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SDP-based Optimal Power Flow with Steady-State
Voltage Stability Constraints

Chong Wang, Member, IEEE, Bai Cui, Student Member, IEEE, Zhaoyu Wang, Member, IEEE and Chenghong
Gu, Member, IEEE

Abstract—This paper proposes a voltage stability-constrained
optimal power flow (VSC-OPF) model based on semidefinite
programming (SDP) relaxation. The minimum singular value of
the power flow Jacobian is used as a steady-state voltage stability
index, which is incorporated into the semidefinite programming
formulation. To model a semidefinite programming constraint
for voltage stability, an auxiliary matrix based on the power
flow Jacobian is constructed, and this auxiliary matrix can be
reformulated as a function of the semidefinite variable matrix
defined for semidefinite programming relaxation. The resulting
SDP-based VSC-OPF model is formulated and solved via the
solver SDPT3 and the toolbox YALMIP. Extensive simulations
on IEEE test systems validate the effectiveness of the proposed
model.

Index Terms—optimal power flow, semidefinite programming,
voltage stability

I. INTRODUCTION

POWER systems are undergoing stressed operation states
with the increasing load demand associated with the

need of economic operation. These stressed power systems
are being operated ever closer to voltage stability margin
[1]. In addition, more stochastic disturbances, caused by the
higher penetration of renewables such as wind power and solar
power [2], may jeopardize the robustness of a power system
and pushing one with a low voltage stability margin to an
unstable state. Usually, the security requirements, e.g., such
as line flow constraints and voltage magnitude constraints in
the conventional optimal power flow model, can guarantee a
feasible solution in voltage stable [3]. However, a counterex-
ample in [4] shows that the ‘nose point’ of the load PV curve
may lie at a high voltage point, which means the margin to
voltage instability may be small even when the system is under
normal voltage levels. More generally, the system may become
voltage unstable at high voltages as it gets more capacitive.
Therefore, the incorporation of voltage stability constraints in
OPF formulations is becoming more important.

The singularity of the power flow Jacobian matrix can
be used as an indicator for steady-state stability [5]. The
minimum singular value (MSV) can be used to show the
distance between the steady-state voltage stability limit and
the studied operating point. Based on this, Thomas and
Tiranuchit [6], [7] employed the minimum singular value of
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the power flow Jacobian matrix as a static voltage stability
index, and the minimum singular value of the power flow
Jacobian was also used for voltage collapse assessment in
[8]–[10]. In addition to the minimum singular value, there
are some other indices, e.g., the heuristic-based L-index [11]
and the minimum eigenvalue [12], [13] for assessing the static
voltage stability. Furthermore, some indices based on reduced
models [14], [15] and branch-oriented models [16] have been
proposed to indicate system voltage stability conditions by
measurements at some critical buses. An index based on a
necessary condition is developed to represent the distance
between the current operating point and the power flow solv-
ability boundary [17], [18]. The developed index only requires
the present snapshots of voltage phasors to monitor the power
flow insolvability and voltage stability. The above work mainly
focuses on the monitoring of voltage stability. To develop ways
for controlling and enhancing voltage stability, critical modes
based on system modal analysis are used to identify the causes
for voltage instability [19] and some remedial measures [20]–
[22] are conducted to enhance voltage stability. Moreover,
voltage stability has been considered in various optimization
problems for either enhancing or constraining system stability
levels. A voltage stability index quantifying the distance to
the point of collapse is introduced for reactive power planning
against voltage collapse in [23]. In [24], the problem of voltage
stability enhancement by means of reactive power planning
is formulated as an optimization problem, which maximizes
the voltage stability margin. [25] presents a voltage stability
constrained optimal power flow approach based on a voltage
collapse proximity indicator (VCPI), which provides important
information about the proximity of the system to voltage
instability. An approximation of the Hessian matrix of the
Lagrangian function is calculated at each iteration and the op-
timization problem is solved by using a line search procedure.
[26] proposes a voltage stability-constrained optimal power
flow (VSC-OPF) model based on a recently proposed sufficient
condition on power flow Jacobian nonsingularity. The used
condition is second-order conic representable with given load
consumption. The entire model is relaxed to a second-order
cone program. To apply the model to large systems, a sparse
approximate approach is used. Since the minimum singular
value of the power flow Jacobian is one of important static
voltage stability indices, [27]–[29] incorporate the minimum
singular value of the power flow Jacobian into the optimal
power flow (OPF) model as a voltage stability constraint to
ensure a minimum distance to the steady-state voltage stability
limit. Based on the minimum singular value of the power
flow Jacobian matrix and the corresponding singular vectors,
[30] proposes an iteration-based method to enforce a voltage
stability constraint in the optimal power flow model. Though
the above papers have contributed to VSC-OPF models and
solutions, however, some improvements on the model formu-
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lation and solution can be made to avoid the approximation
of the Hessian matrix, the sparse approximation, and the
iteration-based method.

