimens shown in Figure 47, Figure 48 and Figure 59, one of the 
characteristics that could be seen is that the glass plies drive the crack propagation 
along its length, so it seems to be clear that glass plies within an hybrid composite 
laminate help to drive the crack propagation in a way that protects other adjacent 
plies. 

 

  

Figure 48 - Hybrid Design 2 - Static test experiments (SBS test) showing: (a) Specimen 10 - 
first image captured after the first crack has initiated; (b) Specimen 3 - first image captured 

after the first crack has initiated. 

(a)

(b)
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4.3. ANALYSIS OF THE STATIC EXPERIMENTS 
4.3.1. STRESS ANALYSIS OF ALL CARBON DESIGN 
i. Theoretical Results 

Using equations (89), (91), and (104)  that were demonstrated in Chapter 2, the 
Table 4 shows the results for the static experiment that has been performed on 
Specimen number 10.  
 
For a carbon ply thickness equal to 0.139mm (as shown by Han (2013) in           
Appendix I, table 3.4), with the width and length values equal to that shown on the 
Table 1 (Han 2013) and according to Young & Budynas (2002, section 8.17;              
table 8.1 - case 1c) (for a right and left end simply supported beam), Table 4 is 
presented. 
 
 

Table 4 - Theoretical values found for specimen 10 
 

SPECIMEN 10 - Line Load = 2318.36 N 

TOP OF THE LAMINATE 

Ply      
Number 

Angle 
(Degrees) Material 

Distance 
from the 
middle of 

the 
laminate 

(mm) 

 
(effective  
Strain)  

where the     
crack has 
occurred,  

at  x=11mm  
 (equation (89))

,   

Maximum 
axial stress 

value.  
At   

(equation 
(91)) 

(MPa) 

 ,     
 

Axial stress on the 
spot where the first 

crack occurred  
(x=11 mm) 

 (equation (91)) 

(MPa) 

 
 
(equation 

(106)) 
 

(MPa) 

 
 

(equation 
(8)) 
 

(MPa) 

Top 
Surface ----  1.668 -0.003879 - 1249.69 -535.58 0 

 
75.87 

 

1 0 Carbon 1.529 -0.003556 - 370.75 -158.89 24.82 
2 45 Carbon 1.390 -0.003233 - 92.66 -39.71 32.18 
3 90 Carbon 1.251 -0.002909 - 303.34 -130.00 34.02 
4 - 45 Carbon 1.112 -0.002586 - 833.13 -357.06 40.04 
5 0 Carbon 0.973 -0.002263 - 235.93 -101.11 56.58 
6 45 Carbon 0.834 -0.001940 - 55.60 -23.83 61.27 
7 90 Carbon 0.695 -0.001616 - 168.52 -72.22 62.37 
8 - 45 Carbon 0.556 -0.001293 - 416.56 -178.53 65.72 
9 0 Carbon 0.417 -0.000970 - 101.11 -43.33 73.99 
10 45 Carbon 0.278 -0.000647 - 18.53 -7.94 76.00 
11 90 Carbon 0.139 -0.000323 - 33.70 -14.44 76.37 
12 - 45 Carbon 0 0 0 0 77.04 

MIDDLE OF THE SYMMETRIC LAMINATE 

 
Figure 49 shows the Specimen 10 loaded under a SBS test condition.  
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Figure 49 – Analysis of the theoretical results for All Carbon Design. Image showing: (a) central part of the Specimen 10;                             
(b) through-thickness shear stress  (from Table 4); (c) bending stress in the x direction of the laminate (   , )  (from Table 4). 
Notes: 1) Each white line represents a ply thickness. 2) The First crack happened due to an Intralaminar failure in a 90 degree ply.               

3) Figure 49 was taken when the first two cracks had started. 
  

(a)

(c)(b)
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ii. FE Analysis for All Carbon Design 

A brief explanation of the method applied during the FE Analysis 

The continuum shell element offers a general view of the stresses around a 
composite part, however, 3-D Stress elements (brick elements) were used because 
they show in detail the stress in a determined region of the composite laminate and 
also because they use the full 3-D stress field to obtain the stresses. 
 
Table 5 shows the dimensions and load that have been used in the All Carbon 
Design FE model. 
 

Table 5 - Composite Laminate's Geometric Characteristic 
 

DESIGN 

Failure Load  
 

(values taken 
from Table 1) 

(N) 

Thickness  
(according to  Han 

(2013) in Appendix I, 
table 3.4) 

 (mm) 

Width  
(values taken 
from Table 1)

 (mm) 

Length   
(values taken 
from Table 1) 

 (mm) 

 
Span 

 
(mm) 

All Carbon 
(Specimen 10) 

2318.36 24 0.139 6.87 19.08 14 

 
The FE models have been created in order to achieve a better visualization in terms 
of the ILSS distribution of a specimen which has been subjected to an experimental 
test under SBS test conditions. 
 
The diameter of the loading rollers and support roller is 6 mm (this is the same as 
that used in the experimental test). 
 
The models have been built in order to achieve 24 elements in the through-
thickness direction, in which each of the elements has the same thickness as the 
respective ply which it represents within the composite laminate. This means that if 
a single layer (orthotropic ply)  is made by UD glass fibres then the thickness of the 
element will be the same as the glass ply thickness. Each of the orthotropic plies 
that have been created in the FE-model has a single material orientation as shown 
in Figure 7. Each ply has been given orthotropic elastic properties using the Abaqus 
input option type Engineering Constants. The material properties that have been 
used are in accordance with those given in the Appendix M. 
 
Boundary conditions were applied to each of the FE-model in order to fix the 
specimen at two points located in the middle of its length (centre span) in order to 
allow a vertical movement of the laminate when a load is applied in the middle of the 
span. The support rollers were completely restrained with the Abaqus option 
encastre by fixing all the inner nodes in the inner cylinder of each roller (see           
Figure 50). 
 
A multipoint constraint (MPC) has been created on the loading roller fixing all of the 
nodes that are in the inner cylinder of the roller. The MPC has been used to apply 
the single load presented in Table 5. 
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The elastic material properties of the AISI 4340 alloy steel in which the Young’s 
Modulus is given as 199 948 MPa and the Poisson’s Ratio as 0.32 has been used 
for the loading and support rollers. 
 
Figure 50 shows an example of the FE-model that has been built. 
 
 
 

 
 

Figure 50 - SBS test - General assembly 
 
 
Note: the explanation given in this section is also applicable to the sections 4.3.2 ii)  
and  4.3.3 ii). 
 
 
The results from the final element analysis for All Carbon Design are given in                  
Figure 51, Figure 52 and Figure 53. 
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Figure 51 – Image showing the ILSS (   ) FE results for the All Carbon Design 
specimen 10. 

 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 

Figure 52 - Internal ILSS (   ) presented for the All Carbon Design specimen 10. Note that 
the pair of values shown on the figure are the element number followed by the ILSS ( ). 

0/45/90/ 45  
Stacking Sequence :
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0/45/90/ 45  
Stacking sequence :

Figure 53 – Image showing the: (a) ILSS ( ) Abaqus plot for All Carbon Design;  
(b) Specimen 10, shown in Figure 51, cut at the cross-section where the first crack 

has appeared (see Figure 43 and Figure 49). 
 

(a) 

(b) 
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iii. Resume of the Analytical Results for All Carbon Design 

Table 6 shows the analytical results obtained from the three different methods that 
have been used to obtain the value of the ILSS (τ   ). These methods are:                   
FE-Analysis; the assessment of the ILSS using equation (106) and the assessment 
of the ILSS using equation (8). 
 

Table 6 – Results for All Carbon Design 
 

SPECIMEN 10 - Line Load = 2318.36 N - All Carbon Design  
/ / /  

TOP OF THE LAMINATE 

Ply 
Number 

Angle 
(Degrees) Material 

applying 
equation (106) 

(MPa)  

from the         
FE-Model           

(for the cross-section 
shown in Figure 53) 

 (MPa)  

applying 
equation (8) 

(MPa) 

Top Surface  0 0 

 

1 0 Carbon 24.82 19.33 
2 45 Carbon 32.18 20.28 
3 90 Carbon 34.02 22.50 
4 - 45 Carbon 40.04 39.10 
5 0 Carbon 56.58 57.76 
6 45 Carbon 61.27 59.39 
7 90 Carbon 62.37 56.48 
8 - 45 Carbon 65.72 64.49 
9 0 Carbon 73.99 73.97 
10 45 Carbon 76.00 74.37 
11 90 Carbon 76.37 72.33 
12 - 45 Carbon 77.04 74.58 

MIDDLE OF THE LAMINATE 75.87 
13 - 45 Carbon 77.04 74.58 

 

14 90 Carbon 76.37 75.10 
15 45 Carbon 76.00 77.11 
16 0 Carbon 73.99 74.94 
17 - 45 Carbon 65.72 66.70 
18 90 Carbon 62.37 59.94 
19 45 Carbon 61.27 62.69 
20 0 Carbon 56.58 60.18 
21 - 45 Carbon 40.04 40.57 
22 90 Carbon 34.02 23.62 
23 45 Carbon 32.18 21.95 
24 0 Carbon 24.82 21.35 
Bottom surface  0 0 

BOTTOM OF THE LAMINATE 
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iv. Principal Stresses for All Carbon Design 

A brief explanation of the method applied 

The failure criterion that has been implemented and assessed was in accordance 
with Tsai-Wu criterion (Tsai & Hahn 1980), however, the final results have shown 
that the laminates tested failed in a different mode. This difference could have been 
a result of the fact that Tsai-Wu (Tsai & Hahn 1980) is a failure criterion for plane 
stress state. The failure that has occurred on each specimen tested in laboratory 
was due to the ILSS ( ) combined with the stress in the x direction ( σ  x ,  ) for 
each of the plies within a laminate. This thesis considers the principal stresses in 
order to assess the intralaminar failure on the 90  ply that has been found during the 
experiments performed by Han (2013). 
 
Considering that for an SBS test, the normal stress  acting on each ply is 
negligible (equal to zero), and considering also that on a 2-D assessment in the 
through-thickness direction the stresses in the y direction of each ply are equal to 
zero due to the explanation given in Chapter 2, section 2.6 ( 0), 
thus, the Figure 54 shows the stress state for a 2-D assessment in the                  
through-thickness direction. The index j denotes the ply number. The accompanying 
equations are given in Appendix N (equations (119) up to (124)). 

 

 

Figure 54 - Image showing the: (a) specimen under a SBS test condition;            
(b) Mohr's circle for the stress state element shown in (c); (c) stress state 

element taken from a single ply belonging to the specimen (a). 

(a) 
(b)

(c)
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Results of the principal stresses:  

Table 7 shows the results of applying equations (156) through (162) to the 90  plies 
in the All Carbon Design which can be found in Appendix N. 

All Carbon Design   
0/45/90/ 45  

 
 

Table 7 - Principal stresses for All Carbon Design (Specimen 10).  Values for 
bending moment taken at the position where the first crack has occurred          

(x= 11 mm; see Figure 49). 
 
 

   For the Specimen 10 shown on the Table 1  
(Specimen with 24 plies) 

TOP OF THE LAMINATE 

Ply      
Number 

Angle 
(Degrees) Material 

  
(MPa) 

  
(MPa) 

 
(Degrees) 

     
(MPa) 

 
(Degrees) 

3 90 Carbon - 57.67 17.95 - 29.16 37.81 - 74.16 
7 90 Carbon - 74.33 50.50 - 39.50 62.42 - 84.50 
11 90 Carbon - 80.07 72.13 - 43.50 76.10 - 88.50 

MIDDLE OF THE 
SYMMETRIC 
LAMINATE 

Resin 
(Matrix) 77.04 -77.04 0 77.04 45 

14 90 Carbon 80.07 - 72.13 43.50 76.10 88.50 
18 90 Carbon 74.33 - 50.50 39.50 62.42 84.50 
22 90 Carbon 57.67 - 17.95 29.16 37.81 74.16 

BOTTOM OF THE LAMINATE 
 

 

Note: The black cells shown in Table 7 show the values for the spot where the first 
crack has occurred in the laminate due to an Intralaminar failure (Figure 49, ply 
number 11).  
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4.3.2. STRESS ANALYSIS OF HYBRID DESIGN 1 WITH | | 
i. Theoretical Results 

Similarly to what has been done in section 4.3.1 i), by using the equations (89), (91), 
and (104) , Table 8 shows the results for the static experiment that has been 
performed on Specimen 9.  
 
For a carbon ply thickness equal to 0.139mm, and a glass ply thickness equal to 
0.143 mm (as shown by Han (2013) in Appendix I, table 3.4), and, according to 
Young & Budynas (2002, section 8.17; table 8.1 - case 1c) (for a right and left end 
simply supported beam), the Table 8 is presented. 
 
Note: From Figure 44 and Figure 45. As it is not clear where the crack has initiated 
on this Hybrid Design 1, the maximum value of the moment per unit width, 
M      (used in the equation (91) to obtain the axial stress ) has been used 
to calculate the axial stress (σ   , ). 
 

 

Table 8 - Theoretical values found for specimen 9 
 

SPECIMEN 9 - Line Load = 2588 N 

TOP OF THE LAMINATE 

Ply       
Number 

Angle 
(Degrees) Material 

Distance from 
the middle of 
the laminate 

(mm) 

   
(effective Strain)  

At x=7mm  
 (equation (89)) 

 ,     

Maximum axial 
stress value.  
At    
(equation (91))  

(MPa) 

 
 

(equation 
(106)) 

 
(MPa) 

 
 

(equation 
(8)) 
 

(MPa) 

Top 
Surface ----  1.684 - 0.008581 - 1184.73 0 

83.16 

1 0 Carbon 1.545 - 0.007873 - 1086.94 23.53 
2 0 Carbon 1.406 - 0.007165 - 320.13 45.11 
3 45 Carbon 1.267 - 0.006456 - 288.48 51.47 
4 - 45 Carbon 1.128 - 0.005748 - 256.83 57.19 
5 45 Carbon 0.989 - 0.005039 - 225.18 62.29 
6 - 45 Carbon 0.850 - 0.004331 - 83.71 66.77 
7 45 Glass 0.707 - 0.003603 - 69.63 68.48 
8 - 45 Glass 0.564 - 0.002874 - 55.54 69.90 
9 45 Glass 0.421 - 0.002145 - 41.46 71.03 
10 - 45 Glass 0.278 - 0.001417 - 63.30 71.88 
11 45 Carbon 0.139 - 0.000708 - 31.65 73.14 
12 - 45 Carbon 0 0 0 73.77 

MIDDLE OF THE SYMMETRIC LAMINATE 
 
Figure 55 shows the Specimen 9 loaded under a SBS test condition. The picture 
was taken after the crack had started and on the last stage of the static test. 
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Figure 55 - Analysis of the theoretical results for Hybrid Design 1. Image showing: (a) Central part of the Specimen 9;                                   
(b) Through-thickness shear stress  (from Table 8); (c) bending stress in the x direction of the laminate (   , )  (from Table 8). 

Notes:  1) Each white line represents the ply thickness at that level. 2) The initials C and g means: Carbon and Glass material 
respectively. 3) The First crack happened due to an Interlaminar failure between the ply number 11 and ply number 12. 

 
 
  

(a) 
(c)(b)
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ii. FE Analysis for Hybrid Design 1 

Table 9 shows the dimensions and load that have been used in the Hybrid Design 1 
FE model. 
 

Table 9 - Composite Laminate's Geometric Characteristic 
 

DESIGN 

Failure Load  
(values taken 
from Table 2) 

(N) 

Thickness  
(According to  Han (2013) 
in Appendix I, table 3.4) 

 (mm) 

Width  
(values taken 
from Table 2) 

 (mm) 

Length   
(values taken 
from Table 2) 

 (mm) 

 
Span 

 

 (mm)

Hybrid Design 1 
(Specimen 9) 

2588.00 16 0.139 8 0.143 6.93 18.37 14 

 
The results from the final element analysis for Hybrid Design 1 are given in                    
Figure 56, Figure 57 and Figure 58. 
 

 
 

 

Stacking sequence:    0C / 45C /  45 / 45C  

Figure 57 - Internal ILSS ( ) presented for the 
Hybrid Design 1 specimen 9. Note that the pair of 

values shown on the figure are the element number 
followed by the ILSS ( ). 

Figure 56 - Image showing the ILSS ( ) FE 
results for the Hybrid Design 1 specimen 9. 
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Figure 58 - Image showing the: (a) ILSS ( ) Abaqus plot for Hybrid_Design_1;   
(b) Specimen 9, shown in Figure 56, cut at the cross-section near to the 

middle of the laminate (middle of the span). 
 
 
 
 

 0C / 45C / 45 / 45C  

Stacking sequence :

(a)

(b) 
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iii. Resume of the Analytical Results for Hybrid Design 1 with | | 

Table 10 shows the analytical results obtained from the three different methods that 
have been used to obtain the value of the ILSS (τ   ). 
 

Table 10 – Results for Hybrid Design 1 
 

 SPECIMEN 9 - Line Load = 2588 N - Hybrid Design 1 

  / / /   

TOP OF THE LAMINATE 

Ply 
Number 

Angle 
(Degrees) Material 

applying 
equation (106) 

(MPa)  

from the      
FE-Model        

(for the cross-section 
shown in Figure 58) 

 (MPa)  

applying 
equation (8) 

(MPa) 

Top Surface  0 0 

 

1 0 Carbon 23.53 22.56 
2 0 Carbon 45.11 39.52 
3 45 Carbon 51.47 49.28 
4 - 45 Carbon 57.19 55.7 
5 45 Carbon 62.29 61.81 
6 - 45 Carbon 66.77 65.16 
7 45 Glass 68.48 69.12 
8 - 45 Glass 69.90 71.50 
9 45 Glass 71.03 72.42 
10 - 45 Glass 71.88 73.05 
11 45 Carbon 73.14 71.86 
12 - 45 Carbon 73.77 68.49 

MIDDLE OF THE LAMINATE 83.16 
13 - 45 Carbon 73.77 67.23 

 

14 45 Carbon 73.14 64.69 
15 - 45 Glass 71.88 63.35 
16 45 Glass 71.03 62.70 
17 - 45 Glass 69.90 62.29 
18 45 Glass 68.48 60.22 
19 - 45 Carbon 66.77 55.39 
20 45 Carbon 62.29 50.36 
21 - 45 Carbon 57.19 42.72 
22 45 Carbon 51.47 36.73 
23 0 Carbon 45.11 32.11 
24 0 Carbon 23.53 21.60 
Bottom surface  0 0 

BOTTOM OF THE LAMINATE 
 

 
Note: Since Hybrid Design 1 has presented an interlaminar failure between ply        
number 11 and ply number 12, and since this design does not have 90  plies, the 
principal stresses will not be presented for this design.  
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4.3.3. STRESS ANALYSIS OF HYBRID DESIGN 2 WITH | | 
i. Theoretical Results 

For this sub-section, the equations (89), (91), and (104) were applied.  
 

