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Lateral Electron Confinement with Open Boundaries: Quantum Well States above
Nanocavities at Pb(111)
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We have studied electron states present at the Pb(111) surface above Ar-filled nanocavities created by
ion beam irradiation and annealing. Vertical confinement between the parallel crystal and nanocavity
surfaces creates a series of quantum well state subbands. Differential conductance data measured by
scanning tunneling spectroscopy contain a characteristic spectroscopic fine structure within the highest
occupied subband, revealing additional quantization. Unexpectedly, reflection at the open boundary where
the thin Pb film recovers its bulk thickness gives rise to the lateral confinement of electrons.
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Electrons confined to structures with dimensions compa-
rable to their de Broglie wavelength exhibit quantization,
which is a fundamental aspect of quantum systems. Striking
examples are whispering gallery modes in oligothiophene
nanorings [1] and in graphene [2] and linearmolecules acting
as one-dimensional resonators confining nearly free elec-
trons [3,4]. Electron confinement finds application in tech-
nological devices including high-brightness light-emitting
diodes, semiconductor lasers, photovoltaics, and spintronics
[5–7]. At surfaces, quantized states associated with vertical
confinement in ultrathin films affect crystal growth [8] and
provide a means to monitor film quality [9] and influence
chemical reactivity [10] and electron correlations, such as the
Kondo effect of molecules [11] and atoms [12].
Lateral electron confinement has been observed in a

diverse set of systems with scanning tunneling spectroscopy
enabling real-space imaging of quantized states. Examples
include states laterally confined to adsorbed metallic quan-
tum dots [13], graphene nanostructures [14–19], atomic
chains on metallic surfaces [20], and dangling bond states
on semiconductors [21]. The confinement of noble-metal
Shockley surface states to, e.g., artificially fabricated atom
corrals [22], terraces [23,24], islands [25], magnetic struc-
tures [26], and nanopyramids [27], has attracted particular
interest, enabling exotic quantum phenomena [28] as well as
quasiparticle lifetimes [27,29–33] to be explored.
Confinement in these and related systems is effected by

an abrupt change in the potential experienced by electrons,
such as the potential rise at the metal-vacuum boundary at
chain, step, and island edges, or the adatom potential at
artificially fabricated corrals [34], while confinement due
to the magnetic vector potential is well known in semi-
conductor quantum dots [35]. Here, we use artificially
engineered buried lattice defects of a Pb(111) crystal, in the
form of Ar-filled voids located just beneath the crystal
surface [Fig. 1(a)] to both vertically and laterally confine
Pb conduction electrons. The vertical confinement is

conventionally realized by the potential rise at the
Pb(111)-vacuum and the Pb bulk-void interface and leads
to a main series of quantum well states [Fig. 1(b)] as
previously reported at Al(111) [36]. In addition, we achieve
further quantization due to electron reflection at the open
boundary where the thin Pb film recovers its bulk thickness.
Lateral confinement is therefore induced by the removal of
vertical confinement, representing a hitherto unexplored
mechanism for electron confinement. We support our
experimental findings using a semianalytic model account-
ing for the main features and discuss the role of elastic and
inelastic scattering on the confined electron lifetimes.
Experiments were performed with a scanning tunneling

microscope (STM) operated in ultrahigh vacuum (10−9 Pa)
and at low temperature (6 K). Atomically clean Pb(111) was
obtained by repeated Arþ bombardment and annealing.
To efficiently create subsurface voids, the ion kinetic energy
and current density at the sample were set to 1.1 keV and
5 μAcm−2, respectively, with the ion beam impinging onto
the surface at an angle of 30° with respect to the surface
normal. Samples were subsequently annealed at 560 K for
20 min. All STM images were recorded at constant current
with the bias voltage applied to the sample. Spectra of the
differential conductance (dI=dV) were acquired by modu-
lating the sample voltage (5 mVpp, 6.3 kHz) and detecting
the current response with a lock-in amplifier.
STM images of the prepared surface confirm the

presence of Ar-filled subsurface cavities [Fig. 1(a)] with
cross sectional diameters in the 2.5–7 nm range, as
previously reported at Al, Cu, and Ag surfaces [36–40],
and which result from the diffusion and aggregation during
annealing of implanted Ar, most likely as Arþvacancy
complexes [41]. Spectra of dI=dV acquired atop their
centers contain considerable structure [Fig. 1(b)] attribut-
able to quantum well states (QWS) associated with the
vertical confinement of electrons between the surfaces of
the buried cavity and the crystalline sample. Calculations
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of QWS energies within thin Pb films show a distinctive
thickness dependence. Based upon a comparison with
QWS energies found using density functional theory [inset
in Fig. 1(b)], we have been able to identify the depth
of individual nanocavities. As a result, we find that our
preparation method yields a preponderance of cavities
buried four, six, and eight layers below the surface. A
preference for thin Pb overlayers to form with certain
thicknesses was reported previously for thin films on
Cu [42] and Si [43] and attributed to a quantum size
effect. An increased separation between the QWS and the
Fermi level can be observed with a bilayer periodicity,
which can explain the preference of an even number of
layers in our system.
The QWS dispersion parallel to the surface in thin