SDP has been applied in various engineering problems since
it is polynomially solvable and the solution is globally optimal
[31], [32]. SDP relaxation of OPF problems have gained con-
siderable attention in recent years. When one rank condition is
satisfied for the relaxed model, the globally optimal solution
of the original optimal power flow can be recovered [33].
Since the rank condition is not always satisfied, many research
studies have been conducted to investigate scenarios under
which the rank condition is satisfied. [34] shows that there is
no gap for the SDP relaxation when load over-satisfaction is
allowed and enough virtual phase shifters are installed. In [35],
it is proven that the SDP relaxation is tight when there are no
lower bounds on active and reactive power for radial networks
with line flow constraints, line loss constraints and voltage
magnitude constraints. Similar results are obtained in [36] and
[37]. [38] shows that the SDP relaxation is tight when there
are practical angle constraints and real power lower bounds for
radial systems. Some papers have investigated voltage stability
constrained optimal power flow by means of convex semi-
definite programming. [39] develops an optimal power flow
model, in which a variable representing maximum loading
factor is included. The objective is to find a set of feasible
operating points that ensure the maximum loading factor
while minimizing the cost of increasing stability margins. For
these two objectives, the weight coefficients are employed.
In practice, it is difficult to set the weight coefficients. [40]
introduces a maximum L-index into the optimal power flow
model, and the objective is to minimize the maximum L-
index. To obtain the L-index, the voltages at generator buses
are assumed to be constant, but this may result in inaccurate
results. The minimum singular value is an important index
representing the distance between the steady-state voltage
stability limit and the studied operating point, however, few
studies include the constraint of the minimum singular value in
the optimal power flow model due to the non-explicit and non-
convex function of the minimum singular value with regard to
variables in the optimization model.

To use the minimum singular value as the voltage stability
and address the issue of the non-explicit and non-convex func-
tion of the minimum singular value with regard to variables,
we propose an efficient way to incorporate the constraint with
regard to the minimum singular value in the OPF model by
formulating it as an SDP constraint. The main contributions
of this paper are three-fold: 1) To achieve the explicit and
convex formulation for the constraint of the voltage stability,
an auxiliary matrix based on the power flow Jacobian is
introduced. We then establish the equivalence between the
minimum eigenvalue of the auxiliary matrix and the minimum
singular value of the original power flow Jacobian. 2) The
SDP relaxation of the OPF problem is used to relax the OPF
problem as a convex one. The equivalent constraint on the
minimum eigenvalue of the auxiliary matrix is then integrated
into the convexified OPF formulation to arrive at the convex
VSC-OPF formulation. 3) The proposed model is tested by
using the toolbox YALMIP associate with SDPT3, and IEEE
14-bus, 30-bus, 57-bus and 118-bus systems.

The rest of the paper is organized as follows. Section II
describes the conventional OPF model and its SDP relaxation.
Section III presents the voltage stability constraint and its
SDP reformulation, and the SDP relaxation of the VSC-OPF

model. Section IV presents extensive case studies to validate
the proposed model. Concluding remarks and outline for future
works are given in Section V.

II. CONVENTIONAL OPTIMAL POWER FLOW AND ITS

SEMIDEFINITE PROGRAMMING RELAXATION

This section first shows the conventional OPF model, and
then presents the definition of symmetric matrices and the SDP
relaxation of the conventional OPF model.

A. Formulation of AC-OPF

We consider a system represented by a graph (Ωb,Ωl),
where Ωb = {1, 2, · · · , n} is the set of all buses and Ωl is
the set of lines and transformers. For each line (transformer)
k ∈ Ωl has two terminal buses kf and kt. Define Ωg as the set
of all generators, and the Ωg,i ⊂ Ωg as the set of generators
connected to bus i. The general OPF formulation is shown as
follows.

min
∑
g∈Ωg

(
c2,gP

2
G,g + c1,gPG,g + c0,g

)
(1a)

s.t. ∑
g∈Ωg,i

PG,g − PL,i =∑
j∈Ωb

[Ve,i(Ve,jGij − Vf,jBij)]+∑
j∈Ωb

[Vf,i(Vf,jGij + Ve,jBij)] i ∈ Ωb

(1b)

∑
g∈Ωg,i

QG,g −QL,i =∑
j∈Ωb

[Vf,i(Ve,jGij − Vf,jBij)]−∑
j∈Ωb

[Ve,i(Vf,jGij + Ve,jBij)] i ∈ Ωb

(1c)

Pmin
G,g ≤ PG,g ≤ Pmax

G,g g ∈ Ωg (1d)

Qmin
G,g ≤ QG,g ≤ Qmax

G,g g ∈ Ωg (1e)

(
V min
i

)2 ≤ |Vi|2 ≤ (V max
i )

2
i ∈ Ωb (1f)

|Sk| ≤ Smax
k k ∈ Ωl (1g)

where (1a) is the objective in which c0,g , c1,g and c2,g are
coefficients of the generator g. (1b)-(1g) are the operational
constraints. PG,g and QG,g are active and reactive power
generation of generator g. Vi = Ve,i + jVf,i is the voltage
phasor at bus i ∈ Ωb. Pmin

G,g (Qmin
G,g ) and Pmax

G,g (Qmax
G,g ) are lower

and upper limits of real power (reactive power) of generator
g, respectively. V min

i and V max
i are the lower and upper limits

of |Vi|. Sk is the apparent power through line k, and Smax
k is

the upper limit of |Sk|. PL,i and QL,i are active and reactive
load of bus i. Gij and Bij are conductance and susceptance
of line (i, j).