The Table 11 shows the static experiment results that have been performed by          
Han (2013) on specimen 10 – Hybrid Design 2.  
 

For a carbon and glass ply thickness equal to 0.139mm and 0.153mm respectively 
(as shown by Han (2013) in Appendix I, table 3.4), with the width and length values 
equal to those shown on Table 3, and, according to Young & Budynas (2002, section 
8.17; table 8.1 - case 1c) (for a right and left end simply supported beam), The          
Table 11 is presented. 
 
 

Table 11 - Theoretical values found for the specimen 10 
 

SPECIMEN 10 - Line Load = 2307.96 N 

TOP OF THE LAMINATE 

Ply       
Number 

Angle 
(Degrees) Material 

Distance 
from the 
middle of 

the 
laminate 

(mm) 

 
(effective  
Strain)  

where the      
crack has 

occurred, at  
x=9mm  

 (equation (89))

,   

Maximum 
axial stress 

value. At 
   
(equation 

(91))  

(MPa) 

 ,     
 

Axial stress on the 
location where the 
first crack occurred 

[x=9 mm]  
 (equation (91)) 

(MPa) 

 
 

(equation
(106)) 

 
(MPa) 

 
 

(equation 
(8)) 
 

(MPa) 

Top 
Surface ----  1.724 - 0.006319 - 1221.40 - 872.43 0 

72.1 

1 0 Carbon 1.585 - 0.005810 - 1122.92 - 802.09 24.25 

2 0 Carbon 1.446 - 0.005300 - 143.41 - 102.43 46.55 

3 45 Glass 1.293 - 0.004739 - 128.23 - 91.59 49.69 

4 - 45 Glass 1.140 - 0.004179 - 71.86 - 51.33 52.49 

5 90 Carbon 1.001 - 0.003670 - 63.10 - 45.07 53.92 

6 90 Carbon 0.862 - 0.003160 - 54.34 - 38.81 55.17 

7 90 Carbon 0.723 - 0.002650 - 45.58 - 32.55 56.25 

8 90 Carbon 0.584 - 0.002141 - 57.92 - 41.37 57.15 

9 45 Glass 0.431 - 0.001580 - 42.74 - 30.53 58.42 

10 - 45 Glass 0.278 - 0.001019 - 17.52 - 12.52 59.35 

11 90 Carbon 0.139 - 0.000510 - 8.76 - 6.26 59.70 

12 90 Carbon 0 0 0 0 59.87 

MIDDLE OF THE SYMMETRIC LAMINATE 
 

 

 

 

Figure 59 shows Specimen 10 loaded under a condition of SBS test. The picture 
was taken after the crack had started. 
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Figure 59 - Analysis of the theoretical results for Hybrid Design 2. Image showing: (a) Central part of the Specimen 10;                                       
(b) Through-thickness shear stress  (from Table 11); (c) bending stress in the x direction of the laminate (   , )  (from Table 11). 

Notes: 1) Each white line represents a ply thickness. 2) The First crack happened due to an Intralaminar failure in a 90 degree ply 
(between the ply number 17 and ply 20).   3) Figure 59 was taken when the first two cracks had started. 

     

(a) 

(c)(b)
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ii. FE Analysis for Hybrid Design 2 

Table 12 shows the dimensions and load that have been used in the                 
Hybrid Design 2 FE model. 
 

Table 12 - Composite Laminate's Geometric Characteristic 
 

DESIGN 

Failure Load  
(values taken 
from Table 3) 

(N) 

Thickness  
(According to  Han (2013) 
in Appendix I, table 3.4) 

 (mm) 

Width  
(values taken 
from Table 3) 

 (mm) 

Length   
(values taken 
from Table 3) 

 (mm) 

 
Span 

 

 (mm) 

Hybrid Design 2 
(Specimen 10) 

2307.96 16 0.139 8 0.153 6.96 18.67 14 

 
The results from the final element analysis for Hybrid Design 2 are given in                    
Figure 60, Figure 61 and Figure 62. 
 

 
 
 

 

Figure 60 - Image showing the ILSS ( ) FE 
results for the Hybrid Design 2 specimen 10. 

Figure 61 - Internal ILSS ( ) presented for 
the Hybrid Design 2 specimen 10. Note that 

the pair of values shown on the figure are the 
element number followed by the ILSS ( ). 

Stacking sequence : 0 / 45 / 90C /  45  / 90C
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Figure 62 - Image showing the: (a) ILSS ( ) Abaqus plot for 
Hybrid_Design_2;   (b) Specimen 10, shown in Figure 60, cut at the      

cross-section section where the first crack has appeared (see Figure 47). 

  0  /  45 / 90C / 45 / 90C  
Stacking sequence :

(a)

(b) 
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iii. Resume of the Analytical Results for Hybrid Design 2 with | | 

Table 13 shows the analytical results obtained from the three different methods that 
have been used to obtain the value of the ILSS (τ   ). 
 

Table 13 – Results for Hybrid Design 2 
 

SPECIMEN 10 - Line Load = 2307.96 N - Hybrid Design 2  
   / / / /  

TOP OF THE LAMINATE 

Ply 
Number 

Angle 
(Degrees) Material 

applying 
equation (106) 

(MPa)  

from the      
FE-Model        

(for the cross-section 
shown in Figure 62) 

 (MPa)  

applying 
equation (8) 

(MPa) 

Top Surface  0 0 

 

1 0 Carbon 24.25 17.16 
2 0 Carbon 46.55 29.79 
3 45 Glass 49.69 38.87 
4 - 45 Glass 52.49 45.10 
5 90 Carbon 53.92 52.00 
6 90 Carbon 55.17 55.15 
7 90 Carbon 56.25 56.38 
8 90 Carbon 57.15 56.97 
9 45 Glass 58.42 55.92 
10 - 45 Glass 59.35 56.67 
11 90 Carbon 59.70 59.17 
12 90 Carbon 59.87 60.22 

MIDDLE OF THE LAMINATE 72.1 
13 90 Carbon 59.87 60.22 

 

14 90 Carbon 59.70 59.45 
15 -45 Glass 59.35 58.36 
16 45 Glass 58.42 58.25 
17 90 Carbon 57.15 59.05 
18 90 Carbon 56.25 58.89 
19 90 Carbon 55.17 58.67 
20 90 Carbon 53.92 56.41 
21 -45 Glass 52.49 50.23 
22 45 Glass 49.69 44.75 
23 0 Carbon 46.55 35.32 
24 0 Carbon 24.25 20.99 
Bottom surface  0 0 

BOTTOM OF THE LAMINATE 
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iv. Principal Stresses for Hybrid Design 2 

Table 14 shows the results of applying equations (156) through (162) to the 90  
plies located in the Hybrid Design 2 which are found in Appendix N. 

Hybrid Design 2   

 0  /  45  /  90C /  45  /  90C  

 
 

Table 14 - Principal stresses for the Hybrid Design 2 (Specimen 10). Values for 
bending moment taken at the position where the first crack has occurred        

(x= 9 mm; see Figure 47 (a) and (b)). 
 
 

For the Specimen 10 shown on the Table 11 
(Specimen with 24 plies) 

TOP OF THE LAMINATE 

Ply      
Number 

Angle 
(Degrees) Material 

  
(MPa) 

  
(MPa) 

 
(Degrees) 

     
(MPa) 

 
(Degrees) 

5 90 Carbon - 84.09 32.76 - 31.97 58.43 - 76.97 
6 90 Carbon - 80.97 35.90 - 33.66 58.44 - 78.66 
7 90 Carbon - 77.89 39.08 - 35.31 58.48 - 80.31 
8 90 Carbon - 74.83 42.28 - 36.93 58.56 - 81.93 
11 90 Carbon - 65.94 53.42 - 41.99 59.68 - 86.99 
12 90 Carbon - 62.91 56.65 - 43.50 59.78 - 88.50 

MIDDLE OF THE 
SYMMETRIC 
LAMINATE 

Resin 
(Matrix) 59.87 - 59.87 0 59.87 45 

13 90 Carbon 62.91 - 56.65 43.50 59.78 88.50 
14 90 Carbon 65.94 - 53.42 41.99 59.68 86.99 
17 90 Carbon 74.83 - 42.28 36.93 58.56 81.93 
18 90 Carbon 77.89 - 39.08 35.31 58.48 80.31 
19 90 Carbon 80.97 - 35.90 33.66 58.44 78.66 
20 90 Carbon 84.09 - 32.76 31.97 58.43 76.97 

BOTTOM OF THE LAMINATE 
 

 

Note: The black cells shown in Table 14 show the values for the region where the 
first crack has occurred in the laminate (see Figure 47 and Figure 59). Since it          
is not clear where the crack has initiated in Figure 47 it was considered that                 
the Intralaminar failure has initiated within one of the four plies between the ply 
number 17 and ply number 20.  
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4.4. DISCUSSION AND CONCLUSIONS - STATIC TEST 
From the images shown in the previous section 4.2, it should be noted that during 
the static tests that have been performed, the load applied to each of the composite 
laminates that were tested under SBS test conditions was not a line of load, but 
spread over a contact surface approximately 1mm wide. However, it seems to have 
had a little influence on the results.  
 

At the beginning of this research it was thought that the mode of failure of each of 
the composite laminates due to the ultimate static load of an SBS test, would always 
be due an interlaminar failure (a failure in between two plies), and this would be 
independent to the stacking sequence. However, sections 4.2 and 4.3 show that the 
stress due to the moment around the y axis of the composite laminate                       
(σ   , ) gives a contribution to the failure of the composite laminate when an 
ultimate load PZ is applied in accordance with Figure 42. This contribution of stress  
together with the ILSS (τ    ) could cause an intralaminar failure (a failure within the 
ply) which will depend on the stacking sequence of the composite laminate.  
 
 
All Carbon Design : 
 
Sections 4.2.1 and 4.3.1 have shown that the All Carbon Design with the stacking 
sequence:   0/45/90/ 45   has always failed due to an intralaminar failure in 
the 90 ply with a similar failure pattern as that shown in Figure 49 and whose 
characteristics are described in Figure 63. Despite it being difficult to predict through 
the images taken from the static tests that have been performed on the seven 
specimens for the all carbon design specimens, from Figure 49  it seems that the 
intralaminar failure starts in the first 90  ply counted from the middle of the 
composite laminate up to the top of the laminate (ply number 11), in the 
compression side of the composite laminate. According to Figure 49, the angle of 
the failure in the 90  plies always have almost the same value around 138  in 
regards to the x axis (see Figure 63).  

From the results obtained for the principal stress which are given in Table 7,                        
ply number 11 is likely to be the position where the first crack has occurred                    
(see Figure 49). The values shown in Table 7, show that the principal stress   (see 
Figure 63) on the position of ply number 11 creates an angle of P 43.5   which 
is close to that which has been detected on Figure 49 on the ply number 11, which is 
equal to 138 180 42  and which is represented in Figure 63.  
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Figure 63 – Representation of the intralaminar failure within the ply number 11 
as shown in Figure 49. Principal stresses are given in Table 7 and the angle 

given by the experimental test is shown on the Figure 49. Note: Test gives an 
angle , Table 7 gives an angle . . 

 
It is concluded that the failure in the design: All Carbon Design always occurs in the 
90 ply due to an intralaminar failure caused by the tensile principal stress   
(which includes the effects due to σ  x ,  and ILSS (    )). 
 
Hybrid Design 1 : 
 
In regards to Hybrid Design 1 that has a stacking sequence equal to                        

 0C /  45C /  45  /  45C , sections 4.2.2 and 4.3.2 show that, in this 

case it is likely that the failure is due to the interlaminar shear stress,                       
because through Figure 44, Figure 45 and Figure 55 it could be seen                        
that delamination has occurred near to the mid-plane of the composite                       
laminate, which means that the crack initiation started in the matrix in the interface 
between ply number 11 and 12 according to Figure 55. Some explanations were 
given in section 4.2.2 i). Figure 64 shows the intralaminar failure as has occurred in 
the Hybrid Design 1. 
 

 

 
 

Figure 64 - Representation of the interlaminar failure as presented in Figure 45 
and Figure 55. 

  



 

CHAPTER 4 - EXPERIMENTAL TEST - STATIC 

 

93 of 126 
 

Hybrid Design 2 : 
 
Regarding to the Hybrid Design 2, which stacking sequence is given by :        

 0  /  45  /  90C /  45  /  90C  , as is shown in Figure 47 and by a 
visual means of assessment, the first crack has occurred in the tensile side of the 
specimen on a 90  ply, it is not clear in which this has started, however it evident 
that was an intralaminar failure (within the ply) that has started in one of the 90  ply 
numbers: 17; 18; 19 or 20 (according to Table 11). As shown on the Figure 47, the 
crack was predicted to have started at an angle approximately equal to 34  and then 
propagates through the thickness until reaching the glass plies producing 
delaminations and consequent failure of the composite laminate. 
 
According to Table 14, for the ply numbers 17 up to 20, the angle of the principal  

 varies between 31.97 and 36.93  (see Figure 65 and Figure 95, this last                
from Appendix N ), since those angles are near to the angle of 34  as shown in the 
Figure 47, It is concluded that the failure in the Hybrid Design 2 always occurs in the 
90  ply due to an intralaminar failure caused by the principal stress   (which 
includes the effects due to   ,  and ILSS (    )). 

 
 

Figure 65 – Figure shows the intralaminar failure which occured in                   
Hybrid Design 2 (Figure 47). Note: Test gives an angle , Table 14 

gives an angle  between .  and . . 
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Summary : 
 

Hybrid Design 1 has presented a better static failure behavior, because it allows the 
increase of the static failure load in regards to the remaining designs that were 
tested and because it is more stable in terms of static failure which may be due to 
the addition of glass plies within the composite laminate, which seems to drive the 
cracks along the length of the glass ply surface after it has started.  
 
Due to the averaging method utilized by the software Abaqus on the FE-Models, 
some of the FE results could be higher than expected. However, in general the 
results show good compliance with the theory. 

Note: Details about the experimental rig that has been used and test procedure             
are shown in Appendix C and I. After the experimental tests had been performed 
(Han  2013) it was noticed that the loading roller deviated from its central position by 
about 0.8 mm to the right. However, this measurement taken from Figure 43,            
Figure 44, Figure 45 and Figure 47 could lead to a larger value in reality because 
the load shown in the figures is spread over a contact surface of about 1mm width. 
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Chapter 5 
5.  

EXPERIMENTAL TEST - FATIGUE 

5.1. INTRODUCTION 
 
Fatigue processes in composite materials are far more complex than those in 
homogeneous materials. In composite materials several damage modes, including 
fibre matrix debonding, matrix cracking, delamination and fibre fracture can occur. 
By a combination of these processes, widespread damage can propagate 
throughout the bulk of the composite leading to loss in strength and stiffness. 
 
As Harris (2003) says: " the damage mechanisms in fibre composites vary both            
with the nature of the composite (the combination of fibres and matrices and 
reinforcement lay-up), and with the loading conditions (tension, bending, 
compression, etc.)." 
 
It has been difficult up to now to exactly predict (at least, to the same extent that 
metal components are predictable) the endurance and other fatigue characteristics 
of a composite component, mainly due to the quantity of variables that are involved, 
and also due to it not being an isotropic material as metals are. It seems that all 
these fatigue laws as well as the failure criteria laws should be assessed in the 
microscopic level in order to define a consistent criteria, however, such affirmation 
requires many more investigations. 
 
According to Harris (2003), the fatigue behavior of a composite laminate (number of 
cycles that a composite laminate can withstand under a determined loading 
condition, the endurance of the composite part, etc), is affected by factors such as: 
the fibre type, the matrix type (resin), the use of more than one material within a 
composite part (hybrid composite laminate), loading condition, etc. After a 
determined number of cycles there will be a degradation of the composite strength 
as shown in Figure 66, in which,  is the normal composite static strength value. 
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Figure 66 - Degradation of composite strength by wear-out - Example. 

 Source: reference: (Harris 2003, p. 5) 
  

 
This chapter presents the results and respective assessment of the specimens that 
have been tested under a monotonic fatigue load in a SBS test condition (according 
to (D2344/2344M 2006). 
  
Ji Han (Han 2013) has conducted these experiments on two different designs 
provided by the theoretical part of this work. The designs that have been chosen 
were the best two of the three designs that have presented the best behavior in 
terms of the static ultimate load, crack initiation and crack propagation. 
 
The designs are: All Carbon Design: 0/45/90/ 45  and Hybrid Design 1:   

 0C /  45C /  45  /  45C  

 
According to ref. (Han 2013), the static results from the short ( 18.6 ) and long 
( 26 ) specimens, which are described in chapter 4, were utilized to perform the 
fatigue tests at a 90%; 80%; and 70% of the ultimate average load given by the 
static experiments. 
 
 
 
 



CHAPTER 5 - EXPERIMENTAL TEST -  FATIGUE 

97 of 126 
 

 

5.2. PROCEDURE 
All fatigue tests were performed at a test frequency of 2 Hz (Han 2013). 
 
The stress ratio, which is the ratio between the minimum load to the maximum load 
applied by the loading roller over the upper surface of the composite laminate is 
equal to 10 ( R=F /F  ). 
 
In the fatigue tests, a stress ratio of R=10 was chosen in order to keep all loads 
compressive as shown in Figure 67 (b).  
 
 

 
Figure 67 – Image showing: (a) Cyclic stress plot in which the external                   
load is always positive (component always under a tensile load); (b) Cyclic 
stress plot in which the external load is always negative (component always 
under a compressive load). Meaning of the variables shown on the plot: 

 is the maximum external load applied on the component;                
 is the minimum external load applied on the component;                  

 is the mean load applied on the component;  
 

 
 
According to Figure 67, the amplitude value for a determined external load will be: 
 

Amplitude f f  

Further information about the fatigue experiments that were performed by                        
Han (2013) is given in Appendix F; G; H; I and J.  

(a) (b)
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5.3. ALL CARBON DESIGN - FATIGUE TEST RESULTS 
This section will present the results and loads applied on each of the specimens that 
were tested under a fatigue condition of SBS test in accordance with the standard 
ASTM D2344/2344M (2006). 
 

i. All Carbon Design - Rig Input Load 

In order to find a reference value from which the loads to be applied on the fatigue 
testing will be estimated, the average of the thickness, width, and ultimate load of 
the specimens, obtained from the static test, will be applied to equation (164) from  
Appendix P (average values are shown in Table 1 of section 4.2.1, chapter 4). 
  
