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ABSTRACT 

Singular configurations of a tool path in five-axis CNC machine tools can cause undesirable machine 
behaviour. This paper examines what causes this behaviour by modelling the effect on machine axes 
movements. The model not only confirms the divergent characteristics at the singularity but provides 
a measure on the effect. The speed required to maintain a constant cutting feed rate is shown to 
depend upon the closeness to the singularity by a divergent factor. This provides insight into how a 
singularity avoidance strategy should be approached. A global reorientation strategy is then proposed 
for singularity avoidance. This has the effect of relocating the singular orientation into a prescribed 
safe direction. Justification for a singularity relocation is then argued via the effect on machine axes 
movement. 
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1 INTRODUCTION 

Singular configurations of a five-axis machine tool exist when there is a non-zero input that yields a 
zero output (Zlatanov 1994). That is to say the output, the position and orientation of the cutter with 
respect to the workpiece, is unaffected by certain inputs, machine axes movements. Configurations 
that are within some tolerance of a singularity then form a singular region. When the machine 
configuration enters this singular region machine axes movement becomes less predictable and 
unstable (Affouardet al. 2004).  
 This can be caused by an under-sampling of the CAM tool path data in the post-processing stage 
(Sørby 2007). Although an improvement in accuracy can be achieved by increasing the sampling local 
to the singularity, the speed of machine axes has to be increased to maintain a constant cutting feed 
rate. If the configurations are too close to the singularity then restrictions on the machine tool inhibit 
faster axes movement and consequently the cutting feed rate decreases. As a result of this behaviour 
undesirable cutter dwell marks and an increase in machining time are observed (Linet al. 2014). 
 To overcome these concerns, singularity avoidance strategies have been developed. These involve 
a local manipulation of the tool path near to the singularity at the CAM stage (Linet al. 2014, 
Affouard et al. 2004, Yang and Altintas 2013). However this approach raises concerns for the 
machining strategy. Firstly, the tool has to be reoriented to preserve the cutter contact point. Ball end 
mills may be reoriented with relative simplicity. Reorientations for flat end and small radius tipped 
mills on the other hand may not be possible or may cause gouges. These new configurations could 
also cause machine-workpiece collisions. 
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 The fragmentary nature of choosing only to manipulate the tool paths local to the singularity also 
has a downstream effect on surface quality. Local reorientations change the angle between the cutter 
and the surface normal, the yaw angle, and the angle between the cutter and direction of motion, the 
tilt angle. This in turn affects the chip pattern on the surface of the workpiece (Lavernhe 2010). If 
adjustments are made locally around a singularity, there is a visible change in the texture of the 
finished surface (Lin et al. 2014). Such changes are undesirable and ideally should be avoided. 
 This paper proposes a global reorientation strategy for singularity avoidance that is not affected 
by the concerns raised previously for local manipulations. The solution is simple in that it involves 
only two additional steps. Firstly, a jig is required to reorient the workpiece on the machine bed. 
Secondly, the CAM tool path needs to be reoriented. This has the effect of relocating the singular 
configurations to safe positions. 
 It is unstable machine axes movements which characterise the undesired behaviour at the 
singularity. Therefore these movements are modelled by considering the differences between the 
coordinate systems that define the machine configuration and the position and orientation of the cutter 
relative to the workpiece. These models provide insight into what the effect of traversing through 
singular regions has on machine axes movement. This motivates a strategy for relocating the 
singularity to be as far as possible from the tool path. 
 In outline the paper is organised as follows. Section 2 introduces the coordinate systems and 
derives the model for predicting machine axes movements. Section 3 proposes a global reorientation 
strategy to avoid singularities with the use of a jig. In section 4 an example is presented to 
demonstrate the ideas. Finally section 5 finishes with some concluding remarks on singularities. 