B. SDP Relaxation of AC-OPF

In this section, we first introduce some symmetric matrices
used for the SDP-based AC-OPF model, and then the SDP-
based AC-OPF model is presented.
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1) Symmetric matrices: We first define three matrices Yi,
Ȳi and Mi as follows.

Yi =
1

2

[
Re(yi + yT

i ) Im(yT
i − yi)

Im(yi − yT
i ) Re(yi + yT

i )

]
(2a)

Ȳi = −1

2

[
Im(yi + yT

i ) Re(yi − yT
i )

Re(yT
i − yi) Im(yi + yT

i )

]
(2b)

Mi =

[
eie

T
i 0

0 eie
T
i

]
(2c)

where ei is an ith standard basis in R
n, the matrix yi =

eie
T
i Y,yi ∈ C

n×n is a matrix with all zeros except that the
elements in the ith are equal to those in the ith row of Y, and
Y ∈ C

n×n is the system admittance matrix, the superscript T
denotes the transpose operator, Re(A) and Im(A) denote the
real and imaginary parts of a matrix A.

For a transformer k with series admittance Gk + jBk and
shunt capacitance bk, it can be equivalently represented by a
Π circuit of a line in series with an ideal transformer which
has a turns ratio 1 : ηke

jαk . Fig. 1 shows the Π circuit model
with an ideal transformer. A line has the similar model with
ηk = 1 and αk = 0. To calculate active/reactive power through
lines and transformers, the following matrices are established.

kjb kjb

k kG jBkt bus

1: N

kj
kN e

kf  bus

Fig. 1. Branch model.

Hkf
= Gk

ηk
(hkf

hT
kf

+ hkf+nh
T
kf+n)

−akf
(hkf

hT
kt

+ hkt
hT
kf

+ hkf+nh
T
kt+n + hkt+nh

T
kf+n)

+bkf
(hkf

hT
kt+n + hkt+nh

T
kf
− hkf+nh

T
kt
− hkt

hT
kf+n)

(3a)

Hkt = Gk(hkth
T
kt

+ hkt+nh
T
kt+n)

−akt
(hkf

hT
kt

+ hkt
hT
kf

+ hkf+nh
T
kt+n + hkt+nh

T
kf+n)

+bkt
(hkf+nh

T
kt

+ hkt
hT
kf+n − hkf

hT
kt+n − hkt+nh

T
kf
)

(3b)

H̄kf
= −

(
Bk+bk

η2
k

)
(hkf

hT
kf

+ hkf+nh
T
kf+n)

+akf
(hkf

hT
kt+n + hkt+nh

T
kf
− hkf+nh

T
kt
− hkt

hT
kf+n)

+bkf
(hkf

hT
kt

+ hkt
hT
kf

+ hkf+nh
T
kt+n + hkt+nh

T
kf+n)

(3c)

H̄kt = − (Bk + bk) (hkth
T
kt

+ hkt+nh
T
kt+n)

+akt
(hkf+nh

T
kt

+ hkt
hT
kf+n − hkf

hT
kt+n − hkt+nh

T
kf
)

+bkt
(hkf

hT
kt

+ hkt
hT
kf

+ hkf+nh
T
kt+n + hkt+nh

T
kf+n)

(3d)

where kf and kt denote the two buses of the line k, hi is
a ith standard basis vector in R

2n. akf
, bkf

, akt
and bkt

are

expressed as

akf
= (Gk cos(αk) +Bk cos(αk + π/2))/(2ηk) (4a)

bkf
= (Gk sin(αk) +Bk sin(αk + π/2))/(2ηk) (4b)

akt = (Gk cos(αk) +Bk cos(−αk + π/2))/(2ηk) (4c)

bkt = (−Gk sin(αk) +Bk sin(−αk + π/2))/(2ηk) (4d)

We collect bus voltage phasors with their real and imaginary
parts as a matrix X and define a new symmetric matrix W.

X =
[
Re(VT ), Im(VT )

]T
(5a)

W = XXT (5b)

where V ∈ C
n is the bus voltage vector, and X is a variable

vector in R
2n.

With the above definition, the active/reactive power at each
bus, bus voltage at each bus, and the active/reactive power
flow through each line can be expressed as

Pi = Tr{YiW}, i ∈ Ωb (6a)

Qi = Tr{ȲiW}, i ∈ Ωb (6b)

|Vi|2 = Tr{MiW}, i ∈ Ωb (6c)

P
(ft)
k = Tr{Hkf

W},k ∈ Ωl (6d)

Q
(ft)
k = Tr{H̄kf

W},k ∈ Ωl (6e)

P
(tf)
k = Tr{HktW},k ∈ Ωl (6f)

Q
(tf)
k = Tr{H̄ktW},k ∈ Ωl (6g)

where Pi, Qi and Vi are active power injection, reactive power

injection and bus voltage magnitude at bus i, P
(ft)
k and Q

(ft)
k

are the active and reactive power of line k from the ‘from bus’

to the ‘to bus’, P
(tf)
k and Q

(tf)
k are the active and reactive

power of line k from the ‘to bus’ to the ‘from bus’.