As a result, by using equation (164) from Appendix P the maximum bending stress 
average will be: 
 

σ
,  ,

672.53 MPa 

 
In which: 
 span = 14mm 
 b = width average from the Table 1 = 7.06 mm 
 t  = thickness average from Table 1 = 3.33 mm 
 P 2507.16 N (average load from Table 1) 
 
Note:  - See Figure 42 for more details about the dimensions.  
 - See the explanation given in the first paragraph of the Appendix Q. 
 

Since the value that has been calculated above has a small                       
difference in regards to the value that has been obtained by Han (2013)                       
(see Appendix J; table D.1 in the column showing the variable), which was 
σ ,  , 670.63 MPa, then this last value will be applied because all the fatigue 

testing performed on the carbon laminate design was in accordance with that 
reference value. 
 
The difference found above should be due to the change of the two ultimate load 
values in Table 1, in regards to the values shown by Han (2013) (see Appendix C, 
table 2). Also, rounding of the values during calculation could generate a small 
difference. 
 
Table 15 presents the load values that were applied on each of the specimens that 
were tested under fatigue conditions. 
 
Equation (164) from Appendix P will be applied again, but, in order to obtain                       

 through the maximum bending stress calculated by Han (2013)                       
and shown in Appendix J; table D.1, in the column showing the variable . 
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For:   
                     σ ,  , 670.63 MPa 
 

 span = 14mm  
 
and applying the equation (164) from Appendix P, the value shown in Table 15, in 
the column titled:  initial load input on the rig, will be equal to: 
 

P
2 σx,iso span

2 ,t2
b t

3 span Percentage to be applied 

 
 As a result, the values in Table 15 are presented. 
 

Table 15- Initial set up of the rig - All Carbon Design 
 

Specimen 

Percentage of 
Ultimate Load to 
be applied on the 

experiment 

Initial 
Load 

Input on 
the Rig 

(N) 

Thickness 
(from  

Appendix J;  
table D.1) 

(mm) 

Width   
(from  

Appendix J;  
table D.1) 

(mm) 

Length 
(from  

Appendix J; 
table D.1) 

 (mm) 

13 90% 2255.51 3.37 6.91 18.09 

17 90% 2242.64 3.38 6.83 18.64 

18 90% 2361.06 3.35 7.32 18.40 

20 80% 1917.68 3.32 6.81 18.74 

24 80% 1943.71 3.34 6.82 18.29 

5L 80% 2104.45 3.35 7.34 26.03 

1L 70% 1819.48 3.33 7.34 26.54 

2L 70% 1831.87 3.33 7.39 26.50 

6L 70% 1788.03 3.34 7.17 25.81 

 
Regarding Table 15, the values shown in the column titled initial load input on the rig 
are the values that have been used to set up the rig before commencing the fatigue 
tests. The output load during the fatigue test will vary from the load used to set up 
the rig depending on the control type used during rig set up (displacement or loading 
control). 
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ii. Fatigue Experiment Results 

Table 16 below shows the results obtained from the fatigue experiment  (Han 2013). 
 
As explained in section 5.3, sub-section i, the load output given by the rig computer 
(load applied by the rig over the specimen) is a little different to the load that has 
been used to set up the machine (see note below  Table 15). 
 
The results presented in Table 16 in column: Maximum ISS at failure, are the values 
obtained by the application of equation number (97), from Chapter 2.  
 
For a carbon ply thickness equal to 0.139mm (according to Han (2013)                       
(see Appendix I the table 3.4)), the results will be: 
 

Table 16- Fatigue results - All Carbon Design 
 

Specimen 
Control type 
set up in the 

rig 

Load applied by 
the rig over the 
specimen (N) 

Peak Load 
per unit 
width 

(N/mm) 

Number of 
cycles run 

Maximum 
ISS at 
failure 

18 Displacement 2210 301.91 279 68.92 

17 Displacement 2045 299.41 319 68.35 

13 Displacement 2055 297.39 134 67.89 

5L Load 2100 286.10 915 65.31 

24 Load 1950 285.92 492 65.27 

20 Displacement 1775 260.64 1095 59.50 

6L Load 1800 251.05 6967 57.31 

1L Load 1800 245.23 1140 55.98 

2L Load 1800 243.57 9500 55.60 

 
As stated by Han (2013), "the peak loads of the specimen tests that were performed 
under displacement control were the average peak load during the test", because, 
when the test rig is set up to a displacement control type, the machine will vary the 
load in function of an imposed displacement, which is in the z direction of the 
laminate system axis. 
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iii. S-N curve for the All Carbon Design 

As the failure has been considered a matrix dominated property, the S-N curve will 
be based on the maximum interlaminar shear stress (max ISS) as a function of the 
number of cycles, because the max ISS interacts directly on the interface between 
the two plies located at the middle of the composite laminate, which for a 24 ply 
laminate will be the interface between plies number 12 and 13. 

Since there are not enough values to build an exact S-N curve, the following 
assumption was considered: 

 
The endurance,  , which is the lower limit of the S-N curve (see as an example the 
Figure 99 shown in Appendix R), will be considered as achieved after 10  cycles 
have been completed. 
Below this limit of the S-N curve, the composite laminate will have an infinite life 
(known as on-condition part), under the mode of testing that is being submitted. 
 
According to the assumption given above and applying equation (176) from 
Appendix R. The constants of the equation: S , A', B and C were chosen in order             
to best fit the four parameter Weibull's curve (given by equation (176) from           
Appendix R) in between all the points that are placed individually on the plot (see 
the demonstration given in Appendix R). In order to do this arbitrary values were 
attributed to the constants of the equation (A',B and C) until a curve was seen that 
best fits all the points and an acceptable value for the variance given by equation 
(181) from Appendix R is achieved (this should be as close as zero as possible). A 
best fit curve was thus achieved. 
 
The variables of the equation are: 
 
 S 25   
 A 0.33 
 B 600 
 C 430 
 variance 0.0657  
 
Note:  - An explanation of the variance is given in Appendix R. 
  

- In order achieve a more accurate SN curve below 100 cycles and above 
10  cycles (dashed part of the curve shown in Figure 68), many more 
fatigue data points would be required. However, Figure 68 gives a good 
visualization of the fatigue characteristic of the composite laminate. 
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Figure 68- S/N curve for All Carbon Design / / /  

 
The yellow points shown on the Figure 68 are the coordinates of each of the 
specimens shown in Table 16, while the black point represents the fatigue static 
point on the S-N curve which is equal to the maximum value of the static ILSS  
given in Table 4. 
 
The plot related to the load per unit width function of the number of cycles was not 
created in this chapter, because, the composite laminates have different types of 
materials (glass and carbon plies), and also, different cross section areas. So, the 
ILSS   as a function of the number of cycles gives a better material definition in 
terms of fatigue rather than the load as a function of the number of cycles.  
 
Due to the lack of fatigue data points, the discussion and conclusions that are given 
in section 5.5 are mainly based on the results given in Table 19.  



CHAPTER 5 - EXPERIMENTAL TEST -  FATIGUE 

103 of 126 
 

 
iv. CT scan assessment for All Carbon Design 

A CT Scan has been created on one of the nine specimens that were tested in 
fatigue. As has been described by Han (2013) (Appendix L of this thesis), the fatigue 
test that has been performed on specimen number 2L (for All Carbon Design), was 
stopped when a audible crack was heard. Specimen 2L, has performed 9500 cycles 
for nearly 70% of the ultimate static load obtained for the All Carbon Design (see 
section 4.2.1 for more details about the static test that has been performed).          
Figure 69 shows an image obtained from the CT scan assessment that has been 
assessed at Bath University. 
 

 
Figure 69 - Front view of specimen 2L of All Carbon Design.  

Image taken from Han (2013) after failure has occurred. 
 
Figure 69 shows a delamination with an extension that goes from the middle of the 
specimen up to the left position where the support roller is located, which is close to 
the left side of the image. On the next pages more images are presented that were 
taken from the CT scan assessment. 
 
The CT scan has been performed with a Nikon XT H 225ST Micro CT system 
machine running Nikon’s own software named CT inspect X. CT Pro 3D software 
was used to capture images of the sample within the machine (Nikon XT H 225ST 
Micro CT system). Each image was taken through the x-ray technology used by the 
Nikon machine. After the CT scan process, the 3-D model of the laminate (sample) 
obtained was assessed with the Avizo Fire software. Several cross-sections with a 
distance from each other equal to one ply thickness has been made through the 
Avizo Fire software. These cross-sections have been made through the plane 
perpendicular to the x axis and through the plane perpendicular to the z axis. Each 
of the cross-sections that has been made was required to show the internal pattern 
of the laminate after the fatigue test has been performed. 
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Figure 70 - Crack initiation 
and crack propagation 

Figure 71 - Delaminations 
on the All Carbon Design 
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Figure 72 - Internal wrinkle (laminate defect) found in the All Carbon Design 
 

 
Figure 73 - Circular form found within the carbon laminate 
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Figure 74 - Delamination 
underneath the loading roller 

 

Figure 75 - Delamination on the upper 
surface of the cut specimen located at 
1.5 mm from the bottom surface of the 

composite laminate. Delamination 
represented by a darker color. 
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v. Loading Roller 

Figure 76 shows the effect that the loading roller had during the fatigue testing of the carbon laminate number 2L. 

 
Figure 76 - Loading roller damage – All Carbon Design laminate. Note: This figure shows the part which has been cut at the left hand side of 

the image. The visible damage caused by the roller, labelled above, is in the centre of the part despite the 3D perspective of this image. 
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5.4. HYBRID DESIGN 1 - WITH  | | - FATIGUE 
TEST RESULTS 

 
Similarly to what has been done in the previous section (5.3), this section will 
present the results and loads applied on each of the specimens that have been 
tested under a fatigue condition of SBS test in accordance with the standard ASTM 
D2344/2344M (2006). 
 
 

i. Hybrid Design 1 - Rig Input Load 

The procedures that have been considered on the section 5.3, sub-section i, have 
been applied on this section too.  
The average of the thickness, width, and ultimate load of the specimens, obtained 
from the static test (shown in Table 2 of section 4.2.2, chapter 4), will be applied in 
the equation (164) from Appendix P.  
 
As a result, by using the equation (164) from Appendix P the maximum bending 
stress average will be: 
 

σ
,  ,

683.78 MPa 

In which : 
 span = 14mm  
 b = width average from Table 2 = 6.92 mm 
 t  = thickness average from Table 2 = 3.37 mm 
 P 2558.95 N (load average from Table 2) 
 
Note: See Figure 42 for more details about the dimensions. 
 
According to table D.2 of Appendix J (see the column showing the variable ),            
the value presented for the maximum bending stress average was:                   
σ ,  , 679.11 MPa for the static test that has been performed on the            

Hybrid Design 1, since that value has a small difference in regards to the                   
value that has been obtained previously (683.78 MPa), then, the value used by              
Han (2013) will be applied, because, all the fatigue testing was performed in 
accordance with that reference value. 
 
Table 17 presents the load values that were applied on each of the specimens that 
were tested under fatigue conditions. 
 
In order to obtain    as a function of the maximum bending stress, equation (164) 
from Appendix P will be applied again.  
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Therefore, for: 
                           σ ,  , 685.15 MPa 

 span = 14mm 

 
Applying equation (164) from Appendix P, and according to Han (2013), the value 
shown in the column titled:  Initial load inputted on the rig of Table 17 below: 
 

P
2 σx,iso span

2 ,t2
b t

3 span Percentage to be applied 

 
 As a result, the Table 17 is presented. 
 

Table 17- Initial set up of the rig - Hybrid Design 1 with | | 
 

Specimen 
Percentage of 

Ultimate Load to 
be applied on the 

experiment 

Initial 
Load 

input on 
the rig 

(N) 

Thickness 
(from  

Appendix J;  
table D.2) 
(mm) 

Width   
(from  

Appendix J;  
table D.2) 
(mm) 

Length 
(from  

Appendix J; 
table D.2) 
(mm) 

4 90% 2602.11 3.39 6.94 17.71 

6 90% 2575.99 3.40 6.83 17.99 

11 90% 2432.47 3.28 6.93 18.41 

15 80% 2552.57 3.36 6.93 18.27 

16 80% 2549.26 3.37 6.88 18.26 

5L 80% 2394.19 3.36 6.50 25.39 

1L 70% 2362.78 3.31 6.61 24.41 

2L 70% 2870.82 3.46 7.35 25.14 

6L 70% 2788.45 3.41 7.35 24.91 
 
 
Regarding Table 17, the values shown in the column titled initial load input on the 
rig, are the values that have been used to set up the rig before commencing the 
fatigue tests. As was explained previously in section 5.3, after the test has started, 
and depending on which kind of control type has been set up (see the comment 
shown underneath the Table 16), the output load during the fatigue test will be a 
little different than the load used to set up the rig before the commencing the test, 
due to rig compliance. 
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ii. Fatigue Experiment Results 

The fatigue experiment results are shown in Table 18. The load output given by the 
rig computer entitled: Load applied by the rig over the specimen, will have a small 
difference in regards to the loads that have been used to set up the machine, due to 
the explanation given in section 5.4, sub-section i. The results presented in Table 18 
in the column: Maximum ISS at failure, are the values obtained by the application of 
equation number (97), from Chapter 2.  
 
 
 

Table 18- Fatigue results - Hybrid Design 1 with | | 
 

Specimen 
Control type 
set up in the 

rig 

Load applied by 
the rig over the 
specimen (N) 

Peak Load 
per unit 
width 
(N/mm) 

Number of 
cycles run 

Maximum 
ISS at 
failure 

6 Displacement 2240 327.96 130 64.78 

4 Displacement 2170 312.68 99 61.76 

16 Load 2000 290.70 1050 57.42 

15 Load 2000 288.60 1700 57.01 

11 Load 2000 288.60 73 57.01 

5L Load 1900 292.31 537 57.74 

2L Load 1950 265.31 13722 52.40 

6L Load 1900 258.50 6788 51.60 

1L Load 1600 242.06 19820 47.81 
 

 
As referred by Han (2013): "The peak loads of the specimens that were tested 
under displacement control were the average peak load during the test". 
 
  



CHAPTER 5 - EXPERIMENTAL TEST -  FATIGUE 
 

111 of 126 
 

iii. S-N curve for the  Hybrid Design 1  with | |  

Similarly to the S-N curve built in section 5.3, sub-section iii,  the fatigue plot will be 
based on the maximum interlaminar shear stress (max ISS) as a function of the 
number of cycles, because the max ISS interacts directly on the interface between 
the two middle plies (ply number 12 and 13). 
 

According to the assumptions explained in section 5.3, sub-section iii, and, applying 
equation (176) from Appendix R for the variable values as is shown below, the          
S-N curve has been built for the hybrid Design1.  
 

The variables of the equation are: 
 
 

 S 43  
 A 0.35 
 B 100 
 C 154 
 variance 0.1551 
 

The constants of the equation: S , A', B and C were chosen in order to achieve the 
best fit to the four parameter Weibull's curve (given by equation (176) from Appendix 
R). In order to do this, arbitrary values were attributed to the constants of the 
equation until a best fit curve was achieved and a variance (equation (181) from 
Appendix R) near to zero was achieved.  
 

 
 

Figure 77- S/N curve for Hybrid Design 1   /   /   /    
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Note: In order achieve a more accurate SN curve below 100 cycles and above 10  
cycles (dashed part of the curve shown in Figure 77), many more fatigue data points 
would be required. However, Figure 77 gives a good visualization of the fatigue 
characteristic of the composite laminate. 
 
The yellow points shown on the Figure 77 are the coordinates of each of the 
specimens shown on Table 18, while the black point represents the fatigue static 
point on the S-N curve which is equal to the maximum value of the static ILSS τ   
given in Table 8. 
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iv. CT scan Assessment for Hybrid Design 1 

A CT Scan has been performed on one of the nine specimens that has run a fatigue 
test. 
 
As has been described by Han (2013) (Appendix L of this thesis), the fatigue test 
that has been performed on the specimen number 1L (for Hybrid Design 1), was 
stopped when an audible crack was heard. The composite laminate number 1L, has 
performed 19 820 cycles for nearly 70% of the ultimate static load obtained for the 
Hybrid Design 1 (see section 4.2.2 for more details about the static test that has 
been performed). 
 
Figure 78 shows an image obtained from the CT scan assessment that has been 
done at the University of Bath. 
 

 
Figure 78 - 3D view of the composite laminate n. 1L; Hybrid Design 1. 

 

 
Figure 78 shows a delamination that extends from the left side of the specimen up to 
the middle position, underneath the loading roller. As can be seen on the image, the 
delamination has begun in the compression region of the laminate that was 
submitted to a fatigue testing under a SBS test condition. A detailed assessment 
that has been done on the next images, indicates, that the crack has started at the 
left side of the specimen, due to this, it is likely that the crack initiation has begun 
due to free edge stress. The next pages show more images that were taken from 
the CT scan assessment. 



CHAPTER 5 - EXPERIMENTAL TEST -  FATIGUE 

 

114 of 126 
 

 
 

 

Figure 79 - Rollers Position. 
Note: The loading roller 

shown on the image is in the 
centre of the part. This figure 

shows the part which has 
been cut at the left hand side 

of the image. 

Figure 80 - Composite laminate without the first plies.  
Note: This figure shows the part which has been cut at the left hand side of the image. The pattern of the 

delamination indicates that it could have started at the left edge of the composite laminate. The delamination 
presented in between the 2nd and 3rd ply, and it has propagated up to the 4th ply.
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Figure 81 - Indication of a crack starting at the right side of the Specimen.  
Note: This figure shows the part which has been cut at the left hand side of the image. 

Figure 83 - Cross section of the laminate near to the left 
edge of the specimen. 

Figure 82 - Delamination that occurred at the left hand of the specimen. 
Part of the ply is still attached to the upper side of the laminate. This 

indicates that the delamination has begun at the left edge of the 
specimen, because the direction of the sliver is for an opening from the 

left to the right. 
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Figure 84 - Cut view of the Design 1 specimen n. 1L. 
Figure 85 - Transverse cut on specimen n. 1L. 

Figure 86 - Loading roller middle position. Image 
showing the crack underneath the position in where 

the loading roller was. 

