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ABSTRACT: 

Optimisation of performance and reduction of costs of structures are major issues in 
engineering. However, this optimisation requires very accurate numerical models to predict 
the behaviour of the structures that are currently not available for concrete structures after 
they start cracking. 

Since concrete may develop cracks, which contradict the classical solid mechanics 
assumption of a continuum, the results obtained are in general not satisfactory. The classical 
theory of solid mechanics is formulated in terms of differential equations relying on the basic 
assumption of material continuity that does not exist in the cracked material. The presented 
model is based on the existing peridynamics theory which describes the mechanics of 
materials by employing integral equations, which are valid during cracking.  

The discretization of the structure in a set of material particles, correspondent interactions and 
an explicit scheme of integration based on Verlet method are described. Cracks can form by 
the breaking of interparticle bonds. The capacity of the model to predict the development of 
discrete cracks in tensile zones was verified with simple numerical tests. 

This work can provide the basis for more accurate strategies of predicting concrete structures 
and similar materials behaviour. The main consequences would be the reduction 
environmental impacts, cost of construction and also the development of new architectonic 
concepts along with developments in other industries. 
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INTRODUCTION 

Research has already shown that concrete is inefficiently used by designers to the extent that 
significant reductions in material use could be achieved simply through design optimisation. 
Work by the authors has shown that optimization of reinforced concrete structures can 
provide material savings of up to 40%, with associated savings in embodied CO2 [1]. These 
material savings have been achieved by creating structures whose geometry reflects the 
requirements of their loading envelope. 

The detailed structural analysis of reinforced concrete is a continuing challenge for engineers. 
Optimised structures, whose geometry is often outside the boundaries of existing test data, 
present additional challenges. 

Current techniques for the analysis of reinforced concrete, including codified methods and 
finite element approaches, often cannot be applied to these non-conventional geometries. 
Finite element models cannot properly predict the behaviour of complex concrete structures 
at the ultimate limit state, due to the nature of concrete cracking. The underlying mathematics 
of the finite element approach assumes that the body being analysed remains continuous as it 
deforms (thereby allowing partial differential equations to calculate strains). If a crack is to 
form the material becomes discontinuous, and special techniques are required to continue the 
analysis. 

A completely new approach is required to fully realise the potential of reinforced concrete as 
a sustainable material. This paper presents a new computational method for modelling 
concrete, known as peridynamics, which is based on integral equations. This paper will 
present initial proof of concept work which has shown the new method to be effective at 
modelling concrete cracking (overcoming a key computational challenge). The new analysis 
tool has the potential to facilitate robust optimisation of any concrete structure to minimise 
embodied energy in the built environment. 

MATHEMATICAL FORMULATION 

The formulation considered in the presented model is based in the so-called peridynamic 
theory proposed by Silling [8] and developed in other articles (see for instance [2][3][4]). The 
theory is appropriate in situations where the continuity of the bodies is disrupted and 
therefore the classical theory of continuum solid mechanics and the finite element method are 
not appropriate. 

The peridynamic theory assumes the body is constituted by a set of particles connected by 
‘pairwise forces’ that each particle develops with other surrounding particles. The interaction 
force that each pair of particles (1, 2) develop per unit of volume in the eularian configuration 
𝒇𝟏𝟐 is a function of their initial positions 𝑿𝟏, 𝑿𝟐 and their displacements 𝒖𝟏, 𝒖𝟏 and is given 
by Eq.(1). 

𝒇!" = 𝒇!"(𝒖! − 𝒖!,𝑿! − 𝑿!) (1) 

A more compact form for Eq.(1) is described in terms of relative positions ∆𝑿 = 𝑿𝟐 − 𝑿𝟏and 
relative displacements ∆𝒖 = 𝒖𝟐 − 𝒖𝟏 according to Eq.(2). 

𝒇!" = 𝒇!"(∆𝒖,∆𝑿) (2) 



This interaction between the generic particles located at 𝑿𝟏, 𝑿𝟐 among other particles is 
represented in Figure 1.  