Pb films is parabolic near the Brillouin zone center Γ̄
but, due to hybridization, flattens and disperses downward
for larger wave vector k. As an example, Fig. 1(c) shows the
dispersion of the highest occupied QWS (HOQWS) for a

four-layer Pb(111) film as a blue line. The hybridization
effects increase (and consequently the effective mass) for
higher QWS energies, leading to states at ≈1 eV above the
Fermi level εF and higher having a very narrow line shape
in dI=dV spectra. However, occupied states exhibit an
identifiable bandwidth [44], and close inspection of dI=dV
spectra recorded atop the center of cavities reveal additional
structure within the bandwidth of the HOQWS, in the form
of a series of peaks [indicated by horizontal arrows in the
right panel of Fig. 1(c)] whose location varies with the
diameter of the particular subsurface cavity. This structure
manifests the existence of additional quantization of the
electron states, which we associate with lateral confine-
ment to the region between the cavity and the Pb surface.
We base this unusual interpretation of the fine structure

in the HOQWS on the model illustrated in the inset in
Fig. 2, comprising a circularly symmetric cavity of radius R
a depth L beneath the surface (z ¼ 0), with side facets
normal to the upper face extending into the bulk (z → −∞).
Electrons are ideally excluded from the volume of the
cavity and the vacuum region outside the crystal while
being free to move within the region occupied by Pb; there
we set the potential to zero, since the relevant Pb states
disperse with effective mass m� close to the free-electron
mass m, both normal and parallel to the surface. We
find the local density of states (DOS) at energy ε as
ρðr; εÞ ¼ 1=πImGðr; r; εÞ, where the Green function G
satisfies the inhomogeneous Schrödinger equation
ðH − εÞG ¼ δðr − r0Þ. We include in the Hamiltonian
H¼−ℏ2=ð2mÞ∇2þV−iΣiðεÞ a non-Hermitian self-energy
term accounting for inelastic lifetime effects, for which
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FIG. 1. (a) STM image of Pb(111) showing buried cavities on a
lower (dark gray) and an upper (light gray) terrace (0.5 nA,
1.08 V, 94 nm × 94 nm). Inset: Schematic illustration of a
subsurface nanocavity, with geometry based upon Wulff con-
struction using (111), (110), and (001) Pb surface energies.
(b) Constant-current (0.5 nA) dI=dV spectra (vertically offset)
acquired atop cavities located at different depths, exhibiting
signatures of unoccupied QWS. Inset: Calculated QWS energies
as a function of the Pb layer thickness. (c) Left: Calculated energy
band structure of a four-layer Pb(111) thin film showing the
dispersion of the highest occupied QWS (blue line) with a 0.2 eV
energy shift applied to align band minimum. Right: Experimental
constant-height dI=dV spectrum acquired atop the center of a
subsurface cavity identified as being four layers below the
surface, showing spectroscopic fine structure (red arrows) within
the band of the highest occupied QWS (feedback loop param-
eters: 1 nA and −2.5 V). II I L
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FIG. 2. Density of states (DOS) of the HOQWS for a four-layer
Pb film (blue line) integrated over film thickness and atop a
2.7 nm radius bubble four layers beneath the surface omitting
(red line) and including (green line) interband scattering. The
dashed line shows the DOS in the absence of inelastic lifetime
broadening (Σi ¼ 0). The arrows in the main figure indicate the
expected energies of electrons ideally confined to region I. Inset:
Model geometry and partitioning of space used in calculations.
The cavity with radius R exhibits a surface-vacuum distance L.
Electrons are excluded from the cavity and the vacuum above the
surface. Surface S separates region I, the space between the
cavity and the crystal surface, from region II, where the electron
is no longer confined in the vertical (downwards) direction.
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we use Σi ¼ Σe-ph þ Σe-e with electron-phonon and
electron-electron interaction terms Σe-ph ¼ 12 meV and
Σe-e ¼ αðε − εFÞ2, respectively, with α ¼ 0.012 eV−1 from
measured values in Pb overlayers [44,45]. If the cavity has
an infinite extent (R → ∞), then integrating over the well
width L the DOS associated with the nth quantum well
subband is ρ∞n ðεÞ ¼ m=ð2π2ℏ2Þðπ − arg½ε − εn þ iΣiðεÞ�Þ,
corresponding to a lifetime-broadened steplike increase
at the threshold QWS energy εn ¼ ℏ2n2π2=ð2mL2Þ (blue
curve in Fig. 2).
For a cavity of finite radius we partition space into