2) SDP relaxation of AC-OPF: With the preceding prelim-
inaries and formulations, the SDP relaxation of the conven-
tional AC-OPF model can be expressed as

min
∑
g∈Ωg

γg (7a)

s.t.[
c1,gPG,g + c0,g − γg

√
c2,gPG,g√

c2,gPG,g −1
]
� 0 g ∈ Ωg (7b)

∑
g∈Ωg,i

PG,g − PL,i = Tr{YiW} i ∈ Ωb (7c)

∑
g∈Ωg,i

QG,g −QL,i = Tr{ȲiW} i ∈ Ωb (7d)

Pmin
G,g ≤ PG,g ≤ Pmax

G,g g ∈ Ωg (7e)

Qmin
G,g ≤ QG,g ≤ Qmax

G,g g ∈ Ωg (7f)(
V min
i

)2 ≤ Tr{MiW} ≤ (V max
i )

2
i ∈ Ωb (7g)⎡

⎣ −(Smax
k )

2
Tr{Hkf

W} Tr{H̄kf
W}

Tr{Hkf
W} −1 0

Tr{H̄kf
W} 0 −1

⎤
⎦ � 0

k ∈ Ωl

(7h)
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⎡
⎣ −(Smax

k )
2

Tr{Hkt
W} Tr{H̄kt

W}
Tr{Hkt

W} −1 0
Tr{H̄ktW} 0 −1

⎤
⎦ � 0

k ∈ Ωl

(7i)

W � 0 (7j)

where the objective in the conventional OPF model is con-
verted to the objective (7a) and the SDP constraint (7b). (7c)
and (7d) are the real and reactive power balance constraints.
(7e) is the lower and upper limits of active power for each
generator. (7f) is the lower and upper limits of reactive
power for each generator. (7g) is the voltage limit constraint.
Considering different apparent power flow at the two buses
of line k, the apparent power flow limits are equivalent to
two SDP constraints (7h) and (7i). (7j) is the semidefinite
relaxation constraint of the constraint (5b), and � 0 denotes
the corresponding matrix is positive semidefinite.

III. SDP-BASED VSC-OPF MODEL

SDP reformulation of the constraint on the minimum sin-
gular value of the power flow Jacobian is first given in this
section, which is then incorporated in the SDP relaxation of the
OPF model introduced in the last section to form the convex
VSC-OPF model.

A. Convex Reformulation of Voltage Stability Constraint
The minimum singular value of the power flow Jacobian can

be considered as a voltage stability index [29], representing the
distance between the steady-state voltage stability limit and
the studied operation point. In practice, the system operators
may wish to ensure certain margin to voltage instability while
maintaining a low generation cost. To this end, the problem
can be represented as optimal power flow with the objective
of minimizing the generation cost subject to the conventional
operation constraints and the voltage stability constraint. The
voltage stability constraint can be expressed as follows.

σmin ≥ σc (8)

where σc is the voltage stability critical index, and σmin is
the minimum singular value of Jacobian. When the constraint
(8) is not included in the optimal power flow model, we can
obtain an operating point associated with a threshold value
σ1 for the minimum singular value representing the distance
between the steady-state voltage stability limit and the studied
operation point. When σ1 is close to 0, it indicates that the
system has a operating condition with low voltage stability.
In this case, the voltage stability can be included to improve
voltage stability. We define an index λ = 100%(σc − σ1)/σ1

that represents the percentage of increase in the value of
the voltage stability critical index σc with respective to σ1.
The system operators could set this percentage, and a higher
percentage will result in a more stable operating condition.
This value can be obtained from historical data or offline
simulations of plausible contingency scenarios. The specific
value of the percentage depends on the requirements of the
system operators.

The minimum singular value used in the paper is associated
with the static power flow Jacobian which does not take
system dynamics into account. Augmented models and their
associated Jacobians which reflect system dynamical behaviors
can be considered. It is true that the static model we use seems

to be an oversimplification since voltage stability is a dynamic
phenomenon that involve electromechanical transients at both
generator and load side, to say the least. However, we believe
the adoption of static models for voltage stability analysis can
be well justified since:

1 The determination of bifurcation point is irrelevant of the
system dynamics [41].

2 The stability boundary of the differential-algebraic equa-
tion (DAE) system containing generator dynamics can be
identified through the static power flow equations [42].

3 The time scale of the voltage stability phenomenon we
are dealing with in the paper is long enough such that it
is essentially a system loadability problem, for which a
static model serves as a good approximation [43, Chap.
7].