Figure 87 - 0.63mm from the loading roller middle position. Crack 
that was underneath the loading roller and that cames from the left 
side of the specimen have stopped after 0.63 mm from the loading 

roller position, in the direction of the right support roller. 
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v. Loading Roller 

The Figure 88 and Figure 89, show the effect that the loading roller had during the fatigue testing of the Hybrid Design 1 : 

 

 

Figure 88 - Contact area between the loading roller and 
the upper surface of Hybrid Design 1 (removed part of 

the first ply). Note: This figure shows the part which has 
been cut at the left hand side of the image. 

Figure 89 - Dimensions of the 
contact area - Hybrid Design 1. 
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5.5. DISCUSSION AND CONCLUSIONS - FATIGUE TEST 
 

From the results that have been shown in the previous sections 5.3 and 5.4, in the 
Table 16 and Table 18, the table shown below (Table 19) was created with average 
values.  
 

Table 19- Fatigue results - All Carbon Design Vs Hybrid Design 1 
 

DESIGN 
Percentage of Ultimate 

Load applied on the 
experiment 

Control type set 
up in the rig 

Average peak 
Load per unit 
width (N/mm) 

Average     
ISS at 
failure 

Average of the 
number of 
cycles run 

  / / /  

Hybrid 
Design 1 

90%               
(Specimens 4; 6; 11) 

Displacement 
control            

(2 Specimens) and  
load control        

(1 Specimen) 

309.74 61.18 100 

80%               
(Specimens 15; 16; 5L)

Load 277.55 57.39 834 

70%               
(Specimens 1L; 2L; 6L)

Load 255.29 50.60 13443 
      

/ / /  

All Carbon 
Design 

90%               
(Specimens 13; 17; 18)

Displacement 299.57 68.39 244 

80%               
(Specimens 20; 24; 5L)

Displacement 
control            

(1 Specimens) and  
load control        

(2 Specimen) 

290.54 63.36 1096 

70%               
(Specimens 1L; 2L; 6L)

Load 246.67 56.30 5869 

 
 

As can be seen in the average results shown in Table 19, in general,                       
Hybrid Design 1 withstood more cycles than the All Carbon Design for a percentage 
of the static ultimate load below 80%. In average, for 70 % of the static ultimate 
load, the Hybrid Design 1 can run 7500 cycles more than the All Carbon Design for 
a load per unit width of 10 N above the load applied on the All carbon design. 
 
In contrast, for a percentage of the static ultimate load above 80%, Hybrid Design 1 
withstood approximately 200 cycles less than the All Carbon Design for an average 
load per unit width which was almost the same. However, since the Rig was working 
under a displacement control on most of the specimens that were tested at a value 
of 90 % of the static load, then, this could have affected the total number of cycles 
that both specimens could have run, mainly because, for a displacement control, the 
rig will load the composite laminate under a non monotonic load (variable load), 
which could have affected the total number of cycles that the specimens could run if 
the rig was set up to a load control (quasi monotonic load). This situation could 
affect any conclusion taken for the region above the 90% of the ultimate static load. 
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Figure 90 shows the S/N curve in which both Hybrid Design 1 and All Carbon 
Design are plotted. The logarithmic plot has been built by combining Figure 68 and 
Figure 77, and refers to the maximum interlaminar shear strength as a function of 
the number of cycles. Since there are not enough points on the plot to exactly define 
which are better in terms of the endurance (limit between an on-condition composite 
laminate and a laminate with a defined life), then, a conclusion could be taken by 
probability, and through the curves plotted in Figure 90, under the conditions defined 
in sections 5.3 (sub-section iii) and 5.4 (sub-section iii).  

 

 
Figure 90 - S/N curve - All Carbon Design Vs Hybrid Design 1 

 
Note that comparison of load is given in Table 19. 
 
Also, after 10  cycles, the Hybrid Design 1 can run more cycles for a lower ISS than 
the All Carbon Design, which means that, after a determined number of cycles the 
hybrid design 1 could withstand more load without failure than the carbon design. 
 
Through the assessment that has been done on Figure 78 up to Figure 89, it has 
been concluded that the Hybrid Design 1 was not long enough to prevent the failure 
due to free-edge stress (Hybrid Design 1 has failed due to free-edge stress), and 
could withstand more cycles without failure occurring.  Since this situation has been 
noticed on Figure 78 up to Figure 89, this could be a factor in producing an early 
failure on the remaining hybrid specimens that were tested under fatigue conditions. 
The free edge stress concentration was mainly due to the transition of the stiffness 
in the principal direction between the 0  ply and 45  ply. 
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In regards to the All Carbon Design, through Figure 69 up to the Figure 75, it has 
been noticed that the main reason for this design to not withstand more cycles 
without failure is due to the 90  plies that are within the laminate. The images have 
shown that the failure has happened on the 90  ply, in the tensile side of the 
laminate, nearest to the mid-plane, which means that for a 3PB or SBS test 
condition there is a negative influence in terms of fatigue when a composite laminate 
has 90  plies within it. 
 
Also, as has been noticed by Han (2013), “Hybrid Design 1 was more reliable and 
more stable than All Carbon Design". In general the Hybrid Design 1 has been the 
best design developed among the three designs.  
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CONCLUSION 
In this research three laminate designs were assessed for static and fatigue 
interlaminar shear strength (ILSS). These three laminates were the All Carbon 
Design with a stacking sequence 0/45/90/ 45  , Hybrid Design 1 with a 
stacking sequence  0C /  45C /  45  /  45C  and Hybrid Design 2 

with a stacking sequence  0  /  45  /  90C /  45  /  90C  , from which 
the last two designs were obtained through an algorithm that has been developed in 
order to proceed with an optimization of the stacking sequence for ILSS in a 
composite laminate. Static and fatigue tests were performed by an MSc student 
(Han 2013) on the three designs in order to validate the analytical results and 
confirm which of the specimens presents a better static and fatigue behaviour when 
loaded under a condition of short beam shear (SBS) test. 
 
Through the analysis that has been developed and considering the discussions 
given during this thesis, it has been concluded that 90  plies within a composite 
laminate loaded in a SBS test condition give rise to an intralaminar failure due to 
excessive principal stresses. This does not allow the composite laminate to reach an 
ultimate load value equal or greater to the value verified in the Hybrid Design 1 
which has presented an interlaminar failure due to ILSS during the static test (in 
accordance with the images taken from the static experiments).  
 
It has been noticed that with the addition of glass plies within a laminate there is a 
tendency to drive the cracks along the length of the composite component near to 
the surface of the glass ply,  which results in a more stable static failure. 
 
In addition, since Hybrid Design 2 has presented an average ultimate static load that 
was much lower that the ultimate static load values obtained for All Carbon Design 
and Hybrid Design 1, then the fatigue tests were only performed just the latter two 
designs. 
 
Through the S-N curves that have been constructed for Hybrid Design 1 and All 
Carbon Design, it was noticed that for a value below 80% of the ultimate static load,  
Hybrid Design 1 can withstand more cycles than the All Carbon Design when the 
same load is applied. It has been noticed that the fatigue failure that occurred in the 
All Carbon Design was in the middle of the laminate due to a combination of 
principal and shear stresses, while the failure in the Hybrid Design 1 occurred due to 
free edge stress (according to the CT scan images), which means that it may be 
able to withstand even more cycles when edge effects are not present. 
 
In general, the Hybrid Design 1 laminate has shown to be the best among the three 

designs. This was due to the absence of 90  plies in the layup, which tend to 
produce an intralaminar failure instead of an interlaminar failure. The use of 90  



 

 
 

122 of 126 
 

plies within a composite laminate loaded under a SBS or 3PB conditions, produces 
an intralaminar failure due to principal stresses. 
 
It is concluded that 90  plies should be avoided in a design of a composite 
component which will be submitted to a similar loading condition as the SBS test. 
 
From the laminate design algorithm that has been created in which all possible 
combinations are considered, it was shown that for an hybrid laminate with a maximum 
of 40% of glass plies, the best material combination that minimises the damage in the 
middle of the composite laminate, should have carbon plies (instead of glass plies) in 
the centre of the laminate. 
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FUTURE WORK 
Optimization software has been developed in this thesis in order to run all the 
possible material combinations and ply orientations to give the best composite 
component that minimizes the damage in the middle of the laminate,                       
loaded on a short beam shear (SBS) test (D2344/2344M 2006). The optimization 
method developed is a function of the through-thickness equation for a 2-D laminate 
(  equation). Further assessment could be done in order to complement the work 
that has been performed in this thesis.  
 
A 3-D optimization method in which the entire stress state is considered could be 
performed on an SBS test, in which will be found the stresses that have a direct 
influence on the interfaces of a composite laminate. Those stresses are: the stress 
in the z direction ( ), the interlaminar shear stress (  ) and the bending stress in 
both x and y directions of the laminate. 
 
Beyond the loading condition that has been applied in this thesis, there are other 
types of loading cases that could be studied in order to achieve the same purpose of 
this thesis. A load case in which torsion, bending and tension are combined, could 
be interesting work to be developed in future. 
 
The failure criterion according to Tsai-Wu (Tsai & Hahn 1980) has been considered 
in this research, which did not show to work well on a loading condition of                       
SBS test. Also it was considered the application of the failure criterion according to 
NLR (Creemers 2010). However, since it was missing the strength values in both 
directions x-z and y-z of the composite laminate, the criterion was discarded. A 
future consistent failure criterion for composite laminates is required.   
 
In order to achieve a less expensive algorithm in terms of computation time, a generic 
algorithm should be considered in future work, also it should include the intraply 
laminar failure equations (given in Appendix N). 
 
Finally, in parallel to this thesis, a study involving the strain energy in a composite 
laminate could be considered. 
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TITLE Results obtained from the algorithm for 24 Plies  
BEST 100 SOLUTIONS when the variable angle θ in θ plies is 
limited in the algorithm to have a maximum value of 45 degrees. 
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For an input equal to  (Just the main variables are shown): 

 
 θ  ; θ 5° ;  45°  

 

 θ  ; θ 10° ;  40°  
 

 θ  _   5° 
 

 θ  _   10° 
 

N 100 
 

Plies_ 24 
 

Glass  % 40% 
 

width=6.92 mm 
 

angles_ 3   
 

Without any 90  plies and without fix the angles   and   
 

Accepted all the materials defaults except for the plies thicknesses which are: 

t glass= 0.143 mm   and   t carbon= 0.139 mm 
 

Load=2559 N 

 

Note:  For the tables that will be shown in this appendix:  each of those columns 
represents a single composite laminate. The first column will be the best result 
found to minimize the damage in the middle of the composite laminate (best τ ), 
while the last column will be the worse value in terms of τ  in between the columns 
shown. The columns are in a crescent order. See also Appendix T for further 
information. 
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• COMPUTING TIME REQUIRED TO RUN THE SOFTWARE UNDER THE CONDITIONS IMPOSED 

DURING THE INPUT PROCESS 
1h20min  

for a computer with an i7 processor and with two core at 2.20 GHz each one and 8GB memory 
 
 

• TOTAL NUMBER OF MAIN COMBINATIONS GENERATED 
( Valid Angle Combinations All the Material Combinations ) 

6 930 432 Combinations 

 

• TOTAL NUMBER OF VALID ANGLE COMBINATIONS GENERATED 

1 692 Valid Combinations 
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• INTERLAMINAR SHEAR STRENGHT RESULTS (MPa)  
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Note that the difference between the value obtained for the 100th laminate and the value obtained for the first laminate is 
1.226 MPa, despite to be a small difference, this value is for an ultimate load of 2559 N, which means that, if the load is 
increased, then this difference becomes higher, however, to increase the load requires that the laminate can withstand it, 
at least, until the ultimate load. 
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• MATERIAL COMBINATION CHOSEN 
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• PLIES ORIENTATION CHOSEN (Degrees) 
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• YOUNG MODULUS IN THE DIRECTION 1 OF THE LAMINATE IN ACCORDANCE WITH THE RULE 
OF MIXTURES (MPa): 
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• PLOT SHOWING THE BEST 100 SOLUTIONS PROVIDED BY THE ALGORITHM, AS A RESULT OF 
THE PARAMETER INPUT GIVEN BY THE USER: 

 
 

Figure 91 - Plot for the best 100 Solutions in terms of ILSS obtained for 24 Plies (For a Matlab input in which 
  ; ° ;  °  ) 
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TITLE Plot with the best 1500 results for the ILSS ( 24 Plies )
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For an input equal to  (just the main variables are shown): 

 
 θ  ; θ 5° ;  45°  

 

 θ  ; θ 10° ;  40°  
 

 θ  _   5° 
 

 θ  _   10° 
 

N 1500 
 

Plies_ 24 
 

Glass  % 40% 
 

width=6.92 mm 
 

angles_ 3   
 

Without any 90˚ plies and without fix the angles  θ  and  θ  
 

Accepted all the materials defaults except for the plies thicknesses which are: 

t glass= 0.143 mm   and   t carbon= 0.139 mm 
 

Load=2559 N 

 

Note: For the tables that will be shown in this appendix:  each of those columns 
represents a single composite laminate. The first column will be the best result 
found to minimize the damage in the middle of the composite laminate (best τ ), 
while the last column will be the worse value in terms of τ  in between the columns 
shown. The columns are in a crescent order. See also Appendix T for further 
information. 
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TITLE Ji Han's MSc thesis (Han 2013) - Chapter 2 - Experimental work. 
Static test results. 
All Carbon Design 
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Chapter 2  (Han 2013) 
 

Static Test – All Carbon Design 
 

“2.1 Introduction and Objectives” (Han 2013) 
 

“The static test was established to investigate the mechanics of compressive failure in the 
laminated composites, to acquire relevant load levels for fatigue test, and to study the static 
failure behaviour of the laminates (Kinawy 2011) (Soutis and Fleck 1990). Seven specimens 
from each design (All Carbon Design, Hybrid Design 1, and Hybrid Design 2) were selected 
randomly, in order to perform the static tests. The static tests were performed on the Instron 
3369 Dual Colum Tabletop Universal Testing System with the utilisation of a 50 kN load cell. 
Moreover, a digital camera equipped with micro lens was utilised to record the failure of the 
composite laminates.  
 
Performing the static test was not only for providing required data for the fatigue test, but also 
for showing the static failure behaviour of the laminates and presenting the mechanics of 
compressive failure in the composites. Therefore, the objectives of performing the static test are 
list below: 
 
1. Measure the failure load of the specimens, and provide data for the fatigue test. 
2. Study the static failure behaviour of the designed laminated composites. 
3. Record and analyse the mechanics of the failure in the composite laminates. 

4. Test and verify whether the design is qualified. “ (Han 2013) 
 

“2.2 Static Test of All Carbon Design” (Han 2013) 
 

“As illustrated in Appendix H, the All Carbon Design is an all carbon layer composite laminate 
with a stacking sequence of [(0/45/90/-45)3]s. Seven specimens in total from All Carbon Design 
were selected to perform the static test. Among these seven specimens, five of them were short 
specimens that were short specimen 1, 2, 3, 9, and 10, and the other two were long specimens 
which were long specimen 3 and 4. Furthermore, short specimen 9 and 10 were polished before 
performing the static test, for showing a smooth side surface image. In this section, how the 
static tests of All Carbon Design were performed and the results of the static test are presented, 
as well as the discussion and conclusion of the results.” (Han 2013) 
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“2.2.1 Static Test 1 -Static Test of All Carbon Design“ (Han 2013) 
 

“The static tests were performed on the Instron 3369 Dual Colum Tabletop Universal Testing 
System at room temperature. The specimens were performed under the three point bending rig 
as shown in the Appendix H. Moreover, the free-body diagram and bending moment diagram of 
the specimen under the testing rig are shown in Figure 2.1 and Figure 2.2 respectively (of this 
Appendix). The specimen was placed on the two supports with assistant tools to ensure the 
specimen was perpendicular to the loading nose and supports. Moreover, some blue tacks were 
place at each side of the specimen for preventing the specimen from moving during the test. A 
digital camera equipped with micro lens was established at the back of the machine, in order to 
record the failures and their propagation during the static test. Before starting the test, a pre-
load was added on the specimen to make sure the loading nose was touched with the 
specimen. Then the test was performed at a test speed of 0.1 mm/min.” (Han 2013) 

“The results of the static test were analysed and converted into line chart with the utilisation of 
Matlab. 

” (Han 2013) 

 
“2.2.2 Results of Static Test 1” (Han 2013) – All Carbon Design  
 

“After the test, the data were collected and then analysed with Excel and Matlab. As the initial 
displacement of each specimen were different due to the thickness of each specimen varies. 
Therefore, the initial displacement of each specimen was returned to zero, in order to compare 
the results of the seven specimens in the same plot. Figure 2.3 (of this Appendix) shows the 
results of static test 1, which is a load versus displacement plot. In the plot, the seven curves in 
seven different colours represent the seven specimens, in which specimen 1 is in red, specimen 
2 is in purple, specimen 3 is in green, specimen 9 is in black, specimen 10 is in cyan, specimen 
3L is in pink, and specimen 4L is in blue.” (Han 2013) 
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“Through Figure 2.3 (of this Appendix), we could find that the first load drops of all the 
specimens occurred between -0.45 mm to -0.55 mm. And Table 2.1 (of this Appendix) shows 
that failure loads of the seven specimens, including both short and long specimen, which were 
nearly the same with an average failure load of 2515 N. The standard deviation of the failure 
loads listed in the table was calculated as 103N. Moreover, most of the displacement versus 
load plots of the specimen shares a similar trend. 