2 MACHINE AXES MOVEMENTS NEAR TO THE SINGULAR CONFIGURATION 
To begin two coordinate systems (frames) are introduced to distinguish between the CAM tool path and the 

actual machining stage. Workpiece coordinates describe the position and orientation of the cutter with respect to 
the workpiece. Machine coordinates describe the configuration of the machine tool axes. The two frames are 
connected via a kinematic chain of transformations. The analysis presented here takes on a specific kinematic 
chain for simplicity, which is based on the Hermle C600U machine tool (Hermle 1999). The five axes consist of 
three translational axes (X, Y, Z) controlling spindle position and two rotary axes (A, C) controlling the 
orientation of the workpiece. The workpiece is fixed onto a rotary table (C-axis) that is attached to a tilting table 
(A-axis) at the lower part of the machine (Figure 1). 

 
Figure1. Schematic of the Hermle C600U machine tool. 

 
The workpiece coordinate system, PW=(x,y,z), and machine coordinate system, PM=(X,Y,Z), are defined as 

the intersection of the axes of rotations for the A and C rotary axes. The (X,Y,Z) directions of the machine 
coordinate frame align with the (X,Y,Z) translational movements along their corresponding guide-ways. When 
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the A and C rotary axes are set to zero the (x,y,z) directions in the workpiece coordinate system agree with the 
machine coordinate system. 

 In terms of machine coordinates the cutter is always aligned in the Z-direction. However in workpiece 
coordinates, the cutter orientation depends upon the angles of the rotary axes. A unit vector, OW, is used to 
describe this orientation. This relationship is given by the kinematic chain connecting the two coordinate 
frames: 

 
OM=Rx(A)Rz(C)OW 

 
where A and C are the angles of the rotary axes, Ri(j) is the rotation matrix along the i axis of angle j 
and OM=(0,0,1)T. 
 Certain orientations correspond to a singularity, these occur when OW=(0,0,1)T. This is due to the 
fact that when the cutter is oriented at (0,0,1)Tit is possible to spin the C-axis and follow a circle in the 
XY plane centered on the C-axis of rotation without affecting the output, i.e. position and orientation 
of the cutter with respect to the workpiece. This singularity is characterised purely by the orientation 
of the cutter with respect to the workpiece. Therefore only orientations of the tool are considered here. 
 The orientation of the cutter is entirely dependent upon the A and C axis configuration. To 
examine the effect that a change in orientation has on changes of the configuration, the orientation is 
described as a function of time, OW(t)for t  [t0,t1]. The total orientation change can be found by 
summing the speed of orientation change over time. This corresponds to the length of the path traced 
out by OW(t) on the unit sphere.  
 The derivative vector of the orientation lies on the plane normal to the sphere at OW. This vector 
can be split into two components, vand h, describing movements for the A and C axes respectively 
(Figure 2). The v component acts in the vertical direction, , towards the singularity, OM=(0,0,1)T. 
The h acts in the horizontal direction, , orthogonal to . These unit vectors can be found via the 
following equation: 

 
 
       , 
and . 

 

 
Figure 2. Left: Orientation vector OW (red) and the derivative (blue). Right: Tangent plane used to form 

the vertical and horizontal components v and h. 
 

 Consider a tool path with purely vertical orientation changes. This corresponds to movements in 
just the A-axis. The total change in orientation angle is the length of the of the path traced out by OW 
on the unit sphere which forms an arc segment of the unit circle. Now consider a tool path with purely 
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vertical orientation changes. This corresponds to movements in just the C-axis. The total change in 
orientation angle are now arc segments of horizontal circles. 
 A change in the A-axis thus corresponds to the length of the arc segment of the unit circle. 
Changes in the C-axis however are measured relative to the size (circumference) of the horizontal 
circles. The size of these circles relative to the unit circle is . Therefore: 

.        (1) 
 

 From equation (1) it can be seen that the amount of movement in the A,C-axes does not depend 
solely upon the change of orientation, , but rather the horizontal and vertical components. 
Furthermore the amount of C-axis movement depends upon the A-axis position. The amount of 
movement required by the C-axis for a given horizontal component becomes infinite as . 
This explains the undesired machine behaviour at the singularity. Furthermore, since the effect is 

quantified by the  term, actions can be taken to minimise this. 