Since (8) is a non-explicit and non-convex constraint with
regard to variables, it is necessary to address the issue caused
by the non-explicit and non-convex function of the minimum
singular value so that the optimization model can be solved.
To this end, we first construct an explicit expression of the
power flow Jacobian using matrices defined in Section II-B1.
In transmission systems, generator buses except the slack bus
are usually considered as PV buses, so not only PQ buses but
also PV buses are included in the the power flow Jacobian. The
power flow Jacobian is composed of ∂Pi/∂X and ∂Qi/∂X for

PQ buses, and ∂Pi/∂X and ∂|Vi|2/∂X for PV buses where

∂Pi

∂X
=

∂Tr{YiW}
∂X

= XT (Yi +YT
i ) i ∈ Ωbpq ∪ Ωbpv (9)

∂Qi

∂X
=

∂Tr{ȲiW}
∂X

= XT (Ȳi + ȲT
i ) i ∈ Ωbpq (10)

∂|Vi|2
∂X

=
∂Tr{MiW}

∂X
= XT (Mi +MT

i ) i ∈ Ωbpv (11)

where Ωbpq is the set of PQ buses, and Ωbpv is the set of PV

buses. ∂Pi/∂X, ∂Qi/∂X and ∂|Vi|2/∂X are 1× 2n vectors

representing the partial derivative of Pi, Qi and |Vi|2 with
regard to the real/imaginary parts of bus voltages, respectively.
Based on (9), (10) and (11), the power flow Jacobian can be
established as follows

J =
n∑

i=1

HThiX
T (Yi +YT

i )H+

2n∑
i=n+1

HT (I−Hpv)hiX
T (Ȳi−n + ȲT

i−n)H+

2n∑
i=n+1

HTHpvhiX
T (Mi−n +MT

i−n)H

(12)

where the first term on the right side of (12) constructs the par-
tial derivative of real power with regard to the real/imaginary
parts of PQ bus voltages in the Jacobian matrix, the second
term represents the partial derivative of reactive power with
regard to the real/imaginary parts of PQ bus voltages in the
Jacobian matrix, and the third term is the partial derivative
of voltage square with regard to the real/imaginary parts of
PV bus voltages. I is an identity matrix with the appropriate
dimension, H ∈ R

2n×(2n−2) is defined as

H = [h1, · · · ,hi−1,hi+1, · · · ,
hn+i−1,hn+i+1, · · · ,hn], i ∈ ΩbS

(13)

where the ΩbS is the set of the slack bus. In the matrix H, the
standard basis vectors hi and hn+i, i ∈ ΩbS corresponding
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to the slack bus are not included. By multiplying HT and H,
the row and the column corresponding to the reference bus
are removed from the Jacobian matrix. In addition, the matrix
Hpv ∈ R

2n×2n is defined as

Hpv = [0,0, · · · ,hi+n, · · · ,0] i ∈ Ωbpv (14)

where the standard basis hi+n, i ∈ Ωbpv corresponding to a
PV bus is the (i + n)th column in Hpv . In (12), multiplying
the matrix I − Hpv in the second term of the right hand
of the equation ensures that the partial derivatives of active
and reactive power for PQ buses are included in the Jacobian
matrix, and multiplying the matrix Hpv in the third term of the
right hand of the equation ensures that the partial derivatives
of active power and the voltage magnitude square for PV buses
are included in the matrix.

Based on the Jacobian matrix, we introduce an auxiliary
matrix that is constructed as follows.

U = JJT (15)

where U is a (2n-2)×(2n-2) symmetric positive semidefinite
matrix because it satisfies

xTUx = xTJJTx = xTJ(xTJ)T ≥ 0, ∀x ∈ R
2n−2 (16)

UT = (JJT )T = JJT = U (17)

Since U is a symmetric positive semidefinite matrix, we
have U = KΛKT where KKT = I and Λ is the diagonal
matrix with eigenvalues as entries. For the Jacobian matrix J,
we have J = LΞRT based on singular decomposition where
L,R are unitary matrices (i.e., LLT = I and RRT = I)
and Ξ is a diagonal matrix with singular values as entries,
and in consequence we have JJT = LΞRT (LΞRT )T =
LΞRTRΞTLT = LΞΞTLT . Because U = JJT holds, we
have L = K and Λ = ΞΞT . With the relation Λ = ΞΞT , we
have λmin = σ2

min. Therefore, the voltage stability constraint
σmin ≥ σc can be expressed as λmin ≥ σc

2 considering the
positive values of σc and σmin.

Assume that the eigenvalues of the symmetric positive
semidefinite matrix U are λ1, · · · , λ2n−3, λmin, and λ1 ≥
· · · ≥ λ2n−3 ≥ λmin. We construct a matrix as listed in (18).

Λ− σ2
cI =

⎡
⎢⎢⎣

λ1 − σ2
c

. . .

λ2n−3 − σ2
c

λmin − σ2
c

⎤
⎥⎥⎦ (18)

where λmin ≥ σc
2 is a necessary and sufficient condition for

Λ−σ2
cI � 0. Multiplying Λ−σ2

cI � 0 from the left by K and
the right by KT results in KΛKT−K(σ2

cI)K
T = U−σ2

cI � 0.
Therefore, the minimum singular value constraint of the

power flow Jacobian can be equivalently rewritten as a linear
matrix inequality (LMI) constraint (19).

U− σ2
cI � 0 (19)

To obtain an explicit function of U with regard to variables,
we rewrite J in (12) as follows.