 
 

” (Han 2013) 

“The static test was recorded with a micro lens digital camera, in order to record the failures in 
the laminated composite. Photos were taken while a crack occurs and before the next failure 
occurs, as well as at the start of the test and at the end of the test. For specimen 10 was 
polished before testing, thus images of specimen 10 and its load versus displacement plot were 
used to illustrate the static failure behaviour of All Carbon Design, as shown in Figure 2.4 (of 
this Appendix). The plies of the specimen were pointed out in a clear image shown as Figure 
2.5 (of this Appendix).” (Han 2013) 
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„ 

„ 
(Han 2013)
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TITLE Ji Han's MSc thesis (Han 2013) - Chapter 2 - Experimental work. 
Static test results. 
Hybrid Design 1 

 

  



DEVELOPMENT OF DESIGN RULES TO 
IMPROVE SHEAR STRENGTH 

 

D22 of D24 
 
 

Chapter 2 (Han 2013) 
 

Static Test – Hybrid Design 1 
 

“2.3 Static Test of Hybrid Design 1” (Han 2013) 
 

“Hybrid Design 1 is the laminate composite that is composed of 16 carbon fibre plies and 8 
glass fibre plies. The lay-up of the design is [(0C)2/(±45C)2/(±45G)2/(±45C)]s. As the same as All 
Carbon Design, seven specimens, five short specimen (1, 2, 3, 9 and 10) and two long 
specimen (3 and 4), in total from Hybrid Design 1 were selected to perform the static test. Also, 
two short specimens (9 and 10) were polished before performing the static test. This section 
illustrates how the static tests of Hybrid Design 1 were performed and discusses the results of 
the static test.” (Han 2013) 
 

“2.3.1 Static Test 2 – Hybrid Design 1” (Han 2013) 
 

“The static tests were performed on the Instron 3369 Dual Colum Tabletop Universal Testing 
System at room temperature with the three point bending rig. The specimen was placed on the 
two support cylinders with some blue tacks placing beside the supports to prevent the specimen 
from moving during the test. A digital camera with micro lens was established to record the 
static test. As the same as static test 1, a pre-load was added on the specimen before beginning 
the test. The test was also performed at a test speed of 0.1 mm/min. Static tests were stopped 
when the load versus displacement plot was tending to be stable. Matlab was used to analyse 
the results and convert them into line chart. “(Han 2013) 
 

“2.3.2 Results of Static Test 2 – Hybrid Design 1” (Han 2013) 
 

“As same as Static Test 1, the data were collected and then analysed with Excel and Matlab. 
The initial displacement of each specimen was returned to zero as well using Excel. As shown 
in figure 2.6 (of this Appendix), the seven curves in different colours represent the seven 
specimens, specimen 1 in red colour, specimen 2 in purple colour, specimen 3 in green colour, 
specimen 9 in black colour, specimen 10 in cyan, specimen 3L in pink, and specimen 4L in blue. 
“ (Han 2013) 
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“

 
 

” (Han 2013) 

“Figure 2.6 (of this Appendix) presented that the first failure of all the seven laminates appeared 
at around -0.5 mm. Moreover, all the curves present a same trend. From table 2.2 (of this 
Appendix), the failure load of the specimens, including both short and long specimens, were 
nearly the same with an average failure load of 2559 N, which was higher than All Carbon 
Design. Furthermore, the standard deviation of the failure loads was 80N. 
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The static test 2 was recorded with a digital camera as well, and photos were taken while a 
crack occurs and before the next failure occurs as well as at the start of the test and at the end 
of the test. Images of the polished specimen 10 and its load versus displacement plot were 
utilised to demonstrate the failure behaviour of Hybrid Design 1, as shown in figure 2.7 (of this 
Appendix). Moreover, figure 2.8 (of this Appendix) presented the plies of specimen 10 in a 
photo.” (Han 2013) 

“ 

”(Han 2013) 
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Chapter 2 (Han 2013) 
 

Static Test – Hybrid Design 2 
 

“2.4 Static Test of Hybrid Design 2” (Han 2013) 
 
“As presented in Appendix A, Hybrid Design 2 is a 24 plies composite laminate composed of 16 
plies of carbon fibre reinforced laminate and 8 plies of glass fibre reinforced laminate as well as 
Hybrid Design 1, but possesses a [(0C)2/(±45G)/(90C)4/(±45G)/(90C)2]s stacking sequence. Seven 
short specimens were selected to perform the static test, which were 1, 2, 3, 6, 7, 9, and 10. 
Furthermore, specimen 9 and 10 were polished before performing the static test. How the static 
tests of Hybrid Design 2 were performed and the discussion of the results is demonstrated in 
this section.”  (Han 2013) 
 
“2.4.1 Static Test 3 - Hybrid Design 2” (Han 2013) 
 
“ The same as All Carbon Design and Hybrid Design 1, the static tests were performed on the 
Instron 3369 at room temperature with the three point bending rig. The specimen was placed on 
the two supports, and some blue tacks were used to prevent it from moving. A digital camera 
equipped with micro lens was also utilised during the test to record the failure. A pre-load, about 
150 N, was added on the specimen to make sure the loading nose was touched with the 
specimen. Then the static test was performed at a speed of 0.1 mm/min. Tests were stopped 
when the load versus displacement plot was becoming stable. The results of the static test were 
analysed using Matlab as well.” (Han 2013) 
 

“2.4.2 Results of Static Test 3- Hybrid Design 2”  (Han 2013) 
 
“ As same as the previous static tests, the data were collected and then analysed with Excel 
and Matlab. The initial displacement of each specimen was returned to zero using Excel. As 
shown in figure 2.9 (of this Appendix), the seven curves in different colours represent the seven 
specimens, specimen 1 in red, specimen 2 in purple, specimen 3 in green, specimen 6 in pink, 
specimen 7 in blue, specimen 9 in black, and specimen 10 in cyan.” (Han 2013) 
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“

 

 “ (Han 2013) 

“ As shown in figure 2.9 (of this Appendix) that the first failure of all the seven laminates 
occurred from -0.3 mm to  -0.5 mm. But, all the curves show a same trend. From table 2.3 (of 
this Appendix), the failure load of the specimens differed one from another, for the lowest at 
1668 N and the highest at 2307 N. The average failure load was 1939 N that was about 500 N 
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lower than All Carbon Design and Hybrid Design 1.The standard deviation of the failure loads 
listed above was calculated as 184N. 
 
A digital camera was used to record the Static Test 3, and photos were taken while a crack 
occurs and before the next failure occurs as well as at the start of the test and at the end of the 
test. Images of specimen 10, which was polished before the test, and its load versus 
displacement plot were utilised to demonstrate the failure behaviour of Hybrid Design 2, as 
shown in figure 2.10 (of this Appendix). The plies of specimen 10 were pointed out in a photo 
shown as figure 2.11 (from this Appendix). 

 

 ” (Han 2013)
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Chapter 4 (Han 2013) 
 

Fatigue Test – All Carbon Design 
 

“4.1 Introduction and Objectives” (Han 2013) 
 
“Fatigue is known as brittle failure under cyclic stress below the level of general yield, and it is a 
significantly important parameter while designing composite laminates. The fatigue test was 
established to investigate the fatigue behaviour and work out the S-N curves of the design 
laminated composites. Both short specimens and long specimens were utilised to perform the 
fatigue tests at 90%, 80%, and 70% of the failure stress. The fatigue tests were performed on 
the Dartec HC10, with a 10 kN crosshead. The objectives of performing the fatigue tests are 
listed below: 
 
1. Study the fatigue behaviour of All Carbon Design and Hybrid Design 1. 
2. Work out the S-N curves of the two designs. 
3. Observe the crack initiation in the specimens with the utilisation of CT-scan. 

4. Compare the fatigue behaviour of All Carbon Design and Hybrid Design 1.” (Han 2013) 
 

“4.2 Fatigue Test of All Carbon Design” (Han 2013) 
 
“All Carbon Design is an all carbon layers laminate, which possesses a lay-up of                       
[(0/45/90/-45)3]s. This section illustrates how the fatigue test was performed and presents the 
result of the test. Moreover, the fatigue behavior and the loading capacity of All Carbon Design 
are demonstrated in the section, as a result of analyzing the S-N (Failure Shear Stress –Cycles 
to Failure) curve and L-N (Peak Load –Cycles to Failure) curve.” (Han 2013) 
 
“4.2.1Fatigue Test 1 - Fatigue Test of All Carbon Design” (Han 2013) 
 
“In order to study the fatigue behaviour of All Carbon Design, a series fatigue tests were 
performed with the utilisation of the Dartec HC10. Furthermore, the fatigue tests were performed 
under the same three point bending rig as used in the static test. Three 100 cycles test, three 
1,000 cycles test, and three 10,000 cycles test were required to be accomplished in the fatigue 
test 1. Therefore, the applied loads of 100, 1000, 10000 cycle fatigue tests were required to be 
calculated before starting the test, which should be obtained respectively form 90%, 80%, and 
70% of the failure stress of All Carbon Design. Due to the experimental dimensions of the 
specimens were not the same, which had caused that different specimens have different failure 
stresses. Therefore, engineer’s bending theory was utilised in order to calculate or predict the 
applied load of each specimen simply and quickly. As shown in equation (5.1) (of this Appendix) 
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that was used to calculate the bending stress σ of the specimen, in which M is the moment 
about the neutral axis, z is the perpendicular distance to the neutral axis, and I is the second 
moment of area.  
 

 
 σ

M z
I  (5.1)

 
In this three point bending problem, assume that F is the applied load and L is the span length, 
thus the bending moment M=FL/4, the perpendicular y equals to halve the thickness t, and the 
second moment of area I is known as I=bt3/12. Therefore, we obtain equation (5.2) (of this 
Appendix) for calculating the bending stress in this problem. The maximum stress of All Carbon 
Design, σx=670.63 MPa, is calculated while F is the average failure load of the seven 
specimens obtained from the static test, b and t are the average width and thickness of the 
specimens, and the span length L is 14 mm. 
 

 
 σ

3FL
2bt

 (5.2)

 
Equation (5.3) (of this Appendix) could be transformed from (5.3) (of this Appendix), which is 
used to calculate the applied loads of different specimens while σ equals to 90%, 80%, and 70% 
of the maximum stress.  
 

 
 F

2σbt
3L

 (5.3)  “   (Han 2013) 

 
“All the fatigue tests were performed at a test frequency of 2 Hz, with the applied loads listed in 
the Table D.1 (Appendix J). Moreover, the loading ratio R, which is the ratio between the 
maximum load to the minimum load in a cycle, was kept at R=10. After the specimen was 
placed properly on the support rollers with some blue sticks preventing the specimen from 
moving during the test, a pre-load (about 10% of the applied load) was added on the specimen 
to make sure the loading nose was touching the specimen. Due to the data was collected by the 
software which required to set an offset after the pre-load was added, thus the applied load data 
collected by the software was the applied load without the pre-load. Therefore, the pre-load 
value should be added on the collected applied load to obtain the actual applied load while 
analysing the result. The test was stopped while the specimen failure occurred, and the number 
of cycles to the failure was read from the computer and then collected.   
 
The short specimens were utilised to perform the 100 and 1,000 cycles fatigue tests, while the 
long specimens were selected to perform the 10,000 cycles test. Both displacement control and 
load control were utilised in the fatigue test. The 100 cycles tests were performed under 
displacement control, while the 1,000 cycles and 10,000 cycles tests were performed under load 
control. This was due to the deformation of the specimen caused by the cyclic loading. If the test 
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was performed under load control, the specimen would not be totally destructed, as the test was 
stopped while the failures just occurred in the laminate. But the actual peak load was not able to 
reach the required value while the loading nose had reached its required displacement, and the 
cyclic load was dropping continuously while the cycle number was increasing. As presented in 
Figure 4.1 (of this Appendix), the peak load of specimen 17 was dropping persistently from 1960 
N to 1770 N in about 300 cycles till a load drop appeared when the specimen was destructed. If 
the number of cycles increased, the cyclic load would drop more, which had caused the problem 
that some specimens did not show any failures while they had already significantly exceeded 
the cycles when they should break. If the test was performed under load control, the applied 
load would not drop during the test. But the specimen might be totally broken, for the loading 
nose was still trying to reach the required value while failures had already occurred. Therefore, 
low cycle tests such as 100 cycles tests were performed under displacement control, while 
1,000 cycles and 10,000 cycles tests were performed under load control. 
 

“ (Han 2013) 

 

  



DEVELOPMENT OF DESIGN RULES TO 
IMPROVE SHEAR STRENGTH 

 

F33 of F33 
 
 

“4.2.2 Results of Fatigue Test 1”  (Han 2013) 
 

„ 

“(Han 2013) 
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Chapter 4 (Han 2013) 
 

Fatigue Test – Hybrid Design 1 
 

“ 4.3 Fatigue Test of Hybrid Design 1” (Han 2013) 
 
“Hybrid Design 1 is composed of glass fibre layers and carbon fibre layers, which possesses a 
stacking sequence of [(0C)2/(±45C)2/(±45G)2/(±45C)]s. The description of the fatigue test and the 
result of the test are presented in the section. Moreover, the S-N curve and L-N curve were built 
in order to study the fatigue behaviour and loading capacity of Hybrid Design 1” (Han 2013). 
 
“4.3.1 Fatigue Test 2 - Hybrid Design 1” (Han 2013) 
 
“In order to study the fatigue behaviour of Hybrid Design 1, a series fatigue tests were 
performed on the Dartec HC10 under the three point bending rig. Three 100 cycles test, three 
1,000 cycles test, and three 10,000 cycles test were required to be accomplished in the Fatigue 
Test 2. The applied loads of 100, 1000, 10000 cycle fatigue tests were calculated respectively 
from 90%, 80%, and 70% of the failure stress of Hybrid Design 1 with the same method as 
Fatigue Test 1, which are shown in Appendix J. 
 
All the fatigue tests were performed at a loading ratio R=10 with a 2 Hz test frequency, and 
performed under the applied loads listed in the Table D.2 (shown in Appendix J). After the 
specimen was placed properly on the support rollers, a pre-load (about 10% of the applied load) 
was added on the specimen to make sure the loading nose was touching the specimen. The 
actual applied load was the sum of the collected applied load value and the pre-load value, due 
to the offset was set after the pre-load was added. The test was stopped while the specimen 
failure occurred, and the number of cycles to the failure was read from the computer.  
 
As the applied load was kept dropping during the test if the specimen was performed under 
displacement control due to the deformation of the specimen, which would cause the problem 
that the specimen did not fail at when it expected. Therefore, most 100 cycles tests were 
performed under displacement control, while 1,000 cycles and 10,000 cycles tests were 
performed under load control. The same as Fatigue Test 1, short specimens were used to 
perform 100 and 1,000 cycles tests, and long specimens were selected to perform 10,000 
cycles tests.” (Han 2013). 
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“4.3.2Results of Fatigue Test 2” (Han 2013) 
 
“As the same as All Carbon Design, the required data of Hybrid Design 1 were calculated with 
the same equation in the previous chapter and then listed in Table 4.3 and Table 4.4 
respectively. The S-N curve and L-N curve of Hybrid Design 1 were created based on the two 
tables by the same method as All Carbon Design, as presented in Figure 4.5 and Figure 
4.6respectively.” (Han 2013). 

„ 

“(Han 2013) 
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“Specifications and Experimental Setup” 
(Han 2013) 

 
“A.1 Specifications of Specimens” (Han 2013) 
 
“There are three designs of specimens which were tested in the project, one carbon fibre 
reinforced composite laminate and two carbon fibre and glass fibre reinforced composite 
laminates. The WHMS 417 Type 3 carbon fibre prepreg and WHMS 405 glass fibre prepreg 
were utilised in the project for manufacturing the specimens. As the project is a joint project, 
Jony (Author of this thesis) who is from Agusta-Westland designed these specimens and 
provided the theoretical specifications of the designs" (Han 2013) (Hybrid Design 1 and 
Hybrid Design 2).”  
 

“A.1.1 Specifications of the Three Designs” (Han 2013) 
 
“ All Carbon Design is a 24 plies composite laminates, which all the lamina are reinforced by 
carbon fibre. The design thickness of Design1 is 3.00 mm, for the thickness of each carbon ply 
is 0.125 mm. Moreover, the design width is 5.96 mm and the design length is 16 (the calculation 
of design width and length will be illustrated in the following section). The layupof this 24 plies 
symmetric composite laminate is [(0/45/90/-45)3]s, as shown in Table A.1 (of this Appendix). 
 

” (Han 2013) 
 
“Hybrid Design 1 is a 24 plies composite laminates as well, which is composed of 16 plies of 
carbon fibre reinforced laminae and 8 plies of glass fibre reinforced lamina.  
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The design thickness of Hybrid Design 1 is 3.136 mm, for the thickness of each carbon ply is 
0.125 mm while the thickness of each glass ply is 0.142 mm. Moreover, the design width and 
length are the same as All Carbon Design, which are 5.96 mm and 16 mm respectively.                 
The stacking sequence of this 24 plies symmetric composite laminate is 
[(0C)2/(±45C)2/(±45G)2/(±45C)2]s, as shown in Table A.2 (of this Appendix). 
 

 
 
Hybrid Design 2 is a 24 plies composite laminates composed of 16 plies of carbon fibre 
reinforced laminae and 8 plies of glass fibre reinforced lamina same as Hybrid Design 1. The 
design thickness of Hybrid Design 2 is 3.136 mm, which is the same as Hybrid Design 1. 
Moreover, the design width and length are the same as All Carbon Design and Hybrid Design 1, 
which are 5.96 mm and 16 mm respectively. The stacking sequence of this 24 plies symmetric 
composite laminate is [(0C)2/(±45G)/(90C)4/(±45G)/(90C)2]s, as shown in Table A.3 (of this 
Appendix). 
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 ” (Han 2013) 
 

 
“A.1.2 Calculation of Width and Length” (Han 2013) 
 
“The calculation of the width and length of the specimens are based on D 2344/2344M 
standard test method for short-beam strength of polymer matrix composite materials and their 
laminates issued by ASTM International in 2006.  
 
In the D 2344/2344M standard, the width of the specimen is recommended as 2 times of its 
thickness (specimen width, b = thickness × 2.0).”(Han 2013) 
 
“Thus, the equation of calculating the width of the specimens in this project is presented: 
 

Specimen Width, b = thickness × 1.9 
 
In order to compare the three different designs, the width of the specimens should be equal. 
The thickness here is chosen as 3.136 mm, for the thickness of Hybrid Design 1 and Hybrid 
Design 2 are bigger than All Carbon Design. Therefore, the width of the specimens are 
calculated as 5.96 mm, as shown below: 
 

Specimen Width, b = 3.136 mm × 1.9 = 5.96 mm 
 
In the D 2344/2344M standard, the span length between the supports rollers is recommended 
as 4 times of thickness of the specimen. Furthermore, the specimen should be overhung at 
least 2 mm at each side on the side supports. Therefore, the equation of calculating the length 
of the specimen inthis project is shown: 
 

Specimen Length,L ≥ thickness × 4.0 + 4 mm 
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In order to compare the three different designs, the length of the specimens should be equal as 
well. The thickness here is selected as 3.136 mm for the same reason as illustrated above. 
Thus, the length of the specimens shouldbe at least 16.54 mm, as shown below: 
 

Specimen Length, L ≥ 3.136 mm × 4.0 + 4 mm = 16.54 mm ”(Han 2013) 
 
“A.2 Manufacturing of Composite Laminates” (Han 2013) 
 
“Preparing specimens is significant in the ‘Fatigue testing of thick composite laminates’ project, 
for the manufacturing process is highly related to the quality of the specimens and it may affect 
the results of the static test and fatigue test. Generally, there are three steps in manufacturing a 
composite laminate, which are preparing constituent plies, laying-up, and curing (Jones 1999).  
 