 

Figure 1 -  Possible interactions between the particle at 𝑿𝟏and other particles of the body, the 
interaction with the particle at 𝑿𝟐 is highlighted. 

If the domain of the body is considered to be a continuum then the resultant of all the 
interaction per unit of volume 𝒍(𝑿) acting on a generic particle at the initial position 𝑿, can 
be obtained by integration under the domain of the body ℜ, as given by Eq.(3). 

𝒍 𝑿 = 𝒇!"(𝒖! − 𝒖,𝑿! − 𝑿)𝑑𝑿!
ℜ

 
(3) 

If a generic point located at coordinates 𝑿, with mass per unit volume 𝜌 = 𝜌(𝑿), and 
acceleration 𝒖 = 𝒖 𝑿  is actuated through its volume by body forces 𝒃 = 𝒃(𝑿) , then 
peridynamic equation of motion [8] is described by Eq.(4). 

𝜌𝒖 = 𝒍 + 𝒃 (4) 

A particular case occurs in the absence of body forces, where static equilibrium is simply 
defined with the Eq.(5). 

𝒍 = 𝟎 (5) 

The initial configuration is unstressed, if the previous condition is achieved, since all the 
particles are pairwise equilibrated in that configuration [8]. This can be derived considering 
∆𝒖 = 𝟎 in Eq.(2), resulting in Eq.(6). 

𝒇!"(𝑿)(𝟎,𝑿! − 𝑿) = 𝟎 ∀𝑿! ∈ ℜ (6) 

Newtown’s third law states that the pair of interaction forces acting on any pair of particles 
should be symmetrical. Regarding the previous definitions this is expressed according to 
Eq.(7). 



𝒇!"(∆𝒖,∆𝑿) = −𝒇!"(−∆𝒖,− ∆𝑿) (7) 

A condition arising from the conservation of angular momentum is given in Eq.(8). 

(∆𝒖 + ∆𝑿)×𝒇!"(∆𝒖,∆𝑿) = 0 (8) 

Eqs.(7) and (8) imply that the interaction function always develops in the direction of the line 
connecting the particles. Therefore, the interaction function assumes the form given in Eq.(9). 

𝒇!"(∆𝒖,∆𝑿) = 𝐹!"(∆𝒖,∆𝑿)(∆𝒖 + ∆𝑿) (9) 

In Eq.(9), 𝐹!" is a scalar valued function, defined so that the property in Eq.(10) is verified. 

𝐹!" ∆𝒖,∆𝑿 =  − 𝐹!" −∆𝒖,−∆𝑿  (10) 

Considering any linear operator symmetrical positive defined 𝑹 (i.e. 𝑹 =  𝑹!!  ), then Eq.(11) 
should hold, for isotropic materials. 

R(𝒇!"(∆𝒖,∆𝑿)) = 𝒇!"(𝑹(∆𝒖),𝑹(∆𝑿)) (11) 

So far, the interaction function described depends only on the initial and deformed positions 
of the particles interacting i.e. is independent of the deformation history. However, history 
dependence can be introduced by employing a state variable 𝜶 so that the interaction function 
is defined in Eq.(12). 

𝒇!" = 𝒇!"(∆𝒖,∆𝑿,𝜶) (12) 

The state variable can be used to describe the internal states of the material such as damage 
and plasticity. 

Model description 

In the described model the Eqs.(13) to (17), were employed to define the interaction function. 
Eq.(13) defines a temporary scalar variable called equivalent strain 𝜀!".  

𝜀!" ∆𝒖,∆𝑿 =
∆𝑿 + ∆𝒖 ! − ∆𝑿!

2∆𝑿!  
(13) 

The equivalent strain, can also be defined in terms of relative displacements in the initial and 
final configurations by Eq.(14), which is more convenient for computational implementation. 

𝜀!" ∆𝒙,∆𝑿 =
∆𝒙! − ∆𝑿!