J =

2n∑
j=1

xjAj , Aj ∈ R
(2n−2)×(2n−2) (20)

where

Aj =
n∑

i=1

HThih
T
j (Yi +YT

i )H+

2n∑
i=n+1

HT (I−Hpv)hih
T
j (Ȳi−n + ȲT

i−n)H+

2n∑
i=n+1

HTHpvhih
T
j (Mi−n +MT

i−n)H

(21)

and xj is the jth element in the vector X. For a given
system, the matrices Aj , j ∈ {1, 2, · · · , 2n} are fixed and only
determined by the system topology. They can be calculated
offline provided that the system topology stays the same.

With the reformulation of J, the matrix U can be rewritten
as

U = JJT

= (
2n∑
l=1

xlAl)(
2n∑
j=1

xjAj)

=
2n∑
l=1

2n∑
j=1

xlxjAlAj =
2n∑
l=1

2n∑
j=1

WljAlAj

(22)

where Wlj is the element corresponding to the lth row and
the jth column in the symmetric matrix W. Therefore, the
convex voltage stability constraint can be rewritten as

2n∑
l=1

2n∑
j=1

WljAlAj − σ2
cI � 0 (23)

B. SDP-based VSC-OPF Model
With the LMI constraint on voltage stability and SDP

relaxation of the conventional AC-OPF model, the VSC-OPF
problem can be formulated as a SDP problem as follows.

Objective (7a)
Constraints (7b)− (7j)

(23)

where the matrices Yi, Ȳi, Mi, Hkf , H̄kf , Hkt, H̄kt, H̄pv ,
Aj , and Al in (7b)-(7j) and (23) are calculated based on (2a)-
(5b), (13) and (14), respectively.

IV. CASE STUDIES

Extensive case studies on standard IEEE instances from [44]
are performed and the results are presented in this section. First
of all, the proposed SDP formulation is validated, and then the
effects of the voltage stability constraints on OPF problems
are analyzed. The proposed algorithm has been implemented
by using the toolbox YALMIP [45] and the solver SDPT3
[46]. The program is written in MATLAB. All simulations are
performed on a 64-bit computer with 3.5 GHz Intel Xeon
processor and 16 GB RAM.

A. Validation of the Proposed Model
This section first validates the proposed model based on

SDP by testing IEEE 14-bus, 30-bus, 57-bus and 118-bus
systems. We compare the results based on the proposed model
with those from the iterative VSC-OPF model in [30]. The
iterative VSC-OPF model is solved by the nonlinear interior
point solver IPOPT in the software GAMS. Since the iterative
VSC-OPF model requires that σc be around σ1, we have the
benchmark test with a small increase in the stability index.
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Because the iterative VSC-OPF method is based on AC-OPF
and no relaxation is used, the results based on this method can
be considered as the benchmark results with high accuracy. If
the results based on the proposed method are close to the
benchmark results, we can say that the proposed method has
a good performance. For the sake of exposition, we assume
that the lower and upper limits of voltage at each bus are 0.9
and 1.1. The coefficients c2,g , c1,g , c0,g for each generator are
0.01, 10, and 0, respectively. The system data can be found in
[47].

Table I, Table II, and Table III show the comparison
results from the proposed SDP-based VSC-OPF model and
the iterative VSC-OPF model for the IEEE 14-bus system, the
IEEE 30-bus system, and the IEEE 57-bus system. Table IV
shows the corresponding objective values, i.e., the generation
costs. It is observed that the results based on the proposed
VSC-OPF model are close to the benchmark results based on
the iterative VSC-OPF method.

TABLE I
COMPARISON RESULTS OF IEEE 14-BUS SYSTEM WITH λ = 0.48%

Generator

No.

Bus

No.

Real Power (p.u.) Reactive Power (p.u.)

IPOPT SDP IPOPT SDP

1 1 0.5228 0.5229 -0.0536 -0.0465

2 2 0.5782 0.5781 0.1429 0.1484

3 3 0.7322 0.7321 0.2401 0.2405

4 6 0.6038 0.6026 0.2171 0.2005

5 8 0.6918 0.6930 0.2426 0.2482

TABLE II
COMPARISON RESULTS OF IEEE 30-BUS SYSTEM WITH λ = 0.85%

Generator

No.

Bus

No.

Real Power (p.u.) Reactive Power (p.u.)

IPOPT SDP IPOPT SDP

1 1 0.2875 0.2889 -0.0897 -0.0772

2 2 0.3229 0.3234 0.1763 0.1579

3 3 0.3563 0.3561 0.3355 0.4468

4 6 0.3667 0.3662 0.3133 0.3153

5 8 0.2577 0.2572 0.0758 0.0773

6 8 0.3189 0.3182 0.1775 0.1797

TABLE III
COMPARISON RESULTS OF IEEE 57-BUS SYSTEM WITH λ = 1.07%

Generator

No.

Bus

No.

Real Power (p.u.) Reactive Power (p.u.)