regions I and II, shown in the inset in Fig. 2, separated by
surface S. Working in I alone, the Green function satisfies
the inhomogeneous Schrödinger equation with embedded
Hamiltonian [46] HΣS

¼ Hþ ℏ2=ð2mÞδðr − rSÞnS ·∇þ
ΣSðεÞ (nS, surface normal pointing from I to II), where
together the second term and surface operator ΣSðεÞ ¼
δðr − rSÞδðr0 − r0SÞΣSðrS; r0S; εÞ ensure that the Green func-
tion in I matches correctly on S to the Green function in II.
The embedding potential ΣS found from nS · ∇ψ ¼
−2m=ℏ2

R
S ΣSψdS0 for r ∈ S, where ψ is the solution of

the Schrödinger equation in region II at energy ε, is

ΣSðrS;r0S;εÞ¼−
ℏ2

2mπ2R

X

M

eiMðϕ−ϕ0Þ
Z

∞

0

dqsinðqzÞsinðqz0Þ

×
d
dr

ln
h
Hð1Þ

M

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mε=ℏ2−q2

q
r
�i��

�
�
r¼R

; ð1Þ

with Hð1Þ
M the Hankel function and M the angular momen-

tum quantum number. Finally, expanding the Green func-
tion in region I as

Gðr; r0; εÞ ¼ 1

πL

X

M

eiMðϕ−ϕ0Þ X

n;n0>0

sinðknzÞ sinðkn0z0Þ

× GM;n;n0 ðr; r0; εÞ ð2Þ

with kn ¼ nπ=L, we solve for G. Further analytic develop-
ment is possible upon neglecting interband coupling, i.e.,
the mixing of states with different n, n0. The virtual
coincidence of numerical results obtained by omitting
(red curve in Fig. 2) and including (green curve in Fig. 2)
interband coupling validates this approximation. Within this
approximation, the DOS from the nth QWS subband
integrated over the well width L above the center of the
cavity (r ¼ 0, whence only states with M ¼ 0 contribute)
is ρnðεÞ ¼ ρ∞n ðεÞ þ m=ð2πℏ2ÞReð2RnðεÞ=½1 − RnðεÞ�Þ,
where

RnðϵÞ ¼
Hð1Þ0

0 ðκnrÞ − LnðεÞHð1Þ
0 ðκnrÞ

LnðεÞHð2Þ
0 ðκnrÞ −Hð2Þ0

0 ðκnrÞ

�
�
�
�
r¼R

; ð3Þ

with the prime denoting d=dr, κn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mϵ=ℏ2 − k2n

p
, and
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This DOS is precisely equivalent to that of a system in which
electrons are free tomove in two dimensionswithin a circular
domain, withRn an effective reflection coefficient whereby

an outgoing radial circular wave Hð1Þ
0 ðκnrÞ results in the

incoming wave RnðεÞHð2Þ
0 ðκnrÞ following reflection at

boundary radius R. Here the reflection is not caused by a
conventional confining potential but by the removal beyond
R of the confinement in the perpendicular direction, withRn
vanishing if the electron remains confined to a depth L in
region II. In effect, the electron is reflected by the “open
door” that exists beyond the cavity, should it attempt tomove
deeper into the crystal.
The consequences of this reflection and concomitant

confinement are visible in the calculated DOS of the QWS
subband, with Fig. 2 showing the energy variation using
parameters appropriate to the HOQWS of a four-layer Pb
film above a cavity with R ¼ 2.7 nm. There is good
correspondence between the features exhibited by the
DOS and the structure observed in the measured dI=dV
spectra recorded atop subsurface cavities [Fig. 1(c)]. In
particular, the steplike increase characteristic of the thin
film (R → ∞) is replaced by a series of quantized resonant
levels, this being especially apparent if the effects of
inelastic lifetime broadening processes are suppressed in
the calculations (Σi ¼ 0; dashed line in Fig. 2). Further
measured and calculated spectra are presented in Fig. 3 for
different cavity depths and sizes, along with the range of
energies for which the HOQWS exhibits parabolic
dispersion—above this, the model is no longer applicable.
It is worth noting that we have confirmed using similar
methods to those in Ref. [48] that additional low-amplitude
peaks present in the experimental dI=dV spectra (arrows in
Fig. 3) are consistent with expected contributions from
lower symmetry states at slightly off-center locations in
domains with C3v symmetry, appropriate to the (111) faces
of the polyhedral cavities given by the Wulff construction.
The resonances in calculated spectra can be identifiedwith