3 REORIENTATION STRATEGY 
This section proposes an approach to singularity avoidance by reorientation of the workpiece. Rather 
than locally reorienting the cutter with respect to the workpiece it is possible to reorient the whole 
workpiece with respect to the machine. This can be achieved through the use of a jig. The CAM tool 
path needs to be correspondingly reoriented but there is no need to regenerate the paths. The 
reorientation procedure is now outlined. 
 The workpiece is mounted on a jig (Figure 3) which allows it to tilt about a horizontal axis which 
is taken as a local x-axis. The rotation angle is x.In addition the workpiece can rotate about the axis 
perpendicular to the plane of the jig. This is the local z-axis. The rotation angle is z. 

 

 
Figure 3. Reorienting the workpiece (white) via the use of a jig (black). 

 
 The following kinematic chain describes the link between orientations of the cutter with respect to 
the workpiece without the jig, OW, and with the jig, . It can then be used to reorient the original 
CAM tool path: 

. 
 
 Singularities of the modified tool path now occur when the reoriented cutter is perpendicular to 
the machine bed. The orientation of the singularity in the original tool path thus corresponds to the 
vector: 

. 
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 This reorientation procedure has had the effect of changing the singularity for the original tool 
path. Furthermore, by altering the angles x and zthe singularity can be oriented with respect to the 
workpiece in an arbitrary direction. 
 Existing singularity avoidance strategies are deemed acceptable if the tool path exceeds a 
tolerable distance away from the singularity. Examining the behaviour of C-axis movement local to 
the singularity, equation (1), suggests that this distance should be measured with respect to the angle 
the tool path forms with the singular configuration. This can be addressed with the reorientation 
procedure. Furthermore, the choice in parameters xand zprovides scope for finding optimal values. 
 

4 EXAMPLE 

Consider the following example of a tool path which passes close to the singularity (Figure 4). The 
cutter location, PW, and orientation, OW, are given as a function of time for t  [0,6]. Position is 
measured in mm and time in seconds. The example corresponds to a 50mm cut with a cutting feed rate 
of 500mm/min. The orientation of the cutter follows a semi-circle on the unit sphere by rotating 
uniformly about the circle centre v. 

 

 
 

, where  
 
 

 
Figure 4. Left: the original (top) and reoriented (bottom) tool paths. Centre: the orientation Ow(t) 

visualised on the sphere. Right: speed of the C-axis movement. 
  
 
 

 At its zenith the tool path is 1.6oaway from the singularity. To maintain cutting feed rate the C-
axis would have to be spinning at 47.4rpm. This is not possible with the Hermle C600U and therefore 
a slowdown in cutting feed rate is experienced. To overcome this a reorientation of the workpiece can 
be applied (see Section 2). Sampling the parameters xand zat 0.01o intervals, the solution furthest 
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from the singularity is achieved when x=86.6o and z=5.2o. The maximum speed of the C-axis 
required to maintain the feed is reduced from 47.4rpm to 1.4rpm. The reoriented tool path is given in 
figure 3. 

5 CONCLUSIONS 
When a tool path configuration gets close to a singularity undesired machine axes behaviour is observed. 

By examining the machine axes movement for an arbitrary tool path, the singular behaviour was identified as a 
large increase in the speed. The increase depends upon the angle formed with the singular configuration. To 
prevent the undesired machine behaviour the singularity should be avoided by increasing this angle. A 
reorientation strategy that uses a jig to reorient the workpiece on the machine bed is proposed. This has the 
effect of moving the singularity into a safe position. This can be used to move singularities away from the CAM 
tool path resulting in a reduction in the speed of machine axes. 

 
The mathematical model of machine axes movement provides a framework which can be used to determine 

how close the tool path can be to a singularity. Singularity region tolerances based upon machine accuracy 
tolerances appear to have no link to the underlying causality. For example a tolerance of 0.00278o is given in 
(Affouardet al. 2004). This corresponds to an increase in the speed of machine axes movement by a factor of 
20,000. A new approach to singularity region definition should be considered that looks at the effect on 
speed/acceleration/jerk. This would be useful in ascertaining suitable tolerances for individual machine tools. 
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