IPOPT SDP IPOPT SDP

1 1 2.3324 2.3367 0.2610 0.2543

2 2 1.0000 1.0000 0.5000 0.5000

3 3 1.4000 1.4000 0.5537 0.5692

4 6 1.0000 1.0000 0.1083 0.1007

5 8 2.7788 2.7747 0.6967 0.6783

6 8 1.0000 1.0000 0.0900 0.0900

7 8 3.1598 3.1596 0.6129 0.6309

For the SDP-based model, the solution is exact when the
rank-one condition of the matrix W is satisfied. However, the
rank condition is usually not satisfied due to the relaxation.
Since the matrix’s rank, which is the number of the nonzero
singular values, provides the information about the accuracy of
the solution, Fig. 2 (a) shows the singular values of the matrix

TABLE IV
OBJECTIVE RESULT COMPARISON

Test Systems
Objective($/h)

IPOPT SDP

IEEE 14 3327.39 3327.38

IEEE 30 1971.58 1971.56

IEEE 57 15481.47 15481.29

IEEE 118 54235.40 54167.86

W for the IEEE 14-bus system with different thresholds of the
voltage stability. Fig. 2 (b) shows the ratios between the largest
and second-largest singular values of the matrix W for the
IEEE 14-bus system with different thresholds of the voltage
stability. The results show that there is one large singular value
and the other singular values are so small that they can be
ignored compared to the largest singular value. This indicates
that the rank of the matrix W can be approximately considered
to be 1. Fig. 3 (a) shows the singular values of the matrix W
for the IEEE 30-bus system with different thresholds of the
voltage stability, and Fig. 3 (b) shows the ratios between the
largest and second-largest singular values of the matrix W
for the IEEE 30-bus system with different thresholds of the
voltage stability. The results have the similar patterns as those
for the IEEE 14-bus system. For the IEEE 57-bus system and
the IEEE 118-bus system, the ratios between the largest and
second-largest singular values of the matrix W are 7.23×105

and 5.46× 105, respectively.
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Fig. 2. (a) Singular values of the matrix W for IEEE 14-bus system. (b)
Ratio between the largest and second-largest singular values of the W matrix
for IEEE 14-bus system.

B. Influences of Voltage Stability on OPF
1) Influences on generation: Fig. 4 (a), (b), and (c) show

the generation costs with different voltage stability critical
indices for IEEE 14-bus system, IEEE 30-bus system, and
IEEE 57-bus system, respectively. The x-axis denotes λ rep-
resenting the percentage of increase in the value of the voltage
stability critical index σc with respective to σ1, and σ1 is
obtained based on the scenario without the voltage stability
constraint. The values of σ1 for IEEE 14-bus system, IEEE 30-
bus system, and IEEE 57-bus system are 0.4986, 0.2349, and
0.1863, respectively. The y-axis denotes the generation costs.
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Fig. 3. (a) Singular values of the matrix W for IEEE 30-bus system. (b)
Ratio between the largest and second-largest singular values of the W matrix
for IEEE 30-bus system.

From the results, it is observed that a larger voltage stability
critical index results in a higher generation cost. However,
the differences of the generation costs under different voltage
stability critical indices are not large. This indicates that the
voltage stability constraint has a small impact on real power of
generators. Fig. 5 (a) and (b) show reactive power differences
between the scenario with the voltage stability constraint and
the scenario without the voltage stability constraint under
different values of σc. The colorbar on the right side of the
figure represents λ. The x-axis denotes the generators, and
the y-axis represents the power differences. For IEEE 30-
bus system, when the percentage of increase in the values of
SMV is 30.6%, the reactive power of G2 decreases by 12.593
compared to the case without the voltage stability constraint.
When the percentage of increase in the values of SMV is 8.6%,
the reactive power of G2 decreases by 2.714 compared to
the case without the voltage stability constraint. We tested the
cases with a large increase in the voltage stability critical index
since this test is to show the influences of increasing voltage
stability critical indices on real/reactive power generation.
Because the rank-one constraint of the matrix W is relaxed
in the proposed model, it is possible that the accuracy of
the results of some cases may decrease. However, the overall
trend of the influences of increasing voltage stability critical
indices on real/reactive power generation can be obtained.
From the results, it is observed that a large reactive power
output difference will be caused by a change of the voltage
stability critical index.

We also have performed tests for systems under heavy
load conditions. Fig. 6 (a) shows the singular values of the
matrix W for the IEEE 30-bus system with 1.8 times load
under different thresholds of the voltage stability, and Fig. 6
(b) shows the ratios between the largest and second-largest
singular values of the matrix W. Fig. 7 (a) shows the singular
values of the matrix W for the IEEE 57-bus system with 1.7
times load under different thresholds of the voltage stability,
and Fig. 7 (b) shows the ratios between the largest and second-
largest singular values of the matrix W. From the results, we
can find that the largest singular value of W is much larger
than the other singular values of W. This indicates that the
rank of W can be approximately considered to be 1.
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2) PV bus influences: In practical systems, the voltage
magnitudes of generator buses are often regulated at certain
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values. Table V shows the minimum singular value of Jacobian
with different PV bus scenarios. For a system with more PV
buses, the minimum singular value of the power flow Jacobian
is much larger. Take the IEEE 14-bus system as an example,
the minimum singular value with the bus 2 as a PV bus is
0.5922, the minimum singular value with the buses 2 and 3 as
PV buses is 0.6099, and the minimum singular value with the
buses 2, 3 and 6 as PV buses is 0.7033. When there are no PV
buses in the system, the minimum singular value is 0.4986. In
this simulation, the voltage magnitudes of PV buses are set to
be 1.1. Table VI shows the real and reactive power of PV buses
with different PV buses scenarios. When a bus connected to
a generator works as a PV bus, the corresponding generator’s
reactive power has a large difference. The main reason for this
is that much reactive power is needed to support the voltage
magnitude at the PV buses.