2∆𝑿!  
(14) 

The maximum equivalent displacement is defined with 𝜅!"in Eq.(15). 

𝜅!" =  𝑚𝑎𝑥 𝜀!"  (15) 

The state variable 𝜶 is employed to describe the state of the connection between 
particles according to Eq.(16). 



𝜶 = 𝛼 = 1   𝑖𝑓 𝜅!" ≤  𝜀!"#$  
0   𝑖𝑓 𝜅!" >  𝜀!"#$

 (16) 

 

In Eq.(16), 𝜀!"#$is a scalar material parameter defining the maximum equivalent strain in the 
connection between particles before the links break down. Therefore, if the link between 
particles is broken 𝛼 = 0, otherwise 𝛼 = 1. 

The general form of the interaction force function mentioned in Eq.(1), was described  above. 
However, the particular form expressed in Eq.(9) was assumed for this function. Furthermore, 
considering the variables described above in Eqs.(13) to (16), we assume the interaction 
function to be expressed according to Eq.(17). 

𝒇!" ∆𝒖,∆𝑿,𝛼 = 𝛼𝐾𝜀!". (∆𝒖 + ∆𝑿) (17) 

In Eq.(17), 𝐾 is a scalar material parameter representing the stiffness of the connection. Note 
that the equivalent strain can be approximated by Eq.(18). 

𝜀!" ∆𝒖,∆𝑿 =
∆𝑿 + ∆𝒖 ! − ∆𝑿!

2∆𝑿! ≈  
∆𝒖
∆𝑿  

(18) 

However, the equivalent shown in Eq.(14) is far more convenient since it does not require the 
evaluation of square roots, resulting in gains of efficiency. See [5] for more details. 

PSEUDO-CODE 

The proposed algorithm is based in the Verlet method [6]. In the following a simple 
algorithm is proposed to discretize and and solve the peridynamic equations mentioned in the 
previous sections. Consider a system is composed by a set of 𝑀 material particles, and a set 
of 𝑁 fibres connection pairs of particles. Each particle 𝑗 ∈ 1, . . . ,𝑀  consists of: 

• position 𝒙! 
• velocity 𝒗! 
• resultant interaction force 𝒇! 
• mass 𝑚! 

Each fibre 𝑖 ∈ 1, . . . ,𝑁  connects two particles 1 and 2 consists of: 

• logic flag indicating if the fibre is broken 𝛼! 
• the numbers of particles that connects 1 and 2 

The program starts by initializing the set of particles, the set of fibres and the initial 
simulation time to zero (𝑡 = 0). Then the time is increased of 𝛥𝑡 (time step) until the 
simulation time 𝑡! is achieved, executing  procedure that follows. 

   (1) loop 

   (2) 𝑡 =  𝑡 +  𝛥𝑡 

   (3) forall fibers 𝑖 (connecting particles 1 and 2) 



   (4)   update broken fibre flag:  𝑏!  =  𝑏(𝒙!,𝒙!) 

   (5)  compute interaction force: 𝒇!  =  𝒇(𝒙!,𝒙!,𝛼!) 

   (6)  sum interaction force to the particles: 𝒇!  =  𝒇!  +  𝒇!      𝒇!  =  𝒇!  −  𝒇! 

   (7)  endfor 

   (8)  forall particles 𝑗 

   (9)   update velocity: 𝒗!  =  𝒗!  +  𝒇!  / 𝑚!  .𝛥𝑡  

 (10)  if 𝑗 is constrained then 

 (11)   set velocity to match the constrain: 𝒗!  =  𝒗!" 

(12)   endif 

(13)   update position: 𝒙!  =  𝒙!  +  𝒗!  .𝛥𝑡 

(14)  reset the interaction force: 𝒇!  =  𝟎 

(15)  endfor 

(16)  endloop 

Each time step corresponds to a calculation cycle, where the positions physical and quantities 
are updated following Newton’s laws. The update of the broken fibre flag 𝑏! in line (4) above 
is given as a function of the positions of the connecting particles. Therefore, if a threshold 
elongation is achieved the fibre breaks. The computation of the interaction force on line (5) is 
given as a function of the elongation between the connected particles, and it is set to zero if 
the fibre is broken according to the expressions (13) to (17) previously mentioned. 