poles in the Green function that occur when RnðεÞ ¼ 1,
which requires d=dr ln J0ðκnrÞjr¼R ¼ LnðεÞ. Using asymp-
totic forms, this becomes tanðκnR − π=4Þ ¼ −LnðεÞ=κn.
Numerically, we find ReLnðεÞ < 0, slowly varying and only
weakly dependent uponR. Thenwith κn → 0 as ε → εn from
above, the lowest energy resonances correspond closely
to the positive asymptotes of the tangent, occurring when
κnR − π=4≃ π=2; 3π=2;…, or equivalently at energies
close to

ε − εn ¼
ℏ2ð3π=4Þ2
2mR2

;
ℏ2ð7π=4Þ2
2mR2

; � � � : ð5Þ
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These are the same energies that would arise for hard-wall
reflection at the cavity edge, indicating that the open
boundary acts as an effective confining barrier. These values
are indicated in Fig. 2 as arrows. For higher-order members
of the series, the increase in κn means the actual value of the
logarithmic derivative LnðεÞ becomes more important. The
resonance energies, therefore, occur increasingly below
these values (compare the position of arrows and maxima
of red, green, and dashed curves in Fig. 2).
The finite resonance widths Γ (full width at half

maximum, FWHM) also signal that confinement due to
reflection at the open boundary is not ideal, with electrons
persisting in the states only for time τ ¼ ℏ=Γ. We observe
that there is a crossover between states at lower energies
for which the lifetime is limited by intrinsic inelastic
effects (e-ph and e-e scattering) to states at higher energies
for which passage through the open boundary and escape
into the Pb bulk is limiting. The elastic decay rate for
electrons at the center of a circular domain of radius R is
Γe=ℏ≃ vg=ð2RÞð1 − jRj2Þ with vg=ð2RÞ the boundary
collision rate and 1 − jRj2 the escape probability per
attempt. Here the group velocity vg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðε − εnÞ=m

p
for

parabolic dispersion, and R is given by Eq. (3). Figure 4
displays total linewidths, Γ, of laterally confined QWS
(Γ ¼ Γi þ Γe, Γi ¼ Γe-ph þ Γe-e) from calculated DOS

(squares) and experimental dI=dV spectra (dots), which
are related to decay rates via 1=τ ¼ Γ=ℏ. The calculated
data show how elastic decay rates become increasingly
suppressed as the electron energy approaches, from above,
the threshold QWS energy. This is a direct consequence of
the decreasing electron velocity impacting upon the colli-
sion rate but also of an increasing reflection probability, as
pointed to by the near-linear rather than square-root energy
variation in Γ. The inset in Fig. 4 shows how jRj tends to
unity as the increasing lateral de Broglie wavelength of the
near-threshold electrons increases sensitivity to the change
in the environment at the cavity edge.
Experimentally, the FWHM of the laterally confined

QWS electrons was extracted by fitting a superposition of
Lorentzians and linear background to dI=dV data acquired
above six-layer deep cavities with radii between 1.5 and
2.2 nm. The measured linewidths are broadly consistent
with the range of calculated values at lower energies but
peak approximately 0.2–0.25 eV above the HOQWS onset
and then decrease. A cluster of values, encircled in Fig. 4,
that deviate noticeably from the calculated values occur at
energies close to the upper edge of the HOQWS band [see
Fig. 1(c), left panel for the four-layer case], where vg—and
thus Γ—decrease in a manner not described by our model.
In conclusion, we have identified through spectroscopic

fine structure unexpected additional electronic state
quantization atop near-surface cavities at Pb(111). This
unprecedented experimental observation is understood to
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originate from reflection at the open boundary where the
thin Pb film recovers its bulk thickness and which serves to
further isolate electrons parallel to the surface. We present a
model that accounts for this phenomenon and quantifies
aspects of this hitherto unexplored mechanism for electron
confinement. Besides potential applications exploiting the
cavity size and depth dependence of the confined electron
energy levels for future studies of lifetime physics, we
expect similar strong electron scattering at open boundaries
will occur more generally in systems where electrons
exhibit long wavelengths compared to constriction sizes,
with beyond Pb other simple metals and semiconductors
most likely to provide examples.
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