Fig. 8 shows generation costs with different σc for the IEEE
14-bus system under different PV buses scenarios. For each
scenario, when the voltage stability constraint works and the
σc increases gradually, the generation cost has a higher value.
Take the scenario 7 as an example, when σc > 0.7033, the
generation cost increases gradually, and when σc ≤ 0.7033,
the generation cost remains the same as that for OPF without
the voltage stability constraint.

TABLE V
MIMIMUM SINGULAR VALUE OF JACOBIAN WITH DIFFERENT PV BUSES

Scenario No. PV Bus Minimum singular value of Jacobian

1 2 0.5922

2 3 0.5074

3 6 0.5647

4 2, 3 0.6099

5 2, 6 0.6804

6 3, 6 0.5853

7 2, 3, 6 0.7033

3) Computational efficiency: Table VII shows the average
CPU time and iterations with the proposed voltage stability-
constrained optimal power flow for different test systems. With
a larger scale system, it takes a long CPU time to converge.
However, we wish to emphasize that the scalability of the SDP
formulation proposed in the paper can be greatly improved by

TABLE VI
REAL AND REACTIVE POWER WITH PV BUS SCENARIOS

Scenario

No.
Buses Generators

Real Power

(p.u.)

Reactive Power

(p.u.)

1 2 G2 0.6190 0.9371

2 3 G3 0.7486 0.5937

3 6 G4 0.6137 0.4965

4
2 G2 0.6232 0.7411

3 G3 0.7716 0.5006

5
2 G2 0.6455 0.9351

6 G4 0.6262 0.7446

6
3 G3 0.7477 0.5713

6 G4 0.6101 0.4974

7

2 G2 0.6516 0.7133

3 G3 0.7901 0.5027

6 G4 0.6259 0.7830
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Fig. 8. Generation costs with different voltage critical indices under different
PV bus scenarios, S1 - S7 denote the scenario 1 - the scenario 7 in Table V.

exploiting sparsity of the underlying power networks. Recent
advances along the direction [48]–[51] can be easily tuned
for the current formulation and is a subject of ongoing work.
The main purpose of the current paper is to propose a convex
optimization framework incorporating minimum singular value
constraints in OPF problems, and the sparsity-exploitation is
not included. Fig. 9 shows the duality gap with iterations for
IEEE 14-bus, 30-bus, 57-bus and 118-bus systems. The algo-
rithm converges between 35 and 40 iterations. The duality gaps
are between 10−5 and 10−3 when the algorithm converges.

TABLE VII
CPU TIME AND ITERATIONS

Test systems CPU time (s) Iterations

IEEE 14-bus 3.02 34

IEEE 30-bus 10.54 39

IEEE 57-bus 120.12 43

IEEE 118-bus 2218.26 45

C. Discussion
The SDP-based VSC-OPF model should have the rank-one

condition. Since the proposed model is relaxed by replacing
the rank condition by the constraint W � 0, the resulting
problem may have gaps. The future work can focus on the
tightness of the relaxation [33], [34] and the rank constraint
of the matrix W by introducing the rank penalty functions
[52]–[54] and some new hybrid constraints [55].
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With the increasing integration of resources with uncer-
tainty, e.g., renewables and electric vehicles, these random
variations have great impacts on system operations when
considering voltage stability. The influences of renewable/load
fluctuations can be represented as stochastic variables that are
integrated to the proposed model in this paper, and the model
will be extended to a stochastic programming model, with
an expected function as the objective. The sample average
approximation (SAA) method [56] can be used to approximate
the expected objective of the stochastic problem by means of
a sample average estimate derived from random samples. The
resulting sample average approximating model is a determin-
istic model, which can be solved by the SDP technique.

V. CONCLUSIONS AND FUTURE WORK

To ensure reliable and secure operation in power system
economic dispatch problems, we have proposed a VSC-OPF
formulation using SDP relaxation of the conventional AC-OPF
and LMI reformulation of the voltage stability constraint. To
quantify the voltage stability margin, the minimum singular
value of the power flow Jacobian has been used as a voltage
stability index, which is incorporated into the conventional
OPF model. To reformulate voltage stability constraint as a
convex one, a positive semidefinite auxiliary matrix based on
the power flow Jacobian has been constructed. The minimum
singular value constraint on the power flow Jacobian is then
effectively transformed to a LMI constraint on the minimum
eigenvalue of the auxiliary matrix. We note that the reformu-
lation of the voltage stability constraint is exact. The resulting
SDP-based VSC-OPF model has been formulated and solved
using the toolbox YALMIP and SDPT3. IEEE 14-bus, 30-bus,
57-bus, and 118-bus systems have been used to validate the
proposed model. Simulation results show that the new VSC-
OPF formulation effectively constrains the voltage stability
margins and the effects on generation costs and generator
outputs by imposing different margin constraints are presented.
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