PRELIMINARY RESULTS 

Simple hinged beam 

The initial concept described in the previous sections was used to predict the fracture pattern 
of a simple beam composed by a homogeneous material, with similar elasticity and tensile 
strength of a simple concrete C16/20, without reinforcement. The Elastic Modulus considered 
was 20GPa, and the tensile strength 2.0MPa. 

The beam has dimensions of 0.3 x 0.4 x 3.0m, and it is constrained by hinged supports 
located at the edges, while a vertical displacement of 20mm is imposed in the mid-span. The 
beam model was discretised with approximately 13.5 thousand particles and 2.71 million 
fibres connecting the particles. Graphic representation of the results was obtained using the 
open source software Paraview [7]. Figure 2 shows the deformation for 15% of the maximum 
displacement, where no damage is visible. 



 

Figure 2 -  Contour plot of the damage (deformed configuration) for 15% of the maximum 
displacement. 

When the imposed displacement is greater than 15%, a damaged region in bottom at the mid 
span of the beam becomes apparent, as represented in Figure 3. 

 

Figure 3 -  Contour plot of the damage(deformed configuration) for 20% of the  

maximum displacement. 

The development of the crack in the mid span as the imposed displacement progress, results 
in the total destruction of the element as shown in Figure 4 and Figure 5.  



 

Figure 4 - Contour plot of the damage (deformed configuration) for 55% of the  

maximum displacement. 

 

 

Figure 5 -  Contour plot of the damage(deformed configuration) for the  

maximum displacement. 

 

 



Figure 6 describes the evolution of the moment in the mid-spam as the ratio between applied 
displacement and total displacement 𝛿 𝛿!"# increases. 

 

Figure 6 -  Evolution of the moment in the middle section with the imposed displacement. 

Reinforced beam model 

A model of the previously described beam including reinforcements of a linear elastic 
material with elasticity modulus 200GPa was considered. The reinforcement consisted of two 
bars near the top of the beam and two bars near the bottom, each of them with a diameter of 
3mm. An increase in the moment capacity was verified. Figure 7 shows the contour plot of 
the damage obtained for this reinforced beam at 37% of the maximum displacement applied 
(20mm). 

 

Figure 7 - Contour plot of the damage (deformed configuration) for 37% of the maximum 
displacement. 



It was found that damage by spalling, develops in the region where the displacement is 
applied and near the supports, due to the concentrated forces developed in the absence of 
distributing reinforcement, as it is apparent in Figure 7. Although, the failure of the beam 
occurs in shear due to the lack of vertical elements of reinforcement in the model, as shown 
in Figure 8. 

 

Figure 8 – Deformed configuration for 79% of the maximum displacement  

(bulk material on blue, reinforcement bars on red). 

The diagram of Figure 9, represents the evolution of the moment in the mid-span with the 
imposed displacement ratio 𝛿/𝛿𝑚𝑎𝑥. That diagram describes an initial reduction of the 
resistant moment followed by a sudden reduction of the resistant moment as the imposed 
displacement progresses. This sudden reduction corresponds to the brittle failure of the beam 
depicted in Figure 8. 

 

Figure 9 -  Evolution of the moment in the middle section compared to displacement of the 
reinforced beam. 



FUTURE WORK AND CONCLUSIONS 

The results obtained reveal the potential of the model to reproduce cracking patterns and 
reduction of load carrying capacity. However, further tests and developments of the model 
are necessary: 

• tests of a beam with longitudinal and shear reinforcement; 
• calibration of the interaction function and their parameters in comparison with 

other classical models and laboratorial tests; 
• improvements of the stability of the method. 

However, the explicit scheme presented for the peridynamic equations provide an initial 
concept to be developed in the future that may lead to better predictions of concrete 
structures. 
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