In the project, carbon fibre prepreg tape and glass fibre prepreg tape were utilised as the 
constituent materials. Firstly, the prepreg tapes were cut into designated angles and required 
dimensions, as shown in Figure A.1 (of this Appendix). The accomplished prepreg plies are 
presented in Figure A.2 (of this Appendix), which the black ones are carbon fibre prepreg plies 
and the red ones are glass fibre prepreg plies. Then, they were laid-up by hand according to the 
requirements of the three designs of composite laminates, as shown in Figure A.3 (of this 
Appendix). Each time, after laying-up a group of four layers, the laminates would be putted into 
a vacuum bag with two valves to be vacuumed and then standing for about 10 minutes, as 
shown in Figure A.4 and Figure A.5 (of this Appendix) respectively (the gas-pressure meter in 
the figure was utilised to check whether there is leaking or not). Kinawy (2011) pointed out in his 
PH.D. thesis that the vacuum process was established to ensure a homogenous thickness of 
the prepreg, and release the air voids in the composite laminates. Moreover, the two vacuum 
valves was utilised to ensure the vacuum pressure is distributed uniform over the composite 
laminates. After all the layers were laid-up, some cork tapes were placed around the laminates 
to prevent excess resin from flowing sidewise. After that, the laminates were putted into the bag 
and then vacuumed. At last, the composite laminates in the vacuum bag were putted into the 
autoclave for the curing process. After accomplished these steps, the required composite 
laminates of the three designs were manufactured. 
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“ 
(Han 2013) 

 
„
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“ (Han 2013) 
 
“As the required laminates were manufactured, it came to the machining process which the 
plates were cut into specimens with required dimension. Cutting specimens from plates should 
avoid notches, undercuts, rough surface, and delaminations, which will affect the quality of the 
specimens and even affect the results of static test and fatigue test (D 2344/2344M 2006). The 
plates were cut into rectangular shape specimens according to the designed specifications 
illustrated in the previous section. As shown in Figure A.6, from top to bottom are All Carbon 
Design, Hybrid Design 1, and Hybrid Design 2. Then the specimens were labeled in roman 
numerals with white paint pen, as presented in Figure A.7 (of this Appendix). 
 

 
 
After labeling, the width and length of the specimens were measured with slide caliper and the 
thickness of the specimens were measured with micrometer, as shown in Figure A.8 and Figure 
A.9 respectively. The data of these measurements were collected and made into spreadsheets 
for later utilisation. The measurement data spreadsheets of All Carbon Design, Hybrid Design 1, 
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and Hybrid Design 2 are presented in Appendix B. As shown in the spreadsheets, the width, 
thickness, and length of the experimental designs are all a bit larger than the theoretical 
designs. 
 

 
 
Moreover, some longer specimens of All Carbon Design and Hybrid Design 1 were 
manufactured as well, in order to investigate whether there is a difference of static failure 
behaviour between short specimens (about 18 mm long) and long specimens (about 25 mm 
long). And these long specimens were used to perform 10,000 cycles fatigue test. The 
dimensions of these specimens were measured with slide caliper and micrometer, and the data 
were collected and made into spreadsheets, as shown in Appendix I. “ (Han 2013) 
“A.3 Test Machines and Test Rig” (Han 2013) 
 
“In the ‘Fatigue testing of thick composite laminates’ project, two types of experimental 
tests(static test and fatigue test)had to be conducted. Static test was established to measure the 
failure load of the specimens and study the static failure behaviour of the composite laminates, 
while fatigue test was established to study the fatigue behaviour of the laminates and estimate 
the fatigue lifetime of the laminated composites. Instron 3369 (Instron 2013) and Dartec HC10, 
shown in Figure A.10 and Figure A.11 (of this Appendix) respectively, were utilised in the project 
to perform static test and fatigue test respectively. 
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The test rig for performing the static test and fatigue test was a three point bending rig with one 
cylinder loading nose and two cylinder supports, as shown in Figure A.12 (of this Appendix). 
The diameter of the loading nose and the two supports were the same, which was 6 mm. The 
centre distance between the two cylinder supports were 14 mm, for the span length between the 
supports rollers was recommended as 4 times of the thickness of the specimen which is 
approximately about 14 mm. Moreover, some relevant fittings were manufactured as well, in 
order to fit the testing rig into the Instron 3369 and the Dartec respectively.” (Han 2013) 
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“ 

”  (Han 2013) 
 
“A.4 Summary” (Han 2013) 
 
”The chapter mainly illustrates the methodology of the ‘Fatigue testing of thick composite 
laminates’ and briefly demonstrates the testing machines. In the first section, the specifications, 
for instance the lay-up, the angle of each plies, and the dimension, of the three designed 
laminated composites are presented and calculated. The following section is mainly about the 
manufacturing of the laminates, which illustrates the manufacturing processes of the laminates. 
Moreover, the dimensions of the manufactured specimens are measured,and three measured 
dimension spreadsheets of the All Carbon Design, the Hybrid Design 1, and the Hybrid Design 
2 are presented in the Appendix I. The last section shows the main features of the machines 
(Instron 3369 and DartecHC 10) which are utilised in the project, as well as the three point 
bending testing rig that is utilised to perform the static test and fatigue test. The chapter 
presents the essential requirements of the project, which are regarded as the preparations of 
the experimental test phase.” (Han 2013) 
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Measured Dimension Data of the Designs  
(Han 2013) 

 
Average values of loads and gemetric dimentions of the 
laminate that has been tested: 
„ 

 
„ (Han 2013) 

All Carbon Design: 
 
“ Measured Dimension Data of All Carbon Design (Short Specimen) 

 
 

Measured Dimension Data of All Carbon Design L (Long Specimen) 
 

„  
 

(Han 2013)
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HYBRID DESIGN 1: 
 
“ Measured Dimension Data of Hybrid Design1 (Short Specimen) 
 

 
 

Measured Dimension Data of Hybrid Design 1L (Long Specimen) 
 

 
 
HYBRID DESIGN 2: 
 

Measured Dimension Data of Hybrid Design 2 
 

„ 
 

(Han 2013) 
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“Applied load of All Carbon Design” (Han 2013) – Used to proceed with the fatigue experiments 
 
„ 

 
 
 
 
Applied loads of Hybrid Design 1 
 

“ 
 

(Han 2013) 
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Specimen number 2 – All Carbon Design. 
 

 
 

Figure 92 – Load Vs displacement plot for the All Carbon Design, Specimen number 2 
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(Han 2013) 
 

Fatigue Test Results 
 
“CT-Scan Images” (Han 2013) 
 
“CT-Scan images (Figure 4.8 and Figure 69 presented in the Chapter 5, section 5.3, sub-section 
iv) of the specimens that performed the fatigue tests could assist observing the crack initiation of 
the specimens that did not show externally and understanding the fatigue behaviour of the 
designs better. The fatigue tests on All Carbon Design specimen 2L and Hybrid Design 1 
specimen 1L were stopped while a sound of crack were heard. Specimen 2L and specimen 1L 
were used to perform the 10,000 cycles fatigue test at 70% of the static failure stress, which 
broke at 9500 cycles and 19,820 cycles respectively. The damages in these two specimens of 
different designs were assessed utilising a CT-Scan system. Slices across the width of the 
specimens were extracted from the CT-Scan model, in order to illustrate the crack initiations in 
the specimens of the two designs.” (Han 2013) 
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Materials 
 

Table 20 lists the material properties that have been used in this work. 
It should be noted that the values stated in Table 20 have been derived using composite 
laminates made of orthotropic UD plies. 
 

Table 20 – List of materials properties - Part 1 
 MATERIAL DESIGNATION 

MATERIAL PROPERTY 
Fibredux913C HTA-G 

(12k) 
(used in the carbon plies) 

Fibredux 913G-E-5-30% 
(used in the glass plies) 

Fibredux 913 
Resin (matrix)     

(at 70°C) 
    

E  T  (MPa) 137 000 41 900 3390 

E  T  (MPa) 12 190 11 000 - 

ν  T  0.294 0.31 - 
ν  T  0.02616 0.08 - 

G     (MPa)  
[From CIBA-GEICY (1983)] ** 5 290 4 010 - 

ν
 Tensile at 45 degrees to axis 1 0.767 0.62 - 

EX T       
(MPa) 

20 600 12 980 - 

EY T       
(MPa) 

20 600 12 980 - 
    

E C  (MPa) 128 250 42 550 - 
E C  (MPa) 18 520 15 880 - 

    

σ T   
for 0 Degrees (MPa)   1909 991.08 - 

σ T   
for 45 Degrees (MPa)   

274.29 255.17 - 

σ T   
for 90 Degrees (MPa) 59.15 58.27 - 

    

σ F    
for 0 Degrees (MPa)   

1836.9 1417.97 - 

σ F   
for 90 Degrees (MPa)   

83 - - 
    

σ C    
for 0 Degrees (MPa) 

1341 1202.71 - 

σ C    
for 45 Degrees (MPa) 

250.2 187.59 - 

σ C     
for 90 Degrees (MPa) 

272 220.89 - 
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** The value for the Shear Modulus, G , obtained through the application of the Huber's 
equation (39) (Craig & Summerscales 1988) on the UD orthotropic carbon ply has presented a 
difference almost 10% higher than the value of G  given by CIBA-GEICY (1983), which is 
presented in Table 20. The value obtained through the application of the equation (39) in the UD 
orthotropic glass ply has presented a difference of near 0.1% lower than the value given by 
CIBA-GEICY (1983) which is shown in Table 20. The differences between these values could 
be due to the direct application of the values shown on the Table 20 (EX T        
and ν  T       ) into the equation (39). The values presented in Table 20 are 
average results over numerous experiments performed  to achieve credible material property 
values.    
 
NOTE: In this thesis, the value for the Shear Modulus  that has been used was the one given 
by CIBA-GEICY (1983) (shown in Table 20). 
 

Table 21– List of materials properties - Part 2 
 

 MATERIAL DESIGNATION 

MATERIAL PROPERTY 

Fibredux913C HTA-G 
(12k) 

(used in the carbon 
plies) 

Fibredux 913G-E-5-30% 
(used in the glass plies) 

Fibredux913
Resin 

(matrix) 
    

ILSS τ  for  
0 Degrees (MPa) 

94.89 90.18 - 

ILSS τ  for  
45 Degrees (MPa) 

94.8 - - 

    

   
45 Degrees (MPa) 

137 127.59 - 
    

ε  Tensile  for  
0 Degrees 

0.013934 0.023653 - 

ε  Tensile  for  
90 Degrees 

0.004852 0.005297 - 

    

ε  Compressive for  
0 Degrees 

0.010456 0.028266 - 

ε  Compressive for  
90 Degrees 

0.014687 0.013910 - 

    

 
All the material properties shown on the Table 20 and Table 21 were taken from  CIBA-GEICY 
(1983), and the coordinate axis x, y, z, 1, 2 and 3 are in regards to the composite laminate as 
shown in Figure 23. 
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Table 22 - List of materials properties - Part 3 
 

 MATERIAL DESIGNATION 

MATERIAL PROPERTY 
Fibredux913C XAS 

(used in the failure 
criterion) 

Fibredux 913G-E-5-
30% 

(used in the glass plies) 

Fibredux913
Resin (matrix) 

   
 

GIC  (N/mm) 
(Fracture toughness in the 

longitudinal direction. Mode I, for 

plies laid up in UD) 

0.3150 0.3580 - 

GIIC  (N/mm)     * 
(Fracture toughness in the 

longitudinal direction. Mode II, for 

plies laid up in UD) 

0.5833 0.6629 - 

    

σ T  S  
(MPa)  at  90 C 

- - 63.0 

σ T  S  
(MPa)  at  70 C 

- - 65.5 

σ T  S  
(MPa)  at  25 C 

(A linear extrapolation has been 
done to get this value. It was used 
the tensile strength for 70 C and 

90 C) 

- - 71.13 

    

FIBRES WITHOUT THE RESIN SURROUNDING IT 

MATERIAL PROPERTY TENAX HTA-12K  
(Carbon fibre) 

E-GLASS 
(Carbon fibre) 

 (MPa) 238 000 76 000 
   

 

 
* Fracture toughness GIIC of UD carbon fibre was obtained by approximation. Since the fracture 
toughness for the UD glass fibre has the same resin (Fibredux 913) as the carbon fibre, the ratio 
was taken between GIC G   and GIIC G  , and applied on the carbon fibre in order to get an 
approximation for the GIIC  .   
 

The equation that has been used was:   GIIC  
GIIC G
GIC G  

GIC    

 
The fracture toughness GIC of the UD carbon was taken from Beng et al. (2001), and it is for 
both 16 and 24 plies laid up in the UD direction, while the fracture toughness GIC and GIIC of the 
UD glass was taken from Harris (2003, p.2, table 7.2 and p.206, table 7.5), for 16 plies laid up in 
the UD direction.  
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General equations for a laminate under SBS test conditions 

The following demonstrates how the principal stresses on each ply of the laminate were derived: 

• Stress equations for the plane x-z of the 3-D element shown on Figure 54. Equations 
restricted to the plane stress as shown on Figure 54: 
 

According to Budynas (1998, p.97), the stress state for the 3-D element shown in Figure 54, and 
for the reference system axis that has been used in this thesis (Figure 22 and Figure 23) will be: 

 2 2 2    (107)  

 
     

     
(108)  

 

Note: the ;  and  system axis are in accordance with the shown in Figure 93, with the 
exception that the  system axis is not coincident with the  axis system axis (this exception is 
to be considered for equations  (107) up to (124)). 
 
By applying the assumptions given in Chapter 2, section 2.6, in which for a 2-D assessment in 
the through-thickness direction: 

  0 

then, the equations (107) and (108) become: 
 

 2     (109)  

 
     (110)  

 

• Stress equations for the normal stress,  and the shear stress, . 

According to Budynas (1998, p.97), the stress state for the 3-D element shown in Figure 54, and 
for the reference system axis that has been used in this thesis (Figure 22 and Figure 23) will be: 

 

 2 2 2    (111)  

 
     

    
(112)  
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For a 2-D assessment in the through thickness direction: 
  0 

then, the equations (107) and (108) become: 

 

 2     (113)  

 
     (114)  

 

 

• Stress equations for the plane y-z of the 3-D element shown in Figure 54. Equations 
restricted to the plane stress as shown in Figure 54: 
 

According to Budynas (1998, p.97), the stress state for the 3-D element shown in Figure 54, and 
for the reference system axis that has been used in this thesis (Figure 22 and Figure 23) will be: 

 

 2 2 2    (115)  

 
     

    
(116)  

 

For a 2-D assessment in the through thickness direction: 
 

  0 

 

then, the equations (107) and (108) become: 

 

 2     (117)  

 
     (118)  
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The general equations for a composite laminate submitted to a SBS test as shown in Figure 54 
will be: 

For a 2-D stress state, in which each ply is subjected to the stresses: ,  ;     and  , as 
shown in Figure 54, and applying the derivation given previously, the general equations to 
obtain the stress values for any rotation in space of the 3-D stress element shown in Figure 54 
will be: 

 

 2  (119)  

 2  (120)  

 2  (121)  

                                   (122)  

                                   (123)  

                                   (124)  

 

Where the directional cosines, for a rotation in space of the 3-D stress element will be given as: 

x
y
z

    
   
    

 
x
y
z

 

NOTE: In the equations given in this section,  is equal to  x ,  
 . 
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General equations for the stresses along, and perpendicular to the fibre direction for 
each of the plies in the through thickness direction 

 
By considering equations (119) up to (124) and applying a rotation around the z axis of the ply 
system axis of the 3-D stress element shown in Figure 54, it will be possible to obtain the 
equations of the stresses along and perpendicular to the fibre direction. 
 
A simple image is shown in Figure 93 which shows the procedure to be implemented by using 
equations  (119) up to (124) : 
 

 
 

Figure 93 - Rotation to be performed on the 3D stress element within the ply 
 

For a rotation around the z axis of an angle equal to θ in order to align the 3-D stress element 
with the fibre direction as shown in Figure 93, the equations  (119) up to (124) become: 
 

                                   (125) 

                                (126)  

                               0 (127)  

                                   (128)  

                                   (129)  

                                   (130)  

in which: 
                               n cos θ (131)  

                               n sin θ (132)  

                               n sin θ (133)  
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                               n cos θ (134)  

                               n 1 (135)  

                               n 0 (136)  

                               n 0 (137)  

                               n 0 (138)  

                               n 0 (139)  

 
 
 
 
 
  



DEVELOPMENT OF DESIGN RULES TO 
IMPROVE SHEAR STRENGTH 

 

N66 of N70 
 
 

General equation for the principal stresses acting on a stress element 

The principal stress is the value given when no shear stresses act on a 3-D stress element. In 
order to obtain such stress a rotation in space of the 3-D stress element (for instance the 3-D 
stress element shown in Figure 54) is required. This rotation will be performed as shown in 
Figure 94. 

 

Figure 94 - Cut made on a 3-D stress element (represented by the triangle). Principal 
stress ( ) for a stress element, where no shear forces act over the surface of the 3-D 

stress element after a rotation in space ( ,    ). 
 
According to Budynas (1998), and for the system axis that has been used during this thesis, the 
general equation for the principal stresses will be: 

   
  2 0 

(140)  

In order to find the orientation of the principal stresses θ P as shown in Figure 94, the following 
general equations will be used: 

                                        0 (141)  

  0 (142)  

  0 (143)  

                                     1 (144)  

Where: 
 cos θ  (145)  

 cos θ  (146)  

 cos θ  (147)  
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Note:  The directional cosines that are linked to the 3-D stress element shown in Figure 54 are 
shown in the Figure 94. 

Principal stresses in the x-z plane for a single ply of the composite laminate shown in 
Figure 54 

In order to obtain the principal stresses (σP  and σP ) for each of the plies within a composite 
laminate, the 3-D stress element must be rotated. 

Figure 95 shows the rotation to be performed in order to find the principal stresses. 

 

 

Figure 95 - Rotation of the 3-D element shown in Figure 54. Principal stress. 
 

Applying the general equation (140) for a rotation as described in the image above, the  general 
equation of the principal stress becomes: 

Since:   

                                0 (148)  

then the general equation of the principal stress becomes: 

 

 

 

(149)  
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Note: Since the analysis is performed for a stress state in the through thickness direction, the 
principal stress in the direction y' will be equal to zero  (σP 0) . 

 

From the equation (149), the principal stresses will be given as follows: 

 

                                0 (150)  

 
                                

(151)  

 
                                

(152)  

 

and 

 cos θ  (153)  

 cos θ  (154)  

 cos θ  (155)  

 

 

 

where,   ;   and   are the directional cosines (Budynas 1998) that define the rotation 
of the 3-D element shown in Figure 54. 
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Maximum shear stress (  and ) acting on the x-z plane of a single ply: 

The maximum shear stress on the plane x-z of the 3-D element shown in Figure 54 is obtained 
when the stresses  ′  and  ′  are equal to each other as shown in Figure 96. 

 

Figure 96 - Representation of the maximum shear stress of the stress element shown in 
Figure 54  

 

In order to obtain the maximum shear stress acting on the 3-D stress element of a single ply the 
concepts in Mohr's circle were used. This is explained in Figure 97. 

According to Budynas (1998, p.73), the stress equations for a 3-D stress element that has been 
rotated in space could be obtained from the Mohr's circle which is shown below: 

 

Figure 97 - Mohr circle for a 3-D stress state over a stress element. 
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From Figure 97, the variables ,  and  are the identification used for each of the circles. 
Each point on the colored area defined within circle  represents a single stress state of the 3-
D stress element on the plane y-z. Each single point on the perimeter defined by each of the 
circles ,  and  represents a single stress state of the stress element on the planes z-y; x-z 
and y-x respectively. 

 

Since this thesis is based on the stress state given by the area within circle  ; plane x-z, then 
the following equations for circle  are given: 

 
R = radius of the circle  1

2

2
2  

(156)  

 1
2  

(157)  

 R (158)  

 R (159)  

 R (160)  

And finally the maximum shear stress will be given as: 

   R (161)  

 

As shown above, Mohr's circle could be used as alternative method to equations (150), (151) 
and (152) to find the principal stresses.  

 

Orientation angle of the principal stress in accordance with Figure 95 ( )  

Through Mohr's circle (Figure 97), the orientation angle for the principal stress will be given as: 

 

 tan 2 θσP

2  
 (162)  
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TITLE  Stresses along and perpendicular to the fibre direction for each of the plies in the 
through-thickness direction of the composite laminate 
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By using equations (125) up to (130) from Appendix N the Table 23 is given. 
 

All Carbon Design    
0/45/90/ 45  

 

Since the stresses given in Table 23 are for a plane stress state, then 0 . 
 

Table 23 – Specimen n. 10. Stress along and perpendicular to the fibre direction, for each 
ply and on the x-z plane of the All Carbon Design Laminate. Values presented are for a 

bending moment value taken at the position where the crack has occurred which is at the 
coordinate x= 11 mm ( see Figure 49 and Figure 42). 

 

  For the Specimen 10 shown on the Table 1 -  ( According to Figure 93 ) 
TOP OF THE LAMINATE 

Ply      
Number 

Angle 
(Degrees) Material   

(MPa) 
  

(MPa) 
  

(MPa) 
 

(MPa) 
 

(MPa) 
1 0 Carbon - 535.58 0 0 0 0 
2 45 Carbon - 79.45 - 79.45 79.45 -17.55 17.55 
3 90 Carbon 0 - 39.71 0 -32.18 0 
4 - 45 Carbon - 65.00 - 65.00 - 65.00 24.05 24.05 
5 0 Carbon - 357.06 0 0 0 40.04 
6 45 Carbon - 50.56 - 50.56 50.56 -40.01 40.01 
7 90 Carbon 0 - 23.83 0 -61.27 0 
8 - 45 Carbon - 36.11 - 36.11 - 36.11 44.10 44.10 
9 0 Carbon - 178.53 0 0 0 65.72 
10 45 Carbon - 21.67 - 21.67 21.67 -52.32 52.32 
11 90 Carbon 0 - 7.94 0 -76.00 0 
12 - 45 Carbon - 7.22 - 7.22 - 7.22 54.00 54.00 

MIDDLE OF THE 
SYMMETRIC 
LAMINATE 

Resin 
(Matrix) 0 0 0 54.47 54.47 

13 - 45 Carbon 7.22 7.22 7.22 54.00 54.00 
14 90 Carbon 0 7.94 0 -76.00 0 
15 45 Carbon 21.67 21.67 - 21.67 -52.32 52.32 
16 0 Carbon 178.53 0 0 0 65.72 
17 - 45 Carbon 36.11 36.11 36.11 44.10 44.10 
18 90 Carbon 0 23.83 0 -61.27 0 
19 45 Carbon 50.56 50.56 - 50.56 -40.01 40.01 
20 0 Carbon 357.06 0 0 0 40.04 
21 - 45 Carbon 65.00 65.00 65.00 24.05 24.05 
22 90 Carbon 0 39.71 0 -32.18 0 
23 45 Carbon 79.45 79.45 - 79.45 -17.55 17.55 
24 0 Carbon 535.58 0 0 0 0 

BOTTOM OF THE LAMINATE 
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Hybrid Design 1  

 0C /  45C /  45  /  45C  
 

Since the stresses given in Table 24 are for a plane stress state, then 0 . 

 
Table 24 – Specimen n. 9. Stress along and perpendicular to the fibre direction, for each 

ply and on the x-z plane of the Hybrid Design 1. Values presented are for a bending 
moment value taken at the span centre x= 7 mm ( see Figure 42). 

 

  For the Specimen 9 shown on the Table 2 -  ( According to Figure 93 ) 
TOP OF THE LAMINATE 

Ply      
Number 

Angle 
(Degrees) Material   

(MPa) 
  

(MPa) 
  

(MPa) 
 

(MPa) 
 

(MPa) 
1 0 Carbon - 1184.73 0 0 0 0 
2 0 Carbon - 1086.94 0 0 0 23.53 
3 45 Carbon - 160.06 - 160.06 160.06 - 31.90 31.90 
4 - 45 Carbon - 144.24 - 144.24 - 144.24 36.39 36.39 
5 45 Carbon - 128.42 - 128.42 128.42 - 40.44 40.44 
6 - 45 Carbon - 112.59 - 112.59 - 112.59 44.05 44.05 
7 45 Glass - 41.85 - 41.85 41.85 - 47.21 47.21 
8 - 45 Glass - 34.81 - 34.81 - 34.81 48.42 48.42 
9 45 Glass - 27.77 - 27.77 27.77 - 49.43 49.43 
10 - 45 Glass - 20.73 - 20.73 - 20.73 50.23 50.23 
11 45 Carbon - 31.65 - 31.65 31.65 - 50.83 50.83 
12 - 45 Carbon - 15.82 - 15.82 - 15.82 51.72 51.72 

MIDDLE OF THE 
SYMMETRIC 
LAMINATE 

Resin 
(Matrix) 0 0 0 52.16 52.16 

13 - 45 Carbon 15.82 15.82 15.82 51.72 51.72 
14 45 Carbon 31.65 31.65 - 31.65 - 50.83 50.83 
15 - 45 Glass 20.73 20.73 20.73 50.23 5023 
16 45 Glass 27.77 27.77 - 27.77 - 49.43 49.43 
17 - 45 Glass 34.81 34.81 34.81 48.42 48.42 
18 45 Glass 41.85 41.85 - 41.85 - 47.21 47.21 
19 - 45 Carbon 112.59 112.59 112.59 44.05 44.05 
20 45 Carbon 128.42 128.42 - 128.42 - 40.44 40.44 
21 - 45 Carbon 144.24 144.24 144.24 36.39 36.39 
22 45 Carbon 160.06 160.06 - 160.06 - 31.90 31.90 
23 0 Carbon 1086.94 0 0 0 23.53 
24 0 Carbon 1184.73 0 0 0 0 

BOTTOM OF THE LAMINATE 
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Hybrid Design 2   

 0  /  45  /  90C /  45  /  90C  
Since the stresses given in Table 25 are for a plane stress state, then 0 . 

Table 25 – Specimen n. 10. Stress along and perpendicular to the fibre direction, for each 
ply and on the x-z plane of the Hybrid Design 2. Values presented are for a bending 

moment value taken at the position where the crack has occurred which is at the 
coordinate x= 9 mm ( see Figure 42 and Figure 47). 

 

  For the Specimen 10 shown on the Table 11 -  ( according to Figure 93 ) 
TOP OF THE LAMINATE 

Ply      
Number 

Angle 
(Degrees) Material   

(MPa) 
  

(MPa) 
  

(MPa) 
 

(MPa) 
 

(MPa) 
1 0 Carbon - 872.43 0 0 0 0 
2 0 Carbon - 802.09 0 0 0 24.25 
3 45 Glass - 51.22 - 51.22 51.22 -32.92 32.92 
4 - 45 Glass - 45.80 - 45.80 - 45.80 35.13 35.13 
5 90 Carbon 0 - 51.33 0 -52.49 0 
6 90 Carbon 0 - 45.07 0 -53.92 0 
7 90 Carbon 0 - 38.81 0 -55.17 0 
8 90 Carbon 0 - 32.55 0 -56.25 0 
9 45 Glass - 20.68 - 20.68 20.68 -40.41 40.41 
10 - 45 Glass - 15.27 - 15.27 - 15.27 41.31 41.31 
11 90 Carbon 0 - 12.52 0 -59.35 0 
12 90 Carbon 0 - 6.26 0 -59.70 0 

MIDDLE OF THE 
SYMMETRIC 
LAMINATE 

Resin 
(Matrix) 0 0 0 - 59.87 0 

13 90 Carbon 0 6.26 0 -59.70 0 
14 90 Carbon 0 12.52 0 -59.35 0 
15 - 45 Glass 15.27 15.27 15.27 41.31 41.31 
16 45 Glass 20.68 20.68 - 20.68 -40.41 40.41 
17 90 Carbon 0 32.55 0 -56.25 0 
18 90 Carbon 0 38.81 0 -55.17 0 
19 90 Carbon 0 45.07 0 -53.92 0 
20 90 Carbon 0 51.33 0 -52.49 0 
21 - 45 Glass 45.80 45.80 45.80 35.13 35.13 
22 45 Glass 51.22 51.22 - 51.22 -32.92 32.92 
23 0 Carbon 802.09 0 0 0 24.25 
24 0 Carbon 872.43 0 0 0 0 

BOTTOM OF THE LAMINATE 
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Maximum Bending Stress Equation 
 

 
 

Figure 98 – Simply supported beam subjected to a deflection caused by an external 
transverse force. 

 

In Chapter 2, the Classical Laminated Plate theory Reddy (2004) has been used to derive two 
different bending stress equations, the composite bending stress equation according to Reddy 
(2004), equations (73), (78) and (80), and 2-D composite bending stress equation (91) and the 
ILSS equation (99), which is the equation that has been used in the analytical assessment 
made in chapter 4. 
 

The fatigue experiments were performed by Han (2013) after the static tests were concluded on 
the specimens shown in Table 1 (All Carbon Design) and Table 2 (Hybrid Design 1). Since the 
highest and low failure loads have fallen within the widest and narrowest samples respectively 
(as it is shown in the Table 2), a simple method was required to average the ultimate load 
(Force = Pz) as a function of the mid-span cross section of the specimen (cross-section A-A of 
Figure 98).  
 

By considering an isotropic beam, simply supported with the stress distribution on the mid-span 
cross section as shown in Figure 98. Is possible to find an equation which can be utilized as 
simple method to average the ultimate load required to setup the fatigue rig. 
 

As can be seen from points b and c, shown in Figure 98, the bending stress σ ,  ,  has its 

maximum value when the shear stress τ  is equal to zero. In contrast, point d shown in           
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Figure 98 shows that the bending stress, σ ,  ,  is equal to zero when the shear stress τ  

is a maximum. 
 
Thus, the resultant stress of the beam acting on points b and c of the mid-span cross                
section A-A (Figure 98) is given by: 
 

 
 σ

,  ,

M z

I
 (163)  

 

In which,   z   ,  τ       0 and  is the cross section moment of 
inertia in regards to the y axis which for the rectangular cross-section A-A (Figure 98) will be 

equal to: I  , in which b is the width of the component and t is the thickness. 

 
According to Young & Budynas (2002, section 8.17, table 8.1, case 1c) (for a                       
beam simply supported at both ends), the bending moment on an SBS test will be: 
M

    
 

P  ; in which,  is the ultimate load applied at centre span              

(Figure 98), and the span is the distance between the centre of each of the support roller's 
cross-section in accordance with the Standard D2344/2344M (2006, figure 6). 
 
By substituting M

    
 ; z  and  I  given above into equation (163), the maximum 

bending stress equation becomes: 
 

 
 σ

, ,

3 P span
2 b t  (164)  

 
Before commencing the fatigue experiments, Han (2013) has calculated the resultant stress at 
the point b of a cross-section A-A, as shown in Figure 98 by taking the average values given in 
table 3.4 of Appendix I and substituting them into equation (164) in order to obtain the maximum 
resultant stress (equal to σ ,  ,  ) for each design, the All carbon Design and the Hybrid 

Design 1.  
 
The average value of σ ,  ,  (named as  by Han (2013)) is shown in table D.1 and D.2 

which are given in Appendix J. 
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Once the average value of σ ,  ,  has been obtained for each of the designs subjected to a 

fatigue test (All Carbon Design and Hybrid Design 1), Han (2013) has calculated the apparent 
static ultimate load (F) for each of the specimens.  
 
The apparent static ultimate load, F has been obtained from equation (164) and is given as 
follows: 
 

 
 F P  

2 t b σ
, ,

3 span
 (165)  

 
 
in which, the values for σ ,  ,   (named as  by Han (2013)), t   (named as d by 

Han (2013)) and b  (named as b by Han (2013)) are given in table D.1 and D.2 of the 
Appendix J. 
 
In order to ensure that the fatigue test rig is set up with a load below the apparent static ultimate 
load (F) for each individual specimen tested, Han (2013) has calculated different load values by 
using the equation (165) in which the stress σ ,  ,  has been multiplied by 90%, 

80% and 70% giving the load values as shown in the table D.1 and D.2 of the Appendix J, and 
which were entitled by Han (2013) respectively as: 90%F; 80%F and 70%F.  
 
From the load values that have been calculated for each of the specimens (90%F; 80%F and 
70%F), just one has been selected to setup the fatigue rig to proceed with the fatigue test. 
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TITLE  Transverse displacement according to Timoshenko (1948, p.173) 
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Transverse Displacement  
 

The laminate constitutive equations (given in section 2.4) which are used  by the software LAP 
(for instance), were based on the Kirchhoff Hypothesis (Reddy 2004). In this Thesis each ply 
was considered to have a small thickness (approximately 0.139 mm for the carbon ply and 
0.153 for the glass ply) when compared to the in-plane dimensions (x-y plane). This allows the 
assumption that straight lines perpendicular to the midsurface before deformation occurs remain 
straight after the deformation occurs (since the assessment has been made on the z-x plane, 
the in-plane (x-y plane) dimensions should be limited to the x axis which refers to the length of 
each specimen (approximately 21 mm)). The analytical assessment, presented in chapter 4, 
which derives from the laminate constitutive equations (section 2.4) has shown a good 
correlation when compared to the analytical results with the FE-Models and the static tests (see 
for the All Carbon Design: Figure 43, Figure 49, Table 6 and Table 7; for the Hybrid Design 1: 
Figure 45, Figure 55 and Table 10; and for the Hybrid Design 2: Figure 47, Figure 59, Table 13 
and Table 14).  
 

For the case of the calculation of the transverse deflection, where the thick beam composite 
laminate is considered as a whole single component loaded under an SBS test condition, the 
effect on the transverse displacement of the bending stress should be considered together with 
the effect on the transverse displacement of the shear stress. In this situation the Timoshenko's 
equation (Timoshenko 1948) for isotropic beams gives an approximation of the real deflection of 
the thick composite beam under a SBS test loading condition.  
 

 According to Timoshenko (1948, p.173) the total deflection of an isotropic beam considering the 
sum of both the curvature caused by the shear stress and the curvature caused by the bending 
moment is given by equation (166). 
 

According to Timoshenko (1948, p.172 and p.173), for a central load, P (applied to the middle of 
the span of the beam) and for a simply supported beam, the transverse displacement equation 
will be given by equation (166). 
 

 
 w

P span
48 E I 1

12 α k
span

E
G  (166)  

 

in which, k  is the radius of gyration of the cross section with respect to the y axis and which is 
given by equation (167). 
 

 
 k

I
 cross section area of the beam

 (167)  

 

and  is a factor used in Timoshenko's equation (166). For rectangular cross-section beams          
α = 3/2 .  
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For a rectangular cross-section of thickness equal to t , the radius of gyration becomes equal to 
k t . 

 

Since the factor  E
G

2 1 v 2.6,  then equation (166) becomes,  

(Timoshenko 1948, p.173) 
 

 
 w

P span
48 E I 1 3.90

t
span  (168)  

 
Ghugal & Sharma (2011) have derived the transverse deflection by considering the curvature 
caused by the shear stress with the curvature caused by the bending moment. The equation 
proposed by Ghugal & Sharma (2011) for an isotropic simply supported beam with a central 
transversal load applied to it is given by: 
 

 
 w

P span
48 E I

1 2 1 v
t

span
 (169)  

 
As can be seen, equations (168) and (169) are similar with the unique difference in the 
assumption of the factor 2 1 v , Timoshenko (1948) considers this factor equal to 2.6. 
 
Note that, equations (168) and (169) are derived for isotropic beams, which give an 
approximation of the transverse displacement on a composite beam (considering that an error 
will be generated by the use of equations (168) and (169) in composite beams).  
 
In this thesis, the transverse displacement was not assessed because, it was not considered 
relevant to assess and conclude the objectives of the research work given in section 1.8. 
However, as reference for future works that could require an assessment in terms of transverse 
displacement of composite beams. 

 
 



DEVELOPMENT OF DESIGN RULES TO 
IMPROVE SHEAR STRENGTH 

 

R82 of R86 
 
 

 
 
 
 
 
 

 
 

.............................APPENDIX R 
 

  

 

 

 

 

TITLE  S-N Curve derivation 
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S-N Curve Equation 
 
The S-N curve presented in the Chapter 5, was built through the application of the four 
parameter Weibull's equation (170) (Freudenthal et al. 1963, p.76), and was used in order to 
capture the probability of failure after a given number of cycles of a certain stress acting on a 
composite laminate. 
 

 
 S S S

N
B

1
A

S  
 

(170)  

In which, according to Freudenthal et al. (1963, p.76):   
 
 -   is the shape parameter. 
 
 - N  is the number of cycles. 
 

- B is the scale parameter of time which has the dimension of the cycle life      
  N  and is the rational unit of fatigue life. 

 
 - S is the Interlaminar shear stress. 
 
 -  is the median shear stress at infinite number of cycles (Endurance). 
 
 -  is the median of the static strength. 
 
According to Freudenthal et al. (1963) there are three methods to determine the four 
parameters, S , A', S  and B, these methods are: best fit of the observed data points 
(experimental static test data), by graphical analysis, or by analytical evaluation.  
 
In this thesis will use the observed data points method together with the graphical method to 
obtain the parameters, S , A', S  and B. The graphical method should be based on a semi-
logarithmic plot which presents the median data points and the average S-N curve               
equation (170) (four parameter Weibull's equation) which should be fitted by eye (according to 
Freudenthal et al. (1963, p.77)), “thereby determining the values of S  and S ”. Here the median 
data points refer to the points (values) of the Interlaminar shear stress, τ      /  as 
a function of  the number of cycles to failure that were obtained from fatigue test specimen. 
 
According to Freudenthal et al. (1963, p.77), the maximum slope of the S-N curve which is 
located at the point of inflection (S , N ) shown in Figure 99 is given by the equation (171). 
 
 log

2.3026
1

A

 
(171)  
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Figure 99 – Graphical estimation of the parameters of an S-N curve to Freudenthal et al. 

(1963, p.77) 
 
Considering the variables shown in Figure 99, equation (171) is reduced to equation (167). 
 
 
 log ∆ log 2.3026 1

A

 

 

(172)  

 

 

In which, 

 

∆ log 0.43429
1 A

 
(173)  

 2 A  

 

(174)  

 

1

A

 
(175)  

 
In this thesis the four parameter Weibull's equation (170) will be transformed into                 
equation (176). 
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S S C N B A  
 

(176)  

In which,  
 
 C S S

1 A
 

 
 

(177)  

 
The Least square method has been used to graphically fit the curve given by equation (176) in 
between the data points given by the fatigue experiments that were performed on the composite 
laminates (for instance the Interlaminar shear stress (      /  ) ; and the number 
of cycles N ) : 
 
Rearranging equation (176) in a logarithmic form, equation (178) will become. 
 

 
 

log S S A log N B log C  (178)  

Since the linear curve equation is given by (179) 
 

  (179)  
 

thus, the parameters shown in equation (178) assume the equality given in equation (180). 

 

log S S

log N B
log C

 (180)  

 

According to (Freudenthal et al. 1963, p.79) "more accurate values of the four parameters (A',B 
and C which is function of A', B, S  and S ) can be obtained by applying the method of Least 
Squares to this evaluation problem". 
 
Note: Although the parameter S  could be used as an unknown value to be determined through 
the Least square method, in order to reduce graphical errors with the curve fitting, in this thesis 
the parameter S  of the All Carbon Design S-N curve has been fixed with the Interlaminar Shear 
Stress value,      /  given in the static experiment that has been performed on  
specimen number 10 (S      / 77.04 Mpa) , while the Hybrid Design 1 S-N 
curve has been fixed with the interlaminar Shear Stress value,      /   obtained 
from the static experiment that has been performed on specimen 9  
(S      / 73.77 Mpa). 
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The Least Squares method is used by adjusting the parameters of the S-N curve to best fit the 
data set (Interlaminar shear stress (      /  ) values; and the number of cycles N ) 
given by the fatigue experiments that have been performed on each of the specimens.    
 
The Least Squares method is base of the equation (181) that gives the value of the variance of 
the S-N curve. Considering equation (180), the variance will be given as follows: 
 

 
 

(181)  

 
To work with equation (181), the following should be considered: 
 

 S  should be fixed by considering the Ultimate Static strength of the material or this 
could be a variable to be obtained through the Least Square method.  
 

 The parameters A', B and S  should be manually varied in order to achieve the best fit 
SN curve shape for the data found during fatigue tests.  
 

 Typically, 0 2 ;    300 (should have values around 3000 or more) and 
S S . 
 

 The use of equation (181), and the process of attributing arbitrary values to                       
the parameters A', B and S  could be performed using an excel sheet in which 
logarithmic S-N plot with the fatigue experiment data points plotted on it should be 
presented ( the number of cycles run by each fatigue experiment with the respective 
interlaminar shear stress (      /  )). 
 

The best fit in the least-squares sense is based on the minimization of the sum of squared 
residuals, which means that the variance given by equation (181) should tend to zero. A 
variance equal to zero means that all the data points are coincident with the S-N curve given by 
the equation (170) (which is unlikely to happen in reality) or that all data points are equally close 
to the S-N curve given by the equation (170). 
 
Thus, having the data points from the experimental fatigue tests and considering the equations 
(170) and (181). Is possible to build an S-N curve in a logarithmic scale by considering that the 
variance (equation (181)) should be a minimum. 
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TITLE Matlab input instructions and commands to be used in the command window of 
Matlab in order to visualize the output results. 
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Inputs to be given by the user 
 
In order to give an overview of the procedures performed by the software, this section will 
present images of the input process when the Matlab algorithm is run. 
Every time that the user inputs the values and clicks the ok button, the software will shows 
another window asking for more inputs. 
 

i. Angle limit definition 

 
 

Figure 100 - First window shown by Matlab when the algorithm is executed 
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In this first menu the user is asked to insert the values to define the limits shown in Figure 117. 
By default, the software will give the values shown in Figure 100, which  could be changed by 
the user as described.  
Since the angle  θ   shown on Figure 117 could be equal to θ or θ , each of the  angles θ and  θ  
should have defined maximum and minimum limit. Then, according  to Figure 100, the maximum 
and minimum limit defined in the 1st and 5th rows of the table shown in Figure 100 are the 
maximum and minimum limits respectively, for the angle θ , while the values to be input in the 2nd 
and 6th rows, are to define the maximum and minimum limits respectively for the angle θ  in 
accordance with Figure 117. 
 
The 3rd and 4th rows show the increment angle to be given to the angles θ and  θ  respectively in 
order to rotate the fibre shown in Figure 100 from the minimum angle limit ( limit θ  ) up to the 
maximum limit angle ( limit θ  _  ). 
 
 

ii. Definition of the number of solutions to be given by the algorithm after the input 
of the user 

 

 
 

Figure 101 - Second window shown by Matlab when the algorithm is executed  
 
 
In this case, the software will ask the user to input the number of the first best stacking 
sequences found to minimize the damage in the middle of a composite laminate.  
 
For instance, if the user wants to find not just the best stacking sequence, but the best five 
stacking sequences to minimize the damage in the middle of the laminate, then, in the window 
shown in Figure 101, the default value should be substituted for the number 5. 
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iii. Definition of the number of solutions to be given by the algorithm after the input 
of the user 

 

 
 

Figure 102 - Third window shown by Matlab when the algorithm is executed  
 
In this window (Figure 102) the user will define how many plies the composite laminate has (to 
be input in the first row), then, in the second row will be asked for the maximum percentage of 
glass plies that the user wants to define in the composite laminate that will be built, then, in the 
third row of the window shown above will be required to input the width of the specimen, and 
finally, in order to determine how many angles the user wants to be varied in the composite 
laminate, as shown in Figure 40, is required to input in the last row, on an integer value which 
should be between 2 and 4. 
 
According to Figure 40, and following the explanation given underneath of that figure, for an 
input in the 4th row equal to: 
 

 2       The angles will be  0° and one of either  θ or  90°  . 
 

 3       The angles will be  0° ; θ  and one of either  θ  or  90° . 
 

 4       The angles will be   0° ; θ  ; θ  and  90° . 

After this input, a series of questions will be asked to the user in order to determine the user 
requirements.  
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iv. User requirements to define each of the angles chosen in the previous step 

In order to explain the procedure taken by the software in this step, an example will be given 
(Figure 103) of an input equal to 4 in the last row of Figure 102, then, after the filling of the 
remaining rows and after clicking ok, will appear questions shown on the image below. 
 
Note: In the image below, a fixed angle means that the software will fix the angle  θ   shown on 
Figure 117 in the position that the user wants without proceeding with any variation of that angle. If 
the user does not want to fix any of the angles then the software will vary angle  θ   between its 
minimum limit ( limit θ  ) up to the maximum limit angle ( limit θ  _  ). 
 

 
 

Figure 103 - Series of Matlab windows required to define the user requirements for each 
of the angles that were chosen on the previous section 
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Note: According to the Figure 104, 4 was chosen as the number of angles in Figure 102, then 
the software will give to the first angle a value equal to zero degrees, the second angle will be 
equal to       , and the remaining angles will be identified as the third         and fourth          angles.

Figure 104 - User requirement 
definition - Part 2 
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v. Material properties definition and line load 

After defining the user requirements for the angles, the software will ask for the input of the 
material properties in accordance with Figure 105. 

 
 

Figure 105 - Material properties input to be given by the user 
 
Note:  Each of the windows shown on the Figure 105 will appear one at a time. 
 
 
The values shown on the Figure 105 are default material property values given by the software, 
in which the carbon material default values are related to the material specifications for Fibredux 
913C HTA, and the glass material default values are related to the material specifications for 
Fibredux 913 XAS. 
The ply thicknesses are average dimensions values. 
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After the user has defined the material properties, Matlab will show another window (Figure 106) 
in which the user needs to input the line load that the composite laminate will be subjected to 
when under SBS test conditions. 

 

 

Figure 106 - Line load input requested by Matlab 
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vi. Confirmation of the input values 

The final step to be confirmed by the user consists of a cross-check of all the values entered 
during the input process. If the user finds that something is wrong then No (number 2) should be 
selected in the input box in the screen below (Figure 107). This will allow the user to go back to 
previous screens and correct the input. 

 

Figure 107 - Confirmation process 
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vii. Algorithm procedure after the inputs 

After the user has given the requested inputs, the algorithm will generate all the valid 
combinations of materials and angles to be given to the composite laminate shown in Figure 40, 
and will perform an assessment on every increment made during the rotation of the fibres as 
shown in Figure 117. 

Each of the combinations will use the following equations:  

(23); (24); (25); (26); (27); (32); (55); (57); (58); (60); (82); (83) and (97). 

 

Finally, after the ILSS has been determined for a given combination the software will save this 
into a bulk file, before running the remaining iterations. At any point while the software is running 
if the resulting ILSS is better than that of the preceding iteration in terms of minimizing the ILSS 
(  and )  on the central ply of the composite laminate, the current result will overwrite the 
previous one in the bulk file. Thus, the final result for ILSS in the bulk file once the software run 
has completed, will be the best for the input parameters given by the user. 

 

Note: Instructions for accessing the Matlab results via the command window are given in 
Appendix S. 
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Matlab Output Commands 
 
Each of the commands that will be described below will present a number of columns equal to 
the number of best solutions that was input by the user in the Figure 101, each of those 
columns represents a single composite laminate, and the first column will be the best result 
found to minimize the damage in the middle of the composite laminate, while the last column will 
be the worse value in between the columns shown. the columns of the Figure 108 up to           
Figure 111 will be organized in a crescent order, from the best ILSS up to the worse ILSS that 
minimize the damage in accordance with what has been told. 
 
When is required to visualize more than one command, since the columns are in a crescent order, 
whichever is the command, the 1st column will represents the best solution in regards to the ISS, 
and the last column will represents the worse solution in regards to the ISS. 
 

Commands to be used in the command window of Matlab 
 
All the commands required to access the results are shown below. Each one should be typed in 
the Matlab Command Window in order to visualise the output. 
 

 Command to access of all the possible material combinations generated by the algorithm: 
 
Type into the Matlab command window:     materialcomb  
 

 Get access to total number of valid angle combinations in a base number : 
numbercombinations 

 
 Get access to values obtained for the interlaminar shear stress: 

taufinal 
 

 Get access to material combinations generated for the best results of ISS: 
materialchosen 

 
 Get access to values obtained for the plies orientations generated for the best results of 

ISS: 
anglechosen 

 
 Get access to laminate stiffness in the direction 1, in accordance with the Rule of 

Mixtures for the best results of ISS: 
xxmodulus 
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 Get access to thickness of each ply, that was chosen for the best results of ISS: 

eachthickchosen 
 

 Get access to total thickness that was chosen for the best results of ISS: 
totalthickchosen 

 
 Get access to variable  , which was chosen for the best results of ISS:  

ydistancechosen 
  



DEVELOPMENT OF DESIGN RULES TO 
IMPROVE SHEAR STRENGTH 

 

S99 of S105 
 
 

Example of an Output Given by the Software 
 
This example has been used to obtain the best stacking sequence for a 24 ply laminate, in 
which the geometrical characteristics are the average of the static experiments performed on 
the Hybrid Design 1 (Han 2013). 
 
For an input equal to  (Just the main variables are shown): 
 
 θ  ; θ 5° ;  45° ; 

 
 θ  ; θ 10° ;  40° ; 

 
 θ  _   5°; 
 
 θ  _   10°; 
 
N 10; 
 
Plies_ 24; 
 
Glass  % 40%; 
 
width=6.92 mm; 
 
angles_ 3  ; 
 
Without any 90  plies, and without fixing angles   and  ; 
 
Accepting all the default materials except the ply thicknesses which are: 
t glass= 0.143 mm  and   t carbon= 0.139 mm ; 
 
Load=2559 N;  
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• COMPUTING TIME REQUIRED TO RUN THE SOFTWARE UNDER THE 
CONDITIONS GIVEN DURING THE INPUT PROCESS 

56 min 
(for a computer with an i7 processor and with two core at 2.20 GHz each one and 8GB 

memory) 
 

• TOTAL NUMBER OF MAIN COMBINATIONS GENERATED 
( Valid Angle Combinations All the Material Combinations ) 

6 930 432 Combinations 

• TOTAL NUMBER OF VALID ANGLE COMBINATIONS GENERATED 

1 692 Valid Combinations 

• INTERLAMINAR SHEAR STRENGTH RESULTS  (MPa) 
 (Called ILSS because the Ultimate Load was applied) 
 

The bottom of the laminate is represented by the first row of values and 
The middle plane of the laminate is represented by the last row of values. 

 

 
 

Figure 108 – Final result obtained from the software for the ILSS (  and )  in the 
middle of a composite laminate (central ply of the laminate). 
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• MATERIAL COMBINATION CHOSEN 
 

 
 

Figure 109 – Combination of materials for ten different composite laminates. 
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• PLIES ORIENTATION CHOSEN (Degrees) 
 

 
 

Figure 110 – Plies orientation angles for ten different composite laminates. 
 
 

• YOUNG MODULUS IN THE DIRECTION x OF THE LAMINATE, IN 
ACCORDANCE WITH THE RULE OF MIXTURES (MPa) : 

 

 
 

Figure 111 – Young modulus in the x direction of the laminate  
(for 10 different composite laminates) 
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• PLOT SHOWING THE BEST 10 SOLUTIONS PROVIDED BY THE 
ALGORITHM: 

 
Figure 112 - Plot for the best 10 solutions in terms of ILSS for 24 plies (For a Matlab input 

in which   ; ° ;  ° ) 
 

• PLOT SHOWING THE BEST SOLUTION PROVIDED BY THE ALGORITHM: 
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Figure 113 - Plot for the best solution in terms of ILSS to reduce the damage in the 
middle of the laminate (For a Matlab input in which   ; ° ;  °  ). 

 
 
Note that the First curve shown in the Figure 112 and Figure 113 is for  zero degree (UD) 
carbon Plies, the second curve (in black color) is for UD glass plies, then, the last curve (in blue 
color) represents the best result found in terms of ILSS, for a maximum limit of 45 .  
 
 
To complement these results, more outputs for different algorithm inputs are shown in        
Appendix A and B.  
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Notes: The Young modulus, given by the Matlab software, will have a different value in regards 
to the LAP software, which in accordance with the literature is expected, because LAP software 
uses the constitutive laminate equations to achieve the Young modulus in the direction x (Harris 
1999), while the Rule of Mixtures and the Reuss Estimative consider the microscopic level of 
the laminate. Due to the simplicity in the application of both the Rule of Mixtures and the Reuss 
Estimative, these theories where chosen to calculate the Young modulus. 
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TITLE ILSS (  for each ply of the All Carbon Design found by the FE model  
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All Carbon Design 

Figure 114 - ILSS  (MPa) for a 24 plies carbon laminate (Specimen 10). 

  
(MPa) 
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Hybrid Design 1 

  

  
(MPa) 

Figure 115 - ILSS  (MPa) for a 24 plies Hybrid Design 1 laminate.  

Stacking Sequence :
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Hybrid Design 2 

 
 

 (MPa) 

Figure 116 - ILSS  (MPa) for a 24 
plies Hybrid Design 2 laminate.  

Stacking Sequence :
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TITLE Algorithm: Additional information 
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Algorithm: Additional information 
 
Figure 40 and Figure 117 show the main methodology used by the software. 
Through a determined number of angles, the software will attribute one angle to 
each ply. If the angle is not zero or 90 , then the procedure will be involved as 
shown on the Figure 117. 
 
From Figure 40, the digits 0,1 and 2 that define an angle equal to  θ   are numbers of 
base three which are used as an identification number according to the following: 
 

Digit  0  =  0       

Digit  1  =   θ    or  90       

Digit  2  =  90      

 
Continuing with the explanation of Figure 40, the digits 0 and 1 are binary numbers 
used as an identification method to give the exact material properties for a given ply. 
Each of the digits will represent the following: 
 

Digit  0  =   Carbon material properties      

Digit  1  =   Glass material properties 

 
When the algorithm generates a combination in which one of the plies has an angle 
equal to  θ   and not equal to zero or 90 , it will proceed in accordance with the           
Figure 117.  
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Figure 117 - Top view of a ply. Two plies are shown above. Definition of the 
angle . When the angle  is different than 0 or 90 degrees the algorithm 

attributes simultaneously the values:   and  . 
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General rules  
 

Since the algorithm runs all possible combinations generated by the mixture of 
materials and angles for each of the plies that are within a composite laminate, then, 
a reduction of the total amount of combinations is required through the use of some 
rules, which are: 

 Assessment done in order to minimize the damage in the middle of a 
composite laminate (see Figure 118). 

 A minimum of 10% of zero degree plies must be within the laminate in 
accordance with reference (BS14130:1998, 2004). 

 The laminate should be balanced and symmetric. 
 

 A maximum of four different ply angles could be chosen by the user. 
 A maximum of two different ply materials could be chosen by the user. 
 In order to reduce thermal cracking and splitting along the fibre direction, no 

more than 4 plies of the same orientation are joined together.  
 No free edge stresses exist. 
 The algorithm is based on the theory for an infinite laminate in terms of 

length and width (according to Chapter 2, section 2.6).  

 
 

Figure 118 – Image showing the method implemented by the software to 
minimize the ILSS ( ) in the middle of the laminate for a given shear force. 
The black arrow on this figure shows the yellow point taken by the software to 
determine the minimum value for the ILSS. The algorithm starts from a very 
high value of  (more than three times  in the middle of a 24 ply UD 
composite laminate). Through the assessment of each combination of 
materials an angles generated by the software will decrease until the minimum 
possible value of  .  




